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ANNE RUTH MEIBOHM. Test of rreatment Effect Using the Cox
Proportional Hazards Model with Imputed Covariate pata. (Under

the direction of Timothy M. Morgan.)
ABSTRACT

Missing covariate data is a common problem in clinical
trials and the analysis of survival time data. Imputing
values for the missing covariate data is equivalent to
omitting the differences petween the true and imputed values
from the model. If the model for the hazard rate given the
true values is proportional hazards, then the model using
imputed values will not De. In this dissertation the
distribution of the score statistic for the test of treatment
effect using imputed data is derived for the correct and
misspecified general parametric models and for the
misspecified CoOX nonparametric propbrtional hazards model
{({PHM). The robust variance estimator for the score statistic
when the Cox model is misspecified proposed by Lin and Wei
(1989) is examined for this test under the null hypothesis.
The asymptotic relative efficiency of the misspecified Cox PHM
with imputed data relative to the complete data Cox PHM and
relative to the correct parametric model for complete and
incomplete data, assuming a PHM for the complete data, is
derived. Imputing values for the missing covariate data and
misspecifying the Cox PHMkis very efficient unless there is a

moderate to high percentage of missing data for a covariate

ii



N

with a strong effect on survival time which cannot be imputed
well and there is little censoring.

The procedure is easily implemented using standard
statistical software and a SAS macro. The implementation of
the procedure and the evaluation of jits efficiency is

illustrated.
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CHAPTER 1
INTRODUCTION AND REVIEW OF ANALYSIS OF GENERAL MODELS
WHEN THERE ARE MISSING DATA

1.1 Introduction

The objective in many randomized clinical trials is to
compare the length of time to an event such as healing,
relapse, or death among the treatment groups. For example, a
study may compare the length of time until death for patients
with 1lung cancer who were treated with two different
chemotherapy regimens.

In addition to treatment, prognostic factors such as age,
severity of the disease, laboratory measurements, signs and
symptoms should be included in the model for survival time for
several reasons. First, the power of the test of the
treatment difference is increased when concomitant variables
are included in the model (Schoenfeld, 1983). Second,
randomization does not 1lead to asymptotically unbiased
estimates of treatment effect in all survival data models if
covariates related to survival time are omitted (Gail, Wiend,
and Piantadosi, 1984). Third, although randomization on the
average yields balanced treatment groups, it does not ensure
that the groups will be similar for every characteristic.
Thus including concomitant variables in the model may reduce
bias in the estimate and test of the difference in the
treatment effects. Fourth, examining the relationship between
survival time and prognostic factors may be an objective of
the study, for this information may help physicians develop
treatment regimens for patients individually as well as

collectively.



A common and critical problem in the analysis of clinical
trial data as well as data from other types of studies is
missing data. For various reasons, the values of the
concomitant variables and/or the response variables may be
unknown. In recent years improved methods for analyzing
datasets when some of the data are missing have been developed
for 1linear models. However, satisfactory methods for
analyzing survival time data when some of the concomitant
variables are missing have not been developed. The purpose of
this dissertation is to develop such a method from both
theoretical and practical viewpoints.

1.2 Types of Missing Data

One of the factors that influences the method of analysis
when there are missing data and the interpretation of the
results is the process that caused the missing data. It is
important to try to ascertain why the data are missing and the
relationship between the observed and missing data (Rubin,
1976, Little and Rubin, 1987).

Rubin (1976) defined three conditions for the process
that causes missing data. Let 0 be the parameter of the data
and Y the parameter of the missing data process which is
conditional on the given data. Rubin's definitions are:

The missing data are missing at random if for each
possible value of the parameter y, the conditional
probability of the observed pattern of missing
data, given the missing data and the value of the
observed data, is the same for all possible values
of the missing data.

The observed data are observed at random if for
each possible value of the missing data and the
parameter ¢, the conditional probability of the
observed pattern of missing data, given the missing
data and the observed data, is the same for all
possible values of the observed data.

The parameter ¢y is distinect from # if there are no



a priori ties, via parameter space restrictions or
prior distributions, between y and §.

Little and Rubin (1987) defined the different types of
missing data mechanisms 1less formally in terms of the
relationship between the probability of response for Y and the
variables X and Y where X is observed for all observations and
Y is subject to nonresponse. If the probability of response
is independent of X and Y, the missing data are missing at
random (MAR) and the observed data are observed at random
(OAR). Thus the missing data are missing completely at random
(MCAR). If the probability of response depends on X but not
on Y, the missing data are missing at random (MAR). In this
case the observed data are not observed at random. If the
probability of response depends on Y and possibly on X also,
the data are neither MAR nor OAR.

In the last case when the data are neither MAR nor OAR,
the missingness cannot be ignored in any analysis. On the
other hand, if the data are MCAR, then the missing data
mechanism is ignorable. If the data are MAR but not OAR, then
the missing data mechanism is ignorable for some methods of
analysis but not others.

In the remainder of this chapter, general methods of
handling missing data will be reviewed. Little and Rubin
(1987) reviewed methods of statistical analysis of
multivariate data when there are missing data. They presented
simple methods using observed data only or aicombination of
imputed and observed values and then focused on likelihood-
based methods. Much of the following review of methods of
analyzing missing data, including terminology and notation,
comes from their review. Some of these methods will be
applied to a small dataset for illustration. Finally, the
variances for the estimates of the mean response for the
different methods will be compared for the situation when
there is one response variable and one covariate.



1.3 Methods Utilizing the Observed Data Only

The simplest and probably the most common method for
analyzing incomplete data is to base the analysis on
observations or cases with complete data. Many statistical
analysis packages, including SAS, employ this procedure. The
advantages of this procedure, subsequently referred to as
complete case analysis, are that it is simple to implement and
that the same sample contributes information to all variables
and analyses. However, usually this procedure is not very
efficient. Many observations may be eliminated reducing the
sample size and, consequently, the power. Also biases may be
introduced if the completely observed cases differ from the
cases with incomplete data. For example, if the people who
have incomplete data tend to be older than those with complete
data, the information about age and its effect on response may
be biased. Inference about the entire population not the
subpopulation with éomplete data is the objective of the
study. Complete case analysis is satisfactory only if the
amount of missing data is small and the data are missing
completely at random so that the reasons for the missing data
are ignorable.

Available case methods (Little and Rubin (1987) and Buck
(1960)) utilize all available data for a variable to estimate
the mean and variance of the variable and pairwise available
data to estimate the covariance of two variables. There are
several alternative formulas for the covariance and
correlation. The covariances can be based entirely on
observations for which both variables are observed,

sfi¥ = (_Zk:) (V43 =37 (v ~73®) / (n 30 1) (1.1)
J
where n® is the number of cases with both Y, and Y, observed
and the means y® and y,® and the summation are calculated
over the n® cases. Alternatively, the estimates of the means
from all available cases, ;,.0 and y,®, could be used to



calculate the covariances:

afi® = ; (Vi3 =T (yyy =7e¥) / (n@® -1) . (1.2)
(Jk)

This is the ALLVALUE estimate of covariance in the BMDP8D
program (Dixon, 1990).

The estimate of the correlation can be calculated using
the sample variances based on the n® cases, s;% and s,®, or
using the sample variances based on all available cases, %ﬂ

and s,®:

(ik) (jk)

rjk =84k / S53 Sxk
O (1.3)
k

I;k=s_-,(g )/\’Sjj Skk

The advantage of the pairwise correlation r;® over r;" is that
r;% always lies in the range (—1,1) while r;” may be outside
this range. SAS PROC CORR (1990) with the COV option applied
to a dataset with missing data provides s;® and r;® as the
estimates of covariance and correlation, respectively.
Available case methods utilize more data than complete
case methods and, consequently, should provide better
estimates. If the data are MCAR, the estimates of the means,
variances, covariances and correlations are consistent.
However, the estimates have deficiencies. The covariance and
correlation matrices may not be positive definite. Some
methods of estimating correlations may yield values outside
the range (—1,1) as noted previously. In addition, having
different sample bases for different variables may make it
difficult to make comparisons and interpret the results,
especially if missingness is related to the variables.

- Simulation studies indicate that available case methods
tend to be better than complete case methods when the data are
MCAR and the correlations are modest. However, if the
correlations are large, complete case methods seem to be
superior (Little and Rubin, 1987).



1.4 Imputation Methods

Another common procedure is to impute or to f£ill in
estimates of the missing values and then apply complete data
methods of analysis which are modified to account for the
difference between observed and imputed data so that
inferences are valid. The estimates may be obtained in
different ways. Often the means of the observed data, either
unconditional or conditional, are substituted for the missing
data. Medians could be used also. The imputed values may
also be the predicted values from a regression analysis of the
missing variables on the observed variables. In hot deck
imputation, recorded values from other observations in the
sample are substituted. The method of selecting the
observations varies. They could be selected randomly from all
data or from data for people with similar values for the
observed variables.

When the unconditional mean, i.e. the mean for all
available data ;,-G’, is imputed for observations with missing
values for y;, the estimate of the mean is unchanged. The
estimate of the variance based on the observed and imputed.

values is

. 3 -
(n®) _ Il 1_
Sjj -—-—n_l Sjj (1.4)

where sﬁ‘” is the variance based on the available cases as
defined previously and n' indicates that some of the n
observations are imputed. Imputing values at the center of
the distribution leads to a sample variance which under-
estimates the variance by a factor of (n®-1) /(n-1). Likewise,
the sample covariance of Y; and Y,
. (3k) -

n*y_n 1 (3K

s =3 1.5

3k o1 Sik ( )
underestimates the covariance by a factor of (n®-1) / (n-1) .
The covariance matrix obtained is positive semi-definite.



Buck (1960) proposed a method for obtaining means for the
missing data conditional on the observed variables. First,
the missing values are estimated from linear regressions of
the unobserved variables on the observed variables. The
regression equations are determined from the observations with
complete data. Substituting the observed values for each
observation in the appropriate regression equation generates
the predicted values for the missing variables. Second,
substituting the estimated values for the missing values, a
revised covariance matrix is calculated.

This procedure yields estimates of the means which are
consistent if the data are missing completely at random (MCAR)
and under mild assumptions about the moments of the
distribution (Little and Rubin, 1987). With additional
assumptions, the estimates are also consistent when the
missing data mechanism depends on the observed variables.
However, when the data are MAR but not OAR, the assumption of
a linear relationship between the completely and incompletely
observed variables may be questionable especially if it is
necessary to extrapolate beyond the range of the complete data
in order to obtain values for the incomplete data.

The sample covariance matrix from the observed and
imputed data underestimates the true variance-covariance
matrix although the estimates are better than those obtained
when unconditional means are imputed. Let o;,,; denote the
residual variance from regressing Y; on the observed variables
in case .i where the residual variance is zero if y; is
observed. The sample variance of Y; underestimates the true
variance o; by the quantity (n—l)“Eaidd. Similarly, the bias
of the covariance estimate is (n—1) 'Co;,,; where o;,,; is the
residual covariance of Y; and Y, from the multiple regression
of Y;, Y, on the variables observed in case i. The residual
covariance is zero if either y; or y, is observed. A
consistent estimate of ¥ can be constructed under the MCAR
assumption by substituting consistent estimates of 0;4; and

Oaomi (Such as estimates based on the sample covariance matrix



of the complete observations, sample sizes permitting) in the
expressions for bias and then adding the resulting quantities
to the sample covariance matrix of the filled-in data."
(Little and Rubin, 1987, p.46)

Categorical variables can be included in the regression
models in Buck's method by replacing a variable with k
categories with k-1 indicator variables. If the original
variable is missing, then the indicator variables are
dependent variables in the regression equation along with
other missing variables. The values obtained are linear
estimates of the probabilities of falling into the categories
represented by the indicator variables. However, these
estimates can sometimes fall outside the (0,1) interval.

Using values at the center of the distribution of the
data such as the unconditional or conditional mean as
estimates of  missing values distorts the marginal
distributions of the data. As already noted, this causes the
variance matrix to be underestimated. It also causes problems
in studying the tails of the distributions.

An alternative method of imputation, known as hot deck
imputation, randomly selects values from the entire range of
possible values for the variable. Often values from other
observations are used. It would also be possible to add a
randomly determined amount, positive or negative, to the mean
to obtain an imputed value.

1.5 Likelihood-based Methods

The procedures which Little and Rubin (1987) recommend
for analyzing incomplete data are model-based. A model for
the partially missing data is defined, and inferences are
based on the likelihood of the parameters under that model.
Parameter estimates are obtained through procedures such as
maximum likelihood.

Following the outline of Little and Rubin (1987) and



using their notation, let Y represent the data that would be
observed if there were no missing data. Partition Y into the
observed and unobserved data, Y = (Y,,, Y.,)- The dimensions
of the subvectors and the variables comprising them may vary
from individual to individual. The probability density
function of the joint distribution of ¥, and Y, is

£(¥;0) =£ (Y 0, Ypy4: 0)

where # is an unknown parameter. The marginal density of the
observed data is obtained by integrating over the missing
data:

£ (¥ope:0) =ff (Yopsr Ypig:0)dY,, . . (1.6)

The likelihood of # based on the observed data and ignoring
the missing data mechanism, L(#;Y,,), is proportional to the
marginal density of the observed data.

Since the missing data are often not ignorably missing,
a random variable R indicating whether each component of Y is
observed or missing can be included in the model. Let Y be an
n x k matrix of observations for n individuals on k variables:
Y = (Y;) i=1,...,n and j=1,...', k. Then R = (R;) where Ri=1 if
Y; is observed and 0 if y; is missing. The conditional
distribution of R given Y is the distribution for the missing
data mechanism and is a function of y, an unknown parameter
unless-the missing data mechanism is known. Thus the joint
distribution of Y and R is

£(Y,R;0,¥)=£(Y;0)£(RIY;¥).

The data observed in a study are (Y, R). The
distribution of the observed data is obtained by integrating
Y., out of the joint density of Y and R:

£ (¥opg R0, W) = [£ (Yopg, Vi1 0) £ (RIV Yoo i W) d¥,y, . (127)

The likelihood of ©® and ¥, L(9,¥;Y..R), is any function of



these parameters which is proportional to f(Y¥,,, R;0,¥).
If the distribution of the missing-data mechanism R is
independent of the missing values Y,,, so that

£(RIY Yo ¥) =E(RIY, ;W) , (1.8)

then the data are defined to be missing at random (MAR). This
means that "the probability that a particular component of Y
is missing cannot depend on the value of that component when
it is missing." (Little and Rubin, 1987, p.90) Given the data
are MAR,

£(Yope ,R; 0, ¥) =f(RIY°b,;¢)ff (Yobs: ¥pis:0)dY
=£(RIY,, ;¥ £(Y,,:0) .

(1.9)

If there are no functional relationships between @ and ¥ and
the Jjoint parameter space factors into the individual
parameter spaces, i.e. @ and ¥ are distinct, the likelihoods
L(0,¥;¥w,R) and L(0;Y,) differ by a factor which does not
depend on #; and inferences for 0 based on them will be the
same. Therefore, the missing data mechanism is ignorable, and
the simpler 1likelihood L(#;Y,,) can be used. Thus an
important advantage of likelihood-based inferences for 0 is
that only MAR, not MCAR, is required for the inferences
obtained from models ignoring the missing data mechanism to be
valid.

Little and Rubin (1987) claim that model based procedures
have several other advantages: flexibility, model assumptions
can be stated and evaluated, and the availability of large
sample estimates of variance which take into account the
incompleteness of the data. However, potential disadvantages
include inefficient and inconvenient implementation of methods
to obtain estimates and their variances.

10



1.6 Methods of Factoring the Likelihood

If the assumption that the data are missing at random is
valid, then for some distributions, such as the normal
distribution and the multinomial distribution, and for some
missing data patterns, the log 1likelihood 1(0;Y,,) can be
written in terms of a parameter ¢ where ¢ is a one-to-one
monotone function of # and such that the log likelihood

factors into components. That is,
1(d:Y¥,,) =1, (9,5 ¥ .) +1,(d,:Y0,) + .. +15(d:Y,,)

where

1. ¢y, ¢, ... , @ are distinct parameters, in the
sense that the joint parameter space of ¢=(¢;,, ¢,,
«e« , @;) is the product of the individual parameter
spaces for ¢,, j=1,...,J.

2. The components 1 (97 Yous) correspond to log
likelihoods for complete data problems, or more
generally, for easier incomplete data problems.

(Little and Rubin, 1987, p.97)

The components 1,(¢;;Y¥,,) are maximized separately since
the ¢; are distinct, and the MLE of ¢ is (&;,8,,...,8,). By the
property that the maximum likelihood estimate of a one-to-one
function of a parameter is the function evaluated at the MLE
of the parameter, the MLE of # is 0(¢). |

An approximate covariance matrix for the ML estimates can
be obtained via the decomposition also. The information
matrix based on the log likelihood 1(¢;Y,,) is block diagonal
with each block being the information matrix corresponding to
each component. The covariance matrix C(¢;Y¥Y,,) is also block
diagonal with the inverses of the individual information
matrices as the blocks. The approximate covariance matrix of
the ML estimate of a function 0=0(¢) can be calculated from

the formula

11



c(®;x,,) =D(d)c($;¥,,,)DT(D)

where # is expressed as a column vector and D is the matrix of
partial derivatives of # with respect to ¢:

D(8) =1{d,, (0)}, where d, (0) = :—g"- .
x

One situation when the likelihood can be factored is when
the data are multivariate normal and the missing data follow
a monotone pattern. That is, data for all n observations are
available for a block of variables Y,. For a second block of
variables, Y,, the data are observed for m, observations. For
a subset m, of the m, observations, variables comprising a
third block Y; are observed. These variables are missing for
all other observations. This pattern could continue for
additional blocks of variables. Under these circumstances,
the log likelihood can be factored into components which also
have normal distributions. The maximum likelihood estimates
for each of the components of ¢ are found, and then the
maximum likelihood estimate for # is obtained using the sweep
operator.

1.7 Iterative Methods of Computing MLES

The method of factoring the 1likelihood into distinct
components which can be maximized is not always applicable.
The pattern of missing data and/or the distribution may not
lead to a likelihood which can be factored, or the likelihood
may factor but not into distinct components. Thus iterative
methods of computing maximum likelihood estimates are needed
when explicit estimates are not available.

Assuming the data are missing at random, the objective is
to maximize the likelihood L(#0}Y,,) with respect to 0 where

12



L (O;Yobs) =ff (Yobs'YMs;e) deis'

Let 0© be an initial estimate of @ and 0® be the estimate at
the t® iteration. Then by the Newton-Raphson algorithm,

Q(t+1) =g(t) 4 x-2 (v "Yobs) s(em "Yoba) (1.10)
where the score function 8(0;Y,,) and the observed information
I(0;Y,) are defined as

8(0;¥,,) =% ¥ors)

30
. _ =821(0;Y )
2(0:¥one) =—3558 -

The sequence of iterates 0® converges to the ML estimate # of
0 if the log likelihood function is concave and unimodal. A
variation of the Newton-Raphson algorithm is the Method of
Scoring. This algorithm uses the expected information J(0)
instead of the observed information where

J(0)=E{1(0;Y,,,):0)

__321(8:Y,,,)
[—2e%s

£ (Yobe" 0) dyobs ]

To obtain either the observed or the expected
information, the matrix of second derivatives of the log
likelihood must be calculated. If there are a lot of elements
in 0, then the matrix will be large. The derivatives are
likely to be complicated functions of 0§ if the missing data
pattern is complex. Thus implementation of the algorithms
would "require careful algebraic manipulations and efficient
programming."” (Little and Rubin, 1987, p.128)

An alternative, very general iterative algorithm for
obtaining MLEs when there are missing data is the EM algorithm
formalized by Dempster, Laird, and Rubin (1977). The EM
algorithm consists of two steps, Expectation and Maximization,
which are repeated until the sequence of ML estimates

13



converges.

In the E step of EM, expected values of the sufficient
statistics for the parameters are calculated conditional on
the observed data (Y,,) and current estimated parameters. The
expected values are substituted for the sufficient statistics
which are functions of the missing data (¥,,) in the 1log
likelihood to obtain an expected log likelihood,

Q(810®) = [1(8;¥) £ (¥,,,!¥,,,:0=00) d¥,,, (1.11)

where 6® is the current estimate of the parameter 4.

The M step of EM maximizes this expected log likelihood
with respect to # to determine the next estimate 0¢*P, 1In
general, a generalized EM algorithm (GEM) determines 0#%*" so
that

Q01 19®) » 0(8!0®), for all . (1.12)

The maximization is performed as if there were no missing
data.

The log likelihood based on the observed data, 1(0;Y,,),
increases with each iteration of the GEM,

1(0V iy, ) 21(01Y,,.)
with equality if and only if
Q (o(t+1) :o(t)) =Q (o(t) :o(t))

(Dempster, Laird, and Rubin, 1977). Corollaries to this
theorem imply that a MLE of @ is a fixed point of a GEM
algorithm (Little and Rubin, 1987).

There are several advantages of the EM algorithm over
other iterative algorithms. It is often easy to implement.
It is not necessary to calculate or approximate the second
derivatives. There is a direct statistical interpretation for
each step. Also it has been shown to converge reliably
(Dempster, Laird, and Rubin (1977) and Wu (1983)). However,
the rate of convergence may be very slow if the proportion of
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missing data is high or in the neighborhood of the estimate.
Another disadvantage is the estimates are not asymptotically
equivalent to ML estimates after a single iteration as are
those from the Newton-Raphson and scoring algorithms (Little
and Rubin, 1987). Schemper and Smith (1990) 1list other
drawbacks as "computational demands, scarce knowledge about
small sample properties and an increased probability of non-
normal 1likelihoods"™ and the availability of software to
implement the algorithm for some likelihoods. In addition, it
may not even be possible to determine the solutions needed for
the EM algorithm for complicated likelihoods such as the
partial likelihood for Cox's model. :

1.8 Illustration of Methods of Handling Missing Data

Sixteen realizations of three independent random
variables (Y1, Y2, and Y3) were generated using the SAS RANNOR
function (1990). Y1 is from a N(7,16) distribution, Y2 from
a N(5,9) distribution, and ¥3 from a N(10,25) distribution.
The random numbers generated were rounded to whole numbers.
The first four observations were assumed to be completely
observed. For the remaining observations, one or two of the
variables were considered to be missing. Two observations
were assigned to each pattern of missing data. The assignment
of the pattern of missing data (including no missing data) to
the observations was done before the random numbers were
generated. Table 1.1 displays the original data and the
patterns of missing data.
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Table 1.1

Three Random Variables and Pattern of Observation

Values of Variables Observation Pattern*
1 9 3 12 1 1 1
2 9 4 15 1 1 1
3 11 4 12 1 1 1
4 9 9 11 1 1 1
5 6 7 8 1 1 0
6 7 10 7 1 1 0
7 9 4 14 1 0 1
8 6 4 16 1 0 1
9 7 10 11 0 1 1
10 6 7 10 0 1 1
11 10 3 i3 1 0 0
12 8 5 11 1 0 0
13 2 5 19 0 1 0
14 6 0 6 0 1 0
15 8 8 8 0 0 1
16 11 5 12 0 0 1

* 1 = observed, 0 = missing
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Estimates of the means and the variance-covariance matrix
were calculated for the data before deleting the designated
missing values and for the dataset with missing data using
methods discussed above: complete data analysis, available
data analysis, imputation of unconditional mean, imputation of
conditional mean obtained via Buck's method, and maximum
likelihood estimation using the BMDPAM program (Dixon, 1990).
Bias corrections for Buck's method were calculated using all
available data. Table 1.2 contains the estimates from these
methods.

All of the estimates of the means overestimate the sample
means based on all data except for the complete data estimate
of the mean of Y, which is an underestimate. The small total
sample size (n=16) and the relatively large proportion of
missing data for each variable (6/16=.375) contribute to the
poor estimates of the mean.

The estimates of the variances for Y, and Y; substantially
underestimate the sample variances based on all data. By
chance some of the values which were declared to be missing
for these variables were the more extreme ones. The estimates
of the variances from the analyses of available data, imputing
either the conditional or unconditional mean and applying a
bias correction, and using maximum likelihood estimation are
similar and are better than the estimates based on complete
data only and imputing means without correcting for bias.
(Note that even the all data sample variances are not good
estimates of the population variances due to the small sample
size.)

The sample variance estimates for Y, based on complete
data or on imputing means without adjusting for bias are
underestimates of the all data sample variance while the
available data estimate, the bias adjusted estimates for mean
imputation, and the maximum 1likelihood estimate are
overestimates.

The closeness of the covariance estimates from the
different analyses of the incomplete data to the estimates
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based on all data varies for the three pairs of variables.
For (Y,,Y,) and (Y,,Y;), the estimates based on the four
observations with complete data are the closest to the all
data estimates. The other methods provide larger estimates of
the covariances. However, for (Y,,¥;) the complete data
estimate is an underestimate as is the uncorrected estimate
from the analysis imputing the unconditional mean. The
estimates of the covariance of Y, and Y, from the other methods
are larger then the estimate from the original sample data.
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1.9 Comparison of Variances of Estimates of the Mean

The preceding example illustrates the calculations and
shows differences in estimates of means and variances for
different methods of analyzing missing data for one particular
dataset. It is of interest to compare the variances of the
estimates of the means theoretically in order to compare the
efficiency of the estimation procedures. The asymptotic
relative efficiency of two consistent statistics is

0%, (8,)

ARE(T,:T,) =
1 2 ogl(eo)

(1.13)
(Cox and Hinkley, 1974).

Let Y be a continuous response variable with expected
value u and variance o¢?. Suppose there are n independent,
identically distributed observations, Y, i=1,...,n. The
estimate of the expected value is

=F=21 .
f=y nézyi' (1-14)

The variance of the estimate is
02
var(ﬁ)=};-. (1.15)

If Y is observed for only c of the n observations (c<n),
then the estimate of u and its variance are

nc =?c = %iiIYi
(1.16)
var (g°) =2
c
The variance of the estimate based on ¢ observations is
greater than the variance based on n observations since ¢ < n.
The asymptotic relative efficiency of f° to A is
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ARE (fi: ) = YL ()

var (%) (1.17)
=9/n_c
6%/c n

If the unconditional mean of the c observed values is imputed
for the n-c missing values, the estimate of the expected value
4 and therefore its variance are the same as the values
computed from the c observed values.

Suppose a second variable X is observed for all n
observations. For the observations for which Y was not
observed, an estimate of Y can be obtained by substituting X
into the regression equation of Y on X calculated from the
observations with both X and Y observed as in Buck's

procedure:
2, =+Px,

1);1 (X,-X.) Y,

where B = ;
X,-X,)?2
1-1( i c)

and &=Y_-fX..
The estimate of u is therefore

R=% 1£Y1+ > '

=1 i=ce1

=_1.[c§c+ > (&+BX1)]
n isc+l (1.18)

=?11-[C?c+ (n-C) (?C—Bic*.ﬂ-x-'.-c)]
.7 . (n-c) -X
Yc _n B[)_(c xn-C] ¢

Letting m=n-c denote the number of observations with Y
missing, o, the variance of Y, o, the variance of X, oy, the
covariance of X and Y, and p the correlation between X and Y,

the variance of AR is
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var (@®) =V(Y)+( )vua) (X.-X,)]

21_11“ cov[Y,, B(X.-X)]

—V(Y)+( ){[E(x -X,) 12V (B) + [E(B) 13V (X, -X,)
+V(B)V(X,.-X,))

- -z;?(cov (Y., BX,) -cov(Y,, X )}

(‘“)(1 w5

- oot

-2l 5242
ncp Y

— +V(B)ox]

) |

(1.19)
where the unconditional variance of 8 is
2 2
oy(1-
v(p) =.L’.._;. .
(C-3)°x
The asymptotic relative efficiency of AR to g is
e (gt =(2 - 2lpe- o0z ]) (1.20)
c

Ignoring terms of order c-3, the variance is

Thus if p=1, var(g®)=var(f); and if p=0, var(AR)=var(p‘).

22



With two variables, X and Y, there are three possible
patterns of observation for the variables: 1) both X and Y
are observed, 2) X is observed and Y is missing, and 3) X is
missing and Y 1is observed. Suppose that of the n
observations, n, satisfy case 1, n, case 2, and n; case 3.

Extending the regression approach to this situation, the
estimate of the mean of Y is
_n,+n,

n

% T, + 27, - 2B (X, -K,,) - (1.21)

The variance of the estimate is

2
Var(ng) =£! 1+m<1-pz)(1+ 1 )], (1.22)
n mn n, -

The efficiency of this estimate relative to Qy is obvious.

The asymptotic relative efficiency of the estimate using
all available data to the estimate from the regression
approach, ignoring the term of order (n,-3)! is

_ var ( i)

ARE (g¥.qa%)
By:fy vaz ()

02| Bl * 1, (n, +n,) (1-p3?)
Y 2
= mn (1.23)
oy
n, +n,

24120 - 2
_nn®+ngn,-n,(n, +n,) (0, +n;) p

2
n,n

Thus the regression method is more efficient if

n,n,
(n, +n;) (n, +n,)

p2>

Assume that X and Y have a bivariate normal distribution:
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X Bx
~N(p,X) where p= '
(Y) ¥ ¥ ("Y)

07 Oy
= , |+ and o =poyo,.
Oyy Oy

Then the likelihood of u and £ given the observed values of X
and Y is

T ﬁ 2 T 2
Lp, 2;x,y) =iﬂlfx,y(x1,yi;|l.2) ; 1fx(xj:ux. o) kIilf,, (Vi By, 05)

o -4 -1
=11:11(21t) 213 3exp[-%(v1—p)’2'l(vi-p)] x

r - 2‘
ﬁ 1 exp -%—1——(x by) x

i y2mo, | oz |
n [ - 2]
0 —1 exp|-1 (yy-ny)
k=1 /270, 2 g

where »;'=(x; y;)'. The first derivative of the log likelihood
with respect to u, is

8l(p,2;X,Y)
Suy

=|;:|-li>:.‘1 [02 (v = Iy) — Oy (X, - i) ]

1 f‘:‘
- -
it (Ve - By)

where
|B] =020 (1-p2) .
Setting the equation equal to zero and solving for f,, the

maximum likelihood estimate of u, is

n. n. n.
oio,’,fﬁyi -onaéi (x; -fy) +0302(1-p2) 23yk
[ ie1 i=1 k=1

2_2 2.2
n10x0y + n30xoy (1 _p2)

(1.24)

If the correlation between X and Y is 0, then the estimate of
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By simplifies to

o 2 (B ).

n1+n3

Asymptotically, the variance of g™ is the element of the
inverse of the information matrix I(uy,uy) corresponding to oy
if the variances oy’ and oy’ and the correlation coefficient p
are assumed to be known. The information matrix is

n1°Y n; N, Oxy

T=T 7z TIEl
I(px, By) = .

-nldxy n10x n3

TEL TR

Therefore the variance of a,M is

n, +n, (1-p?)
a2 (1-p2)
n, (n,+n,+n,) +n,n, (1-p*)
0203 (1-p2)

2| _Tatme (1-p%)
¥'nn+n,n, (1-p2) |’

var (g¥") =

(1.25)

The variance of A, is greater than the variance of the
estimate if X and Y were completely observed (var(fy)=0y’/n).
The asymptotic relative efficiency is

25



var (fi,)

ARE (A¥:q,) =
By : Ry var (g%

o%
n

2| 0, +n,(1-p?)
Oy
n,n+n,n, (1 -p?)
n,n+n,n, (1-p?)
nln, +n,(1-p?)]
_nn+n,(1-p%) 1 -n,(n-n,) (1-p?)
nln, +n,(1-p%)]

(1.26)

However, the variance of g,M' is smaller than the variance
if the information from the second variable were ignored and
only the observations for which Y was observed were utilized.
The asymptotic relative efficiency is

_ var (gy")

ARE (A¥: g}
fe: By var (fiy)

2| Dy +0,(1-p?)
Oy
n,n+n,n, (1 -p?)

ot
n, +n,

(1.27)

= (n1+n3) [n1+n2 (1 ‘Pz) ]
n,n+n,n, (1-p?)

_nn+n,n,(1-p?) -n,n,p?
n,n+n,n, (1 -p?)

The efficiency of the regression method estimate,
ignoring the term of order (n,-3)?', relative to the maximum
likelihood estimate is
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var (¥

ARE (A3: ¥ =
nY Y vaz(ﬂg)
o2 n, +n, (1 -p?)
¥ n,n+n,n, (1-p?

52| Pt (n, +n,) (1-p3)
¥ n,n?
n?n? + n,n,n?(1-p?)
n?n? + n,n,n2?(1-p3?) + nin,(n,+n,) (1-p?)?2
(1.28)

which is less than one unless n, or n; is zero or p is one.
Under any of these conditions, the estimates are equally
efficient.

The variance is the smallest when there are no missing
data. But given that there are missing data, the most
efficient analysis of the ones considered is the likelihood
approach assuming a bivariate normal distribution which
utilizes all available data on X and Y. The regression
approach which assumes a linear relationship between X and Y
to provide estimates of the missing Y values but does not
utilize the information on X directly is nearly as efficient
if the correlation between X and Y is large. The maximum
likelihood procedure will always give a more precise estimate
than the analysis based on the n;+n; observations for which Y
was observed and which ignores X. The regression method will
also be more precise unless the number of observations with X
and Y observed is small. These methods are more precise since
they incorporate information from all n observations and from
the relationship between X and Y. The least efficient
analysis is the one based on the n, complete cases only.
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1.10 Summary

In this chapter, methods of statistical analysis for
general models when there are missing data have been reviewed.
The efficiencies of different approaches were compared when
there were two variables, X and Y, which could be interpreted
as an independent or explanatory variable and the dependent or
response variable, respectively. It was shown that more
precise estimates of the variance of the estimate of the mean
response are obtained when more observations and information
on the explanatory variable are included in the model.

Missing data are a problem for the analysis of survival
time data also. The next chapter will review models for
analyzing survival time data which incorporate concomitant
variables and current methods of analysis when there are
missing values for some of the concomitant variables. The
efficiency of the test for treatment effect will be compared
for some of the current methods and alternative ones.
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CHAPTER 2
S8URVIVAL TIME DATA WITH MISSING COVARIATE INFORMATION

2.1 Introduction

In this chapter models for survival time which
incorporate covariates will be reviewed. Current methods for
analyzing the data when there are missing covariate data will
be discussed. The efficiency of these methods and alternative
ones will be compared for a model which assumes an exponential
proportional hazards model for survival time and a gamma
distribution for a single continuous covariate. Based on
these results, the proposed research will be outlined.

2.2 8urvival Time Models Incorporating Covariates

Let 2' = (24, 25, ..., 2,)' be a pxl vector of concomitant
variables believed to affect survival time and g(z;8) be a
function of the covariates and regression parameters f. The
underlying hazard when z=0 is A,, and the hazard rate for the
j* individual is A(t;g). Although the relationship between
the underlying hazard A, and the covariates may be additive

A(E;z) =A, (t) +f31h,,(t)gu(zu;l3u) (2.1)

(Elandt-Johnson and Johnson, 1980), typically the relationship
is modeled as multiplicative. The models most often used can
be classified as either an accelerated life model or a
proportional hazards model.

In the accelerated life (or failure) model, it is assumed



that the covariates alter the time to failure through a
multiplicative effect on t (Kalbfleisch and Prentice, 1980).
The general formula for the hazard function is

A(t;z) =A,[tg(z;B)1g(z;P) (2.2)

(Cox and Oakes, 1984). In this class of models, the log of
the survival time t has a linear relationship with the
covariates 2, and thus the models are known as log-linear
models. Two common choices for g(2z;8) are the exponential and
Weibull distributions.

The general proportional hazards model (Cox and Oakes,
1984) is

A(t;z) =A,(t)g(z;:B). (2.3)

In this model the ¢ovariates act multiplicatively on the
hazard function. The ratio of the hazards for two individuals
j and k is a constant, g(2;;8)/9(%;:;B), hence the name
proportional hazards. When g(3;8) is exponential or Weibull,
the proportional hazards model and the accelerated life model
are identical (Kalbfleisch and Prentice, 1980).

The most popular form of g(2z;8) is the exponential
function. Thus the hazard rate is

A(t;Z) =A,(t) exp (P'z) . (2.4)

This model is known as the Cox model (Cox, 1972). Often the
term proportional hazards model refers to this specific model
rather than the family of models. One advantage of this model
is that it is not necessary to specify or restrict A, (t) in
order to make inferences about the parameters (Cox, 1972 and
Cox, 1975).

The model in equation 2.4 is the basis for the life table
regression model for analyzing survival data with covariates
proposed by Holford (1976). In this model, the period of
follow-up is divided into intervals. Within each interval
A(t) is assumed to be constant (N;) which is equivalent to
assuming that the survival times within each interval have an
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exponential distribution. This model is closely related to
the Cox model if the intervals are defined by the events and
there are no ties. When the covariates are categorical, log-
linear models for contingency tables are applicable (Holford,
1980 and Laird and Olivier, 1981).

2.3 Missing Covariate Data in Survival Analysis

Often in clinical trials some of the covariates are not
available for all patients. Typically only those patients for
whom all the concomitant variables are available are included
in the analysis. Standard computing procedures for the
analysis of survival data such as SAS PROC PHGLM (1992), BMDP
procedure P2L (Dixon, 1990), and a PC survival analysis
program COXSURV (Campos-Filho and Franco, 1990) employ this
technique. The drawbacks of this procedure, such as loss of
power and inference for a subpopulation rather than the entire
population, as discussed for the analysis of missing data in
general apply here.

Another common method for dealing with missing data in
survival analysis is to omit the covariate, especially if it
is missing for a substantial number of patients. Assuming the
correct model would include this covariate, the model would be
misspecified if the variable were omitted. Consequently,
there would be a loss of power for the test of the treatment
effect; however, the asymptotic size of the test or alpha
level would not be affected (Schoenfeld, 1983 and Lagakos and
Schoenfeld, 1984). If the covariate were unbalanced among the
treatment groups, then both the size and the power of the test
would be distorted. Morgan (1986) derived the asymptotic
relative efficiency of the proportional hazards score test of
a treatment difference of the correctly specified model to the
misspecified model omitting all or subsets of the covariates.

Lee (1980) suggests two other methods for handling
missing data if omitting the incomplete observations or the
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covariate is not adequate due to the proportion of missing
data or to nonrandomly missing data. If the covariate is
nominal or categorical, people with missing data could be
considered to be another group. If the variable is
quantitative, then the mean of the observed values could be
substituted. She states that imputing the mean does not imply
that the mean is a good estimate but rather that it is a
convenient one. ‘

Three methods for handling missing covariate information
in survival analyses have been proposed recently. The first
two are likelihood-based procedures and the third is a linear
imputation procedure. All three procedures assume that the
covariates are categorical.

Schluchter and Jackson (1989) proposed a generalized EM
algorithm and a Newton-Raphson algorithm for computing MLE's
for the parameters of log-linear models for survival analysis
when the categorical covariate information is partially
observed. The generalized EM algorithm is an extension of
work on the analysis of exponential survival data with
incomplete covariates by Whittemore and Grosser (1986) .

This model has two components. First, a multinomial
model describes the probabilities in the contingency table
formed by the categorical covariates. Second, a log-linear
model describes the hazard function which is assumed,
conditional on the covariates, to be a stepwise function over
disjoint intervals of time. Thus the survival times have a
piecewise exponential distribution. It is assumed that the
censoring mechanism is independent of the survival time and is
not related to the missing covariates. Also the missing data
must be missing at random.

While this approach "can result in large gains in
efficiency over standard methods that require the exclusion of
cases with incomplete data" (Schluchter and Jackson, 1989),
there are several 1limitations of this 1likelihood-based
procedure. First, the assumption of a parametric piecewise
exponential distribution for survival times may not be
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appropriate for some datasets. Second, the covariates must be
categorical or continuous ones must be categorized. Third,
the survival times need to be grouped into intervals.

Ibrahim (1990) proposed a method of analyzing generalized
linear models with incomplete covariate data. Assuming the
data are missing at random and the covariates are random
variables from a discrete distribution with finite range, the
EM algorithm by the method of weights is used to obtain MLE's
of the parameters. In this procedure, the E step is expressed
as a weighted complete data log-likelihood summing over all
possible patterns of the missing data. The weight for each
pattern of observation of the covariates in each iteration is
the conditional distribution of the missing covariates given
the observed data and the current estimate of the parameter
vector. Ibrahim notes the slow convergence of the EM
algorithm as a drawback of the procedure. The convergence
rate is a function of the proportion of missing data and the
number of possible patterns of observation. Another drawback
is that the class of generalized linear models includes some
parametric survival models, but the Cox nonparametric
proportional hazards model can only be apbroximated by a
piecewise exponential distribution using the death times as
the interval cutpoints (Aitkin, Anderson, Francis, and Hinde,
1989). Also the covariates must be categorical.

Schemper and Smith (1990) suggested using a probability
imputation technique (PIT) to estimate missing covariate data
in survival analyses. All covariates must be dichotomous or
qualitative. In the latter case, the k categories are then
represented by k-1 indicator variables. In this procedure the
means of the non-missing covariate values are calculated
separately for each treatment group or for each subgroup
defined by the treatment group and 1levels of important
covariates and are imputed for the missing covariate values.
The number of variables used to define the subgroups should be
limited in order to maintain reasonably sized subgroups as the
variability of the estimates increases as the sample size
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decreases. The imputed values can be interpreted as the
probability of being in the "1" category for each dichotomous
covariate. After the missing values are imputed, the data can
be analyzed using an appropriate model for the survival
distribution such as Cox's model. However, they do not modify
the analysis to account for having imputed some values.

This method is similar to Buck's method of conditional
imputation in that the imputation is conditional on the
observed values of other variables. The cell mean for cells
defined by treatment group and perhaps other important
covariates is determined. This is equivalent to a linear
regression model with interaction terms. Buck's procedure
would not include the interaction terms though. In the PIT
pProcedure, survival time, the dependent variable, is not
considered in the imputation whereas in Buck's procedure the
dependent variable is part of the regression model.

Schemper and Smith performed a Monte Carlo study
comparing three methods of handling missing data - using the
PIT method, omitting the covariate, and using complete cases
only - with the complete information in Cox's model. They did
the comparisons under different assumptions about the
relationship between missingness, treatment, and the covariate
and for different percentages of missing information. PIT had
more power for the treatment comparison than either of the
other two methods for handling missing covariate data, but its
power was less than that for the complete information.

These recently proposed methods require that the
covariates be categorical. Information is 1lost when
continuous variables are categorized. - Morgan and Elashoff
(1986a) quantified the effect of categorizing a continuous
covariate with a gamma distribution when comparing survival
time between two treatments in a randomized clinical trial.
Categorizing a continuous covariate increases the variance of
the estimated hazard ratio and decreases the efficiency of the
analysis. The efficiency of categorization decreases as the
number of categories decreases and as the strength of the
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relationship between the covariate and survival time
increases. (See section 2.7 for more details.)

When a variable is categorized, the assumption is made
that there is a stepwise relationship between the response and
the covariate. That is, it is assumed that the response is
the same for all values of the covariate included in the same
category and that the response changes when the next category
of the covariate is reached. However, an individual may be
more like individuals in an adjacent category than individuals
in the same category since on a continuous scale the distance
between values of the covariate in adjacent categories may be
smaller than the distance between values in the same category.
For example, suppose age is collapsed into 10 year age groups.
Then a 49 year old person is grouped with a 40 year old,
although he is closer in age to a 50 year old. In most
circumstances one would expect the response of the 49 year old
to be more similar to that of the 50 year old than the 40 year
old. However, the stepwise relationship between the
categorized covariate and response assumes the opposite.

If the relationship between a continuous variable and
survival time is continuous and not stepwise with the steps
corresponding to the categories, then by categorizing the
variable, the wrong form of the variable is used and the model
is misspecified. This results in loss of power although not
as much as there would be if the variable were omitted
(Lagakos and Schoenfeld, 1984).

2.4 Covariate Measurement Error in Failure Time Models

Missing data and measurement error are essentially the
same problem. The complete data vector is equivalent to the
true data vector, and the observed data vector is a subset of
the complete or true data vector. Measurement error occurs
because not all of the variables are measured. Of course,
there could also be error in the measurement of the observed
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variables. On the other hand, one can view measurement error
as missing the value for the error term.

Pepe, Self, and Prentice (1989) examined the impact of
covariate measurement errors on the estimation of relative
risk regression parameters. The typical relative risk
regression model is given by

it X(e) ) =¢, (t) x{px*(t))

where ,(t) is an arbitrary, unspecified baseline hazard
function, r(-) is a known relative risk function such as
exp(*) or 1+(-), B 1is a vector of unknown regression
coefficients to be estimated, and x'(t) is a vector-valued
function of the exposure history X(t).

Suppose that instead of the true exposure history X(t) a
surrogate measure Z(t), which is an estimate of X(t) that is
subject to some error, is available. Then the hazard function
that is estimable is y{t;2(t)} rather than the desired hazard
function ¢y{t;X(t)}. Therefore the objective is to consider
how inference on y{t;Z(t)} can lead to inference on y{t;X(t)}.
One approach is to specify y{t;X(t)} by the model given above,
relate the true covariate X(t) to the observed covariate Z(t)
through some measurement error modelling assumptions, and then
derive the form of y{t;2(t)}.

A basic assumption required to relate these hazard
functions is one of conditional independence (Prentice, 1982):
the observed covariate Z(t) has no predictive value given the
true covariate X(t). Then the induced hazard function model
is

vit;Z(t) =y, () Elz{Bx*(t)}iT2t,2(t)] .

Although the form of the induced hazard function is the same
as the hazard function for the relative risk regression model,
it is not a member of this class because the conditional
distribution of x'(t) given y, and Z(t) generally depends on
Yo, B, and parameters in the distribution of the covariate
measurement errors. '
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If the covariates are not time dependent and under an
independent censoring assumption, an explicit form of the
induced relative risk function can be derived. The censorship
assumption asserts that

Pyilt;Z (t) ,no censoring prior to tl=ylt;z(t)}

which means that a subject at risk at time t is representative
of the population with covariate Z(t) and without failure at
time t (Prentice, 1982). The expression for the induced
relative risk which is obtained is very complicated and would
not generally be used in practice. Thus Pepe, Self, and
Prentice described three sets of assumptions and
approximations which lead to simplifications.

First, they specified the relative risk function r to be
exponential, the distribution of the true covariate condi-
tional on the observed covariate to be given by x"=E(x"!32)+¢,
and the distribution of exp(€f) to be a member of the Hougaard
family of distributions. These assumptions lead to a closed
form expression for the induced relative risk. ‘

Second, they assumed a linear relative risk form,
r(+)=1+(+), and a regression model for x' given 2z with normal
additive errors. Under these assumptions which together
violate the requirement that the relative risk be positive, an
approximate closed form for the induced relative risk is
obtained. The simpler forms of the relative risk in these two
scenarios are functions of the cumulative hazard function
¥,(t), and it is necessary to be able to construct an estimate
of ¥,(t) in order for these formulas to be useful. The
authors discuss several possible approaches which include
making parametric assumptions about y,(*) or ¥,(+) or to model
the dependence of the induced relative risk function on t in
a convenient ad hoc fashion. The last approach does not
require direct estimation of V¥,(-), but it may require
extensive additional data to obtain estimates of parameters of
the model.

The final approximation is based on the assumption that
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the disease is rare, i.e. the absolute risk of disease is
small for all values of the covariate x°. "If the disease is
rare, then there is 1little change in the conditional
distribution of x" given 2 over time due to the occurrence of
events in individuals with ‘high risk! covariate
configurations." Thus the conditioning argument {T2t} can be
dropped with little effect and the induced relative risk
E(r{f'x"} |T2t, 8] approximated by E[r{f'x’}!2] for all s.

While these assumptions and approximations lead to
simpler formulas, there are problems with them. The
independent censoring assumption is true only if the covariate
has no effect (f=0) or there are no deaths. Prentice (1982)
acknowledges that it may be more realistic to assume
independence between censoring and the true covariate rather
than the observed covariate and that in the example of the
relationship between thyroid cancer incidence and gamma
radiation exposure level the assumption is violated due to
deaths without thyroid cancer. The first two scenarios which
assume exponential and linear relative risk functions,
respectively, along with assumptions about the distributions
of X' given 2 and the errors have simplified induced relative
risk functions. However, as discussed above, additional
assumptions or estimates are required in order for the
simplified formulas to be useful. The third scenario assumes
the disease is rare which limits its applicability. Also the
approximation of E[(r{f8'x"}|T2t,2] by E[(r{8'x"}!2] is question-
able as it drops terms which may not go to infinity.

Since the missing data and measurement error problems are
related, measurement error models could be used when there are
missing data. However, the models discussed by Pepe, Self,
and Prentice have limitations and do not appear to be easy to
implement.

Thus current methods of analyzing survival data when
there are missing covariate data are not satisfactory.
Alternative approaches will be explored and compared to some
of the current ones in the following two examples. In these
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examples, it is assumed that there is one continuous covariate
which has a gamma distribution and that the distribution of
survival time given the covariate is exponential. 1In the
first example, the variance of the estimate of the underlying
hazard is calculated and compared for several models. 1In the
second example, there are two treatment groups and the
variance of the score statistic for the treatment effect is
compared for different methods of analyzing the data.

2.5 Example 1: Estimation of Hazard Function

In a study to estimate the hazard function of the
distribution of survival times, suppose that for each of the
n individuals a continuous covariate X is measured in addition
to the survival time T. The observed survival time is the
minimum of the survival time and the censoring time C. For
simplicity, assume that there is a common censoring time c.

It is assumed that whether each individual was a failure
or was censored and the corresponding time of failure or
censoring are known. Individuals for whom this information is
not available would only contribute information on the
distribution of the covariate and would not provide any
information on the relationship between the covariate and
survival. This assumption was also made in the three recently
proposed methods discussed in the previous section.

Assume that the conditional distribution of the survival
time given the covariate is exponential with mean (Ax)'. Thus
the probability density function is |

frix (E1X;A) =Axe 2tx, (2.5)

Therefore the conditional survival distribution function, the
probability that the survival time is greater than t given the

value of the covariate X, is

Spix (E1X;A) =e™dtx, (2.6)
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Assume that X has a gamma distribution (I'(a,B8)) with
probability density function

R = E. a-1, -fx .
fe(x;a,B) Fay < e - (2.7)

The shape parameter a is the effect of the covariate X on
survival time. The smaller the value of a the stronger the
relationship between the covariate and survival time. The
risk of failure is more heterogeneous for different values of
the covariate when a is small (Table 2.1). For example, the
ratio of the risk of failure for someone at the 9o® percentile
to that for someone at the 10® percentile of the gamma
distribution is 7.3 when a=2 and 2.5 when a=8.

Table 2.1

Ratio of Risk of Failure For Different Percentiles
of the Gamma Distribution

_a 75%: 2s5% 9o : 1o%
1 4.8 21.8
2 2.8 7.3
4 2.0 3.8
8 1.6 2.5
20 1.4 1.8
40 1.2 1.5

The joint distribution of the covariate and the survival
time is
fxr(x,t;a,B,A) =f, (x;a,P) £ (EIX;A)

« (2.8)
= AB® e -(Beat)x
Ty X"e .

The marginal distribution of the survival time T is
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fo.(t;a,B,A) =ffx-r(x,t;a.B.l)dx
0

I‘(a) fxue-(pdt)xdx

(2.9)
__AP*T'(e+1) (P+At)®*l o -(prrt)x
T'(a) (p+lt)¢’1f '(e+1) x-e Frdx

Al B \em
Flem

The unconditional survival distribution function is

Sp(t;a,B,A) =1-Fy(t;a,p,A)
t
P 7Y N I
1-[Flm) o
. (2.10)
=1—aB‘f(B+Au)*‘”Jldu
0

=t_ﬁ__'
B+At) '
In the remainder of this chapter, the probability of surviving
past the censoring time c will be denoted by S(c) where
S(c) =(T+EJTE . (2.11)

There are four possible patterns of observétions of data
for the covariate X and time T:

1) X is observed, T is survival time

2) X is observed, T is censoring time

3) X is missing, T is survival time

4) X is missing, T is censoring time.
Let n, denote the number of subjects for whom the i®™ pattern
is observed, and let ny,,.=n;+n, and ny,,=n;+n,. nNx,, and ng,, are
assumed to be fixed, but the number of people for each pattern
of observation is random rather than constant since it is
determined by the probability of being censored. For fixed
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Nyass the expected number of people who die is

E(n;) =N, ,E (Pr {0<T<c i X})
=Nyops E ([1-Spx(c) ] 1X)

=Nype [1-S(c)].

Similarly the expected values of the numbers of subjects with
each of the other patterns of data are

E(n,) =ny.,.S (c)
E(n;) =ny,,[1-S(c)]
E(n,) =nyg,.S(c) .

The likelihood function of @, 8, and A given the observed
data is

n.
L(al Bll;xlt) =irllf-rgx(ti=xi;l)fx(xi;al B) X

jr_ilsr,x(c:xj;x)fx(xj,-a,p) X
(2.12)

n.
kl:ilfT(yk;a,B,l) X

n,

HST(C;a,B,A) .

1=1

Combining terms and substituting the values of the densities
and survival distributions (Eq. 2.5 - 2.10), the likelihood is

n « n
L(a,B,Aix,t) = 1T <B° _xste I ax oMt It & 4oy
i=1 ['(a) i=1 j=1

19 () et

= Ll(al p;x) Lz(z;xlt) L3(l;xrt)
L (a,B,A;t) Ly(a,B,A;t) .

The asymptotic variance of the MLE A is the appropriate
term of the inverse of the expected information matrix
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lga luﬁ 1qa
I(a,B,A;x,¥) =|1ap 1pp 1pa
Iga dpa 1aa

where

. _ _of8%l(a,B,Ar;x, t)
1o,0, = E( 56,0, ) :

Each component of the 1likelihood or the 1log 1likelihood,
1(a,B,\;%X,t) = 1n L(a,B8,N;X,t) can be manipulated individually
in the process of obtaining the MLE of A and its variance.
The information matrix for each component of the likelihood
can be calculated, and the matrices added together to obtain
the overall information matrix.

The first component L, contains the information on the
covariate from the ny,, observations for which the covariate
X is available. The log likelihood is

1, (a,B:x) =any1np-n, . 1n[T(«] + (x-1) x:‘}.‘f)‘lnxi - Bx}f'xi .
=1 =1

The first derivatives of the log likelihood with respect to
the parameters are

8l («, B;x) 1 8T Pibe
1 Y =nXObslnp —nXOba'f\—(T;)'% + glnxi
1, 1]."%
=nﬂ(obslnﬂ _nXObs[lna_ﬁ+_f"3- + glnxi

81, (a,P;x) any,, ™

3P B gxi
81, (a,B;x) -0

SA )

The second partial derivatives are

43



821, («,B;:x) 1, 1
et “'nm'(?“ﬁ

2@+1
= ‘nxob.( W)

821, (a,B;x) _-an,,,

3p2 p?

821, (¢, B;X) _ny,,
Sadp B

321, (a,B;x) 821, (a,P:x) _ 821, («, B:x) =0
322 T SadA SPpoX '

Thus the information matrix for this component of the
likelihood is

nxobs( 2; ;.2.1 ) nEObs 0
I, (a, B, 1) = “Nyobs &Nyobs ol*
P p2
0 0 0]

The second component of the likelihood only provides
information about A from the n, individuals who failed and for

whom X is observed. The likelihood and log likelihood are,
respectively,

n.
L, (A;x,t) = I Ax,e 2t

i=1
n. ‘ n
1,(A;x, t) =n11n).+if: lnx, -xiz’:xiti :
=] =]

The first and second partial derivatives with respect to A are

81,(A;x,t) n, Ext
i~i

6). =T -inl
821, (A;x,t) _-n,
312 Az’

Thus the expected information matrix for this component is
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0 0
0 0
0

no
—3* 1-s(o)]

0

0
Iz(aIBIA) =

0

The third component of the likelihood is a function of
the conditional survival distribution function for the people
who are censored at time ¢ and for whom X is known. The
likelihood and log likelihood are, respectively,

L,(A;x,t) =jﬁe"‘°"’
=1
n
1,(A;x,¢t) = -ljixjc .
=1

The first and second partial derivatives with respect to A are

81,(A;x,t) %

3 = ,’?lxjc
821, (A;x, t) -0

[YE )

Thus the information matrix is a matrix of zeros. These
individuals contribute to the estimate of A but not to the
variance of X since all that is known is that the survival
time is greater than the censoring time c.

The data from the individuals who fail but for whom the
covariate X is missing contribute to the fourth component of
the likelihood which is the product of the marginal
probability density function evaluated at the individual
failure times. The likelihood and log likelihood are

x,t)=1ter(_B )"
L (e.B rix,0) =11 & (p+).tk)

n
1,(a,B,A;x,t) =n,lna +n,1nA +an,1np - (a+1)k£ In(f+Aty) .
=1

The second partial derivatives of the log likelihood are
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521, (e¢,p,A;x,t) -n,

da? a?
821, (e,B,A;x,t) _-an, < 1
= +(a+l) —_—
3p2 p2 xz; (B+At,)?
621‘(¢:p11;‘lt) -n, e ti
= + +1 —_—
327 DY e
821, (e,B,A;x, t) =n,_§ 1
Sadp B =1 Praty
821, (a, B, A;x, €) &t
Sa A T & PHAt,
821, (a,P,A;x,t) e Cy
= 1 ——
3poX (@+1) 3 (B+At,)?

Since the component of the information which is of the
most interest is the one corresponding to the second
derivative with respect to A, the calculation of the expected
value of this component will be shown here. The calculations
of the other components are similar.

Since it is known that the individuals failed before the
censoring time c, the truncated distribution must be used:

fr(t)
Pr{Tsc}
fr(t)
1-S(c) °

fripee (L1tsC)

Recalling that n, is a random number, the expected value
of the sum of a random number of random variables is
asymptotically the product of the expected value of the random
number and the expected value of the random variable. Thus
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Ny ti _ tz
E [(a+1) 3 ey T (@VEmIE (p+).t)2]
fr(t)
= (@+1) Ny, . [1 S(C)]j.(ﬂ +At)? [1-S(C)]dt

. Nynies [ (AL)2+2BAL +B2-2B2-2BAL + P2
(@+1) 2mee [ TIY £p(t)dt

c(ge1) Pamissffy_ 2B, B2 Jars B \en
(D == [[1 Beit (B+At)2]B(B+kt) o

- & (e+1) p‘nx;niaa
= e

X

JUB+AE) ~(+1 ~2B (B+At) ~(«*2) + B2 (B+At) ~(=*I]AdE
0

- ¢ (a+l)ng ... 1_ [ . 2p% 2
A2 ¢ a(Btic)® (a+l) (B+AC)"‘1 a+l
L1 per2 ]
a+2 (a+2) (Pp+Ac)e**?

(a+1)

_n}nniss 2 - LI
- [7;:5 (e+1)S(c) +2a[S(c)]

42

~elerl) 1507w

o+2
Therefore
521 (a,B,A;x,t)] I, t2
El- 4
[ 342 )lf?; (ﬁ+lt)
= £lxmiss +8(c) -2[s(c)] '“"71+"‘+1 [S(c)] .;z]
gy -0 c c o c .

The last component 1is the contribution from the
individuals who were censored at time c and for whom X is
missing. The likelihood and log likelihood are
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L (a, B, l’x’t)-gltﬁé%z).

l,(a,Bp,A;x,t) =an,/1np -algflln(ﬂﬂ.c) .

The second partial derivative with respect to A and its
expected value are

8s(,B,Aix, ) _ W 2

¥ EERTIS Y
821, (a,B,A;x, t) ] -ang,,, £ 2
E|- 5 e ] ;?i (S(c)-—Z[S(c)] +[S(c)] )

Adding together the expected values of the negatives of
the second derivative, the terms of the information matrix for
this likelihood are

(2a+1)nXObs x:nisa(l S(C))
we ™ 2¢? a?
a+2
= &Dyons + XDymiss (1_ [S(c)] T)

lbﬂ ﬂz (+2) Bz

¢02
i, =Xobs [q_ s<c>]+-°‘—nmi(1 (s(c)] %)

Az (e+2) A2 (2.13)
. Nyobs - Nymiss - a—:}‘
Ip=-— (“1)3(1 [s(e)17e)
. Dymiss ‘;1
Laa = T3 (a*’l)l(l [S(C)] )

a+2

P & Xmiss «
l“-a—-i-z')_lﬁ'(l [S(C)] )'

For simplicity, assume that a and 8 are known. Thus the
variance of A is 1,7,

var (1) = («+2) 12

a+2)
(@ +2) nygpy [1-5 () ] +ang, (1-5(c) &) (2-14)

If a and B are unknown, then the entire information matrix
must be inverted to obtain the variance of A\.
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When there are missing data, one approach is to use only
those observations with complete data in the analysis. 1In
this example, this means that only the n, individuals who
failed and for whom X is observed and the n, individuals who
were censored and for whom X is observed contribute to the
analysis (ny,=n;+n,). The likelihood function is

Lyp, (@, B, Asx, €) = I £r,0 (€ 1%, A) £ (x50, B) x

i=1

szTu(c!xj;l)fx(xj;a,B)

) (2.15)
- iﬁ:fx(xi;a,B)iﬁlfﬂx(ti%xi:l) x

n.
}Zsrm(c.xj;l).

The corresponding information matrix, adapted from Egq. 2.13,

is
nxobs( 2: ;21 ) - nxsbs 0
R 0 . (2.16)
0 0 3";:’— [1-8 ()]

Since the information matrix is block diagonal, the inverse is
also block diagonal; and the blocks are the inverses of the
original blocks. Thus the variance of Axws 1S the same whether
or not @ and B are assumed to be known or not and is

2
var (Ayp,) = xx""“[l—s(c)]'l. (2.17)
Dyobs

Another approach to the analysis of survival data when
there are missing data for a covariate is to eliminate the
covariate. In this approach the analysis is based on all n
observations. The likelihood is
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ny +n, ny+n,
L,mic<a,a,z,-e>=:rl £ (tyia,B,A) j’nls,,<c,-a,a,x>. (2.18)
=] -

The information matrix, again adapted from Eq. 2.13, is
comprised of the following terms:

Ige=— (1-S(c))
«

K
N

1,,,=-L_(1 [S(c)] )

+2) p2
ill (_az-)—l—z-(l [S(C)] a:z)
«r (2.19)
i,a= (1 [S(c)] ":l)
«p <a+1)p

1"1=-n_?1—“(1-[s (e)] GTI)

a+2

. an - e
1’1 m(l [S(C)] ).

If a and § are assumed to be known, the variance of Xxm is

a+2\-1
vaz:(XmIlit = (e~ z)x"“““(l [S(c)] .) . (2.20)

If they are unknown, the information matrix must be inverted
to obtain the variance of ;.

The efficiency of the 1likelihood approach using all
available information to the current approaches of omitting
incomplete observations or omitting the covariate can be
determined by comparing the variances of the estimates of \
(Eq. 1.13). The asymptotic relative efficiency of the
estimate of A from the analysis based only on complete
observations to that from the analysis using all data is
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var (1)

ARE ( xxobs 4 ) var (xxobs)

= n'XOba(l—s(c) )

2
xXOba

(e +2) A3

a2
Nype (®+2) (1-8(c)) +nm“a(1- [s(c)] ¢ )
Az (@ +2)ny,,(1-S(c))

2 a2
Xobs | (@ +2) Ny, (1-S(c)) +¢nm,,(1-[s(c)] « )
(2.21)

Thus the analysis based on all data is more efficient.

Comparing the variance of A from the analysis utilizing
all observations but ignoring X to that from the analysis
utilizing all observations and the available information for
X, the asymptotic relative efficiency

var (%)

ARE (4 th) = —
(romsz i) var (Ayope)

«+2
=ezn(l-[S(c)] ") x
(€+2) Aionse

(e +2) A2

a+2
Ny (& +2) (1-S(c)) +nm88a(1— [S(c)] © )

[ a2
A2 an(l-[S(c)] ")
2 vz
x°'“it_ (@ +2) Ny, [1-S(c)] +anmi"(1- [S(c)] © )

a+2

%2 anmmsh;—[S(c)]-1r)+anmmﬁs( -[s(c)] ‘2)
22

a2
x°'““_ (@ +2) Ny, (1-S(c)) +anxmu(1- [s(c)] © )

(2.22)

shows that the latter analysis is more efficient. In both
cases, the gain in efficiency depends on the effect of the
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covariate on survival time (a), the proportion of incomplete
observations, and the percent of censoring (s(c)).

2.6 Example 2: Test of Treatment Effect

The objective of many clinical trials is to compare the
effect of two treatments on survival time. Thus it is
necessary to introduce a parameter for the effect of treatment
on survival time (B,) and a variable for treatment group (2,)
into the model used in the first example. Let 2Z, be a
dichotomous variable which has the value of 1 or -1 indicating
the treatment group to which the patient was randomized.
Balanced randomization will be assumed, so that the
probability of being in each group is 0.5. As a consequence
of the randomization, treatment and the covariate, X, are
assumed to be independent. As in Example 1, it is assumed
that X has a gamma distribution (Eg. 2.7) and that the
survival or censoring status and time are known.

Assume that the conditional distribution of the survival
time given the covariate X and the treatment group 2, is

exponential with mean (AxeP1®)-1;

fox,Z:_ (t:x, zl;l' Bl) =lxeplee'lue'111 . (2.23)

The probability that the survival time is greater than t given
the covariate and the treatment is

Smix.z, (E1X, 2,54, B,) =e-rtxeh™ (2.24)

The marginal distribution of survival time given treatment is

lepxzx B a+l
friz. (E12Zy;a,B, A, B,) =2 : 2.25
TiZ, 2,;ax B pl) B (pﬁ\.te’lzl) ( )

The corresponding survival distribution is
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Spig, (E12y70, 8,4, B,) (——P—) (2.26)

p+atelrs

The likelihood function for the parameters a, 8, A, and
B, given the observed data and assuming there is a common
censoring time c is

n

;ﬁlST,x,z1 (cixy,zy,ih, By) £y (%550, B) £ (2,)
n
l‘I_ilfm; (teizy i, B,A,B,) £y (z,)

n
ll:IIST,zi(cizil;a,B,l,Bl) £, (2,) .

(2.27)

Substituting the probability denéity functions and the
survival distribution functions, the likelihood is

n «3 Bizy oy,
L a, IAI ;x,t,z =nl_§_e_x‘ ‘(p*ltie )xi
( B pl 1) o1 2 T (a) i ©
N -(p+rce” ") x,
j=1 2 I'(a)
ﬁ 1 aleplzik B a+1
k=1 2 B a+ltkeplz1k
i B
1=1 2(p+lcep1z1k) )

To test the null hypothesis of no treatment effect,
Hy:B,=0, versus the alternative, H;:8,=6§ where é is small, an
appropriate test statistic is the total efficient score
statistic (Cox and Hinkley, 1974) which is
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61 r ,A, l. ltl
U(B,) = («. P 6;1 .t 2) (2.28)
1 pl”lo

where Blo is the value of B, under the null hypothesis. The

expected value of the score statistic under the null
hypothesis is zero, and its variance is the appropriate
element of the expected Fisher information (1g.p,) evaluated at

., and denoted by 1(By,) ¢

E [U(Blo) ;p]_o] =0

. (2.29)
VIU(B,,) :P,,] =1(B,,) .
The score statistic for this model is
n n. n.
U(B,,) =i2:51z1i-iz.§11t:ixiz11 -j)?ll.cszlj
(2.30)

n oAtz a, Acz,,
LD g e B

The elements of the expected information matrix under the

null hypothesis, calculated in the same manner as in Example
1, are
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= (2a+1)nXob8 Dymiss (1 S(C))

Tas 2a? «?

; - &Ilyobs anx:n 88 - .Tﬂ
ipp = ;zb + (”2;52(1 [s(c)] )

a+2
i, = nf’" [1-S(c)] + n’“";';z(l (s(e)1°%)

a+2
ig.p, =Ny e (1-S(C)) + a""‘i"(l [S(c)] “)

. =_nXObs_ Dymiss u:l (2.31)
i ==~ (a+1)p(1 [s(c)1™%)

: = Dymise - .Tﬂ

1¢l'm(1 [S(c)] )

i.’1=o

. ~ONynigs ‘:2

1g, __-TETXﬁ(I [s(c)] )

1pp,=

il’1=o

where

&
S(c) = ——E—— 2.32
(@) =(gv12) (2.32)
is the probability of surviving past the censoring time c
under the null hypothesis of no treatment effect.

Thus the variance of the score statistic for the test of
the treatment effect using the correct model is

a+2

V [Ugorr (B1,) ] =Ngobs (1-S(C)) +Nypigq— (1 -S(c) *® ) (2.33)

a+2

The variance depends on three elements: the proportion of
data without the covariate observed, the strength of the
covariate (a), and the proportion of censored values (S(c)).

Under the alternative hypothesis H;:8,=§, the expected

value of the score statistic is
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E[U(PB,,) 8] =81i(B, ) +o(3) (2.34)

and the variance is

VIU(B,,) i8] =i(B,) +0(3) (2.35)

(Cox and Hinkley, 1974). Calculations (not shown) confirm
that the expected value of the score statistic under the
alternative hypothesis for this model is approximately

a+r2

o,( ) (2.36)
E[U(ﬁzoib)]=6nx°b,(1-S(C))+nm,,ml-S(c) <.

If test statistics are not consistent estimators of 4,
then the definition of asymptotic relative efficiency given in
Eq. 1.13 is not appropriate. A more general definition of
asymptotic relative efficiency is

5.8, 1*(02 (8
ARE(leTz) = "":-'1( 0) o':z( 0) (2.37)
B, (0,) O, (6,)
where
/ - 6 1
B, (6;) "b‘éE(Ti'H1) |e-e°
and

0%, (8,) =var (T, !H,)

(Cox and Hinkley, 1974 and Kendall and Stuart, 1967). The
ratio K is the sensitivity or efficiency of the test (Randles
and Wolfe, 1979) where

_ ur, (8,)

=T el 2.38
R (2.38)

From the expected value of the score statistic under the
alternative hypothesis (Eq. 2.34), it is easily seen that the
derivative of the expected value with respect to B8, is equal
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to the variance. Therefore the sensitivity K is equal to the
square root of the variance.

The two most common approaches to analyzing survival data
with missing data for covariates are to use only the
observations with complete data or to omit the covariates from
the model. If the data in this example were to be analyzed
using only the observations with complete data (X and T
observed), the variance of the score statistic under the null
hypothesis would be

V [Ugepe (B1, i B1,) ] =Nyape (1-S(c)) . (2.39)

The efficiency of this model relative to the model using all

the available data is

K)%obs _ v [UXObs (Blo) ]

Kiomm v [Ucons (By,)]

ARE (Uygpg (By,) 1Ucorr (By1,)) =

= Nyops (1-S(c)) | (2.40)

)

Ny (1-S(c)) +nm“ﬁ(1—8(c) «

The correct model using all the data is more efficient
than the model based on complete observations because it is
based on more observations (Figure 2.1). The contribution of
the complete observations is the same for both models;
however, the observations with only survival time observed
also contribute to the correct model. The gain in relative
efficiency increases as the proportion of incomplete data
increases since the difference in the number of observations
used in the analyses increases. For a given proportion of
missing data, the gain in efficiency increases as the effect
of the covariate on expected survival time decreases (a
increases). The amount of information the missing covariates
would have contributed decreases, but information on survival
time is gained from the incomplete observations. Similarly,
as the probability of being censored increases, the gain in
the efficiency also increases because little is gained from
the covariate if the person is likely to be censored (Morgan
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and Elashoff, 1986b).

If the covariate X were omitted so that all observations
were included in the analysis, the variance of the score
statistic under the null hypothesis would be

«+2
a —
V [Uyomie (By i By,) ] =nxom:m(1‘ [S(c)] = ) . (2.41)
The efficiency of this model relative to the correct model is

Kiemit _ V [Uxomic (B3,)]
Kioen  V [Ucorr(By,)]

ARE (UXOmit(Blo) :Ucomz(plo) ) =

n}mmit'a_t—z'(l -S(c) .—;3)

«+2
Dyops (1 =S (C)) +nxmi“.a°+2(1-s(c) a ) (2.42)

a+2

n"“"ﬁ(l's(c) ‘ )+nxmisaf:‘§(1-s<c) )
a 1:3)

Brape (18 (€)) + Rpuipe =2 {1 -5 ()

These two models utilize the same observations, but the
correct model incorporates the covariate making it more
efficient (Figure 2.2). The contribution of the observations
with only T observed is the same for both models, but it
varies as a function of a and S(c) for the observations for
which X is observed. The smaller the proportion of incomplete
observations is the greater the gain in efficiency of the
correct model over the model ignoring the covariate because
more observations will have data for the covariate. For a
given proportion of missing data, the gain in efficiency
increases as the effect of the covariate on expected survival
time increases (a decreases). Since the covariate does not
contribute much if the probability of censoring is high, the
relative efficiency of the model including the covariate
increases as the probability of censoring decreases.
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Figure 2.1

Asymptotic Relative Efficiency of Model Omitting Incomplete
Observations vs. Correct Maximum Likelihood Model
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Asym»ptotic Relative Efficiency of Model Omitting Covariate vs.

Figure 2.2

Correct Maximum Likelihood Model
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When X is not observed, the correct distribution of
survival time given treatment group is given in Eq. 2.25.
However, it is unlikely that this distribution would be used
very often. Most likely, an exponential distribution, or in
general a proportional hazards model, would also be assumed
for survival time when X is unknown,

friz, (£12y:7,B,) =gefiig-rehtiic (2.43)

It is assumed here that the treatment effect B; is the same as
for the observations with X observed.

The 1likelihood for this incorrect model for the
incomplete data would be

i %‘te PaZicg ~reyet ﬁ le —tee?™n1 (2.44)

n.
L(t,B,:t,2z,) =
B, 17 a1 1=1 2

and the log likelihood is

1(<,B,:t,2,)=-n,1 E —E Bazay
rPri,44) T 3 n2+n3lnf+k 1[3121,‘ klftke

n
z
-n,1n2 - £ tce®™ |
1o

An estimate of 1 can be found by setting the first
derivative of the log likelihood with respect to r equal to 0
and solving for f. The first derivative is

41 (<, p]_;tl 21) =£12 _ niepxzj.ktk_ nteplz“c .
ot T k=1 1=1

Therefore 7 is

n,

e_

B n n,
z z
Y efine, + Yol
k=1 1-1

(2.45)

The large sample expected value of £ under the null
hypothesis of no treatment effect, H;:$8,=0, is the limiting
value of ? in Eq. 2.45 asymptotically. The limiting values of
the terms in the denominator are
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E[Et,] =E(n,)E(t)
k=1

=Dy esPT (T<C) ft%’(';%dt .
0

c

o] b

0

“Tniae SR [[(B+AE) €= (B +At) "] Ade

0

&-1
=nm=='g(a-1 +S(c) - —E-[S(e)] )
and
E[li'i cl =E(n,) E(c)
=1
=Nynige P (T>C) C
=nm"s(c)_(wf_'l3_)
“__1 Ld

=nm“-g([s(c)] = _s(0)) .

Thus asymptotically 7 is

] a-1 (2.46)

t=;.(az-1)[ 1-5(c) J
1-[s(c)] "

The score statistic (Eq. 2.28) for the incorrect model
for the observations for which X is missing is

n n n
Urne, xmiss (510) = 2 2y~ 2 2, T - 2

z, TC . (2.47)
k=1 =1 1=1 1!

The variance of the score statistic under H, is "

V [Urnc, xmiss (B1,) 1 =Eq (Vi1 [Umnc, xmiss (B1,) 1) +

Vo (Ez, i1 [Urne, xmise (B,) 1)

Since under the null hypothesis of no treatment effect the
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expected value of Z;, is zero, the second part of the
expression is zero. The conditional variance is

n. n
Vi, ix U, nntan (B,) 1 =Vl = (27, (58, -1) +1e Xz, )

n
- - 2 22
= B (1£,-1) %V, (z,) +7%c lgvzl(zlg

n
= 23 (tt,-1)2+n,t%c?,
ko1 k 4

since V, (z,) =1. Taking the expectation with respect to T and

using the correct marginal distribution for T (Eq. 2.9),

£x(t)

n [o]
-1)2] = g2~ T
BLE (56,-1)2) =nyppePr (Tsc)[‘f E2-2tt+1) s

=nm..[%zfl (B+At)2-2B (B+At) +p2] £ (t)dt
0

2t _
A .of[(aﬂ.t) Blf,(t)dt

+[£x(t)de
0

o-1

=nm(%;£[ = (1-1s(e)17)- az_“l (1-15(e1°F)

+(1-5(c)) ]

a-1

-M[ « (1— [S(c)]T)-(l-S(c))

A |ja-1
+(1-S(c)) )

for o#1 and a¥2 and
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E[n,t%c?] =n_, . S(c) ;—: [(B+Ac)2-2B (B +Ac) +PB2?]

-2 a~-1

=nm“-‘-;;ﬁ([3(c)] = _2[S(c)] *® +s(a)) .

Thus the variance of the score statistic for o1l and o2 is

V[UINC,Xmiss(plo)] =nXmiss( [l-S(C)]

2v2p2 [ 1 = 4o —]
+ (a-l)lz[a-Z +S(c) c‘_2S(c) (2.48)

___21p _ _ %? )
(a-l)).[1+(a 1)S(c) -aS(c) ] .

Substituting 7, (Eg. 2.46) for 1 in the formula, the
variance becomes )

V (Unne, mmtas (Ba) ] =Npmiaa(  [1-5(0)]

+2 '___l-S(cl_l ? x
|1-8(c) «
i (2.49)
- &1 -1y2 a2
-1, (e-1)s(c) * -L2D) %5 (q J
| @ -2 -2
- -1
—2-4L:§i%%T[l+(a—1)s(c)-aS(c) ‘]].
[1-S(c) =
If there is no censoring and a>2, the variance is
V[UINC,Xnu.ss(alo)] =-&%nmss . (2050)

In order to calculate the efficiency of this model and
then subsequently the asymptotic relative efficiency with
respect to the correct model, it is necessary to calculate the
expected value of the score statistic under the alternative
hypothesis using the correct distribution for T given 2, (Eq.
2.25). The formula in Eq. 2.34 cannot be used because the
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likelihood and, consequently, the score statistic are based on
an exponential distribution (Eq. 2.43). The expected value of
the score statistic for ol is

n.

ni n
E [Upye, xmiss (31.,) i B,] =E; Eriz, k_lzlg-k_lzlxttk —1¥1211tc
=n:muEz,{zl [1-Sgy, (cizy)] (1 -tthT,sz‘c (tiz,,tsc)]

-2,%TCSy,, (Ci2Z,) }

=nxmissEz,{z1(1 ~Syi4,(Ci2)

A a-1 -

=81z, a1
_xBe [ 1 +S.mzi(c!zl)-a“ Sriz, (€12,) '}

=12z, £-1
_l%;[sT,zl(c%zl) « -s.r,zl(c:zl)])}

-p1z, Lt
=nxmissEz,{z1(1'S'rzz,(c:zl) '%%:‘ﬁ[l'smzl(cgzl) ¢ ])}

e )
2 B+ice? B+rce™

st i) |

sttt )

* Al(ax-1)
(2.51)

At this step one could approximate the expected value
using the Taylor series expansion for e*, omitting terms of
second order and higher, and then take the derivative.
Alternatively, one could take the derivative of the expected
value with respect to 8, and then substitute B, for B,. Since

only the derivative of the expected value is needed and not a
simpler expression for the expected value, the second approach
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will be presented here as the calculations are shorter.
Calculations for the first approach are similar to those for
the expected value for the correct model.

The derivative of the expected value of the score
statistic is

a%f Mixe, xnss (By,) 7 B1 =

nx;iss{ GB‘lC[(p +Acepx) -(a+1) 4 (B +3.C€-p1) -(101)]

_( rp"e'p‘\( Ac )_( tB“e"l)( Ac )
A A (B+rcePys A (B+Ace ™)

. ‘tﬂe-pl rl_ p ¢-1+ rﬁe’* 1- B a-1
l(a-l) | B.',Ace’x A.(a-l)_ B.,.A'ce‘a:) ’

Under the null hypothesis H;:$8,=0, this simplifies to

3 &+l
6BIE[UINC,xmiss(B1°) "510] =nxmiss{¢[5(c) -S(c) ¢ ]

T

a-1
+ OIS [1+ (¢-1)S(c) -aS(c) ]}

(2.52)

Substituting 7, (Eq. 2.46) for 7,

) a1
357 e, mans (1) ] Timsaelals () ~50) %) +

-1
[ 1‘S(CL-1](1+ (a_l)s(c) _GS(C) « )} .
1-S(c) *

(2.53)

The square of the efficiency K (Eq. 2.38) for the
incorrect model for data with X missing and for a1 and a2 is
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3 2
{‘S‘B—lE [UINC.Xmiss (BJ.,,) ] }

e (AB+a(C)? (2.54)
V [Urne, xmiss (P1,) ] Xmis® (1-S) -2AB+2A2D
where
A= 1--S(c)‘“.1
1-1S(c)] ¢

a-1
B=1+(a-1)S(c) -a[S(c)] ¢
a+l
c=S(c)-[S(c)] = and
-2
D=2l (g 1)[S(c)] & ‘“—1-’-[s(c)] C
a-2 a-

If there is no censoring and a>2, this simplifies to

. a-2
K cuc, miss = g Prmiss - (2.56)

The asymptotic relative efficiency of the score statistic
for the simple exponential but incorrect model for the
incomplete data to the model using the correct but more
complicated marginal distribution is complicated when there is
censoring. But in the absence of censoring, the ARE is

a-2

- [ 4
eff (Umc,miss:UCORR,Xmiss) = o

@ +2 Dymiss (2.57)

nXmisa

_@a?-4
aZ

Thus when alpha is large, i.e. the covariate does not have
much effect, the incorrect model for the incomplete data is
nearly as efficient as the correct model. For example, if
a=8, the efficiency is 94%.

Figure 2.3 is a graph of the asymptotic relative
efficiency of the incorrect model versus the correct model
when there is censoring and for different values of alpha.
When there is little or no censoring, the incorrect model for
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the incomplete observations is not very efficient when the
effect of the covariate is large (small alpha). However, the
efficiency rapidly approaches one as the proportion of
censoring increases.

The complete observations are modelled by the same
distribution in both models, so the score statistics and their
expected values and variances are identical. Thus the
percentage of missing data affects the overall efficiency:
the smaller the percentage of missing data, the 1less the
impact of using the simpler but incorrect model for the
incomplete observations.

Table 2.2 summarizes the formulas of the asymptotic
relative efficiencies of the three alternative models relative
to the correct likelihood based model: omitting incomplete
observations, omitting the covariate, and assuming an
exponential distribution for survival time when the covariate
is missing.
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Figure 2.3

Asymptotic Relative Efficiency of Simple Incorrect Model vs.
Correct Maximum Likelihood Model
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TABLE 2.2

ASYMPTOTIC RELATIVE EFFICIENCIES OF MODELS

Model Omitting Incomplete Observations vs. Correct Model
an:bsA

o
nXOhsA +nxmiﬂl(_a_+'§')B

E££ (Uyopa (Bs,) t Ucors (By,)) =

Model Omitting Covariate vs. Correct Model

a o
nXObs(m)B +nx:niss('m)B

o
nXObsA + nxmiss(‘;';‘i’)B

E£f (Ugomie (B1y) 1 Ucorr (By,)) =

Simple, Misspecified Model vs. Correct Model

(CD+aE)?2
A-2CD+2C3F

nXObsA + nx:niss

Eff (Um_gg (plo) :UCOII (plo) ) = o
Nyons®A  + nmiss(m)B

a(a +2)nx<>bs+ (a2-4)nXmiss

if S(c)=0 =
a(a+2)nXObs + aanmiss

Legend

a+2
A=1-S(c) B=1-S(c) 2

a-1
c=—128(e) _ po14(a-1)s(c) ~as(c) €
1-S(c) ¢

E=S(c) -S(c) ®* F= “-1+(a-l)S(c) @ ‘MjS(C) «

oa-2 -2
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2.7 Efficiency of Categorization of Covariates

The three recently proposed methods for analyzing
survival data with incomplete covariate data require that the
covariates be categorical (Schluchter and Jackson, 1989,
Ibrahim, 1990, and Schemper and Smith, 1990). Morgan and
Elashoff (1986a) examined the effect of categorizing a
continuous covariate on the comparison of survival time under
the assumptions in this example: the distribution of survival
time given the covariate is exponential and the distribution
of the covariate is a member of the gamma family. They also
assumed that the subjects were randomly allocated to one of
two groups, as in this example, and that the subjects had
complete follow-up (i.e., no censoring).

Morgan and Elashoff used the asymptotic relative
efficiency (ARE) of the MLE of the treatment effect to
characterize the effect of categorization and denoted the ARE
by the efficiency of categorization, E,, where

E.=V,/V, .

V. is the expected asymptotic variance of the MLE of treatment
effect based on the joint distribution of survival time and
the continuous covariate, and V, is the corresponding variance
when the covariate is categorized. The efficiency of not
adjusting for the covariate is

E,=V,/V,

-_ @
oa+2

where V, is the expected asymptotic variance of the MLE of
treatment effect based on the marginal distribution of
survival time.

Define the categories by the cutpoints ¢, ...,c,, with c;=0
and c,=w. The density of survival time t given that the
covariate is in the ith category is given by
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C
£(tle, ,<X<c,) =| [ £(tiX) £(X)ax|/p,

Ci-1
where

[
p; =Pr(c;_,<X<cy) = ff(x)dx.

Ci-1
Then the efficiency of categorization is

E = igpiEi

where

ofesy

wl C 2
Ei=f[f (l-Xt)f(t}X)f(X)dX] +

[pi ? f(tiX) £(X) dx}dt .

Ci.1

The efficiency of categorization ranges from the
efficiency of not adjusting for the covariate (i.e., one
category) to one when the exact value of the covariate is
known (i.e., infinite categories). The efficiency of
categorization increases with increasing numbers of categories
and with increasing efficiency of not adjusting for the
covariate. For example, when E=0.500 (a=2), the efficiency
of categorizing is .720, .864, and .937 for two, four, and
eight equally probable categories, respectively. When
E,=0.750 (a=6), the respective efficiencies are .883, .949,
and .978. The weaker the relationship between the covariate
and survival time (larger a), the larger the efficiency of not
adjusting for the covariate and, consequently, the larger the
efficiency of categorization. Less information is lost by not
using the covariate or its exact value when the effect of the
covariate on expected survival time is weak.

Adjusting for the continuous covariate reduces the
variance of the estimated treatment effect by 1-E,. The
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relative efficiency of categorization,

E.-E,
1-E,

is a measure of the efficiency recovered by categorization and
ranges from zero (covariate omitted) to one (continuous
covariate used). The relative efficiency of categorization is
approximately .50, .75, and .90 for two, four, and eight
equally probable categories, respectively.

2.8 Summary and Research Proposal

Researchers hope that there will not be any missing data
and should try to prevent their occurrence. However, for
clinical trials this goal is often not attainable. Thus the
goal is to analyze the data in an efficient manner, both
theoretically and practically, given the available data.

In the analysis of survival data, it is important to
include relevant prognostic factors in the model. When the
covariate information is incomplete, the two most common
methods of analysis are to eliminate the observations with
incomplete data from the analysis or to omit the covariate
from the model. Software packages such as SAS and BMDP omit
the observations with incomplete data for the covariates
included in the model. Theoretical reasons as to why these
approaches are not desirable have been given.

Little and Rubin (1987) proposed likelihood based methods
for the analysis of missing data. While this approach does
have desirable statistical properties and is implemented in
some software packages such as BMDP5V (Dixon, 1990) for
certain linear models with normally distributed outcome data,
solutions may not be available for more complicated
likelihoods such as the partial likelihood for the Cox model
(Schemper and Smith, 1990). Even in situations where they are
possible, they may not be easily implemented.
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In the two examples, different approaches to the analysis
of survival data with missing covariate information were
evaluated by comparing the asymptotic relative efficiencies of
the estimates of the hazard or of the score statistics for the
test of the treatment effect. For this simple model with one
continuous covariate and the distribution of the survival time
conditional on the covariate assumed to be exponential, the
approach recommended by Little and Rubin was possible and was
used as the reference for evaluating the other procedures.

The current approaches of omitting the incomplete
observations or omitting the covariate are the least
efficient. The recently proposed methods (Schluchter and
Jackson, 1989, Ibrahim, 1990, and Schemper and Smith, 1990)
suffer from a loss in efficiency due to the requirement that
continuous variables be categorized. The log-linear approach
proposed by Schluchter and Jackson also assumes a piecewise
exponential distribution which may not be appropriate for some
data.

Since missing and imputed covariate information and
covariate measurement error are interchangeable concepts,
models for covariate measurement errors in survival time
analyses could be extended to analyses with missing or imputed
covariate data. Pepe, Self, and Prentice (1989) derived three
simplified relative risk regression models when there are
covariate measurement errors. The simpler forms of the
induced relative risk functions for the first two models are
functions of the cumulative hazard function. In order for
these functions to be useful, additional parametric
assumptions must be made or estimates of other parameters must
be obtained. The third model based on the assumption that the
disease is rare is not applicable to survival data in general.
Thus these models do not seem to be generally applicable or
easily implemented.

In the second example, the simple model which incorrectly
assumes an exponential model or, more generally a proportional
hazards model, for the incomplete data is nearly as efficient
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as the correct model. It is simpler to implement and thus
from a practical viewpoint 1is preferable to the more
complicated correct model.

If, instead of omitting the incomplete covariates,
estimates were imputed for the missing values, assuming a
proportional hazards model would also be incorrect but may be
acceptable. If the correct model with the covariate observed
is a proportional hazards model, then the correct model when
the covariate is not available or is imputed will not be
proportional hazards except under no covariate effects or
certain pathologic distributions (Banks, 1986). However, the
use of stepwise variable selection procedures sets precedence
for making this incorrect assumption as a proportional hazards
model is assumed in all steps.

The objective of this research is to develop a method of
analyzing survival data when there are missing covariate
values that could be wused with the widely used Cox
proportional hazards model. This dissertation will explore
the efficiency of imputing the covariate and assuming a
proportional hazards model relative to the correct maximum
likelihood model. '

A three step approach to the analysis of survival data
when there are missing values for the covariates is proposed.
First, impute values for the missing data to obtain a complete
covariate matrix. Second, analyze the data using standard
software packages to obtain parameter estimates needed to
calculate the score statistic for treatment effect assuming a
Cox proportional hazards model. Third, calculate the score
statistic and an estimate of its variance that is appropriate
for having imputed data and misspecified a proportional
hazards model. A computer program will be written to
calculate the score statistic and the correct variance from
the results provided by standard survival analysis software.

In Chapter 3 the asymptotic distribution of the
misspecified proportional hazards model, including the mean
and variance of the score statistic, based on the correct
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joint distribution of survival time and the imputed covariates
will be derived. Then the asymptotic relative efficiency of
the correct general parametric model and the misspecified Cox
proportional hazards model relative to each other and to the
Cox proportional hazards model with complete data case will be
examined. The effect of the strength of the covariate, the
percent of censoring, and the precision of the imputation
procedure on the efficiency will be considered.

Chapter 4 will discuss numerical methods and computing
procedures. It will illustrate how existing software can be
used to accomplish the first two steps. It will show how to
obtain the correct score test of treatment effect using a
program written to calculate the score statistic and its
variance from the information provided from the standard
software. A procedure for evaluating the impact of imputing
will be provided.

Chapter 5 will apply the proposed method and current
methods to data from a clinical trial comparing the effect of
a new treatment versus placebo on survival time in patients
with congestive heart failure. The results of the analyses
will be compared.

The final chapter will be a discussion of the results and
of areas of further research.
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CHAPTER 3
DISTRIBUTION OF COX MODEL WITH IMPUTED COVARIATE DATA

3.1 Introduction

This chapter will present the derivation of the
distribution of the score statistic when the covariate is
omitted for correct and misspecified general parametric models
and for the misspecified Cox nonparametric model. A robust
variance of the score statistic for the Cox proportional
hazards model (Lin and Wei, 1989) will be examined for this
problem of omitting or imputing the covariate and
misspecifying the Cox proportional hazards model. The
asymptotic relative efficiency of the correct general
parametric model and misspecified Cox model when there are
missing data relative to each other and to the parametric and
Cox model with complete data will be calculated. Extensions
will be made to multiple covariates and imputing estimates of

missing values.

3.2 General Parametric Proportional Hazards Model -
Correct Model

Let 2 be the vector of covariates with 2, representing
treatment and Z, another covariate of interest, and let T be
survival time. Let X represent exp(B,2,). Assume, as in
Chapter 2, that X has a I'(¢,f8) distribution and that patients
are randomized to the two treatment groups so that treatment

and the covariate are independent.
Assume a parametric proportional hazards model with



g(2;B) assumed to be exponential (Eq. 2.4). The underlying

hazard hy(t) is assumed to have a specific distribution such

as the exponential; but since it can be any distribution for

which the hazard rate can be written explicitly, only the

general form needs to be given in the following equations.
The hazard rate for this model is

h(tiz) =h,(t)eb=
=h, (t) ePr7:1+02Z; (3.1)

=h, (t) ef*x,

The integrated or cumulative hazard function is

H(t!z) =Zh(u=z)du

=e°“Zho(u)du (3.2)
=H, (t) eP’s
=H, (t) eP®x,
The survival distribution function is
S(tiz) =exp[-H(tiz)]
=exp [-H, (t) e?] (3.3)
=exp [-H, (t) eP*x] .
The probability density function is
f(tiz) =h(tiz)sS(tiz)
=h, (t) eP%exp [-H, (t) eP*] (3.4)

=h, (t) e xexp [-H, (t) eMHx] .

If the covariate is not observed, then the marginal
distribution of survival time given treatment is

78



£(tiz,) = [£(tlzy, %) £ (x)dx
0
=fh° (t) eP5ixexp [-H, (t) eP1®1x]
0
X Lx"le"xdx (3 .5)
I'a)

= B.z, « 1 « - B1zy
h,(t)e F%[x exp [- (B +H, (t) eM™) x] dx

_ah, (t) e B -
B (p+H°(t)e’1’1) '

The corresponding survival distribution function is

s(tlz,) = B ‘. ,
1 (ﬁ"'Ho(t)epIzl) (3 6)

The cumulative hazard function is

H(t!z,) =—ln( B )'

B+Hy (t) eh™ (3.7)

=-a[1lnp-1n(P +H,(t)eP™)],
and the hazard rate is

ah, (t)eP:=
B+H,(t) el

h(tiz,) = (3.8)

It is assumed that whether each individual was a failure
or was censored and the corresponding time are known. People
for whom this information is not available do not provide any
information on the effect of treatment on survival time; since
as a consequence of the randomization, treatment and the
covariate are independent.

The likelihood function for the parameters a, B, B,, B,,
and hy(t) given the observed data and assuming there is a

common censoring time c is
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n.
L(a,B,B,,B,) =iI_ilf'r=l(ti=zli'zzi'.Bl' B2) £y (x;;a,B) £z, (244)

n.

j_IST,,(cizn, 22581, B2) £y (xy5a, B) £, (2,4)

n

oo Bz, (Sxizagia, BUBy) £5 (2y)

n
lr-lls.mzi (Cﬁzn;a: Br Bl) le(z].]_) .

Substituting the probability density functions and the
survival distribution functions, the likelihood is

L(«,B,B,,B,) = ﬁ —l-hn(t )eﬂlznx exp [-H, (t,) ehznxi] _Lx:-le-ﬂxa
2 i i
i=1 2 ' I'a)
i - P12, _L e-1_ -pxy
i 5 exp [-H, (c) e™+"11x,] ey ©
ﬁ 1 ah,(ty) e Pr2u B a+l
k=1 2 B (p.,.Ho(tk)e‘B:zu)

1=1 2 B +H, (c) ebizu

’r‘ii( B )
(3.9)

The log likelihood is
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n. n
1(e,B.B,,B;) =nln2 "’E}llnho (ty) "’E:lﬂlzu +§.‘11nxi -iz-:lHo (ty) e’*z“xi
n.
+n, [¢lnp -1nl(a)] + (x-1) iZblln.xi—? Bx,
= =1
—JIZ_ZH,,(c)e”“xj +n, [elnf -1nl'(«)]

nf: Bx,

n
+(a-1) ilnxj-
j=1 j=1

n n
+m,1na +k): I1nh,(t,) +k): B,Zz,,-n,elnp
=] =]

- (a +1):2 1n (B +H, (t,) ePs)
=1

n,
+n,alnp -alz_:lln(b +Hy (c) ePr™n) |

The derivative of the log likelihood with respect to B,, the

parameter for treatment effect, is

31 (ax,B,B,,B,)
6P,

n n.
=Yz, . ->H (t,)x,eP®uzg_,
i 1i i (1] i i 1i

B
_j%}% (c)xge™™z,y

el o H (t,)ePr?xz
+Tz, - (a+1) X o () “1"
k=1 k=1 p +Ho(tk) ePiux
1"\2 Ho(tl) eﬂlzuzll
-a .
1=1 B +H° (c) epxzn

To test the hypothesis of no treatment effect, H,: B,=0,
an appropriate test statistic is the score statistic. For
this model, the score statistic is
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n n.
U( Bl) =i£17-11 -iilHo (ti) X524y -jilHo (c) szlj

(3.10)
ni Ho(t) 2y, 4 Ho(c)zy

n.
+Yz, - (e¢+1) .
k=1 ¥ k=1 B +H, (t,) 1-1 B +H, (c)

The variance of the score statistic under the null
hypothesis is the element of the expected information matrix
corresponding to B,. The second derivative of the 1log
likelihood with respect to B, is

321
5p3

3 2 2
= -if: H, (t;) x;e Przug2, _jgll% (c)xye plzﬁzu
m] -

- (@ +1) n}j (B+H, (ty) eplzxk) H, (t,) e91zxszk_ (Hy (t,) eﬂlzmzlk) 2
k=1 (B +H, (t,) ePs?x)2

e 3 (B +H, (c) e®™) H (c) eP™1122) - (1, (c) efizug )2
1=1 (B +HO (c)eﬂxzu)z

n. B 2 n. B
= —iilHo(ti)xie Iz“zn—jﬂlﬁ(,(c)xie iz

B12:y. 2
—(a+1) ¥ PH () e ;:Zn:
k=1 (B"’Ho(tk)e 121x) 2

W _BH,(c) efrmuzd
-a L
1=1 (B +H, (c) eﬂxzu) 2

Letting

(3.11)

i

1 if person died
0 if person censored,

define

t, if 8;,=1
{ ! ! (3.12)

c 1if 3,=0.

Then the first two terms can be combined, and the expected
value calculated. Note that z,’=1 for z,=1 or 2,==-1. Thus the
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expected value of the first term is

n,+n,
E( 13.31 Ho (v1) x;0*) = (n; +1,) B, (ByfBry 5, [H, (v) xeP™] )

= (n, +n,) EZI{E,,{e“‘zlx[E:,l.,x,21 [Hy(t) i t<c]l Pr (T<cix, z,)

+Epix,3, [Ho () 1 Px (T>cix, 2,) -

But
Pr (T<cix, z,)Eqy, 5 [Ho (t) itsc]

frix,2, (Lix,2,)dt
Pr (T<cix, z,)

=Pr (Tsclx, zl)fH0 (t)
0

=[H, (£) b, (t) eP xexp [-H, (t) e x1 dt
4]

= (eP1®ix) -1 (1 -exp [-H, (c) eP171x])
-H, (c) exp [-H, (c) eP?x]

= (ePx) 1 (1-8py4, 4 (€)%, 2,) ~Hy(C) Spiy 5 (Cix,2,) .

Substituting this result in the previous equation,

n, +n,
E{ 12-1 Ho (vy) xieplzu} =(n, +0,) E; (Bx[1-8pix, 5, (cix, 2)) ]}
=(n +n,) Ep {1-Spyp (cizy)}

=(n, +n,) (1-S,(c)) .
(3.13)

Under the null hypothesis the expected value of the third
term, the contribution from the individuals who failed but for
whom X was missing, is

2 BH,(t,) zZ BH, (t)
E > 0k = 1)E E \ 9
{(a+1)k=1 (ﬂ"'Ho(tk))z} (x+1) (na) Z,{E!‘a&, (ﬂ*‘Ho(t))z}}
as1 a+2
= (ny+n,) =% -as (c) ¢ + 28 g(c) ]
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The expected value of the fourth term, the contribution from
the individuals who were censored but for whom X was missing,

BH, (c)
(B+Hy(c))?

o+l ¢+2]

is

E GE BHo(c)zfl
1=2 (B+H,(c))?

} =aE(n,) Ez,{E'rzz1

=(n3+n‘)a[s(c) ¢ -S(c) *
Combining these expected values,
E((a+1) E BH, (t,) +a'}‘: H, (c)
k=2 (B+Hy(t,))? 1= (B+H,(c))?
=]

= (ny+n,) —= [1-s (c) 2

(3.14)

under the null hypothesis of no treatment effect.

Let ng,,=n;+n, and ny,,=n,+n,. Then the variance of the
score statistic for the test of treatment effect in the
parametric proportional hazards model under the null
hypothesis is

«+2

V [Ucorr (B1) ] =Nyope (1-S(c)) "nmnﬁ(l-S(C) a ) (3.15)

where

s (c) =(T_L)‘ (3.16)

is the probability of surviving past the censoring time c
under the null hypothesis of no treatment effect and ignoring
the covariate.
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3.3 General Parametric Proportional Hazards Model -
Misspecified Model

Instead of using the correct model when X is missing (Eq.
3.5 - 3.8), it is 1likely that a parametric proportional
hazards model would be assumed incorrectly. The hazard rate
would be assumed to be

h*(tiz,) =h (t) ePi®, (3.17)

The survival distribution function would be assumed to be

S*(tiz,) =exp[-HJ (t) ePi®] , (3.18)

Thus the probability density function would be assumed to be

£*(t!z,) =hg (t) ePiexp [-HS (t) ePi®] | (3.19)

The components of the 1likelihood for the complete
observations are the same as in Eq. 3.9. The components of
the likelihood for the incomplete observations are

n N . .
L(B;:t'z1)=gi%tﬁ(tk)epﬂ“exp[-H;(tk)eﬁﬂu] x

=1

(3.20)

n L]
lexp [-H] (c)ePi®n) |
1=1 2

The corresponding log likélihood is

n n n -
1(Bit,z,) =-n,1n2 +sz 1nhg (t,) +k23 a;zlk—sz HY (t,) ePit
=] -] =]

n .
-n,1n2 —1): Hg (c) ePa?u,
=1

The score statistic for the test of the hypothesis of no
treatment effect based on this model for the incomplete

observations is

85



UBD = 3 [1-H (£) ]2, - S H (C) 2,
k=1 1=1 (3.21)

= zf:wk-ug(yk) 12, .

In order to calculate the variance of the score
statistic, it is necessary to have an estimate of H, (t) in
terms of the parameters of the correct distribution. Let 6
represent the parameter(s) of H, (t). Then 9 is the solution
to the equation obtained by setting the first derivative of
the log likelihood with respect to 6 equal to zero,

61 (B;) _nﬁ 1 bho‘ (tk) _ep;zlk GH; (tk)
80 k-

ho(t,) 99 58 ) (3.22)

By 4-. 8H, (C)
- Piz —0_ =
Ele 30

In the asymptotic limit and under the null hypothesis, the
equation converges to

31D ] 21 sng(e)  smi(r) ,
EL—Tﬁr—l—nnu“Pr(Tsc)[ hic) o0 36" fripc(titsc)dt

=NynissPT (T>C) EHS—QC)J =0

(3.23)
By solving this equation, the asymptotic 1limit of &4, and

subsequently H, (t), is obtained.
The variance of the score statistic under H, is

V [Urnc, xmiss (B1) ] =Ex (V3 11 [Urnc, xmiss (B4) 1) +

Vr (Ez,ir [Unnc, xniss (B1) 1)

Since under the null hypothesis of no treatment effect the
expected value of 2, is 2zero, the second part of the
expression is zero. The conditional variance is
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V2,17 [Uznc, xmiss (B2) 1 =Vg 1n kglzlk (1-Hg(ty)) -1¥1H; (c)zy,

=§1 [1-H; () 12V, (2,) + [H] (c)] 21>_11vzl(zn>

’5‘2 [1-Hg(t,)1%+n,[Hs(c)]?

(3.24)

since V; (2,)=1. The unconditional variance would be obtained

by substituting the asymptotic limit of # into the equation
and taking the expectation with respect to T using the correct
marginal distribution for T (Eqg. 3.5). The calculation of the
asymptotic limit of # and the variance of the score statistic
was illustrated in Chapter 2 for the case when an exponential

distribution is assumed.

3.4 Normality of Score Statistic for Misspecified Model

The score statistic (Eqg. 3.21) is the sum of independent
identically distributed random variables,

Gy = [8-Hg (vy) 124y .

Under the null hypothesis of no treatment effect, treatment
and survival time are independent. If there is censoring, G,
is in the interval [-H, (c), 1] for treatment group 1 and in
[-1, Hy (c)] for treatment group —1. Therefore G, is bounded
if H(c) is finite, i.e. h(t)<w. Thus the variance is finite
if there is censoring. If there is no censoring, then the
assumption that E[1 — H,"(t)]? is finite is required. Under
circumstances when the score statistic is a sum of independent
random variables with finite variance, the central 1limit
theorem is applicable and the score statistic has a normal

distribution asymptotically.
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3.5 Robust Estimator of vVariance for Misspecified Cox
Proportional Hazards Model

Cox (1972) showed that if one assumes a proportional
hazards effect of the covariates, inferences can be made about
the effects of the covariates without specifying the
underlying hazard rate hy(t). Therefore +the model is
nonparametric. The hazard rate for the Cox proportional
hazards model is given in Eq. 2.4. The partial likelihood
assuming distinct failure times (Cox, 1972 and Cox, 1975) is

ie0 ¥ exp (B'z,) (3.25)

K€R,

L(p) = [ R (BZ)

where D is the set of people who died or, more generally, for
whom the event was observed and R, is the set of people at risk
at time t,. The corresponding log likelihood is

1(B) =X [B’z;-1n X exp(Pz,)] .
ieD keRl

The score function for the test of the r® covariate,
r=1,...,p, is

L z,exp(p'z,)

KeR,

/.
kE}:tiexp(ﬂ z, ) (3.26)

U(Bx) = E 2ei T
iepn

=1§D[Zzi"Au(m] .

The expected value under the null hypothesis is zero, and its
variance is the expected value of the information matrix where

I(B) =iz€:Dczsi(B) (3.27)

and

E: Z, Zg@XP (B'Z,)

c = XR - A i 3.28
rsi(p) kz GXP(ﬁ/zk) Axi(ﬁ) si(p) ( )
eR,
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Tsiatis (1981) established the asymptotic normality of the
score statistic from the partial likelihood.

Applying the Cox proportional hazards model to the
example under consideration, the true densities for the
complete data and incomplete data are the same as in sections
3.2 and 3.3 except that hy(t), Hy(t), hy(t) and H,"(t) are not
specified. When the Cox model is incorrectly assumed, as it
is in this example when the covariate Z, is omitted since the
model including 2, is assumed to be proportional hazards, the
information matrix is no longer the appropriate variance of
the score statistic (Lin and Wei, 1989). Lin and Wei proposed
a robust estimator of variance when the Cox proportional
hazards model is misspecified.

Struthers and Kalbfleisch (1986) and Lin and Wei have
shown for the univariate and multivariate cases, respectively,
that the estimator B converges to a well-defined constant f°
when the Cox model is misspecified. Lin and Wei show that
n~*U(B8’), where U(B) is the score function (Egq. 3.26), is
asymptotically equivalent to n~“Zw,(8°) where

wy () =f{zi_%_(_M)_}dNi(t)
° 7 () (3.29)

v, (t) e s (B t)} .
- - L dF .
.[5(0)(plt) {zi s (B, t) (t)

Using counting process notation and 1letting I(-) be the
indicator function,
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Ni(t) =I(Tist: 51=1) .
Y, (t) =I(T,2t),

F(t) =E[F, ()],

. . (3.30)
Pt =2 LN, (6,
s (B, t) =E[s™®(B,t)] r=0,1,2,
S (B, t) =n-1if:yi(t) NP
=]
For a column vector a, a®? refers to the matrix aa', a®! refers

to the vector a, and a®°

refers to the scalar 1. Expectations
are taken with respect to the true model.
Translating the counting process notation to standard

notation and also assuming fixed Type I censoring at time c,

ZdNi(t) =fan, (t) +Jan, (t)
0 c

=8, +0 (3.31)
=3,
and
dF (t) =dE[F_(t)]
=dE[£ ﬁNi(t)]
D=1
=d[.1;)5E [Ni(t)]]
Dia (3.32)

d[Fp(t)] if tsc
{d[FT(c)] if t>c

fr(t)dt if tsc
0 if t>c.

When the covariate Z, is omitted from the model,
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g (@ (Bl' t) =n! tYi (t) eplzlzlri
i=1 (3.33)

=n1 ¥ ehhz},
ieRr(t)

Under the null hypothesis of no treatment effect, H,:8,=0,
and letting B, denote the value of B8; under H,,

s (B, ,t) =E[S® (B, ,t)]

=E[n! ¥ 1]
ieRr(t)

=Pr [i€R(t)]
{ST(t) if tge
) 0 if t>c

(3.34)

and
s ) (ﬂlop t) =E[S (1) (plclt)] |
= -1
E[n :lERE(t)zli]
=Ey, (21811, (t12,)] 1if tsc (3.35)
=%[ST=zx(t=zl=1) 'S'rzzl(uzl:'l)]

=0.

Therefore, under the null hypothesis of no treatment effect,

| Y, (t)
wy (By,) =82, - [ sirry Zutr(0)de
()
{ ti
0

=1

c
8,24 -2y (B (E)AE >
L 0

=2, [8; ~Hy(yy) ]

where y=min(t;,c).
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Lin and Wei show that the asymptotic covariance matrix
corresponding to n~*u(f8") is

B(P*) =Elw, (B*) %2}, (3.37)

For this misspecified model with only treatment in the model
and under the null hypothesis H,:8,=0,

wy (By,)2=251 [8, -Hp(y,) ]2

[1-Hp(t))]? ty<c, 8,=1 (3.38)
B I'I-r(C)2 ti>c, 6i=0-

Thus

Etw, (B,,) 2 =E{[1~H,(t,) 12Pr (T<c) +EMH, (c) 2} Pr (T>C) .

The expected value of the first term is

E{[1-H,(t,)] 2 =E, (B, ([1-Hyy, (€;12,,)12)

[«
=Ezl{f [1-2Hp, (tyizyy) +Hpy, (t31244)2) fritce,z, (Litse, z,) dt}
0

[+
=Ez1{m;1mf[1‘2nr:z1(ti:zn) *Hpyg, (£41245) %] fT:zl(t:zﬂdt} .
0

Using the relationships between the probability density
function, hazard rate, cumulative hazard, and survival

function and letting u=H;, (tiz,),
E‘.r,zl{[l-HT,zl(t:zl)]2)=1-ST,zl(chl) -2?ue‘“du+?u2e‘“du
Q 0

C
=1-8qq, (cizy) -2?ue'“du- [u?e™] +2?ue‘“du
0 s} 0
=1-Spq, (cizy) ~Hpiz, (cl2,) Spyy (clzy) .
Under the null hypothesis of no treatment effect, the hazard
rate is the same for both treatments. Therefore the asymptotic
variance is
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B(P,,) =Pr (Tsc)[—r;r(-—,JI'.;-a(l-ST(c) -HT(C)st(C))]+HT(c)’ST(c)

=1-S.(c) .
(3.39)

Note that this formula for the variance of the score
statistic for the test of treatment effect, under the null
hypothesis of no treatment effect, when the Cox proportional
hazards model is misspecified holds for all true underlying
distributions. It is not dependent on the type of misspeci-
fication or the distribution of the covariates, since expecta-
tions were taken with respect to the correct model without
specifying what the correct model is.

The covariance matrix proposed by Lin and Wei is robust
because the estimator based on the observed data does not
depend on the true distribution. B(f’) can be consistently
estimated by B(B8) where

8(p) =n'1§1W1(5)®2

g ) (p'ti)
61{21- S(°’(ﬂ,ti)} (3.40)

@2

n

=n'1;
=1

2 8,v,(t,) eP™ - 59(B. &y
=1 nS(O)(B,tj) S(O)(Bltj)

In this example with the covariate omitted, the estimate
of the variance under the null hypothesis is
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8(8,,) =n Ew, (B,

a Ly, (ty)z,,
=n7') 184121 - = .
=1
2 (3.41) ’
2 sy (e | D)
1i
=1 k%.Yk(tj) f?lyk(t,)

where n; is the number of people in risk set R,. The notation
j<i assumes that the observations have been numbered in
ascending order by failure or censoring times. Under the null
hypothesis of no treatment effect, there will be approximately
the same number of people from each treatment group in each
risk set R,. Thus asymptotically, as n-w,

Then

bj 2
B(B,,) =n- 2: 1294~ L =2z

I<i nj

n 2
=nty" zfi[bi- ) &]

i=1 j(i nj

=n-1)f;[ ~23 2_1+(2..1)]
i=1 j<i ny \3<iny
since 2z,’=1 and §2=§,. For large n, the number of people in

risk set j will also be large for most i and the proportion of .
i's for which n; is small will go to 0 as n-® so that
asymptotically,
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2[231 =0.

i=1j§<1i nj

Therefore the expected value of the observed variance under
the null hypothesis of no treatment effect is

=n-1
EB(B,,))=n 1%“61) (3.42)

=1-S(c).

(For proof, see Appendix A.)

In summary, when the Cox proportional hazards model is
misspecified, the information matrix is no 1longer the
appropriate variance of the score statistic. Lin and Wei have
proposed a robust covariance matrix as an alternative. For
the score test of treatment effect in the model omitting the
covariate, the true variance and the expected value of its
estimator based on observed data is 1-S(c) asymptotically
under the null hypothesis of no treatment effect. Lin and Wei
proved that the estimator was consistent. However, it should
be noted that the proportion of deaths is also a consistent
estimator of 1-S(c), and it is a much simpler estimate.

Further research is needed to determine how these
estimators compare under different circumstances. Lin and Wei
have conducted empirical studies to evaluate the properties of
the robust score test for practical sample sizes and have
found it suitable for use in practice. For example, the size
of the test is near nominal size. An advantage of Lin's and
Wei's estimator is that it incorporates information from the
covariates. Advantages of the proportion of deaths estimator
is that it is much simpler to calculate, and its variance is

known.
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3.6 Normality of Score Statistic and Robust Score Test

Lin and Wei proved that n~*U(f’) is asymptotically normal
since it can be expressed as a sum of n iid random vectors
(n™%zZw,(f°)) plus terms that converge in probability to zero.
The central limit theorem can then be applied.

If the limit B," of B, is zero under the null hypothesis,
then a valid test for H, based on B,can be constructed. Lin
and Wei give a sufficient condition for showing that this is
true. One situation in which this condition is satisfied is
when Z, is independent of the other covariates. Treatment is
independent of the other covariates in a randomized trial, so
therefore a valid test of the hypothesis of no treatment
effect can be constructed from the estimate of treatment
effect from the misspecified model.

In this example with the covariate Z, omitted, the robust
score test for the null hypothesis of no treatment effect,

HO:BI=01 is

(n3U(B,)1?  U(B,)?
_ .
(Blﬂ) gwi(plo)z
i=1

(3.43)

In general, if there are covariates in the model, B can
be partitioned as (B,,7) where 7 is the vector of covariates
(Z27+4+42,) . U(By,n), W(B,,m), and A(B,,n) are partitioned
accordingly where

Ap) =-n-1-§2§_;;ﬂ =n-'1 (B) (3.44)

and I(f) is defined in Eq. 3.27. The robust score test for
the null hypothesis of no treatment effect, H,:8,=0, proposed
by Lin and Wei is
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Ug, (0, fiy)

£ 04y, (0,619) -8y, (0,80 £33 (0, 0 Wy (0,) 12

(3.45)

Under the assumption of random allocation of patients to
the two treatment groups, treatment is independent of the
covariates so that A(fS,,%)=0. Under the assumption of
independence and under the null hypothesis, the robust score
test of treatment effect simplifies to

U, (0, fi,)

2
Zw,g, (0,4)

(3.46)

Since typically the score test uses the variance under the
null hypothesis, this simpler variation of Lin's and Wei's
proposed test seems reasonable.

3.7 Asymptotic Relative Efficiencies of Models

Assuming the correct model when the covariate is included
is proportional hazards, the hazards for the two treatment
groups will no longer be proportional if the covariate is
omitted. When the covariate is omitted, the true
nonproportional hazards model is of the form

h(tiz,,z,) =h,(t)exp[B,g(t) z, +B,2,] . (3.47)
Lagakos and Schoenfeld (1984) stated that based on the
work of Schoenfeld (1981) the asymptotic mean and variance of

n*U(B,) for the proportional hazards model when the covariate
is omitted and the true model is nonproportional are

E[n 7U =B./g(t)dF (t
[n (B,)] =B,/g(t)dF(t) .
VvIn TU(B,)] =/dF (L),

respectively, when there is equal treatment group allocation
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and assuming B, is O(n~%). The variance is the same as that
for the score statistic for the correctly assumed Cox
proportional hazards model when the covariate Z, is included
in the model. The loss in efficiency that results from
misspecifying the model comes from the bias from the shrinkage
of the expected value of the score statistic toward zero
rather than from any increase in the variance.

Lagakos and Schoenfeld (1984) and Morgan ( 1986) have
examined the asymptotic relative efficiency (ARE) of omitting
covariates from the proportional hazards model. Using the
definition in Eg. 2.37, the ARE of the score statistic when a
proportional hazards model is assumed instead of the correct
nonproportional hazards model when the covariate is omitted
(MISSPH) compared to the correct proportional hazards model
when the covariate is included (COMPPH) is

[Jg(t)dF(t)]? (3.49)
[JaF(t)]2

ARE (Uygrsspn : Uooupen) =

Morgan provided the correct general formula for g(t)
which simplifies in the following manner when exp(B,2,) is
assumed to have a gamma distribution so that 2, is log gamma,

=_L Bazzy « - B2z,
£2,(2;) F(a) (e"2™2) ®*exp [-Be”**1] B, .

The components of the formula are

T - Bz, = *
_f;exp[ Ho(t)e ]fz:(zz)dzz—(p—*.l_i%:T)

T aBiz - B2z, =< et
_f_e exp [-H, (t) e ™) £, (z,)dz, B(_Lﬂ+Ho(t))

T 28,2, _ B,z o a(a+l) B &2
_f.e exp [-Hy (t) e™*™] £, (z,)dz, 2 (B+Ho(t)) .

Thus g(t) is
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«+l a+2
K3 ] a(a+l) B
9(t)=1+H0(t) B(B+Ho(t)) -Ho(t) p? (‘“Ha(t))
B Y Y S
P +H,(t) P\ B+H,(t)
_ Ho(t)
-1+m(a (a 1))
B B+H,(t)
i
=[s(t)] *.
(3.50)
The expected value of the score statistic is
c } [+ B aho(t) p a+l
Bl‘((g(t)dF(t) BI[B"’Ho(t) B BvE(T) dt
= el (B+H,(t)) te*Ph (t)dt
B,ap { B +H, o (E) (3.51)

- _ ﬁ a+l
bzt )

=51¢:1(1'S(C)%?)

The variance of the score statistic for the misspecified model
and for the correct full model is

de(t) =1-S(c) . (3.52)
0

Therefore the ARE of the score statistic for the misspecified
proportional hazards model without the covariate (MISSPH)
compared to the proportional hazards model including the
covariate (COMPPH) in Eq. 3.49 is

99



a+1 2
a )2(1—S(c)TJ _ (3.53)

ARE (Uygsspn * Ucoupren) =(a+1 1-5(c)

The correct model when the covariate is omitted, if a
general parametric proportional hazards model is assumed when
the covariate is observed, is given in Eq. 3.5. The variance
of the score statistic assuming the covariate is missing for
all observations is (see Eq. 3.15)

V [Ugopg (B,) ] =ﬁ(1-s(c)'+z).

The expected value of the score statistic is zero under the
null hypothesis and is approximately equal to B, times the
variance under the alternative hypothesis (Eq. 2.34).

The ARE of this model (CORR) compared to the parametric
or Cox proportional hazards model for complete data is

ARE (Ugogg ¢ Ucoaprs) =(¢:2)( 1;?;?2)' ) (3-34)

Comparing the misspecified Cox proportional hazards model to
the correct parametric model when the covariate is omitted,
the asymptotic relative efficiency is

() l-s@ 2y

(H)-s@ F)a-s@n

«+2

ARE (Upzespn : Ucopr) = (3.55)

The asymptotic relative efficiencies of these three
models are functions of a which is a measure of the strength
of the relationship between the covariate and survival time
(see section 2.5) and of the probability of being censored at
time c. Figures 3.1 to 3.3 show the pairwise asymptotic
relative efficiencies of the three models for different values
of @ and S(c). The proportional hazards model for complete
data is the most efficient followed by the correct model for
incomplete data and then the misspecified proportional hazards
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model for incomplete data.

However, incorrectly assuming a proportional hazards
model for the incomplete data is nearly as efficient as using
the more complicated correct model. In the worst case, when
there is no censoring, the asymptotic relative efficiency is

a(a+2)

ARE (U, :U, =
(Urzssen * Ucorn) (2+1)2

(3.56)

which is 75% when a=1 reflecting a strong covariate effect
where the covariate accounts for 2/3 (1 - a/(at+2)) of the
variance in the survival times. For a=2, 6, and 18, i.e. the
covariate accounts for 1/2, 1/4, and 1/10 of the variance in
the survival times, respectively, the relative efficiency is
89%, 98%, and 99.7%, respectively, even with no censoring.
For small values of a when there is censdring and for larger
values of a with or without censoring, the efficiency of
misspecifying a proportional hazards model relative to using
the correct model is nearly one.

The models omitting the covariate are not very efficient
relative to the proportional hazards model including the
covariate when there is a strong covariate effect (small a)
and little or no censoring. However, when a=8 the asymptotic
relative efficiency of both models relative to the complete
data model is approximately 80% even with no censoring. As
the proportion of censoring increases, the efficiency of the
incomplete data models increases as the covariate does not
contribute as much information when an observation is
censored.

When the covariate is observed for some observations, as-
is the usual case, a proportional hazards model for complete
data would be assumed for these observations. Thus for the
three situations (complete data, using the correct parametric
model for incomplete data, and assuming a proportional hazards
model for incomplete data), the complete observations would be
modeled the same way except that the proportional hazards
model would be parametric for the second situation instead of
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nonparametric. The efficiency of the models for incomplete
data relative to the complete data model and to each other is
now a function of the proportion of missing data.

Let ny,, be the number of observations for which the
covariate is missing and ny,, be the number of observations for
which it is observed with ny, +ny,=n. If ARE, is the
asymptotic relative efficiency of using the misspecified Cox
model for the incomplete observations versus having complete
data (Eq. 3.53), the overall efficiency when p percent of the
data are missing (ARE,) is

nx_::. (1-5(c)) *E%‘(a_fi)(l -S(c) —1)J

[yA(1-S(c))]?
=[(1-p) +p/ARE,]?.

ARE, (Upzssen : Ucomppn) =

(3.57)

For example, if 50% of the data are missing and the efficiency
of omitting the covariate is .50, then ARE=.7286.

The ARE of the correct parametric model when p percent of
the observations are incomplete relative to the proportional
hazards model when all observations are complete is

« &2
Nyops (1 =S (C)) +nm,s(m)(1-sm) . )
n(l1-s(c))

(1-p) +p (ARE,)

ARE, (Ucogg ! Uconppn) =

(3.58)

where ARE:; is given in Eq. 3.54. For the comparison of the
misspecified proportional hazards model to the correct
parametric model when the covariate is missing for p percent
of the observations, the asymptotic relative efficiency, which
does not simplify nicely in terms of the ARE in Eq. 3.55 but
can be written as the ratio of the AREs in Eq. 3.57 and Eq.
3.58, is
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+*1 2
[(1-p) (1-5(e)) +p( Tz -5 (@ T)]

ARE, (Upgssen: Ucorr) = -

[(1—p) (1-S(c)) +p(a—?_2-)(1-s(c) )](1—s(c))

_ [(1-p) +p,ARE,]?

(1-p) +p (ARE,)

(3.59)

As the proportion of missing data decreases, the
efficiency of the models with incomplete observations relative
to the complete data model increases since more observations
are modelled correctly. With 10% missing data, the incomplete
data models are at least 90% as efficient as the complete data
model even for small values of a and no censoring. Likewise,
the efficiency of the misspecified proportional hazards model
relative to the correct parametric model for incomplete data
increases as the proportion of missing data decreases.
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Figure 3.1

Asymptotic Relative Efficiency of Misspecified PH Model for
Incomplete Data vs. Complete Data Model
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Figure 3.2

Asymptotic Relative Efficiency of Correct Parametric Model for
Incomplete Data vs. Complete Data Model
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Figure 3.3

Asymptotic Relative Efficiency of Misspecified PH Model vs.
Correct Parametric Model For Incomplete Data
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3.8 Extension to p Covariates

So far it has been assumed that there is one covariate in
addition to treatment group. Ordinarily in a clinical trial
there will be multiple covariates. Assuming there are p
covariates, the hazard function for the Cox proportional

hazards model is

h(tiz) =h,(t)eb*

=h, (t) ehima ezt oo 2Bty

Letting Q=B,2, + ... + B,z, and X=e?, the hazard rate can

be written as

h(tiz) =h° (t) eplzxepzzz"‘- o+ Bpzp
=By (£) ehte | (3.60)

=h, (t) eP®ix

Now omitting X is equivalent to omitting all covariates. The
equations for variances and efficiencies derived previously
are applicable to this situation.

Usually there is a different pattern of missing data for
each person. The likelihood needs to be expanded to account
for the different combinations of observed and missing data.
For example, if there are two covariates, Z, and Z;, there are
four possible patterns of observation for these two variables:
both observed, neither observed, 2Z, observed only, and 2,
observed only. For each of these four patterns, there could
be people who were failures and'people who were censored.
Thus the likelihood would consist of eight different products.

For each pattern of observed data, let Q'=8,, 'z, where z,,
is the vector of observed covariates and B,,° is the vector of
coefficients for these variables in the model containing only
the observed variables. Thus the error in measuring the
effect of the covariates is €=Q—Q" if only the observed
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variables are used instead of all variables. The observed
value and the error term are assumed to be independent in this
model, known as Berkson's error model.

The hazard rate can be written as

h(tiz) =h° (t) ehz;eﬂzzzh o+ Bpzy
=h, (t) ebiZig0
(3.61)
=h, (t) eP:71e0"
=h, (t) eP+%e %%,
Now omitting X=e* is equivalent to omitting the error due to

having unobserved covariates and previous equations apply
replacing S(c) with S(c!Q"),

S(clo*) = B ‘. )
(B+H°(c)e°') (3.62)

Although assuming a proportional hazards model for each
pattern of missing data is more feasible than trying to use
the correct marginal distribution for each pattern, especially
if there are many covariates, this approacﬁ still requires
that multiple models be defined and fit. Information is also
being lost due to the missing values for some variables.
Imputing values for the missing ones might regain some of the
lost information if the estimation can be done well and would
allow one model to be fit to all observations.

3.9 Imputing Values for the Missing Covariates
Assume that through some estimation procedure, estimates

of the missing values of the covariates are obtained. If z
was not observed, let 2, be the estimated value of z; and
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Q=f3p;2i (3.63)
i=2

be an estimate of Q. Using Berkson's model, Q=0+¢ where ¢ is
the error in the estimation. If all of the covariates are
observed, the error is zero. If § which is based on imputed
values, when necessary, is used instead of the true value Q,
this is equivalent to omitting the error term. Letting X=e‘,
the covariate being omitted is a function of the differences
between the true, observed values and the imputed values of
the covariates and their effects on survival time,

e=0-90

. (3.64)

=:§2 (Byz; -Bi2;) .
Substituting § for Q°, the hazard rate is the same as that for
omitting a subset of variables (Eg. 3.61). The previous
equations when X is omitted apply here substituting S(c!d) for
S(c) where

S(cif) =(_[5__)“_ (3.65)

B+H,(c)el

The distribution of the error term is equivalent to the
conditional distribution of the true value given the imputed
value,

£ (€) =45 (D+e) .

This can be derived easily using the change of variable
technique. Using the relationship e=0-0,

3 (B+eif)

fg(€) =fQ,Q(Q+e:Q)| 5e

=ng§ (6+€)

since the imputed value and the error are assumed to be
independent. Thus the distribution of the error term is the
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distribution of the true value given the observed value
shifted to have a mean of zero.

As was discussed in section 3.7, the asymptotic relative
efficiency of the misspecified proportional hazards model when
a covariate is omitted relative to the proportional hazards
model for complete data depends on «, the proportion of
censoring, and the proportion of missing data. Obviously, the
smaller the proportion of missing data is the less the impact
of imputing and omitting the error term. The size of a, a
measure of the effect of the error term on survival time, will
be determined by the accuracy of the imputation procedure and
the strength of the effect of the covariates on survival time.

In order to obtain the best estimates possible, the
values of the missing variables should be imputed conditional
on the values of the observed variables. The higher the
correlations among the variables are, the better the estimates
will be.

If the variables which have the strongest relationship
with survival time are observed and the variables with missing
data are strongly correlated with the observed ones, the
impact of imputing will be small. The difference between the
true and estimated values will be small since the strong
correlation should provide good estimates. Variables which
are not strongly related to survival time have small
regression coefficients also. Thus the information being
omitted will be small and should not have much variability, so
consequently a should be large.

Conversely, if values are missing for an important
covariate and the covariate is not highly correlated with any
other variables, it will not be possible to obtain good
estimates of the missing values. The regression coefficient
is large when the variable has a significant impact on
survival time. The variability in the estimates combined with
the large coefficients will result in heterogeneity in the
errors being omitted from the model and consequently a small
@. Thus, in this situation, the gain from imputation may not
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be great, although it may still be better than omitting
incomplete observations or important variables.

For each pattern of missing and accuracy of imputing,
there is an efficiency of imputing,

ARE, =ARE (a,, S)

where @, is the heterogeneity of the residuals in imputing Q
for the k® pattern of missing data and S, is the probability
of censoring given § (Eq. 3.65). The relative efficiencies of
the three models when there are missing data and values are
imputed when possible are given by multinomial versions of Eq.
3.57, 3.58, and 3.59. The ARE of the score test of treatment
when the Cox model is misspecified relative to that when there
are no missing data is

2
: = 3.66
ARE (Upzrssps  Uconprn) Lf;:lpk,/“_AREMk] ( )

where ARE, is defined in Eq. 3.53 and o= for observations
with no missing data. For the comparison of the correct
parametric model with missing data to the model with complete
data, the ARE is

ARE (Ucore ! Ucoupen) =ki1pk1'\REck (3.67)

where ARE. is defined in Egq. 3.54.

For example, suppose there are four patterns of
observation: 50% of the observations have all variables
observed (a=w), 30% of the observations have missing values
which are imputed well (a=50), 10% of the observations have
missing values which are imputed poorly (a=10), and 10% of the
observations are missing all of the covariates and they have
a strong effect on survival time (a=2). For simplicity,
assume there is no censoring. Then the efficiency of the
imputing the data and assuming a proportional hazards model
for all observations relative to having complete data is
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ARE (Upyggpn : Ucopen) ( 5(1) +. 3(-2-:1-) +, 1(%) +. 1(%-))2

.90572.

Thus, in this arbitrarily chosen example, the score test of
treatment effect based on imputing values for missing data and
misspecifying the Cox proportional hazards model is 91% as
efficient as the test based on complete data. Similarly, the
efficiency of the correct parametric model relative to the
complete data model is

ARE (Ugopp t Usopppn) = -5 (1) + .3(-:§)+.1(-;§)+ 1(%)

.92179.

Therefore, the relative efficiency of misspecifying the Cox
proportional hazards model with imputed values versus using
the correct parametric model which is complicated, hard to
compute, and requires an assumption about the distribution of
the underlying hazard is

.90572
: =209/ % - 98257 .
ARE (Uyrsspn f Uopr) .92179 2825

3.10 Random Censoring Time

It has been assumed that there was fixed Type I censoring
at time ¢, that is, all people were followed for the same
length of time c. However, often in clinical trials, the
length of follow-up varies from person to person so that the
censoring time (c;) is random. Consequently, the probability
of being censored varies for each individual (S(c;)). The
results given in the previous sections, which are conditional
on a given c, are easily extended to random censoring by
taking the expected value with respect to ¢ of the mean and
variance of the score statistic. For example, when there is
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random censoring, the ARE of the misspecified proportional
hazards model relative to the complete data model (Eg. 3.53)
is

El)a-sicen ™) 2.

i=1

(3.68)

ARE (Uprgspn  Ucouppn) =

Similarly, the ARE of the correct parametric model relative to
the complete data model (Eg. 3.54) is

a+2

$ (=1 - 2
ARE (Ucogg : Ucompen) = i'l(‘iiz)(l Suley) ) .

(3.69)

E“’Si‘c_i”

The ARE of the misspecified proportional hazards model to the
correct parametric model is the ratio of Eq. 3.68 to Eq. 3.69.

3.11 Summary

If the hazards for the two treatment groups are assumed
to be proportional when all data are observed, then the
hazards when a covariate is omitted will be nonproportional.
If imputed values are substituted for missing values, the
error term is the covariate being omitted. Assuming a
proportional hazards model when imputed values are used is an
example of misspecifying the proportional hazards model. It
has been shown in this chapter that the misspecified
proportional hazards model is nearly as efficient as the
proportional hazards model for the complete data if the
proportion of missing data is small and/or the effect of the
covariate on survival time is small. The efficiency improves
as the proportion of censoring increases also, so that even
for a larger proportion of missing data and/or a stronger
covariate effect the efficiency may be good. If the
imputation can be done well, the error term and its
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relationship to survival time should be small. Thus imputing
values for missing ones and assuming a Cox proportional
hazards model, although an incorrect assumption, is preferable
to omitting incomplete observations or omitting covariates,
the two most common procedures when there are missing data.
With the 1latter procedure, it is 1likely that a Cox
proportional hazards model will also be misspecified; and the
omitted covariates are likely to be more strongly related to
survival time than is the omitted error term.

The next chapter will discuss the implementation of this
procedure: imputing values, analyzing the data assuming a Cox
proportional hazards model, and calculating the correct
variance and test statistic. A method to determine the impact
of imputing will be discussed.
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CHAPTER 4
IMPLEMENTATION OF THE ANALYSIS OF SURVIVAL DATA WITH IMPUTED
COVARIATE DATA USING THE COX PROPORTIONAL HAZARDS MODEL

4.1 Introduction

In this chapter, implementation of the analysis of
survival data using the Cox proportional hazérds model when
estimates are imputed for missing covariate data will be
discussed. First, methods of imputing will be reviewed
briefly. Second, the analysis of the data using a standard
Cox proportional hazards analysis program and an additional
program to make necessary adjustments to obtain the correct
score test for the test of treatment effect will be discussed.
Last, a method of determining the efficiency of imputing will

be presented.

4.2 Imputing Data

Little and Rubin (1987) have reviewed methods of imputing
data (e.g., imputing unconditional or conditional mean, hot
deck imputation) and discussed their pros and cons. Section
1.4 summarizes this information. If assumptions about the
data and computer software and hardware availability make
maximum likelihood methods of analysis feasible, Little and
Rubin recommend their use (see Section 1.5).

While regression estimates are the best estimates for a
given value, the resulting observed variances using imputed
values are biased towards zero. One possible way to improve
estimates of the variance obtained from regression analyses is



to add a random error term to the regression model (Blackhurst
and Schluchter, 1989). A disadvantage of this procedure is
that different analysts may reach different conclusions. A
possible solution to this problem may be to use the multiple
imputation scheme proposed by Rubin (1978) . In this procedure
each missing value is replaced by two or more values
representing a distribution of likely values. Each of the
resulting datasets is analyzed using standard complete data
methods. The analyses are combined to reflect both within and
between imputation variability.

The proposed analysis of survival data with imputed
covariate data is not dependent on the method of estimation,
but better estimates reduce the impact of'imputing. In order
to obtain good estimates of the missing values and to try to
minimize the residual error, it is recommended that the
estimation be conditional on the values of the observed
variables. Various procedures are possible, and the user
should choose a method appropriate for the data to be
analyzed.

One program that estimates missing values and substitutes
the estimates in the dataset is BMDPAM (Dixon, 1990). Several
methods of estimation are available: overall or group mean,
regression on the one or two most highly correlated variables,
regression on a subset of highly correlated variables, and
regression on all available variables. The BMDP manual gives
some suggestions on which method may be the most appropriate
given the number of cases, the amount of missing data, and the
magnitude of the correlations.

SAS procedure PRINQUAL (1990) may also be used to
estimate missing data in multivariate data. The procedure
uses the minimum generalized variance method, an iterative
multiple regression algorithm which minimizes the determinant
of the covariance matrix of the transformed variables. The
example in the documentation illustrates code, which at least
for that example, estimates the missing values without
changing the nonmissing values.
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4.3 Analysis Procedure

The first step of the analysis procedure is to impute
values for the missing data using a method and program of the
user's choice. The data set containing the observed and
imputed values is then used in the analysis of survival time.

The objective of the analysis is to test the null
hypothesis of no treatment effect, H,:8,=0, using a score test
when data are imputed and the Cox proportional hazards model
is misspecified. The numerator, the score statistic, is the
same whether the data are all observed or some are imputed.
However, as seen in Chapter 3, the variance of the score
statistic changes when the model is misspecified. Thus the
score test must be constructed. How this is accomplished
depends on the information provided by the standard Cox
proportional hazards program which the user plans to use.

If it is possible to obtain the numerator of the score
test from the standard proportional hazards analysis program,
this is the easiest way to proceed. In order to obtain the
numerator, if it is not printed, the information matrix used
in the score test must be obtainable. However, this is not
possible with either the SAS PHREG procedure (SAS, 1992) or
BMDP2L program (BMDP, 1990), two of the most commonly used
survival analysis programs. Both only provide the covariance
matrix with 8,=8,. Thus it is necessary to calculate the score
statistic in addition to its variance.

The second step of the analysis procedure is to analyze
the data using a standard Cox proportional hazards program and
specifying a model that includes the covariates but not
treatment. This analysis provides the estimates of the
regression coefficients of the covariates when $,=0. These
estimates are needed to calculate the score statistic for the
test of no treatment effect.

The third step is to calculate the score statistic, its
variance, and the score test. A SAS macro which does these
calculations is provided in Appendix B. This macro utilizes
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an output dataset created by PROC PHREG which contains 8'z for
each individual. 1If another survival analysis program is used
which does not output this information, e.g. BMDP2L, the
program could be easily modified to calculate fg'z. The
dataset must also contain treatment, the covariates, survival
time, and a status variable indicating whether the observation
was censored or not. The PHREG output dataset automatically
contains all of these variables except treatment as they were
part of the MODEL statement. Treatment can be included in the
dataset via the ID statement. An identifying variable such as
a patient number could also be included in the ID statement.
It is not needed for the calculation of the score test, but it
is required in the efficiency program (Section 4.4).

The score statistic in Eq. 3.26 assumes that there are no
ties among the failure and censoring times. As ties do occur
in real life, the program uses Breslow's approximation to the
likelihood (Breslow, 1974) to calculate the score statistic,

k

exp(p’s,)
L(B) =
€Ry

where k is the number of distinct event times, d; is the number
of people who fail at time t;,, and s, is the sum of the vectors
2; for the people who fail at time t;. Ties are accounted for
in the summation over the risk set also. The asymptotically
equivalent formula for the score statistic given by Lin and
Wei (Eq. 3.29) is also calculated accounting for ties.

Two estimates of the robust variance of the score
statistic are calculated, the null hypothesis variation of
Lin's and Wei's robust estimator, modified to account for
ties, and the proportion of deaths estimator. The score test
is

[n'%Upl(O,ﬁo)r

: (4.2)
Var[n'7U,1(0,ﬁo)]
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which asymptotically has a chi-square distribution with one
degree of freedom.

Appendix C provides an example of the programs needed to
impute the data and to calculate the score test and an example
of the output from PROC PHREG and the score test macro. The
sample program was used in the example in Chapter 5.

4.4 Estimation of ARE of Imputing Data

In Chapter 3, it was shown that the ARE of imputing data
and misspecifying a proportional hazards model versus having
complete~data or using the correct parametric model when there
are incomplete data can be expressed in terms of the
proportion of observations with each pattern of missing data
and the ARE for each pattern of missing data. The ARE is a
function of @, the heterogeneity of the residual resulting
from imputing values for that pattern of missing data, and
S(c), the probability of being censored. The a's can be
estimated by equating the observed variances of the residual
to the theoretical variance and solving iteratively for the
a's using the Newton-Raphson algorithm. ’

The residual € is assumed to have a log gamma distri-
bution, since X=e‘ is assumed to have a gamma distribution.
The probability density function is

=_t ) & - ¢ .
f.(€) T (e®)*exp[-Pe*] . (4.3)

The moment generating function is
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M. (t;a,B) =E(e®*)
=- te “ ae - [ ]
£e T%%Te exp (-Pe®) de

-_B* I'(a+t)
I‘(a) pc*t

= p‘tM_
MNe) °

For =1, the general form of the j® moment for the log gamma
distribution is

Ir'd («)

$(0:q) =2 L&)
MY (0;a) T(e)

(Balakrishnan, 1992). In general, for >0, the j® moment is

3 (q <39\ (- 3« L0 (a) .
M3 (0;a,p) kf_io(k)( 1np) T (a) (4.4)

where I'®(a)=r'(a). The expected value of € is

E(e) =MY (0; a,B)

_IM(e)
IN'a)

=y (a) -1nP

-1np (4.5)

where the psi function is

IV(a)

w’(a) =—I‘m .

Since € is a residual, its mean is assumed to be zero. This
implies that

p:a'(‘l). (4.6)

The variance of € is
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v(e) =M (0;a) ~-[MD)(0;a)]?

2
_T/(a) _,np(a) +(_1np)z_{rl(¢) -lnB]

INa) I'a) I'(a) (4.7)
_ IM(a) _[g’m]"

I'a) I'a)
=¢/(a) .

The first and second derivatives of the psi function can

be written as
¥ (x) =2 (a+k) 2
k=0
v/ (a) =-2 i‘ (ax+k) 3,
k=0

respectively. These formulas can be used in the Newton-
Raphson algorithm for determining the value of a that makes
¥’ (a) equate to var(e). The algorithm is

¥/ (a;) - var (e)
wll(ai)

@i, =0y ~

where var(e) is the observed variance of the residual. An
initial estimate of alpha is the inverse of the square root of
the variance of the residual.

The variance of the residual for each pattern of
observation or individual can be calculated from the data.
Recall that e€=Q-0 where Q=f'z and §=0'2, omitting treatment
(2,) (Eq. 3.64). The variance of the residual for the i%

person is
var (e;) = (1-R?¥)var (Q) (4.8)

where R; is the correlation between Q, and §,. The variance of
Q is not observed, but it can be estimated. Since Q=f'z,
var (Q)=8'Vf where V is the covariance matrix of z. A maximum
likelihood estimate of V which is an asymptotically unbiased
estimate can be obtained from the BMDPAM program. An estimate
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of B can be obtained from the standard proportional hazards
analysis program, either from the analysis with imputed values
or from an analysis based on people with complete data only.
The estimate from the analysis of imputed values will be
biased since the residual is omitted from the model. While
the estimate from the analysis of complete data may be
unbiased, the subgroup of people with complete data may not be
representative of the entire sample. Also a second analysis
would have to be done to obtain this estimate.

For each individual, the correlation between § and Q is

R; =corr (B2, p'z)
_ A,/VB (4.9)
/AR (BVP)

where
Ai=D%[I+V*D%VDm]B

B is the p-1 vector of coefficients for 230000412
V is the p-1 x p-1 covariance matrix of the covariates,
D, is the p-1 x p-1 diagonal matrix with 1's on the

diagonal for observed variables and 0's for missing
variables,
and
Dy, =I-D,, is the p-1 x p-1 diagonal matrix with 1's on

the diagonal for missing variables and 0's for
observed variables.

The easiest way to show the derivation of this formula is
through an example. Consider the case where there are four
variables, 2,, Z;, 2,, and Z;,. Suppose that for one individual
Z, and Z; are observed and 2, and 2; are missing. Estimating 2,
and Z; through regression on 2, and Z;,

2,=B42.32,+Bys.22;

25=Ps;.22; *Bs3.22; -

Then §=8'2 can be written as
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“

0=P,z,+P12,+P 2, +Bs2s
=PB,2,+ P32, + B, (B2 322+ Bys.223) +Bs (P52 225 +Bss. 225)

= (B +ByBuz.s +BsPsa.3) 2o+ (By+BPBys.2 +BsPssi2) 2,
B2\ (BuBuz.s*BsBsa.s)[[%2

=||Bs| | BeBas.2 *BsBss 2| | %2

Z,

0 0 Ze
=A'z

The first term of A can be written as Dy*f where

D,=

[eReNo) )

0
1
0
0

[eJeNoYe
[eXeXoNo)

The second term is more complicated. It can be rewritten as

00 342.3 552.3 ﬁz

00 343.2 053.2 53
00 O o |[|B.
o0 O 0 Bs

The regression coefficients are defined as

(paz.a BSZ.S

343.2 353.2

- / /
]"223 (B4.23 Bs.23)
- o/
=33 Bys. 23
where the covariance matrix is partitioned as
( Z, 223.45)
v= L]
245.23 z45
Thus the second term, written in terms of V, D,, and Dy, is

(D,VD,) ~ (D,VD,) p =D,V D,VD,B .

Combining terms, A is
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A=D B +D VD VD,p
or ToT ToT T (4.10)
=D, [I+V*D,VD,] B .

A and, subsequently, R can be calculated for each person.
From the R's and the variance of §, the variance of the
residual for each person can be calculated. The variance can
then be used to estimate a. The estimate of a« will be the
same for everyone with the same pattern of observation, since
the correlation is a function of the pattern of observation
Dy, the vector of coefficients f§, and the covariance matrix V
but not the vector of observations z.

Also required for the calculation of the ARE is the
probability of being censored for each person,

a
S(cid) =(-—L) :

B +H,(c)e?

An estimate of Hy(c), assuming fixed censoring, can be
obtained through a Newton-Raphson algorithm. An initial
estimate of H;(c) can be obtained by using the observed:
proportion of censored individuals as an estimate of So(c) and
the relationship between the cumulative hazard and the
survival function. An estimate of f can be found from its
relationship to @ (Eq. 4.6). y(a) can be approximated by

1 1 1 1
() =lng - — - + - .
v 2¢  12a@? 120a* 252af

A program is provided in Appendix D to calculate
estimates of a, B8, and S for each person and the asymptotic
relative efficiency of the misspecified proportional hazards
model with imputed data versus the correct parametric model
when there are missing data and versus the complete data
model. The program requires the input of the original data
set in order to obtain the patterns of missing data, estimates
of the vector of coefficients § and the covariance matrix of
the covariates, and the value of 3=p'z for each person (or g
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and the program modified to calculate Q).

This program to determine the ARE of the analysis with
imputed data is usually only of theoretical interest. For the
routine analysis of data sets, running a Cox proportional
hazards program on the data set with imputed values followed
by the program to calculate the correct score statistic
provides a valid test of treatment effect.

4.5 Summary

The analysis of survival data with imputed covariate data
and misspecifying a Cox proportional hazards model can be
accomplished in three steps: imputing values for the missing
covariate data using a standard program, analyzing the data
using a standard proportional hazards program to obtain
estimates of the coefficients of the covariates under the null
hypothesis of no treatment effect, and running a SAS macro to
calculate the score test for the test of no treatment effect
when the proportional hazards model 1is misspecified.
Optionally, another program can be run to evaluate the
asymptotic relative efficiency of the model with imputed data
to a model with complete data and to the correct parametric

model.
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CHAPTER 5
ILLUSTRATION OF IMPLEMENTATION AND EFFICIENCY OF METHOD

S.1 Description of Data

A randomized, double-blind, parallel study was conducted
to evaluate the effect on mortality of an angiotensin-
converting-enzyme (ACE) inhibitor versus placebo, in addition
to conventional therapy, in patients with severe congestive
heart failure (The CONSENSUS Trial Study Group, 1987). Two
hundred fifty-three patients were enrolled in the study, 127
in the treatment group and 126 in the placebo group, prior to
its early termination due to the significant reduction in
mortality in the treatment group relative to the placebo
group.

A secondary objective of the study was "to study the
activation of hormones related to cardiovascular function and
the effect of the overall hormone response to ACE inhibition"
(Swedberg, Eneroth, Kjekhus, and Wilhemsen, 1990). In order
to do this, seven hormones were measured at baseline and at 6
weeks. Lipoprotein A (LPA) was also measured. In addition,
a ninth chemical entity, N-terminal peptide (NTERM), which was
of particular interest to one investigator was measured for
55% of the participants. (For simplicity in terminology, LPA
will be called a hormone in the following discussion.)

Blood samples were missing for 14 people. Due to
insufficient amounts of blood, not all hormones were measured
for all people. The percent of missing data for the eight
primary hormones at baseline was between 6% and 13% for each
hormone. Fifty people (20%) were missing data for at least
one of the eight hormones. Considering all nine hormones, 127



people (50%) were missing data for at least one of them. Most
people who were missing data were missing three or fewer
values. Some hormones or combinations of hormones were
missing more frequently than others suggesting that there was
a protocol for which measurements to make if there was
insufficient blood for all measurements. Excluding NTERM,
there were 11 patterns of observation for the eight hormones;
including NTERM, there were 14 patterns of observation. Table
5.1 provides the patterns of observation and the number of
people for each pattern.

These.data will be used to illustrate the proposed method
of analyzing survival time data when there are missing
covariate data. The baseline hormone data, along with age and
sex, will be used as covariates. There were no missing data
for age or sex. The analyses will be done including and
excluding the additional hormone data to illustrate the method
with different proportions of missing data. The purpose of
the analyses is to 1illustrate the procedure and its
efficiency, not to draw conclusions from the data.

5.2 Usual Methods of Analysis

The approach taken in the analysis of the above dataset
may vary among statisticians depending on their preference to
include all variables of interest or to use a stepwise method
for the selection of variables to include in the model.
Whether the analysis is exploratory or confirmatory may be a
factor in the approach taken. Either way the  missing
covariate data cause problems using the standard approaches of
either omitting the observations with incomplete data, the
default of most software programs, or omitting the covariates
with missing data.

If all nine neurohormones are included in the
proportional hazards model and incomplete observations are
omitted, the analysis is based on 126 people or 50% of the
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Estimating 8 Covariates

Variables Missing

None

LPA

ACE, LPA

ADR, DA, NA

ANP

ACE, ANP

ALDO, ANP

ACE, ANP, LPA

ADR, DA, LPA, NA
ACE, ADR, DA, LPA, NA
All except AGE, SEX

Estimating 9 Covariates

Variables Missing
None

NTERM

LPA, NTERM

ACE, LPA

ACE, LPA, NTERM

ADR, DA, NA

ADR, DA, NA, NTERM
ANP, NTERM

ACE, ANP, NTERM
ALDO, ANP, NTERM
ACE, ANP, LPA, NTERM
ADR, DA, LPA, NA
ACE, ADR, DA, LPA, NA
All except AGE, SEX

Table 5.1
PATTERNS OF MISSING DATA, Rﬂ AND ALPHA'S OF RESIDUALS

R2

203

12

B BN R Y

14

1.00000
0.89764
0.88586
0.70000
0.66500
0.66297
0.63538
0.60368
0.57897
0.55515
0.03504

R2

-
b N B A
N o

I R R S V. I S R R . S

[
o

1.00000
0.99999
0.89487
0.88377
0.88176
0.71812
0.70368
0.66420
0.66168
0.63410
0.59989
0.58671
0.56136
0.03495

128

Var. of
Residual
0.00000
0.01326
0.01478
0.03886
0.04339
0.04365
0.04723
0.05133
0.05453
0.05762
0.12498

Var. of

Residual

0.00000
1.56E-6
0.01362
0.01506
0.01532
0.03652
0.03839
0.04350
0.04383
0.04740
0.05183
0.05354
0.05683
0.12502

~Alpha

[« o]
75.55
67.80
26.11
23.43
23.29
21.57
19.88
18.74
17.77
8.45

Alpha

00
66170.1
73.56
66.58
65.46
27.75
26.42
23.37
23.20
21.49
19.19
19.08
18.01

7.95



data. None of the variables, including treatment, have a
significant (p<0.05) effect on survival time in this subsample
of participants according to the Wald chi-square test for each
variable. The p-value for the score test of the null
hypothesis of no treatment effect, given the other variables
are in the model, is 0.119. Using a stepwise approach, with
an entry significance level of 0.25 and a removal significance
level of 0.15, treatment and age enter the model and remain in
it; but neither are significant. In this model, the p-value
for the score test of the null hypothesis of no treatment
effect is 0.131.

Since overall 39% of the treatment group and 54% of the
placebo group died and the median length of time in the study
was much longer for the treatment group (216 days) than for
the placebo group (87 days), the analyst may wonder if the
subset of patients with complete hormone data is different
from those with incomplete data. The mortality picture was
better in this subsample of 126 people than in the total
sample of 253 people, but there was still a difference between
treatment groups. Twenty-six percent of the treatment group
and 37% of the placebo group died, and the ﬁedian length of
time in the study was 249 days for the treatment group and 199
days for the placebo group. This suggests that the absence of
significant effects may be due to a loss of power.

This analysis points out two problems with the common
approach of omitting observations with incomplete data.
First, the subgroup of people with complete data may not be
similar to the rest of the group even though the missing data
are missing at random. Second, there is a loss of power due
to the reduction in sample size.

The statistician may decide to omit N-terminal peptide
which is missing for 45% of the people, even if it had been a
planned measurement rather than an additional one. Excluding
NTERM, 203 people have complete data, 80% of the original
sample. In this subsample, 41% of the treatment group and 48%
of the placebo group died, a smaller difference between the
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groups than in the entire sample. The difference in the
median time in the study was also smaller, 216 days for the
treatment group and 132.5 days for the placebo group.

In the proportional hazards model analysis with
treatment, age, sex, and the eight remaining hormones in the
model, atrial natriuretic peptide (ANP) and treatment have
significant effects on survival time, p=0.004 and p=0.020,
respectively. The effect of noradrenaline (NA) was nearly
significant (p=0.055). The p-values for the Wald tests of the
effects of the other covariates in this model are all greater
than 0.150. The p-value for the score test of the null
hypothesis of no treatment effect is 0.019.

Using a stepwise procedure to identify variables which
may explain some of the variation in survival time, the
variables which are identified as significant are slightly
different. The final model consists of noradrenaline
(p=0.003), atrial natriuretic peptide (p=0.004), treatment
(p=0.017), and lipoprotein A (p=0.096). The p-value for the
score test of the null hypothesis of no treatment effect,
given the other three variables are in the model, is 0.016.

Having identified significant variables, the statistician
may then rerun the model including everyone who has data for
these four variables in order to increase the power of the
analysis. However, in this case, no additional people were
included in the analysis. The 50 people who were missing data
for at least one of the eight primary neurohormones did not
have a value for at least one of the three hormones included
in the model selected through the stepwise procedure.

5.3 Analysis of Data Imputing Values for Missing Covariates
The regression method in the BMDP procedure AM (Dixon,
1990) was used to estimate values for the missing hormone

data. Age and sex were utilized in the estimation procedure

along with the neurohormones. The estimation was done twice,
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once including N-terminal peptide and once excluding it.

Treatment was not used in the estimation procedure. 1In
a randomized study, treatment and baseline characteristics are
independent, at 1least theoretically. If, by chance, the
treatment groups are not similar at baseline with respect to
the covariates, use of treatment to estimate values to be used
in an analysis of the effect of treatment could bias the
results.

Since missing data have been estimated, the analyses are
based on all 253 people. For the model including all nine
neurohormones, age, and sex, the score test x? of the test of
treatment effect is 12.205 using the null hypothesis variation
of Lin's and Wei's variance estimator and 12.697 using the
number of deaths estimator. For both x?, the p-value is
<0.001.

The results are similar for the model excluding NTERM.
The score test x> of the test of treatment effect is 12.237
using the null hypothesis variation of Lin's and Wei's
variance estimator and 12.733 using the number of deaths
estimator. For both x?, the p-value is <0.001.

Since the program to calculate the score test for
treatment when there are imputed data and the Cox proportional
hazards model is misspecified has not been extended yet to
include tests of the effects of the other parameters and does
not have a stepwise option, PROC PHREG with the STEPWISE
option was run on the datasets with imputed values to
determine which variables might explain some of the variation
in survival time. It is recognized that the variances used in
the Wald statistics are not correct, but they should be close
enough for the purpose of identifying variables.

For the datasets including and excluding N-terminal
peptide, the same variables were selected using the p<.25
entry criterion and p>.15 removal criterion: treatment,
atrial natriuretic peptide, and noradrenaline. The p-value
for the score test of the null hypothesis of no treatment
effect given the other two variables are in the model is
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<0.001 for both test statistics for both datasets. Table 5.2
summarizes the results of the analyses on the original and
imputed data.

In the analyses utilizing imputed data for the missing
neurohormone data which allows all 253 observations to be
used, the effect of treatment is highly significant (p<0.001
for all analyses). Using the standard approach of omitting
incomplete observations, the effect of treatment was not
significant when N-terminal peptide was included in the model
and only 126 observations or 50% of the data were used. When
this hormone, which was missing for 45% of the people, was
omitted so that the analysis utilized 80% of the observations,
the effect of treatment was significant but with a smaller
p-value (p=0.02). The differences in the test of treatment
effect for the different samples and sample sizes illustrate
the problems of decreased power and of making inferences based
on subgroups rather than on the entire group.

The stepwise selection of variables using the original
data and excluding N-terminal peptide as a possible variable
and using the imputed data including and excluding this
hormone yielded similar but not identical models. An
additional variable, lipoprotein A (LPA), was included in the
model based on the 203 observations with complete data. The
question is which model better reflects the truth? LPA was
missing for 12.6% of the people, the second highest percentage
of missing data for a variable. Its coefficient of variation
was the second largest (1.135), and its squared multiple
correlation with all the other variables was among the lowest
(0.059).  The variable with which LPA had the highest
correlation (rg=0.20) was NTERM which is missing for 45% of
the people. Thus it is possible that values of LPA could not
be imputed well. Decreased variability could have reduced the
significance of the relationship with survival time. On the
other hand, the additional data, observed and imputed, for LPA
and the other variables may have strengthened the true
relationships between the variables and survival time.
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The score test calculated using the null hypothesis
variation of Lin's and Wei's variance estimator was
consistently smaller than the score test which utilized the
simple proportion of deaths estimator. The robust score test
proposed by Lin and Wei (Eq. 3.45) would yield a larger x?
than the variation under the assumptions of no treatment
effect and independence of treatment and the covariates, since
the estimate of the variance would be smaller. Further
research is needed to compare the properties of these variance
estimators and score tests.

For comparison, the score test for the test of treatment
effect assuming all the data were observed was obtained from
PROC PHREG. 1In this example, the score test calculated using
the usual variance formula for the Cox proportional hazards
model was larger than the score tests based on variance
estimators which account for misspecifying the Cox
proportional hazards model.

5.4 Efficiency of Imputing

The asymptotic relative efficiency of imputing values for
the missing covariate data and misspecifying a Cox
proportional hazards model versus the complete data Cox
proportional hazards model and the correct parametric
proportional hazards model when there are missing data was
calculated. The estimate of 8 from the analysis of imputed
data was used.

Excluding NTERM, the analysis using the imputed data was
99.37% as efficient as the analysis with complete data would
have been. It was 99.99% as efficient as the correct
parametric analysis for the incomplete data would have been if
it had been feasible to calculate and program the likelihoods
for 11 different patterns of observation. For comparison, the
standard methods of omitting observations with missing data
and omitting covariates with' missing data are 80.24% and
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93.04%, respectively, as efficient as the complete data
analysis. The efficiency of the proposed method of analysis is
excellent because 80% of the people had complete data and 68%
of the people with missing data were only missing a few
values. The missing values were imputed reasonably well,
despite 1low correlations among the covariates (Spearman
correlation < .3 except for one pair of hormones), as
indicated by the values of alpha for the different patterns of
missing data (Table 5.1).

Including NTERM, the efficiency of the imputed data
analysis relative to the complete data analysis and to the
correct parametric analysis was also 99.37% and 99.99%,
respectively. Omitting incomplete observations is 50.20% as
efficient as the complete data analysis, and omitting the
hormones from the model is 92.63% as efficient. The alpha for
the residual when only NTERM was estimated was so large that
it was essentially infinity, as it is when there are no
missing data. NTERM was significantly (p<0.05) correlated
with atrial natriuretic peptide (rg=0.55), noradrenaline
(rs=0.30), and lipoprotein A (rg=0.20), so that it was imputed
very well.

The efficiency of using imputed data in the model
selected by the stepwise procedure was even higher, 99.64% as
efficient as the complete data model and 99.997% as efficient
as the correct parametric model using the dataset from the
imputation of values for eight hormones. The AREs were 99.63%
and 99.997%, respectively, using the dataset from imputing
values for all nine hormones when necessary. There were only
four patterns of observations, whether or not NTERM was
included: no missing data (n=217), NA missing (n=9), ANP
missing (n=13), and all hormones missing (n=14).

5.5 Summary

In this clinical trial with 253 patients, 20% of the
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people were missing data for at least one of the eight
primary hormones and considering the additional hormone, 50%
of the people were missing at least one measurement. The
standard procedure of omitting incomplete observations
resulted in a loss of power in the test of treatment effect.
The proposed method of imputing values for the missing
covariate data, misspecifying the Cox proportional hazards
model, and analyzing the data using SAS PROC PHREG and a SAS
macro was easily implemented and extremely efficient,
essentially 100% as efficient as the correct parametric model
would have been if it had been feasible to implement it.
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CHAPTER 6
SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

Missing data is a common problem in clinical trials even
though researchers try to minimize the occurrence. Research
in recent years has improved the methods of analysis of linear
models when there are missing data. However, the problem of
missing covariate data when the outcome measurement is length
of survival has not received much attention until very
recently.

The two most common approaches to the analysis of
survival time data when there are missing covariate data are
to omit the observations with incomplete data from the
analysis, the default of most software programs, and to omit
the covariate(s) with missing data from the model. Disadvan-
tages of the first approach include loss of power due to
decreased sample size and inference for the subsample of
people with complete data. Omitting covariates and,
therefore, misspecifying the model also results in a loss of
power.

Several recently proposed approaches (Schluchter and
Jackson, 1989, Schemper and Smith, 1990, and Ibrahim, 1990)
require that the covariates be categorical. Categorizing
continuous variables decreases the efficiency of the analysis
(Morgan and Elashoff, 1986a).

Likelihood methods as Schluchter and Jackson (1989) and
Ibrahim (1990) used are recommended, in general, by Little and
Rubin (1987) for the analysis of missing data. However,
likelihood methods are not easily implemented with survival
analysis models. First, they require that parametric
assumptions be made about the underlying hazard rate. Second,



all possible marginal distributions corresponding to the
possible patterns of observation of the data must be
calculated. Unlike the marginal distributions of the
multivariate normal distribution, the marginal distributions
of survival time distributions are complex. Writing a program
to calculate all possible likelihoods for a parametric model
would be a horrendous task if there are many covariates. For
the nonparametric proportional hazards model, Cox used partial
likelihood and showed that they had maximum 1likelihood
properties. However, if the model for complete observations
follows Cox's nonparametric proportional hazards model, data
with missing or imputed covariates do not follow Cox's model,
making nonparametric partial maximum likelihood theory
impossible.

It is desirable to have a method of analyzing survival
data when there are missing covariate data which is easy to
implement, is efficient, and is applicable to the Cox
propoftional hazards model. With this goal in mind, the
distribution of the score statistic for treatment effect for
the correct and misspecified general parametric models and for
the misspecified Cox proportional hazards model with imputed
data was derived in this dissertation. The robust variance
estimator for the score statistic when the Cox model is
misspecified proposed by Lin and Wei (1989) was examined for
this specific situation under the null hypothesis of no
treatment effect and the assumption of independence of
treatment and the covariates. The asymptotic relative
efficiency of the score test for treatment effect for the
misspecified Cox proportional hazards model with imputed data
versus the complete data Cox proportional hazards model and
versus the correct parametric model for incomplete data,
assuming a proportional hazards model for the complete data,
was derived.

In this dissertation, it has been shown that imputing
values for missing covariate data, which is equivalent to
omitting the difference between the true and imputed values,

138



and misspecifying the Cox proportional hazards model has many
advantages. First, the test statistic is robust to the
misspecification of the model. Second, it is very easy to
implement. The analysis can be done using standard software
packages and a SAS macro provided in the dissertation. Third,
in most situations the method is very efficient. The only
time when it would not be very efficient is when there is a
moderate to high percentage of missing data for a strong
covariate which cannot be estimated well because it is not
highly correlated with other covariates. Even under these
circumstances, the efficiency will be relatively good if there
is at least a moderate probability of being censored. In most
real life situations, the efficiency is likely to be at least
95% because correlations among biological variables are often
reasonably strong (2.5) and there will be censored
observations in many clinical trials. Also it should be
remembered that the observed covariates contribute to the
efficiency of the analysis. So that while one unobserved
covariate would eliminate a person from an analysis based on
complete observations, one imputed value out of several
covariates per person will not affect the efficiency very much
unless the covariate with missing data has a strong effect on
survival time. In the example in Chapter 5, the efficiency of
imputing data was 99% of the unobtainable complete data
analysis and almost 100% of the impractical to implement
parametric analysis for incomplete data despite 50% of the
people missing data for at 1least one covariate and low
correlations among the covariates because a high proportion of
all the values were observed.

Further> research needs to be done to compare the
different possible variance formulas - the robust variance
estimator as proposed by Lin and Wei (1989), the null
hypothesis variation derived in this dissertation, and the
simple, but asymptotically equivalent, number of deaths
estimator. Lin's and Wei's estimator uses the observed
information matrix whereas the null hypothesis variation uses
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the expected information matrix. Lin's and Wei's estimator
and the null hypothesis variation utilize covariate data, but
the number of deaths estimator is much simpler to calculate.
The properties of the variances need to be studied through
simulations.

The derivations in this dissertation were done under
asymptotic assumptions. There has not been much research on
the small sample properties of the Cox proportional hazards
model, but Kalbfleisch and Prentice (1980) present some
preliminary work. With only treatment in the model, the
nonparametric analysis is as efficient as the exponential
analysis for large samples if there is no treatment effect.
Even with a sample size as small as 15, 91% efficiency is
achieved. The addition of a covariate, particularly a strong
one, reduces the small sample size efficiency. Small sample
properties of the misspecified Cox proportional hazards model
are expected to be similar, but they need to investigated.

The score test for the test of the null hypothesis of
treatment effect has been derived, and its efficiency
examined. The estimate of the treatment effect may also be of
interest. It is known that when covariates are omitted from
the model, the estimate of treatment effect is biased towards
Zero (Lagakos and Schoenfeld, 1984). The estimate when
imputed covariate values are used is probably also biased, but
the degree to which it is biased is not known. Future
research could investigate the bias and how to obtain an
unbiased estimate of treatment effect.

While the comparison of the effects of the treatments on
survival time is usually the primary objective of the clinical
trial, estimates and tests of the effects of covariates are
usually also of interest. The research needs to be extended
to the covariates. The theory for the test of treatment
effect relied on randomization making treatment independent of
the covariates. The theory for the tests of the effects of
the covariates would have to accommodate the correlation
between the covariates.
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Another possible extension is to the situation when there
are more than two treatment groups. If there are three
treatment groups, the treatment effect could be parameterized
by two parameters. Orthogonal contrasts could be constructed
to obtain two independent score tests. The theory in Chapter
3 would give the distribution of each score statistic. The
two independent statistics could be combined to obtain an
overall test of treatment effect with two degrees of freedom.

An interesting problem is time dependent covariates.
Much of the theory developed would hold, but major issues
would be defining what is a missing value and deciding on how
to impute values. The value of the time-dependent covariate
at the time of each event is needed, but it is unlikely to be
available as measurements are usually made at predetermined
times. 1Is this a missing value or can the most recent value
be used if it was obtained with a specified length of time?
If the value is to be imputed, which data can be used to
estimate it - only ones from earlier points in time or any
available ones?
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APPENDIX A
EXPECTED VALUE OF OBSERVED ROBUST VARIANCE ESTIMATOR

The observed robust estimator of the variance of the
score statistic for the test of treatment effect proposed by
Lin and Wei simplifies asymptotically and under the null
hypothesis of no treatment effect to '

=n-1
B8 0y o B

With Type I censoring and ordered subscripts (j<i), there are
three possible combinations for (6;,6:): (,1), (1,0), and
(0,0). Let k denote the last death. Then

B(B,) =n°1{§;[1-j§1ni,]z 1;1[ gn’ }

However,

-y 1

3<i nj

is a numerical approximation for

and similarly

Using these relationships,
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where x=(n,/n), and the limits of integration are obtained from
the values of x when i=1 and i=k and reversing the order of
integration.

The expected value of k/n is
E(E):lg(k)
n/ n
=1npr(T<c)
n

=1-S(c).
Therefore the expected value of the observed variance is

1 1

E[B(B,)1=(1-5(c)) +2 [ lnxdx+ [ (1nx)2dx +S (c) (1nS (c))?
S(c) S(c)

=(1-(S(c)) +2[-1~-S(c)1nS(c) +S(c)]
+[2-S(c) (InS(c))2+2S(c)1nsS(c) -2S(c)]
+S(c) (1nS(c))?

=1-S(c) .
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APPENDIX B
SAS MACRO TO CALCULATE SCORE TEST

This macro calculates a score test for the test of the
null hypothesis of no treatment effect when the Cox
proportional hazards model is used to analyze survival time
data when values have been imputed for missing covariate data.
The score statistic (SCORSTAT) is calculated using Breslow's
approximation to the likelihood to account for ties (Breslow,
1974). Lin's and Wei's (1989) asymptotically equivalent
formula for the score statistic when the Cox model is
misspecified, modified to account for ties, is also calculated
(ASCORST) . Two variances are calculated: the null hypothesis
variation of Lin's and Wei's robust variance estimator
(LWVAR_SC) and the simple proportion of events estimator
(EVVAR_SC). Each of the variance estimators is used to
calculate the score test, LWSCTEST and EVSCTEST, respectively.

The macro requires that the following information be
provided: input data set name, number of observations, number
of explanatory variables, name of the treatment group
variable, names of the covariates, name of the time variable,
and name of the status variable indicating whether the person
was censored or not. The macro is written to use an input
data set that is created by SAS PROC PHREG and contains the
data for treatment, the covariates, the time variable, the
status variable, and the SAS variable XBETA which must be
renamed as BETAZ. The SAS macro could be modified to input an
estimate of § and to calculate BETAZ (8'z). BETAZ or the
estimate of § must be from a model including the covariates
but not treatment, i.e. the model under the null hypothesis of
no treatment effect (H,: B,=0). In addition, one of the
treatment groups must be coded as 1; and the status variable
must be coded as 1 when the event occurs.
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*MACRO SCTEST *
* %*
*FUNCTION CALCULATE THE SCORE STATISTIC *
* FOR THE TEST OF TREATMENT *
* EFFECT (HO:B1=0) USING *
* BRESLOW'S MODIFICATION FOR TIES#*
%* %*
* CALCULATE LIN'S AND WEI'S *
* VARIANCE ESTIMATE AND SIMPLE *
* ESTIMATE BASED ON NO. OF DEATHS*
* *
* CALCULATE SCORE TEST *
* %*
*FILES OUTPUT FILE FROM PHREG WITH *
* ESTIMATES OF BETA'Z FOR EACH  *
* PERSON *
%* %*
*DATE NOVEMBER 1992 *

*********************************************;

*OUTPUT DATA SET FROM PROC PHREG FOR MODEL WITHOUT TREATMENT:
DATA SET MUST CONTAIN TREATMENT WITH ONE GROUP CODED AS 1,
THE COVARIATES (NAMES SPECIFIED IN PROGRAM)
BETAZ (SAS VARIABLE XBETA),
TIME (SURVIVAL TIME),
AND STATUS (1=EVENT OCCURRED, 0=CENSORED) ;

*INFORMATION TO SPECIFY IN MACRO:

DS = OUTPUT DATA SET NAME

N = NUMBER OF OBSERVATIONS

P = NUMBER OF COVARIATES INCLUDING TREATMENT GROUP
zZ1 = NAME OF TREATMENT GROUP VARIABLE

cov = NAMES OF COVARIATES EXCLUDING TREATMENT GROUP
TIME = NAME OF TIME VARIABLE

STATUS NAME OF STATUS VARIABLE;
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*EXAMPLE MACRO CALIL STATEMENT:
$SCTEST (IN.PHOUT, 200, 3, TRTN, AGE SEX, RELDAY, DIED);

e e e de e de do o oo e & Je de de dk ke e e e e do e de de de dede e e e e de e de g K de K K e e e o de e e gk ke kK

*MACRO TO CALCULATE SCORE TEST OF TREATMENT EFFECT *
hkkdkdekkhhhhihhdhhhhhhhhhhkhhhhhkhhhhhkhkhhdhhkhhhhik
$MACRO SCTEST(DS, N, P, Z1, COV, TIME, STATUS);
PROC SORT DATA=&DS OUT=PHREGOUT;

BY DESCENDING &TIME &STATUS;

RUN;

PROC IML WORKSIZE=350;
USE PHREGOUT;

READ ALL VAR {&Z1 &COV} INTO Z [COLNAME=COLNM];
READ ALL VAR {&TIME} INTO TIME;

READ ALL VAR {&STATUS} INTO STATUS;

READ ALL VAR {BETAZ} INTO BETAZ;

N={&N};
P={&P};

*BETAZ IS SUM OF BETAHAT(I) * Z(I) FOR COVARIATES;
EBZ = EXP(BETAZ);

*CALCULATE EBZ*Z;
EBZ_Z = EBZ#Z;

*SCORE STATISTIC BASED ON BRESLOW APPROXIMATION FOR;
*LIKELIHOOD TO ACCOUNT FOR TIES;
*CALCULATE SUMS OVER RISK SET TAKING TIES INTO ACCOUNT;

SUM_EBZ = EBZ;
SUM_EBZZ = EBZ Z;
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DO I=2 TO N;
SUM EBZ[I]) = SUM_EBZ[I-1] + EBZ[I);
SUM_EB2Z[I,] = SUM_EBZZ[I-1,] + EBZ_2[I,];
J=I;

DO WHILE(TIME[J]=TIME[J-1]);
J=J-1;
SUM_EBZ[J] = SUM_EBZ[J] + EBZ[I];
SUM_EBZZ([J,] = SUM_EB22[J,] + EBZ_32(I,];
END;
END;

SUMEBZZ1 = SUM_EBZ2Z(,1];
A = SUMEBZZ1/SUM_EBZ;

SCORE=J (N, 1,0) ;
DO I=1 TO N;

SCORE[I] = STATUS[I]#(2[I,1] - A[I]);
END;

*SCORE STATISTIC IS SUM OF SCORE ;
SCORSTAT = SCORE[+];

*CALCULATION OF VARIANCE;

*CREATE MATRIX FROM COLUMN VECTOR - SAME VALUES IN EACH
COLUMN ;
MSUM_EBZ=J(N,P,0);
DO J=1 TO P;
MSUM_EBZ(,J)=SUM_EBZ;
END;

*CALCULATE FIRST TERM;
TERM1 = STATUS#(2 - SUM_EBZZ/MSUM_EBZ) ;
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*CALCULATE SECOND TERM;
COEF=J(N,1,0);
TERM2=J (N,P,0) ;
DO I=1 TO N; ~
SUMTERM2=J(N,P,0);
DO J=I+1 TO N; ‘v
COEF(J]) = STATUS(J])#EBZ(I]}/SUM_EBZ[J];
TERM2(J,] = Z(I,] - SUM _EBZZ(J,]/MSUM_EBZ[J,];
SUMTERM2([J,] = SUMTERM2([J,] + COEF[J]#TERM2(J,];
END;
END;

*CALCULATE W;
W=TERM1 - SUMTERM2;

*SCORE STATISTIC IS APPROXIMATED BY SUM OF WI (1xP VECTOR) ;
SUM W = W(+,];
ASCORST = SUM_W[1];

*VARIANCE IS APPROXIMATELY SUM OF W2(I) (PxP MATRIX);
W2_I = J(P,P,0);
SUM W2 = J(P,P,0);

DO I=1 TO N;
W2_I = W[I,]‘*W[I,];
SUM_W2 = SUM_W2 + W2_I;
END;

*LIN'S AND WEI'S VARIANCE OF SCORE STATISTIC OF TREATMENT;
*EFFECT - MODIFIED VERSION UNDER NULL HYPOTHESIS;
LWVAR _SC = SUM_W2{1,1);

*SIMPLE ESTIMATE OF VARIANCE BASED ON NUMBER OF EVENTS;

EVENTS = STATUS([+,1];
EVVAR_SC = EVENTS;
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*SCORE TEST;
LWSCTEST = SCORSTAT**2/LWVAR_SC;
EVSCTEST = SCORSTAT**2/EVVAR_SC;

PRINT 'SCORE STATISTIC', SCORSTAT,
'ASYMPTOTIC SCORE STATISTIC', ASCORST,
'HO VARIATION OF LIN"S AND WEI"S VARIANCE',
LWVAR_SC LWSCTEST,
'PROPORTION OF EVENTS VARIANCE', EVVAR_SC EVSCTEST;

QUIT;

%¥MEND SCTEST;
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APPENDIX C
PROGRAMS TO IMPUTE DATA AND CALCULATE SCORE TEST

The procedure of imputing estimates for missing covariate
data and calculating the score test for treatment effect when
the Cox proportional hazards model is misspecified is easily
implemented. The following programs illustrate this.

In the first program, BMDPAM was used to estimate the
missing values using the REGRESSION method and to create a
dataset containing the observed and imputed values. BMDP was
run on a mainframe computer using SAS PROC BMDP to convert the
original SAS dataset to a BMDP file and to run the BMDPAM
program. The BMDP output dataset was converted to a SAS
dataset using SAS PROC CONVERT.

After downloading the SAS dataset to a diskette, a second
program was run to merge treatment and survival time
information with the covariate data. This data management
step could be combined with the third program which calculates
the score test.

In the third program, SAS PROC PHREG was used to analyze
the data assuming a Cox proportional hazards model to obtain
an estimate of B, the vector of coefficients of the
covariates, in a model without treatment. Then the macro to
calculate the score test when the Cox model is misspecified
was run. The output from PHREG and the score test macro,
edited to fit within narrower margins, are provided.

The PHREG statements in this program are slightly
different than the ones described in Chapter 4. In addition
to providing the estimate of § which is needed for the score
test macro, this combination of statements provides the score
test of treatment assuming the data are all observed. This
test shows the impact of using the wrong estimate of variance.
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BMDP PROGRAM TO IMPUTE DATA

//job card

/ /password

// EXEC SASBMDP

//LIB DD DSN=UAMBHM.SASLIB,DISP=0LD
//SYSIN DD *

*READ IN ORIGINAL DATASET AND KEEP VARIABLES NEEDED IN
ESTIMATION;
*CHANGE PAT TO A CHARACTER VARIABLE - BMDP PROGRAM WOULD NOT
RUN OTHERWISE;
DATA CNSSNUM;

SET LIB.CNSSNUM;

LENGTH PATNO $ 4;

PATNO = PAT;

KEEP PATNO AGE SEXN ACE ADR AII ALDO ANP DA LPA NA;

PROC BMDP DATA=CNSSNUM PROG=BMDPAM LABEL=PATNO UNIT=3;
VAR PATNO AGE SEXN ACE ADR AII ALDO ANP DA LPA NA;
PARMCARDS;

/INPUT UNIT=3.
CODE="'CNSSNUM'.
TITLE='ESTIMATION OMITTING NTERM'.

/VAR LABEL=PATNO.

/SAVE CODE='IMPS8'.
NEW.
UNIT=4.
CONTENT=DATA.

/ESTIMATE TYPE=ML.
METHOD=REGR.
VLIM=8.
CLIM=100.
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/PRINT MATR=PAT, FREQ, COVA, EST, CORRDICH.
/END
JFINISH

-e

*CONVERT BMDP SAVE FILE TO SAS DATASET;
PROC CONVERT BMDP=FTO04F001 OUT=LIB.CNSSIMPS;

PROC CONTENTS DATA=LIB.CNSSIMPS;
TITLE 'SAS DATASET CONVERTED FROM BMDP SAVE

TITLE2 'ESTIMATION OMITTING NTERM';

PROC PRINT DATA=LIB.CNSSIMPS8 (OBS=25);
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8A8 DATA MANAGEMENT PROGRAM

OPTIONS PS=60 LS=80 NODATE;
I T L s T T T T T T T Y

*PROGRAM CNSSBMDP. SAS *
* *
*FUNCTION CHANGE PATNO TO NUMERIC VARIABLE#*
* AND OBTAIN TRT, RELDAY, AND DIED*
* FROM ORIGINAL DATASET *
* *
*FILES IN: C:CNSSNUM.SSD *
* B:CNSSIMP8.SSD *
* *
* OUT: C:CNSS8IMP.SSD *

********************************************;

LIBNAME DIS 'C:\MYSAS\DISSERT';
LIBNAME IN 'B:';

TITLE1 ' ';
TITLE2 'CONSENSUS DATASET';

*OBTAIN TRT, RELDAY, AND DIED FROM ORIGINAL DATASET;
DATA CONS;

SET DIS.CNSSNUM;

KEEP TRTN PAT RELDAY DIED;

PROC SORT; BY PAT ;
RUN;

*SAS DATASET WITH IMPUTED DATA (EXCLUDING NTERM) CREATED BY

BMDP;
*PATNO IS CHARACTER VARIABLE - CREATE NUMERIC VARIABLE PAT;

*USE IS VARIABLE CREATED BY BMDP;
DATA IMPS8;
SET IN.CNSSIMPS;
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LENGTH PAT 3.;
PAT=PATNO;
DROP PATNO USE;

PROC SORT; BY PAT ;
RUN;

*MERGE DATASETS;
DATA DIS.CNSS8IMP;
MERGE CONS IMP8; BY PAT;

PROC PRINT DATA=DIS.CNSS8IMP (OBS=25);
TITLE3 'SAMPLE LISTING OF DATASET WITH IMPUTED DATA';
TITLE4 'FOR COVARIATES EXCLUDING NTERM';

RUN;
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8A8 PROGRAM TO CALCULATE SCORE TEST

OPTIONS PS=60 LS=80 NODATE;
hhkkhkhhhkhhhhhhhrhhhkkhhhhhhhhhkhkhhhkkrrhkhkhrk

*FUNCTION PROPORTIONAL HAZARDS ANALYSIS  *
* OF DATASET WITH IMPUTED DATA *
* FOR 8 COVARIATES *
* *
*FILES IN: C:CNSS8IMP.SSD *
* OUT: C:CNSSESTS8.SSD *
* C:CNSSOUTS. SSD *

********************************************;

LIBNAME DIS 'C:\MYSAS\DISSERT';
TITLEL ' ';
TITLE2 'CONSENSUS DATA WITH IMPUTED DATA FOR 8 COVARIATES';

*READ IN DATASET WITH IMPUTED AND OBSERVED VALUES OF
‘COVARIATES, PAT ID, TRTN, SURVIVAL TIME (RELDAY), AND STATUS
VARIABLE (DIED);
DATA CONS;

SET DIS.CNSS8IMP;

PROC SORT; BY TRTN;
RUN;

*STEPWISE REGRESSION FORCING ALL COVARIATES IN THE MODEL;
*PROVIDES ESTIMATES OF EFFECTS OF COVARIATES WITHOUT TRT IN
THE MODEL;
*ALSO PROVIDES SCORE TEST OF TRT WITH THE OTHER VARIABLES IN
THE MODEL;
PROC PHREG DATA=CONS OUTEST=DIS.CNSSESTS;

MODEL RELDAY*DIED(0) = AGE SEXN ACE ADR AII ALDO ANP

DA LPA NA TRTN / COVB
SELECTION = STEPWISE DETAILS INCLUDE=10 SLE=0 SLS=1;
ID PAT;
OUTPUT OUT=DIS.CNSSOUT8 NUM_LEFT=NUMRISK XBETA=BETAZ;
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TITLE3 'PROPORTIONAL HAZARDS MODEL ANALYSIS';

TITLE4 'WITH IMPUTED COVARIATE DATA EXCLUDING NTERM' ;
RUN;

*CALCULATE SCORE TEST OF TREATMENT EFFECT;

[See Appendix B for the code for the macro to calculate the
score test.]

$SCTEST (DIS.CNSSOUT8, 253, 11, TRTN, AGE SEXN ACE ADR AIT ALDO
ANP DA LPA NA, RELDAY, DIED);
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OUTPUT FROM PROC PHREG AND SCORE TEST MACRO

CONSENSUS DATA WITH IMPUTED DATA FOR 8 COVARIATES
PROPORTIONAL HAZARDS MODEL ANALYSIS
WITH IMPUTED COVARIATE DATA EXCLUDING NTERM

The PHREG Procedure

Data Set: WORK.CONS

Dependent Variable: RELDAY Final Day in Study
Censoring Variable: DIED Did Patient Die? 0=No 1l=Yes
Censoring Value(s): O

Ties Handling: BRESLOW

Summary of the Number of
Event and Censored Values

Percent
Total Event Censored Censored
253 118 135 53.36

The following variables will be included in each model:
AGE SEXN ACE ADR AII
ALDO ANP DA LPA NA

Testing Global Null Hypothesis: BETA=0

Without With

Criterion Covariates Covariates Model Chi-Square

-2 ILOG L 1172.191 1158.152 14.039 with 10 DF
(p=0.1712)

Score . . 15.761 with 10 DF
(p=0.1067)

Wald . . 15.536 with 10 DF
(p=0.1137)
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CONSENSUS DATA WITH IMPUTED DATA FOR 8 COVARIATES
PROPORTIONAL HAZARDS MODEL ANALYSIS
WITH IMPUTED COVARIATE DATA EXCLUDING NTERM

Analysis of Maximum Likelihood Estimates

Parameter Standard Wald Pr >
Variable DF Estimate Error Chi-Square Chi-Square
AGE 1 0.004475 0.01182 0.14331 0.7050
SEXN 1 0.078623 0.21842 0.12957 0.7189
ACE 1 0.002524 0.00720 0.12291 0.7259
ADR 1 0.000545 0.0004865 1.25417 0.2628
AII 1 0.000985 0.00134 0.53759 0.4634
ALDO 1 0.000050378 0.0001263 0.15898 0.6901
ANP 1 0.000580 0.0002254 6.62489 0.0101
DA 1 =-0.000221 0.00118 0.03530 0.8510
LPA 1 -0.000458 0.0004420 1.07266 0.3003
NA 1 0.000256 0.0001463 3.06690 0.0799

[The risk ratio (exp(B)) was deleted.]
Estimated Covariance Matrix
[Output deleted]

Analysis of Variables Not in the Model

Score Pr >
Variable Chi-Square Chi-Square
TRTN 14.2960 0.0002

Residual Chi-square = 14.2960 with 1 DF (p=0.0002)

NOTE: No (additional) variables met the 0 level for entry into
the model.
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Output from SCTEST macro (printed in SAS log):

498 $SCTEST(DIS.CNSSOUT8, 253, 11, TRTN, AGE SEXN ACE ADR
AII ALDO

499 ANP DA LPA NA, RELDAY, DIED);
NOTE: The data set WORK.PHREGOUT has 253 observations and 16
variables.
NOTE: The PROCEDURE SORT used 5.00 seconds.
Worksize = 358400
IML Ready

SCORE STATISTIC

SCORSTAT
-38.76206

ASYMPTOTIC SCORE STATISTIC

ASCORST
-38.76206

HO VARIATION OF LIN"S AND WEI"S VARIANCE

LWVAR_SC LWSCTEST
122.78704 12.236613

PROPORTION OF EVENTS VARIANCE

EVVAR_SC EVSCTEST
118 12.733029
39 workspace compresses.
Exiting IML.
NOTE: The PROCEDURE IML used 9.25 minutes.
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APPENDIX D
PROGRAM TO CALCULATE ARE OF IMPUTING

The following program calculates the asymptotic relative
efficiency of imputing values for missing covariate data and
misspecifying the Cox proportional hazards model versus the
complete data proportional hazards model (ARE_COMP) and versus
the correct parametric model when there are missing data
(ARE_CORR) . In addition to the efficiencies, the program
outputs the distribution of the variances of the residuals and
the values of alpha and beta associated with these variances.

The information required to run the program can be input
through ILET statements at the beginning of the program. The
program was written assuming that the patient identifying
variable is called PAT and that there is a variable called
BETAZ which is 8'2. The program could be modified to input 2z
and to calculate f'z. The program obtains the covariance
matrix V from an output dataset from BMDPAM. The statements
would need to be modified if the matrix is obtained from
another source.

The calculation of the alpha's may take a long time
depending on the number of covariates and patterns of
observation and on the size of the variances of the residuals.
For the example in Chapter 5, this part of the program took
from 42 minutes for the model with 10 covariates and 70
minutes for the model with 11 covariates.

Output from the program to calculate the asymptotic
relative efficiency of imputing for the analysis in Appendix
C is included.
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OPTIONS PS=60 LS=80 NODATE;
hkkkkhhhhhhhhhhkhkhkhkhkhkhkhkhkhkhhhhhhhkhhhhhhhdkkk

*PROGRAM ARE. SAS *
* *
*FUNCTION ESTIMATE THE ARE OF IMPUTING *
* DATA AND MISSPECIFYING A PH *
* MODEL RELATIVE TO HAVING *
* COMPLETE DATA OR USING THE *
* CORRECT PARAMETRIC MODEL *
* *
*FILES ORIGINAL DATASET *
* DATASET WITH BETA'Z *
* ESTIMATE OF BETA *
* ESTIMATE OF VAR(Z) *
* *
*DATE NOVEMBER 1992 *

hdkdkddhkkhhkhhhkhhhhhhkhkhhhkhkhhhhkhhkhkkkkkkkk

LIBNAME DIS 'C:\MYSAS\DISSERT';

*TITLE;
$LET T1 = 'ESTIMATION OF <= 8 COVARIATES';

*ORIGINAL DATASET WITH MISSING DATA;
$LET DSDATA = DIS.CNSSNUM;

*NUMBER OF OBSERVATIONS;
$LET N=253;

*NUMBER OF CENSORED OBSERVATIONS;
%$LET NCENS=135;

*NUMBER OF COVARIATES EXCLUDING TREATMENT;
$LET P=10;

*NAMES OF COVARIATES;
$LET COV=AGE SEXN ACE ADR AII ALDO ANP DA LPA NA;
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*DATASET WITH ESTIMATES OF BETA; *HARD CODED VALUES INSTEAD;
*LET DSBETA = ;

*DATASET WITH ESTIMATES OF COVARIANCE MATRIX FOR COVARIATES;
3LET DSVAR = DIS.CNSSCOVS;

*DATASET WITH VALUE OF BETAZ (OUTPUT DATSET FROM PHREG) ;
ILET DSBETAZ = DIS.CNSSOUTS;

PROC SORT DATA=&DSDATA OUT=ORIGDATA;
BY PAT;
RUN;

PROC IML WORKSIZE=350;

*READ IN DATA TO DETERMINE PATTERN OF MISSING;
USE ORIGDATA;

READ ALL VAR {&COV} INTO DATA[COLNAME=COVNAME];
READ ALL VAR {PAT} INTO PAT[COLNAME=PATNAME];

N=&N;
P=&P;

*ESTIMATE OF BETA FROM PHREG - ANALYSIS OF IMPUTED DATA;
B={0.004475, 0.078623, 0.002524, 0.000545, 0.000985, 0.000050,
0.000580, =-0.000221, -0.000458, 0.000256};

*ESTIMATE OF VARIANCE-COVARIANCE MATRIX OF COVARIATES;
*STATEMENTS ACCESS BMDPAM COV 'OUTPUT FILE AND SELECT COV
MATRIX;

USE &DSVAR;

READ ALL VAR {&COV} INTO TEMPV;

V=TEMPV[1:P, ];

VINV = INV(V);
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V_Q = B)*V*B;
*CALCULATE R FOR EACH INDIVIDUAL;
R = J(N,1,0);
DO I=1 TO N;
DM=J (P,P,0) ;
DO J=1 TO P;
IF DATA{I,J]=. THEN DM[J,J}=1;

END;

*IF ALL VARIABLES MISSING, THEN DM=I, D=0 AND R=0;
IF ANY(DM ~= I(P)) THEN DO;

D=I(P) - DM;

DV = D*V;

A = D*B + D*VINV*DV*DM*B;

NUM

AV*V*B;
DEN = V_Q*A‘*V*A;
R[I] = NUM/SQRT (DEN);

END;
END;

*CALCULATE R2;
R2 = R##2;

*CALCULATE VARIANCE OF RESIDUAL FOR EACH INDIVIDUAL;
VAR RES = J(N,1,0);
DO I=1 TO N;

VAR RES[I] = ROUND((1 - R2({I])*V_Q,1E-8);
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