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Figure 3.2: Convergence paths of the best portfolios by TS algorithm

Figure 3.2 illustrates convergence paths of the best objective values among the

experimental repetitions for each problem case by TS algorithm. We can first observe that

each path converges on the best objective value of each problem case. The best objective

values of four problem cases are represented from Table 3.3 to 3.6. As shown in Table 3.1,

we set the TS algorithm to terminate after 100 iterations without an improvement in the

objective function value. We observe this in Figure 3.2.

The following four tables represent portfolio compositions for each problem case

and their objective values consisting of expected return and risk. In each table, asset 0

represents the amount of money invested in the risk-free asset, and other numbers in the
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asset column stand for investment in risky assets.

In each table, the second column shows the lower bound for each problem case.

That is, we invest our wealth in the only risk-free asset, and obviously we make the riskless

return. A feasible initial portfolio represented in the third column is obtained by the selec-

tion method depicted in Section 3.3.2. If the portfolio achieved as lower bound dominates

all other randomly generated portfolios for the purpose of the initial solution, it would be

the lower bound and initial portfolio simultaneously. The TS iterations start with this ini-

tial portfolio, and finally converge to the best portfolio represented in the fourth column of

each table.

In problem cases of 10, 12, and 15 risky assets, we short risk-free assets for the

best portfolio as shown in the second row of Tables 3.4, 3.5, and 3.6. In particular, the

risk-free asset is shorted up to near the credit limitation in those cases. Since the credit

limitation for our investment is 50% of the initial wealth, the risk-free asset can be shorted

up to 5,000, and in the cases of 10, 12, and 15 risky assets they are shorted by 4,997.49,

4,994.93, and 4,999.68, respectively.

Table 3.3: Portfolio returns and risks by the composition of the case with 5 risky assets

Asset Lower Bound Initial Portfolio Best Portfolio

0 10, 000.00 4, 894.73 1, 469.23

1 0.00 1, 372.46 1, 872.91

2 0.00 1, 324.91 2, 242.98

3 0.00 1, 229.72 1, 995.78

4 0.00 82.71 0.00

5 0.00 970.76 2, 253.61

Expected Return 11, 449.00 12, 588.26 13, 525.34

Expected Risk 0.00 372.77 1, 085.50

Obj. Value 11, 449.00 12, 215.49 12, 439.84
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For all the problem cases, the numerical results show that we do not need to

consider all risky assets as investment targets. We invest 4, 8, 8, and 14 risky assets for

the problem cases of 5, 10, 12, and 15, respectively. Based on these numerical results, we

conclude that our selection algorithm can exclude unnecessary assets although there is not

a cardinality constraint for the purpose of portfolio diversification.

Table 3.4: Portfolio returns and risks by the composition of the case with 10 risky assets

Asset Lower Bound Initial Portfolio Best Portfolio

0 10, 000.00 2, 723.93 −4, 997.49

1 0.00 1, 460.65 2, 788.82

2 0.00 1, 325.32 3, 368.00

3 0.00 949.31 1, 813.12

4 0.00 38.44 16.55

5 0.00 1, 025.24 1, 997.89

6 0.00 238.85 325.95

7 0.00 861.60 3, 599.13

8 0.00 390.90 0.00

9 0.00 140.66 787.57

10 0.00 635.10 0.00

Expected Return 11, 449.00 12, 689.10 14, 326.13

Expected Risk 0.00 265.51 855.36

Obj. Value 11, 449.00 12, 423.59 13, 470.77



53

Table 3.5: Portfolio returns and risks by the composition of the case with 12 risky assets

Asset Lower Bound Initial Portfolio Best Portfolio

0 10, 000.00 957.78 −4, 994.93

1 0.00 1, 217.21 3, 034.57

2 0.00 1, 138.18 3, 388.18

3 0.00 728.05 1, 826.54

4 0.00 0.00 48.32

5 0.00 1, 150.85 1, 907.04

6 0.00 789.27 222.52

7 0.00 679.72 3, 505.41

8 0.00 882.28 0.00

9 0.00 813.20 761.94

10 0.00 191.35 0.00

11 0.00 630.92 0.00

12 0.00 561.45 0.00

Expected Return 11, 449.00 12, 871.75 14, 338.55

Expected Risk 0.00 439.94 861.90

Obj. Value 11, 449.00 12, 431.81 13, 476.64
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Table 3.6: Portfolio returns and risks by the composition of the case with 15 risky assets

Asset Lower Bound Initial Portfolio Best Portfolio

0 10, 000.00 1, 616.03 −4, 999.68

1 0.00 369.07 369.07

2 0.00 1, 219.79 1, 341.76

3 0.00 1, 182.11 1, 713.43

4 0.00 792.33 1, 103.19

5 0.00 1, 127.25 2, 923.80

6 0.00 295.63 113.39

7 0.00 196.03 508.45

8 0.00 75.00 14.54

9 0.00 338.08 413.69

10 0.00 154.81 327.20

11 0.00 227.50 0.00

12 0.00 589.55 1, 529.14

13 0.00 825.46 3, 134.70

14 0.00 587.37 1, 040.56

15 0.00 132.30 107.16

Expected Return 11, 449.00 12, 829.01 14, 511.15

Expected Risk 0.00 136.37 257.40

Obj. Value 11, 449.00 12, 692.64 14, 253.75
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By comparing the objective value of the best portfolio between 4 problem cases,

the objective value of the 15 risky assets case dominates all the other cases. Similarly, the

12 risky assets case dominates 5 and 10 risky assets cases, and the 10 risky assets case

has the higher best objective value than that of the 5 risky assets case. These results are

caused by the structure of the randomly generated expected returns and covariances shown

in Appendix A. That is, for example, assets considered in the 15 risky assets case are

constructed by combining 13 assets’ data of the 12 risky assets case indexed by 0 to 12 in

Tables A.1 and A.2 and 3 more assets’ data indexed by 13 to 15 in the tables. Therefore,

the best objective value of one problem case must be greater than or equal to those of the

other problem cases having a smaller number of considered assets in the portfolio, and our

numerical results are consistent with this conjecture.

Each experiment is repeated a total of 2 times for each tabu size shown in the

fourth row of Table 3.1. That is, for the case of 5 risky assets, the experiment is repeated

(2× 5 = 10) times since the maximum tabu size is 5. Hence, for the cases of 10, 12, and 15

risky assets, the experiments are repeated 20, 30, and 40 times, respectively. It takes 0.5 to

2.5 seconds for the computation time of each experiment.3 Every solution for the 5 risky

assets case is obtained within 0.5 seconds, and at most 2.5 seconds are taken to obtain a

solution of the 15 risky assets case.

With the best solution among the repetitions, the average error of the tabu search

algorithm is evaluated as

Z∗ − ZA

Z∗ , (3.14)

where Z∗ is the best value of the objective function, and ZA is the average objective value

obtained by the other repetitions. As shown in the second column of Table 3.7, the average

error for every problem case is less than 0.3%, and the error tends to increase proportional

to the number of assets in the portfolio.

Additionally, the absolute difference between the average objective value and the

objective value obtained by each repetition is evaluated as
3For the experiment throughout this thesis, we use a personal computer on a single 1.40GHz processor

and 512MB of RAM under Windows XP, and the proposed algorithm is coded in Matlab.
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1
J

J∑
j=1

∣∣∣∣Zj − ZA

ZA

∣∣∣∣ , (3.15)

where Zj is the objective value obtained by each repetition, and J is the total number of

repetitions. The third column in Table 3.7 shows the absolute difference values, and for

every problem case the value is less than 0.1%. Table 3.8 shows the percent improvement of

the best objective value against the lower bound of the risk-free investment and the initial

solution.

Table 3.7: Average percent errors and differences by the TS heuristic

Risky Assets Error (%) Difference (%) Best Obj. Value Avg. Obj. Value

5 0.01705 0.00440 12,439.84 12,437.72

10 0.15453 0.09570 13,470.77 13,449.95

12 0.18182 0.09531 13,476.64 13,452.14

15 0.21623 0.09736 14,253.75 14,222.93

Table 3.8: Percent improvements of the best portfolio in objective function

Risky Assets vs. Lower Bound (%) vs. Initial Portfolio (%)

5 8.65 1.84

10 17.66 8.43

12 17.71 8.40

15 24.50 12.30
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3.5 Summary

In this chapter, first of all, we have proposed the multi-objective portfolio optimization

model incorporating the risk-free asset and its short-selling and nonlinear transaction costs

based on the single-period MV model. The risk-free asset incorporated into the bi-criteria

portfolio selection model has a return that is certain. That is, its return has zero volatility.

The covariance of the risk-free asset’s return with any risky asset’s return is thus zero. The

presence of the risk-free asset in a portfolio implies lending or borrowing money at the

risk-free rate: lending means the investment in the portfolio, whereas borrowing means a

short-selling. In this study we allow the short-selling of the risk-free asset within the credit

balance. For the realistic purpose we have considered transaction costs when buying or

selling the risky asset. Two types of transaction costs are considered: proportional and

fixed costs, and thus they are formulated with a nonlinear model.

Our multi-objective portfolio optimization problem based on the single-period

model can be approached with the adaptive version of the TS heuristic. We have de-

fined the feasible portfolio as the solution representation by means of a vector indicating

the amount of money invested in each asset. For the initial solution, we randomly generate

portfolios by considering the problem size and the purpose of diversified creation. From the

initial solution, we obtain the final solution by iteratively searching with the neighborhood

and tabu structure. The neighborhood of the current portfolio is generated by increasing

and/or decreasing the adjacent pairwise risky assets with a variation factor. The tabu size

is determined by the problem size, and the TS algorithm terminates after some numbers of

iterations without an improvement in the objective function value.

For computational studies, we have applied the TS algorithm to multiple risky

assets of 5, 10, 12, and 15, respectively. That is, we have considered 5, 10, 12, and 15

risky assets and a risk-free asset for numerical experiments. We have obtained the best

portfolio compositions and their objective values within reasonable times. Each experiment

is repeated a total of 2 times for each tabu size, and based on the experimental repetitions of

the four problem cases, we have observed the average errors and the absolute differences by

the TS heuristic reported in the single-period model. The average error for every problem

case is less than 0.3%, and the results show that the absolute difference is less than 0.1%.



58

Chapter 4

Rebalancing Portfolio

Optimization Model

4.1 Introduction

In Chapter 3, we propose the multi-objective portfolio optimization model incorporating

the risk-free asset and its short-selling and nonlinear transaction costs based on the single-

period MV model. The single-period model is approached with the adaptive version of a

TS heuristic, and computational studies are performed with consideration of multiple risky

assets and a risk-free asset. We have obtained the best portfolio compositions and their

objective values within reasonable times for that model.

However, a portfolio may need to be rebalanced periodically simply as updated

risk and return information is generated with the passage of time. Furthermore, any al-

teration to the set of investment decisions would necessitate this type of a rebalancing

decision. Applying heuristic optimization techniques, some researchers have solved portfo-

lio problems incorporating realistic situations based on the single-period model as reviewed

in Section 2.5.2. However, considering real-world situations such as transaction costs and

short-selling of the risk-free asset for a rebalancing portfolio optimization model is still hard

to solve, and therefore the problem is in need of an advanced heuristic algorithm. In this
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chapter, we consider an extension of the single-period portfolio optimization problem in

which nonlinear transaction costs and short-selling of the risk-free asset are allowed to re-

balance an investment portfolio. To solve the considered rebalancing portfolio problem, we

propose an advanced, adaptive TS algorithm, and then we perform computational studies.

We assume that the time point for rebalancing the portfolio is exactly at the

midpoint of the entire time horizon of the single-period model. Therefore, we can simply

say that the rebalancing model allows investors to have one more transaction chance. In

terms of asset returns and covariances between risky assets, we prescribe the relationship

between the single-period model and the rebalancing model as represented in Appendix A.

In the rebalancing portfolio optimization model, if we do not consider transaction

costs for risky assets’ transactions, then the myopic policy which tries to optimize each time

period independently is always optimal for the problem because portfolio decisions do not

affect decisions in each other time period. However, in our rebalancing model incorporating

nonlinear transaction costs, the final objective value at the end of the time period is affected

by the portfolio decision at the beginning of the planning horizon because the final result

comes from the portfolio decision at the time point of rebalancing the portfolio, which is

affected by the portfolio decision at the beginning of the time period. Therefore, we propose

an advanced, adaptive TS algorithm having an evolutionary neighborhood structure, and

solve the rebalancing portfolio problem with an iterative folding back procedure in decision

tree structure.

The remainder of this chapter is organized as follows. In Section 4.2, we pro-

pose the mathematical formulation for the rebalancing portfolio optimization model. The

formulation incorporates nonlinear transaction costs and a risk-free asset based on the multi-

objective model proposed in the single-period model of Chapter 3. An advanced, adaptive

TS algorithm and the iterative folding back procedure in decision tree structure for the

rebalancing portfolio problem are proposed in Section 4.3. In Section 4.4, we describe the

numerical results for the rebalancing model solved by a TS algorithm and present the results

from the quantitative analysis. The last section provides a summary of this chapter.
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4.2 Optimization Model

For the rebalancing portfolio model, investors can consider two types of rebalancing portfolio

schemes as shown in Figure 4.1. The first case is to construct the initial portfolio with an

initial wealth as depicted in Figure 4.1(a), and the second case is to construct the initial

portfolio with an existing portfolio as depicted in Figure 4.1(b). However, in general,

both cases are identical since investors can consider a portfolio as the existing portfolio

which has no investment in risky assets and the risky asset balance with the initial wealth,

which is a risk-free portfolio. In the mathematical formulation for our rebalancing portfolio

optimization model, we use the general time period, for example, [t− 1, t], and the time T

stands for the finalization time point depicted by t2 and tk+1 of Figure 4.1. In this thesis,

for numerical experiments and the mathematical optimization model, we apply the first

rebalancing portfolio scheme whose initial portfolio is constructed with the given initial

wealth Wt0 .

In our rebalancing portfolio optimization model, we consider a risk-free asset with

the interest rate rt
0 > 0 and N risky assets with expected returns of rt

i during time period

[t− 1, t]. For the rebalancing portfolio model, portfolio return during time period [t− 1, t]

can be formulated as follows:

ut
P =

N∑
i=0

(
1 + rt

i

)(
xt−1

i + bt−1
i − st−1

i

)+ +
(
1{t=T} + rt

0

)(
xt−1

0 + bt−1
0 − st−1

0

)− (4.1a)

=
N∑

i=0

(
1 + rt

i

)(
ut−1

i

)+ +
(
1{t=T} + rt

0

)(
ut−1

0

)−
. (4.1b)

Figure 4.1: Rebalancing portfolio schemes
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Obviously, bt−1
i and st−1

i cannot have some values simultaneously since no investors will

buy and sell the same asset at the same time period, and st−1
i cannot be positive if xt−1

i is

zero since short-selling is allowed only for the risk-free asset in our problem. If the risk-free

asset is shorted during the planning horizon, only interest for shorting the risk-free asset

is paid at the intermediate time period, and the amount of short-selling of the risk-free

asset and its interest clear up at the planning horizon as formulated in each second term of

the right-hand-side of the formulation (5.1) with the indicator functions. Since one of our

objectives in the rebalancing portfolio model is to maximize the final wealth at the end of

the planning horizon, we can set T to t2 for mathematical formulations; hence we maximize

ut2
P of the objective function.

Similarly, with formulation (2.7b) in the single-period portfolio model, portfolio

risk which is measured by asset weights and covariances between assets during time period

[t− 1, t] can be expressed as

Vart
P =

N∑
i=1

N∑
j=1

ut−1
i ut−1

j σt
i,j . (4.2)

Our objective for the rebalancing portfolio model is to minimize portfolio risk as well as to

maximize portfolio return as in the bi-objective model stated in Section 3.2.1. For port-

folio risk in the objective function, precisely, we minimize the total portfolio risk incurred

throughout the entire time periods, and hence the total portfolio risk is computed as the

sum of each portfolio risk at each time period. That is, portfolio risk of our rebalancing

problem VarRP based on Figure 4.1(a) can be represented as

VarRP = αt1Vart1
P + αt2Vart2

P , (4.3)

and in general it can be rewritten as follows:

VarRP =
T∑

t=1

αtVart
P . (4.4)
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Figure 4.2: Fixed and proportional transaction costs function at time t

We can freely short-sell the risk-free asset during the portfolio planning horizon

within a credit limitation decided by the proportional parameter l against the portfolio

wealth balance Wt at each time period. For instance, with our notation, Wt0 and Wt2 are

the initial and terminal wealth of the portfolio, respectively.

xt
0 + bt

0 − st
0 = ut

0 ≥ −lWt, t = t0, t1. (4.5)

Whenever the investor buys or sells risky assets, he or she pays proportional trans-

action costs in terms of transaction volume and fixed transaction costs regardless of trans-

action volume. Buying or selling of risky asset i at time period t comes with transaction

costs φt
i of

φt
i = cbb

t
i + css

t
i + fb1{bt

i 6=0} + fs1{st
i 6=0}, (4.6)

which is illustrated in Figure 4.2. The total payments for transaction costs at time period t

associated with trading of N risky assets are denoted as φt
P . As we considered the realization

of the wealth in (3.6b) of the single-period problem, it is also reasonable and realistic that

there are transaction costs of φT
P at the end of the planning horizon in order to realize the

investor’s wealth from the asset investment, and hence transaction costs functions, φt
P and

φT
P , are formulated as follows:
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

φt
P =

N∑
i=1

φt
i

=
N∑

i=1

[
cbb

t
i + css

t
i + fb1{bt

i 6=0} + fs1{st
i 6=0}

]
,

(4.7a)

φT
P =

N∑
i=1

[
csu

T−1
i (1 + rT−1

i ) + fs1{uT−1
i (1+rT−1

i ) 6=0}

]

=
N∑

i=1

[
csx

T
i + fs1{xT

i 6=0}

]
.

(4.7b)

It is assumed that our model allows money to be added to the portfolio only in the

initial time period with Wt0 . In other words, the initial wealth Wt0 is the only source for the

portfolio investment except for short-selling of the risk-free asset. With the portfolio scheme

in Figure 4.1(a), the self-financing condition for initial construction can be represented as

follows:

N∑
i=1

[
bt0
i + cbb

t0
i + fb1{bt0

i 6=0}

]
= Wt0 + st0

0 − bt0
0 . (4.8)

Equivalently,

N∑
i=0

ut0
i + φt0

P = Wt0 . (4.9)

For the intermediate time period, there is no exogenous cash injections, and there-

fore the amount of assets bought and transaction costs of risky assets and the amount of

assets sold and transaction costs of risky assets have to be equal. This is reflected by the

following self-financing condition at the intermediate time point t.

bt
0 +

N∑
i=1

[
bt
i + cbb

t
i + fb1{bt

i 6=0}

]
= st

0 +
N∑

i=1

[
st
i − css

t
i − fs1{st

i 6=0}

]
. (4.10)
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Equivalently,

bt
0 − st

0 +
N∑

i=1

(
bt
i − st

i + φt
P
)

= 0. (4.11)

No investors will buy and sell the same asset at the same time period. Therefore, the

following conditions at time period t have to be satisfied by tacit understanding for self-

financing conditions.

bt
0 · st

0 = 0 and bt
i · st

i = 0. (4.12)

The index representing the intermediate time period t in constraints (4.10) to (4.12) can

be set to t1, tk−1, or tk in accordance with our rebalancing portfolio scheme illustrated in

Figure 4.1.

Based on the rebalancing portfolio scheme shown in Figure 4.1(a), we propose the

mathematical formulation for the rebalancing portfolio optimization model as follows:
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max
b,s

ut2
P −VarRP − φt2

P (4.13a)

subject to ut2
P =

N∑
i=0

(
1 + rt2

i

)(
ut1

i

)+ +
(
1 + rt2

0

)(
ut1

0

)− (4.13b)

VarRP = αt1

N∑
i=1

N∑
j=1

ut0
i ut0

j σt1
i,j + αt2

N∑
i=1

N∑
j=1

ut1
i ut1

j σt2
i,j (4.13c)

φt
P =

N∑
i=1

[
cbb

t
i + css

t
i + fb1{bt

i 6=0} + fs1{st
i 6=0}

]
(4.13d)

φt2
P =

N∑
i=1

[
csx

t2
i + fs1{xt2

i 6=0}

]
(4.13e)

N∑
i=0

ut0
i + φt0

P = Wt0 (4.13f)

bt1
0 − st1

0 +
N∑

i=1

(
bt1
i − st1

i + φt1
P
)

= 0 (4.13g)

ut
0 ≥ −lWt (4.13h)

ut
i = xt

i + bt
i − st

i (4.13i)

bt
0 · st

0 = 0 (4.13j)

bt
i · st

i = 0 (4.13k)

ut
0 ∈ R (4.13l)

bt
0, st

0, bt
i, st

i, ut
i ∈ R+, t = t0, t1 and ∀ i ∈ J. (4.13m)
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4.3 Adaptive Heuristic Optimization Approach

The rebalancing portfolio optimization model proposed in Section 4.2 will be approached

with an adaptive, advanced version of the TS heuristic. Since we solve the rebalancing

portfolio problem based on the time-period scheme shown in Figure 4.1(a), the problem

can be considered as a two-stage decision problem, and thus it is solved with a folding back

procedure in a decision tree. That is, we operate two TS algorithms for time periods, [t0, t1]

and [t1, t2], and evaluate portfolio selections via a decision tree by means of the folding

back technique illustrated in Figure 4.3. Sarin and Wakker [46] demonstrate two minimal

requirements of decision tree analysis, the folding back procedure and the interchangeability

of consecutive event nodes. They illustrate two minimal elements of decision tree analysis

by using a simple example of an ice cream vendor problem.

In this section, we present TS components for the rebalancing portfolio problem.

In particular, the iterative folding back procedure combined with the TS algorithm is rep-

resented in Section 4.3.4.

Figure 4.3: Two-stage portfolio decision by two TS algorithms and folding back procedure

4.3.1 Solution representation

The solution for the rebalancing portfolio model can be represented by two feasible portfolios

for time periods, t0 and t1. The solution is expressed by means of a vector U consisting

of two subsets in such a way that each subset represents a feasible portfolio at each time

period, and each value of the subsets indicates the amount of money invested in each asset

at each time period.

U =
{(

ut0
0 , ut0

1 , . . . , ut0
N

)
,
(
ut1

0 , ut1
1 , . . . , ut1

N

)}
(4.14)
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As in solutions for the single-period model, we assume that all assets can be traded

fractionally, and thus each value can be a real number. Precisely, the risk-free investments,

ut0
0 and ut1

0 , belong to a set of the real numbers, and the risky investments, ut0
1 , . . . , ut0

N and

ut1
1 , . . . , ut1

N , have the nonnegative real numbers as represented in (4.13l) and (4.13m).

4.3.2 Initial solution

For the selection of an initial solution (portfolio), we randomly generate portfolios with a

predetermined number. The number of the portfolios is determined by problem size (the

number of assets considered).

For the purpose of diversified creation of the portfolios, as in the single-period

problem in Section 3.3.2, we consider the following three types of portfolios in terms of the

shorting amount of the risk-free asset at the beginning of a time period.

• ut0
0 ∈ R+ (no short-selling of the risk-free asset)

• ut0
0
∼= −0.5lWt0 (moderate short-selling of the risk-free asset)

• ut0
0
∼= −lWt0 (short-selling of the risk-free asset to the limit of the credit balance)

In addition to the randomly generated portfolios, we consider another portfolio generated

by the investment of the initial wealth Wt0 in the only risk-free asset. This portfolio is

always feasible and the risk-free investment surely produces Wt0(1+rt1
0 ) during time period

[t0, t1].

Since we consider the rebalancing portfolio problem, the initial solution has to

consist of two portfolios at the beginning and intermediate time periods. If we randomly

generate portfolios by using the above mentioned diversified creation rules for the time

period [t0, t1], portfolios for time period [t1, t2] can be automatically created with the

assets’ expected returns during time period [t0, t1].

Uinitial =
{(

ut0
0 , ut0

1 , . . . , ut0
N

)
,
(
ut1

0 , ut1
1 , . . . , ut1

N

)}
=
{(

ut0
0 , ut0

1 , . . . , ut0
N

)
,
((

1 + rt1
0

)
ut0

0 ,
(
1 + rt1

1

)
ut0

1 , . . . ,
(
1 + rt1

N

)
ut0

N

)}
.

(4.15)

Also, the lower bound can be represented as follows:
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ULB =
{(

ut0
0 , ut0

1 , . . . , ut0
N

)
,
(
ut1

0 , ut1
1 , . . . , ut1

N

)}
=
{(

Wt0 , 0, . . . , 0
)
,
((

1 + rt1
0

)
Wt0 , 0, . . . , 0

)}
.

(4.16)

We can say that portfolios randomly generated as (4.15) are always feasible due to the

following relationship with assuming rt
0 ≤ rt

i in our portfolio models.

If U t0
initial =

(
ut0

0 , ut0
1 , . . . , ut0

N

)
is feasible,

then U t1
initial =

(
ut1

0 , ut1
1 , . . . , ut1

N

)
=
{((

1 + rt1
0

)
ut0

0 ,
(
1 + rt1

1

)
ut0

1 , . . . ,
(
1 + rt1

N

)
ut0

N

)}
is always feasible

because rt1
0 ≤ rt1

i , ∀ i ∈ J,

and thus ut1
0 =

(
1 + rt1

0

)
ut0

0 ≥ −lWt1 .

In the TS application, the algorithm starts with the initial portfolio having the

maximum value of the objective function (4.13a) and is valid with respect to the constraints

(4.13b) – (4.13m).

4.3.3 Neighborhood structure and tabu list

In our rebalancing portfolio optimization model, we consider four different types of the

neighborhood for time periods, t0 and t1. With the current portfolio P, the neighborhood

is generated by increasing and/or decreasing the adjacent pairwise risky assets with a vari-

ation factor ∆: (i) increasing-increasing (APII), (ii) decreasing-decreasing (APDD), (iii)

increasing-decreasing (APID), (iv) decreasing-increasing (APDI). Therefore, we redefine

the neighborhood for each time period as follows:

N(Pt) = {portfolios obtained by applying APII, APDD, APID, APDI to Pt} ,

t = t0, t1.
(4.17)
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During the neighborhood generation, the state of the risk-free asset is automati-

cally changed by the self-financing conditions, (4.13f) and (4.13g), and thus, we only consider

the adjacent pairwise risky assets.

For an advanced neighborhood structure of our rebalancing portfolio optimization

model, we propose a two-step neighborhood generation with multiple variation factors.

In the first step, we generate the neighborhood with ∆ = 20% for time period t0 and

∆ = 20, 40, 60, 80, 100% for time period t1. Therefore, for the first step, the neighborhood

structure (4.17) can be restated as follows:

N1(Pt
k) = {portfolios obtained by applying APII, APDD, APID, APDI

to Pt with ∆ = k%},

t = t0, t1 and k = 20 for t = t0, k = 20, 40, 60, 80, 100 for t = t1.

(4.18)

After generating the neighborhood N1(Pt
k) in the first step, we pick up the best feasible

neighborhood, denoted by BN(Pt), and regenerate the neighborhood with ∆ = 10% for the

second step as follows:

N2(Pt
10) = {portfolios obtained by applying APII, APDD, APID, APDI

to BN(Pt) with ∆ = 10%}, t = t0, t1.
(4.19)

If we consider a risk-free asset and N risky assets, through the two-step neighborhood

generation, we produce a total of 8(N − 1) and 24(N − 1) neighborhood portfolios for time

periods, t0 and t1, respectively, as represented in Table 4.1. For example, if we consider a

risk-free asset and 10 risky assets (i.e., N = 10), 4(N − 1) · 5 = 180 and 4(N − 1) = 36

neighborhood portfolios will be generated in the first and second steps, respectively, and

thus a total 216 neighborhood portfolios will be produced. In Table 4.11 of Section 4.4, we

will show the efficiency of the two-step neighborhood structure by comparing with numerical

results of an ordinary neighborhood structure which adopts variation factor ∆ = 10%.

During the neighborhood generation, however, some portfolios of N1(P) or N2(P)

may violate the constraints (4.13f), (4.13g), and/or (4.13h), and thus, the neighborhood

portfolios, N1(P) or N2(P), may include infeasible portfolio(s). Therefore, the total number

of portfolios considered as the neighborhood is less than or equal to 8(N −1) and 24(N −1)

for N1(P) and N2(P), respectively.
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Table 4.1: Number of portfolios generated by the two-step neighborhood

Time Period

t0 t1

First Step
4(N − 1) 4(N − 1) · 5

by ∆ = 20% by ∆ = 20, 40, 60, 80, 100%

Second Step
4(N − 1) 4(N − 1)

by ∆ = 10% by ∆ = 10%

Total 8(N − 1) 24(N − 1)

During the TS iterations, the state of any risky asset may fall to a very small

value. That can cause unnecessary iterations without the improvement of the objective

function. Therefore, if any risky asset value in any state of the portfolio is less than the

fixed transaction costs, we set the value of the risky asset to zero as follows:

If ut
i < max(fb, fs), then set ut

i = 0, t = t0, t1 and ∀ i ∈ J. (4.20)

On the contrary, if the state of any risky asset reaches zero, it cannot be increased again

with APII, APID or APDI. Therefore, if any risky asset value in any state of the portfolio

is equal to zero, and it has to be increased by APII, APID or APDI, we set the value of the

risky asset to the fixed transaction costs as follows:

If ut
i = 0 and asset i has to be increased by APII, APID, or APDI,

then ut
i = max(fb, fs), t = t0, t1 and ∀ i ∈ J.

(4.21)

For the rebalancing portfolio optimization model and its two-step neighborhood

structure, we define tabus in such a way that adjacent pairwise risky assets, ut
i and ut

i+1, are

increased (decreased) and/or increased (decreased) by applying APII, APDD, APID, and

APDI with the variation factor ∆, and for each time period we maintain two tabus in terms

of the two-step neighborhood structure. Each tabu is a subset of a tabu expression denoted

by TBt0 and TBt1 for time periods, t0 and t1, respectively, which can be represented as

follows:
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

TBt0 =
{
(ui, ui+1,APt0

1 ), (uj , uj+1,APt0
2 )
}

,

i = j = 1, . . . , N − 1,

APt0
1 = APII, APDD, APID, APDI with ∆ = 20% and

APt0
2 = APII, APDD, APID, APDI with ∆ = 10%.

(4.22a)

TBt1 =
{
(ui, ui+1,APt1

1 ), (uj , uj+1,APt1
2 )
}

,

i = j = 1, . . . , N − 1,

APt1
1 = APII, APDD, APID, APDI with ∆ = 20, 40, 60, 80, 100% and

APt1
2 = APII, APDD, APID, APDI with ∆ = 10%.

(4.22b)

Therefore, the possible numbers of tabus, TBt0 and TBt1 , are 16(N − 1) and 80(N − 1),

respectively, and Table 4.2 shows the total number of tabus via the two-step neighborhood

structure. For example, if we consider 5 risky assets, we have 64 and 320 different possible

tabus for time periods, t0 and t1, respectively.

We operate two types of tabu lists, TBt0 and TBt1 , as formulated in (4.22a) and

(4.22b), and if each tabu list is completed by its size and a new tabu is introduced, the

oldest tabu will be deleted from the list.

Table 4.2: Number of tabus via two-step neighborhood structure

Time Period First Step Second Step Total

t0

4(N − 1)
×

4(N − 1)
= 16(N − 1)by ∆ = 20% by ∆ = 10%

t1

4(N − 1) · 5
×

4(N − 1)
= 80(N − 1)by ∆ = 20, 40, 60, 80, 100% by ∆ = 10%
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4.3.4 Iterative folding back procedure in decision tree structure

In our rebalancing portfolio optimization model, we make portfolio decisions at two time

points, t0 and t1. D(Pt0) and D(Pt1) denote portfolio decisions at time periods, t0 and

t1, respectively. Based on our rebalancing model, if we do not consider transaction costs

for risky assets’ transactions, a myopic policy is always optimal for the problem because

portfolio decisions do not affect each other in different time periods. However, in our

rebalancing model incorporating realistic considerations such as transaction costs, the final

objective value at time t2 is affected by the portfolio decision at the beginning of the planning

horizon because the final result comes from the portfolio decision at time point t1 which is

affected by the portfolio decision at time period t0.

With the initial portfolios U t0
initial and U t1

initial of Section 4.3.2, we start the iterative

TS procedure based on the folding back procedure in decision tree structure. First of all, we

update the portfolio decision, D(Pt1), by applying the two-step neighborhood generation

of (4.18) and (4.19) to U t1
initial. This iterative procedure will be stopped after some number

of iterations without an improvement in the objective function value. Next, we generate

the neighborhood of the initial portfolio, U t0
initial, at the beginning of the time periods by

applying the first step neighborhood generation of (4.18). A total of 4(N−1) neighborhood

portfolios at time period t0 can be observed at time period t1 with expected returns for

assets considered. Then, we rebalance 4(N − 1) portfolios, and decide the best portfolio

decisions so far for two time points, t0 and t1. With the best portfolio BN(Pt0) at t0, we

regenerate neighborhood portfolios by applying the second step neighborhood generation of

(4.19), and then do the same iterative TS procedure for rebalancing the portfolio decision

at time period t1. Like termination of the TS algorithm at time period t1, the iterative

procedure at the beginning of the time periods will also be stopped after some number

of iterations without an improvement in the objective function value, and this will be the

termination criterion for our rebalancing portfolio model.

The iterative folding back procedure in decision tree structure is briefly outlined

as follows:

Step 1. From the initial solution U t1
initial, find the best portfolio at time t1 by a two-step

neighborhood generation.

Step 2. Generate neighborhood portfolios at time t0 by the first step neighborhood gener-
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ation: Pt0 and N1(Pt0
1 ) to N1(Pt0

4(N−1)) in Figure 4.4(a).

Step 3. Compute portfolios prior to rebalancing at time t1 with expected returns of assets

during [t0, t1], and generate their neighborhood portfolios by the first step neighborhood

generation: Pt1
1 to Pt1

4(N−1) and their neighborhood portfolios N1(Pt1
1 ) to N1(Pt1

20(N−1)) in

Figure 4.4(a).

Step 4. Select each of the best portfolios among 20(N − 1) neighborhood portfolios of

the first step at time t1, and regenerate their neighborhood portfolios by the second step

neighborhood generation: BN(Pt1
1 ) to BN(Pt1

4(N−1)) and N2(Pt1
1 ) to N2(Pt1

20(N−1)) in Fig-

ure 4.4(b).

Step 5. Select the best portfolios for time period t0 and t1 after evaluating the second

step’s neighborhood portfolios at time t1.

Step 6. Generate neighborhood portfolios of the current best portfolio at time t0 by the sec-

ond step neighborhood generation: BN(Pt0 and N2(Pt0
1 ) to N2(Pt0

20(N−1)) in Figure 4.4(c).

Step 7. With the neighborhood portfolios in Step 6, do Steps 3, 4 and 5: Figures 4.4(c)

and (d).

Step 8. Go to Step 2 with the current portfolio information.

The above mentioned steps for the iterative folding back procedure with the decision trees

of Figure 4.4(a) to (d) illustrate one cycle of a search procedure, and the steps will be

repeated by the TS iteration and termination criteria of the algorithm.
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Figure 4.4: Decision trees for the iterative folding back procedure
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4.4 Computational Study

For numerical experiments of the rebalancing portfolio problem, we consider the number of

risky assets to be 5, 10, 12, and 15 and also with a risk-free asset. Assets’ expected returns

and covariance matrix are randomly generated for each time period, and the generation

process and produced data are shown in Appendix A.

In the rebalancing model, every solution is represented as consisting of two subsets

in such a way that each subset represents a portfolio at each time period as shown by the

solution representation in (4.14). The quality of the initial solution is critical to speed up the

search process, and, by considering the problem size, we set the size of the initial solutions

representing pairs of portfolios to 3,001, 6,001, 15,001, and 30,001 for 5, 10, 12, and 15 risky

assets, respectively as shown in the third row of Table 4.3. Then, we evaluate randomly

generated solutions of (4.15) and a lower bound of (4.16) in order to decide the initial best

portfolio. As illustrated in the fifth row of Table 4.3, we adopt a variation factor of 10% to

100% for the two-step neighborhood generation, and we operate two TS lists for both time

periods, t0 and t1. We decide the length of the tabu list for each time period in terms of

possible numbers of tabus via the two-step neighborhood structure. We experiment with

each tabu length of t0 and t1 between 1 and the maximum tabu size shown in the fourth

row of Table 4.3. For each time period, the TS algorithms terminate after 100 iterations

without an improvement in the objective function value. With the iterative folding back

procedure in Section 4.3.4, the entire algorithm for rebalancing the model terminates after

100 iterations without an improvement in the objective function value at time period t0.

Since we set the credit balance to 50%, we can short the risk-free asset at most 50%

of the initial wealth Wt0 at the beginning of time period t0 and of the portfolio wealth balance

Wt1 at time period t1. Risk levels αt1 and αt2 can be modified by risk preferences for each

of time period and/or whole time periods. Tables 4.3 and 4.4 represent summaries for the

parameters needed for the TS algorithm and for the setting of computational experiments,

respectively.
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Table 4.3: Parameters needed for TS algorithm

Parameter
Risky Assets

5 10 12 15

Initial Pair of Portfolios 3,001 6,001 15,001 30,001

Maximum Tabu Size (10, 20) (20, 40) (30, 60) (50, 100)

Variation for Neighborhood 10% – 100% 10% – 100% 10% – 100% 10% – 100%

Iterations for Termination (100, 100) (100, 100) (100, 100) (100, 100)

Table 4.4: Parameters needed for computational experiments

Parameter Notation Value

Initial Wealth Wt0 10,000.00

Credit Balance l 50%

Proportional Costs cb, cs 1.5%

Fixed Costs fb, fc 10.00

Risk Levels αt1 , αt2 1.00
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Figure 4.5: Convergence paths of the best pair of portfolios by TS algorithm

Figure 4.5 illustrates convergence paths of the best objective values for each prob-

lem case by the iterative folding back procedure with the two-stage TS algorithm. We can

first observe that each path converges to the best objective value of each problem case.

The best objective values of four problem cases are represented from Table 6.5 to 6.8. As

shown in Table 4.3, we set that TS algorithms terminate after 100 iterations without an

improvement in the objective function value, and especially, the entire algorithm for the

rebalancing model terminates after 100 iterations without an improvement in the objective

function value at time period t0. We can observe this in Figure 4.5.
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The following four tables represent portfolio compositions for each problem case

and their objective values consisting of expected return and risk. In each table, asset 0

represents the amount of money invested in the risk-free asset, and other numbers in the

asset column stand for risky assets.

In each table, we show the portfolio compositions for lower bound, initial solution

and the best solution. Each of them has two columns consisting of a portfolio at time t0 and

a rebalancing portfolio at time t1. In the tables, the second and third columns represent

the lower bound of each problem case. That is, we invest our wealth in the only risk-free

asset at the beginning of the time period, and maintain it until the end of the time period.

Therefore, we obviously make the riskless return. A feasible initial solution represented in

the forth and fifth columns is obtained by the selection method depicted in Section 4.3.2.

If the solution achieved as lower bound dominates all other randomly generated solutions

for the purpose of the initial solution, it would be the lower bound and initial solution

simultaneously. The TS iterations start with this initial solution and finally converge to the

best solution represented in the sixth and seventh columns of each table.

In all problem cases, we short risk-free assets for the best portfolio as shown in the

second row of each table. In particular, the risk-free asset of every problem case is shorted

Table 4.5: Portfolio returns and risks by the composition of the case with 5 risky assets

Asset Lower Bound Initial Solution Best Solution

0 10, 000.00 10, 700.00 4, 500.89 4, 815.95 −4, 993.58 −6, 131.25

1 0.00 0.00 886.21 1, 099.81 7, 243.07 1, 438.21

2 0.00 0.00 1, 193.20 1, 326.36 1, 160.62 5, 812.91

3 0.00 0.00 1, 242.16 1, 464.79 1, 669.83 5, 545.04

4 0.00 0.00 1, 075.93 1, 245.36 7.53 13.94

5 0.00 0.00 1, 020.35 1, 255.48 4, 690.94 5, 771.90

Expected Return 11, 449.00 12, 716.44 15, 908.62

Expected Risk 0.00 187.10 1, 566.63

Obj. Value 11, 449.00 12, 529.34 14, 342.00
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up to near the credit limitation. Since the credit limitation for our investment is 50% of

the wealth balance, the risk-free asset can be shorted up to 5,000 at the beginning of the

time period.

For the problem cases of 10, 12, and 15 risky assets, some risky assets are invested

during the time period [t0, t1], but not invested during the time period [t1, t2]. In particular,

for example, four risky assets represented by indices 1, 6, 9, and 10 are not invested during

the time period [t1, t2], and we can explain these results by the reason of a drastic decrease of

the assets’ return as shown in Table A.1. The results also show that the proposed advanced,

adaptive TS algorithm has a consistent robustness regardless of the problem size. Based

on these numerical results, we conclude that our selection algorithm excludes unnecessary

assets although there is not a cardinality constraint for the purpose of portfolio diversifica-

Table 4.6: Portfolio returns and risks by the composition of the case with 10 risky assets

Asset Lower Bound Initial Solution Best Solution

0 10, 000.00 10, 700.00 1, 294.50 1, 385.10 −4, 943.00 −6, 200.20

1 0.00 0.00 1, 232.10 1, 529.10 5, 297.80 0.00

2 0.00 0.00 1, 013.80 1, 126.90 495.56 4, 406.90

3 0.00 0.00 1, 250.70 1, 474.80 1, 121.60 5, 290.40

4 0.00 0.00 948.36 1, 097.70 30.67 35.50

5 0.00 0.00 707.30 870.29 3, 091.20 3, 803.50

6 0.00 0.00 972.29 1, 173.70 352.26 0.00

7 0.00 0.00 486.59 560.63 949.89 2, 188.90

8 0.00 0.00 764.58 820.65 287.75 2, 470.80

9 0.00 0.00 504.81 614.79 2, 625.70 0.00

10 0.00 0.00 597.83 687.53 371.28 0.00

Expected Return 11, 449.00 12, 813.00 15, 173.00

Expected Risk 0.00 214.58 755.96

Obj. Value 11, 449.00 12, 598.42 14, 417.04
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tion. These results are very similar to those of the single-period portfolio problem. Addi-

tionally, in the problem cases of 12 and 15 risky assets, as shown in Tables 4.4 and 4.4, not

all risky assets are invested through the entire planning horizon. Two and four risky assets

are excluded for the problem cases of 12 and 15 risky assets, respectively.

For the problem cases of 5, 10, 12, and 15 risky assets, the experiments are repeated

10, 20, 30, and 50 times, respectively. These numbers of repetitions are decided by the length

of the tabu list for the first-time period as shown in the fourth row of Table 4.3. It takes

1.5 minutes to an hour for the computations of each experiment. Every solution for the 5

risky assets case is obtained within 1.5 minutes, and at most an hour is taken to obtain a

Table 4.7: Portfolio returns and risks by the composition of the case with 12 risky assets

Asset Lower Bound Initial Solution Best Solution

0 10, 000.00 10, 700.00 1, 381.19 1, 477.88 −4, 984.18 −6, 222.93

1 0.00 0.00 1, 450.33 1, 799.90 4, 860.74 0.00

2 0.00 0.00 1, 211.33 1, 346.52 219.68 3, 907.19

3 0.00 0.00 1, 230.35 1, 450.87 1, 194.59 5, 634.80

4 0.00 0.00 126.19 146.07 50.32 58.25

5 0.00 0.00 1, 095.75 1, 348.25 3, 489.01 4, 293.00

6 0.00 0.00 219.86 265.41 389.49 0.00

7 0.00 0.00 688.20 792.92 894.92 2, 060.99

8 0.00 0.00 292.48 313.93 133.43 2, 291.47

9 0.00 0.00 487.68 593.93 3, 004.71 0.00

10 0.00 0.00 508.41 584.69 427.85 0.00

11 0.00 0.00 461.11 544.47 0.00 0.00

12 0.00 0.00 601.51 729.36 0.00 0.00

Expected Return 11, 449.00 12, 883.83 15, 219.34

Expected Risk 0.00 149.44 791.78

Obj. Value 11, 449.00 12, 734.39 14, 427.56
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Table 4.8: Portfolio returns and risks by the composition of the case with 15 risky assets

Asset Lower Bound Initial Solution Best Solution

0 10, 000.00 10, 700.00 311.64 333.46 −4, 921.60 −6, 141.30

1 0.00 0.00 1, 431.35 1, 776.34 1, 224.32 0.00

2 0.00 0.00 1, 049.10 1, 166.19 561.55 2, 496.88

3 0.00 0.00 1, 131.13 1, 333.87 1, 954.59 2, 304.92

4 0.00 0.00 583.19 675.03 447.89 518.42

5 0.00 0.00 737.25 907.14 2, 219.77 5, 462.57

6 0.00 0.00 777.70 938.82 1, 310.97 0.00

7 0.00 0.00 613.03 706.32 610.97 1, 407.87

8 0.00 0.00 468.26 502.59 326.01 699.83

9 0.00 0.00 167.49 203.97 1, 577.23 0.00

10 0.00 0.00 214.83 247.06 0.00 0.00

11 0.00 0.00 530.74 626.69 0.00 0.00

12 0.00 0.00 438.49 531.69 1, 508.33 1, 828.92

13 0.00 0.00 663.07 819.51 2, 851.09 3, 523.74

14 0.00 0.00 0.00 0.00 0.00 0.00

15 0.00 0.00 601.62 662.82 0.00 0.00

Expected Return 11, 449.00 12, 929.53 14, 898.86

Expected Risk 0.00 107.59 211.81

Obj. Value 11, 449.00 12, 821.94 14, 687.05
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solution for the 15 risky assets case.

With the best solution among the repetitions, the average error of the tabu search

algorithm is evaluated by using (3.14). As shown in the second column of Table 4.9, the

average error for every problem case is less than 0.8%. Additionally, the absolute difference

between the average objective value and the objective value obtained by each repetition

is evaluated by using (3.15). The third column in Table 4.9 shows the absolute difference

values, and for every problem case that value is less than 0.3%.

Table 4.10 shows the percent improvement of the best solution against the lower

bound of the risk-free investment and the initial solution. For instance, in the case of the

15 risky assets, the objective value of the best solution dominates that of the lower bound

and the initial solution by 28.28% and 14.55%, respectively.

Table 4.9: Average percent errors and differences by the TS heuristic

Risky Assets Error (%) Difference (%) Best Obj. Value Avg. Obj. Value

5 0.05699 0.03098 14,342.00 14,333.83

10 0.67783 0.21942 14,417.04 14,319.32

12 0.49485 0.25493 14,427.56 14,356.17

15 0.74274 0.21087 14,687.05 14,577.96

Table 4.10: Percent improvements of the best solution in objective function

Risky Assets vs. Lower Bound (%) vs. Initial Portfolio (%)

5 25.27 14.47

10 25.92 14.44

12 26.02 13.30

15 28.28 14.55
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In Section 4.3.3, we proposed the two-step neighborhood structure for the re-

balancing portfolio model. Table 4.11 shows the efficiency of the two-step neighborhood

structure by comparing it with numerical results of ordinary neighborhood structure which

adopts variation factor ∆ = 10% as proposed in Section 3.3.3 of the single-period model.

Each value in the table represents the average objective value based on the repetitions of

the experiment. We observe that results of the two-step neighborhood structure are better

than those of the single-step neighborhood structure for all problem cases. Thus, we can

conclude that the two-step neighborhood structure for iterative TS procedures produces

better solutions in the rebalancing portfolio optimization problem.

The primary objectives of this study are to extend a single-period portfolio model

to a rebalancing model and to find the effect of one more transaction of the rebalancing

model. As we assumed in Section 4.1, investors have one more transaction opportunity in

the rebalancing model, and the time point for rebalancing is exactly at the midpoint of the

Table 4.11: Average objective value: two-step vs. single-step neighborhood structure

Risky Assets Two-Step Single-Step

5 14,333.83 14,329.10

10 14,319.32 14,245.28

12 14,356.17 14,301.35

15 14,577.96 14,485.50

Table 4.12: The best objective values: single-period vs. rebalancing model

Risky Assets Single-Period Model Rebalancing Model Difference (%)

5 12,439.84 14,342.00 15.29

10 13,470.77 14,417.04 7.02

12 13,476.64 14,427.56 7.06

15 14,253.75 14,687.05 3.04
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entire planning horizon of the single-period model. In order to compare results between

the single-period and the rebalancing models, we use the same data structure for both

models and adjust randomly generated assets’ return and covariance matrix considering

one more transaction chance of the rebalancing model, and Appendix A shows them in

detail. Table 4.12 shows the best objective values of the single-period and the rebalancing

model. For all problem cases, the rebalancing model dominates the single-period model,

and especially the rebalancing model with 5 risky assets improves the objective values by

12.29% in beating the transaction costs.

4.5 Summary

In this chapter, we have considered an extension of the single-period portfolio optimiza-

tion problem in which nonlinear transaction costs are incurred to rebalance a portfolio as

illustrated in Figure 4.2. The portfolio may need to be rebalanced periodically simply as

updated risk and return information is generated with the passage of time. For the rebal-

ancing portfolio problem, we have assumed that the time point for rebalancing the portfolio

is exactly at the midpoint of the entire time horizon of the single-period model, and there-

fore we could simply say about the rebalancing model is such that investors have one more

transaction chance.

In the mathematical formulation of the proposed rebalancing portfolio model, we

have introduced two different parameters for each time period’s risk level, one for each

period. The parameters enable investors to control their risk preferences for each time

period and/or for the whole two time periods. In particular, for the rebalancing time point,

there are no exogenous cash injections, and therefore the amount of assets bought and

transaction costs of risky assets and the amount of assets sold and transaction costs of risky

assets have to be equal. This is reflected by the self-financing condition for the rebalancing

time point.

In our rebalancing portfolio problem, since we consider nonlinear transaction costs

for risky assets’ transactions, myopic policies which try to optimize each time period inde-

pendently are not optimal for the problem because portfolio decisions do affect each other in

different time periods. The final objective value at the end of the time period is affected by

the portfolio decision at the beginning of the planning horizon because the final result comes
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from the portfolio decision at the time point of rebalancing the portfolio which is affected by

the portfolio decision at the beginning of the time period. Therefore, we have proposed an

advanced, adaptive TS algorithm having an evolutionary neighborhood structure generated

by increasing and/or decreasing the adjacent pairwise risky assets with variation factors

over the two-step neighborhood structure, and we have solved the rebalancing portfolio

problem with an iterative folding back procedure in decision tree structure.

For computational studies, we have considered a risk-free asset and scenarios in-

volving 5, 10, 12, and 15 risky assets. We have obtained the best portfolio compositions

and their objective values consisting of expected return and risk within reasonable times.

Based on the repetitions of each experiment, we have observed the average errors of the TS

algorithm and the absolute differences between the average objective value and the objec-

tive value obtained by each repetition. The computational results showed that the average

error was less than 0.8% and the absolute difference was less than 0.3% for every problem

case. In addition, we have shown the efficiency of the two-step neighborhood structure by

comparing it with numerical results of an ordinary neighborhood structure which adopts

variation factor ∆ = 10%. We have observed that results of the two-step neighborhood

structure are better than those of the single-step neighborhood structure for all problem

cases. Also, in order to compare results between the single-period and rebalancing portfolio

model, we have used the same data structure appropriately adjusted for both models. For

all problem cases, the rebalancing model dominated the single-period model at least 3.04%

and at most 15.29% of the objective value in the cases of 15 and 5 risky assets, respectively.
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Chapter 5

Numerical Experiments with U.S.

Stock Market

5.1 Introduction

In addition to the numerical experiments with randomly generated data, which we examined

in Chapters 3 and 4, we apply the proposed portfolio optimization model and TS heuristic

to the U.S. stock market. We consider a risk-free asset and 5, 10, 12, and 15 stocks traded at

NYSE1 and NASDAQ2 as shown in Table 5.1, and historical stock prices from 2004 to 2007

are taken to calculate stocks’ expected returns and covariances. The data for numerical

experiments of the single-period and the rebalancing model is shown in Tables 5.2, 5.3, 5.4,

and 5.5.

The entire planning horizon for the single-period model is a year, and hence each

time period for the rebalancing model is 6 months since we assume that the time point

for rebalancing the portfolio is exactly at the midpoint of the entire time horizon of the
1The New York Stock Exchange (NYSE) is a New York City-based stock exchange. It is the largest stock

exchange in the world by dollar volume and, with 2,764 listed securities, has the second most securities of
all stock exchanges.

2The National Association of Securities Dealers Automated Quotations (NASDAQ) is an American stock
exchange. It is the largest electronic screen-based equity securities trading market in the United States with
approximately 3,200 companies.
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single-period model. We use the same computational environment and parameters as the

setting for the numerical experiments in Chapters 3 and 4.

The remainder of this chapter is organized as follows. Portfolio compositions for

each problem case of the single-period model and performance evaluations for the proposed

TS heuristic are shown in Section 5.2. And, in Section 5.3, we examine the numerical results

for comparisons between two time-period schemes as well as portfolio compositions for each

problem case of the rebalancing model and performance evaluations for the proposed TS

heuristic. The last section provides a summary of this chapter.

Table 5.1: A list of 15 companies for constructing a portfolio

Company (Symbol) Industry

ExxonMobil (XOM) Integrated Oil & Gas

Caterpillar (CAT) Commercial Vehicles & Trucks

Hewlett-Packard (HPQ) Diversified Computer Systems

Microsoft (MSFT) Software

Coca-Cola (KO) Beverages

Boeing (BA) Aerospace & Defense

Alcoa (AA) Aluminum

Merck (MRK) Pharmaceuticals

United Technologies Corporation (UTX) Aerospace, Heating/Cooling, Elevators

Procter & Gamble (PG) Non-Durable Household Products

McDonald’s (MCD) Restaurants & Bars

Altria Group (MO) Tobacco

Honeywell International (HON) Aerospace/Defense Products & Services

Verizon Communications (VZ) Telecoms

AT&T (T) Telecoms
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Table 5.2: Expected returns of 15 stocks and a risk-free return (%)

Asset Single-Period Model
Rebalancing Model

[t0, t1] [t1, t2]

Risk-Free 4.55 2.25 2.25

XOM 25.47 7.43 16.79

CAT 19.63 16.94 2.30

HPQ 37.85 15.54 19.31

MSFT 13.59 −3.59 17.82

KO 18.09 2.55 15.15

BA 22.72 17.78 4.19

AA 11.02 2.98 7.81

MRK 28.12 7.09 19.63

UTX 16.92 8.12 8.14

PG 13.48 1.53 11.77

MCD 27.78 3.41 23.57

MO 24.58 8.90 14.39

HON 23.13 5.58 16.62

VZ 10.59 −3.20 14.25

T 24.54 5.80 17.72
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Table 5.3: Covariances between 15 stocks for single-period model

XOM CAT HPQ MSFT KO BA AA MRK UTX PG MCD MO HON VZ T

XOM 0.01583 -0.02662 0.00397 0.00348 0.00361 0.01307 -0.02824 0.00137 -0.01022 -0.00167 -0.00984 -0.00335 -0.00203 0.00700 0.00689

CAT 0.10655 -0.03219 -0.05108 -0.00747 -0.00646 0.10556 0.00484 0.03388 -0.03608 -0.01138 -0.01401 0.02613 0.01258 0.00874

HPQ 0.02127 0.02848 -0.00165 -0.00633 -0.02322 0.00216 -0.01066 0.02125 0.02981 0.01338 -0.01072 -0.00327 0.00897

MSFT 0.03415 0.00038 -0.01379 -0.02916 0.00110 -0.00921 0.02879 0.03172 0.01496 -0.01460 -0.00871 -0.00112

KO 0.00767 -0.00273 -0.01151 0.00606 0.00221 0.00325 -0.00611 -0.00607 -0.00195 0.00867 -0.00127

BA 0.02280 -0.00311 -0.00618 -0.00841 -0.01878 -0.01897 -0.00389 0.00692 0.00106 0.00771

AA 0.09858 0.00523 0.02652 -0.02622 0.00984 -0.00411 0.02143 0.01029 0.01925

MRK 0.01416 0.00720 0.00383 0.00963 -0.00511 0.00085 0.01967 0.01553

UTX 0.01316 -0.00514 -0.00116 -0.00573 0.00553 0.00714 0.00048

PG 0.02774 0.02716 0.01101 -0.01351 -0.00561 -0.00427

MCD 0.06747 0.02273 -0.00954 -0.00090 0.02134

MO 0.01242 -0.00577 -0.01188 -0.00040

HON 0.00850 0.00599 0.00619

VZ 0.03014 0.02352

T 0.03836
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Table 5.4: Covariances between 15 stocks for rebalancing model [t0, t1]

XOM CAT HPQ MSFT KO BA AA MRK UTX PG MCD MO HON VZ T

XOM 0.00589 -0.00577 -0.00441 -0.00591 0.00262 0.00769 -0.00939 -0.00065 -0.00211 -0.00610 -0.01440 -0.00544 0.00145 0.00296 -0.00168

CAT 0.02652 0.00150 0.00088 0.00333 -0.01295 0.02522 0.01437 0.01168 0.00406 0.01858 -0.00225 0.00261 0.01791 0.01740

HPQ 0.00369 0.00509 -0.00276 -0.00503 0.00486 -0.00137 0.00028 0.00483 0.01018 0.00510 -0.00163 -0.00504 -0.00087

MSFT 0.00708 -0.00401 -0.00644 0.00565 -0.00257 -0.00014 0.00657 0.01338 0.00724 -0.00240 -0.00786 -0.00201

KO 0.00283 0.00190 0.00035 0.00359 0.00177 -0.00326 -0.00514 -0.00456 0.00178 0.00719 0.00370

BA 0.01145 -0.01642 -0.00441 -0.00525 -0.00748 -0.01997 -0.00515 0.00085 -0.00152 -0.00628

AA 0.02728 0.01158 0.01075 0.00826 0.02640 0.00286 0.00078 0.01125 0.01477

MRK 0.00911 0.00656 -0.00059 0.00455 -0.00438 0.00249 0.01336 0.01055

UTX 0.00518 0.00131 0.00723 -0.00154 0.00133 0.00852 0.00785

PG 0.00650 0.01451 0.00634 -0.00187 -0.00498 0.00030

MCD 0.03615 0.01168 -0.00267 -0.00277 0.00750

MO 0.00778 -0.00280 -0.01030 -0.00416

HON 0.00113 0.00474 0.00262

VZ 0.02224 0.01485

T 0.01236
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Table 5.5: Covariances between 15 stocks for rebalancing model [t1, t2]

XOM CAT HPQ MSFT KO BA AA MRK UTX PG MCD MO HON VZ T

XOM 0.00672 -0.01633 0.00868 0.01005 0.00003 0.00222 -0.01348 0.00196 -0.00637 0.00580 0.00860 0.00355 -0.00346 0.00256 0.00797

CAT 0.05652 -0.02466 -0.03800 -0.00799 0.00523 0.05684 -0.00738 0.01570 -0.02940 -0.02224 -0.00854 0.01708 -0.00444 -0.00683

HPQ 0.01197 0.01585 0.00171 0.00062 -0.02250 0.00309 -0.00828 0.01073 0.01139 0.00457 -0.00630 0.00293 0.00765

MSFT 0.02598 0.00643 -0.00525 -0.03958 0.00504 -0.00970 0.02102 0.01394 0.00524 -0.01216 0.00240 0.00181

KO 0.00372 -0.00498 -0.01138 0.00124 -0.00013 0.00722 0.00067 -0.00002 -0.00409 -0.00082 -0.00585

BA 0.00742 0.01073 -0.00100 -0.00196 -0.00773 0.00198 0.00122 0.00432 0.00196 0.01052

AA 0.06148 -0.00768 0.01309 -0.03352 -0.01917 -0.00699 0.01934 -0.00260 0.00193

MRK 0.00098 -0.00189 0.00407 0.00272 0.00102 -0.00236 0.00047 0.00038

UTX 0.00605 -0.00570 -0.00817 -0.00336 0.00339 -0.00240 -0.00739

PG 0.01891 0.00865 0.00299 -0.01086 0.00060 -0.00450

MCD 0.01110 0.00453 -0.00512 0.00313 0.00919

MO 0.00187 -0.00178 0.00136 0.00427

HON 0.00624 -0.00041 0.00235

VZ 0.00116 0.00435

T 0.01877
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5.2 Numerical results of single-period portfolio optimization

model

We apply the TS algorithm to multiple stocks of 5, 10, 12, and 15, respectively. That is, we

consider 5, 10, 12, and 15 stocks and a risk-free asset for numerical experiments. Stocks’

expected returns and covariance matrix are computed based on historical stock prices from

2004 to 2007 and produced data are shown in Tables 5.2 and 5.3 of Section 5.1. Also,

parameters needed for the TS algorithm and for settings of the computational experiments

are exactly same as those of the single-period problem illustrated in Table 3.1 and 3.2.

The following four tables represent portfolio compositions for each problem case

and their objective values consisting of expected return and risk. In each table, tthe second

column shows the lower bound for each problem case. That is, we invest our wealth in the

only risk-free asset, and obviously we make the riskless return. A feasible initial portfolio

represented in the third column is obtained by the selection method depicted in Section 3.3.2.

Table 5.6: Portfolio returns and risks by the composition of the case with 5 stocks

Stock Lower Bound Initial Portfolio Best Portfolio

Risk-Free 10, 000.00 4, 117.63 −4, 987.32

XOM 0.00 1, 469.55 3, 150.12

CAT 0.00 1, 267.78 3, 158.72

HPQ 0.00 1, 101.61 6, 063.62

MSFT 0.00 1, 054.78 155.17

KO 0.00 852.46 2, 188.95

Expected Return 10, 455.00 11, 232.50 13, 303.85

Expected Risk 0.00 71.32 708.54

Obj. Value 10, 455.00 11, 161.18 12, 595.31



95

If the portfolio achieved as lower bound dominates all other randomly generated portfolios

for the purpose of the initial solution, it would be the lower bound and initial portfolio

simultaneously. The TS iterations start with this initial portfolio, and finally converge to

the best portfolio represented in the forth column of each table.

For all problem cases, we short risk-free assets for the best portfolio as shown in

the second row of Tables 5.6, 5.7, 5.8, and 5.9. In particular, the risk-free asset is shorted up

to near the credit limitation in those cases. Since the credit limitation for our investment

Table 5.7: Portfolio returns and risks by the composition of the case with 10 stocks

Stock Lower Bound Initial Portfolio Best Portfolio

Risk-Free 10, 000.00 2, 364.78 −4, 933.91

XOM 0.00 1, 164.38 961.98

CAT 0.00 799.93 2, 074.11

HPQ 0.00 1, 262.58 5, 801.50

MSFT 0.00 180.19 45.34

KO 0.00 775.71 1, 141.25

BA 0.00 849.34 2, 665.59

AA 0.00 254.20 0.00

MRK 0.00 607.72 0.00

UTX 0.00 779.34 1, 653.87

PG 0.00 750.49 290.76

Expected Return 10, 455.00 11, 380.16 13, 101.82

Expected Risk 0.00 102.31 505.86

Obj. Value 10, 455.00 11, 277.85 12, 595.96
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Table 5.8: Portfolio returns and risks by the composition of the case with 12 stocks

Stock Lower Bound Initial Portfolio Best Portfolio

Risk-Free 10, 000.00 1, 948.12 −4, 994.24

XOM 0.00 1, 463.59 2, 852.12

CAT 0.00 1, 239.70 2, 320.63

HPQ 0.00 1, 203.75 5, 531.19

MSFT 0.00 399.78 14.95

KO 0.00 75.21 704.49

BA 0.00 692.14 1, 348.78

AA 0.00 0.00 0.00

MRK 0.00 717.30 0.00

UTX 0.00 698.25 1, 237.00

PG 0.00 625.52 0.00

MCD 0.00 24.60 0.00

MO 0.00 684.67 684.67

Expected Return 10, 455.00 11, 481.85 13, 199.38

Expected Risk 0.00 125.24 599.67

Obj. Value 10, 455.00 11, 356.61 12, 599.71
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Table 5.9: Portfolio returns and risks by the composition of the case with 15 stocks

Stock Lower Bound Initial Portfolio Best Portfolio

Risk-Free 10, 000.00 745.24 −4, 905.56

XOM 0.00 1, 482.13 1, 479.43

CAT 0.00 828.02 2, 115.62

HPQ 0.00 1, 201.12 5, 420.71

MSFT 0.00 103.20 0.00

KO 0.00 1, 081.21 1, 156.47

BA 0.00 538.29 2, 121.99

AA 0.00 300.59 0.00

MRK 0.00 0.00 0.00

UTX 0.00 911.80 1, 298.37

PG 0.00 715.49 0.00

MCD 0.00 359.78 0.00

MO 0.00 622.59 1, 023.72

HON 0.00 328.71 0.00

VZ 0.00 434.51 0.00

T 0.00 72.60 0.00

Expected Return 10, 455.00 11, 457.62 13, 144.48

Expected Risk 0.00 181.57 535.18

Obj. Value 10, 455.00 11, 276.05 12, 609.30
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is 50% of the initial wealth, the risk-free asset can be shorted up to 5,000, and in the cases

of 5, 10, 12, and 15 stocks they are shorted by 4,987.32, 4,933.91, 4,994.24, and 4,999.68,

respectively.

For problem cases of 10, 12, and 15 stocks, the numerical results show that we

do not need to consider all stocks as investment targets. We invest 8, 8, and 7 stocks for

the problem cases of 10, 12, and 15, respectively. Based on these numerical results, we

conclude that our selection algorithm can exclude unnecessary assets although there is not

a cardinality constraint for the purpose of portfolio diversification.

By comparing the objective value of the best portfolio between 4 problem cases,

the objective value of the 15 stocks case dominates all the other cases. Similarly, the 12

stocks case dominates 5 and 10 stocks cases, and the 10 stocks case has the higher best

objective value than that of the 5 stocks case. These results are caused by the structure

of the expected returns and covariances shown in Section 5.1. That is, for example, stocks

considered in the 15 stocks case are constructed by combining 13 stocks’ data of the 12

stocks case as shown in Tables 5.2 and 5.3 and 3 more stocks’ data for HON, VZ, T in the

tables. Therefore, the best objective value of one problem case must be greater than or

equal to those of the other problem cases having smaller considered asset in the portfolio,

and our results are consistent with this conjecture by the numerical results.

Each experiment is repeated a total of 2 times for each tabu size shown in the

fourth row of Table 3.1. That is, for the case of 5 stocks, the experiment is repeated

(2× 5 = 10) times since the maximum tabu size is 5. Hence, for the cases of 10, 12, and 15

stocks, the experiments are repeated 20, 30, and 40 times, respectively. It takes 0.5 to 2.5

seconds for the computation time of each experiment. Every solution for the 5 stocks case

is obtained within 0.5 seconds, and at most 2.5 seconds are taken to obtain a solution of

the 15 stocks case. With the best solution among the repetitions, the average error of the

tabu search algorithm is evaluated by (3.14). As shown in the second column of Table 5.10,

the average error for every problem case is less than 0.2%, and the error tends to increase

proportional to the number of stocks in the portfolio.

Additionally, the absolute difference between the average objective value and the

objective value obtained by each repetition is evaluated by (3.15). The third column in

Table 5.10 shows the absolute difference values, and for every problem case the value is less

than 0.1%. Table 5.11 shows the percent improvement of the best objective value against

the lower bound of the risk-free investment and the initial solution.



99

Table 5.10: Average percent errors and differences by the TS heuristic

Stocks Error (%) Difference (%) Best Obj. Value Avg. Obj. Value

5 0.02001 0.01079 12,595.31 12,592.79

10 0.11470 0.08620 12,595.96 12,581.51

12 0.17416 0.08900 12,599.71 12,577.77

15 0.19941 0.09139 12,609.30 12,584.16

Table 5.11: Percent improvements of the best portfolio in objective function

Stocks vs. Lower Bound (%) vs. Initial Portfolio (%)

5 20.47 12.85

10 20.48 11.69

12 20.51 10.95

15 20.61 11.82
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5.3 Numerical results of rebalancing portfolio optimization

model

For numerical experiments of the rebalancing portfolio problem with real data, we consider

the number of stocks to be 5, 10, 12, and 15 and a risk-free asset. Stocks’ expected returns

and covariance matrix are computed based on historical stock prices from 2004 to 2007

and produced data are shown in Tables 5.2, 5.4, and 5.5 of Section 5.1. And, we use same

parameters with those of the rebalancing problem in Chapter 4, and tables 4.3 and 4.4

therefore represent summaries for the parameters needed for the TS algorithm and for

setting of computational experiments, respectively.

The following four tables represent portfolio compositions for each problem case

and their objective values consisting of expected return and risk. In each table, we show

the portfolio compositions for lower bound, initial solution and the best solution. Each of

them has two columns consisting of a portfolio at time t0 and a rebalancing portfolio at

time t1. In the tables, the second and third columns represent the lower bound of each

problem case. That is, we invest our wealth in the only risk-free asset at the beginning of

the time period, and maintain it until the end of the time period. Therefore, we obviously

Table 5.12: Portfolio returns and risks by the composition of the case with 5 stocks

Stock Lower Bound Initial Solution Best Solution

Risk-Free 10, 000.00 10, 225.00 4, 452.22 4, 552.39 −4, 924.95 −5, 720.58

XOM 0.00 0.00 1, 393.41 1, 496.96 3, 183.22 0.00

CAT 0.00 0.00 1, 219.91 1, 426.57 1, 712.25 4, 004.65

HPQ 0.00 0.00 1, 229.48 1, 420.49 9, 135.12 10, 554.32

MSFT 0.00 0.00 552.23 532.38 0.00 0.00

KO 0.00 0.00 1, 021.51 1, 047.58 634.37 2, 602.24

Expected Return 10, 455.00 11, 239.78 13, 511.35

Expected Risk 0.00 38.34 267.77

Obj. Value 10, 455.00 11, 201.44 13, 243.58
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make the riskless return. A feasible initial solution represented in the forth and fifth columns

is obtained by the selection method depicted in Section 4.3.2. If the solution achieved as

lower bound dominates all other randomly generated solutions for the purpose of the initial

solution, it would be the lower bound and initial solution simultaneously. The TS iterations

start with this initial solution, and finally converge to the best solution represented in the

sixth and seventh columns of each table.

In all problem cases, we short risk-free assets for the best portfolio as shown in the

second row of each table. In particular, the risk-free asset of every problem case is shorted

up to near the credit limitation. Since the credit limitation for our investment is 50% of

the wealth balance, the risk-free asset can be shorted up to 5,000 at the beginning of the

time period.

Table 5.13: Portfolio returns and risks by the composition of the case with 10 stocks

Stock Lower Bound Initial Solution Best Solution

Risk-Free 10, 000.00 10, 225.00 2, 505.12 2, 561.49 −4, 669.53 −5, 870.11

XOM 0.00 0.00 1, 488.09 1, 598.68 857.97 921.74

CAT 0.00 0.00 824.43 964.09 2, 847.99 3, 330.47

HPQ 0.00 0.00 1, 186.66 1, 371.01 5, 247.38 6, 062.59

MSFT 0.00 0.00 804.74 775.81 61.50 59.29

KO 0.00 0.00 246.88 253.18 279.17 572.59

BA 0.00 0.00 690.58 813.37 4, 114.15 0.00

AA 0.00 0.00 63.90 65.81 153.09 0.00

MRK 0.00 0.00 833.99 893.15 745.59 6, 387.83

UTX 0.00 0.00 854.08 923.40 57.23 61.88

PG 0.00 0.00 292.25 296.74 0.00 0.00

Expected Return 10, 455.00 11, 395.79 13, 780.33

Expected Risk 0.00 67.03 122.22

Obj. Value 10, 455.00 11, 328.76 13, 658.11
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For all problem cases, some risky assets are invested during the time period [t0, t1],

but not invested during the time period [t1, t2]. In particular, for example, BA is invested

during the time period [t0, t1], but not invested during the time period [t1, t2], and we can

explain these results by the reason of a drastic decrease of the assets’ return as shown in

Table 5.2. The results also show that the proposed advanced, adaptive TS algorithm has

a consistent robustness regardless of the problem size. Based on these numerical results,

we conclude that our selection algorithm excludes unnecessary stocks although there is not

a cardinality constraint for the purpose of portfolio diversification. These results are very

similar to those of the single-period portfolio problem in Section 5.2. Additionally, in all

Table 5.14: Portfolio returns and risks by the composition of the case with 12 stocks

Stock Lower Bound Initial Solution Best Solution

Risk-Free 10, 000.00 10, 225.00 1, 186.71 1, 213.41 −4, 990.41 −5, 562.10

XOM 0.00 0.00 769.51 826.70 163.40 175.54

CAT 0.00 0.00 499.45 584.06 1, 169.33 1, 367.42

HPQ 0.00 0.00 1, 366.98 1, 579.35 2, 381.82 2, 751.85

MSFT 0.00 0.00 559.67 539.56 0.00 0.00

KO 0.00 0.00 673.85 691.05 0.00 0.00

BA 0.00 0.00 1, 076.32 1, 267.70 6, 664.30 0.00

AA 0.00 0.00 551.58 568.01 562.18 1, 157.84

MRK 0.00 0.00 847.35 907.46 2, 319.33 9, 935.39

UTX 0.00 0.00 490.77 530.61 0.00 0.00

PG 0.00 0.00 499.96 507.63 0.00 0.00

MCD 0.00 0.00 631.32 652.82 1, 094.88 1, 132.17

MO 0.00 0.00 598.04 651.28 334.83 364.64

Expected Return 10, 455.00 11, 552.38 13, 782.55

Expected Risk 0.00 155.97 106.03

Obj. Value 10, 455.00 11, 396.41 13, 676.52
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Table 5.15: Portfolio returns and risks by the composition of the case with 15 stocks

Stock Lower Bound Initial Solution Best Solution

Risk-Free 10, 000.00 10, 225.00 160.96 164.58 −4, 818.29 −5, 854.46

XOM 0.00 0.00 1, 247.52 1, 340.23 585.14 628.63

CAT 0.00 0.00 802.83 938.83 2, 268.73 2, 653.07

HPQ 0.00 0.00 1, 294.05 1, 495.09 5, 102.40 5, 895.09

MSFT 0.00 0.00 170.45 164.32 0.00 0.00

KO 0.00 0.00 1, 097.12 1, 125.11 200.75 411.75

BA 0.00 0.00 204.65 241.04 4, 275.91 0.00

AA 0.00 0.00 233.89 240.86 78.16 80.49

MRK 0.00 0.00 885.99 948.84 1, 729.36 7, 408.12

UTX 0.00 0.00 629.78 680.90 0.00 0.00

PG 0.00 0.00 379.86 385.69 280.03 284.33

MCD 0.00 0.00 768.01 794.17 0.00 0.00

MO 0.00 0.00 645.20 702.65 0.00 0.00

HON 0.00 0.00 507.93 536.28 0.00 0.00

VZ 0.00 0.00 97.96 94.82 0.00 0.00

T 0.00 0.00 580.61 614.26 0.00 0.00

Expected Return 10, 455.00 11, 694.44 13, 863.37

Expected Risk 0.00 249.50 171.26

Obj. Value 10, 455.00 11, 444.94 13, 692.11
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problem cases, as shown in Tables 5.12, 5.13, 5.14, and 5.15, not all stocks are invested

through the entire planning horizon.

For the problem cases of 5, 10, 12, and 15 stocks, the experiments are repeated 10,

20, 30, and 50 times, respectively. These numbers of repetitions are decided by the length

of the tabu list for the first-time period as shown in the fourth row of Table 4.3. It takes

1.5 minutes to an hour for the computations of each experiment. Every solution for the 5

risky assets case is obtained within 1.5 minutes, and at most an hour is taken to obtain a

solution for the 15 risky assets case.

With the best solution among the repetitions, the average error of the tabu search

algorithm is evaluated by using (3.14). As shown in the second column of Table 5.16, the

average error for every problem case is less than 0.6%.

Table 5.16: Average percent errors and differences by the TS heuristic

Stocks Error (%) Difference (%) Best Obj. Value Avg. Obj. Value

5 0.06001 0.02189 13,243.58 13,235.63

10 0.51463 0.19973 13,658.11 13,587.82

12 0.52900 0.20039 13,676.52 13,604.17

15 0.53011 0.22000 13,692.11 13,619.53

Table 5.17: Percent improvements of the best solution in objective function

Stocks vs. Lower Bound (%) vs. Initial Portfolio (%)

5 26.67 18.23

10 30.64 20.56

12 30.81 20.01

15 30.96 19.63
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Additionally, the absolute difference between the average objective value and the

objective value obtained by each repetition is evaluated by using (3.15). The third column

in Table 5.16 shows the absolute difference values, and for every problem case the value is

less than 0.3%.

Table 5.17 shows the percent improvement of the best solution against the lower

bound of the risk-free investment and the initial solution. For instance, in the case of the

15 stocks, the objective value of the best solution dominates that of the lower bound and

the initial solution by 30.96% and 19.63%, respectively.

In Section 5.18, we proposed the two-step neighborhood structure for the rebalanc-

ing portfolio model. Table 4.11 shows the efficiency of the two-step neighborhood structure

by comparing it with numerical results of ordinary neighborhood structure which adopts

variation variation factor ∆ = 10% as proposed in Section 3.3.3 of the single-period model.

Table 5.18: Average objective value: two-step vs. single-step neighborhood structure

Stocks Two-Step Single-Step

5 13,235.63 13,211.70

10 13,587.82 13,519.00

12 13,604.17 13,571.69

15 13,619.53 13,584.51

Table 5.19: The best objective values: single-period vs. rebalancing model

Stocks Single-Period Model Rebalancing Model Difference (%)

5 12,595.31 13,243.58 5.15

10 12,595.96 13,658.11 8.43

12 12,599.71 13,676.52 8.55

15 12,609.30 13,692.11 8.59
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Each value in the table represents the average objective value based on the repetitions of

the experiment. We observe that results of the two-step neighborhood structure are better

than those of the single-step neighborhood structure for all problem cases. Thus, we can

conclude that the two-step neighborhood structure for iterative TS procedures produces

better solutions in the rebalancing portfolio optimization problem.

The primary objectives of this study are to extend a single-period portfolio model

to a rebalancing model and to find the effect of one more transaction of the rebalancing

model. As we assumed in Section 4.1, investors have one more transaction opportunity in

the rebalancing model, and the time point for rebalancing is exactly at the midpoint of the

entire planning horizon of the single-period model. In order to compare results between the

single-period and the rebalancing model, we use the same data structure for both models and

adjust real stocks’ expected returns and covariance matrix considering one more transaction

chance of the rebalancing model. Table 5.19 shows the best objective values of the single-

period and the rebalancing model. For all problem cases, the rebalancing model dominates

the single-period model, and especially the rebalancing model with 15 stocks improves the

objective values by 8.59% in beating the transaction costs.

5.4 Summary

In addition to the numerical experiments with randomly generated data, which we examined

in Chapters 3 and 4, in this chapter, we apply the proposed portfolio optimization model

and TS heuristic to the U.S. stock market. We consider a risk-free asset and 5, 10, 12, and

15 stocks traded at NYSE and NASDAQ, and historical stock prices from 2004 to 2007 are

taken to calculate stocks’ expected returns and covariances.

For computational studies of the single-period model, we have applied the TS

algorithm to multiple stocks of 5, 10, 12, and 15, respectively. We have obtained the best

portfolio compositions and their objective values within reasonable times. Each experiment

is repeated a total of 2 times for each tabu size, and based on the experimental repetitions of

the four problem cases, we have observed the average errors and the absolute differences by

the TS heuristic reported in the single-period model. The average error for every problem

case is less than 0.2%, and the results show that the absolute difference is less than 0.1%.

For the rebalancing portfolio model, we have also considered a risk-free asset and
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scenarios involving 5, 10, 12, and 15 stocks. We have obtained the best portfolio compo-

sitions and their objective values consisting of expected return and risk within reasonable

times. Based on the repetitions of each experiment, we have observed the average errors

of the TS algorithm and the absolute differences between the average objective value and

the objective value obtained by each repetition. The computational results showed that

the average error was less than 0.6% and the absolute difference was less than 0.3% for

every problem case. In addition, we have shown the efficiency of the two-step neighborhood

structure by comparing it with numerical results of an ordinary neighborhood structure

which adopts variation factor ∆ = 10%. We have observed that results of the two-step

neighborhood structure are better than those of the single-step neighborhood structure for

all problem cases. Also, in order to compare results between the single-period and rebalanc-

ing portfolio model, we have used the same data structure appropriately adjusted for both

models. For all problem cases, the rebalancing model dominated the single-period model

at least 5.15% and at most 8.59% of the objective value in the cases of 5 and 15 stocks,

respectively.
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Chapter 6

Summarizing Remarks

6.1 Conclusion

According to the Markowitz mean-variance (MV) model [30], the portfolio selection problem

can be formulated as an optimization problem over real-valued variables with a quadratic

objective function and linear constraints. The MV model has become a universally under-

stood technique within the investment world for generating the trade-off of changes in risk

for changes in expected return called the efficient frontier, which is defined as one that has

the smallest portfolio risk for a given level of expected return or the largest expected return

for a given level of risk. The efficient frontier of portfolios can be found by solving the

quadratic programming (QP) model.

After the seminal paper of Markowitz, we have been witnesses to a great evolution

with respect to the traditional MV model. With all its merits, however, some of the main

downsides of the MV model and its extended or modified models have been recognized:

the computational complexity; the inability to incorporate practical considerations such as

taxes and transaction costs; and the investment decision being at exactly one time point

in time for a single-period horizon. The QP model incorporating realistic considerations

cannot be applied to find an optimal or a near-optimal portfolio. Nonlinear mixed integer

programming can be of interest if, for instance, nonlinear transaction costs are considered.

Even though different integer programming models can be an alternative for solving prac-
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tical portfolio problems, not only does it still have the drawback of high computational

requirements, but also it is almost impossible to use that approach for solving a rebalancing

portfolio model incorporating realistic considerations.

It therefore is desirable to have an alternative method that can deal with highly

demanding real-world portfolio problems considering more complex scenarios and settings.

One way is heuristic optimization. It is relatively easy to implement and computation-

ally attractive. With various heuristic optimization techniques, portfolio models including

transaction costs and other realistic considerations can be examined. However, incorpo-

rating nonlinear transaction costs for a rebalancing portfolio model is still hard to solve,

and therefore the problem is in need of an advanced heuristic algorithm. In this thesis we

extend the Markowitz MV model to a rebalancing portfolio optimization problem incor-

porating practical considerations such as nonlinear transaction costs and a risk-free asset

with short-selling allowed, and propose an advanced, adaptive Tabu Search (TS) heuristic

to solve the considered practical rebalancing portfolio optimization problem.

TS is a metaheuristic that guides a local search procedure to explore the solution

space beyond local optimality. It is a powerful algorithmic approach that has been applied

with great success to many difficult combinatorial problems such as the vehicle routing

problem and the traveling salesman problem. A particularly nice feature of TS is that it

can quite easily handle the dirty complicating constraints that are typically found in real-life

applications. It is thus a really practical approach. The most basic steps of the development

of the TS procedure are the choice of a search space and of an effective neighborhood

structure. It is also extremely important to develop an effective diversification scheme in

order to achieve breadth in its searching process.

Many complex decision problems such as portfolio optimization involve multiple

conflicting objectives: every investor would expect to maximize the expected portfolio return

and, simultaneously, to minimize its risk. It is often true that no dominant alternative will

exist that is better than all other alternatives in terms of a trade-off between the expected

return and risk. Therefore, in this thesis, we propose a bi-objective portfolio optimization

model which we expect to yield a portfolio equilibrium by combining two objectives, and we

control the risk level of the portfolio by setting a parameter in the objective function. For

realistic portfolio problems, first of all, we consider the multi-objective portfolio optimization

model incorporating the risk-free asset and its short-selling and nonlinear transaction costs

based on the single-period MV model. The risk-free asset incorporated into the bi-criteria
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portfolio selection model has a return that is certain. The covariance of the risk-free asset’s

return with any risky asset’s return is thus zero. In this study we allow the short-selling

of the risk-free asset within the credit balance. Transaction costs also considered in this

study, consist of proportional and fixed costs, and thus they are formulated with a nonlinear

model.

For our single-period portfolio problem, we propose an adaptive version of a TS

heuristic. We define the feasible portfolio as the solution representation by means of a vector

indicating the amount of money invested in each asset. For the initial solution, we randomly

generate portfolios by considering the problem size and the purpose of diversified creation.

From the initial solution, we obtain the final solution by iteratively searching with the

neighborhood and tabu structure. The neighborhood of the current portfolio is generated

by increasing and/or decreasing the adjacent pairwise risky assets with a variation factor,

and during the neighborhood generation, the state of the risk-free asset is automatically

determined by self-financing conditions. The basic role of the tabu list is to prevent cycling,

and the length of the list (tabu size) is a critical factor for quality of the solution. For

our portfolio problems, the tabu size is proportionally determined by the problem size, and

the TS algorithm terminates after some numbers of iterations without an improvement in

the objective function value. For computational studies, we apply the TS algorithm to a

risk-free asset and multiple risky assets of 5, 10, 12, and 15, respectively. We obtain the

best portfolio compositions and their objective values. Based on the repetitions of each

experiment, we observe the average errors of the TS algorithm and the absolute differences

between the average objective value and the objective value obtained by each repetition for

the TS heuristic. The average error of the proposed TS algorithm for every problem case is

less than 0.3%, and the results show that the absolute difference computed by the average

objective value and the objective value obtained by each repetition is less than 0.1%.

For our primary purpose, we extend the single-period model to a rebalancing

problem which also considers nonlinear transaction costs and a risk-free asset and its short-

selling. The portfolio may need to be rebalanced periodically simply as updated risk and

return information is generated with the passage of time. For the rebalancing portfolio

problem, we have assumed that the portfolio model has one intermediate, rebalancing time

point, and the time point for rebalancing the portfolio is exactly at the midpoint of the

entire time horizon of the single-period model, and therefore we could simply say about the

rebalancing model gives investors one more transaction chance. In our rebalancing port-
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folio problem, since we consider nonlinear transaction costs for risky assets’ transactions,

a myopic policies which try to optimize each time period independently are not ordinarily

optimal for the problem because portfolio decisions do affect each other time periods. The

final objective value at the end of the time period is affected by the portfolio decision at the

beginning of the planning horizon because the final result comes from the portfolio decision

at the time point of rebalancing the portfolio, which is affected by the portfolio decision at

the beginning of the time period. Therefore, we have proposed an advanced, adaptive TS

algorithm having an evolutionary neighborhood structure, and have solved the rebalancing

portfolio problem with an iterative folding back procedure in decision tree structure. For

computational studies, as with the single-period problem, we consider a risk-free asset and

risky assets of 5, 10, 12, and 15. We obtain the best portfolio compositions and their ob-

jective values consisting of weighted expected return and risk. Based on the repetitions of

each experiment, we have observed the average errors of the TS algorithm and the absolute

differences between the average objective value and the objective value obtained by each

repetition. The computational results showed that the average error was less than 0.8%

and the absolute difference was less than 0.3% for every problem case. In addition, we have

shown the efficiency of the two-step neighborhood structure by comparing it with numer-

ical results of ordinary neighborhood structure which adopts variation factor ∆ = 10% as

modeled single-period portfolio problems. We have observed that results of the two-step

neighborhood structure are better than those of the single-step neighborhood structure for

all problem cases. Also, in order to compare results between the single-period and rebalanc-

ing portfolio model, we have used the same data structure appropriately adjusted for both

models. For all problem cases, the rebalancing model dominated the single-period model

at most by 12.29% of the objective value which occurred in the case of 5 risky assets. In

addition to the computational studies with randomly generated data, we also introduced

numerical experiments with real data from the U.S. stock market for both the single-period

and rebalancing portfolio models.

6.2 Future Research

In this thesis, we solve rebalancing portfolio problems incorporating realistic considerations

such as nonlinear transaction costs and a risk-free asset with short-selling allowed, and we
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apply the TS heuristic to solve the practical portfolio problems. In addition to our study,

there are quite a few topics that seem appropriate for future works.

First of all, we could try to design an efficient search algorithm for the TS heuristic.

For our portfolio problems, it takes at most an hour to meet convergence criteria for the

rebalancing problem with consideration of 15 risky assets. Although considering more than

15 assets in a portfolio is not realistically reasonable, if we consider more than 15 assets

or incorporate more complicated scenarios into the portfolio model, the computation time

with the current search algorithm will increase drastically.

Since Harry Markowitz [30] proposed the MV model in 1952, many researchers have

studied portfolio optimization problems with consideration of diverse situations. Secondly,

therefore, our model approach could be applied to more realistic and complex scenarios

issued in the future as the portfolio optimization problem evolves.

Thirdly, we could apply other types of heuristic methods to solve the proposed

portfolio problem. The TS is still quite attractive to solve portfolio problems in that it

has the merits of viable computational time and adaptability. Chang, Meade, Beasley, and

Sharaiha [11] present three heuristic algorithms to solve a problem, and they show that no

one of the heuristic algorithms is uniformly dominant though the TS heuristic does dominate

the other methods with regard to total computer time. However, applying other heuristic

methods and comparing them could be meaningful for other computational studies.

A further potential future topic related to this study is that we may apply the

proposed algorithm to advanced asset management or risk management. It is difficult

to construct an optimal portfolio constituted by combining different types of assets having

different return and risk forms. In the real world, many kinds of assets are traded, and some

of them, especially derivatives, have really complicated return and risk structures. Under

this more complex market situation, we might be able to construct a portfolio efficiently

with the proposed algorithm or the advanced method appropriately modified.
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Appendix A

Expected Returns and Covariances

For numerical experiments, we consider 5, 10, 12, and 15 risky assets and a risk-free asset.

In this appendix, we first generate data for the rebalancing model presented in Chapter 4

and then produce data used for the single-period model in Chapter 3. We assume that the

time point for rebalancing the portfolio is exactly at the midpoint of the entire planning

horizon of the single-period model. Hence, we can simply say that the rebalancing model is

such that investors have one more transaction chance with paying transaction costs at the

midpoint of the entire planning horizon of the single-period model. In order to compare

results between those two schemes, we must use the same data for both models and adjust

the generated assets’ returns and covariance matrix considering the further transaction

chance of the rebalancing model. For experimental data, we generate: (i) assets’ expected

returns, (ii) variances, (iii) correlations between the assets, and (iv) covariances between

the assets by combining (ii) and (iii).

For t = t1, t2 in the rebalancing model, we generate asset i’s expected return rt
i

from uniform distributions which produce the smallest possible return 0.07 to the maximum

0.25:

rt
i ∼ UNIF[0.07, 0.25], ∀ i ∈ J. (A.1)

Also, for asset i’s variance (σt
i)

2, we consider the smallest possible variance 0.005 to the

maximum variance 0.02 from uniform distributions:



121

(σt
i)

2 ∼ UNIF[0.005, 0.02], ∀ i ∈ J. (A.2)

For a fair comparison between the single-period and the rebalancing model, we generate

asset i’s expected return ri and variance σ2
i for the single period model by considering asset

i’s expected returns and variances of the rebalancing model produced by (A.1) and (A.2):

(1 + ri) = (1 + rt1
i )(1 + rt2

i ) ⇔ ri = rt1
i + rt2

i + rt1
i rt2

i , ∀ i ∈ J, (A.3)

σ2
i = Var[(1 + Rt1

i )(1 + Rt2
i )] (A.4a)

= Var[Rt1
i + Rt2

i + Rt1
i Rt2

i ] (A.4b)

= (σt1
i )2(1 + rt2

i )2 + (σt2
i )2(1 + rt1

i )2 + (σt1
i )2(σt2

i )2, ∀ i ∈ J. (A.4c)

From among a number of methods for generating a random correlation matrix1, we

apply the following method of three steps to produce a random N ×N correlation matrix.

For our numerical experiments, N will be 15 since the number of risky assets considered is

at most 15, and we assume that correlations between assets for the single-period and each

time period of the rebalancing model are identical.

Step 1. For j = 1, 2, . . . , N , generate the N × 1 random vector Z j whose components are

independent standard normal random variables,

Z j =


Z1,j

Z2,j

...

ZN,j

 such that {Zi,j : i = 1, 2, . . . , N} i.i.d.∼ NORM(0, 1). (A.5)

1The method is brought from Wilson’s lecture note [60], and other methods for generating random
correlation matrices are detailed in Marsaglia and Olkin [32].
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Step 2. For j = 1, 2, . . . , N , project Z j onto CN (1), the N -dimensional hypersphere of

radius 1, to obtain a random vector Y j that is uniformly distributed on CN (1),

Y j =
Z j

‖Z j‖
, where ‖Z j‖ ≡

√√√√ N∑
i=1

Z2
i,j (A.6)

is the magnitude of the vector Z j .

Step 3. Deliver the N ×N random correlation matrix R whose (i, j) entry is Y i ·Y j , the

dot product of Y i and Y j for i, j = 1, 2, . . . , N :

R = ZTZ , where Z ≡ [Z 1,Z 2, . . . ,ZN ] . (A.7)

Since ‖Y j‖ = 1 for j = 1, 2, . . . , N by (A.6), it follows that for i, j = 1, 2, . . . , N ,

the cosine of the angle θi,j between the vectors Y i and Y j is given by

cos(θi,j) =
Y i ·Y j

‖Y i‖ ‖Y j‖
= Y T

i Y j =
N∑

k=1

Yk,iYk,j =

N∑
k=1

Zk,iZk,j√√√√( N∑
k=1

Z2
k,i

)(
N∑

k=1

Z2
k,j

) , (A.8)

the (i, j) element of R. Hence, the equation (A.8) represents a correlation between assets i

and j, ρi,j . The randomly generated R is a legitimate correlation matrix since it satisfies

all the requirements of a correlation matrix: it is symmetric; it has ones on the diagonal;

it has off-diagonal entries that are all between −1 and +1; and its determinant must be

nonnegative. The condition for a nonnegative determinant follows from

det(R) = det(ZTZ ) = det(ZT)det(Z ) = [det(Z )]2 ≥ 0. (A.9)

Therefore, for t = t1, t2 in the rebalancing model, we compute a covariance between

assets i and j by the relationship in (2.5) and randomly generated values of (A.2) and (A.8):
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σt
i,j = σt

iσ
t
jρi,j . (A.10)

Since we assume an identical correlation between assets i and j for the single-period and

each time period of the rebalancing model, we derive a covariance between assets i and j

for the single-period model as

σi,j = σiσjρi,j (A.11)

where σi =
√

(σt1
i )2(1 + rt2

i )2 + (σt2
i )2(1 + rt1

i )2 + (σt1
i )2(σt2

i )2 and

σj =
√

(σt1
j )2(1 + rt2

j )2 + (σt2
j )2(1 + rt1

j )2 + (σt1
j )2(σt2

j )2 by (B.4).

According to the above procedures, we produce assets’ returns and covariances

shown in the following four tables. In Table A.1, asset 0 represents the risk-free asset and

other indexes from 1 to 15 represent 15 risky assets. For considering the case of 5, 10,

12, and 15 risky assets of numerical experiments in Chapters 3 and 4, we use the data in

asset columns 0 to 5, 0 to 10, 0 to 12, and 0 to 15, respectively, and we use covariances

between risky assets indexed from asset 1 and 15 in Table A.2 for the single-period model

of Chapter 3 and in Tables A.3 and A.4 for the rebalancing model of Chapter 4.
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Table A.1: Expected returns of 15 risky assets and a risk-free return (%)

Asset Single-Period Model
Rebalancing Model

[t0, t1] [t1, t2]

0 14.49 7.00 7.00

1 41.85 24.10 14.30

2 37.66 11.16 23.84

3 45.64 17.92 23.50

4 32.40 15.75 14.38

5 51.45 23.04 23.09

6 30.43 20.72 8.04

7 30.60 15.22 13.35

8 30.56 7.33 21.64

9 30.53 21.79 7.18

10 25.93 15.00 9.50

11 30.65 18.08 10.65

12 34.08 21.25 10.58

13 45.68 23.59 17.87

14 34.60 20.29 11.90

15 21.83 10.17 10.58
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Table A.2: Covariances between 15 risky assets for single-period model

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0.02621 -0.00812 0.00994 -0.00037 0.00289 0.01033 -0.01316 -0.00829 -0.00191 -0.01273 -0.01084 -0.00382 0.00294 0.00551 0.00921

2 0.04443 -0.01242 0.01103 -0.00244 -0.00977 -0.02289 0.01379 0.01245 0.01078 0.00678 0.00009 -0.00955 -0.00872 -0.02098

3 0.03384 -0.00254 0.00209 0.00841 -0.00461 -0.01406 -0.00847 -0.00664 -0.01809 0.00414 -0.00806 -0.00344 0.00276

4 0.03783 0.00996 -0.01381 0.00379 0.01292 0.00990 0.01714 -0.00248 -0.00151 -0.02303 -0.01463 -0.01316

5 0.03014 -0.00065 -0.00158 -0.00504 -0.00804 0.00440 0.00426 -0.00623 -0.01824 -0.01555 -0.01517

6 0.02477 0.00233 -0.00108 0.00038 -0.01422 0.00448 -0.00344 0.00956 0.00835 -0.00208

7 0.04322 0.01274 -0.00409 0.00848 0.01916 0.00241 -0.00265 0.01165 0.00850

8 0.03017 0.02030 0.00829 0.02396 0.00581 -0.01188 0.00334 -0.00935

9 0.02881 0.00453 0.00859 0.00582 -0.00327 -0.00774 -0.01392

10 0.02780 0.00274 0.00613 -0.02041 -0.00872 -0.01279

11 0.04335 -0.00341 0.00128 0.00449 -0.00937

12 0.02223 -0.01675 0.00608 0.00514

13 0.04876 0.00860 0.01360

14 0.03934 0.01984

15 0.03849
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Table A.3: Covariances between 15 risky assets for rebalancing model [t0, t1]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0.00523 -0.00219 0.00261 -0.00012 0.00081 0.00311 -0.00376 -0.00242 -0.00045 -0.00419 -0.00308 -0.00083 0.00073 0.00128 0.00277

2 0.01620 -0.00440 0.00472 -0.00093 -0.00398 -0.00885 0.00544 0.00397 0.00479 0.00261 0.00003 -0.00322 -0.00274 -0.00854

3 0.01168 -0.00106 0.00077 0.00333 -0.00173 -0.00540 -0.00263 -0.00287 -0.00676 0.00119 -0.00264 -0.00105 0.00109

4 0.01898 0.00445 -0.00660 0.00172 0.00598 0.00371 0.00894 -0.00112 -0.00052 -0.00911 -0.00540 -0.00628

5 0.01199 -0.00027 -0.00064 -0.00208 -0.00268 0.00204 0.00171 -0.00192 -0.00643 -0.00511 -0.00645

6 0.01128 0.00101 -0.00047 0.00014 -0.00707 0.00193 -0.00113 0.00360 0.00294 -0.00095

7 0.01769 0.00533 -0.00138 0.00400 0.00781 0.00075 -0.00095 0.00389 0.00366

8 0.01288 0.00701 0.00399 0.00996 0.00185 -0.00434 0.00114 -0.00412

9 0.00804 0.00176 0.00289 0.00150 -0.00096 -0.00213 -0.00495

10 0.01508 0.00129 0.00221 -0.00840 -0.00335 -0.00635

11 0.01757 -0.00106 0.00046 0.00149 -0.00402

12 0.00529 -0.00457 0.00155 0.00169

13 0.01522 0.00250 0.00512

14 0.01069 0.00697

15 0.01748
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Table A.4: Covariances between 15 risky assets for rebalancing model [t1, t2]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0.01254 -0.00333 0.00400 -0.00013 0.00102 0.00403 -0.00540 -0.00323 -0.00089 -0.00450 -0.00448 -0.00183 0.00123 0.00256 0.00383

2 0.01564 -0.00428 0.00329 -0.00074 -0.00327 -0.00806 0.00460 0.00499 0.00327 0.00240 0.00004 -0.00343 -0.00348 -0.00748

3 0.01143 -0.00074 0.00062 0.00276 -0.00159 -0.00460 -0.00332 -0.00197 -0.00628 0.00167 -0.00284 -0.00134 0.00096

4 0.00957 0.00256 -0.00392 0.00113 0.00365 0.00336 0.00441 -0.00074 -0.00053 -0.00702 -0.00495 -0.00398

5 0.00784 -0.00019 -0.00048 -0.00145 -0.00277 0.00115 0.00130 -0.00220 -0.00564 -0.00534 -0.00465

6 0.00790 0.00078 -0.00034 0.00015 -0.00410 0.00151 -0.00135 0.00327 0.00317 -0.00071

7 0.01523 0.00426 -0.00164 0.00257 0.00680 0.00099 -0.00095 0.00465 0.00303

8 0.00954 0.00770 0.00238 0.00805 0.00226 -0.00405 0.00126 -0.00316

9 0.01313 0.00156 0.00346 0.00272 -0.00134 -0.00351 -0.00565

10 0.00726 0.00084 0.00217 -0.00632 -0.00300 -0.00393

11 0.01547 -0.00141 0.00046 0.00181 -0.00336

12 0.01068 -0.00703 0.00284 0.00214

13 0.01790 0.00350 0.00495

14 0.01780 0.00802

15 0.01390
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