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FRANK EANES HARRELL, JR. Statistical Inference for Censored
Multivariate Distributions based on Induced Order Statistics.
(Under the direction of PRANAB KUMAR SEN.)

This research is concerned with methods of multivariate analysis
applicable to life testing problems with concomitant variables
observable only for failing units. With this setup the author
attempts to provide:

1) estimates of parameters from censored bivariate normal

observations begun by Watterson [1959],

2) the likelihood ratio test of independence based on censored

bi&ariate normal observations,

‘- 3) methods for inference based on censored multivariate normal
distributions especially by studying multiple and partial
correlations,

4) parameter estimates and 1likelihood ratio tests of indepen—

dence for other selected bivariate distributions, and

5) 1locally most powerful rank tests of independence for

general censored bivariate distributions.

These methods also have applications in inference from biased

samples resulting from a selection process.
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CHAPTER I

INTRODUCTION AND REVIEW OF LITERATURE

1.1. Introduction

In life testing studies, life length or time to failure of an
item is the majdf fesponse variable., Many parametric statistical
methods are nowbavailable for analyzing the relationship between life
length and a set of associated variables when life length measure-
ments are censored in some way and the associated variables are ob-
served foF all n censored or uncensored units. The literature re-
view included describes many of these methods as background for in-
vestigating the problem of concomitant data being available only for
units that actually fail.

Selection problems can also be placed into this setting. For

example, suppose that 1000 students take a college's entrance exam
and the highest 100 scorers enter the college. Once there they

take a second exam. The problem may be to estimate the population
mean score of the second type of exam or the population correlation
between the two exams givén this biased sample, where the population

of interest consists of all high school graduates.



1.2 Notation and Definitions

In most life testing studies, observationsare accumulated
sequentially in time and are censored, i.e., only a subset of the
set of ordered life lengths is observed. Suppose that n items in

an experiment have life lengths Yl,...,Yn and let

Y < Y <ese < Y be the order statistics corresponding to
n,l-— 'n,2 — — "n,n

Y Y e
Yl,..., n with Yn,j < a, 4+l < iYn,k being observable,

1<j<k<n., If j>1, k =n we have censoring on the left; for

j =1, k<n we have censoring on the right, the typical type for

survival studies,

When j or k 1is a random variable, the censoring is said
to be of type I; an example is an experiment with a pre-specified
duration and k 1s the number of failures or deaths occuring during
that time and j =1, If k is pre-specified, the censoring is

of type II and the duration of the experiment is thus a random

variable. In multi-stage censoring schemes or staggered entry ex-

periments (called progressive censoring by some authors - see for
example Cohen [1965]), subjects are withdrawn from the study without
having failed at each of a number of stages (or equivalently they
enter the study at different times), but the statistical analysis is
not performed until the end of the study. In true progressive
censoring, statistical tests are made throughout the experiment to
possibly terminate it early with rejection of the hypothesis of no

effect of a treatment on life length.



Most published statistical methods as well as those proposed
here are designed for analyzing type II right-censored data in which
the smallest k out of n order statistics of life leﬁgth are ob-
served for fixed k. However, for both type I and type II censoring
maximum likelihood estimation procedures are the same and asymptoti-
cally the estimators for either type will have equivalent properties.
When k .is a random variable, the distribution of derived estimators
depends on the distribution of k and hence may be more cgﬁplicated.

Let Xl,...,Xn_ denote concomitant variates corresponding to
failure times Yl,...,Yn so that (Xl’Yl)""’(Xn’Yn) are indepen-
dent and identically distributed random vectors (i.i.d.r.v.).

Define .
X, if Y = Yj for i,j = 1,...,0. ‘ (1.2.1)

L1 T % ‘n,1i

Bhattacharya [1974] has termed the xn[i] as the induced order

statistics while David and Galambos [1974] have named these as the

concomitants of order statistics. We will call

.o <k < i

Xn[l]" ’xn[k] s 1<k<n the first k of n induced order
statistics. Note that these variates are not necessarily in any
order. When concomitant data are observable only for failing units

then only the first k of n induced order statistics are observ-

able.



1.3. Methods for Analyzing Censored Survival Data When

All Concomitant Data are Available.

Assume that the conditional distribution function (d.f.) of

Yi given x is of the form F (y) with probability density
Bxy

function (p.d.f.) f (y), for 1 = 1,...,n; here, the X, may be
~~i

p (>l)-vectors, B is an unknown p-vector, and égi is a vector

product. The likelihood function of a type II right-censored sample

(and given the gi) is

.k
L= U fgy DM T peF

(x. ,)1kL (1.3.1)
j=l ~~n[i] Tn,1 1=ktl  PXapa] MoK

Various authors have used (1.3.1) to draw statistical inference [on
§ and other parameters associated with p.d.f. fo(y)] using the
principle of maximum likelihood. See Zippin and Z;mitage [1966]
for the exponential distribution, Glasser [1967] for the exponential
hazard distribution, for example.

A good general description of the setup of the likelihood
function is given by David and Moeschberger [1978] generalized to
more than one cause of failure and multiple censoring points.
Consider the case of type I multi-stage censoring in which an indi-
vidual's failure is observed only 1if it occurs within some pre-
determined time interval, the length of which may vary from subject

to subject.

In this case, subjects can enter the study at different times



with the termination point being the same for all,so the times are
adjusted to start at zero for each subject. Starting with n
subjects, the ith subject is observed until censoring time Bi' The

lifetime for a subject, Y is known only if Yini Bi’ The like-

i ?
1ihood of the sample is then

{le f‘% (Yj)} {E [1- FE)&(BZ)]} . (1.3.2)
where the first product is over the known failures and the second
' {s over the censored times. If the Bi are random as in random
entry timeé to the study, the estimation procedure is the same but
the properties of the estimators will depend on the distribution of
the entry times. For type IT censoring, it is assumed that all Bi
are equal. A discussion of this also appears in Cohen [1965], aimed
more at the case of mﬁlti—batch censoring without covariates.
Estimation of the parameter vector g is usually carried out by
maximizing the likelihood in (1.3.2) by an iterative process and
associated tests of hypotheses are performed by computing likeli-
hood ratios and using large sample theory pertaining to the distri-
bution of -2 log L where L is the likelihood ratio. Halperin
(1952] showed that the maximum likelohood estimate (MLE) of a single
parameter with no covariates is in some sense optimal under type II

right censoring with mild regularity conditions omn the underlying

density. He also gavé an outline of the proof for the multiple



parameter case, the MLE is weakly consistent, efficient, and asymp-
totically multi-normally distributed. An additional paper on this
subject is by Silvey [1961], which includes a discussion of the
properties of the likelihood for dependent random variables.
Maximum likelihood estimators can seldom be derived explicitly.
Because of this the properties of the estimators are difficult to
study. Saw [1961] was able to study the moments of the MLE of the
mean () and standard deviation (0) derived from a type II right
censored normal sample. He found the estimators to be baaiy biased
for large proportion of censoring (small k/n). For k/(ﬁ+l)=.2, he

derived
b= E(}) = 5.5380/(n+1) + 0(n+l)"2 | (1.3.3)

and the amount of bias is worse for smaller k/(n+l).

An explicit and asymptotically efficient method for deriving
unbiased estimators was given by Plackett [1958] and formalized by
Chan [1967]. Chan's formulation is for a general location-scale
distribution and double censoring. Here the sample consists of

Y Y 1<j<k<n from the parent density

n,j °? Yn,j+1""’ n,k °*

e;lf((y-el)/ez) where 61 and 92 are respectively the location

and scale parameters. Let Zn = (Yn,i - 61)/02 and

1

U i - E(Zn ). The log likelihood function is (Chan [1967])

n, ,1



k
L = log[n!/(j=-1) !(n-k)!] = (k-j+1)log 6, + z log £(Z i)
1=1 B
+ (j=1) log F(Zn,j) + (n-k)log [1—F(Zn’k)], (1.3.4)

where F(z) is the d.f. corresponding to the p.d.f. £(2). The
strategy is to expand 3L/36r , r=12, 1in a Taylor series about
Z = q , j<i<k , and then to ignore terms which converge in
n,i n,i - -

probability to zero. Thus, aside from these remaining terms of

order greater than one, which converge in probability to zero,
o~/ 2('aL'/aer) - o~ 2(a1/20)
+ n—l/Ze-lL(r) (1.3.5)
where

(1) ' . 2,2
L= -(jfl) [(Yn,j-el)/e2 - un,j](fj/pj-fj/pj)

Kk :
" '2 2
- iEj[(Yn’i-el)/ez - un,i](fi/fi-fi /fi) (1.3.6)

, 2,2
+ () (7, =8)/0,-u 1(E/q + /0,



2

(2) 2
L= -(.‘l-l)[(Yn j-el)/ez- un,j](fj/pj+ un,jfslpj-un,jfj/Pj)

k

153[(Y“s1 6,276, un,i](un,ifi/fi uy1fl 1€ + £3/£)
+ (n-k) [(Yn’k-6£/62~un’k] (£ /9, + un’kfl'c/qk (1.3.7)
2,2
+ug B/
£,2 £Qu ), py=F(u ), qy= 1-py , £)= af(x)/ax|x=un . (1.3.8)
?

and so forth.

The first term of (1.3.5) also converges in probability to zero
so the estimation procedure is to solve for Lm =0, r=1,2,
Denote the estimators satisfying this requirement by 9; and 6;.
The fact that (9: R 9;) are unbiased follows from the fact that

(r)

E(L'"7) = 0. Chan also shows that estimators derived from replacing

u oy by F-l(i/(n+1)) have the same asymptotic properties. The
?

* %
extimators (91 ,62) can be called linearized maximum likelihood

estimators.

Saw [1962] developed a procedure similar to that of Chan for
the multiple parameter case and for general likelihood functions in
which the likelihood is expressed as a polynomial with a remainder

term. This procedure can be used ian many cases to derive simple



and efficient moment estimators. Saw applied this to right cen-
sored normal samples (See also Saw [1959]) to derive simple and
efficient estimators of the mean and variance. These estimators
require computation of only two expécted values as opposed to
Chan's estimators which involve calculation of un,j""’un,k'

Modified maximum likelihood techniques could perhaps be applied
to thevmore complicated likelihood in (1.3.1) involving covariates.
This technique might eliminate the need for iterative solutions and
provide unbiased estimates of regression parameters. At any rate,
there seems to be no rigorous proof of the optimality of MLE's
derived frdﬁ expressions such as (1.3.1) which involve covariates.
Many authors in the literature who discuss survival analysis with
covariates seem to assume that theorems concerning identically dis-
tributed obsérvations apply.

There are other methods in the literature for analyzing cen-
sored survival data than the conventional parametric maximum likeli-
hood technique. Cox [1972] developed a conditional likelihood model
which could be called a mixed parametric/mnonparametric approach. In
his model, which allows for arbitrary right censoring, only the
ranks of the failure times are used. The model assumes that for
some (unspecified) monotonic transformation d(y) of the failure
times, d(Y)- §§ has an extreme value distribution. This implies
that the ratio of hazard rates for observations i and j at each
fixed failure time y is exp(§§ —ggj). [The hazard rate is defined

to be f£(y)/(1-F(y))]. This mixed approach has been explored for



general distributions by Kalbfleisch [1978].

Brown, Hollander, and Korwar [1974] developed a nonparametric

test of association between arbitrarily right censored failure time

and one uncensored concomitant variable. The test is based on

Kendall's tau and is easily applied. The data for the test comsist

of n independent pairs (xl’Yl)""’(xn’Yn) where Yi is known

only 1if YiiBi'

Let 61 = I{Yi uncensored} = I{Yi_<_Bi} and z, = min(Yi,Bi),

where I{A} denotes the indicator function for the set A.

. 1, X >X.1
aij o, Xi=Xj
-1, X, <Xj

1 4if it can be inferred that Yi >Y

bij = <0 1if Yi = Yj or 1f "uncertain"
1 1if it can be inferred that Yi <Yj

3

so that

)
)

1,(5j=1 and Zi>zj) or (51-0,6j=1 and Z,=2

bij = -1,(61'1 and Z <Zj) or (51-1,6 =0 and Z,=Z

e e

i 3

0, otherwise

The test statistic for independence is

n n

S= I L a,,b

(1.3.9)

(1.3.10)

(1.3.11)

(1.3.12)
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and the test can be performed by either finding the permutation dis-
tribution of S or by using a normal approximation to its null dis-
tribution.

Brown et al. [1974] proposed a modification of this test which
uses the Kaplan-Mbier [1958] empirical survival curve to gain more
informa;ion in the "uncertain" case bij = 0. This test is more
complicated and may make little improvement when much censoring is
present. In fact, in the example in their paper, in which little
censoring is present, the significance levels for the more compli-
cated test are generally larger than for the simple test in
(1.3.12). .When Xi is a binary variable, (1.3.12) reduces to the
modified two-sample test of Gehan [1965].

Maiundar and Sen [1978) have considered generalized linear rank
statistics for progressive censoring with staggered entry. Miller
[1976] estimated parameters of a linear regression on failure times
by means of weighted regression using weights constructed from the
Kaplan-Meier curve. A general theory of rank analysis of covariance
under progressive censoring when there is no staggered entry has
been developed by Sen [1977]. The asymptotic theory of multiple

1ikelihood ratio tests in progressive censoring has been studied by

Sen [1976] for the single parameter case.

1.4. Framework for Survival Analysis with Incomplete Concomitant Data

All methods in section 1.2 assume that though Y yeeesl are
n,1l n,k
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only observable, the entire set (Xl,...,xn) [or equivalently
xn[l]""’xn[n]] is given prior to experimentation so that (1.3.1)
is properly defined. In many other life testing problems, especially
those arising in toxicological or other invasive or destructive
studies, X is observable only when Y is observable (for

n[i] a,i
i <n), so that the second factor on the right hand side of (1.3.1)
is no longer deterministic. This is particularly true if observing
Xy necessitates the failure of the ith unit, so that for the sur-
viving [n-k] units, the Xi are not observable.

As an example, suppose that an experiment is performed in
which a to;ic substance is injected in constant amounts at regular
time intervals in mice until death occurs. At death, the amount of
the toxic substance taken up by the kidneys is measured to test the
hypothesis that death occurs when a certain amount is precipitated
there., For mice alive at the end of the study, the toxic substance
may have been dissipated by means other than by the kidneys' action.
Suppose that for time or cost reasons, the experimenter, having
started with 30 mice, had decided to stop the experiment,'after the
first 10 deaths occur. He may want to study the relationship be-
tween survival time and absorption of the toxic substance by the
kidney, the latter being measureable only at the termination of life
and removal of a kidney.

As another example, suppose that in an experiment designed to

study the relationship between arteriosclerosis and life -length,
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rhesus monkeys are fed an atherogenic diet. Autopsies are per-
formed on the first 20 monkeys to die and the amount of fatty plague
deposited on the walls of the aorta is measured. The experimenter
may wish to quantify the strength of relationship between this
measurement and life length. Other examples of this type arise in
selection problems, particularly in educational testing.

The necessity of observing concomitant data for all individuals
is not required if we make the assumption that (Xi’Yi) has a multi-
variate distribution of known form. Suppose that (xi’Yi) has p.d.f.
f(x,y) and'the conditional density of X, given Yi =Yy is gyi(X).
By an appeal to Lemma 1 of Bhattacharya [1974], we conclude that

given Yn,l""’Yn,k , Xn[l]""’xn[k] are (conditionally) in-
dependently distributed and the conditional p.d.f. of Xn[j] given

the Yn 1<i<k 1is given by

% e

gy (x) for j=l1,...,k and every 1<k<n. (1.4.1)
n,j

This result provides the basis for much of the statistical inference

based on induced order statistics.

1.5. Censored Bivariate Normal Distribution

Watterson [1959] considered the case where (Xi’Yi) have a bi-

variate normal distribution. Denote the p.d.f. of (Xi’Yi) by

2 2 2 2
¢Q(x,y) with 9 = (ux,uy,gx,gy,;», ux,uy are the means, ox,oy
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the variances, and p the correlation coefficient of X and Y. By
(1.4.1), given Yn,l""’Yn,k . xn[l]""’xn[k] are independently

normally distributed with means

My + pcx(Yn’i - uy)/oy (1.5.1)
and variances
o?(1-p%) (1.5.2)

= = '
for j l,ool’ko Let then § (Xn [l]’.o.’xn [k]) 2

b

-1
= ' = - 3
Y (Yn,1’°°°’Yn k) and E Gy (X uy %). The joint (conditional)

p.d.f. of X given Y is then

1
2 2
20x(1-p )

-k/2 '

~

2, 2.
[cx(l-p ) 2m] exp{-
which 1is the k-variate normal demnsity with mean vector

U1+ p0 2 (1.5.4)

and covariance matrix

2 2
Gx(l—p )Zk (1.5.5)
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which implies
' 2 2 '
EQX X'[D) = 0 (10", + EEDIEEDI (1.5.6)
Thus if we let
= = - - t = =
EZ =u (un,l’°"’un,k) and E(g EE)(E Eg) Y ((vn’ij)),(l.5.7)
then, from (1.5.4), (1.5.5) and (1.5.6) we obtain
E(X) = 1. 1 +po_u and E(X-EX) (¥-EX)'= 02 (1-pD) I, +020°V.  (1.5.8)
~ X ~ X~ ~ ~ ~ ~ X ~k x~' R
For k<n<20, u and V are tabulated in Sarhan and Greenberg
[1962, pP. 193-205] and several approximations for these moments for

higher values of n are in David {1970, pp. 65-7]. Harter [1961]

suggests that a good approximation for uoy is
’

oL (- e /(- 20,

N
Ne

n,i

o = 3/8, 1<n<50, o, =.4, n>50, | (1.5.9)
where &, denotes the standard univariate normal d.f. The u, 4 can
. b4
also be approximated with high accuracy by numerical integration

or by using the power series of Saw [1958] for select k/(n+l) not
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too near 0 or 1. The result of Saw [1959, section 6.] may be
used to interpolate the power series for values of k/(n+l) not

tabled. From (1.5.8) we obtain

2.2
ER ey = B¥pap) Kopy) ~ By ™ @ O¥n,1g 0 17

- oi(l—pz) + pzcivn,ii , 1= (1.5.10)
and using (1.5.4),
Eara) = B’ Ta,s 7 Ba,3? ° POx%V,13 ®
= “n,ij Cov(Xi,Yi). (1.5.11)

All of these results can be found in Watterson [1959].

From (1.5.7) and the definition of 2Z ,
2
Y) = l1+0_ u d E(Y- 1) (Y- 1) = o'V, 1.5.12
E(Y) =y 1+0o, u an (X-u DE-u D v ( )
Let o denote a k X1 vector of constants. Then
E(a'Y) = uy o' 1+ ory a' u, V(a'g) = 05 a' va (1.5.13)

from which the best linear unbiased estimators (BLUE's) of uy and
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0'y can be determined. However, if o'o is minimized instead of

a'Vo. , as in Gupta [1952], the estimators are much simpler. The

~ ons

result is
. o~ . =1 - - K — .2
Hy = 'Yy ,a=k " - (u-y, Dy / El(un 7% (1.5.14)
m= ’
Gy =B Y, Bm (o D/ L (o gm ) (1.5.15)
where
- ‘=] k

For censoringl on either side, Sarhan and Greenberg {1962, pp. 208~

11] computed the minimum efficiency for the simpler estimators with
respect to the BLUE's to be over 84% for both the mean and standard
deviation for n <15 and in general the efficiencies are well over

90%.
Now consider linear estimation using X:
E(g'x) =M a' 1+ po a'u (1.5.17)

v(a'%) = ci [o'a + oZa (V-1 )al. (1.5.18)

To get an unbiased estimator of u we require o' 1 =1, a' u=0.
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Minimizing the variance is a problem since it depends on the unknown

parameter p. If we minimize for p= 0O, we have the estimators

(1.5.19)

=
]
Qe
e
[+ 9
©
Q
"
T
s

where § and E are defined in (1.5.14) and (1.5.15) respectively.
Alternatively, minimization can be done for p= 1 yielding the

same vectors as in the BLUE's of uy and (Jy. For n = 10 and all
possible ways of left and/or right cénsoring, Watterson [1959] com-
pared the relative efficiencies of the fwo for the worst possible
value of 52 (0 or 1) and found the simpler estimators in (1.5.19)
to be often better than the others and never much worse. Note that
from (1.5.17), no linear estimator in X exists for P or O
Estimgtion of p and Ux will be the subject of much of the work in
later chaptérs. Estimation of U and Gx will perhaps be of more
interest in selection problems while estimation of p and testing

p =0 will be of interest in both selection problems and life test-
ing studies,

We note that from (1.5.3) and (1.5.7) that the basic assumption
of bivariate normality can be roughly checked by examining the con-
ditional normality of X by usual regression methods and by examining
vs. u

1 n,i *
pavid and Galambos [1974] also discuss this setup. They give

a plot of Yn i=1,...,k for linearity.

asymptotic results for the expected rank of Xn[i] in Xl,...,Xn
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gor i/n >+ X (0 < A<1) as n~+=, They also show that for fixed
k, xn[l]- E(Xn[ll)""’xn[k]- E(Xn[k]) are asymptotically indepen-
dently normally distributed with mean 0 and variance Gi(l—pz) as
n~+> o for |p| <1. For our purposes, however, we will need k=pn

with n >, 0<p<1, p fixed,

1.6. Summary

Chapter I provides the background necessary for analyzing cen-
sored data when concomitant information is available only as induced
order statistics for uncensored observations. In chapters to follow,
estimators.for the remaining parameters, P and Oy » of the bivariate
normal distribution will be developed and a test of independence will
be studied. These methods will be extended for the multivariate
normal distribution thereby providing many tools for statistical
inferencé for censored data that are parallel to those commonly used
for complete data. Next, some other bivariate distributions will
be considered. Finally, some nonparametric tests of independence

will be studied and compared to parametric tests by both empirical

power calculations and asymptotic results,



CHAPTER II
ESTIMATION OF PARAMETERS OF CENSORED BIVARIATE
NORMAL DISTRIBUTIONS AND TEST OF INDEPENDENCE

BASED ON INDUCED ORDER STATISTICS

2.1. Introduction.

Suppose that (xi’Yi) follows a bivariate normal distribution
] 2 2

with parameters ux ’ uy R cx , Uy , and p. Estimators of U and
PO using xn[l]""’xn[k] have been developed by Watterson [1959]
while the estimation of “y and °y using the order statistics
Y eee Y can be made as in Sarhan and Greenberg [1962].
n,l . n,k '
However, the estimation of o and p poses certain difficulties and
constitutes a major objective of this chapter. In deriving estima-
tors of Oy and p we also derive an estimator of ux using both order
statistics and induced order statistics which is slightly better
than Watterson's. We will also show that the classical Pearsonian

correlation coefficient has desirable properties as a test statistic

for testing Ho: p =0 and we will estimate its power functionm.

2.2. Estimation of Gi using only Induced Order Statistics.

Sometimes one may be interested in estimating population
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parameters from censored data even when the ordered variates, Z,
are not observable. This problem arises often in selection processes.
For example, suppose in a class of 100 students, the 20 tallest
are determined by having the students order themselves by increasing
height. These 20 students are asked to do high-jumps to determine
their maximum jumping capability. Later, the athletic instructor
wishes to estimate the population variability of jumping capacity.
not just for the tallest students, using only the observed jumps
and the ranks of students' heights out of 100.

As we have seen in section 1.5, the population standard devia-

tion of X ox , 1s not estimable by any linear function of X,

i
It is natural to try a quadratic estimator of the form §'é§. The
variance of such an estimator would depend on the unknown parameter
p so_the variance cannot be minimized for all p. Following the
Watterson approach; we might minimize the variance of X'AX when

p = 0, which amounts to minimizing tré2 subject to E(§'é§) = ci.
The authors have found by simulations that this estimator, which re-

quires the solution of k simultaneous equations, has little to

gain over a much simpler estimator presented below. Let

R e T e (X -2 (2.2.1)
X i "n(i] X
i=1
k
~ . ? ~
where i 1is Watterson's estimator, iilaixn[i] , defined in (1.5.19)

and the ci are real cdnstants. Now
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i)? N, 222 )
B(Xypg)” B = VO g+ VA eTopuy o+ 2BLX 1y () )
and
MY 7S op(1-0"+ pzvn,ii)’ v = o2 {(-pHF & + 07T val,

I EEERS S SO %

where un,i . vn,ii , and G# are defined in (1.5.7) and (1.5.16).

Also,
k
ECa i = ECE St & ECK 1))
bt
2
= j#i j{p o (vn, ij + un,iun,j)+ ux+ pux cIx (un,i+un,j
+ E(x [i])
zczgav + 02+ o +“02(1-2)
" ° j-l jn,1j Ux pux X un’i % X P
and
22 k 2 2
E[X [1](“ H)] = - po_ jflajvn»ij - 6,0 (1-p).
Therefore,
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2 2
= Gx(ai + pbi) (2.2.2)

E(Xn [i] - ‘ﬁx)

where
a; = (k-1) /k + u {1+ 2(un,i- un)}/ z (un’m - u)
m=1l
(2.2.3)
k k k
b, =~-a, -2 I & Vv + I Ladav + v + u
i i j=1 i n,ij r=1 s=1 T S n,rs n,ii ,1

|

for 1=1,...,k. Let a= (al,...,ak')i",' b= (byyeeesb)s
c= (cl,..:,ck)'. Thus, E(ai) = Gi(é's +-pE'S) and for an unbiased
estimator, we require 3'5 =1 and E'S = 0 and, motivated by
Watterson, we minimize E'S whicﬁ ﬁipimizes V(8i) when p= 0, con-
sidering ﬁx given. The result is

w}{a'n)? - (3D G, 1<tk (2.2.6)

= {b, a'b - a

¢4 122 il

An estimator of P can also be obtained by considering the Watterson
estimator of pox (based on § alone) and dividing the same by the
square root of Ei in (2.2.1). However, such an estimator does not
depend on g, and hence, when the latter is given, may not be a very
efficient one. For this reason, in the next section, we proceed to

study the efficiency of estimators of 9 = (ux,uy,di,cj,p) based on

(x,0)
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2.3 Cramdr-Rao Lower Bounds for Variances of Unbiased Estimators

Denote the parent bivariate normal demsity of (Xi’Yi) by

2 2
¢g(x,y) where §= (ux,uy,ox,oy,p), ux,uy stand for the means,
2

2
cx,cy for the variances, and p for the correlation coefficient of

xi and Yi’ By (1.5.3) the joint (conditional) pdf of X given Y is
k
-1 2 L2
ilsll{cbl((xi-ux-poxcy (Yn’i-uy))/crx 1-p7) /o Y1-p } (2.3.1)

k
AR ARICAPR RTINS
where ¢1 .is the standard univariate normal density. The joint
pdf for the first k of n order statistics is
Bl 1 g (im0 L1 & (G ) /0, )10 676 (2.3.2)
n gm1 L Yim W9 119 Wy /9 y °? e

yliyziooo :yk

where @1 is the standard univariate normal df and

n[k] = neso(n=-k+1), Multiplying (2.3.1) and (2.3.2), we obtain that

the joint pdf of X and Y is equal to

[k]{lfr¢(x )} [1- 8, ((y,= ) /o )1™°E (2.3.3)
n 1.19 i’yi . 1 yk l-ly y e Jde

yliyz .oo:yk .

Let Ln Kk denote the log likelihood function based on (2.3.3) aside
]
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from constant terms. Then letting T = (X - My })/0x ’

7 = (X - uy }.)/0y . Zn,k = (Yn,k - uy)/cy we have

-'{(1—92)'1/2}{3'3 -2pT'Z + g'g}.

Then we have
(a/aux)Ln,k
(a/aox)Ln,k

(3/3p) }n’k

(3/311}7)Ln’k

(3/80y)Ln’k

1' (T - p2) /0, (1-0")
-k/o_ + (T'T - pT'2)/0 (l-pz)
.4 ~ o~ X
(1-6H "2 kp(1-p%) - PT'T - p2'Z + (1409 T'2]

_ -1
(-0 0y (2, 1)/ 01-0, (2, ()]

-5t 1 (er-2)

-1
CESEIE A NN ACAR)

- o;l(l-pz)'l(pr'z -2'2) -k o;%

- ]
with notations in (1.5.7), we let u (“n,l""’un,k) and

2

' =
W= (wl,...,wk) where w, vn,ii + Uyt Also let

2
L, (n-k) log[l- °1(zn,k)]'k'1°3°k -k log oy - (k/2)1log(1-p )

(2.3.4)

(2.3.5)
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ba,k; ab,c,d)= Elo (2 )20 (2 )T [1-0 (2 01725 |} (2.3.6)

? ’

where a,b,c,d are non-negative numbers and the pdf of Zn Kk is

™/ G- 110, (25 -0, (2179, (), = <2< (2.3.7)

for k=1,...,n. Noting that from (1.5.8)

2

E(D = pu, E(I'D) = k(l-pD) +p° 1' v,

(2.3.8)
E(T'Z) = pl' w, E(2'2) =1'w,

we find the following results after differentiating each side of each

equation in (2.3.5) with respect to ux’uy’cx’oy’ and p and taking

expected values of the negations of the resulting second partial

derivatives:
2, 2 2. 2
/DL, | = /0 (1=p")
2,.2 2. 2
I " E{ -(3 /aux)Ln,k} = k/ox(l-p ) (2.3.9)
(32/31. 30 )L . = -1' (2 T - p2)/0>(1~p2)
x x' n,k ~ ~ ~ T

: 2 2 2
I13 = E{ -(9 /auxaox)Ln’k} = pl'g/dx (1-p7) (2.3.10)



(BZ/BuXBO)Ln’k = 1'{2pT - (1+p2)g}/cx(1-pz)2

I;5 = E{-(az/auxap)} = g'g/ox(l-pz)

2 2
(3 /3“x3“y)Ln,k - ko/oxcy(l-p )

I

L, = B2/ u) Y = <ke/o,0 (1-07)

2 2
¢) /auxaoy)Ln’k = p}'g/oxgy(l-p )
I = E=(2/an a0 )L 1} = - pl'w/o,g (1)
14 Hx90y’ *n k P WO o0

2, 2 2 2, 2
(3" /30 Ly i = Koy - (3T'T -2 p1'2) /o, (1-0")

2, 2 2. 2 2. 2

I3 = E{-(37/30, Ly i} = {2k(1-p")+ p L' y}/ox(l-p )
2/ . = 1'T/g0. (1p2)

3 aoxauy n ,k p ~ ~ oxoy p
L = E{ ~(3 /0. 8p )L 1} = - o2 Lula g (1=p0)

23 Ox9Hy’ “n,k P H0x0y TP
(3°/30,30) Ly o = {20 T'T - 1+ T'2}/0, (107

I..=E {-(82/30x3p)Ln k} = p(1l' v - Zk)/cx(l—pz)

35
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(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)



a2 - . 2
(2 /aoxaoy)Ln,k P T g/cxcy(l-o )

- - 2 - 2 ., _ 2
I, E {-(3 /Boxaoy)Ln’k} o1 Y/chy(l )

%7371, | = kD) 0D - 1 +3D(T'T + 2'2)

+20(3 + pOT'2}/ (10D

155 = EC ~%/30D)L, () = (2ke” + (1-pH1" wh/-eH”

2 2 ,
(3 /Bpauy)Ln,k = 1'{2pZ - (1+p )g}/cy(l-pz)
I, = E{ =(3%/303u)L .} = - p1' w/o_(1-p’)
52 Mol ln k PL uwa,tl-p
(3%/3030 )1, | = (202'2 - (11)T'2h/0 (10D

= B( - (3%/3p30 )1} = - pL' w/o (1-p")

Is,

QAN | = -6 % (2, ) 11-0, (2, D17

: -1 2 2
(0,2, ) (1-0,(2, D17 - 2 1= /o (1-00)

Iy

+ k(l—pz)'l}/o§

28

(2.3.17)

(2.3.18)

(2.3.19)

(2.3.20)

= B (@%b = (@l 0,k 2,0,2,0-¥(n,k; 1,0,1,D)]

(2.3.21)



29

2 -1 2
(3 /a“y3°y)Ln,k = -(n—k)¢1(zn,k)[1-¢1(zn’k)] {1—zn’k +

-1

2
6 (2, ) 0-0, (2, P17z Ho]

b

- 1 (pT-22) /0 (1-p")
I, = E{—(BZ/Buyacy)}={(n-k)[w(n,k;l,o,1,0)-¢(n,k;1,0,l,2) (2.3.22)
Hi(n,152,0,2,1) 1+ L'u(2-0")/ (1-pH) Mo,

2 2 -1 2
(3 /acy)Ln,k= —(n—k)Zn kd’l(zn,k) [l-<I>1(Zn,k)] {2--zn,k +

’ -1y, 2
2, 002, ) [0y (2, 17 M)
+ (201'2-3 2'2) /65 (1-0%) + k[0

I, = E{-(az/ao;)Ln,k}='{(n—k)[zw(n,k;l,o,l,l)— (n,k;1,0,1,3)

(0,k52,0,2,0)] + 1' w (3= 20)/(1-p))

- k}/c§ (2.3.23)

and where Ijz = IQ'j for every j,% = 1,...,3.

Des Raj (1953), who discussed maximum likelihood estimation
from bivariate samples when Y is truncated instead of censored,
developed equations simila; to these., The expected values of the
second partial derivatives are different in that case.

The y-functions, which include all moments of single order
statistics, can be evaluated for given n,k by numerical integration

to almost any desired precision (12 significant digits were used for
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the computations in this paper). To complete the evaluation of the
Fisher information matrix I = ((Ijl))’ we need to evaluate 1'u
and 1'w, For this as in Saw [1958], we note that given Zn Kk and
-~ ~ ’
disregarding the ordering of (Zn,l""’zn,k—l)’ the joint distri-
bution of (Z_ ,,...,2 ) is reducible to that of k-1 independent
n,l n,k-1
random variables from a univariate normal d.f., truncated from above

by Zn,k' Denote (zn,l"”’zn,k-l) in random order by (Sl""’sk—l)’

so that for 1<i<k-1,

2
E(S; (2, 0= =9;(2, /912 ().EGZ, )=1-2, (6, (2 /0 (2, )
2.3.20 @

and, in general, for r >0,

r+2 r r+l
E(S; lzn’k) = (r+l)E(Si|Zn,k)- zn’kq;l(zn,k)/@l(zn’k) . (2.3.25)
Hence
k k-1
! = =
l'u 1§1E(Zn-,i) E(Z, W0 1-2-1 E(Sy)
k-1
- E(Zn’k)+ iz E{E(Silzn’k)}
=1
k-1

T E 0 1 Eey(2, 0702 )

]

= (n,k;0,0,0,1)-(k-1)¢(n,k;1,1,0,0) (2.3.26) .



31

2 k=1 5
B(z2 )+ I E(SD
, i=1

2 k-1 2
E(Zn,k) + 151 E{E(Si|zn’k)}
k-1

2
= E(Zn’k) + 151 E{l-zn’kq:l(zn’k)/@l(zn’k)}

~
]

W(n’k;osososz) + (k-l) [l—w(n,kil,l»O,l)].

(2.3.27)

Note that in Saw's notation, Y(n,k; a,a,o,b) is Y(k /(n+l),n:a,b).
Let A22 ,.A24 , and A44 denote respectively the linear combinations
of Y-functions in (2.3.21), (2.3.22) and (2.3.23). For three
selected sample sizes, the values for use in determining the in-
formation matrix, I are:

A A

] t
Ay 24 44 i 1

e
1 E

1=
j=

20 10 .618616 . 746412 .0471597 -7.67491 10.0000
100 20 .412067 -.000905918 -.276115 =-27.7132 43.0867

1000 50 .189672 -.203353 .157445 ~102.906 218.888

The Cramér-Rao lower bounds for variances of unbiased estimators
are presented in the following table for three sample sizes, five

values of o and og ™ oy = 1. These bounds are the diagonal ele-

-1 ‘ .
ments of I and also represent approximate variances of the

maximum likelihood estimators, ﬁx,ﬁy,ax,ay,ﬁ (i.e., solutions to
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(2.3.5)) as predicted by asymptotic theory.

TABLE 2.1

CRAMER-RAO LOWER BOUNDS FOR VARIANCES

n ke VIHJ VO] Vg VO] VIR
20 10 0  .2433 .0761 .0500 .0601 .2433
1 L2417 .0761 .0514 .0601 .2372
.3 .2283 .0761 .0618 .0601 .1916
.5 .2015 .0761 .0775 .0601 .1181
9 .1078 .0761 .0787 .0601 .0049
100 20 O .4598 .0567 .0250 .0345 .2134 .
1 .4557 .0567 .0266 .0345 .2077
3 L4235 .0567 .0385 .0345 .1653
.5 .3590 .0567 .0562 .0345 .0984
.9 .1333 .0567 .0564 .0345 .0032
1000 50 0  .6170 .0508 .0100 .0155 .1410
.1 L6114 .0508 .0112 .0155 .1370
.3 .5661 .0508 .0200 .0155 . 1081
.5 .4755 .0508 .0330 .0155 .0630

.9 .1584 .0508 .0322 0155 .0017

It is interesting to note that for a large proportion of censoring

(small%-)ux cannot be estimated well from induced order statistics,
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yet O  can be estimated with more accuracy than Uy for small p .
Also, lower bounds for variance of estimators of “y and cy are
independent of p as one would expect; uy and oy can be estimated
efficiently with a small number of order statistiés whether or not
induced order statistics are observable.

The difficulty in estimating U stems from p being unknown,
so the selection process on Z causes an unknown location bias in
the sample of induced order statistics. For example, if p were known
to be zero, W would be estimated by the sample mean with variance

.02 Oi at n=1000, k=50, instead of .6170 Gi.

2.4, Maximum Likelihood Estimation

An iterative method may be used to estimate g by using (2.3.5).
pes Raj [1953] set up the implicit solutions to the likelihood equa-
tions for the case of double truncation on Y from a bivariate normal
sample which is similar to our case relating to censoring. Assuming
the theorem outlined by Halperin[1952] to be valid for our bivariate
case, the maximum likelihood estimafor (MLE) will be consistent,
asymptotically normally distributed énd asymptotically efficient.
Note that since Yn,l""’Yn,k are not independent, knowledge of the
asymptotic properties of the MLE may demand additional regularity
conditions [viz. Sen [1976]]. Nevertheless, for bivariate normal
d.f.'s, optimal properties hold under quite general setups.

The complexity of the solutions to (2.3.5) makes the study of
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the properties of the MLE difficult for any finite sample size.
It will be shown in a more general setting in section 4.2, however,
that the MLE of uy ,0& is the usual MLE based on Yn,l""’Yn,k
alone. Nonetheless, the results obtained by Saw {1961] for estimating
uy and 0& in this case implies that the MLE of 9 will have un-~
desirable properties for small k or n. In particular, the MLE
may have considerable bias (relative to its standard error). The
linearization of the log-likelihood function of Yn,l""’Yn,k
described in Chan [1967], which results in simple and efficient
estimators of uy and o& , will solve this problem.

There.are other good estimators of “y and cy besides the
ones considered by Chan. For instance, Saw [1959] developed an un-

biased estimator of uy which is a linear combination of Yn K and
»

-1
(k-l)-l T Yn 1 and has asymptotic efficiency (a function of
i=1
k/(n+l)) >94% for k/(n+l) as low as .25. He also considered a
k-1 2 k-1 2
linear combination of 151 (Yn,i - Yn,k) and ifl(Yn’i- Yn,k)}

as an unbiased estimator of ci which is of 100% asymptotic effi-
ciency for all k/(n+l). Linear unbiased estimators of Gy have
also been developed (for example see Gupta [1952]).

Since for the estimation of (py,cy), the induced order statistics
do not contribute any information, it seems natural to estimate
(uy,gy) by some efficient procedure based only on Y = (Yn,l""’Yn,k)'
Denote the estimators by (u;,c;) and then consider only the first

: x %
three e ti in (2.3.5) wherei e replaced b .
r quations ( ) wherein “y’cy ar plac y “y’cy
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Equating these functions to 0, we get three equations in three un-

* *
known parameters (ux,ox,p)and denote these solutions (ux,c:,p )

as the modified MLE. For this purpose, we write

k k k
< -1 v -1 2 . -1
X=k X Y=k z Yn,i’ stk z (Xn

1=1 20117 i=1 =1 o0

-1 k

k
2 -2 — —
Syt k E (Yn i—Y) and S =k z (Xn[i]-X)(Yn i—Y)

i=1
Equating (B/aux)Ln  1n (2.3.5) to 0 we get
?

@ - uid) = o"@ - W) /oy.

Equating (a/aox)Ln’k to 0, we get

%2 2 *) — % 2 — % 2 _ %k = %
o, = S, t cy (Xrng /(Y-uy) - Sxy(X-ux)/(Y-uy).

Combining (2.4.2) and (2.4.3) we have

* * k %2 2, %2
p Sxy/crxoy -p = Sx/ox -

1.
Equating (B/BQ)Ln i to 0,

koKD k2 o K2y k2 2, =k 2y, k2
p (L-p )=p [{S_+ (F-n) }/ox +{sy+ (Y-uy) }/cy]

;f)z

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)
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+ @ 0" (o)) T (5, + Eu) T Y = 0. (2.4.5)

Using (2.4.2) this simplifies to

*

* *9 * 2. %2 2, %2 *2 %
1- - S /o + S /o + (1- S o gile}
p (1-p M= p ( x/ < y/ y Y+ (1-p ) xy/ Oy

*( *S /c*o* *2) +s /G* *
o - o'
PP Sy/%% = ° xy' " x

y

* 2, *2 2, *2 *
- P (sx/orx + Sy/cy ) +p =0. (2.4.6)
Substitutiﬁg the identity in (2.4.4) into (2.4.6),

*ag's Jos? (2.4.7)
= 0’ Y »
P = 0y Sxy/ %%y -

%
The similarity of p to the Pearson product moment correlation

should be noted, for (2.4.7) can be re-written
* x %
= (S S .S S /o )(o. /S . 2.4.8
0" = (55,8, [(5,/0) (0 /s )] (2.4.8)

From (2.4.4) and (2.4.7) we get

*2 2 2 2 *2 2
o = S + (S S o S = 1). 2.4,
. ot (S /8 (o 7/s0 = 1) (2.4.9)

Substituting (2.4.7) into (2.4.2),
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* - 2.k =
= X + (S_ /S - Y), 2.4,10
My ( xy/ y)(uy ) ( )
* %
Thus, having estimated uy , 0& by uy,oy, we may estimate ux,cx and

p by (2.4.10), (2.4.9), and (2.4.7), respectively. One nice feature
of these estimators is that as k/n~+1 (i.e., the amount of censoring
decreases), the estimators approach the ordinary MLE, which are known
to be efficient for complete samples of any size. Again, if u* ’

y

%
o] are MLE based on Y sgeeesY ~ the entire set of estimators is
y n,l n,k

MLE.

since E(X|Y) =u 1+ po, (¥ - My 1)/g, it follows that

EX|Y) = u, + 00, (¥ - w)/0 and

k
Joo = -1 -Y
B(S|D =BG B Xypy (g =D )9

k
-1 -
=k iEl[ux + pcx(Yn,i- uy) /Gy](Yn,i Y)
= 00 Sz/c (2.4.11)
x 'y 'y
And so from (2.4.10),
*|v + * ) (2.4.12)
EQu Y) = Wy + po, (0 - 1o, 4.

% *
Therefore, Uy is an unbiased estimator of W if uy is an unbiased

estimator of uy. Since V(X|Y) = oi(l—pz)Ik s
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k

N2/ 12 2 2 2 2
VD = B I DK 00D o1 )SUky (24019

i

Combining (2.4.13) and (2.4.11) we find

2 2 2.2 2 2,2, 2
ST |Y)= V(s__|Y)+E(S__|Y) =05 1~ +p S 4.
B(sy [D= V(S |DHE(S, |1 =078 {(1-p Yto S /0 ) (2.4.14)

It can also be shown that E(S§|Y) = ci{k-l(k-l)(l—p2)+pzsi/0§}.

Combining this with (2.4.14) and (2.4.9) we have

%2 2 2 *2 2
E(0, { -0, {1+p [E(cy )/oy - 1]

- *
+ K am0%) B(o)2/s)-21) (2.4.15)
*2 2
and 1if cy is unbiased for cy s
*2 2 -1 2 %2 .2
E(o, ) =0, {1+k "(1-p )[E(cy /Sy)-Z]}, (2.4.16)
It can also be shown that

v = oﬁ(l—p2>[1+E{<u;4?>2/s§}1/k + pzciv(u;>/o§_ (2.4.17)

2

*
Note that from (2.4.11) if gy is unbiased for g; then an un-

biased estimator for the population covariance of X and Y, poxcy »

is given by
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*2 2
o “s_/s 2.4.18
y Xy ¥y ( )

* *
In order to estimate the expected values of Ox and p as

* * *
well as the variances of By s ox , and p , for each of three
different combinations of (n,k) and five different values of p,

500 random sets of (X,Y) were generated and the statistics were

* *
evaluated. uy , Oy were taken as the estimators due to Gupta (1952)

in (.5.14) and (1.5.15). Alsc, for comparison, the variance of
Watterson's estimator of My s ﬁx defined by (1.5.19) was estimated.
* -~
For y and Y_ the u in (1.5.14) were approximated by
y i X n,i
(1.5.9). For simplicity, we have taken o, =90, = 1. We have also

y
estimated the trace efficiency of the modified MLE, which is the

ratio of the sum of the five Cramer-Rao lower bounds from Table 2.1

to the sum of the estimated variances of the five modified MLE.
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From Table 2.2 we see that u: is consistently slightly better
than ﬁx although a small part of this may have to do with the
approximation used for the un,i' The efficiency of u: by
simulation is between 66% and 102% according to the bounds in Table
2.1. As expected, u: has large variance for large censoring
proportion. On the other hand, Ox is estimated as well as Oy in

%
almost every case and has lower variance in some cases. Also, O

X
appears to have small bias and is 53-103% efficient. The efficiency
of p* is between 69% and 130% for the cases studied except when

o0 = .9. The bias in p* is very low except for moderate p

(p=.3 or..5 resulted in maximum estimated bias of .06). Note that
V(u:) would be even smallef if(for example Saw's [1959] estimator of

were used.
uY

2.5. Test of Hc: p =0

2.5.1. Likelihood Ratio Test

* %
From the results of the previous section, if (py’°§) are MLE
of (uy,dy), they are MLE independent of any restriction on p. Thus

the modified MLE of section 2.4 may be incorporated to prescribe a

* % k Kk %
1ikelihood ratio test for HO: p= 0. As before, py,oy; ux,ox,p

are the estimators considered in section 2.4 except that now we

* *
require uy’cy to be true MLE, Over the parameter space restricted
* ok Lk

by o= 0, the parallel estimators are uy,cy-"y,&x, 0 where
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=X and G = si are defined by (2.4.1) (2.5.1.1)

From the definition of L in (2.3.4), the log ratio of the

k
?
maximum likelihood under the null hypothesis and the maximum likeli-~
hood over the whole parameter space, multiplied by -2, results in a

likelihood ratio statistic of

-2
K2 KD %2 3* ih?2
X =k log [8, /0 (1-p D] + &, E(X - 1)
*—2 . * 2 2.5.1.2
+ o, Z( 0, " uy) (2.3.1.2)
-2 -1,-1
* =1 * * 2 * &k * * "'
- (1= o) Eo, (X ) u) - 20 o S N T R AL
-2
% * 2
+ Y .- }
o, ( n,i Uy)

where all summations are from 1 to k. We now use the relation
* 2 2 - * 2
(Y - =k § + k(Y - 2.5.1.3
( n,1i uy) y ( uy) ( )
and further, by (2.4.10),
* 2 2 2 = * 2 4
- = k + S Y - 2.5.1.4
Z(xn[i] ux) s, +k xy( uy) /Sy ( )

z i : T - 28 2.5.1.5
(xn[il'“x)(Yn,i ‘”y)" k sxy +k Sxy(Y - “y) /Sy (2.5.1.5)
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and using (2.4.4) and (2.4.7),
*2 *2 2.2 2 2
c 1- = (8§ - S S 2.5.1.
S ) = (S8 - S8y (2.5.1.6)
so the first term in (2.5.1.2) is

*2 *
-k 1 1~ wher = S S_S 2.5.1.7
og (l-r ) where r xy/xy ( )
*
and Sx,Sy,Sxy are defined by (2.4.1). Thus r is the ordinary
product moment correlation of the set (xn[i]’ ), i=1,...,k.
The remaining terms of X become

*2 * 2

‘o2 2
* *“  2.-1 * *
+ 2 Sxy{cx (1-p )Sy} Z(xn[i]- ux)(Yn,i - uy)

-2

%2 -1 * * 2
- (1- o (Y -
(1I-p ) v (n,i uy).

Using (2.5.1.3) through (2.5.1.6), we get, on dividing by Kk,

-2
* 2.2 2.2
1+ oy {s +(Y—u) }- (s sy-s {s sy+ s (Y- u ) /s }

2 -1 - *2 2
+258 ss-s s +5s (- S
xy( xSy ) {xy xy( uy)/y}
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. *- 2

4 . 2 = %2
S+(Y~
)cy {y( uy)}

~(s2s -1,.24 2.2 %2
Xy

-stiy) (s58,-8s2 +o] siy
which after simplification is seen to be zero. Hence the likelihood
ratio statistic is given by (2.4.1.7) which is identical to the
likelihood ratio statistic for a complete sample of size k. This
suggests that an "optimum" test of independence using censored data
would still be the same test as if the data were not censored and
that we may use r* (or some function of r*) as a test statistic. As
with a complete sample it will be advantageous to consider as a test
statistic

”» ®

* *2 %*2 2 -1..2
T = (k-2)r "/(l~r ) = Sxy/{(k-Z) [sty-sxy]}, (2.5.1.8)

Note that this test is identical to that one would obtain from the
usual conditional regression test based on the conditional distribu-

tion in (2.3.1).

2.5.2. Distribution of Test Statistic under Censoring

A statistic for testing the hypothesis that X and Y are in-

*
dependent is T in (2.5.1.8). Define
-Y°. (2.5.2.1)

Let FA (t;a,b) be the non-central F d.f. with degrees of freedom .
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. %*
(DF) (a,b) and non-centrality parameter A and Gn k(u) = P{U f_u}
>

for u>0. Finally, let

Fo(tia,b) = fj F (t:2,0)d 6, (), €20 (2.5.2.2)

pzu/(l-p )

Then, we have the following

Theorem 2.5.1.1:

% % *
For every t>0 and given U, P{T _<_t|U }=F 2 9 -1 *(t;l,k—Z).
p (1=p") U

(2.5.2.3)

* *
Hence P{T <t} = F, (t; 1,k=2), t>0. Under H : p=0,
s 2 o

*
Fp(t;l,k-Z) = Fo(t;l,k-Z) is the central F d.f. with DF (1,k-2).

Proof: From (1.5.3), given Y, Xn [ ”"’Xn K are (conditionally)
-1

independently normally distributed with means M + pcxcy (Yn, i uy) ,

1<i<k and a common variance Gi(l—pz) . Hence k Sxy is condi-

tionally normally distributed with mean

- -1 2 *
Y-Y 1)' 14+ p0 0 Y-y 1)} =k oo S /o= po o U
(=Y D'{u, 1+ 00,0 Ty D} pa, S /o, = PO, Oy

and variance

2, 20 o =, L 22 2
o (1=p)(X- ¥ n'LE-YL oxoy(l—p Ju.,
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Therefore
2 2 2 2 2. ..% 2, 2 % 2.-1
k sxy/{oxdy(l—p YU} ~ xl(p U (2-p°) ), (2.5.2.4)

where xi(A) stands for the non-central chi~-square d.f. with p DF

and non-centrality parameter A. Further,

2,.2.2 2 2 2 2, *
§S§ =98 g o (1- U
k(S S) xy)/{ Iy (10 }
* - — %
- 20K gkt 110K - X T DY/ 100 (10U )

- NG 0= (- T DET D' ¥k} a-0" 0"

- U' A U (2-5.2.5)
K, -
where U= {°i°§<l'p2)U } 1/2 X (2.5.2.6)
2% -1 1 v v '
A= oyu (L =k 11 =-YNE-Y (2.5.2.7)

and given Y, U is conditionally normally distributed with mean
vector

-1/2 -

2.2 2 * 1
Y= {cxcy(l-p YU} {ux 1+ poxoy (Y- uy })} (2.5.2.8)
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1.-2

and dispersion matrix k S; z . Further, it can be shown that -

k_ls;zA is an idempotent matrix and that the rank of A = k-2.

The non-centrality parameter, Y' Ay , is zero. Thus given Y,
2,.2.2 2 . ,7.22 2, k2
k (5.8, Sy /10,9, (1P )T b2 €0) (2.5.2.9)

which implies its unconditional distribution is also xﬁ_z(O).
Finally, noting that (zf? 1)' A =0, we obtain from (2.5.2.5) and
(2.5.2.6) that given Y, Siy and {Si8§ - Siy} are conditionally
independent. Hence (2.5.2.3) follows from (2.5.1.8), (2.5.2.4),

and (2.5.2:9), and the fact that this conditional d.f. depends on Y
through U* alone. Finally, by (2.5.2.3), P(T*j_t) = E{P(TﬁitlU*) =
F;(t; 1,k-2). Under HO: p= 0, this is equal to Fo(t; 1,k-2) for
all U" and hence, F: - ¥, Q.E.D.

From Theorem 2.5.2.1, T* has the same comditional distribution
as the statistic from an uncensored sample and under .HO: p =0, it
has the classical (variance ratio) distribution with DF (1,k-2) and
the test can be made without.any difficulty. Let F; be the upper
100 o% point of Fo(t; 1,k-2) i,e., Fo( F:; 1, k-2)= 1 - a . Then
the power of the test based on T* (or r*) and corresponding to the

level of significance o (0 <a<1l) is given by

* *
1-F(F 51, k2) (2.5.2.10)
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In general, for k<n, Gn,k the d.f. of Ur is quite complicated,
and hence, analytical solutions for (2.5.2.10) are difficult to
obtain., However, one can obtain one or two moment approximations
for it by computing the moments of U* by the formulae of Saw [1958].
Unfortunately these formulae contain additional errors not reported
in the Corrigenda to Saw [1958]. Let wab = Y(n,k; a,a,0,b),
defined by (2.3.6). Then, notingkthat U* = (542'5)' (EJZ }) where
NETITRT AERLN ZT=k1 3 Z,.4 » with 2,

i
i=1 ’
1<i<k relate to the standard normal d.f., we find after deriving

z = (z =(Yn’i-uy)/cy s

Saw's formulae that

B0 = K1) [Ge-D =30, + Yy l2) Uy 1 KECS./0)

.and that the coefficient of wl3 in Saw's expression (3.6) concerning
E(U*z) should be -(3k2 - 14k + 15) instead of (Sk2 - 10k + 1).

These findings have been confirmed by Professor Saw in a personal
communication. Note that for a complete sample (k=n), E(U*)sk—l,
V(U ) =2(k-1).

Letting = F)z(l--pz)‘-1 and using the properties of the F-

distribution,
%* %* *
ECT |U) = (1 + T U)(k=-2)/(k=4) (2.5.2.11)
E(T2|uY) = (3 + 60 U + £2U™2) (k=2) 2/ (k=4) (k=6) (2.5.2.12)
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which imply that

%* *
E(T ) = {1 +CEU )} (k-2)/(k=-4) (2.5.2.13)

E(T™2) = (3 + 6 CE(UD+ CPE(U ) H(k=2) 2/ (k=) (k=6) (2.5.2.14)

For the one moment approximation, we suppose that T*-.. Fl,k-z(}‘)
where Fa,b(A) has the d.f. FA(t; a,b) defined after (2.5.2.1).
Thus we require A= CE(U*) and replace the distribution of T* with
Fl’k_z(cE(q*)). For the two moment approximation, we replace the
distribution of T* by an,k-Z(o) and equate its moments to (2.5.2.13),

(2.5-2.14). ThuS

* *
E(T ) = a(k-2)/(k=-4) ={1 + ZE(U )}(k-2)/(k-4) so
' %
a = 1+ TEW) (2.5.2.15)
* 2 2
E(T ) = a (k-2) (b+2) /b (k-4) (k-6) which implies
b = 2a2/{c2vw*.) + 4CE(U*) + 2}, (2.5.2.16)

Note that when p=0, a=b =1 and X=0 so that both approxima-

tions give the correct null d.f. Also, we limit ourselves to k>4
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for the one-moment approximation or k >6 for the two moment approx-
imation.

*
For the different n,k the moments of U are as follows:

2k Ewh v’

20 10 3.43246 3.87797
100 20 4,22029 3.60135
1000 50 6.79179 4.41258

The resulting (a,b) values are:

n=20 k=10 n=100 k=20

p 0 Cl l3 .5 '.9 o .1 l3 Is -9

a 1 1.035 1.339 2.144 15.633 | 1 1.043 1.417 2.407 18.992

b 1 1.001 1.057 1.312 3.731 | 1 1.002 1.085 1.443 5.174

n=1000 k=50
p 0 .1 .3 o5 .9

a 1 1.069 1.672 3.264 29.954

b 1 1.004 1,182 1.845 9.063

*
For each n,k,p the power of the r -test at the 5% level under
censoring was estimated by generating 2000 k X1 random Y vectors.

The exact upper 5% critical values were used and the power was
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calculated by averaging 2000 conditional non~-central F probabilities
to estimate the unconditional distribution of U* as in (2.5.2.2).

In order to compare the power of the test using censored data to that
using a complete bivariate sample, the complete sample size n*
required to achieve the same simulated power using the Fisher-Yates

Z-test is given.

TABLE 2.3

*
ESTIMATED POWER OF 5% r ~TEST FOR CENSORED DATA

Power from Power from Simulated
. One Moment Two Moment Power %
n k e Approximation Approximation n_
- 20 10 .1 .0531 .0531 .0532 6
.3 .0810 .0802 .0814 6
1 .1570 .1522 .1581 6
.9 9160 .8331 .8256 7
100 20 .1 .0544 .0544 .0544 7
.3 .0939 .0921 .0942 7
o .2025 .1929 . 2026 8
.9 .9796 .8468 .9349 9
1000 50 .1 .0576 .0575 .0576 10
.3 .1266 .1219 .1273 10
oS .3140 .2967 . 3140 11

.9 .9995 .9985 .9956 13
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The two-moment approximation is better for p = .9, but the one-
moment approximation is better overall in estimating the power
function. This is fortunate because the one-moment formula is easier
to calculate since only the first moment of U* need be computed. Note
that a complete sample of about one-~fifth the size (k) of the ob-
served censored sample would achieve the same power when n = 1000

k = 50 in which a high proportion of observations are censored.
However, because of considerations of cost of failures or controlling
the duration of the experiment, this type of sacrifice may be

necessary. _



CHAPTER III
STATISTICAL INFERENCE FOR CENSORED MULTIVARIATE

NORMAL DISTRIBUTIONS BASED ON INDUCED ORDER STATISTICS

3.1. Introduction.

Let (gl,Yl),...,(§n,Yn) be independent and identically dis-
tributed random (p+l)-vectors where §i is a p~vector. There is
no difficuity in (1.2.1) in defining §n[i] as a 1Xp induced
order statistic where §n[i] = gj if Yn,i = Yj for i,j=1,...,n.
In this chapter we will extend the results of Chapter 2 by supposing
that (§1,Y1) has a (p+l)-variate normal d.f. with density ¢e(x,y)
where § denotes the mean, variance, and covariance parameter;.
Maximum likelihood estimation as in section 2.4 will be used to
estimate § and a likelihood ratio test of HO: § and Y are indepen-
dent will be developed as in section 2.5.1. Other tools of statistical
jnference commonly used in complete data problems, namely tests of

partial and canonical correlation, will be developed for censored

multivariate normal data.

3.2. Maximum Likelihood Estimation

By (1.4.1), the joint (conditional) pdf of
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X= (x;[ll . XA[Z]""’x;[k])r given Y = (Yn,l""’Yn,k)' is

k k
11-11¢Yn, . (x,) = 11-11{¢9(§1’Y“’1) 19, (Y, 4=Hg)/00) /o) (3.2.1)

where x, = (xil’x12’°"’xip) and ?y i(51) is the conditional
n
"~ density of X, given Yn i Multiplying (3.2.1) by (2.3.2) we ob-
nd ’

tain the joint pdf of X and Y,

) ¢ }(I ¢ <4x )} [1- &, ((yo~ w) /o)1 (3.2.2)
n 1-1 9 ~i’yi 1 Yk Lly 'y R 1 e b

yl:yz iocc _<- yk

whefe n[k] is defined in (2.3.2). The log likelihood function based

on (3.2.2) is, aside from constant'terms,

Ln,k = (n-k)log [1- ¢1((Yn,k - uy)/cy)] - (k/2)1log IYI (3.2.3)

k

A R A A AR

2 4

Y is the dispersion matrix of (gi,Yi),

and = (U 5 W) vhere = E(X,), Wy = E(Yy). Partition V as

~xy » ’
Y - o o (3.2.4)
2 )
v! g
~xy > 7y
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-~

where Yxx is the pxp dispersion matrix of Xi , ny is the px1
covariance vector of Xiand Yi’ and 05 is the (scaler) variance of Yi'
Following section 2.4 we estimate ﬁy and 0; using the vector Y

* *
only; denote these estimators by u_ and 03 respectively. For

y
simplicity, the #* will be dropped for the present. So we must

~

estimate ux s Vxx , and ny and we consider the non~fixed terms

of Ln K ° when multiplied by =2 to be:
1} .

k
klog [V + Z (U -w' V(@ -w ~ (3.2.5)

. -~ i=l~ ~ .

Now define'
- -1 k - -1 k - - =
X=k z Xopgge Y=k L Y 5, 0=(X )
i=1
1 K 1 K

=k ' - “X (¥ Y

§xx k Z (x a[i] x)(x 4] X', s k Z (X (4] X)( )
k
-1 2
s =k (Y -Y) (3.2.6)
yy j=1 Ml
s = Y
Sl
=y ~yy

After dividing by k, (3.2.5) can be written

- - -1 =
log |vl + trv s + (u- ' vV "(p-0) (3.2.7)

~
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2 -1
We find that |[V] = oy |o~| and

V' = (3.2.8)

er v3isg=02s -20728" AV _+0 %S V' AV _+trAS
~ o~ y vy Yy <Xy = ~Xy Y YY~XY ~ ~XY ~ ~xx
(3.2.9)
T, S -2 — -
- ' - = - ' - - 1 - ' -
@'Y W= (0 AR =207 (1m0 1A Ty (=0)
+ D% T DV AV (1T (3.2.10)
y 'y y Ty exys ~xyy
where the symmetric matrix A 1is defined to be
-2 -1
- 0 V V' . 3.2.11
(Vo g Vxy ~xy) ( )
Therefore, ignoring fixed terms, (3.2.7) implies
L., oL = log| A-ll 20728 AV +0 % VAV +trAS
n,k ~ Yy ~Xy~ ~Xy Yy YY XY ~ ~X¥ ~ XX

— — ...2 — —
+ @D AR 2 0D AT, G

4, =2
+0 v AV 3.2.12
y (uy J Vey A Vyy ( )
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_ -2 —
2 = 2 -X)-20 AV -Y .2.13
oL/ By é(gx X) g A ~xy(uy ) (3 )
B -X= o2y (. - 9. (3.2.14)
X~ y xy'Vy

Let vij denote an element of Vxx , 1, = 1,...,p. Also let

Bij

= BVxxlavij . A.. 1s all zeros except for elements (1,3) and

(k,1i), which are dnity. Using

aélavij =-AL A (3.2.15)
-1 .
5 log |A l/avij =tr A gij (3.2.16)

we have

-2 -4

dL/9 =t AA +20 S'AA AV -0 'S__V' AA
L/dvyy = EF v Sayis8 Yy ySyylayinis? Ty
—er ADAS - (g - DAL A (- X)

- A A v - 9- 3 2gv AA, AV
+ 20 (u X) A 132 (u ) o (u Y) V2l A%

tr[{A+20'?AV 'A-ol’s AV V' A-AS__A
y ~ Vayoxys T Oy Syye ~xy ~xy < emxxs
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- — -2 - -
- - =X)'A + - v - '
é(}.'lx §) (Ex ).E) é 20'y (uy Y)é..xy(l.‘lx Z.() é

-4 p—1
-0 -Y)°A V. V' A} A
y (“y )~~xy~ ~} ~iJ

= tr(D Ai ) (3.2.17)

3
gince this trace is zero for every 1i,j = 1,...,p we conclude by
the Lemma of Smith [1978] that D must be zero. Using (3.2.14) this

implies

A+ 202 AV __S!' A 4S AV_V' A-AS_A=0 (3.2.18)

~ ~XY ~XY ~ y VY~ ~XYy~Xy~ ~ ~XX~ ~pXp

Postmultiplying by c; A-l yields

041 +A[202V S' -8 V. V' -0 .8S._.1=0 (3.2.19)
y ~P ~Xy ~Xy YY ~Xy~Xy y ~%XX ~

or

4 4 2 1

6 [S V V' +0'S_-20-V_S8']1 " =A (3.2.20)
Y YY~XY~XY y~XX Y ~XY~Xy A
0-4[8 vV V' + 045 -2 czv s' ] = Afl =
y LYY ~XY.XY y~XX VXY XY -
-2 '
V -ag v v . (3.2.21)

~XX y ~}(y~xy v
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Therefore,
v =5 _=-202y s +a s, +dD)V_V (3.2.22)
Txx  ~xx Y ~XySXy ¥y ¥y Y ~XY~XY .

Next we need to find the derivative of (3.2.12) with respect to ny.

We have

-1 _ .
3 1ogla " 1/3V,, = (3/3Y, yer {B(-0, 5y v }&

~Xy~Xy
--q <a/av V' BV = -2072AV (3.2.23)
- A y ~ "’xY

~~

(3/3v__)S! AV

V) SayAVy = 313V, D80 (-B) (-0 VXYYXY)BQ\

Egé’g=yxy
+ (9 8V S' BV
3/ )xy -
=(8/3V )c V' BQS' BV + AS
B=A,Q=V ~ ~XY
~ ~m XY
=202Av S' AV_+AS (3.2.24)
Y ~ ~XY ~XY ~ ~Xy =~ ~Xy
Similarly
-2
3/9 v' A =20 AV V' A + 2 AV (3.2.25
(/ny)~xy ~Xy Y ~ ~Xy~Xy ~ ~XY ~ ~Xy )

9/3V tr AS =20 °AS_ AV 3.2.26)
(/-.xy) r A y x (
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-x)" -X) = =2 - -X)!
(3/3%,) (DA = 2 0 A D) (1D 'A Uy

= 2 c -y V VI AV 2.2
(u Y) A Vyvxy® Vuy (3 7)

uSing (3- 20 14) .

— -2 — —
3/9Vv -X)'A vV =20 AV =“X'AV + A -X
(3/3V, ) (WA V.o y AV (WD A Ty + AGQD

-4 -
=20 DAV V' AV
y B8V Ty 2 Uy

-2 -
+0 -Y 02,2
y (uy )Aa ny (3 8)

using (3.2.14). Combining (3.2.23) through (3.2.28) and premulti-

1 6,-1
plying by F oA =,
sL/3V__ a(o%S. - o, by - o's (3.2.29)
~Xy yyy AR 3 YRy
4 ' 2 .
+ [0S _+8s Vv V' -2V _Ss']JAV =0,
Y~XX YY~Xy~XY Y~XY~KY ~ ~Xy o~

By (3.2.20) the expression in brackets is OgAfl. Solving for ny

and adding the * notation to denote the estimators we have

* L *27Ll g

(3.2.30)
xy " % Syy xy

(A
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Substituting (3.2.30) into (3.2.14),

X+ (-Ds s (3.2.31
Ex T 27T Ty Ly +2.31)

Substituting (3.2.30) into (3.2.22),

v  =s +82 (% s )s_ s (3.2.32)
~XX  ~XX yy ¥ YY© ~XY ~XY.
These modified MLE's are direct extensions of thoée for the bivariate ' -

case given respectively in (2.4.18), (2.4.10), and (2.4.9).

Using (3.2.1),

By Va0 = B ¥ %y (o sm WV (3.2.33)

which implies

-2 -
Y) = +0 (Y -~ \') .2.34
EGXID) =y, + 0 =)V (3.2.34)
and
-1 k
Y) = X Y -0 Y
E(§xy|~) k E[ialgn[i]( n,i ) n,i]

% v (3.2.35)
y Uyy ~xy*
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So from (3.2.31), (3.2.34), and (3.2.35),
E(|Y) + o2t - v (3.2.36)
Ex ~ Bx y uy uy ~Xy e

* * .
so ux is unbiased for ux if uy is unbiased for uy. From

-~ ~

(3.2.30) and (3.2.35),

2 =2

g‘v (3.2.37)

(V* IY) *
=0
ECxy!S y ¥y ~xy

* *
so V is unbiased for V if ¢ 2 is unbiased for 02.
~Xy ~Xy y y

By the invariance property of maximum likelihood estimators we '
may take as the modified MLE of the vector of correlations between
X and Y to be
* * =1

*
= o_ S__ Diag(V
Cry = Oy Syy Dlae(ly)

-1/2S

Sxy (3.2.38)

using (3.2.30) and (3.2.32).

3.3. Inference sbout Independence of X and Y

3.3.1. Estimation of Multiple Correlation Coefficient

With the setup in (3.2.4), the square of the population multiple

correlation coefficlent between Xi and Yi is

o = U;z v vl Ve (3.3.1.1) @
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The modified maximum likelihood estimator of pz is

2% 2 wr &l s

* * *
where oy is defined in section 2.4 and ny and Vxx are defined
* *

respectively in (3.2.30) and (3.2.32). Expanding ny and Vxx
this is

2% *2.~2 =2, %2 -1

=g S S' S + S g bl S S S' S . 03.1.3

0 s SyvSay B * S5y0%y ™ Syy) il 2wy 3 )

Now using for example, Rao [1965, p. 29] if P is a non-singular

‘matrix ,W a column vector, s a scaler, and M= W'P-lW ,

(P+sW Wyl =Pl os(1 4 s~ tp Ly we pL (3.3.1.4)

~ e

which implies further that
WE+sWW) lw=mw(@+sm. (3.3.1.5)

Using this, (3.3.1.3) becomes

% * - . - -
2 25y gl (g2 T |

-s .3.1.6
yy)~x},~xx~xy (3 )

%*
+ (02
vy * %
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or, with ¢ = Syy (o] .

* * - .
02* = R%* {2 + (1-o)r?My71 (3.3.1.7)

*
where R? is the ordinary sample squared multiple correlation

coefficient defined by

*

g2 =slgsr sty

~yY ~XY ~XX ~XYo (3.3.1.8)

Note that for a complete sample, ¢ approaches unity since in that
*2
case both § and O are consistent estimates of the same ‘
yy y

quantity.

3.3.2. Likelihood Ratio Test of Independence

As in section (2.5.1), unrestricted parameter estimates for the

(p+l)~variate censored normal distribution are

e* * * * 2
9 = (uy ’ Uy M Bx ’ Yxx ’ v ) (3.30 ol)

§1 and Yi

over the parameter space restricted by ny = Q) are

-~

~

are independent if and only 1f ny = (), The estimators

B e, oL, T, 0 (3.3.2.2)
~ uy’ y’u ’ ’ Xy
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- ~%
where M = X and Yxx = §xx as defined by (3.2.6). (3.3.2.3)

*
Now under HO: ny =0, A in (3.2.11) evaluated at 6 =6 becomes

- _ *
Sxi . Evaluating A at ® using (3.2.30) through (3.2.32) we ob-

tain

A" - (s. - st s g )'~1 (3.3.2.4)
~ ~XX Yy ~Xy ~Xy

with the quantities involved defined in (3.2.6). Using these results

along with (3.2.12), the maximum log likelihood under Ho is propor-

tional to
p + 1og|§xx| (3.3.2.5)

and the unrestricted maximum is

-1
%* - * *
log |[A° | -8 Lgr A"s +tra s_. (3.3.2.6)

Yy =Xy ~ ~XY ~ ~%X

By for example Rao [1965, p. 291,

-1 '_1 -1
= |S - s' s s .3.2.7
| = 18l (1 = S50 Siy Siex Sy (3.3.2.7)

|a”

We obtain using (3.3.1.4) that
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tr B+sWWD TR = p s M/(L+sM (3.3.2.8)

with the notation as in section 3.3.1 where P is a non-singular p Xp

matrix and M = W' P Y W. So (3.3.2.7), (3.3.1.5), and (3.3.2.8)

~ ~

imply that (3.3.2.6) equals

S + .3.2.
yy Sxy S 3 P (3.3.2.9)

' -
log léxxl + log (1 - S
Subtracting the restricted maximum, we obtain as the likelihood ratio
criterion

2 2 "’

* * -1 -1
log (L-R ), R =8 8 S (3.3.2.10)

S
YY ~Xy ~XX ~Xy

2
*
and R is the ordinary squared multiple correlation coefficient.

Thus the test for independence in multivariate normal complete
samples is optimal for testirg independence with censored multivariate
normal samples in the sense that this test statistic is the likeli-

hood ratio criterion.

3.3.3. Distribution of Test Statistic under Censoring

~

We take as a test statistic for testing Ho: ny =0

% *2 2
T = (R /p}/{(l-R* )/ (k=1-p) }, (3.3.3.1)
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2
*
where R is defined in (3.3.1.8) and p is the dimension of

Xn[i]' “Let FA(t; a,b) denote the non-central F d.f. as in section
2.5.2. Let p denote the population multiple correlation coefficient

of X and Y in (3.3.1.1) and

k

* -2 -2 =2
cko?s =02z ,-%Y 3.3.3.2
U S Sy T % Iy D ( )
*
A = U p2/(1-p)? (3.3.3.3)
*<u)
Gn,k(u_) =P{U <u}, u>0 (3.3.3.4)

* v '
Then with Fp (t; a,b) defined in (2.5.2.2) we have the following

Theorem 3.3.3.1:

For every t >0

* | %*
P{T <t|U'} = F,(t; p, k-1-p), t20, (3.3.3.5)

. * *
Hence P{T <t} = F (t; p, k-1-p), t20. Under Hy: TV, =0,

*
F (t; p, k=1-p) = Fo(t; p, k-1-p) is the central F d.f. with DF

(p ’ k"l"P) .

Proof: By (3.3.1.5) with P = Sxx , W=2S
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2 2

R /(1-R") = s;l st (s -sls syt

Yy ~}‘y ~XX yy~xy~xy ~xy (3- 3. 3.6)

From (3.2.1), (3.2.4), and (3.2.33), conditional on Yn,i , §n[i]

has a p-variate normal distribution with mean
W+ 02, - w)Y (3.3.3.7)
~X y " n,i y ~xy

and variance matrix

-2
V -0 V V' o Jde -8
~XX Y ~Xy ~Xy (3.3.3.8)

and the Xn [1] 1<i<k are independent. So S is conditionally
p-variate normal with mean
-1 K 2 - -2
1-1{ux v ¥n,i uy)~xy}( a,i70) v SyyVxy ( )

and variance

-Y)2 kK s (V. -0 “2y g ), (3.3.3.10)

VY ~XX |y ~Xy~Xy's

-2
T{v._-0 v V! Y
k { X xy..xy}(

1m1 ¥ y - n,1

Let L be any non-zero p-vector and Qi = gn[i]E » 1<1<k.

Conditionzl on Y Q i is univariate normal with

n,i°’

-2
- '
E(Q) =L Ek+°y (Y 4

- L'v 3.3.3.11
u )~ Yy ( )‘I'
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V(Q = L'V - 0 Y, ViOL (3.3.3.12)

and Ql""’Qk are independent. Define g = (Ql,...,Qk)'. Conditional

on Y, Q is k-variate normal with moments

. -2 A
E = L' 1+0c L'V Y - 1 3.3.3.1
(g) ~ Ex ~ ¥ ~ ..xy(~ uy ~) (3.3.3 3
-2
v =L'(V -0 V_V)ILI . .3.3.14
(g) ~ (..xx y ~Xy ..xy).. ~k (3 )
"1 ] 2 ‘l '
Let H = Ik-k 1 1 so that H"=H, Then §__= k "X'HX and S =
.

t
X'HY with gkx P’ ¥k><l defined in section 3.2. Note that

~ none

Q=XL. Let E =k(S -s~ls s'). Then
S Sw ~ XX | yy~Xy~Xy
LEL=1'X'[H - k‘ls;; HYY'H]X L = Q' J Q. (3.3.3.15)

Using (3.3.3.14) and the fact that J is idempotent,

2 _ oo P R,
3V @17 = L' (Ve = 0,V HILIT I (3.3.3.16)

The noncentrality parameter of E' E E is B' g H where Y is given
by (3.3.3.13). This is seen to be zero. Since rank (J) = k-2 it

follows that

-2 2
] \J - t .
L E E“L (Y cy ny ny)E X2 * (3.3.3.17)
Since this is true for every L we have by Rao [1965, p. 452]
i gt )ew (ke2, V._ =0y V. V) (3.3.3.18)
Xy P ? XX 7 T

k(S__ - S_
“xx Tyy~xy ~ ~XY ~Xy

where Wp(m,Z) denotes the central Wishart distribution of dimension

p, m degrees of freedom, and matrix parameter L. Since this
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distribution does not depend on Y, the unconditional distribution

of E d1is the central Wishart distribution.

1

Now E' s =k E' g' HY = k-l Q'(H YY), Based on (3.3.3.13)

~

and (3.3.3.14), L' §xy and L' E L are conditionally independent

since

-2 -1.-1
'‘H {L' (V_ -0 "V _V')L H-k 7S
12 {~ .(~xx y ~xy~xy)~}£k (~ vy

H YY' H) =0,
Since the conditional independence holds for any L, E and Sxy are
conditionally independent by Rac [1965, p. 453]. Finally, from

(3.3.3.9) and (3.3.3.10), kl/2 Sxy is conditionally p-variate ‘

normal with mean and variance given respectively by

L2 o;zs V  and S (V - o 2v V') (3.3.3.19)

Yy~xy YY ~XX Y ~Xy~Xy'

We now invoke the theorem on the distribution of Hotelling's T2

statistic (see Rao [1965, p; 458]). In Rao's notation we let

c=st, dam=s , s=s _-sts s rav_-odlvv ,

§ = k1/2 U-ZS Vv . Then

- .3
(k-1-p) c d' ST a/p =T

has conditional d.f. F,(t; p, k-1-p) with non-centrality parameter
A
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ymesrlseso?s?v v aks v iy
| % 27 Sy Pyy~xy ¥ axy vyly “xy~ ~xy

USing (3.3.1-5)’
' *
A= 0%a-65) (3.3.3.20)

*
with p2 and U defined respectively in (3.3.1.1) and (3.3.3.2).
Equation (3.3.3.5) follows from the fact that this conditional d.f.
*
depends on Y only through U . Finally by (3.3.3.5),
* * * *
P(T <t) = E{B(T <t|U)} = F (t; p, k-1-p). Under H,: T, = 0
- *
this is equal to Fo(t; p, k=1-p) for all U and in that case
F* F E.D
p = 0. Q. . .
*

From Theorem 3.3.3.1, T has the same conditional distribution
as the statistic from an uncensored sample and under Ho: ny =0
it has the classical F distribution with DF (p, k-1~p). Note that
other authors, e.g. Anderson 1958, pp. 89-96], obtain the distribu-
tion of the sample multiple correlation coefficient by conditioning
on 51' In our case this would not lead to a normal conditional
distribution of Yi 8o instead we have had to condition on Yi'

The complicated unconditional non-null distribution of the complete
sample multiple correlation coefficient can be found in Anderson
(1958, pp. 93-5]. As in section 2.5.2, exact power calculations for

this test are difficult to obtain. Here we may also take a one—moment

*
approximation to the distribution of T wusing (3.3.3.20) by taking
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A = 02/ (1-00) ECU). (3.3.3.21)

*
E(U ) can be calculated as in section 2.5.1. The estimated power of

the test of size o is

*

where FO( F:; p, k=1-p) = 1-a . This provides a much simpler method
for higher moment power approximations in the complete sample case
(n=k) than does the result obtained by conditioning on 51 (see
Anderson {1958, p. 95]) since the non-centrality parameter is a
function only of the univariate Y

i 1<i<n.

3.4. Inference about Independence of X(Z)’and Y given X(l)

3.4.1. Estimation of Partial Correlation Coefficients

We make the following partitions:

W 2) i
X = % [1]1xp, ’fn[i]lxpz) » Pa ¥Ryt P

Vax ™ | Va1 Pa Py Vip PyX Pz_[ Vg = | V1y P17
(3.4.1.1)
L
12 Y22 pz""ﬂ Yoy PPt

S

* *
and similarly for Yxx s ny , §xx , and §xy
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2

-2 . %
L t d = S o - S . * L] L ]
e vy ( v yy) (3.4.1.2)

Then from (3.2.32) and (3.2.30),

= ! 1
Yxx §11 +d §1y§ly §12 +d §1y§2y
(3.4.1.3)
] ) ]
S12 + 4 Syy51y Sgz ¥ 4 Syy52y
2 S
* Lx° =1 | <1y
V ='o.' S ' 04.1.4
Xy Y Y s | (3 )
=2y
The conditional covariance matrix of (Xiz), Yi) given Xil) is given
by |
W=l Vo -v! VI Vo vtV | el W, W (3.4.1.5)
~ ~22 ~12~11~12 ~2y ~12‘~'11~1y ~22 ~2Y N sTene
~ut -1 2_ ' -1 '
Yoy Vigirtis Oy ity | Yoy yy
ysing (3.4.1.3) and (3.3.1.4),
v"'“l - 57l - a(u+d 8! STiS y"ls7ls st 57l (3.4.1.6)
~11 ~ll ~1y~ll~1y ~ll~ly~ly~ll e

which along with (3.4.1.3) and (3.4.1.4) provides the modified MLE of

¥,
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W o= 0*2(1- “lgr g7lg 1) /(14 83 ) (3.4.1.7)
vy y yy ~ly ll ~ly 11 ~ly sTeme
We =5, -s!'.sTls .+ d(1+ds! )
222 222 T 212211212 ly 11 ly
|
(s2y ~12~1l~ly)(82y ~12~11sly) (3.4.1.8)
o s /sy
Thus the modified MLE of the partial correlation vector of X(Z) and
Y given X(l) is
¢ - (1 s ls' s7is y"M2 (1448 y 2 (3.4.1.10)
x(2) |x (1) ~yy~ly~1ll<ly ~ly 11 ly : tTe
* =1/2
Diag(Wyy) = "(Spy~ ~12.,11 S1y).

The multiple (or "multiple partial") correlation between X(z) and Y
(1)

given X is defined in an analogous manner to the multiple

correlation between X and Y (3.3.1.1) except that the covariance

matrix 1s replaced by W. This reduces to

2

yl) (3.4.1.11)

2 2 2
Py21 = (p° - pyl)/(l -p

where p is the multiple correlation coefficient between X and Y

defined by (3.3.1.1) and pyl is the multiple correlation coefficient .
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between X(l) and Y. Using (3.3.1.7) the modified MLE of p?l is

2%

pyl

2% . 2 2%, =1
Ryl {c® + (1—c)Ryl} (3.4.1.12)

*
where Ryl is the ordinary sample multiple correlation coefficient

between 5(1) and Y ,

2% _ -1, -1 '
Rop = S,o Siy S11 Siy . (3.4.1.13)

Combining (3.4.1.12) and (3.3.1.7),

2%
Pya11 ~

®¥*- R;I)/{(c-Rsi)[c+(c-1-l)R2*]} . (3.4.1.14)
%-2

where as before c¢ = Syy Gy is a " correction factor for censoring".

3.4.2. Distribution of Test Statistic under Censoring.
(2)

A statistic for testing the independence of X and Y given

(1) " - Yt -1
X' HO' YZy Vi2 Y11 Yly

2
9, or equivalently HO. pyle =0 is

*2 ~ %2 ;
s = {Ryzll/Pz}/{(l-RyzIl)/(k-l-p)f (3.4.2.1)

with the sample squared multiple partial correlation coefficient

defined by
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*2 *2

fyz[1 = &

*2 *2
- Ryl)/(l-Ryl) (3.4.2.2)

and its components defined in (3.3.1.8) and (3.4.1.13). Let p;l
and p§2|1 denote the population correlations defined in section

3.4.1 and

* -2 %2 2 -1
s, -ED) (10l ) (3.4.2.3)

* 2 2
*
Gk = P{P <u}, u>0, (3.4.2.4)

Then with FA(t;a,b) denoting the non-central F d.f. as before and

*
Fp(t; a,b) defined in (2.5.2.2), we have the following

Theorem 3.4.2.1:

%*
For every t >0 and given P
* *
P{s <t|p'} = Fy(t; p, , k=1-p), t2>0, (3.4.2.5)

* *
Hence P{S <t} = pr2|1(t; Py » k=1-p), t2>0. Under H,: Ly21 =0,

*
F yzIl(t; Py > k-1-p) = Fo(t; Py » k-1-p) is the central F d.f, with

RE (pz s k=1-p).

Proof: Equation (3.3.1.5) and the matrix partitions given in (3.4.1.5) .



lead. us to the relation

*2 *2 -1 *2.-1
RyZ[l/(l Ry2|l) Syy(l Ryl) ot é Yo
where
w=3., - S! S-l S and
~ ~2y ~ 12 ~ ll ~1y 4

- ' -
S92 =~ 512 511 312

L1 kel o, ool S T
Sy (1R (8507815513517 oy 81251154y -

Making partitions as in section 3.4.1 and letting

77

wr

€D e 5By 1 - R
.t 1B L F 7 B

B oL -k 1Y

then we have

(3.4.2.6)

(3.4.2.7)

(3.4.2.8)
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o LD’ (1) -1 (1)' (2)
S;1 = k T e s, s x P e
| (3.4.2.9)
L | (2)' (2) -1 L(2)'
Sp2 ™ K HX"" , Sy =k X7 HY,
N ' -
Now conditional on Yn,i s gn[i] is p-variate normal with
51 - iy
E(X! + Y .- -
(X [i]l (Bz) Oy ( n,i” My )( )
“2y (3.4.2.10)
VX' Y )= -3y v -2y
~nf[i]' 'n,i ~ll y ~ly~ly ~12 ~1y~2y
(
2 | 2 ?
- ~12 c’y YZley ~22 Gy YZyYZy
So conditional on Y and X(l) X(Z)' is ~variate normal
n,1 nfi] * <n[i] Py
with
(2)' (2) -2 -2 ty.
E(X [i]IY [i] = Kt o‘y (Yn,i H )V +(V12 Oy YZyVly)
(3.4.2.11)
(¥11-95 20,01 S E ety )Y 0
~11 "y ~ly~ly n [1i] <1 n,i "y'~ly
and
x(®' %1 o2 ~2 .
Vi e, 0 Zapay) = Wo2%y Laylay)~(Uamoy Loy ¥yy)

cyzv AN l(v c 2v V)

(Yll ly~ly ~ly~2y
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which, using (3.3.1.4) 1is

- - 1 ] ]
L=y YlZYliY12) o, 2a1- ° n Y oy ~12~1iny)(V2y 212Y11V1 )

(3.4.2.12)
and Xr(xz[;] , 1<1i<k, are conditionally independent. We have
-1 2] (1) _z(1
=k Y -D- - S
w i Z3 Xt Ya, D- X% 8 1~1y}
Moy 2 26 (1-2%2y (102 )" Ly
E(w|X -,g) o, Syy(l RYl)(l pyl) (Vay ~12~11~ly) (3.4.2.13)
and because of the conditional independence of the X ([1] »
vew]x By = k72 ; @ D-aP - T Wysls 2 s
~~ ’e j=1 n,i [i] ~ ~ll~ly ~
-1 _ *
=kt Syy(l—Ryi)E , (3.4.2.14)
Let L be any non=-zero pz-vector and Q = X(Z[zl] L 1<i<k .
Conditional on Yn i ~r(1:t:)l.] s Qi is univariate normal and
<Dy L :
BQlY, 4 » oy "L B2t 9y ‘v, AL Tyt
(D ' -2 -2 -1
X - - ! - 1 .
N S S 2+ (V3= 9 Yiy¥1y)

N 2 '
(le y vlyYZy)E (3.4.2.15)
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vl , gr(‘ﬂ] ) =L' L L (3.4.2.15)

~

and Ql""’Qk are conditionally independent. Let
(2)

L. It follows that Q 1is k-variate normal

~ ~

Q = (Q,-e05Q)" = X

with

(1) = 4 =2,
EQIX,0) = (L'p)1 + o TV, ) (Y-u 1) +

(1)_ -2 - ' - -2 v 31 - -2 '
+ Xt o T - WY T (V- 0V V) (Y 0y Y Yot
(1) '
vx*™,Y) =L'ZL I | (3.4.2.16) ‘
Let E =k A, Then
(2)' 1

- - ' - *2 -
L'EL =k lL'X k H-Hx(l)S lX(l) H-S ;(l—Ryi)

- ' -
S lx(l) H-H X(l)S 1 S, Y'H

-HY §1y~1l~ ~ ~~ 211 <1y ~ ~

(L1 v o1 (D)
HHXTS SyySiySnn X

(2)

H] X L

It can be verified that J is idempotent. Therefore,
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vk oi? = @ 1’ (3.4.2.18)

(D

The non-centrality parameter, p' J Y with u= E(Q|X Y) can be
shown to be zero. Note that rank (J) = k—2-p1. It follows that

conditionally

' ~ 1! .
Since this is true for every L ,
E=k A~ Wp (k—-2-p1 , L) (3.4.2.20)

2

where as before Wp2(°) denotes the central Wishart distribution. We
note in passing that since fhe parameters of this conditional distri-
bution do not depend on X( ) or Y E also has an unconditional
Wishart distribution. This result is also a direct consequence of
(3.3.3.18) and properties of the Wishart distribution. However, for
our purposes we needed to verify that the conditional distribution
(given Y and §(l) is also a Wishart distribution.

To demonstrate fhat v and E are conditionally independent

we see that

\ @ roixDs7ls ) = Yot av-axDs?
L'w = =k 5 (HY-HX"""8,,S 1y ) =k "QU(HY-HX"""S; .3 iy)
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and

@B - s XV DAL 3o (3.4.2.21)

Then since L'w and L'E L are conditionally independent for every

L, wand E are conditionally independent. From (3.4.2.16),

d = kll2 w 1is conditionally pz-variate normal with

(D) 1/2 -24
§ = E(@|X* D) = k%0 s (1R )(1 p D (~ VL VITY 1y (3-4:2:22)

1) 4 . _o*2y
v(g|§ »Y) Syy(l RYl)g .

We again use Rao's Theorem concerning Hotelling's T2 distribution
' - *) -
[1965, p. 458] with S =E, ¢ = Sy;(l-Ryi) 1 , and § and d given

as above. Thus

Syy(l Ryl) w' AT w (k~1 p)/p2 S

has conditional d.f. Fl(t; Py> k-1-p) with A= ¢ 8' 2-16 given by

(3.4.2.3) using (3.3.1.5). Equation (3.4.2.5) follows from the fact

(1

*
that the conditional d.f. depends on Y and X only through P . This

* * * *
implies P(S <t) = E{P(S <t|P )} = y2l L(ts Py » k-1-p). Under

2
Hot 0y21 = 0 . pv2|1

and in that case Fpy2l1 = FO. Q.E.D.

is equal to F (t; p, , k=1-p) for all P
2
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From Theorem 3.4.2.1, S* has the classical null distribution.
Power approximation to the S* test will be more difficult than in
the preceeding sections. For a complete sample some simplification
may be made, for in that case R;i is a consistent estimator of

2
pyl in (304.213.).

3.5, Inference about Independence of X(l) and (X(Z),g)

3.5.1. Estimation of Canonical Correlations

Let the random variable X be partitioned as in section 3.4.1.

(2)

We wish to test HO: X(l) is independent of (X'°’, Y) where Y may

~

- 1 )
be subject to censoring. Let the covariance matrix of (X(l) ,X(Z) ,Y)

be partitioned as

iz Y12 Uiy
L
Vie Y2 Yy (3.5.1)
2
v! v g
~ly ~2y y

The hypothesis of interest is then Hj: (212 Yly) = 0. Let

1~ P, 1 ad

V(D) = [V Yy = I (3.5.1.2)



* *
Also let ElT = (le Y ) and V11 . ZT , §1T denote modified

MLEs of the corresponding parameters as given in section 3.2, Popu-
lation canonical correlations, the largest of which is the maximum

correlation between any linear combination of T with any linear com-

)

bination of §( » can be estimated by finding eigenvalues of

o1 -1

Vi1 At Er Zir.

* * %!

.2z z (3.5.1.3)

3.5.2. Null Distribution of a Test Statistic

(1)'
From (?.4.2.10) conditional on Yn,i , n[i] isxﬁfvariate normal
with
(1> =2
-y, +
E(X [illY H + oy (Yn’i My )V, Vi
(3.5.2.1)

(1y eV o2y

V&) Y, = Va1 - 9 VgVl

. - '
Under Ho. §1T 9, §n (1] ° 1<i<k 1is (unconditionally) normal
(1) (2)

with parameters U, and V.., and X 0 [1] is independent of X n (4]

<1 ~11
as well as of Y Thus by Anderson [1958 , p. 324] , eigenvalues

n,i’
of

-1 1 ' -
$11 S1r St Sit » Sipr = Gpp Sy

have the classical null distribution and the test of HO: §1T = 9

(3.5.2.2)
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can be carried out without difficulty. The matrices involved are
ordinary sample sums of products matrices. The non-null distribu-

tion of the eigenvalues will be exceedingly complex.



CHAPTER IV
STATISTICAL INFERENCE FOR OTHER

MULTIVARIATE DISTRIBUTIONS

4.1. Introductiom.

Suppose that (xi’Yi) has a bivariate d.f. such that Yi has
marginal density gl(y) with at least the fifst two moments existing
where A is a 1 x & vector. Suppose also that, conditional on Yi ,

X. has a normal distribution with linear regression and homo-

i
scedasticity. Define

2 2
B(Y) = W, V(L) =0, , E(X) =u . V&) =0,

(4.1.1)
2
(X, |Y,) =, + BT - W), V(X |¥) = &
It follows that
2
Cov(xi,Yi) = Boy , Cer(Xi,Yi_) =p = Bc:y/ox .
(4.1.2)

o2 - &2 4 g2
X
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The information matrix of 98 (ux,ﬁ,ﬁ,é) and the large sample
covariance matrix of 9 will be calculated. Joint MLE or modified
MLE of 6 will be derived with the MLE of &, being independent of
gy ° These estimators will be used to estimate PO and Gx. The
lzkelihood ratio test of HO: B= 0 will be displayed. The test
statistic does not depend on gx . The properties of the test will
be studied for Yi having an e;ponential or extreme value distribu-

tion.

" 4.2. Inference when Order Statistics are from any Parént Distribution

but Concomitant Variables are Conditionally Normally Distributed

4.2.1. Cramér-Rao Lower Bounds

The joint density of Yn,l”"’Yn,k is
k1 3 a-k
n I gy 16,1 (4.2.1.1)

i=1
where GA is the d.f. corresponding to the density gy ° The con-

ditional density of Xn[l]""’xn[k] given Yn,l""’Yn,k is, by

Lemma 1 of Bhattacharya [1974],

k.
151{¢1((xi -u - B(Yn_’i- uy))/s)/a} (4.2.1.2)
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and xn[l]""’ xn[k] are conditionally independent. As before, ¢1
denotes the univariate normal density. Denote the log likelihood
function of Yn,l""’Yn,k by

k

- n [k] ) )
log + iEllog gg(Yn,1)+(“ k) log (1 Gé(Ynjk)]. (4.2.1.3)

y
Ln,k

The total log likelihood function of (xn[i]’ Yn i 1<i<k) is then,
’
aside from constant terms,
k

= -k 10g 6-(261) 71 I [X (yy- wm BT, - w1 B L (621

Ln,k {=1

Let o denote the 1 x (& -1) parameter vector in X aside from uy.

Then letting T = X - M 1, Z=(Y - uy 1),

/DL, | = 1'(T - BD) /8 (4.2.1.5)
(31301, (= kST + 67T - 82 (T - BD) (4.2.1.6)
(/8L \ = (T - Bg)'g/az (4.2.1.7)
QAL | = - B 1(T - 8D /6™ /)] (4.2.1.8)

(3/3)L, | = (/3L . (4.2.1.9)

4 ’
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Now let the information matrix derived from Li Kk be
b

I
¥ Yy y & (4.2.1.10)
I’ I
by o a
and let u , = E(Y .- w)/o, , w, =E(¥_ .- U y2 /6% (4.2.1.11)
n,i n,i "y 7y ? i n,1 'y y cee

= ' = 1
and u (un,l""’un,k) , W (wl,...,wk) . Using the fact that

E(E) =BE(Z), the information matrix I for 6 = (ux,G,B, uy,a) is:

o 8
provnme 2-
W k/§ 0
5 2K/ 8%
B
Hy
o)
~ L

B

o 1'u/8
y~

c
y

0

21'w/62

~ o~

o
Uy Q
w62 0|
0 0
Iu +k82/62 Iu o
Yy ~ ¥~
I
~Q

The inverse of the upper left 3 X3 submatrix of £ is

62 1' w/kd 0

§2 /2K

-<'52.‘L'u/kd0y

0

62/dc2
y

, d=(1'v -(}'E)Z/k)_ (4.2.1.13)

._l,




This yields I * =

Wy $
Gzi'g/kd+82f 0
82/ 2k

-1

= - 1
where f (Iu Euya Ea Iu o

y
(2-1) x (2-1).

8 uy
2.,
-8 l E/kdoy Bf -B
0 0
62/d02 0
y
-1
EY
-1

y-v

90

o
-1
fIl I
~H _Q~0
Uy~
0
Q

) T, Ey is &x%, and I, is

(4.2.1.14)

When 3N is a one parameter distribution such as the exponential,

o 1is not defined. For this case we obtain the large sample co-

variance matrix

My S
§21'w/kd+82/1 0
~ o~ H
y
52 /2K

B uy
2.,
-8°1'u/kdo B/I
~ - y u
y
0 0
Gz/do2 0
y
1
My

(4.2.1.15)
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and Oy is a function of uy. To place this within the framework
of section 2.3, Cramér-Rao lower bounds on the parameters p and Ox
which are derived from 8,5, and Oy , can be calculated from

(4.2.1.14) by standard large-sample methods.

4,2.2., Estimation.

As in previous chapters, we will place.* by a parameter to
denote an estimator which is derived from maximum likelihood estima-
tors of 5 or by another efficient method such as linearization of
Y Kk (Chan [1967]). A ~ over a parameter will denote a true MLE.

’

To estimate ux ,8,8, we set partial derivatives of Ln in

’(4.2.1.5) through (4.2.1.7) to zero. Define X,Y, Si, ;E and Sxy
as in (2.4.1). Dropping * and ~ for the moment we find
X-w = BE-w) from (4.2.1.5), (4.2.2.1)
5% - 52+ ezs§ - 285 from (4.2.1.6), (4.2.2.2)
and B = sxy/ss ,  from (4.2.1.7). (4.2.2.3)

Note that 8 is the usual regression estimator. Since it is MLE not

depending on R4 we write
n,k

8 = sxy/si, (4.2.2.4)
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Substituting § into (4.2.2.2) we find

2
y

22 2 2

6 = Sx - sxy/s ’ (4.2.2.5)

the usual residual squared error estimator from regression. Using

(4.2.2.1), (4.2.1.8) becomes
(/)L | = (a/auy)rg,k | (4.2.2.6)

* * *
which along with (4.2.1.9) implies that A = (uy , & ) are MLE or
other efficient estimators based on Lz K alone. From (4.2.2.1)
?

we complete the estimation by
T J— 2., % =

=X+ (S_/S -Y 4,2.2.7

My (S, /) iy = D ( )

which, of course, is the same as (2.4.10). For the derived parameters

we obtain, using (4.1.2),

*2 2 2 4 *2 2
2w sk 4 (sh /80 - 8) ( )
* * * 2
= g
P ySxy/crxsy

:* *
as in (2.4.9) and (2.4.7). If U ) C’y are MLE it follows that 0’:

*
and P are also. This statement can be proved by writing
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2 2
€ = (el’€2’€3’84,€5) = (ux’uy’é ’GY,B)’ I = (Y1,Y2’Y3’Y4’Y5) =

2 2 S 2 1/2 2,1/2
(ux,uy,cx,cy.p)- Thus Y = (€;,€,,E5 + €, €5,€,,€, YACELN €5)" ")

2
and € = (Y,Y5,Y5(1-Y5), Y4,Y5(Y3/Y4)1/2) by (4.1.2) so the

transformation is one-to-one.
Formulas for the expected values of estimators in section 2.4

are also valid here. In particular (2.4.11)and (2.4.13) imply

EB) =8, vElp = 82/ si
(4.2.2.9)

so V(@) = (82/k) Ecs;2>.

This exact variance should be compared with the large sample variance

from (4.2.1.14),
62/(}'3 - (1'3)2/k)o§ (4.2.2.10)

which for a complete sample equals

§2/x °§ . (4.2.2.11)

It can also be shown that

£ = (k-2)k 162 (4.2.2.12)
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4.2.3. Likelihood Ratio Test of Indepéendence

By (4.2.2.6), estimation of 5 is unaffected by restrictions on
B . Hence the log likelihood ratio depends only on the conditional
normality of X. Thus the argument in section 2.5.1 applies and the
likelihood ratio statistic is a function of the product moment
correlation r* and we use the test statistic T* in (2.5.1.8). Theorem
2.5.2.1 used only the premise of conditional normality so conditional on
Si,T*has an F d.f. with DF(1,k-2) and non-centrality parameter
{p2/(l-p2)}k Ss/ci. The unconditional distribution of T then depends
only on gl(y) and under Ho: B=0,p=0 and T* has an unconditional

F d.f.

4,3, Example: Order Statistics from Extreme Value Parent Distribution

Let Yl,...,Yn denote random variables from the extreme value
type I distribution with d.f.

“(Y"E)/e]’ ~o<y< ® . §>0 (4.3.1)

Gy (y) = exp[ -e

This distribution is a useful model for life-testing. An interpreta-

tion of its parameters is given by the moments,

E(Yi)-£+ Yy 6

(4.3.2)
v(r) = e*r?/e
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where y is Euler's constant (.57721...). The location parameter g
can be efficiently estimated by linear combinations of order statis-
tics while the scale parameter O cannot; see Johnson and Kotz [1970,
p. 284] for a summary of efficiencies of various estimators. Harter
and Moore [1968] showed that while the MLE of § and 6 have consider-
able bias, the MLE of & based on a censored sample is still comparable
to the best linear unbiased estimator in terms of mean squared error
and the MLE of 8 is superior to the best linear unbiased estimator.

Let
T, (a) = 5 w?l ™Y gy (4.3.3)

denote the incomplete gamma function and F&(a) = (81"w(t)/8t:),tm_a ,

etc. Let
Y = Tia) - T (2, Y'(a)= T T (@), (4.3.0)

where p = k/n is the proportion of order statistics observed.
v'(a), Y"(a), etc. are related to incomplete polygamma functions.
Specializing the results of Harter and Moore [1968] to the case of

censoring on the right, we find as elements of the information matrix,
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1im (-6%n) E%LY  /3E2) = p-p log p = a
n-eo n,k '

2 2.y -
1im (~=87/n)E(D Ln’k/agae)

-[y'(2)+ pgqlogp + (l-p)-lp q loszp] = b (4.3.5)
2 2y 2 " t )
1im (-87n)E(3L 1967) = y"(2) + 2[ v'(2)- Y'(L)] -p
n->o n,k
+pqlogp {2+q+ (l-P)-lq log p} = ¢

where q = log(-log p) and Lz K is the log likelihood function
1
based on the order statistics as defined in (4.2.1.3). So the

"agymptotic information matrix" of £, € is

n/62 [a b_] . (4.3.6)
. i

“

To draw inferences from the induced order statistics X we need to

identify the transformed parameters

My = E(Y) =&+ 0
(4.3.7)

o, = [vori)]l/2 = om/V/6
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since the parameters associated with X are defined by conditional
moments. of X. The large sample covariance matrix of the MLE of uy

and Oy &€ + Yg and 6m//6 respectively) is

(oi/n) [ 6/n%) (v2a + c=2vb)  (/B/m) (ya=b) (4.3.8)

(/6/m) (ya - b) a

with corresponding information matrix

U - (a/od) | (1°/6)a (n//B) (b-Ya) (4.3.9)
- (n/ /6) (b-Yva) Yza + c-2Yb

Using this, the asymptotic joint lower bounds for variances of
estimators of (ux,G,B, uy, cy) can be readily obtained using
(4.2.1.14). For example we find that the lower bound for the

%*
variance of M from (4.2.1.14) is
525'3/ka + (0§/n)(6/n2)82(yza+c-2yb)/(ac—bz—éyab) (4.3.10)

where w and d in (4.2.1.13) can be computed using the first two

moments of extreme value order statistics (see Johnson and Kotz

(1970, p. 279]).

To study the test of independence of Xi and Yi , OT

Hy: 8 = 0 we need to study the distribution of
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k k
* -2 =2 2. .2 -2
9% 151( i ) = (6/17)6 iflofn’i Y)
_ (4.3.11)
2. K =2
= (6/17) L (zn i Z)
i=1

where Zn,i » 1<1i<k are order statistics from the standard ex-
treme value distribution (§ = 0, O = 1). E(U*) is most easily
approximated by simulation. For this purpose, 2000 § vectors were
generated for each mn,k combination. The average values of U* are

as follows:

" n k EU) (4.3.12)
20 10 1.518

100 20 1.250

1000 50 1.419

To estimate the unconditional power of the test, the conditional
power was compyted for each simulated value of U* and each value
of p by using the noncentral F distribution. These 2000 powers
were then averaged to estimate the unconditional distribution of U*.
For the one moment power approximations, the corresponding non-
central F probabilities were evaluated using E(U*) in (4.3.12).

The results are in Table 4. 1.
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TABLE 4.1

ESTIMATED POWER OF 5% TEST FOR CENSORED DATA FROM

THE EXTREME VALUE DISTRIBUTION

n k p Power Power from One Moment
Approximation

20 10 .1 .0514 .0514
.3 .0636 .0636
.5 .0967 .0965
.9 .5686 .6079
100 20 .1 .0513 .0513
) .3 .0628 | .0628
.5 .0940 .0939
| .9 5677 .5889
1000 50 .1 .0516 .0516
.3 .0656 .0656
.S .1035 .1035
.9 .6581 .6738

The power approximation is apparently satisfactory.

4.4, Example: Order Statistics from Exponential Parent Distribution

Let Yi- have density function

s§<y) = 0;1 exp(—y/cy) (4.4.1)
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so that uy = oy. This implies

k
Y - [k]_ -1 —(a-k)ot
Ln,k log n k log Gy Gy ilen,i (n k)oy Yn,k - (4.4.2)
A -1 k -— -1
- o - = - . N/
oy k (151Yn51 (n k)Yn,k) Y+ k (n k)Yn,k (4.4.3)

The MLE Sy has several desirable properties, among them being that
it is the best linear unbiased estimator for Gy (Sarhan and Green-
berg [1962, p. 354]). Its variance is c;/k, which is also the

reciprocal of
I = Iu =k o . (4.4.4)

Using GY we can estimate ux , Gx , and p with (4.2.2.7) and

(4.2.2.8) and using (2.4.15), (2.4.16), and (2.4.17), we find that

*aX (, kK)S Y ./k 52 E(
Uy - (n-k) xy 'n,k v’ (ux) M
(4.4.5)

v(u:) = oi/k + k‘3(n—k)262 E(Yi.klsi)

(note that the last term may be large for large amount of censoring)

and

*2 2 2 1.2, .,82,.2
E(0, ) = ox(l +p°/k) + k76 [E(cylsy)—Zl



since

n2 -1 2
E(0)) = k ~(k+1)a_ .
( y) (k+l)oy
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(4.4.6)

From Sarhan and Greenberg [1962, p. 343] , the order statistics

have the following moments, with 2 = Yn-i/o :
b4

n,i y
1 -1
a = E(Z ) = I (n-2+1)
n,1i “n,i Q=1
i =2
bn,i - V(Zn,i) = Cov(Zn’i,Zn’j) = ,Q,El(n—l+l) sy 1< .
So
k
| ] = - W -
E u X E(Zn,i 1) (n k)an,kA using (4.4.3)
i=1
k 2 K 2
t = - = -
l w iEIE(Zn,i 1 ifl(bn,i+ an,i 2 an,i+l)
and
k k 1 -1 k 2
z bn ' X T (n-2#1) "= I (k-i+l)/(n-i+l)
{m=] ’ i=1 =1 i=]1
ko 2
= I {(a=-i+l) + [(k=i+1)-(n-1+1)]}/(n-i+1)
i=1

= a .- (n_k)bn,k

(4.4.7)

(4.4.8)

(4.4.9)
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k k

X a2 1 = I (k-i+1)(n-i+l)_2+ 2z Z(k—i+l)(n—i+1)-1(n-2+l)-1
1=1 ™ i=1 1>
=8, - (kb (4.4.10)

+ 2 L I {p-itl)+ [(k-i+1)—(n--i+1)]}(n—1+1)"l (n-1L+1)',l
i>

The rightmost term is

2 T Sa-2+1)"L 22T L(n-141) "L (a~t41) 7t
i>% i>%

whose first term 1s

k k
2 I (k-R)(n-2+1) 1 2 I {(a-2+L)+ [(k-z)—(n—£+l)](n-2+l)_l
=1 =1
and second term is
(k) (b_ . - a> )
n n,k n,k
so (4.4.10) equals
2
2k - [1 + 2(n-k)]an,k - (n-—k)an’k (4.4.11)

implying
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1tw = k=(n-K)E(ZZ .) | (4.4.12)
~ e n,k :

2 -1 2
= 1%'w - (1" = k=-(n— - -

d £ v (1 2) /k = k=(n k)bn,k nk “(n k)an,k‘ (4.4.13)
With these quantities, the large sample covariance matrix in
(4.2.1.15) can readily be evaluated.

*

An indication of the power of the r correlation test is given

by the expected value of

k k

ez 22, -tz )P (4.4.14)
n,1 {=1 n,i’ °

By combining (4.4.9) and (4.4.11), the expected value of the first
term is
k 2

E(Z Zn i) = 2k - 2(n-k)an

) .
ot ’k—(n-k)(bn’k+an’k). (4.4.15)

Using the fact that V [ZZn + (n--k)Zn ] = k we obtain

1 Jk
E{(lgz )2}=k+(EZZ )2—(—k)2b
=1 n,i n,1i n n,k
~2(n=k) Cov(Z zn’i , zn’k), (4.4.16)

The second term is obtained from (4,3.15), For the covariance term,
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k
Cov(ZZn’i,Zn,k) = E(iflzn’i Zn,k)-E(Zn,k) ZE(Zn,i)
k k
= 5 C Z s Z = L b i i<k
-1 vz, g0 B o1 i (since 1<k)
= an,k - (n--k)bn’k by (4.4.9), (4.4.17)
Thus we obtain
E{(ZZ )2} k%4 k=2(n-k) (k+l)a_ + (n=k)2(b_ + a> ) (4.4.18)
n,1i n,k n,k “n,k e
and using (4.4.15),
EQUY) = k-1 + kK L(a-k)[2 a_ ,-n(b_, + a> )] (4.4.19)
n,k n,k n,k’"* N

*
For large amounts of censoring, E(U ) is small in comparison with
*
the normal distribution (for n = 1000, k = 50, E(U ) = 6.79 for
normal distribution, 0.011 for exponential). Now since a x =
?

L. p(l-p)/n where p = k/n,

1
- - [ e —
log (1-p), bn,k % " &

-1 * -2 2
(k-1) "E(U ) * 1-p “(1-p) log (1-p) (4.4.20)

for large n and fixed p. This quantity does not exceed 5 until
*
p >.95. Since U relates to the non-centrality parameter of the

conditional F distribution, power characteristics of the test of '
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Ho: 8 = 0 will be inferior with this exponential model with any
substantial amount of censoring., Where the exponential distribution
is most dense (in its left tail), there is little variation in the
smallest order statistics, Either the linear regression model or
the assumption of homoscedastic variances for this setup is un-
reasonable. Thus while the extreme value distribution model per-
formed quite well, this theory may be of limited utility in some
non-normal models.

It is interesting to consider the marginal demsity of X in this
model wher? Y has the exponential distribution. Taking o, = oy = 1 and
U, = 0 for simplicity, X has the standard normal density when p= 0,
and when p# 0 it has density

/2

£y = L1100 expl-lx-p-1)1%/2(1-0") Jexp (-y)ay

(4.4.21)

= Ip| Lexpt (1-30%-20%) /207 }o ((x+p- (1-p7) /0) /Y1 0%)

where ®(*) is the standard normal d.f. This density closely re-~
sembles the normal density for moderate p and becomes more skewed as
p becomes large in absolute value; however its first two moments

remain unchanged. A graph of f(x) is shown in Figure 4.1.
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Figure 4.1. Graph of Marginal Density of X:L when Y i has

an Exponential Distribution

T 1 1 1
-3.§ -3 -2.§ -2 -1.§ -1 -0.S 0 05 1 1.8 2 25 3
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A model in which the marginal distribution of X should depend on
P 1s one in which both X and Y are reflections of another variable
with a strength of association p,

The problems with this exponential model can be remedied if
instead of linear regression holding .the regression on Xi is log-

linear, i.e.,
EG[Y) = u + 8(T, = ) (4.4.22)

where Ti = log Yi' As far as estimation of parameters associated
with Xi is concerned, we could use the extreme value distribution

for Yi as discussed earlier. This is a generalization of the log
linear model since -Ti has the extreme value distribution with para-
meters § = -log cy , 6 = 1. However, the present discussion will be

for the log linear model with Yi having an exponential distribution.

Using properties of the extreme value distribution,

E(Ti) = log cy -y
(4.4.23)

v(r,) = /6

and since 2k 8y/cy-x22k (Epstein and Sobel [1953] in Sarhan and
Greenberg [1962, p. 362]) it follows that the moment generating

function of 1log oy is
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m(t) = (oy/k>t T (e+k) /T (K) (4.4.24)
Therefore,

E(log Sy) = m'(0) = log o  + P(k) - log k

(4.4.25)
V(log &) = m"(0) - a2 = v ®
where
- k=l _;
Yk) = M'&)/TK) =-vy+ & 4
i=1
and (4.4.26)
k-1
P (k) = 12/6 - I 172 e L
1=1

Note that 1lim Y(k) - log k = 1lim Y'(k) = 0. An unbiased estimator

koo ko

of Uy = E(Ti) is

* ~ k=1 _;
UT = logo, +logk~- I {1
4 1=1

(4.4.27)

with variance ¥'(k). From Johnson and Kotz (1970, p. 285], if

A k3
k = n, log cy ig the MLE of E(Ti) and for any k,n, V(pT) is equal
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to the variance of the MLE of E(Ti) for a complete sample of size k.
*

From pT an unbiased estimator of H  can be produced as well

as simple estimators of p and ox since V(Ti) is a known constant.

All parameters are estimated in the manner described previously with

Y replaced by T = log Y, e.g.

A 2
B = Sgp/Sy
%* — 2. — k3
we = X + (SXT/ST)(T - uT)
(4.4.28)
*2 2 2 ,.4,,.2 2
O, S, + (SXT/ST)(W /6 - sT)

2

* *
p = (n//g)SXT/GXST'

' The power function of the test of 8 = 0 for this model is different
from that of section 4.3 since here we are sampling from the opposite

*
tail of the distribution of Yi' The average values of U here are:

n k E@)

20 10 5.653
100 20 12,244
1000 50 30.545

The power estimates calculated as in table 4.1 are shown in table 4.2.
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TABLE 4.2
ESTIMATED POWER OF 5% TEST FOR CENSORED DATA

UNDER THE LOG-LINEAR MODEL

Power from One Moment

n k P Power Approximation
20 10 Jd .0560 .0560
3 .1102 .1100
S .2486 .2569
.9 .9079 .9957
100 20 .1 .0629 .0628
o3 .1804 .1808
.5 .4516 .4810
.9 .9953 .9999
1000 50 .1 .0847 .0846
.3 . 3910 .3988
oS5 . 8289 .8783
.9 1.0000 1.0000

The one moment approximation is again satisfactory. By comparison
with table 2.3 the power characteristics of this model, when it
holds, are greatly superior to those of the bivariate normal

model under censoring,



CHAPTER V
DISTRIBUTION FREE TESTS OF INDEPENDENCE

BASED ON INDUCED ORDER STATISTICS

5.1. Introduction.

In this chapter we will derive locally most powerful rank tests
for independence of Xi and Yi.when (Xi,Yi) are from a general
bivariate &istribution. The tests will be_explored in more detail
for the case when Xi is conditionally normally distributed or when
linear regression-type alternatives are appropriate. Empirical
power studies will be made for Yi_having a normal or extreme value
distribution. An asymptotic study will then be made of relative
efficiencies of rank tests of independence with regards to local
regression alternatives. Finally, an omnibus nonparametric test of
independence due to Hoeffding [1948] will be studied for the case of

censored bivariate samples.

5.2, Locally Most Powerful Rank Test of Independence

Suppose that Yi has density g(y) with d.f. G(y) and fe(xly)
is the conditional density of Xi given Yi = y. We assume that )

is a parameter such that Xi and Yi’ are independent if & = 0 and
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that 6 is not a parameter of g(y). When 6 = 0 we write
fo(xly) = fo(x). Wwith X and Y defined as in section 1.4, the

joint density of X and Y is

Rl g ly.)g(y)} -6 )I"K, v <y, <een< (5.2.1)
n i=1 e xi yi 4 yi yk ’ yl__YZ_ '—yk hd &

The density when Xi and Yi are independent is

“"{11? £ (x,)8(y.)} [1-6(y 1" <y, <een< (5.2.2)
R s S "k RSB RARRR "o

The likelihood ratio then is

k
L = I

ak ", 1{fe(xn[i]IYn,’i)/(fo(xn[i])}. (5.2.3)

It can easily be seen that

k
= a I
Q x (aLn,k/ae) 6=0 iEl[alog fe(xn[i]IYn,i)/ae]|e=0.(5.2.4)
Let Sn,i be the rank of Yn;i among Yl""’Yn-(Sn,i = 1), and

§n = (Sn 1""’Sn k)‘ For continuous distributions, the probability
9 L]
of a tie is zero and ranks are well defined with probability 1.
For the induced order statistics, the rank of xn[i] among

Xl,...,Xn is unknown. Define Rk,i to be the rank of xn[i] among

xn[l] yase ,Xn (k] and Rk - (Rk,l’ .en ’Rk,k) . Then following, for example, .
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Cox and Hinkley [1974, p. 188], the locally most powerful rank test
(L.m.p.r.t.) for testing HO: 6 = 0 using only Rk and Sn is based

on the statistic

Tn,k = E(Qn,k‘gk ’ §n » 6=0)

k
z E{[31og fe(xnlen i)/ae|e=0]{Rk ;0S4 8= 0}
i=l . ’ ? ?

k
151 cn’k(l, Rk,i)' (5.2.5)

Computation of cn,k(i’Rk,i) and therefore Tn,k is facilitated by
using the fact that under Ho , X represents a complete random
sample of size k from fo(x). In that case Xn[Rl]""’Xn[Rk]
are the k order statistics of the k i.i.d.r.v. Xn[i]’ 1<i<k
where we have abbreviated Rk 1 by Ri' Now under H.: X and Y inde-~

s 0
pendent, §k can take on any of the k! permutations of the integers
1,...,k. This fact gives rise to an exact permutation test for H0:6=0.

Hoeffding [1951] showed that, under HO .

Lk kK
E(T ,) =k L Ze, (1,j), and
ok i=1 j=1 °F
(5.2.6)
k k

=1 2
V(T ) = (k-1) T I 4o, (4,9,
n,k i=1 j-l nk J)
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where

1k 1 X
d . (1,§) =c_ (i,)-k~ I c ,(g3) -k~ I c_ ,(i,h) +
n,k n,k g=1 n,k h=1 n,k
o k Kk
K° I Eec (0. (5.2.7)
g=1 h=1 ™ :

He also showed that under suitable conditions on the c k(i,j),
’

-1/2
V(Tn,k) (Tn,k

gstandard normal distribution under Ho as k >, [Note that

- E Tn k) converges in distribution to the
’

we have introduced the dependence of ch k(i,j) on the additional
9

parameter n which was not the case in Hoeffding [1951] , however, .
the same theory still applies.] Motoo (1957) weakened the condi-
tions on the ¢ k(i,j) to the following:

2,.2
lim z (a_ ,(,3)°/4_ ) =0 (5.2.8)
oo [d  (1,9)/d e n,k n,k

Kk
where di . klrofoa k(1,1)2.
’ f=1 j=1 ™

For many densities fe , the quantity c k(i,j) will factor
9

into a product a k(1) bn k(j), so that the resulting test statistic
9

]
is a linear rank statistic, and the resulting test is easy to apply.

There are distributions, however, for which such factorization is

not possible. An example is the Gumbel bivariate exponential dis-

tribution.
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Assume now the more restricted model fe(xly) = [2ﬂ(1—62)]-1/2.

exp {-(x- 6y)2/2(1— 92)} which does yield linear rank statistics.
Location and scale parameters can be ignored because the rank tests

to be considered are location and scale invariant. For this model,

k
Qn,k = 151 Xn[i] Yngi . (5.2.9)

Define w4 = E(Xk i) where Xk i is the ith order statistic out
y ’ b

of k from fo(x) = (2'rr)-1/2 exp(—x2/2). Also define t 4=

]

E(Y ) where as before Yn 1 is the ith order statistic out of n
- ]

n,i
from the parent distribution g(y). Then

E(xn[i]IRi , 6=10) = uk’Ri ,

(5.2.10)
ECY, 418,,4) = &,1 0
and since xh[i] and Yn,i are independent when 6 = 0,
k
T " E(Qn,klgk s, 8=0) = 151 uk,Ri €1 (5.2.11)

This statistic is useful not only for the conditional normal model
but also for general monotonic association alternatives. As in
Ghosh and Sen [1971] , one can also define "mixed rank statistics"

which are asymptotically efficient. These are
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or (5.2.12)

k
W =3 Y | .
n,k {=1 uk,Ri n,i

might be preferable since the scores u are

k n,i

more dependent on g(y) for large amounts of censoring.

The statistic MZ
b ]

Since under HO all permutations of Ri » 1<1i<k among the

integers 1,...,k are equally likely, Tn Kk provides a non-

parametric test of independence. By Theorem II.3.1.c of Hajek

and Sidék [1967, p. 61] , under HO s

E(Tn;k).- k u ¢t

and (5.2.13)
k
2 -2
v(T =g I (t -t
( ,k) u i-l( n,i )"
where
k k
E-k’lzuki,t’ak‘lzti,and
i=1 7’ j=1 o
(5.2.14)
k

o DT T Gy - D
i= ’
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These results hold true for all ¢t and u whether or not
n,i k,i

these scores are defined as in (5.2.7). Assume that ¢t P
Kk n,1 n,k
are any real constants such that I (tn 14252 >0 and that there
i=1 ’
exists a square integrable function T(u) such that

1im 4} - T(v)]zdv = 0. (5.2.15)

koo

o 14 v K]

Hajek and Sidik [1967] have shown (Theorem V.l.6.a) that under Hy,

Tn Kk is asymptotically normal for k-+® with mean and variance
9

given in (5.2.13). The asymptotic variance of Tn x can also be used:

?

k

- 2.1 - .2
iii V(Tn’k) = [ 151(t“’i-t) ]4) [tCu) =T 1° du , (5.2.16)

where T = 4} T(u)du. So for large k, critical values from the

standard normal distribution can be compared to

1/2
Zyg = (DT T (5.2.17)
k k k
— = =2 —2,1/2
where r_, = (I t ~kut)/[L (y ~w° L (t ~t)7]
n,k - 0 kR n,i MaPhle 7% S V1
(5.2.18)

can be used as a rank measure of correlation. Another approximation

is to treat
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/2 2 .1/2
rn,k/(l-rn,k)

k-2t (5.2.19)
as anlapproximate t random variable with k-2 D.F. This approxi-
mation 1s accurate for small sample sizes in many situations (e.g.
logistic or normal generating distributions).

The paper by Shirahata [1975] also deals with the f&.m.p.r.t.
under censoring but in the case where X and Y are both time-
censored, i.e. Xi is observed if it is one of the n, sﬁallest

Xi and Yi is observed if it is one of the n2 smallest Yi .

5.3. Empirical Power Studies

In this section we study power properties of the ramnk tests, of
independence discussed in section 5.2, assuming the conditional
normality model for X given Y and for g(y) being the normal or
extreﬁe value distributibn. We write p instead of 6 to be conmsistent
with discusssions of parametric tests. The power is estimated here

by generating 1000 values of r for each n,k,p, estimating the

n,k
95th percentile of |rn kl for p =0 and computing the proportion
?
of |rn kl greater than this critical value when p # 0. Blom
b4
scores defined in (1.4.9) are employed for Ui and for tn,i

when g(y) 1is the normal demnsity. The empirical critical values

are:
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Empirical Critical Critical Value Estimated

n k Value from (5.2.19)

20 10 .620 .632
100 20 . 457 444
1000 50 274 .279

When X and Y are truly from a bivariate normal distribution and
normal scores are used for uk,i and tn,i the following power

estimates result:

- TABLE 5.1
ESTIMATED POWER OF 5% NORMAL SCORES TEST FOR

CENSORED DATA FROM THE BIVARIATE NORMAL DISTRIBUTION

n k P Estimated Power
20 10 .1 .061 |
.3 ' .086
5 .142
.9 743
100 20 .1 .045
.3 .082
.5 .139
.9 .895
1000 50 .1 .064
.3 .148
.5 .319

.9 .993
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Except for n = 100 k = 20 p = .9 these results compare quite
favorably to the power of the best parametric test for the bivariate
normal case as found in table 2.3. The normal scores test
statistic has a null distribution that is independent of fe(xly)
and g(y) in the sense that it has a permutation distribution de-
pending only on the assumption that all permutations of Bk are
equally likely. Therefore, the normal scores test may be preferred
over the parametric test which assumes that either fo(x) or g(y)
is normal before its null distribution is known. The normal scores
test may also be appropriate in the presence of non-linear regression
or heteroscedasticity.

In order to examine power properties of the normal scores test
when the scores are not optimal we now assume the extreme value/normal
model of section 4.3 but continue to use normal scores for t 4 and

. The power estimates are found in table 5.2.
Yk, 1
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TABLE 5.2
ESTIMATED POWER OF 5% NORMAL SCORES TEST FOR

CENSORED DATA FROM THE EXTREME VALUE/NORMAL DISTRIBUTION

n k P Estimated Power
20 10 .1 .062
.3 071
.3 .102
.9 .499
100 20 .1 .043
) .3 ~.056
.5 .064
.9 .513
1000 50 .1 .054
.3 .089
.5 . 106
.9 .652

By comparing those results with table 4.1, we see that very little
power is lost over the parametric test even though only the scores
for X are optimal. The normal scores test of independence may

perform well for many bivariate distributions.
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5.4. Asymptotic Relative Efficiencies of Linear Rank Tests

Assume that optimum scores for R: are generated asymptotically
from a square integrable function Tl(u) as in (5.2.15) and likewise
that scores for Rzl are generated by wl(u) satisfying

1im [P [t - wl(u)]zdu =0 (5.4.1)

- 0 n,1+ [un]

where k = pn and pe(0,1] is fixed. We assume that the linear
rank statistic from Tl(u) and wl(u) is locally most powerful for
testing HO: 0 = 0 and is asymptotically efficient relative to

the best p;rametric test in the Pitman (local alternatives) sense.

Now let Tz(u) and wz(u) be other corresponding score functions

which are not necessarily optimal. Define

1 - 42
{5 T, (WT, (udu - T,T,}
p2 __0 1 2 12 (5.4.2)

X
i, w- ?1]2au I [Tz(u)-'?zlzdu

and

{p—l4f ¥y (W, (u)du -'Eiaé}z
p>2' T -1 - .2 -1.p — .2 (5.4.3)
p - Jy [ (w=P,1%du p " [y, (w)-¥,] du

— 1
where T, = .6 Ti(u)du . i=1,2
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and (5.4.4)

U’i P fo ‘Pi(u)du ’ i=1,2 .
2 2
Note that px and py can be interpreted as squared correlation
coefficients between corresponding "correct” and "incorrect" scores.
We now argue heuristically based on the results of Ghosh and Sen
[1971] and Basu [1967] that the asymptotic relative efficiency of
the linear rank test based on (Tz,wz) to that based on (Tl,wl) is
given by
22

e, = pxpy, (5.4.5)

For example, choosing correct X-scores Crl(u) ETZ(u)) yields

pi = ], However, choosing Wilcoxon scores for X Crz(u) = y) when

the optimal scores are normal scores (Tl(u) = Q-l(u)) yields
pi = 3/m. 1If this same mistake is made in choosing scores for Y

(wl(u) = ¢-1(u), wz(u) = y), the following component quantities

2
for are:
0 py

2/2

5= 0 L 2 e e = o7t A, am YRy <Y 2y - i

(5.4.6)

2
where a = Q—l(p), $(u) = (211‘)-.1/2 e v /2

]
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¥, = p/2,

el P s e = —a@) + 02 ay/zer? (5.4.7)

oL 2w - Tk 1 - e @ 0@, (5.4.8)
and

o P 1, (- Fy1tau = /12, (5.4.9)

So in this case pi = 3{ﬂ_1/2¢(21/2a)p_1 - ¢(a)}27{p2-3p¢(a)-¢(a)2}.

(5.4.10)

This squared correlation of Y - score functions has respective

values .636, .902, and .955 (3/m) whemn p = .00057, .5, and 1
respectively. Thus for example very little efficiency is lost in
using the Spearman correlation coefficient (which incorporates
Wilcoxon scores) instead of the normal scores correlation for censored

bivariate normal data.

5.5. Hoeffding's General Test of Independence as applied to Censored

Bivariate Samples

Suppose that two random variables have a d.f. H(x,y) with con-

tinuous joint and marginal density functions. Let
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A o= 2070 D(xy)aH(x,y) (5.5.1)
where
D(x,y) = H(x,y) - H(x,®)H(=,y). (5.5.2)

The "D" test based on a random sample‘{(Xi,Yi), ]niizih} was de-
vised by Hoeffding in 1948. It depends only on the ranks of the X
and X vectors and tests HO: A= 0 , being consistent against all
alternatives to independence. The test can also be applied to a
censored bivariate sample ‘{(Xn[i] ’Yn,i)’ 1<i<n} since under
the null hypothesis all permutations of the ranks Bk are equally
likely (fixing the ranks §n) due to '{xn[i]’ 1_<_i_§k} representing
a random sample of size k under HO.

Hoeffding derived an unbiased estimator of A based on a U-

statistic. Alternatively A can be estimated with the sample bivariate

empirical distribution:

0

A= 2 0 D2xyd H (x,3) (5.5.3)

=00
where

-1 &
Hn(X,Y) =n ) I{Xifx, Yify},

i=1 (5.5.4)

Dn(xg}’) = Hn(x’}') - Hn(xam)Hn(m,Y) ’
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and I{A} 1is the indicator function for the set A. Blum, Kiefer,
and Rosenblatt [1961] developed another test of this type in the

spirit of Kolmogorov-Smirnov tests. Their test statistic is

B = sup Dn(x,Y). (5.5.5)
X,y

For a censored bivariate sample the following information is

available:

0

n
-1 .
Fn’k(:.t) =k~ I I{X <x}e, (5.5.6)

i=1

-1 k
=k 1511 {xn[i}gx},

k
z

-1
G ,(y) =n
n,k i=1

I {Yn’if_y}, (5.5.7)

k
Hn,k(x,y) -nt E I{Xn[i] ix}I{Yn’if_ v}, (5.5.8)

i=1

and

D (o) = B Gy) - By (06 () (5.5.9)

n, )

where
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¢y = I{rank of Y, among ¥),...,Y is < k}. (5.5.10)

When Yn >y the following simplifications hold:

-1 T |
G ) =n L i{y, <yl (5.5.11)
1=1
and
-1 o .
Hn’k(x,y) =n iflx{xi < x}{y, <yh (5.5.12)

-

These sample distribution functions have the following properties:

E[Gn’k(y)lYn,kZ vyl = G(y) , (5.5.13)
and

AL ) IYn,k > y] = H(x,y) . (5.5.14)
and if O denotes the dependence parameter as in section 5.2,

EIF) () [6= 0] = F(x) (5.5.15)

and
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M%$uqﬂnxzy,e-m=o (5.5.16)
since E[ci] = k/n. (5.5.17)

Here F(x) and G(y) are respectively the marginal d.f. of Xi and

Yi' A statistic for testing independence is

Y

A © o,k 2
By = Lo Lo D VA H L G9). (5.5.18)

An alternative test statistic analogous to (5.5.5) is B

Jk = sup Dn,k'
-0 x <®©

- y-iYn,k

These statistics should perhaps be studied in more detail. However,
Hoeffding's D test can be carried out without difficulty. It would
be interesting to see how such an omnibus test of independence per-
forms with respect to a simple test directed at simple alternatives.
To this end, 1000 censored bivariate normal random vectors were
generated for different n,k, and p. The empirical upper 95th
percentile when p = 0 was used as a critical value since the null
distribution of D is tabulated only for very small sample sizes. The

resulting critical values are:



=]

20
100

1000

I=

10
20

50

.95
.00503
.00218

.00067
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Power is estimated by computing the proportion of observed D

statistics greater than D.gs.

ESTIMATED POWER OF 5% HOEFFDING D TEST FOR

CENSORED BIVARIATE NORMAL DISTRIBUTION

The results are in table 5.3.

TABLE 5.3

I

20

100

1000

k

10

20

50

L

.1

Estimated Power

.066
.084
.117
.573
.045
.075
.118
.782
.055
.113
.236

.970
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By comparison with table 2.3 the power is reduced from that of the
1ikelihood ratio test but is not devastated. The power reduction
is the smallest for the case n = 1000 k = 50 in which a high

proportion of censoring is present.



CHAPTER VI

SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

6.1. Summary.

Many tools of classical multivariate theory have been extended
for use in analyzing censored multivariate samples comsisting of
order statistics of one variate and induced order statistics of
other variates. Maximum likelihood and simplified estimators
have been developed for means, variances, covariances, correlation
coefficients, and multiple, partial and canonical correlation co-
efficients. Statistics for testing total or partial independence of
random vectors havé also been derived. Linear rank tests for inde-
pendence in the bivariate case have also been proposed and
Hoeffding's general test éf independence in this case has been
studied.

Properties of estimators have been studied by deriving Cramer-
Rao lower bounds for dispersion and by simulations. Power pro-
perties of some of thevproposed test procedures have been studied
by deriving conditional power functions and by making empirical
power calculations. The rank tests for independence were shown to

have many advantages over the parametric tests since the power
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characteristics of the two types of tests are similar while the

rank tests make fewer assumptions.

6.2. Suggestions for Further Research

There are several open areas remaining in this research. For
one, the unconditional distribution of test statistics such as
(2.5.1.8) could be derived if the distribution §f the sample
variance calculated from a censored normal sample could be obtained.
This may not turn out to be a tractable problem. Also, it would
be advantageous to prove formally that the partial correlation test
in section 3.4.2 is actu;lly the likelihood ratio test [the author
could find no formal proof of this even for the complete sample
case].

Another question worth considering is how much information re-
garding tests of independence is lost when only induced order
statistics are observed and not the entire vector of concomitant
data. This question could be studied by comparing the power
characteristics of the rank test proposed in section 5.2 with those

of the test proposed by, for example, Brown et al. [1974].
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