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1. Summary. The method of mixtures, explained in Section 2, is applied
to derive the distribution functions of a positive quaedratic form in normal
variates and of the ratio of two independent forms of this type.

2. The method of mixtures. If

(l) Fo(x): Fl(x)’

is any sequence of distribution functions, and if
2 '

(2) GO: cl’

is any sequence of constants such that

(3) cy 20 (3=0, 1, ...), ch =1
(a1l summations will be from O to - unless otherwise noted), then the
function
3 F(x) = Zc,F
(b) . (x) e J(x)

is called a mixture of the sequence (1).

It 1s sometimes helpful to interpret F(x) in the following manmer. Lot
J, Xo, Xy, ... be variates such that J has the digtribution P [ J=) ] = cJ
(3 =0, 1, ...) and such that XJ has the distributidn function FJ(x). Let X
be a variate such that the conditional distribution function of X given J = J

is FJ(x). Then the distribution function of X is

P{xgx] =2 [oy)-p [x<x] J=J] = S Fy(x) = F(x).

This interpretation of F(x) will, however, not be involved in the present
paper.

The following statements are proved in{Al]. If x = (X3,...5 X)) 18 2
vector variable the function F(x) defined by (4) is a distribution function,

and for eny Borel set S,
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(

CAF(x) = ZcJ é dFJ(x).

[0 NN

(5)

More generally, if g(x) is any Borel measurable function then

(6) Tg(ﬂdﬂ‘(x) = ch Ss(x)dFJ(x)

whenever the left hend side of (6) exists. In particular, the cheracteristic

function @ (t) corresponding to F(x) is

(7) P () = ZcJ (Pd(t)’

where ﬁ,} (t) is the characteristic function corresponding to FJ(x).
If each F J(x) has a derivative f J(x)' then F(x) has a dorivative f(x)

given by
(8) , f(x) = EchJ(x),

provided that this series convorges uniformly in some interval including x.
Conversely, if (8) is the relation botween the frequency functions and if the
series is uniformly convergent in eny finito intorval, then the relation
between the distribution functior;s is given by (4). In practice wo deduce
(4) from (8), or, using the uniquoness theorem for characteristic functions ,
from (7).

As regards computation, we observe that for. any integers 0 & pls Py

and for any x it follows from (3) and (4) that

Pp - Pyl eo :
0< F(x) - Z¢ F = I F L cF
(x) ‘pch J(x) z cJ J(x) + Pe*‘l'CJ J(x)
N p.-1 z p.-1p
1 2
< A [ . 5o
@€ gy { P} CF o) o D] 0 he o)

P
€ 1% .
pl°g
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The oxistonce of these upper bounds (the last a uniform one) for the error
term when tho series (4) is replaced by a finite sum shows that sories ox-
ransions of the mixtui'o type (4) are ospecially well adapted to computa-

tional work.

For Some purposcs it is useful to considor series expansions of the
type (4) where the c 3 may be of both signs and where the series Sc 3 may
diverge. Both parts of (3) will, however, be satisfied in the cases con-

sidered here.

If U, V are indepondent variates with respective distribution func-
tions F(x), G(x) we shall denoto tho distribution function of any Borel

measurable function H(U,V) by
E(U, V) (F(x), G(x)).

Now if F(x), G(x) are both mixtures,

P(x) = }:cJFJ(x), G(x) = deGk(x),
then by (5),
(
P"FH(U Vg x| = K} ) ar(u)aG(v)
i > TR x.!( - {H(u,v) ¢ x} 4 v'
{ -
- 4 )
"o (ntaef e x Ty, (),
80 that

(10) H(U,V)(Z‘.cJFJ(x), Edek(x)) = ZZchkH(u,v)(FJ(x), Gk(x)).

vAs an application of the principles set forth in this section we shall
oxXpress as series of tho mixture type (4) the distribution functions of a.ny
positive quadratic form in normel variatoes ang of the ratio of any two in-
dependent forms of this type. Specisl cases bof the problem have been dealt
with by Tang[ 2] , Heu [3], end many othors, but -tho method of mixtures

permits a unified and simple troatment of the goncral case.
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3. Distribution of a positive quadratic form. We shall denote by

Fl'm(x) the chi-square distributio: function with n > 0 degrees of frecdom,
O

- 1 2 2 .

T u + @, dn (x > 0),

2 1

. 2 .r(zn) o

(11) Fy(x) =\

L 0 (x< 0).
The cerresponding characteristic function is
( 1zt i o
(12) ¥ (t) = je ¥ aF(x) = (1-21t) © =w ,
o

/
-1 . 2
where we have set w = (1-2it) . We shall denote by :Xh any variate with
the distribution function (11).

Let a be any constant such that a > 0. The characteristic function
of the variate a.Xi is

(L-21at) = = [a(1-21t) - (a-1)]
(13) -%_n 1, -&n

=a® ¥ L (1-(-Dw 2
a

By the binamial theorem we have for any a > 0 s

l.’.
IER) "z BT R |
(l)&) a 2 Ll'l-(l-%)z] 20 = ZchJ ( g Z§ < I l.; { )’
where
-..:E;-L 11 1
(15) CJ = 8 2 . '2—11(?3+1)"j;'(§1+3~1) . (l%)d (J - O, l, ’”).

|
For a 2 1 we see from (15) that all the ¢ 4 axo non-negative. Likewise for

a > -;— (and hence :q. fortiori for a > 1) we have ,31-% %; -1 31 so that (14)

holds for all }z| £ 1; setting z = 1 it follows that the sum of all the

cJ is equal to 1. Hence for a > 1,
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>0 (§=0,1, ...), Z‘.cJ=l.

1
Since | w_} = 1101t | <1 for all real t it follows from (13) and (1k)

that for a 2 1,

P

1 1
3" = o
(1-2iat) = Lc A = ZcJ(l-2it)
(16) ‘
= ch ¢ n+23(t)'

Hence for a 3 1 the distribution function Fn(x/ a) of the variate a‘Xi is
a mixture of Xe distribution functions,
(17) Fi(xfe) =z F L (x),
where the c 5 dei;ermined by the identity (14), are the probabilities of a
negative }sinomia.l distribution.

It mey, in fact be proved by a direct analysis, which we omit here, that
(17) holds for any a ) O. However, if a < 1 then the cJ will be of altermat-
ing sign, and if a g % then the series ):Zc:J will diverge. This shows in-
cidentally that a reletion of the form (4) can hold even though the series
Ic 3 diverges and hence the corresponding relation (7) does not hold for t = 0,

Theorem 1. Iet

2 2 ~ 2
X:a()( +ax +...+aX ),
‘ m 1 ml r mr
where the chi-square variates are independent and a, al, seny a.r are positive

congtants such that

a
1

W
o]

(1=1, ..., r).

(1)

Define constants cJ by the identity

(1} If r = 0 we rogard the left hand side of (18) as having the value 1.
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(18) W{a:ima[l-(!_é)}]?mt} = Z CJ {j (I}\ < z)’l

€<

then obviously

OJ;‘_O (J=0,1, ...), ch=l.'
Lot
M=m+ml+...+mr;
then for covery x,
(19) Plxg xJ» =EcJ‘FM+2J(x/a).
For any integors 0 < r £ », and every x,
Pe
£ P! X4 /
[ "5 ® Fusnyx/ @)
(20) < </)<p%'1> Cfaa- F oo . )
20) & F (x/a)° c+F x/a - L ¢ - Lec
M o 2p +2 . / [s] J p]_J
Y
. 2
*‘: l-ZC .
P1J

Proof. The charactoristic function of x/ a 1s, by (13) and (18),

-:—L-M i (..-ém --'lgm1
¢ (t) = v - T{L a, i‘—1-(1- i)]

o |-
[ ]

L]
5]
e}
E >4

J = ZCJ ?:' M+2J(t)

Hence for any y,

X/a ¢ ‘y] - ZcJFM;gJ(Y)r

whence (19) follows on setting x = ay. Finally, since F(x) is a decreasing

function of n for fixed x, (20) follows from (9).



-7 -

It should be observed that the cocfficients ¢, dotormined by (18) can

J
be written explicitly as the multiple Cauchy products
J il+ s 00 + ir=J L l’il r,ir} g
where
1
c =a '%mi %z“i(%mi"l)"'('émi*"‘l) (1-3)y9
i,3 i ) H } * ay

(1=1, ..., 7; 3=0,1, ...)

The c'J may be computed stepwise by the relations

o{Ds ¢
J LJ,
(s)  d ¢ (s-1) Yy
°y T °i1 %17 (822, ..0r ),
C(r)= .
J J

2, 1
4. Distribution of a ratio. The ratio %w / )K, of

(3

two independent chi-square variates has the distribution function

X
1 1,
r(g(mm) gu'ém'l plmm)

l . (1+a) du (x> 0),
| Tizn)r(zn)

(21) B, (x) = -
{. 0 (x¢ 0).

In computational work we can use the tables of the beta distribution function

%
1 1 1
(5

. -1 En-1
{ gég%% S 2 @w? e (0€x <),
2
[9]
Im,n(x) = ’
0 (x < 0), 1 (x >1),

together with the identity
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Fm (x) = (x/ 1+x).

Theorem 2. ILet

;o 2 o~/ 2 ~f 2
a'\ Xm"'al ')(ml+." +ar/(mr)
2 2 v 2
Xn+b1:)(nl+... ”’s)ins

(22‘) X =

where the Xe variatos are indepondent and a, Q1 ooy @ ? bl, veey b

/

are positive constants such that
a 21, b,>21 (1=1, ... r;

1
Dofine constants c 5y dk by the identities( )

J=1, ..., s_).

_ J
L2y (lzié 1)
T -An, . 21l
’ ni-‘- — k -
ﬂ\bi 1- (1% )z _{- Mz
thon e
°y 2 0, Ioy = 1, 430, I =1,
Lot
=m+m1+...+mr,' N=n+n1+...+ns,'

then for every x,

P{X¢x] =%8cd  F x/a)
L J Jk M+2,3,N+2k(/ ’

and for any integors 0 £ pl.{ pe, €9

2,
0< | Plxgx] - 5 5% Fyiog, mox*/2)

P .
2 9
« X * - a4 ).
€ (1 Pch) (1 q; k)

O0cg gqea.ndeveryx,
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Froof. Let U, V denote rospectively numerator and denominator of (22).

Fron Thoorenm 1,

r. 4
' U xy, = Z¢,F (x/ &),
L J 3 Many /

P Vg x} = Zd Py o (%)
Hence by (10), for every X,

PlX¢x) =?{ U/vex] emmcaF (x/ a).

Jd J k M#2j,N+2k

Y
The rest of the theoren is obvious,

Corollary., Iet

2
where the x variates are independent and

0<agh.
3 Dofine

of =a/b, N=r +g8,

1 1 .1 1
B ¢, =« 2. ..2- S(§S+l);;'(§s+3-l) (1 - )Y (3=0,1, ...);
then
| cJ;o (J=0,1, ...}, ch=1,
F and for every x,
PlXsx] = 20 Py ey ().

. For any integers 0 £ pl £ p2 and every x,
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?, _
< _ .
o< p[ x>x] z:lc.j 1 Fm,mas(ax)]
(23) <[1-x, N(ax)] (% o )+[ M, 20, +2(a.x)] ‘(1T cJ- %lc)
P,
£°
€1 Pch

Proof. Except for (23) this is a spocial case of Thoorom 2, To proveo
(23) we observe that

T “ r
Pl x>x] =1-7} X< x| =cht;-FM’N+EJ(ax)]_,

and since for fixed n and x, Fm n(x) is an incroasing function of n, (23)

2
follows in the same way as (9).

2
5. The non-central case. Lot Y bo normal (0, 1) and lot X = (Y + 4) ,

vhere d is any constant. The frequency function of X is, for x » 0,
' 2 -l'(d2+x) . 1
3 dx? -ax2
f(x) = (2nx) o (6™ + o ) /2.

By expanding the last factor into a power series it is casily seen that

(2k) £(x) = ZPJ' £, (x),

where fn(x) = Fr'x(x) is the chi-square frequency function with n degrees of

freedom and where -
-142
2 G J

pJ=e t5a7) /3! (3=0,1, ...).

Since the identity

14201
5 (1-z)

(25) e » = ijz"j : _ (ell z)

r : holds, it follows that

. >o =0 l s 0 e 2 =l
e | pJ, (3 y 1, _), P,
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The series (24) is uniformly convergent in any finite interval, so that we
can write the distribution function E(x) and cheractoristic function @ (t)

of X in the forms

F(x) = Ip (x),

J .F1+23

ot

1.2
~=d" (l-w)
¢ (¢) = ZPJ' F 1+23('°) = W o 2 . ’

-1
where again we have set w = (1-2it) .

Now let Y

12 vees Yn be independent and normal (0, 1) variates and let

A 2 2
(26) X-\(Yl +dl) +oeee 4 (1{n + dn) ,

where the d.i are constants such that

d2+...+d2=d2.
1 n

The characteristic function of X is then

i -lde(l-w) -]-'n+,j
G(t) =w o2 =D =Ip e (4)
il J 7 n+23'h

2
and hence the distribution function F(x) of X is again a nixture of X

distribution functions,

(27) , F(x) = ZpyF o 3 (x),

where the p Y dotermined by the identity (25), are the probabilities of a
1
Polsson distribution with parameter A =§d2. We shall denote the non-central
; )
chi-square variate (26) by 3{ 2.
£ n,d. »
We cen now generalize Theoroms 1 and 2 in a straightforward mamnor to
cover pon-contral chi-squere variates., We shall state only the goneraliza-
tion of tho Corollary of Theorem 2 to the case in which the numerator is

non-central.
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Theorenr 3, let 2

X - %M)ct
L&Xl + B%?

r

2 .
where the X variates arc indopendent and

0L agh.
Define
1.2
A= %—a , ~ = afb, N = r+s
-\
pa=e . A"/J! | (3=0,1, ...,
1 1,(1 1
= s(ze+l) ... (Zs+k-1) k
c = 2 27 2 (L= o) (k=0,1, ...);
k kl
then
pJ'}O,Zp =1, ck;O,chal,

and for every x,

P[xng = IIp ).

c F. (ax
J k M+2)3,N+2k

For any integers O g 81$ 2 0 s hls he,

p OGP[Xg x] -}832}12

c, °F (ax)
&5 %9% - “miag,meox

. 8 " h
€ (1-2%) - (1-5%).
31-’ hlk
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