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ABSTRACT

For the accurate numerical analysis of the fatigue crack growth of SS400, the use of a polygonal mesh and
virtual element method is presented in this study. A graded polygonal mesh with a crack is generated with
a mesh attaching process associated with an element split with node insertion and duplication. To evaluate
the incremental length of the crack growth, the Paris law is utilized. The stress intensity factor in the Paris
law equation is evaluated using the virtual grid-based stress recovery and interaction integral. The numerical
result of the example agrees well with the analytical solution and experimental result. Furthermore, the
results demonstrate that the virtual element method is suitable for handling polygonal elements and
simulating fatigue crack growth behavior.

INTRODUCTION

Fatigue fracture can lead to failure of a critical structure such as a reactor vessel in nuclear power plant,
which results in a significant risk in the safety of our community. Therefore, the accurate analysis and
prediction of the fatigue crack growth is one of essential aspects in the safety analysis of critical structures.
Numerical analysis of a fatigue crack usually uses the finite element method (FEM), and the analysis with
FEM of fatigue crack behavior requires a high-quality re-meshing process according to the crack growth.
However, the mesh generation is highly a time-consuming task, especially for a complex crack geometry.
To effectively discretize a complex crack geometry, a polygonal element based on the virtual element
method (VEM) (Beirdo da Veiga et al., 2013) can be utilized because of the flexibility of the element shape.

In this study, a single-edge notched tension (SENT) test with SS400 material is performed to
assess the suitability of VEM for the fatigue crack analysis. A mesh with polygonal elements is generated
by simply creating a crack with the node duplication and the element split. The VEM is utilized to solve a
boundary value problem and evaluate the nodal displacement. Based on the nodal displacement, the stress
intensity factor (SIF) is accurately evaluated using the virtual gird-based stress recovery (VGSR) in a mesh
with polygonal element (Choi & Park, 2019; Choi et al., 2022; Kim at el., 2023), and the incremental crack
length is evaluated using the Paris law (Paris & Erdogan, 1963).

PROBLEM DESCRIPTION

The geometry, material property, and boundary condition of the SENT test with SS400 material under a
remote tensile stress (o) are illustrated in Figure 1, where an initial crack length (a) is 3 mm with the depth
(t) of 3.5 mm. The elastic modulus (E) and Poisson’s ratio (v) are 206 GPa and 0.3, respectively. The
cyclic load is applied at the left and right side of the specimen. The maximum traction (0y,qy) is 130.5
MPa and the minimum traction (0;,;,) is 13.05 MPa. The plane stress condition is assumed for the two-
dimensional numerical analysis. The domain is discretized with arbitrary shaped polygonal elements. For
the evaluation of the incremental crack length, the Paris law equation (Paris & Erdogan, 1963) is given as:
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da/dN = C (AK)® (1)

where da is the increment of crack length, dN is change of loading cycle, AK is the range of SIF. The

constants of C = 107216 and m = 6.12 are experimentally obtained as shown in Figure 2 (Lee et al.,
2022).
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Figure 1. Single edge notched tension test (SENT) specimen.
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Figure 2. Relation between the SIF and the fatigue crack growth rate (Lee et al., 2022).

The relation between the loading cycle and crack length is evaluated using the analytical
expression (Al Laham & Branch, 1999). The analytical expression of the SIF (K;) for SENT is expressed
as:

2 3
(1+29)|1.12078 — 3.68220 (=) +11.95434 (=) — 25.85210 ()
KI =O'\/T[aﬁ a 4 a 5 a 6 (2)
w +33.09762 (%) - 22.4422(2) + 617836 (2)
where the width of the specimen (W) is 28 mm in this example. Figure 3 shows the comparison between
the analytical solution and the experimental result for the relation between the loading cycle and crack
length.
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Figure 3. Analytical and experimental relation between loading cycle and crack length.
ANALYSIS METHOD

The analysis procedure for the SENT example is presented. The procedure consists of three steps, i.e.,
generation of a polygonal mesh, computation of the nodal displacement using VEM, and evaluation of the
stress intensity factor and crack increment length. These three steps are repeated for the selected loading
cycle until a crack tip reaches around a domain boundary.

Generation of polygonal mesh

A graded polygonal mesh with a crack is generated for the SENT example. Thanks to the flexibility of
shape and type of elements in VEM, a simple mesh attachment algorithm, and element split algorithm are
introduced to generate a graded mesh and insert the crack on it. The generation of polygonal elements starts
with the generation of a mesh with polygonal elements. PolyMesher (Talischi et at., 2012) which is a
generator of a mesh with polygonal elements written in Matlab is employed. Since most of the stress
concentration occurs at a significantly small area around the crack tip compared with the entire domain, a
graded mesh is required to avoid an excessive number of nodes of the discretization and the excessive use
of computational resources. As presented in Figure 4, meshes with different sizes of elements in a
rectangular domain are generated. They have overlapped edges at the same position. These meshes are
attached by changing the node connectivity of elements on overlapped edges of each mesh as illustrated in
Figure 5. For each element of mesh 1, new nodes which are possessed by mesh 2 are inserted and the node
connectivity of the given element of mesh 1 is changed. After finishing the update of node connectivity for
all the elements in mesh 1, the same process is repeated in mesh 2. A graded mesh is generated by attaching
a series of mesh with different sizes of elements with the algorithm.

Overlapped edges

Mesh1 Mesh2 Attached mesh
Figure 4. Meshes with polygonal elements and mesh attachment.
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Figure 5. Change of the node connectivity of a polygonal element for the mesh attachment.

The crack is inserted into the graded polygonal mesh. A crack line is drawn on the graded
polygonal mesh as shown in Figure 6. New nodes which are an intersection of an edge of mesh and crack
line are inserted into the element crossed by the crack line. The new nodes are duplicated by splitting the
element. A similar algorithm is used for the element that has a crack tip inside, the difference is that there
is only one node inserted and the element is not split into two elements but cut by a crack line. An example

of this process is shown in Figure 7 and Figure 8.
Crack line
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Figure 6. Example of insertion of crack line to the mesh.
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Figure 7. Element split and node duplication for the crack-crossed element.
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Figure 8. Element cutting and node duplication for the crack tip element.

Evaluation of nodal displacement with virtual element method

The VEM is proposed to consistently handle the flexibility in the shape of polygonal elements with
implicitly defined shape function (Beirdo da Veiga et al., 2013). In this study, two-dimensional first order
VEM is utilized. A linear elastic solid domain (£1) has displacement boundary conditions on the
displacement boundary (9(),) and the traction boundary condition on the traction boundary (9€);) with
traction (t). The weak form of the linear elastic solid is obtained by the principle of virtual work, and it is
given as:

J, @):o()dx = [, b-vdx+faﬂtt-vdx Vv € K, 3)

where u is the displacement field, € is the strain field, @ is the stress field, b is the body force and, v
is the virtual displacement field. K, is the set of kinematically admissible displacements that satisfies
compatibility and homogeneous displacement boundary conditions The global virtual displacement space
(Kp) is defined as:

K = {vy, € Ko : vplg € [V(E)]?, VE € Qp} 4)

where (), is a tessellation with polygonal elements of the domain, E is an element of the tessellation.
V(E) is the space of local virtual displacement defined as:

VE)={weHYE): A v=0inE, v|, € [P,(e)]? Ve € IE} (5)
where A denotes Laplacian operator, e is an edge of an element, 7! is Sobolev space, and P; is the

space of first-order polynomials. A projection operator is required to handle implicitly defined shape
functions and displacement fields in VEM. The operator denoted by I} : V — P; is defined as:

J; V(Igv) -Vpdx = [ Vv-Vpdx Vv € X, and Vp € [P,(E)]? (6)
and

Zx,,EE Hgv(xv) = vaeE v(xy) (7
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where x,, is a position vector of a vertex in E. The right-hand side of equation 6 can be calculated exactly
with the divergence theorem because Ap is always zero in E and v is explicitly known on OF.
Therefore, the projection TIFv can be calculated exactly. Since the virtual displacement field is the sum of
the projection term and the remaining term and the derivative of two terms are orthogonal, the local element
stiffness matrix (K ) consists of two terms. The local (element) stiffness matrix is constructed by combining
equation 3 and the projection v and denoted as:

Kg ~ Kg .+ Kg s (8)
where K . is the consistency term and K ; is the stability term. The consistency term is expressed as:
T
Kge=f; [b(UF¢1) - b(Tiy)] C[b(NF¢y) - b(IE¢,)]dx ©)

where C is the elastic modulus matrix, ¢; isthe i-th shape function of E, b is

ML
[ aox 0
| AMge; |
b(HZ¢i)=| o == (10)
allgp; ANLe;
l dx ay J

In this study, the diagonal matrix-based stability term is used (Dassi & Mascotto, 2018; Chi et al., 2017).
The nodal displacement for the mesh with polygonal elements is obtained from the loading term in Equation
3 and the stiffness matrix.

Evaluation of stress intensity factor and crack length

Evaluation of the SIF consists of two steps, i.e., (i) evaluation of stress using VGSR and (ii) evaluation of
the SIF on the virtual grid with domain J-integral. VGSR is a post-processing stress evaluation technique
for given mesh and nodal displacement (Choi et al., 2022). A virtual grid consists of rectangular elements
in uniform shape and size with crack is generated and inserted to the position where the SIF is evaluated in
the domain of VEM mesh. For each node of the virtual grid, a polygonal element of VEM mesh which
contains a given node of the virtual grid inside is searched. After searching an element of VEM mesh, the
nodal displacement for the node of the virtual grid is evaluated. The searched element of VEM mesh has
nodal displacement from the VEM solution, and the nodal displacement for a given node of the virtual grid
is mapped in the bilinear function (Kim et al., 2023). The stress field in the virtual grid is evaluated using
the bilinear Lagrange basis for the quadrilateral element. An example process of VGSR is illustrated in
Figure 9.
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Figure 9. Virtual grid-based stress recovery (a) generation of the virtual grid, (b) evaluation of stress.
The SIF is evaluated with J-integral (Rice et al., 1968) defined as:

ou;
J =1, (wn, —ai,-a—;‘lnj) dr (11)

where W is the strain energy density, g;; is the stress component, u; is the displacement component,
and n; is the components of unit normal vector along contour I". The contour integral form of J-integral
is transformed into the form of domain integral by divergence theorem, expressed as:

ou;\ @
J==Jo (Wi =0y 52) 3L da (12)

6xi
where q is a function which is zero on I' and non-zero value inside (). Since there are all the required
terms in the virtual grid for equation 12, the virtual grid domain can be used as an integral domain for J-

integral. The SIF is evaluated using interaction integral (Yau et al., 1980) which is a method evaluating
mixed-mode SIFs based on J-integral. The interaction integral (1) is defined as:

_ 1 aux aux aux aux) 94
I = _fQ (5 (O-ijgij + O-ij Sij)81j - O-ij ui’l - aijui_l a—x] dq (13)

where oj"* is the auxiliary stress component, &/j"**

auxiliary displacement component. These auxiliary fields are chosen with the asymptotic field around the
crack tip. The SIF (K;) for plane stress condition is evaluated as:

is the auxiliary strain components, and uf"* is the

E
K, ==
=5

I (14)

The incremental length of the crack is gained from Equation 1. The maximum SIF (K,,,,) and
the minimum SIF (K,,;;,) are evaluated for maximum traction and minimum traction respectively. The range
of SIF (AK) is computed as:

AK = Kpmax — Kmin (15)
COMPUTATIONAL RESULTS

The graded polygonal mesh with crack for the SS400 SENT specimen at the first loading cycle is generated,
as shown in Figure 10. The number of elements is 186,018 and the number of nodes is 365,938. The
relation between the loading cycle and the crack length obtained from the VEM analysis is compared with
the analytical solution and experimental results (see Figure 11). The numerical result shows the good
agreement with the reference solutions. Therefore, the given numerical solving scheme with the VEM is an
effective scheme for two-dimensional fatigue crack growth analysis of SS400 material.
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Figure 11. Relation between loading cycle and crack length.

CONCLUSION

In this study, a fatigue crack growth analysis is performed for SS400 with a SENT specimen. A graded
mesh is generated with polygonal elements. A simple and intuitive algorithm is employed to generate a
relatively fine element along a crack tip region, which demonstrates the flexibility of polygonal elements
for the analysis of fatigue crack behavior. An integrated method with the mesh generation algorithm, the
VGSR technique and the interaction integral method for the numerical analysis are utilized in this study,
and the computational result agrees well with reference solutions for the fatigue crack growth.
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