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TLIUSTRATION OF A TEST WHICH COMPARES TWO PARALIEL REGRESSION LINES WHEN THE
VARIANCES ARE UNEQUALl

by Richard F. Potthoff

1. Introduction. It is sometimes desired to make certain comparisons of

two regression lines, when it is assumed that the two sets of error terms are
normally distributed but with (possibly) unequal variances. An earlier paper
l—l;7 presented a method of testing the hypothesis that the two regression lines
are parallel, under this condition of unequal variances. In the present paper it
is assumed that the two regression lines are parallel (with the two variances be-
ing unequal), and a method is presented for testing the hypothesis that the two
regression lines are identical. The test statistic to be used in this paper, like
the test statistic presented in_[_l;7, is analogous to the Wilcoxon statistic.

We suppose that we have m pairs (Yl, Xl)’ (Y2, Xz), cee, (Ym, Xm), such
that, for each i, Yi observes the relation
(1.1) Y, =0, B, +ey s
where aY and B are unknown parameters (regression coefficients), the Xi's are
specified constants, and the ei's are normal and independent with mean O and un-
known veriance cee. We suppose also that we have n pairs (Zl’ Wl), (Z2, wz),
ooy (2, Wn), such that, for each j, Z, observes the relation

J

(1.2) zJ .—.ozz+;3wJ +fJ s

where aZ is an unknown parameter, B is the same thing as in (1.1) (this is where
the assumption that the two regression lines are parallel enters in), the Wj's
are specified constants, and the fj's are normal and independent with mean O and

unknown variance afz. We will present a test of the hypothesis that the two

regression lines associated with (l.l) and (1.2) are identical: that is, we will

L This research was supported in part by Educational Testing Service,
and was supported in part by the Air Force Office of Scientific Research.



test the hypothesis that Qy = Q.. We of course must have a test which will be

valid regardless of what the vaiues of ceg and o, sare.

f

This paper will give a numerical exemple, which will illustrate not only
how the test of the hypothesis aY = aZ works, but will also illustrate how to ob-
tain confidence bounds on (az - a&). Except when m and n are very small, the
computations required to obtain our test statistic, although quite routine, will
be prohibitively lengthy to be performed on a desk calculator; consequently, the
numerical example given in this paper is for m = 5 and n = 5. In general, it ap-
pears that it will be necessary to utilize a high-speed computer in order to cal-
culate the test statistic we are presenting here. Section 5 discusses briefly the
problem of performing the lengthy calculations on a computer, and suggests some
possible techniques for circumventing some of these calculations.

An experiment comparing two curriculums provides an illustration of a
practical situation in which the problem treated by this paper could arise. This
situation is discussed in some detail in.[-¥;7. We have m classes which receive
curriculum‘## 1 and n classes which receive curriculum ;#12. Yi and Xi represent
respectively the achievement messure (obtained after the course) and ability
measure (obtained before the course) for the i-th class receiving curriculum j#:l.
Simi}arly, Zj end WJ represent respectively the achievement measure and ability
measure for the j~th class receiving curriculum19§?2. The problem discussed in
[_;;7 was that of testing the hypothesis that the regression lines associated with
the two curriculums are parasllel (when the variences may be unequal). In the pre-
sent paper, however, it is assumed that the two regression lines are parallel
(1.1 - 1.2), and the problem is to test whether they are identical. (If they are
identical, then there is no difference in the effects of the two curriculums.)

In this peper the discussion will be relatively non-technical. A separate

peper covers the technical aspects of the topic of the present paper.
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2. The test. This section presents the formula for the test statistic.
There is a certain similarity to the test statistic of Zfl;7, but the present
statistic is much more difficult to compute.

For every quedruple (i, I, J, J) such that

(2.1) X, <X s wJ < W
and
(2.2) X, SWy s wJ <X s

let us define

(xI - WJ)(ZJ - Yi) - (wJ - Xi)(YI - zj)

(2.3) v = — .
1137 X + W, - X - w‘j

Each VinJ will be normally distributed with expectation (az - aY), and hence

will have median (az - aY). Thus we would expect (on the average) that half of

the VinJ‘s would be positive and half negative, if and only if the null hypo-
thesis aY = aZ is true.
Let S be the number of V 's which are positive, and let w be the pro-

1133
portion of them which are positive. Then

(2.)4-) w =‘g >

where T is the total number of quadruples (i, I, j, J) which satisfy (2.1 - 2.2).
If the null hypothesis aY = aZ is true, then w will have expected value-% and
will be approximately normally distributed. The variance of w when the hypothesis
aY = aZ is true will depend on cee and afe, but a number @ can be obtained such
that

var(w) <Q

no matter what the values of oe2 and Uf2 are. This number Q, which is the least

upper bound of var(w), is calculated by a formule to be given below.



L
The test of the hypothesis @ = O, is as follows: if we wish (e.g.) to

use a two-tailed test at the 5 ofo level, we reject if

(2.5) —_— > 1.96
\/6

and accept otherwise., This test (2.5) will be conservative in the sense that the
probebility of rejecting the null hypothesis when it is true will generally be
somewhat less than 5 o/o rather than exactly equal to 5 o/o; the reason for
this is that the actual value of var(w) (which is unknown) will generally be less
than Q.

Although w (2.4) is relatively simple to calculate, the computation of Q is
very lengthy. The formula for Q is
(2.6) Q = max(Qy, Q)

(i.e., Q is the larger of the two quantities Ql and QQ), where

1 1 (1)
(2.7 Q, = . T sin”
1 - BT - $137 > P y150,i'I 5T

itIlle‘l

and

(2-8) Q2 =%,f + L z Sin-l p(i)J 11Ty b

« T° 4iI3T > 113J,171%4

ilIlJlJ'

the p's being defined by

ii'(X J)(XII-W r) + 5.1,(}( -W )(W l"x 1)

(l) + 81 1(WJ"‘X )(XIx ) + SIII(WJ Xi)(w [ 1 ) ‘

(2.9) piTis,iireg™
\/(xl-wj)e + (0-%,)° \/(XI.-W DF (%, )%

and



SJJ ! (WJ-Xi) (WJ'-Xi ') + 5JJ'(WJ-X1)(XI'-WJ.'>

(2) ot éJj,(xI-wj)(wJ,-xi,) + sJJ,(xI-wj)(xI,-wj,) _
iIgd,i'1ryrar 5 = 5 5
f(XI—wj) + (WJ-Xi) X/ZXI'-WJ') + (W t-Xix)

The & symbols in (2.9) and (2.10) are Kronecker deltas; for example, 8ii' is

(2.10) o

equal to O if i # i' and is equal to 1 if 1 = 1'. The summations in (2.7) and
(2.8) extend over all pairs of quadruples (i, I, J, J) and (i', I', j', J') such
that both quadruples satisfy (2.1 - 2.2) and such that
(2.11) (1, I, §, J) > (i, I', 3', JY) .
Z—We assume that the T quadruples satisfying (2.1 - 2.2) are arranged arbitrarily
in some kind of order; it is in this sense that the relation (2.11) is to be
interpretedd_7

Note that the formule for @ does not depend on the Yi's or the Zj's. In
other words, Q can generally be calculated before the experiment is completed, if
desired.

The reason for assuming normality of the e,'s and fj's in using the test

i
(2.5) is that this normelity assumption was used 1n proving that Q is the least
upper bound of var{w). It is not known how the test (2.5) would be affected by
non-normality, but it is possible that there might be certain non-normal symme-
trical distributions of the ei's and fj's for which the test would still be valid.
Potentially, there are-% m(m-1) x-% n(n-1) quadruples (i, I, j, J) which
will satisfy (2.1). However, there will be fewer quadruples than this satisfying

(2.1) if any of the X.'s are the same, or if any of the Wj's are tied. If desired,

i
it would be permissible to assign (by using random numbers) an arbitrery ranking
to any set of tied Xi's or of tied Wj's and thereby bring the number of guadruples
satisfying (2.1) up to its full potential number. / However, this will not be

done in the numerical illustration to be given in Section 3 (in which there are
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tied Xi's and tied Wj's), due to the fact that we are attempting to hold down

the length of this illustration in order for it to be readily understandable._7

The question might be raised as to why the statistic w is not based on all
quagruples which satisfy (2.1), rather than just on those which satisfy (2.2) as
well as (2.1). One reason is that the proof which esteblishes the least upper
bound for var(w) would not work if quadruples asetisf inz (2.1) but not (2.2) were
to enter in to the determination of w'[-and so a new technique for proving an
upper bound for var{w) would somehow have to be worked ouq;7. In addition to
this, however, a couple of other possible advantages might result from excluding
quadruples which do not satisfy (2.2).

(i) One effect of the requirement (2.2) is to exclude all VinJ's whose
variances exceed a certain value. Since the test statistic is thus based on the
ViIJJ'S with the smallest variances, it is conjectured that the exclusion of
some of the VinJ's via (2.2) does not necessarily result in a test with lower

power, and that a test based on all (g)(g) potentially possible V 's (if such

iTjd
a tegt could be devised) would have worse rather than better power in some cir-

cumstances. ZfOn the other hand, the exclusion of some V 's via (2.2) can

iIjd

unquestionably be & hindrance if such exclusion results in too large a propor-

tion of the Vi 's being eliminated=;7 (i1) An obvious effect of the exclusions

1jJ
based on (2.2) is to make the computations a bit less lengthy. (iii) Another
effect of the restriction (2.2) is to exclude those quadruples for which the
intervals (Xi’ XI) and (Wj’ WJ) have no points in common; however, it is not
known that this effect, as such, results in any advantage.

It thus appears that, although a test based on all Vi 's satisfying

Ijd
(2.1) (if 1t could be devised) would be a more desirable test in some situations
than the one utilizing the restriction (2.2), it could be less desirable in other

situations.



3. DNumerical example. In this section we give a numerical example to

illustrate the computations for the test (2.5). Because the computations are
quite lengthy, the sample sizes in the example will be very small: m = 5 and

n = 5. For purposes of the illustration we will go ahead and use the normal ap-
proximation for the distribution of w, even though actually the sample sizes are
too small and var(w) and Q are too large for the normal approximation to be suit-
able. We will counteract this difficulty to some extent by testing at the 10 o/o
rather than the 5 o/o level.

Suppose that our two samples are

Y, = L k2, Y, = 27.59, YB = 30.78, Y, = 32,65, Y5 = 69.36
Xl=0 :X2=h ,X.5=’+ )X)_,"h ’X5=9

and
Z, = 9.0k, Zy = 35.97, z3 = 38,42, z), = 38.81, z5 = 64.42
Wpy=1 , Wy= 5 , w3 =5 , W=5 , w5 = 9 .

Merely for the sake of orderliness, the first sample is arranged so that it is in

order of increasing magnitude of the X

i's, and the second semple is in order of

increasing magnitude of the Wj's.

ILet us define v, to be the numerstor of the formulas for ViIJJ (2.3):

iljd
(3.1) i1y = (xI - wJ)(zJ - Yi) - (w: - Xi)(YI - ZJ) .

In all cases v, Hence we can determine S in

iIjJd
(2.4) by counting the number of v

will have the same sign as VinJ.
inJ's which are positive, rather than by calcu~

lating all the Vi 's and counting the number of them which are positive.

IjJ
Thus, if it is desired only to test the hypothesis aY = aZ’ it will not be

necessary to calculate the VinJ’s, but rather it will suffice to calculate only
the VinJ's; On the other hand, if confidence bounds on (aZ - 0&) are desired,

then it will be necessary to have the V s. Section 4 will illustmate how to

1
iIjd

obtain confidence bounds.



For the samples above with m = 5 and n = 5, there are potentially

% n(m-1) x-% n(n-1) =-% .« 5(5-1) x-% + 5(5-1) = 100 different quadruples (1,1,3,d)

which satisfy (2.1). Of these 100 quadruples, some satisfy both (2.1) and (2.2)

but some do not. For example, consider the quadruple (1, 4, 2, 5). We have

X, =%, =0, X, =X = L, wJ =Wy =5, W = w5 =9 .

Since Wj‘f XI does not hold, this quadruple fails to satisfy (2.2), On the other
hand, the quadruple (3, 5, 1, 3) does satisfy (2.1) and (2.2),since

X =% I 1 g="=2
< WJ and Wj.f XI are both satisfied.Z—the: As indicated earlier, we are

=4, X =% =09, Wo=Wy =1, W

and so Xi
excluding some quadruples because tied X's or tied W's prevent (2.1) from being
satisfied. Some quadruples, such as (2, 4, 1, 5), will satisfy (2.2) but will
be excluded because a tie prevents (2.1) from being satisfied._7

Altogether it turns out that 40 of the 100 quadruples satisfy both (2.1)
and (2.2), while 60 do not. Thus T = 40. [ In general, one would suspect that,
the higher T is (for a given m and n), the more powerful the test will be; in this
example, the power of the test i1s hampered by the relatively small value of T._7
We now indicate what the 40 quadruples are which satisfy both (2.1) and (2.2) and

we present the value of vinJ for each quadruple (the 40 quadruples are the sub-

scripts on the 40 vinJ's):
Vip10 = 1.90, Vip1z = 985, Vygy, = 10.b2, Vip15 = 1305,
V1310 = -14.05, V1313 = - 6.70, iz = - 593, V315 = -15.66,
Vikip = -23.40, Vikyz = =16.05, vy, = -14.88, Vihys = =32.49,
V1512 = -49.20, Vys13 = -29.60, Vs = -26.48
V1505 = -60.51, V1535 = -38.46, Vishs = -34.95, V1515 = -62.88,
Vos12 = 6.72, Vo513 = 26.32, Vosih = 29.4k,
Vosps5 = -19.63, Vo535 = - 7.38, Voshs = - 5.43, Vosis = - 6.96,



. v3512 -18.80, v5513 .80, v35lh= 3.92,

v5525 = -32,39, V3555 = -20.lll-, V35)+5 = -18.19, V3515 = "32'“'8:

Visip = =33:T6s Vygiy = =116, gy L1500,

V)+525 = -39.87, Vh535 = -27.62, V,+5)+5 = -25.67, VLI.515 = -)'l"(.h-)-‘-o
A couple of examples will suffice to demonstrate the calculation of the Vit 3 J’s:
Vos13 = (x5 - wl)(z3 - Ye) - (w5 - X2)(Y5 - zl)
= (9 - 1)(38.42 - 27.59) - (5 - 4)(69.36 - 9.0k)
8(10.83) - 1(60.32) = 26.32 s

and
V1312 (x3 - wl)(z2 - Yl) - (w2 - xl)(Y3 - zl)

(b - 1)(35.97 - 4.42) - (5~ 0)(30.78 - 9.04) = -14.05 .

We find that, of the 40 ViIJJ's’ 9 are positive and 31 negative. Thus

S =9, and, by (2.4),
(3.2) w=-§=%=.225 .

(Note: If one or more of the vin J's had been exactly O, we could have handled
. X 1
such a situation by counting-é for each such viIJJ')
Computing Q is much less simple than computing w. In obtaining Ql and Q2 R
it is convenient to utilize the well-known trigonometric formula

(3.3) 2 sin T 0 = cos-l(l -2 pe)

in order to obviate the need for obtaining square roots. Table I. contains the

value of
-1 (1)
2sin " pyrig irryge
. to two decimal places, as computed by the formula (3.3), for every octuple (i, I,

J, J; i', I', j', J') embraced by the summation appearing on the right-hand side

of (2.7). Similarly, Table II. contains the value of

. 2 sin"t (2)

PiTja,1111§'d

for every octuple needed for (2.8).
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. A few examples will demonstrate how the formuls (2.7), (2.8), and (3.3)

are ntilized to obtain the elements of Tables I. and II.:

2
-1 (1) -1 (W "X)_}) (‘ )
2sin = p = cos~ [1-2
4512,3525 (x5, ) +(w Xh) } {(xg-u,) +(\15--A3 ]
= cos'l[l -2x (5'4)2 Q'u)e j
((9-1)%+(5-4)%) {(9-5)%+(9-W)%)
= cos'l[l - '2%65—7 = co:s":L . 9812 = .19k2
2
. (2) - (% wl) (w -,
231n P cos l1-2
4512,3525 [(X5'W1) +(wg-au) ) {(x5 ) +(t )%) }]
= cos'l[l - -5—2629 7 = cos” (-.2008) = 1.7730
{ osin™t o) = 2sin”t0=0 since 341,344, 541,544
Pz545,1h12 = ’ ’ ’
osin™t p§_ﬁ:])_2,351‘5 = 2sin"t 0 =0 since 144, 145,244 2#5
7 =% Y- 2
- p( ) . L .(x5 =45 (X J+ (W=, ) (1 Xe} ]
2535,251 (e +( Xa) N {e AN +(wh-A2)
= cost /1 - 2738 = cos™! (-.0274) = 1.5982
2sin”t "Siu,eﬁs = 2sin"to=0 since 1 #3, L£5, b g3, b#5.

(Note: The only reason that Tables I. and II. are arranged in different orders
is for convenience in grouping like elements. We might also mention that the
. elements of both tables were all computed to four decimal places, but only two

decimal places are shown in the tables in order to save space. )
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The sum of all the elements in Table I. 1s

-1 (1)

(3.4) 2 z sin ~ p iersrey = 628.732
1TIT> 1137,i'I'3'g
iiIlJlJf
The sum of all the elements in Table II. is
-1 (2)
(3.5) 2 I sin P cietstat  F 638.516
1T3T> iTjg,i'1I'j'g
i’I'J'J,

Z‘The original figures, correct to four decimal places, were used in calculating

both of these sums (3.4) and (3.5)./ We substitute (3.4) into (2.7) to obtain

1 1

= + (628.732)
©“ =W g
- E%E + é%gé%%g .068791 .
Similarly, we get
1 1
Q@ = ¢ 5 (638.516) = .06976L
T
grom (3.5) and (2.8). Hence, by (2.6) ,
Q = .06976k4 .

gince we already obtained w in (3.2), we have

NCY

Tnesmuch as the ebsolute value of -1.041l does not exceed 1.645, we cannot re-

Pl

=275
= g = -lon :

ject the hypothesis aY = 0& at the lOo/o level. ZPWe emphasize again that the

sample sizes are not large emough and var(wv) eand Q are not small enough for
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the normal approximation to be very suitable, but for purposes of the illustration
we are going ahead and applying the normal approximation anyhow. Although the
normal approximation would appear to be suitable for just slightly larger

values of m and n, it was felt that an illustration any lengthier than the

one given here would consume an excessive amount of space. 7

k. Confidence bounds. If we wish to obtain confidence bounds on (02-0&),

we use roughly the same principle that was described in /[ 1/ and /[ 2/. Ve need
to find that velue of & =0, - Q vaich, when subtracted from every Vin I’
will cause (the resulting new) w to be on the threshhold of significance. For
example, suppose we want a 900/0 two~sided confidence interval for (oz-ay).
Then w will be on the threshhold of being significantly large if 37 of the

40 VinJ's are positive and 1 of them is zero, since

e

(L.645 x 264 + 3) x40 = .93k x b = 37.h

and w will be on the threshhold of being significantly small if 2 of the 40

v 's are positive and 1 1s zero, since

i1jJ

(-1.645 x .2641 +%) x o = 2.6

] ) 1
In Section 3 we obtained the vinJ s but not the VinJ s. We now
1 1
must use the vinJ 8 to calculate the viIJJ s by the formula
v _ iy
iTjd Xi+Wj-Xi-Wj

For example, we get
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Vawr) = o 0L . 3o 32y
351k X5+Wu“X5‘Wi O+5-0-1 9
The values of all 40 V, . 's are as follows:
Viois = .2k, v1215 = 1.16, v1211L = 1.30, v1215 = 1.09,
v1312 =.1,76, v1313 = -.8k, V151u = -.69, v1315 = -1.31,
Vikio =-2.93, Vlula = -2.01, Vo = -1.86, Vluls = -2.71,
Vis10 =-3.78, Vi513 = -2.28, Visay = -2.04,
Visps =h65,  Vigzs =296, Vigs = -2.69, V545 =370,

Vos1p = 155 Vpspz = 2:925 Vosay = 3-27

v‘,e525 =-2.18, v2535 = -.82, V25u5 = -.60, v2515 = ~.5k,

Vasip =2:09)  Vzsis = <09 Vasy, = ik,

v3525 =-3.60, v3555 = -2.24, v3545 = -2.02, v3515 = -2.50,

Vis1p =315 Vy5y3 = -1.57 Visyy = =123

Visos =s Viggg = 30T Vg = 28, Vg = 3.6

We notice that 3T of the o Vy,;'s exceed -3.78, while one V... is

equal to =3.78. Hence -3.78 1is the lower end of our confidence interval.

Similarly, we find that 2 of the LOV 's exceed 1.30 (with one Vi

i1jd IiJ
being equal to 1.30), so that 1.30 is the upper end of our confidence interval.

Thus we can state that

-3.78 < (q, - o) < 1.30

with confidence coefficient > 90°/o .
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In most practical situations the true values of the parameters would never
be known. However, the numerical illustration in this paper was constructed
artificially, and so all the parameters are known. The values used were

5:7,0'Y=1L,OLZ=2,02=25,and 0’?:1. Thus (Q/Z-ay)=-2,

5. [The problem of evaluating Q, and Q, - Obtaining Q; (2.7) and
Q2 (2.8) is by far the biggest problem associated with the calculation of the
test statistic which we have presented. In general, the number of terms which
are included in the summations in formulas (2.7) and (2.8) increases rapidly
a5 m and @n increase. It is therefore appropriate for us to consider possi-
ble techniques for reducing the computational burden involved in the evaluation
of Ql and Q2 .

It would be helpful if, by theoretical means, simpler but equivalent formu~
las for Ql and Q2 could somehow be found. There is no indication, however,
that any success in this direction could be achieved. Alternatively, it might
be possible mathematically to obtain upper bounds on Ql and Q2 which
would be relatively easy to compute and which would be close to the actual values
of Ql and Qes but at present no progress has been made in this direction.

Except when T 1is relatively very small, the direct calculation of Ql
and Q2 by means other than a high-speed computer is out of the question. Un-
fortunately, however, even a high-speed computer is not fast enough to calculate
Ql and Q2 directly when m and n are of moderate size. It has been esti-
mated that the calculation of a typical non-zero element of the summation on the
right-hand side of (2.7) or (2.8) would require roughly 15 milliseconds on the

UNIVAC at Chapel Hill.2 Thus, even if there were only a million of these ele-

EThe auvthor is indebted to Thomas G. Donnelly for furnishing this approximate

estimate.
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ments to be calculated (as there very well could be if m and n were larger
than 10), the calculations would require (roughly) over four hours of computer
time.

Hence it is necessary to find some kind of short-cut for determining Ql
and QE' Perhaps the most obvious approach is to take a sample of the elements
which enter into the summations in (2.7) and (2.8), rather than calculating all
5 T(T-l) elements in each summation. One possibility would be to draw random
samples of sizes s( ) and s( ) (say) from all the % T(T-1) elements (in-
cluding both zero and non-zero elements) in the summations in (2.7) and (2.8)
respectively, and then use the sample means as estimates of the respective
population means / where each population consists of % T(T-1) elements /. For
example, if we want to estimate Ql’ we could draw a sample of (and calculate)

(1)

elements each of the form

-1 (1)

(5'1) Sin pj_IjJ ilIleJl

Let the sum of these s( ) elements (5.1) be a(l)(say). Then we could use the

expression
. 1 1 1 a( _ 1
N Z‘T(T'”[sm}' w “T( m)
to estimte Q. (We use the symbol = +to mean "is estimated by".) Similar-

ly, we could write

(2)
.1 T-1
(5.3) W = T tTExT (:(2)) .

Perhaps a better technique of sampling, however, would be to determine

exactly the number of elements in the population which are zero by virtue of

satisfying
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(5.%) 144, 141, T#1',I#1 in the case of elememts for (2.7)
or
(5.4v) JAI,IAT,TE, T#T in the case of elements for (2.8),

and then to draw the sample from that suﬁ-population which consigts only of the
elements not satisfying (5.4). For example, suppose we are estimating Ql'
Suppose we determine that exactly tgl) of the % T(T-1) elements (5.1) are
zero by virtue of satisfying (5.4a). Then the remaining

1 1 1
tI() ) - 3 T(T-1) - t(o)

elements do not satisfy (5.4a). We may draw a random sample of size sél) (say)
from this sub-populatlon of size tél) . Suppose we calculste these sél)
elements in the sample and find that thelr sum is aél)(say). Then we can use
the expression

()
(5.5) ot B ¢ 'jé tél) 5y
P

to estimate Ql. Similarly, we can write the expression

(2)
s L 1 (2) *p
(5.6) Q2 = -E"_I‘— + ;;ITQ tp ;—I()E-)- .

St1ll more sophisticated sampling techniques are awailable through the use
of stratified sampling. In perticular (for example), we can divide the elements

not satisfying (5.4) into two groups or strata: those elements which satisfy
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(5.7a) j=1', I =I' or 1=1I', T =41' in the case of elements for (2.7)
or
(5.70) 3J=3',3=J" or jJ=J'J=3" 1in the case of elements for (2.8),

and those elements which do not. Samples can then be taken from each stratum.
Z”The reason for stratifying is that those elements which satisfy (5.7) will
tend to have a much higher value than those elements which do no§i7 Suppose, for
example, that we are estimating Ql' Of the t(l) elements (5.1) not satisfying
(5.42), suppose that tél) satisfy (5.7a) while tgl) = tél)- tél) do not
satisfy (5.7a). Suppose we take samples of sizes sél> and s&l) from the two
streta satlsfylng (5.7a) and not satisfying (5.7a) respectively. Let the sums

of the elements in these samples be aél) and agl) respectively, Then we may

estimate Ql by using the expression

1 1 (1) agl) (1) agl)
"1 82
Similarly, we can write
- (2) (2)
.1 1 2) %1 2 &2
(5.9) Q2 = T + “TQ t§- ) —-(?7 + 'tg ) —-(-2—5 .
51 2

In addition to the three possible techniques just presented for estimating
Ql and Qe, certain other techniques (involving stratified sampling) might be
devised. The choice of what technique to use will be governed largely by the
comparative costs of the different techniques (in terms mainly of computer time
needed for obtaining a specified precision for the estimates of Q1 and Q2).

The discussions of the three sampling techniques just presented did not

state explicitly whether sampling without replacement or sampling with replace-
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ment should be used. Sampling without replacement is, of course, more efficient
than sampling with replacement, assuming that the cost (i.e., computer time)
per element sampled is the same under both schemes., However, there is no reason
why sampling with replacement could not be used if it was Justified by cost
considerations.

If a sampling scheme is utilized to estimate Ql and Q2, the question
might be raised as to what the sizes of the saples should be. For example, if

we wish to use formulas (5.5) and (5.6), what should s1(>l) and 5(2) be? It
(2)

P

each to be 10,000, then the chances will be about 99 out of 100 +that the

is estimated very roughly that, if we take the sample sizes (sl()l) and s

estimate of /G will be within + 1°/o of the true value of /Q ; that, if
both sample sizes are 2,500, then the chances will be about 99 out of 100
that \/Q— will be estimated to within + 20/0 of its true value; and that,

if both sample sizes are 40,000, then ﬁ will be estimated to within + —%‘ 0/o
of its true value about 99°/o of the time. These statements will be roughly
correct regardless of the values of m, n, and T, so long as t(l) and tée)
are considerably larger than sl()l) and sée). (For relatively small tél)and
t(g) s the statements will still be roughly correct if sampling with replacement
is used, but will be conservative if sampling without replacement is used.)

If the stratified sampling scheme associated with the formulas (5.8) and
(5.9) /[ instead of the sampling scheme associated with (5.5 - 5.6) 7 1is em~
ployed for estimating Q, then we should achieve greater precision with the same
total sample size 81(31) = sg_l) + sgl) or sée) = s§_2) + s(g) » and so
the statements made in the preceding paragraph would be conservative. On the
other hand, if the sampling scheme associated with (5.2 - 5.3) is used, then
for given sample sizes we will have considerably less precision than for the

scheme associated with (5.5 - 5.6); furthermore, the tendency will be that this
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. loss in precision will be relatively worse the larger m and n are [ since,
the larger m and n are, the larger will tend to be the expected proportion

of zero elements sampled for the scheme associated with (5.2 - 5.3)__7 .
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