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ABSTRACT

YUE-MEI LIN CHENG. A Modified Score Test for Highly Stratified Survival Data in

Randomized Clinical Trials. ( Under of the direction of Dr. TIMOTHY M. MORGAN )

Many randomized clinical trials compare treatments which are intended to
prolong life time following a particular disease. The log-rank test (LRT) given by
Mantel (1966) is optimal in the comparison of treatment effect in randomized clinical
trials assuming proportional hazards and a homogeneous population. However, the LRT
is inefficient if the comparison is made among heterogeneous populations. One can
control for this heterogeneity by including prognostic factors in a model or stratifying
patients into smaller homogeneous group. A generalization of the LRT to heterogeneous
populations is the stratified log-rank test (SLRT). However, if the number of patients
in each stratum is small, such. as in matched designs, the SLRT can be very inefficient.
" For instance, if there is no censoring and no stratum effect, the efficiency of the SLRT
when the number of patients within each stratum is 2, 4, 6 or 10 is 50%, 64%, 71%,
78%, respectively when compared to the LRT. Schoenfeld and Tsiatis (1987) recently
proposed a modified log-rank test (MLRT) for analyzing highly stratified data that is
fully efficient when there is no strata effect but can be less efficient than the SLRT for

large strata effects.

This research proposes and investigates the properties of a new stratified test for
treatment effect where there are large number of strata. The proposed test is based on
the score statistic of Cox’s proportional hazards model with indicator strata covariates.

The asymptotic distribution and efficiency are derived and compared to the LRT, the

ii



SLRT and the MLRT. Conceptual advantages of the proposed test over the other three
tests are discussed and a comparison is made with respect to the asymptotic relative
efficiency (Pitman efficiency) at close alternative hypotheses. It is found that the
proposed test is as efficient as the SLRT when there are very “large” strata effects and
is as efficient as the LRT when there are no strata effects and when stratum size is
large. Simulations are presented to compare the AREs of the proposed test with the
LRT, the SLRT and the MLRT for some “moderate” strata effects. The test statistic
requires the computation of a large number of parameter estimates. The computation
involved in the estimation of the large number of parameters is impossible using existing
software packages such as SAS PHGLM or BMDP2L and has been an obstacle in
persuing the proposed test by previous researchers. A feasible algorithm and

FORTRAN program is developed for the computation of the proposed test.

The distribution of the strata parameter estimates where the number of
parameters increases proportional to the increasing sample sizes is derived. It is
common in clinical trials to have quite large numbers of small groups of observations
where the group sizes are 2 (corresponding to matched pair design), 3 or 4. A problem

in estimating these parameters is that the maximum likelihood theory does not apply.

An example of a 2 to 1 matched randomized trial comparing the effect of two
catheters on time to infection is presented to illustrate the use of the proposed test for

testing of treatment effects.
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Summary of Symbols and Notation

R, or R(t;,) : risk set at (ordered) time i, i.e. the set of individuals at risk at t;,— 0
n : total number of subjects

d or 9 : total number of uncensored (deaths)

n; : number of individuals in R;

d; : number of deaths at time i

npy th number of patients in group A at risk at time i in stratum j
ng : total number of strata

dsj : the number of deaths in stratum j, j=1, --- , ng

ns; : the number of subjects in stratum j, j=1, --- , ng

ng, . : the number of subjects in group A in stratum j, j=1, --- , ng

D: AJtotal number of deaths, 9 = Z Ed; .

9D; : number of deaths may occur at and after time i, 9; = Z £S5, i,

D;; : number of deaths may occur at and after time i in stralt-ﬁm Js Dy IZ-: Eéy;

T : the survival time; C : the censoring time

Y= min( T, C) : the observed portion of survival time

6 : failure indicator, § = 1 if Y = T (subject failed), § = 0 if Y = C (subject censored)
X : treatment indicator; Z : vector of p covariables; observed data ( Y, §, X, Z)

a : treatment parameter

ﬁj : the stratum parameter of the jth strata

K;: the exponential form of the stratum parameter of the j*M strata, K; = eﬂj
f+(t) : density function of random variable (r.v.) T

F+(t) : distribution function (d.f.) of r.v. T o

Fy(t) : survival function of r.v. T, FT(t) =1 — F(t) =JfT(“) du

A(t) : the hazard function, A(t) = 11m 6 Plt<T<t+6t|TSt]) = f(t)

t Ft)

A(t) : the cumulative hazard, A(t) = j' A(u) du

EK;(r) = E(Kj| one of the member ofostratumj died in r*" order)

Pa (pg) : the probability of death for treatment A (treatment B), p = Pr(X=1)
p;: the proportion of patients in stratum j with treatment A

LRT : log rank test

SLRT : stratified log rank test

MLRT : modified log rank test (Schoenfeld & Tsiatis, 1987)

MST : modified score test

ARE : asymptotic relative efficiency (Pitman efficiency)
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Chapter |

INTRODUCTION

§ 1.1. Introduction

A clinical trial is defined as a prospective study in human subjects complaring the
effect and value of interventions against a control in human subjects (Friedman, Furberg
and DeM;:ts, 1982). Clinical trials are the most definitive method of comparing two or
more groups and determining whether interventions have the postulated effect. A
randomized controlled trial is defined as ‘“a carefully and ethically designed experiment
with the aim of answering some precisely framed question” (Hill, 1951). Bulpitt (1983)
modified this definition as “a carefully and ethically designed experiment which includes
the provision of adequate and appropriate controls by a process of randomization, so
that precisely framed questions can be answered”. Randomization is widely accepted as
an important element in the design of clinical trials (Byar, et al., 1976). In randomized
designs, the control group is comparable to the intervention group in every way except
for the intervention being studied and provides the baseline against which treatment or
intervention can be assessed. Randomization procedures also act to prevent conscious or
unconscious bias in the allocation of patients to treatments (Efron, 1971). The other
advantage of randomization is that it provides a valid basis for randomization tests
which can be used to test the null hypothesis of no treatment effect without any
additional model assumptions and without knowledge of the prognostic factors as
discussed by Fisher (1966), Kempthorne (1977) and Lehmann (1975). Note that the 2

test for 2 x 2 tables and t-test for comparing two means can be justified on the basis of



randomization alone without making further assumptions concerning the distribution of
the baseline variables. In addition, randomization leads to unbiased estimates of an
additive treatment effect, whether the important covariates are known or not
(Cox, 1958). A randomized clinical trial (RCT) provides a sounder rationale for

intervention than is obtainable by other methods of investigation.

Many RCTs compare treatments which are intended to prevent or delay death
from a particular disease. If the course of the disease is very rapid and it is not
important to take into account the duration before death, then a total count of the
numbers of deaths and survivors on each treatment is sufficient for making treatment
comparisons. However, if the disease is fatal, but death may take some considerable
time, then it is important to not only look at how many patients died, but also when
they died. In general, this is a problem in the analysis of data that have as a principal
end point the time until an event occurs. Such events are usually referred to as failures
( e.g. in industrial life testing) or deaths ( e.g. in medical studies on chronic diseases, the
endpoint of interest is survival time, the time from randomization to death), therefore
the names, failure time data or survival data. In fact, the definition of survival analysis
" is broad enough to encompass the study of the duration between any two events, or

even of the times of transitions among several states or conditions.

The distinguishing factor between survival analysis and other fields of statistics is
censoring. When there is no censoring, common parametric and nonparametric two
sample tests (t-test and Wilcoxon rank test) can be used when comparing two groups.
Clearly, a censored observation contains only partial information about the value of the

variable of interest.

Let t;, t, --- , t,, be the variables for survival time, which are independent and

identically distributed (i.i.d.) with density ft)>0 and distribution function (d.f.) F(t) for




a random sample of n subjects. The survival function F(t) is defined as:

F(t) =1 — F(t) =J’j(u)du, t > 0.

The hazard function, variously known as the risk, the force or mortality, or the force of
transition, specifies the instantaneous rate of failure at time t conditional upon survival

to time t and is defined by:

At) = %((‘_t))

]

The cumulative hazard is A(t) = I A(u) du, so that integrating with respect to time and

0
assuming F(0) = 1 will lead to the following:

t

F(t) = exp { - J Au) du } = exp { O } (1.1.1)
0

Thus an estimate of the cumulative or integrated hazard function can be transformed to

the survival curve and vice versa using equation (1.1.1).

Let C,, C,, --- , Cn be the variables for censoring time for the n subjects and
assume the C are i.i.d., each with d.f. Fc(t),v and suppose that there is a period of
observation c; such that observation on subject i is stopped at c; if failure has not
occurred by then. Usually we will require that the censoring distribution does not
depend on the treatment group and that censoring is independent of the principle

response variate under investigation.

Three censoring mechanisms are commonly discussed in the literature, namely,

fixed Type I censoring in which all the c; are equal, c;=c, a constant time under the



control of the investigator, Type II censoring where the trial is stopped when a
prespecified number of failures occurred so that ¢ is a random variable, and random
Type I censoring where every subject is stopped at a fixed time c; known or unknown
time, with the c,’s being observed values from a random variable. An example of
random type I censoring occurs when we have staggered entry and the trial is stopped at
a predetermined time. The potential censoring time occurs randomly and is different for
each person and dependent on the random entry time. Both Type I and Type II
censoring arise in industrial and engineering applications and random censoring arises
more than in clinical trials and medical applications. In a RCT, censoring may occur
when patients are lost to follow-up, drop out( e.g. the therapy has increased side effects)

or when the study is terminated.

Another classification of censoring appearing in the literature is the following:

Let Y; be the observed outcome variable, then,
right censoring: If Y, =min(T;, C,)
left censoring: If Y,=max(T;, C;)

An example of right censoring is the survival data observed in a clinical trial,
where the death times of the censored subjects are only known to be greater than the
censored times. Left censoring may be found in morbidity data in a typical census
experiment. Both right and left censoring are special cases of interval censoring, where
the random variable of interest falls in an interval. This research will be concerned with

right censoring.

If the censoring distribution depends on the unknown parameters © of the
distribution of survival times, the censoring mechanism is said to be informative,

otherwise noninformative (Kalbfleisch and Prentice, 1980). If the censoring is




independent of the survival distribution, it is noninformative, but the converse is not
true. It is assumed throughout this research that the censoring mechanisms are

independent, unless otherwise specified.

It is important in survival analysis to estimate the survival curve F(t) defined as
the probability of surviving from time 0 to t. For example, in cancer therapy, we are
often interested in the 5-year survival probability. In the engineering literature, the
survival function is called the reliability function and we are interested in estimating the
reliability of a machine after a certain time. Censoring usually complicates the
distribution theory for the estimators and survival methods typically rely on asymptotic
methods for estimation and testing (Kalbfleisch & Prentice, 1980). As in most survival
analyses, we consider survival studies where there are n subjects and the data can be
represented by the form ( Y, é, X, Z), where Y is the observed portion of survival time,
6 is a failure indicator, X is the treatment indicator, and Z is a vector of p covariables.
We define Y=min(T,C), where T is the survival time and C is the censoring time, and
§=1 if Y=T (subject failed), §=0 if Y=C (subject censored). If a parametric model for
survival time is specified up to a parameter vector @, the likelihood function for © can
be constructed under the assumption that the censoring times are stochastically

independent of each other and of the failure times.

Maximum likelihood estimation is a method commonly used in parametric
models. For nonparametric situations, Cox’s proportional hazards model and its non
proporfional extensions with time dependent covariates are often used in survival
analysis. The proportional hazards model (Cox, 1972) is “non-parametric” (actually,
“distribution free”) in the sense that it involves an unspecified, arbitrary base-line
hazard function. As a consequence, this model is more flexible, but requires different
approaches for testing and estimation. The proportional hazards model (PHM) is

specified by the hazard relationship,



A(t | x, 2) = A(t) exp(ax+f3z), (1.1.2)

where o is the parameter for treatment effect, B is the parameter row vector for
covariate effects, and A(t) is an arbitrary and unspecified base-line hazard function.
This model says that the risk of dying in one group is a constant multiple of that in the
other, or that the relative risk is constant, no matter the form of the risk function across

time.

The classical method of estimating F(t) is the Kaplan-Meier estimator (or
product-limit estimator). The estimate f(t) is the direct generalization of the sample
survivor function for censored data and was derived by Kaplan and Meier (1958). This
estimator of F(t) is derived using products of conditional probabilities of surviving
intervals, using the fact that F(t)= H;.__IF'(tj)/F(tj_l). Let Y, < Y, < -+ < Y4

represent the ordered observed failure times. Let R(t) denote the risk set at time ¢ and

let
n; = number of individuals in R(t;)

d; = number of individuals who died at time Y,

the product limit estimate of the survival function is:

)

(t;) = H ( njﬁ_,-dj )
i=1

The standard error of this at time t is estimated by Greenwood’s formula (Greenwood,

1926) as:

d 1/2

& ;]
F(t) {tjzﬁ:t nj(nj—-dj) }




. When there is no censoring, it reduces to the usual empirical distribution function ( a
step function with jump of size 1/n at each observation). Fig. 1.1 displays an example
of the Kaplan-Meier estimate for the carcinogenesis data which came from the study of
the times from insult with the carcinogen DMBA to mortality of vaginal cancer in rats

(Pike, 1966). This figure is taken from Kalbfleisch & Prentice (1980).
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Fig. 1.1  Kaplan-Meier survivor function estimates for the carcinogenesis data:

solid line, group A; broken line, group B. (from Kalbfleisch & Prentice, 1980)

This graph shows for any specified time the estimates of proportion of patients in
the population (assumed homogeneous) whose survival time would exceed t, without

making any assumption about the form of the survival function.



§ 1.2 Hypothesis Testing - Homogeneous Population

Considering the comparison of two survival curves, the problem is to devise a
statistical test of the hypothesis that the two survival curves are the same. For testing,
Pearson first derived a statistic for comparing the proportion of events (e.g. deaths)
between two homogeneous groups which is commonly referred to as Pearson’s chi-square

statistic. Let p, and pg be the probability of death for group A and B respectively:

Death Alive

Group A a np
Group B ng
ml m2 n

then,

2 _ 2
Pearson’s x? = 3" L2 —E) _ ﬂg%?ﬁ;;_) ,

which has an asymptotic chi-square distribution under the null hypothesis of P,=Pg.
Mantel and Haenszel (1959) derived a x? test (the M-H test) for comparing dichotomous
outcomes between 2 groups across strata by combining results from a series of
independent contingency tables. Let Pa; and pg; be the probabilities of death for group

A and B in each stratum (i=1, --. , ng; ng : number of strata) respectively:

Dead Alive
Group A a; LYY
Group B ng,
my; ma; n;




For testing Ho :pu; =pPg; i=1,2,,ng

? ng N, .m ’
Z.-:(a'— Eo(a,))) (;( a; — CAL 1))
X MH Z Vo(a;) = g NaNg,My; My,
: i=1 n‘?(ni - 1)

Mantel (1966) extended these results on comparing proportions of events
between groups across strata to the analysis of comparing the time to the dichotomous
event (e.g. death) by forming a sequence of 2x2 tables, one at each death time. Mantel
(1966) then proposed a chi-square procedure for comparing survival distributions (life

. table type data) of two treatment groups that was generated by applying the M-H test
to this sequence of 2 x 2 tables. Following Mantel’s derivation, the statistic is defined
as follows: Suppose we have n individuals in 2 treatment groups, among them n, were
uncensored (i.e. death), if there are no ties (i.e. d;=1), then there are n, ordered
survival times, t(1)<t(2)<""t(nd)' In case of ties (i.e. d; > 1), then there may be k
ordered survival times, t.)<t,,<-:-'t.,, where k < n4 For each death time (i) we

have a 2 x 2 table like the one below:

Dead Alive
. Group A a, np;
Group B ng;
. d n



1

Here, a; = number of deaths of group A at death time (i), d; = number of deaths at .

death time (i) and n; = number of subjects at risk at time (i), then,

na,ng;d,(n;—d;)
“?(“.’ -1)

Eo(a) =d; - & and Vo(a;) =

The statistic proposed by Mantel, subsequently called the log-rank test (LRT) is given

by:

2 2
{z': ( a; — Eo(ai))} {g( a; — n_’;_"d')}
LRT = z Vo(a;) - i ny;ng;d;(n;—d;) (1.2.1)

n?(ni -1)

The LRT statistic for this sequence of tables is used to test the null hypothesis
Ho: Fp= Fg, or equivalently fy=fg, Fy=Fg, \y=Ag. Under the null hypothesis, the
LRT statistic has an asymptotic chi-square distribution -ith one degree of freedom.
Peto & Peto (1972) formalized this statistic by writing it as a rank statistic for censored
data. They also showed that it was asymptotically efficient and a rank invariant test
for proportional hazards (PH) alternatives and named this the log-rank test statistic,
Peto (1972b) proved that it had optimal properties under the null hypothesis provided

that censorship patterns were equal in all groups.

The LRT can also be derived from nonparametric rank score randomization
tests. The log-rank scores are suggested by Mantel (1966), Cox (1972) and Peto and
Peto (1972) for comparing the survival curves of two or more groups in the presence of
right censoring. For simplicity, assuming no censoring and no ties, the ranked data :

T(l)’ T(2), trt T(n), ha.Ve the form H .
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(o= 1-E(Te)
=1—Z(n—k+1)'1,
k=1
where T(.-) denotes the it" order statistic from the unit exponential distribution. Let
T = - log(1l - R), where the random variable R has the uniform distribution on (0,1),

then,

iy = 1 + E(log(1- Ry,y)).

Using the scores { C('.)}, the corresponding nonparametric test (log-rank test) is
optimal in the sense of being the locally most powerful rank invariant (LMPR) test
against Lehmann alternatives. Tests for tied and censored data are reviewed by Koch,

Sen and Amara (1985).

Another derivation was given by Cox (1972) in the context of his general
proportional hazards regression model. This is modeled as the product of an arbitrary
baseline hazard, A(t), and an exponential form involving the covariates, as was shown in
equation (1.1.2) and is characterized by the fact that the ratio of ha.zards for any two
individuals does not depend on time. Assume there are d ordered survival times,
t(1)<t(2)<----t(d) apd there are no ties (d;=1), the conditibna.l, marginal or partial
likelihoods for the proportional hazards model (PHM) with the indicator variable for
treatment effect X (X=1 if treatment A, X=0 if treatment B) are proportional to:

o= (e

2

i=1 e J
jEYR(t(;))

and the log-likelihood,
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L(a) = log L(a) = Z 6i(°’x(.~) ~ log ( Z L% ))
= iERC ;)

where R(t;)) is the set of individuals at risk at t(;y— 0. The first derivative of this log

likelihood function is given by:

ax;
xJ' -] ]
92L(a) _ J€R(Y ;)
Fa = U@ =2 6,-( Xy = T o
jem(t(;))

and the second derivative is the sample information given by:

\ g; x3 e i %: X; e 4
con__ 0%L(a) _ i i
== =2 5‘{ Se i ( s )}
R R.

The score test for testing Ho: @ = 0, or equivalently F, = Fg, assuming PH

alternatives, is given by:

2
Spy = {-%—}— (1.2.2)

The log-rank test can be rewritten to show that it is the same as the score test

proposed by Cox for his proportional hazards model for the two-sample problem with

censored data. The derivation is shown below:

If, under Hy: @ = 0 with X; =

1 if 7 isin group A
{ , ONe may use

0 if ¢ is in group B .
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the notation for the LRT to express the score statistic (Rao, 1973, p.417), U(0), by:

n 3; * ad n
U(0) = 5% log L (0) = ; 5:’("(:’) - ) = .=l(a" B T‘é—')

In the above, n;

= number of individuals in !R(t('.)), a; = number of deaths of group A
at death time (i) and it is assumed that there are no ties (d,=1).

The sample
information is given by,

ij

n R. 2
i(0) =Y 6, & x} — (—f— )
© i=1 (ﬁ—’jemz(:t(i)) ( ! )

[+N

I

n
i=1 i '

1
-

n
5. tail 1 _DAi) _§ MaifB;
A\ T :

Similarly, in the case of no ties (d,=1), equation (1.2.1) can be written as:

Clearly, from equation (1.2.2) and (1.2.3),

(506~ %))

[ — HO 2
S 6, Laiei = LRT -

— '+ I

)

Spn =

Thus the score statistic, [U(0)]%/i(0) coincides with the log-rank test in the case where

13



there are no ties. .

In this paper, emphasis is on the log-rank test, its weighted version as proposed
by Taron & Ware (1977), and modified versions of the log-rank test. In the 2 x 2 table

of each uncensored observation, Taron and Ware suggest weighting the statistic as:

2

(Zdj w; (2 = Eofay) ))

=1

for the numerator and
d
Z W‘-2 Vo(a“)
1=1

for the denominator, where, as in the log-rank test,

DA Na.N .d‘. n'._d‘,

The choices for the weight functions give rise to different test statistics.
Examples are listed below (SAS PROC SURDIFF), where F is the Kaplan-Meier (1958)

estimator of the survival function based on the combined sample:
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Weight function Test statistic

n; Gehan-Wilcoxon (Gehan 1965)
Ft) [1-F()]” G class

1 log-rank

?(x) Peto-Peto-Wilcoxon (Peto & Peto 1972)
{ﬁ(x)}p G’ (Harrington and Fleming 1982)

Since n; and f"(x) are decreasing weight functions, the Gehan-Wilcoxon and
Peto-Peto-Wilcoxon tests are more sensitive to earlier survival differences than the log-
rank test. The G”7 test has the flexibility of being able to place weight at small values
of time to detect earlier differences by taking p>0, v close to 0, or at large value of time
to detect late differences by taking p close to 0, v>0, or to middle differences by taking
p and ¥ nearly equal. The G”” class places the most weight at times where
F(t) = p/(p+r). The G’ class of test procedures is the G”” family with y=0, and
includes the log-rank (p=0) and Peto-Peto-Wilcoxon (p=1) tests as special cases. The
log-rank test turns out to be the optimal test within these tests when the proportional

hazards model holds.

§ 1.3 Stratification

Section 1.1 discussed the case of homogeneous populations. If instead, we have
heterogeneous populations, for example, where groups of subjects may differ by race,
age, blood pressure, performance status, family history etc. We can control for this

heterogeneity by including prognostic factors into a model or stratifying patients into
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smaller groups of homogeneous populations. Even when reasonable balance has been
achieved by randomization it may be desirable to perform a treatment comparison
adjusted for prognostic factors in an attempt to achieve greater precision and power.
Many randomized clinical trails are designed using methods such as permuted block
randomization within strata to ensure that important prognostic factors are equally
distributed among the different treatments. The importance of prognostic stratification
in reducing the chance of spuriously significant results in treatment comparisons was

demonstrated by Feinstein (1972) and Feinstein & Landis (1976).

§ 1.4 Proposed Research

The focus of this dissertation is to develop a new statistic for comparing survival
distributions when theré are a large number of strata. The new test performs as well as
the stratified log-rank test (SLRT) and better than either the LRT or the MLRT when
the stratum effect is large. When there is no stratum effect, the proposed test is more

efficient than the SLRT and is fully efficient if the stratum sizes are large.

A review of the stratification literature will be presented in Chapter 2. Section
2.1 considers the asymptotic properties of test procedures (the LRT and the SLRT)
that allow for a fixed number of strata. Section 2.2 investigates the asymptotic
properties of the LRT, the SLRT and the MLRT when there is a fixed number of
subjects within each stratum and the number of strata is proportional to the sample size

as in the case of matched pair designs.

The asymptotic variance and efficiency of the recently proposed MLRT
(Shoenfeld & Tsiatis, 1987) is derived in chapter 3. The asymptotic relative efficiency

(ARE) of the LRT, the SLRT and the MLRT are evaluated.
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Section 4.1 proposes a new stratified test, the modified score test (MST). The
properties of the test when there are large strata effects are given in Section 4.2. In
section 4.3 the properties of the test conditional upon estimated strata effects are
studied. The unconditional distribution of the proposed test is given in Section 4.4 when
there are no strata effects. The estimate of the variance of the test statistic is proposed
in Section 4.5. Simulation results for the comparisons of the AREs of the LRT, the
SLRT, the MLRT and the MST are given in Section 4.6. The distribution of strata
effects for large stratum sizes is derived in Section 4.7. To derive the distribution of
strata effects estimates for small stratum sizes, the expected value of strata effects
conditioned on the order of one of the members death time is necessary and is given in
section 4.8. Based on this, the distribution of the estimated stratum effect is given in

section 4.9. Section 4.10 summarizes the results.

The uncensored results derived in Chapter 4 are extended in Chapter 5 to allow
for type I censoring. Simulation results for various proportion of Type I censoring are

given in Section 5.3.

A computer algorithm developed to compute the proposed test statistic is given
in chapter 6. An example of an application of the method is given for comparing times

to infection between two types of catheters in a two to one matched study.

Finally, discussions of the plan of future research and possible extensions are

given in Chapter 7.
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Chapter Il

LITERATURE REVIEW

§ 2.1 Stratification (Fixed number of stratum)

Two kinds of stratification appear in the literature, namely, pre-stratification
which occurs prior to balanced randomization and post-stratification which occurs after
patients are entered into study and the randomization did not take strata into account.
Pocock and Simon (1975) emphasized the use of pre-stratification to balance the effect
of stratification characteristics across treatments. Peto et al (1976) advocates post-
stratification to adjust for the effect of prognostic factors. Asymptotically, pre.
stratification and post-stratification are equivalent (ARE=1). Grizzle (1982) examired
the efficiency of stratifying on a risk factor before randomization as opposed to complete
randomization and adjustment for the risk-factor in the analysis stage. He showed that,
in small samples, relying on post-stratification can lead to significant loss of efficiency
compared to pre-stratification. Nevertheless, in moderate and large samples the two
design strategies should have similar efficiency. Meier (1981) showed that if 2n is the
number of subjects in a given stratum, and for simplicity, assuming that event rates are
near 0.5, the expected relative efficiency of the random allocation compared to stratified
allocation is 1 ~ %n . Even for n as small as 10, the expected relative efficiency is nearly
100%. Meier (1981) and Mantel (1984) also discussed the issue of pre-stratification as
an aspect of design opposed to poststratification as a part of the analysis. Armitage and

Gehan (1974) discussed statistical methods for the identification and use of
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prognostic factors. In this research it is assumed subjects were randomized using pre-

stratification.

2.1.2. Stratified log-rank test (SLRT)

The extension of Mantel’s (1966) log-rank test for homogeneous populations to
heterogeneous study groups is the stratified log-rank test. Following the notation given
for the LRT with subscript j as the stratum indicator (j=1, ---, ng) and ns; as the size

of stratum j, the SLRT is given by:

nq Ng; 2
.29. ] 5;,’( x;5 — Eo( xij)))

SLRT=(’= -

—12 6;;Vo( x45)

o

J

(ExCe-m)

- HA..nB..
Xj: z.: ”.-,- ij

(2.1.1)

SLRT has an asymptotic x? distribution under the hypothesis FA,'= FBj , where FJ- G=
1, 2,---, ng) refers to the distribution function of each stratum. Assuming no ties, the
SLRT can be shown to be equivalent to the score statistic under Cox’s stratified
proportional hazards model. Define the hazard function of the jth stratum (j = 1, 2,---,

ng) as:

At x,2) = A;(t) exp(ax + fz) (2.1.2)
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The (conditional, marginal or partial) likelihood for the stratified PHM with one

indicator variable for treatment(0,1) is given by:

where,

Y e
R;(tw)
and,
n axmj
long=Z6,-j ax,-j—-log( Z e )
=1 R;(t))
Taking the first and second derivative of the log likelihood equation and -
evaluating at a = 0, gives: .
-0 - _Te%R; — _ Baij
Uj(0) = g5 108 L) = 3 85(xi; ——mh—) = 2o — 1)
in which n;; = number of individuals in R;(t(;)), and
i.(0) =E5-'(r%- Y <-4 )
J - $J i Iemj(t(,-)) ( [ ¥ )

_ Z Nasj 1 - Naij\ _ Z Naij0Bi
= 5 )= ;-

3 1 3
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The score statistic for the test of a = 0, or equivalently, fAJ.= fBj’ FAj= FBj or

Fp,= FBJ‘ (j=1, -, ng) is given by:

The score test for a stratified PHM is given by:

2

(o) _(gze-%)

SspH = W = E Z nAirii:Bij s (2.1.3)
Fi i

F]

from equation (2.1.1) and (2.1.3), it is clearly that Sgpy coincides with the SLRT.

Extension can be made to the case in which there are more than two treatment groups.

2.1.3. Efficiency of the LRT vs SLRT

The LR’I" is fully efficient under a proportional hazards assumption when there is
no stratum effect. In testing for no treatment effect, the use of the log-rank test is
conservative when treatments were assigned by a stratified design ( Green & Byar,
1978). The asymptotic relative efficiency (ARE) of the log-rank test vs the SLRT is 1
when there are no strata effects and a constant treatment effect. The ARE of SLRT vs.
LRT when there are strata effects and a constant treatment effect can be derived using

the results of Lagakos and Schoenfeld (1984) and Morgan (1986).
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If the PHM with (indicator) covariates is the correct model with the hazard ‘

ax+ fz . -
specified by A (t| x, z)= A(t) e =" and « is of order n

1/2
/ as n — oo, the score

statistic is given by:

Exmegz
R.
SPH=Z(":“ . Bz )
2 2 e"-
R

Spy has asymptotic mean, aJP(l — P) dFy(t), and variance, IP(I — P) dFy(t), where
P = Pr(X=1), Fy(t) is the probability of observing a death by time t, i.e.
Fy(t) = Fi(t)Fc(t). Let S; be the score statistic for stratum j. The test statistic for a
stratiied PHM, assuming the \.s are proportional to each other with

J

Ai(t | x) = A;(t) e®T s

g
i=

For a PHM, the asymptotic mean of S]- becomes:

ng
aP(1-P) Y Jd Fy(t) — oP(l- P)J d Fy(t),

j=1

and the asymptotic variance:

Ng
P(1-P) 3. Jd Fy,) — P(l- P)I d Fy(t).

j=1

The ARE of SLRT(or Sgpy) vs. Spu is 1.
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Hence, for a stratified PHM, if we further assume that the hazards of the
stratum are proportional, then this is essentially the PH model with indicator covariates.
Several results in the literature concerning omission of covariates from the PHM can
then be applied. In simple randomized trials, Lagakos and Schoenfeld (1984) and
Morgan (1986) found that the omission of an important covariate from the Cox PH
model still gave tests of “no treatment effect” with nominal size. However, there is
substantial efficiency loss. With stratified randomization, Gail (1988) showed that the
omission of stratum effects from Cox’s PH model led to a test with subnominal size,
while in simple randomization the test from a PH model with omitted stratum effect
achieved nominal size. When a covariate is omitted from the PHM, the hazards for the
two treatment groups are no longer proportional. The derivation for an unstratified
model obtained by omitting ng-1 indicator variables for the ng strata, is shown below.

When the ng-1 binary covariates are omitted, the hazard function is:

e JexDdF@ At x ) Fxg) d Fa)

At | x) = = = =
F(t | x) Jf(t| x,2) d Fz(z) IF(t’ X, z) d Fz(z)

)

where a is the parameter for treatment effect, § is the parameter vector for the ng-1

}s

: , . ax+fz = ax+fz
binary covariates, with A(t|x,2z) = A(t)e ~~ and F(t,x,z) = exp{—A(t)e -~

the hazard function may then be written as:

A(t]x) = A(t)e**A(x,t)

ax+fz

[e?2 =20 Tapg

where A(x,t) =

ax+fz

Je —Alt) e dF2(z)
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The hazard ratio is,

A(tlx:l) _
Mix=0) = #Be™ (2.1.2)
where,
J e 228 4F,(z) J B,dF,(z)
¢(t) = 77
e “*BydFs(g) [ BLdF.(2)
with
ax+f0z Bz
B, =e —’A(t)e and B, = e —A(t)e '
For non-PHM ( i.e. A(t|x,z) = z\(t)eag(t)x+§§ ),
Atlx=1) _ ag(t)
Mtx=0) ~ © y (2.1.3)

From (2.1.2) and (2.1.3),

p()ex = "BH)

or equivalently,

gt) =1+ l°g+¢(t),
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as a— 0, #(t) = 1, logé(t) = 0.

Using L’Hospital’s rule,

. loge(t) _ .. d¢(t)
}}mo a = L’Eo ¢—(1t—) da

hence,

. 8
g(t)—'l-"gmo%%t)’

where g(t) (Morgan, 1986) is

A(t) B(t, Bz) _ A(t) B(t, 262)

1+ =5, 0) B(t, Bz)

(2.1.4)

In the above, A(t) = I A(u) du and

Bz
B(t’u)=Ieue—A(t)e

The asymptotic relative efficiency of omitting covariates from the PHM relative

to including the covariates is given by:

{s» a By}

{I d Fy(t)}2

ARE(%) =
PH
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Therefore, the ARE of LRT vs SLRT becomes:

{s a0}

{J d Fy(t)}2

LRT —
ARE(s—m) =

Asymptotic distribution theory for the log-rank test assuming proportional
hazards with and without adjustment for covariates is discussed in Schoenfeld (1981,
1983). When important covariates are omitted from the proportional hazards model the
estimate of treatment effect is unbiased only under the hypothesis of no t‘rea.tment
effect. Based on simple randomization, Gail, Wieand and Piantadosi gave the exact
asymptotic bias in the estimate of treatment effect using Cox’s model when needed
covariates are omitted. Lagakos and Schoenfeld (1984) investigated the effects of
misspecifying a PH regression model on the associated partial-likelihood score test for
comparing two randomized treatments in the presence of covariates. Based on this,
Morgan (1986) derived the asymptotic relative efficiency of the PH model when all
covariates are omitted from the model. All of these results on omitting covariates are
analogous to not taking stratum effect into account in the analysis of treatment results.
If there are no stratum effects, then g(t) = 1 and the ARE of LRT vs SLRT will be
equal to 1. If there is no censoring, then JdFy(t) =1 and the equations can be

simplified.

In summary, the LRT is the locally most powerful rank statistic for testing of
treatment effect and is fully efficient if there are no strata effects. However, as the
strata effect gets large, the mean of the LRT is not consistent and becomes more
conservative and inefficient. The SLRT is efficient when the number of subjects within

stratum is large, however, as the number of subjects within stratum gets small, the
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SLRT becomes very inefficient as will be detailed in section 2.2.

§ 2.2 Stratification (Fixed Number within stratum)

Comparison of two treatments based on censored paired survival data is
becoming more popular. Studies such as matched ba.ir experiments or twin studies allow
better control over the extraneous factors when examining the relationship between
outcome measurements and treatments. Some twin studies have been used in the
medical area to investigate the relation between suspected risk factors and the mortality
or morbidity experience of human populations (Cederlof et al. 1971; W.H.O., 1966).
Hammond (1964) used a matched pair analysis to study smoking in relation to mortality

and morbidity in the United States.

Sen (1968) showed that the asymptotically efficient test based on the method of
n rankings is the rank sum test for the completely random design and is Friedman’s test
for the randomized complete block design. However, uniformly efficient test statistics
are not available for the stratified design in which the within stratum sizes are fixed and
the number of stratum, ng, are increasing. The SLRT proposed by Mantel (1966) for a
fixed number of stratum can be used in this situation but as will be shown in section

2.2.2, it is very inefficient when the number of subjects within each stratum is small.

Mantel and Ciminera (1979) proposed a test for matched pair data based on the
use of log-rank scores for use in the analysis of litter-matched data on time to tumor
appearance and computed the mean and variance of the sum of thg log-rank scores by
using the stratified permutation distribution. In their study, each litter provided a
paired cohort of animals where the a.nimvals receiving treatment A are compared with
their littermates receiving treatment B. This method of assigning scores is analogous to

combining stratum before assigning ranks rather than assigning ranks within stratum in
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comparing two treatment groups.

Wei (1980) proposed a censored paired-data test by modifying the variance of a
test for paired observations (Gehan, 1965; Gilbert, 1962). He performed a Monte Carlo
power study that allowed the censoring distributions to vary within strata and showed
that his asymptotically distribution-free test is more powerful than the sign test under a
Block-Basu (1974) bivariate exponential model. However, the Monte Carlo simulation
results given by Cheng (1984) indicated that some tests are more powerful than Wei’s
test. O’Brien and Fleming (1987) also showed that Prentice-Wilcoxon scores are

generally better than Gehan scores upon which Wei’s test was based.

Woolson and Lachenbruch (1980) proposed a generalized signed rank test
procedure for the matched pairs testing problem with randomly right censored
observations. They also presented censored data extensions of a class of rank tests
based on the intrablock rankings (e.g. logistic scoring, extreme-value scoring) for
randomized block designs (Woolson and Lachenbruch, 1981). Some comparisons were
made among studies of two sets of matched data using three types of analysis (Woolson
and Lachenbruch, 1982), namely, analyses which ignore the pairing (i.e. the LRT )y
analyses which take the pairing into account by covariate adjustment (i.e. a parametric
Weibull PHM with pairing covariates ) and analyses designed for paired data (i.e. signed
rank tests). They suggested the use of the lc;gistic scores incorporated into the
generalized signed rank test. O’Brien and Fleming (1987) proposed a paired Prentice-
Wilcoxon statistic for censored paired data. In their simulation studies, they compared
Prentice-Wilcoxon, Woolson-Lachenbruch generalized signed rank and sign tests and
found that the Prentice-Wilcoxon test is most powerful against all but the exponential
scale alternative (where the Woolson-Lachenbruch generalized signed rank is more
powerful). However, if outlier pairs are introduced, the power of the Woolson-

Lachenbruch generalized signed rank is decreased.
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In the case of no censoring, survival data can be thought of as multivariate
outcomes or longitudinal data with repeated measures. Liang & Zeger (1986) have
proposed an extension of generalized linear models to the analysis of longitudinal data.
Zeger & Liang (1986) further proposed an approach to the analysis of repeated measures

longitudinal data for discrete and continuous outcomes.

One area of interest is the application of the PH model to the regression analysis
of survival times when there are many strata (e.g. matched pairs). Holt and Prentice
(1974) used the PH model along with exponential and Weibull specializations, and
assume that the covariates act multiplicatively on the hazard function while the
underlying survival distribution may vary from pair to pair. Cuzick and Clayton (1985)
proposed a multivariate generalization of the PH model in an attempt to model
dependent survival times and apply these methods to censored matched pairs. Gill
(1985) noted that there are computational difficulties in applying Cuzick and Clayton’s
methods. Hougaard (1986) proposed a class of continuous multivariate lifetime
distributions. He suggested using an iterative method to find the estimate of o in Cox’s
model without the assumption of parametric hazard, and yet he reported that the

statistical properties of the procedure are still unknown.

The associated hazard function is given by: A(t | x) = A(t) e®*, where x is the
treatment indicator. Under the proportional hazards model, we have shown that the
LRT is equivalent to the score test for the hypothesis of no treatment differences

(i.e. @« = 0). The numerator of the LRT can be written as:
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LRTnym = Z,-:é‘(x" - jez?il ) = i‘s‘( Xi = %)’

jEfR,- 1=1
and the denominator as:
'GE!R x‘ 'ezm Xi X, ny;n
! i€ R, i€ R, =t
Let a = log{ Ap(t)/ Ag(t)}. (2.2.1)

Assume « is O( n_l/z); then the asymptotic distribution of the LRTy\ywm is given

by Shoenfeld (1981) as:

Asy. mean: a P(l—P)I d Fy(t)

Asy. Variance: P(l—P)Id Fy(t)

where Fy(t) is the probability of observing a death by time t.

However, if the proportional hazards model with stratum covariates is correct

and a is of order n-]'/ 2, the asymptotic mean and variance of LRTyym if stratum effect

exists are given by (Lagakos & Schoenfeld, 1984 and Morgan, 1986) :

Asy. mean: « P(l—P)J' g(t) d Fy(t) = a‘P(l—P)Jd Fy(t) (2.2.2)

Asy. Variance: P(l—P)Id Fy(t)
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where g(t) is defined in equation (2.1.4).

Under the null hypothesis, a = 0, this statistic will ﬁave mean zero. If there are
no stratum effects, then g(t) = 1 and the statistic will be unbiased and fully efficient. If
there is no censoring, then JdFy(t) =1 and the equations can be simplified. In
summary, the LRT is the locally most powerful rank statistic for testing no treatment
effect and is fully efficient if there are no strata effects. However, as the stratum effect
gets large, the mean is not consistent ( with |a*| < |a| ), and becomes more

conservative and inefficient.

2.2.2. The SLRT - Uncensored Case

For stratification with a fixed number of patients within stratum, but allowing
the number of stratum to increase as n increases, the mean and vari:;,nce of the SLRT
can be derived using the hypergeometric distribution. Under the proportional hazards
model, assume a = log{ A,(t)/ Ag(t)} is O(n-l/z), let x;; = 1 if the death at time i in
stratum j occurred in treatment group A, x;; = 0 otherwise. Let n, be the number of
patients at risk at time i in stratum j, Dpi the number of patients in group A at risk at
time i in stratum j, Ds s the number of patients in stratum j and nsAj, the number of
patients in group A in stratum j. Conditional on ny;; and n;;, the {x;;} can be treated
as if they were a sequence of independent Bernoulli random variables with means:

a

nA‘.j e
= .
Dpgj € + Ny - Npyj

E(xijl nagj o 0y) = my =

Expanding in a Taylor series about zero we get,
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DAgj DAij Bai; \ _
by = +a'ﬁj(1‘ —ﬁ'T)_eij'*'aeij(l'eij)s

DA : .
where e = 1—;}— . The numerator of the SLRT can be written as:

20 (xij-ey) =3 2(x; —mi) +a Y e (1-e;)

The expected value of the numerator of the SLRT converges to:

ng s,
E(SLRTyym) = a E 3 ey (1- o)
j i
and the denominator :
ng Us;
SLRTpen — E(D ) e; (1 —e;)).
j i

It is clear that n,;; ~ Hypergeometric ( Ds;» Dsp o Dyj ). Let Dy ;= P;is; and
nsBj=(1-pj)nsj, where p; = Pr( xij=1), j=1, -+, ng. For simplicity, we will assume

balanced treatment allocation, (i.e. P; =D, Vj), and

E( “A.'j) =P Dy, E(e;j) =p

and
n;, -1 Ng.- n,;
VarCnag) = n 01 (1 = 557) = m 001 - )
J j
ng.- n;;
E( nﬁ..-j) = ny; p(1 - P)(—n‘:_—;) + n?j p(1 - p)
J .

then,
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_ ng.- n,;
€)= (S ) +pt-p)

ECey(1 - o) = ol - ) 1= 4 (FE=1-)

i=1

J S, My
EY (e;(1-e;) =p(l-p) }:( (nn—s’—_li% ))
J

.
1]
-

Assume a = log{ ha(t)/ hg(t)} is O( n_l/z) and np;= ps the SLRT is

asymptotically normally distributed with mean and variance given by :

n

ng SJ nsj— i

Asy. mean: a p(l-p)z ( me =T ) =a p(1-p) v (2.2.3)
J i=1 i

Asy. variance: p(l-p)v (2.2.4)

The mean and variance of the SLRT depend only on the stratum size (nsj) and
are independent of the stratum effect. The SLRT can be very inefficient if there is no
stratum effect and a small number of subjects within stratum. For instance, if we
assume proportional hazards, equal balanced design, no censoring and no stratum effect,
and if each stratum has 2 (matched pair design), 4, 6, or 10 subjects, the efficiency of
the SLRT is 50%, 64%, 71%, and 78% respectively when compared to the LRT under
Ho. Survival time from clinical trials with a stratified design will frequently involve
some censoring. It is then important to examine the extent to which the results of this
section can be extended in the presence of censoring. These results will be extended to

allow for censoring in chapter 3.
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2.2.3 The MLRT

A recent method proposed for analyzing highly stratified data is a modified log-
rank test (MLRT) given by Schoenfeld and Tsiatis (1987). Basically, these authors used
the numerator of the LRT and derived a new valid denominator. Let the survival data
be represented by (Y, §, X, Z), where Y denotes the observed survival time,
Y=min(T,C), where T is the survival time and C is the censoring time, § is the failure
indicator such that é=1 if Y=T, X is a treatment indicator with X=1 if the subject
receives treatment A (X=0, if treatment B), and Z is the column vector of ng-1 strata
indicators (or binary covariates). Denote the underlying hazard function
A(tlx) = X;(t) e**(j= 1, 2,---, ng), and assume proportional stratum effect. The hazard
function for this situation can be written as: A(t|x, z) = A(t) eax+@g’ where « is the
parameter of treatment effect, and @ is the parameter row vector of stratum effect.
Define p; as the proportion of patients in stratum j with Xj.-=1 and ;=1 — P;»
similarly, denote p the proportion of patients with Xji=1landq=1 - p. Let Cj-r
denote the censoring distribution of stratum Js ¥ = A, B, treatment indicator. Two
kinds of censoring are considered in Schoenfeld and Tsiatis (1987) paper, namely : (i)
Censoring depends on treatment but not on stratum. (ii) Censoring depends on stratum
but not on treatment. As is customary, assume that, conditional on stratum and
treatment, censoring is noninformative on survival. The numerator of the MLRT can be

written as:
T= Z:Z_&ji{ 95 X;iSj— p; (1 = X)) S,‘.'l} (2.2.9)
55

where,
S.., = ;Z(Qm x’"’) I { leZ Yj,'}
= ;Z(Qm X,,,;) I { Y, > Yj,.}+ q};zl:(?m(l— Xml)) . { Yos Y,
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which is a weighted sum of counting processes across stratum with different hazard
functions. If the proportion of patients in each treatment is .the same for each stratum,
i.e. P =P and q; = q VY j (balanced randomization), then T is essentially the
numerator of the LRT. Note that the numerator of the LRT is unbiased if there are no
strata effects and P,=P, q=4 Vj, otherwise biased. The numerator used by the
MLRT is an adjusted version of the LRT allowing it to be unbiased even with unequal
allocation and unequal censoring. The denominator of the MLRT which is the square
root of the estimated variance is given below. The estimated variance proposed by

Schoenfeld & Tsiatis (1987) is

Ng j
V= Z{p‘? , (1-X;) Jtl+ qJ Zxﬂd;ﬂ’

ns

- (Z(l XJz)dJ:l)(Zx d,?sz)} (2.2.10)

=1

where

d

i1 Jt J'l Z

m,l

{(quxml+qpm(1—xm,))6m, I { Yu< Yj,.} sm,l}
T (PamX iy +apm(1=X ) 1{ Y p2 Y, }

m'

and dm is similarly defined with Sjil replaced by S_“2

In order to establish asymptotic normality, Shoenfeld and Tsiatis approximate
the statistic T by a sum of independent random variables T* with mean zero, where
T*—~ T — 0 in probability. Let NAJ.(t) denote the number of patients at risk at time t

in stratum j from treatment A.
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Define

ZqJ'NAj(t) )
T{pa;Na;(t) + ap;Ng;(t)}

Ty(t) =

#,(t) is similarly defined by replacing 2°q;N,; with 2.p;jNg;. Note that #,(t) = S;i

and #,.(t) = S Then, T* can be expressed as a sum of independent random

Ji2°

variables, namely,

. A ,
= ZBPijn - Z q;D;i55 (2.2.14

where 27 for y = A, B is defined as the sum over j, i; j=1, --- , ng, i=1, -, ns ., for
treatment A or B. Two censoring conditions considered in Schoenfeld and Tsiatis’s

paper are as follows:

(i) Censoring depends on treatment but not on the stratum; that is C;a=Cp

and CJB=CB’ forj=1, 27 ] ng-

(i) Censoring depends on the stratum but not on treatment; that is Cia=Cjg,

for j=1, 2, ..., ng.

For censoring condition (i), the hazard function for the entire population, A*(t), is given

by:
ng ~A )
pY ng wJ AJ( ) J
(u) = g Ty . (2.2.12)
w.e
y J
i=1
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For case (ii), the A*(t) is given by:

n

g -A(u
w; Aj(u) e it )Cj(u)
M () = S WS : (2.2.13)
> we ’ C;(u)
j=1
where
W= s ;P;q; (2.2.14)

is the weight chosen for censoring pattern (i) and (ii), and
Yii

0

It is clear that, E(T*) = zeij(Dﬁl) - 2quE(Dj'-2) = 0. Therefore T* can be

expressed as a sum of independent mean zero random variables, namely,

. A
T = ZBPj(Dju—E(Djn)) - qj(Dj.'z—E(Djiz)) .
The variance of T is,
Var(T*) = £°pJE(D};,)+ L qE(D?;;,) - Bp?EX(D;,,) + T ?EX(D ;) (2.2.13)

Under suitable regularity conditions, the variableI—T,‘__ converges to a standard
Var(T*)

normal distribution. If Var(T*) is O(N), then,

=T _ 0 in prob.
,I Var(T*)

T
Hence, m converges to a standard normal.
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The denominator of MLRT, defined in (2.2.2), is considered a consistent

estimate for Var(T*). That is,

A\ 1

WT') - in prob.

Therefore by Slutsky’s theorem, the MLRT = % would converge to a standard

normal.

To evaluate the properties of the LRT, the SLRT and the MLRT, Schoenfeld
and Tsiatis did a computer simulation. The results are shown in Table 2.1 (Schoenfeld

& Tsiatis, 1987, Table 1).

In the table, in the second column from the right, the first entry is 1.1, which
can be shown to be 1.0 in theory. Note that the ARE of MLRT versus LRT is not
given because the authors reports that it is not valid. This statement is misleading; the
use of the LRT when there is a stratum effect results in an inefficient test which is
nevertheless still valid. In section 3.3, the asymptotic mean and variance of the MLRT

will be derived and the theoretical asymptotic relative efficiencies will be presented.
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Table 2.1

Simulation Results from Shoenfeld & Tsiatis (1987, Table 1)

(a) No censoring: balanced design

ARE ARE

Stratum  Strata Size ~ Power versus versus
size eftect MLRT LRT SLRT MLRT LRT SLRT LRT SLRT
2 None 0-06 0:05 0-06 0-93 - 091 0-71 1-1 2-3
2 5x 0-06 0-03 0-05 0-91 0-87 0-71 —_ 20
2 10x, 0-06 0-03 0-07 0-87 0-77 0-71 —_ 1-7
20 None 0-05 0-05 0-05 0-94 0-93 0-89 —_— 1-2

20 5x 0-05 0-03 0-05 0-89 0-80 0-90 —_ 0-98
50 None 0-06 0-05 0-06 0-94 0-92 0-92 —_— 1-1

50 5x 0-06 0-02 0-05 0-83 0-75 0-88 —_ 0-88

(b) Censoring: balanced design
2 None 0-05 0-05 0-05 0-72 0-73 0-59 0-92 1-37
2 10x 0-05 0-03 0-05 0-82 0-58 0-68 —_ 1-36
(c¢) No censoring: unbalanced design

50* 5x 0-06 024 * 0-0§ .0-84 0-98 0-39 _— 0-89

50t None 0-05 0-05 0-05 0-90 0-94 0-88 0-99 0-88

50t 5% 0-05 0-65 0-05 0-84 1-0 0-88 —_— 0-95

* 20 in one group; 30 in the other. t 16 in one group; 34 in the other.
MLRT, modified log rank test; LRT, ordinary log rank test; SLRT, stratified log rank test; ARE, asymptotic
relative efficiency.
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Chapter Il

ASYMPTOTIC PROPERTIES OF TESTS FOR HIGHLY STRATIFIED DATA

In Chapter I and II the literature on the tests of no treatment effect for highly
stratified survival data were reviewed. The most popular tests used, the LRT, the
SLRT and the most recently developed test, the MLRT, were discussed. In this chapter
the asymptotic mean and variance of the SLRT will be derived to allow censoring and
the variance of the MLRT will be derived in the case of a balanced design. Then the
asymptotic properties of these three tests will be numerically evaluated when the
distribution of 3’s across strata are binary, uniformly or normally distributed. The
numerical results will also be used to compare with Schoenfeld and Tsiatis’s simulation

results.

§ 3.1 The LRT

As discussed in section 2.1.3, the LRT is fully efficient under proportional
hazards when there is no stratum effect. However, the LRT does not take into account
strata effects and is an inefficient test when they exists. The asymptotic mean and

variance of the LRT when the true model is PHM with stratum covariates are:
Asy. mean: « p(l—p)J. g(t) d Fy(t) = a"p(1—p) (3.1.1)
Asy. Variance: p(l—p)Id Fy(t) (3.1.2)
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where a" is defined as:

a* =a J g(t) d Fy(t)

where g(t) (Morgan, 1986) as given in equation (2.1.4) is,

A(t) B(t, Bz)  A(t) B(t, 282)
B(t, 0) B(t, fz)

with A(t) = J A(u) du and,

Bz

AT G E).

B(t,u):Jeue

Again assume that,

a = log{ Ap(t)/ Ag(t)} is O(n™'/?).

(3.1.3)

(3.1.4)

If there is no censoring, then JdFy(t) =1 and the equations can be simplified.

Notice that [a®| < |a|, as the stratum effect gets large, the mean is shrinking and

becomes very inefficient.

§ 3.2 The SLRT

The SLRT is often used when there is stratum effect.

However it is very

inefficient when the stratum size is small. The asymptotic mean and variance of the

SLRT when there is no censoring and the proportional hazards model holds are,
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ng Ds,

Asy. mean: a p(l-p)z
J

A

( ( nn:j: i1 )) =ap(1l-p)v (3.2.1) .

i

i
-

i

Asy. variance: p(1 - p)v (3.2.2)

ng

where v = zj:zf( ( ns’: 11 )) (3.2.3)

i=1

Assume there is fixed type I censoring and the same proportion of censoring in
each treatment group, say, P.. Let 6,-j= 0 if the subject is censored, 5;,‘: 1, otherwise.
Let ny. denote the number of uncensored subjects (deaths) in the j*" stratum. For

J

simplicity, assume equal balanced treatment allocation, i.e. Dsp ;= nsej= n,j/2.

Then,

E( “A-:)—“u—é— - E(ei)) = 3

~and

Vertnag) = s () (1= g ) (1= 25 ) = 3 (3202 )

with
2
_ Bij g Dsm Dy n;;
E(n;;) = — ( oy, - 1 )+
then,
Ng.- N
2y~ _1_ i Y 1
E(e €y —4nij( ns; - )+ 4
and

(ot ®

J

LY
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Using the same notation as for the uncensored case (section 2.2.2), and

conditioning on ny;; and n;j, the distribution of x;;’s are the same as in the uncensored

case. Their means are

44
nA'.j e

= .
Dpgj €+ By - Dagj

E(xijl nagj > ny) = py =

Expanding in a Taylor series about zero, then,

Dayj Np;s Dap,,
. Aij AzJ( _ Aij _
Nas.
where e;; = :_',".
Ly

Note that with censoring, the numerator of the SLRT can be written as:

E 6'-]»( Xij - € ) = Z 6‘-1-( X — IJ.-,-) + a E 6‘-1- e; (1- e ).

Thus, the expected values of the numerator of the SLRT converges to:

ng s,
E(SLRTNUM) =akE ZZ: 6;] eij ( 1- el'j)
J 1
ng Ms;
J 1

ng "4,
= a Z:E {Z e (1- e,-j)}
J i
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~~

p—

|
._I.-
[ B
u?? ey
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e
-
W—I

—av
=ar,
where,
ng nsj g Ng.- m m Ng.- i
= j J -1 .7
ye = Z{ ( m) (1-=7) =, Z( 1 -5 1)}, (3.2.4)
=1 ‘'m=1 i=1 ]
8.
-A(t) e 7, .
and T, = e , is the probability of been censored.

For the denominator, it can be shown that,

ns.
Ng =S ;

J 1

where v¢ is defined in equation (3.2.4).

In summary, for equally balanced design with Type I fixed censoring, if the
treatment effect, o, is of order O(n_1/2), the SLRT is asymptotically normally

distributed with mean and variance

[
Asy. mean: O‘—Z”— (3.2.5)
Asy. variance: —Z—c (3.2.6)
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§ 3.3 The MLRT - Derivation of the Variance of MLRT

Following the notation defined in section 2.2.3, for the case of no stratum effect

and balanced design, the numerator of the MLRT is the same as the numerator of LRT.

That is,
T= ZZ%{ qJ Ji 112 P; (1- )SJ-I}

where, p; is the proportion of patients in stratum j with treatment A (i.e. in=1) and

qj=1—pj, 5:‘]': 0 if the subject is censored, 6ij= 1, otherwise, and,

_ 33 (am X)) 1{ Y2 ¥}
M Zn:zl:(qm ml) {Y,,.z> Y,.}+ qZZ(pm(l— m,)) {le> Y,.

S

Let A;(t) be the hazard function for stratum j and A*(t) be the hazard function
for the entire population. Two censoring conditions considered in section 2.2.3 were, (i)
Censoring depends on treatment but not on stratum; and (ii) Censoring depends on

stratum but not on treatment. The hazard function for the entire population, A*(t),

for censoring pattern (i) is given by:

-A
Sy (e N
A(u) =& : 3.3.1
(w) z:9 . —Aj(ll) ( )
i=1
where w, = n;p,q;, as defined in section (2.2.14). For case (ii), the \*(t) is
g (u)
(u) = fig Aj(“)c . (3.3.2)
i=1 je J( )
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In this section, the theoretical variance of T* is derived and evaluated by
numerical integration in section 3.4. The variance of T* will be derived in this section

for the case of no censoring and balanced design. In the case of no censoring,

0

and from equation (2.2.13), the variance of T* can be written as:

Var(T*) = EPpIE(D},) + TACE(D?;) — T8plEX(Dyy,) + TAQPEX(D,,,).

Schoenfeld & Tsiatis relied on a simulation study to compare the ARE of the MLRT

with the SLRT and the LRT rather than deriving the variance as a function of stratum .

effect. Since P;j=P, q;=4q, Vj and D;i= Djizs
Vax(T*) = p?S*{E(DZ) - (E(D;))'} + o’ TA{E(DZ) - (Em»)} (833

where,
E,(D}) = 1 - 2 E,(A"(x;)) ) + E;(A"(x;0)) (3.3.4)
E;(A'() = j A*(t) d F(t) db

At
= —JA‘(t) de i

= - {aw e'A"(t)}E + I/\‘(u) e Mg,
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For this case, A*(t) — oo as t — oo and the first term goes to zero, therefore,

i®)

IEJ.(A'(t)) = JA‘(u) e Vg, (3.3.5)

and,

Ej(A‘(t))2= J A*3(t) d F(t)

~ALt
- —JA‘Z(t)de i

= — { [A‘(t)]2 e 'Aj(t)}[" P I M(t) A*(t) e_,Aj(t)dt

2 J' Ay A(t) e P (3.3.6)

Combining equations (3.3.4)-(3.3.6), then,

2 — T - —A](ll)d T - - -
0 0

Au
;¢ )dt

=1-~2 .EJ.(A‘(t) ) + E;’(A“(t))2

and

(£,0;0) = (1 - ) =1 - 2. £,(a°w) + {E,(A"®)}

therefore,
Vi(D;) = ED%) — (E;(D;) = £;(a*®) + {E,(A®))}’

00 2
= 2JA‘(t) A%(t) AWy _ (T A (t) e-Aj(t)dt> .
0 0

Since,

t
At)
. A*(t) =J A*(u) du = — log 11,—92 e it
0
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and

St = e A*()
from (3.3.3),
g
Var(T*) = pq )_ V;(Dj;)
i=1
i -7, WA, e—Ai(t) -A(t
=p(1-p)), { 2!(- log _nlg_z: . A.(t)) EZS:S—)A,-(t) . i( )dt
[ o Y O dt) }
3 Tw, A(t)
= (1 =p)n (3.3.7)
where,
T ~Ai(t)
= At Twid(t)e” Y —A(t)
! “;{21(' log g% ¢ ) e VORI
-A(8) ) 2
- I Z;A‘(tfi.(t) e A](t)dt) } (3.3.8)
0 we °

In summary, the MLRT is asymptotically normally distributed with mean

a® p(l1-p) (3.3.9)

and variance given by equation (3.3.7).
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3.3.2 The MLRT - For the case of censoring

Recall that Y=min(T,C) is the observed survival time, where T is the survival
time and C is the censoring time. For censoring pattern (i), that is when censoring

depends on treatment but not on the stratum, it can be shown that,

Cy(u) and Ca(u)

(%) = SE W +aCs(w) () = e +aCa) (3.3.9)

for censoring pattern (ii), that is when censoring depends on the stratum but not on
treatment, then, 7,(u)=m,(u)=1. It is of more interest to assume censoring pattern (ii)
in this dissertation as the generalization for pattern (i) can be easily derived. Note that

for censoring pattern (ii), D;ia=D;g=D;;, and,

Yji

Dy =6;- J A*(u) du = 6;,— A‘(Yj,‘) , (3.3.10)

where A*(t) is defined in equation (3.3.2), and,

Aj(Y)

y
A (y) =J A*(u)du = —log nlgz e C;(y)-
0

The probability density function of Y=min(T,C) for balanced design and case (ii)

censoring can be written as:

H(Y) = [1-F(y)] fe(y) + [1=Fe(MIA(©)

-Aj()’)

-A,
= —e dC;(y) + C;(v)A;(¥) e J(Y)-

From (2.2.13), the variance of T* can be written as:
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Var(T*) = Y.BpE(D) + TAJE(D?;,) — LBplE*(D;,) + TAQEX(D,,). .
Since p;= p, q;=q, Vj and D;,= Dj;,, from equation (3.3.3),
2 2
Var(T*) = p’LH{E(D}) - (E(D;)) } + *TA{EDY) - (Em;n)'}

where from equation (3.3.10),

DY = 6;;~2:6,;A"(y;) + (A*(y; )%

It can be shown that,

Ej(D?i) = E§;; - 2'Ej(6jiA'(in) ) + Ej(A-(in))z,

with Bé;; = Pc; the proportion of censoring in stratum j.

Ej(5:0°0) = [ 6,,0°0) 4 Fi(») dy

iy

-A
= [ 40 ¢irme " Vay

= -[rm) G a T

= - {4t &) e—Aj(y)}[b+J/\‘(u)Cj(y) R T

Since A;(y) — 00 a8 y — oo and Aj(0)=0 by definition, the first term goes to zero,

therefore,

E(5;:8°) = [F)ci) e Py

Now, .
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® £,(0w) = [ A7) d Fy(9)

= - [ A e aY

. -A;n . . -A ()
= - {(AmPrcy) e }f +2.[ ¥ amem Ve
. . -A;
=2 A(y) X (¥) C;(y) e dy. (3.3.12)
Combining equations (3.3.11)-(3.3.12), then,
A,
iy,

. “A. ®
E, (D% )=Pc; — 2| ()C;n) ¢ dy + 2 1) A°(3) C(x)e
0
and

A

(£,0,0)' =P, = 2:pe, [¥ () ¢« Vay + {[rmicym e ay),

‘ ‘ therefore,
2
V,(D;) = E;(D}) - (E4(D;))

i)

-A
= Po;—PE42(Pe;—1) [\ ()G, () € 7 dy

(e <]

+2f
0

-A. -A,
*@) A Cm e dy - {[rmicm e ey}

Since,

y

_A.

A (y) =J A*(u) du = — log Ill_gz e i)
0

and S*(y) =e A (y)’ from equation (3.3.3),
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g
Var(T*) = pq y_ V;(D;)
j=1

-Aj(Y)

= p (1 = DX Pe~PE+2(Pe~ ) [\ (1)C, ) 7V ay

~A. A
2] ¥ 4w Cme Ty - {[remcm ¢ ay)’

o——-8

= p(1 —p) 7%, (3.3.13)

where,

iy

[ 2 " -A
1° =3 Pe;=PL+2(Pe;~ ) [N (1)C;») ¢ Vay

-A; -A.
+ 2] AM(y) A%(y) Ci(y) e ’(y)dy - {J,\‘(y)Cj(y) e J(Y)dy}z. (3.3.14)

ot——3

In summary, the MLRT is asymptotically normally distributed with mean a* p(l - p), ‘

and variance given by equation (3.3.13).

§ 3.4 Evaluation of Asymptotic Relative Efficiencies -

Comparisons of LRT, SLRT and MLRT as functions of strata effects and strata sizes

The asymptotic distribution of these three existing tests are summarized in Table
3.1 and Table 3.2 for the case of no censoring. Table 3.1 is for the case of fixed number
of strata with the sample size within each stratum asymptotically approaching infinity.
Table 3.2 is for the case of highly stratified data where the number of strata increases

with the sample size and the number within each stratum stays fixed.

When there is no stratum effect these three tests are asymptotically identically

distributed as the stratum size approaches infinity while the number of strata is ‘
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. (need revision)

Table 3.1

Summary of Asymptotic Distributions of the LRT, the SLRT and the MLRT

Assumef: N, — 0, Y 3 ng fiz‘ed,‘ p= % and no censoring
no stratum effect stratum effect
LRT NEID M, 7)
a 1 a 1
SLRT N(§. 1) N§. 1)
a 1 at 7
MLRT NF-3) N 4-53)

where a and o are defined in equation (3.1.3) and (3.1.4)
t ns : stratum size of stratum j; ng: number of strata

Table 3.2

Summary of Asymptotic Distributions of the LRT, the SLRT and the MLRT
Assume: ng — oo, ns, fized, V j, p= 3 and no censoring

no stratum effect stratum effect
a 1 o 1
LRT N§.3) N4 .3)
SLRT M%) ED
. a 1 o 7
MLRT  NM(§.) N D

where 7 is defined in equation (3.3.8) and v is in equation (3.2.3)
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fixed. When there is a stratum effect, the asymptotic distribution of the SLRT is the
same as when there is no stratum effect and is fully efficient, but the asymptotic mean
of the LRT and the MLRT are smaller than when there is no stratum effect and the

asymptotic variance of the MLRT is smaller than where there is no stratum effect.

When the stratum size is considered fixed and the number of stratum
approaches infinity so that the sample size goes to infinity, the asymptotic distributions
of the LRT and the MLRT are the same as in Table 3.1. However, the SLRT is less
efficient with its mean and variance decreased. Again, the asymptotic distribution of

the SLRT is the same whether there is a stratum effect or not.

The results above summarized the asymptotic distribution of these three tests for
the case of a fixed number of strata with the sample size within each stratum
asymptotically approaching infinity in which the data were highly stratified. We
consider the comparison of these three test procedures on the basis of their asymptotic
distributional properties. The asymptotic relative efficiency (ARE), or Pitman
efficiency, is used as a measure of the amount of precision lost by the use of the test
instead of the theoretically optimal test. The ARE represents the relative efficiency of
the test under conditions in which the sample size is infinite and the alternative
hypothesis is close to the null hypothesis (i.e. consider only local alternatives). Let S
and T be two tests such that each test statistic is asymptotically normally distributed
and each tests the same Hy, and the same class of alternative hypotheses. The ARE of S

with respect to T is given by:

s\ _ (E'(8)? W(T)
ARE(T) V() (E(T))

OE(S).2
Za)  va (D)
OE(T).z ~ Var(S)’a=°
e )
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' where E'(S) is the derivative of the expected value of S as H, approaches Ho. Since at

the null hypothesis, Ho:a = 0,

E(S) = 0 and E(T)= 0,

as @ — 0. Using a Taylor series expansion, it can be shown that,

OE(S) ~ E(S)

Ja &> for a near 0.

Thus, the ARE of test S vs test T can be written as:

(E(S))’  Var(T)
(E(T))ﬁi Var(S) ’

for a near 0.

Therefore the AREs of these three tests can be summarized as follows:

- at)z (a.)z
ARE( LRT/ SLRT) = oY= e
av a“ v

2
ARE( LRT/ MLRT) = &) .y = o,

(a®)
ARE( SLRT/ MLRT) = (@) . 1 _ o’vy
T @)} T (@)

where a and a® are defined in equation (3.1.3) and (3.1.4), n is defined in equation

(3.3.8) and v is in equation (3.2.3).

Since the asymptotic means and variances, and the ARE’s can be explicitly
expressed as functions of the degree of heterogeneity between strata (3), the ARE’s can

‘ be numerically evaluated. Three distributions of the strata effects, 3, were considered as
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examples, namely, 8 is dichotomously distributed (i.e. assume half of the strata have
hazard A(t), and the other half have hazard ,\(t)-eﬂ), B is uniformly distributed, and 3
is normally distributed. The ARE’s are evaluated by numerical integrations which were
based upon the use of equally spaced points or Gaussian Quadrature to approximate the
integral. The FORTRAN programs (all in double-precision arithmetic) are given in

APPENDIX A.

3.4.1 When beta is dichotomouys distributed

This section will consider the case where half of the strata have haza.rd./\(t) and
half of them have hazard ,\(t)-eﬁ and the number of stratum ng — oo as the sample
size n — oo. Figures 3.1 to 3.10 show the comparison of the asymptotic means,
variances and efficiencies for the LRT, the SLRT and the MLRT as a function of

stratum effect (parameter §) and stratum size calculated by numerical integration.

Figures 3.1 and 3.2, show the asyrﬁptotic mean and variance of the numerator of
the LRT, the statistics are given in equations (3.1.1) and (3.1.2). The asymptotic mean
is 0.2577ayn when there is no stratum effect (3=0); however as the stratum effect gets
larger, the mean becomes smaller (converges to 0.125ay 1 as the stratum effect, 3 —

00), while the asymptotic variance stays constant at 0.25.

Figures 3.3 and 3.4, give the asymptotic mean and variance of the numerator of
the SLRT, the statistics are given in equations (3.2.1) and (3.2.2). As it is shown in the
figures, the asymptotic mean and variance of SLRT are independent of 3 - the stratum
effect; however, both the mean and variance depend on the number of subjects within

each stratum.

Figures 3.5 and 3.6 indicate the relationship of the asymptotic mean and

variance of the MLRT and the stratum effect -3. The asymptotic mean of the MLRT is
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Figure 3.1: The Asymptotic Mean of the LRT as a Function of Stratum Effect, §
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Q.18 -
0.14 -
0.12

0.1
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Figure 3.2: The Asymptotic Variance of the LRT as Function of Stratum Effect, §
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Figure 3.3: The Asymptotic Mean of the SLRT as a Function of

Stratum Effect, #, and Stratum Size, ns
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Figure 3.4: The Asymptotic Variance of the SLRT as a Function of

Stratum Effect, 8, and Stratum Size, ns
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Figure 3.5: The Asymptotic Mean of the MLRT as a Function of Stratum Effect, 8
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Figure 3.6: The Asymptotic Variance of the MLRT as a Function of Stratum Effect, J¢]
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the same as the LRT as can be shown in equation (3.3.6). The variance of MLRT as in
equation (3.3.5) can be shown to be 0.25 when =0 (no stratum effect), but shrinks as

the stratum effect gets larger.

As compared to the fully efficient model (the true model where the A3’s are

4-(mean)?

known), the asymptotic efficiency is given by ar

Figures 3.7, 3.8 and 3.9 give
the ARE of each test compared to the correct model with known B's. The relative
comparison of the three tests is shown in Figure 3.10. If there is no stratum effect, both
the LRT and the MLRT are fully efficient, while the efficiency of the SLRT depends on
the stratum size. When the stratum size is as large as 100, 80 and 50, the efficiencies
are 0.96, 0.95 and 0.93 respectively. However as the stratum size gets smaller, the
efficiency becomes smaller. When the stratum size is 2, the efficiency of the SLRT is
only 0.5. As the stratum effect gets larger, the LRT becomes less efficient (e.g. for 3 >
2, the LRT is less efficient than the SLRT even when the stratum size is only 2). The
MLRT is always better than the LRT and better than the SLRT when the stratum size
is 2 (i.e. matched pair design). When the stratum size is 4, the MLRT becomes less
efficient than the SLRT as f, the stratum effect, is larger than 7. When the stratum
size is 6, the MLRT is less efficient than the SLRT when the stratum effect, 3, is
greater than 3. When the stratum size is 50, the MLRT is less efficient than the SLRT

when g is only 0.7.

3.4.2 When bety is uniform(0.A)

This section will consider the case as before with the number of stratum, ng—oco,
as the sample size, n — oo, but with the stratum parameter, 3, uniformly distributed
with range A. WLOG, assume g ~ Uniform(0,A). In performing the numerical
integrations to approximate the efficiencies, the density of the 8’s was approximated by

f{B)=1/50, B=ixA /51, i=1 to 50.
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To avoid redundancy, separate graphs for each of the tests are not presented, only the
figure of the ARE comparisons is shown. Figure 3.11 shows the comparisons of the
three tests based on the ARE’s as functions of A when 3 is Uniform(0,A). Note that
the ARE’s of the SLRT are the same as when J is dichotomously distributed. Again, if
there is no stratum effect ( corresponding to when A=0 ), both the LRT and the MLRT
are fully efficient, however as the heterogeneity of the stratum effect gets larger, these
two tests become very inefficient. For matched pair design (i.e. ng=2), the LRT is less
efficient than the SLRT for A>2.9, for stratum size 4, the SLRT will be more efficient
than the LRT for stratum effect, 3, distributed as small as Uniform(0, 2.1). When the
stratum size is 4, the MLRT is less efficient than the SLRT if A is greater than 4.8, etc.
As can be seen from Figure 3.11 and in comparison with the graph given in Figure 3.10,
the ARE of the LRT is larger for uniformly distributed 8 than dichotomous B, when 3
is less than 4. However when the stratum effect, 3, is greater than 4, Figure 3.11
indicates the opposite. The ARE’s of the MLRT also similarly crossed. In summary the
rate of efficiency loss is faster when A is uniformly distributed than when B is

dichotomous distributed.

3.4.3 When beta is Normal(Q, o2)

As an example where the stratum effects have a continuous distribution with
tails, consider the case where the distribution of @ among strata is normally distribqted.
WLOG, assume S is normal(0, 02). Again, consider the number of strata ng — oo as
the sample size n — oo, while the stratum size is fixed. Followed by the same notation

given in section 3.1, the asymptotic mean and variance of the LRT become,
Asy. mean: « p(l—p)J g(t) d Fy(t) (3.4.1)

Asy. Variance: p(l-—p)I d Fy(t) (3.4.2)
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where g(t) is defined in equation (2.1.4), and

4 Fa(a) = ph—exp{ - £ ) (3.43)

In performing the numerical integrations to approximate the variance, the integral was

restricted to z € (-3.5, +3.5), and the density d F,(z) is normalized and discretized at

values > &=L — 3.5, (=1, -, nk), by

j *7.0—3.5}2
A 2].7r exp{ - {G- 1)/(nk"21) 7.0-3.5} }

where nk is the number of stratum used in this numerical evaluation. To numerically

approximate the density of 8, 3 is given by

_ (=170

B; = k=) 3.50, j=1 to nk.

Since the SLRT does not depend on strata effects, the ARE of the SLRT is the same as
before. For the MLRT, the asymptotic mean is the same as the LRT as given in

equation (3.4.1) and the asymptotic variance is given by,

-A(t)
o S A(te |
~A by &8 -A (D)
p(1 —p) {2 -log Y} f;e : e 7 7dt
et

2
%® ;fi Ai(t) e_Ai(t) -A4(t)
- I ey e dt }
Yf, e '

(3.4.4)

where f; is given in equation (3.4.3), A,;(t) = eﬂ‘ and A,(t) = t-eﬂj.
Figure 3.12 illustrates the ARE’s of the three tests when the stratum parameter,

2

B, is normally distributed with mean zero and variance ¢®. As shown in the figure, the
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LRT is less efficient than the SLRT when stratum size is 50 and o is greater than 0.2.
When the stratum size is 4 and 8, the LRT is less efficient than the SLRT when ¢ is
greater than 0.5, and greater than 0.78 respectively. The MLRT is as efficient as the
LRT when there is no stratum effect (¢ = 0), and always more efficient than the LRT
when there is a stratum effect. The MLRT is less efﬁcignt than the SLRT for ¢ is

greater than 0.3, 1.25, and 2.0 for stratum sizes are 50, 4 and 2 respectively.

3.4.4 Comparison with Schoenfeld and Tsiatis's simulation results

The comparisons of the MLRT with the LRT and the SLRT by Schoenfeld and
Tsiatis (1987) were done by simulation. In their simulation, the hazard rates were
assumed distributed uniformly among the strata. That assumption corresponds to 3
being dichotomously distributed when ng=2 or A uniformly distributed for other ng’s.
With no censoring and a balanced design, the same table was generated using numerical
integration to compare with their simulation results. Table 3.4 shows the comparison of

their simulation results with the numerical evaluations.

The first column of Schoenfeld and Tsiatis’s simulation results only gave the
AREs of the MLRT vs the LRT when there is no stratum effect and the stratum size is
2. The value from simulation is 1.1, while theoretically the value is known to be 1.0 as
was given in our numerical results column. The AREs of the MLRT vs the LRT is not
given in their table since they argued that the use of the LRT is not valid. However,
this argument is not true. The use of the LRT when there is known stratum effect will
result in an inefficient test, nevertheless, it is still a “valid” test. Therefore, numerically
those ARE’s were computed and shown in column (3). As it was shown in column (3),

the MLRT is always better than the LRT.
Comparing column (2) with column (4), it can be seen that the simulation
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results are in general larger than the numerical results but with the same trend. In .
order to know more about the MLRT as opposed to the SLRT, the ARE’s when strata
effect is 10-fold and stratum sizes are 20 and 50 were also computed. For matched pair
designs, the MLRT is better than the SLRT as was also shown in Figure(3.10).
However, as the stratum size increases the gain of the MLRT over the SLRT is smaller.
When the strata effect gets large, the MLRT becomes less efficient than the SLRT as

was shown in column (4).

Table 3.3

No censoring: balanced design

Simulation results Numerical results
} ARE ARE ARE ARE
Stratum Strata vs LRT vs SLRT vs LRT vs SLRT
size effect (1) (2) 3) (4) i
2 None 1.1 2.3 1.0 2.0
2 5X - 2.0 1.2 1.73
2 10X - 1.7 14 1.61
20 None - 1.2 1.0 1.16
20 5X - 0.98 1.32 0.95
20 10X - - 1.65 0.87
50 None - 1.1 1.0 1.08
50 5X - 0.88 1.4 0.84
50 10X - - 1.6 0.78 .

- indicate the values not given in Schoenfeld and Tsiatis’s (1987) table.

t A 5X strata effect means that the ratio of the largest strata hazard to that of the
smallest strata hazard rate is 5. Similarly for 10X.
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Chapter IV

A MODIFIED SCORE TEST

For the testing of treatment effects on highly stratified survival data, three tests
appear in the literature were studied, the LRT, the SLRT and the MLRT. The
asymptotic distributions and efficiencies of these tests have been examined in the
previous chapters. As discussed in Chapter 3, the LRT is inefficient in the case of
heterogeneous populations. The SLRT is often used to control this heterogeneity.
However, if the number of subjects in each stratum is small, such as in matched designs,
the SLRT can be very inefficient. The recently proposed MLRT is fully efficient when
there are no strata effects (like the LRT) but is less efficient than the SLRT for large
strata effects. In this chapter, a new stratified test is proposed and the properties of this
test will be explored. Section 4.1 presents the proposed test. Section 4.2 studies the
properties of the proposed statistic when there are large strata effects. Section 4.3
investigates the properties of the test conditioned on the estimated strata effects. After
deriving the properties of the test in Section 4.3, the unconditional distribution of the
proposed test is given in Section 4.4, when there are no strata effects. An estimate for
the variance of the test statistic is proposed in Section 4.5. Simulation results are given
in Section 4.6. The distribution of the parameter estimates for strata effects is derived
in Sections 4.7 - 4.9. The distribution of stratum effect estimates is derived in Section
4.7 for the case of large stratum sizes. In order to derive the distribution of stratum
effect estimates for small stratum sizes, the expected value of these estimates
conditioned on the death order of one of the member in the stratum is required and

derived in Section 4.8. The distribution of stratum effect estimates is given in Section
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4.9 using numerical results obtained from Section 4.8. All results will be summarized in

Section 4.10.

§ 4.1 The Proposed Test

The numerator of the proposed test is the score statistic of the proportional
hazards model (PHM) for testing that the parameter of treatment effect. «, is equal to
zero. Recall that the PHM has an indicator variable for treatment, x, and a set of
indicator variables, z (vector of ng binary variables, with one constraint), for

strata effects. The PHM is specified by the hazard relationship:
ax+0z

Atlx, 2) = A(t) e ,

where A(t) is an arbitrary and unspecified base-line hazard function. The (conditional,

marginal or partial) log likelihood is given by:

n
L =loglL = Z 6i(ax+@.z, — log (E exp(axj+@§j)),
i=] Jem'

where 6;=1 if the subject is uncensored, 6,=0 otherwise. The first derivative of this log

likelihood with respect to a and evaluated at a=0 is the score statistic:

Bz;
2x; e !
§=n""204 _ = n 136 | X - m—'T : (4.1.1)
13 E e"-J
R

]

where 3 is the parameter vector of strata effects. WLOG, assume all strata have same

number of subjects, i.e. Ng, = ng, = --- = ng. If there is no censoring, B is the solution
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The denominator of the proposed test is a consistent estimates of the variance of $
The proposed test - modified score test

which will be discussed later in Section 4.5

(MST) is given by
(4.1.2)

MST = §?
~ Var(S)

§ 4.2 Properties of the PH Score Statistic for “Large” Strata Effects

This section will study the numerator of the MST, S, when there are large strata

effects. The definition of “large” strata effects is as follows. Let R,j'- be the hazard ratio

of stratum j to stratum i, in which Rj,- can be written as
(4.2.1)
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Large strata effects can be expressed as the limit as Rj,- — 00, ¥V j < i. The following ‘

lemma is an illustration of the above definition in detail.

Lemma 4.1. Let ty, t,, t3, ty, --- , ty be the ordered death times, and let €1y 82, B3,
gn denote the individual stratum indicators. WLOG, assume a matched pair design, i.e.
ns=nlg=2. If there are “large strata effects”, then the order of death times will follow

sequence described below with probability = 1.

death order (t‘): tl t2 ts t4 t5 ts e tn_l tn

strata (g;): 1 1 2 2 3 3 ng ng (4.2.2)

Proof: Let n,; denote the number of patients at risk in stratum j at the it" death
time. Based on the relationship between the marginal likelihood and probability of rank

order of death times, .

Pr(member of stratum § at risk will be the next to die | those at risk)
2 A(b)
_ i€
> N

1€R,

and

Pr(member of stratum j will be the next to die at time i | those at risk)

n..

— i — i
B8 Bi-8; n, R,
En“e 1 Zn“e 1 7 z]: [ I |

n..
={-—,%=1 ifn; =0, VI<j .
0 if there is an 1<j such thatn; > 0.
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‘ Therefore, the next subject to die will be in the smallest numbered stratum among those

subjects at risk.

Lemma 4.2. If the death times are ordered by strata as in (4.2.2), then the likelihood is
maximized by ﬁj’jﬂ — 00, VY

Proof: The first derivative of the log likelihood with respect to the stratum

parameters, 3, at a=0, are,

[ Bz;
i) % 'Ez%'z” © 3 p,. eﬂ1
T log L= Z ZI'- -_— ﬁ— = g — Z rh—
A i=1 )> e-gj =3 n.. eﬂj
| JER =
[ Bz;
2 2z e ’ B
n . . 4l n 2
68 log L=Z Z9; — &—T = ng _Z nnz.e
. ﬂz 1=1 2 e~zj i=1 9 n eﬂJ
| 3.0 =

E zn ¥) ﬂng
FERI 9 - nnga e
Fﬂ-— lOg L—Z an ﬂz- —ns—z r—ﬁ—-
g = Z e-"J =1 n..e 2
. = 9
j€Ri i=1

and the score statistic is

9 .
a—alogL—Zx,———?—z .

From equation (4.2.1), Bj,j,,_l is the estimated hazard ratio of stratum j and j+1.

— 00

. If the death times are ordered by strata as in equation (4.2.2) and if Bj,,-“
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(ie. e 35 —00, ¥V j < i), the first derivative of the log likelihood will be 0, with second

derivative < 0, the log likelihood is maximized. a

Lemma 4.1 and Lemma 4.2 are used to derive the following Theorem 4.1 which shows

the property of the proposed test when there are large strata effects.

Theorem 4.1. If there are large strata effects as shown in equation (4.2.2), the score
statistic is equivalent to the stratified log rank test (SLRT).

Proof: Using Lemma 4.1 and Lemma 4.2, large strata effects imply the strict ordering
of death times as in equation (4.2.2) with probability 1. In turn, this implies

ﬂj’j“ — 00. As ﬂj je1 = 00, the score statistic can be written as:
1,

Se’ :
R.

)

u»
I
=1
L
~
4
N
|
ko
W
L
~
~N
Rl
i
B
=
<

-1/2 DAijy _
— 077y (ay- m;,>) = SLRTyypm
J 1

where, h
{ 1 if it and j*" patients belong to the same stratum

0 otherwise

n; = # of patients at risk at time i in stratum j

Np;= # of patients, group A, at risk at time i in stratum j

a.=

1 death at time i, stratum j, group A
3] {

0  death at time i, stratum j, group B .
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As the strata effects get larger, S converges to the numerator of the SLRT. For
the extreme case of “large strata effects”, the numerator of the proposed test, S, is

equivalent to the numerator of the SLRT.

§ 4.3 Properties of PH Score Statistic Conditioned on Estimated Stratum Effects

This section considers the properties of the proposed statistic conditioned on the
values of the estimated stratum effects. The derivation of the distribution of § based on
equation (4.1.1) conditioned on the observed B’s is given below. Under Hy: a=0, the

score statistic of PHM with the true indicator stratum parameters can be written as:

S = S(f2)-

The mean and variance of S(@g), when 3 is considered a fixed constant, can be obtained
by extending results on the mean and variance of S(fz) when omitting a subset of

covariates. Assume the proportion of patients in each treatment is the same for each

stratum (i.e. P, = p, VY j or balanced design) and p = % Let the treatment variable

take value :l:-é, then,

n”’?s ~ N(0, ).

Let

U(t,'9 Y) =_y1_ i= I, -, n (4318.)
and R,

p/
Vo(t, y) = Jey RS OL N F,(2) (4.3.1b)
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a/2+@z

Vit y) = Jey Jl-At) e RE F(2) (4.3.1¢)

~a/2+8z

Vy(t, y) = Jey RENOL b Fy(z) . (4.3.1d)

Let a be the true parameter for treatment effect, &, the parameter estimate.
When 3z is used in the model rather than Bz, the parameter estimate for x will be &*

which is the solution of the (incorrectly specified) log likelihood equation:

- .
a'x;+0z;

(4.3.2)

Using methods similar to Morgan (1988, Appendix) on omitting a subset of

covariates, S can be re-expressed as:

n-l/2 S = n-1/22[ x,‘ - U(ti’ @Z)] = Sl + S2 + SS

where,

S, = n—1/22[ x; — U(t;, ax+@§):]
S, = n-l/QZ[U(t,-, ax+fz) — U(t,, a‘x+,?g):|
S; = n‘1/22[ U(t;, a‘x-}-?g)—U(ti, ?g)] .
S, is the log likelihood equation for a under the true model. Furthermore, assuming the

B’s are bounded, S, is asymptotically normally distributed with mean 0 and variance

p(1-p). If p=}, then, S; ~ N(0, 1). S, can be re-expressed as Sy = S3;+8S2,+S,,,
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where,
Sy = n~7S [U(t;, ax+B2) — U(t;, ax+6z)]
S5y = 02 [ Uty Gx+82) — U(t;, a"x+32) |

S;a = 073 [ U(t,, ax+Bz) — U, a*x+7z) .

The second term, S,,, equals 0 by definition of & and &* being the solutions to
the log likelihood equations (¥ x; = Y U(t;, ax+fz) and 3 x; = 3 U(t,, d‘x+§z)).
The first term, S,,, converges in probability to zero (Schoenfeld, 1983). The th‘ird term,
S,3, also converges in probability to zero (Morgan, 1988). Sj; can be expanded in a first
order Taylor series about @ = 0. Note that a*= 0 when a = 0 ( a*=a"(a), ¢*(0)=0).

Then,

Sa(a) = S5(0)+aS5'(0),

where

.Z a=0
s
7,
If x = £3, Sj3 can be written as,
-1/2 .
S3=n aZT]i(%g;) azo *

1/2

Fora »n /%, asn — o0 (ie. @ =0(n""?),

n -
Z n™/?*a - 0(1) and S; —a nl/z(%%

i=1

a=o)

NS
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Note that the hazard at time T=t is given by
ax+0z

A(t] x,2) = A(t) e

Assume X is independent of Z (e.g. all patients are randomly allocated to two treatment

groups with equal probability), then

]
[N
-

|
(X0

dFxz = }d Fy

ax+fz _A(t) e*¥+52
d FTIXZ(t | x,2) = AMt)e ~"e ( dt
ax+fz
ax+0z -
= §ar) o XHEE AW T Fy.
da"®

In order to evaluate the asymptotic limit of da! a=o conditioned on ,@z and z,
the distribution of @ and the conditional distribution of T given x, z and @ is required.
As the number within strata, ns, becomes large, [:3 converges to 3 and the conditional
distribution of T give X, Z and @ converges to d FTlxz given above. However, for small
values of ns, the distribution of T conditioned on ,? is dependent on the value of @ For
example, in the very extreme case of ns=1, @ will be composed of estimates that are
different orders of infinity and @ uniquely determines the rank order of the t;’s. The
distribution of T given ?, which is a complex implicit function of the observed t;’s, can
not be explicitely obtained; therefore, the efficiency of the score test for small ns will be

determined by numberical simulation in Section 4.6. The following lemma is used to

evaluate %%: a=o fOr large strata effects.
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Lemma 4.3. Let &° = %C; =0 (4.3.3)

then as ns—oo

4 — J MOA(E) Vo(t, Bz+B2) Volt, B2)
B Vo(t, Bz)

t

Proof: By definition, a¢*, the parameter value, is the solution to the asymptotic limit of

the log likelihood equation (4.3.2) where the asymptotic limit is given by:

0= JJJ{ x d Frxz(t,x,2)} — J“’{ d FTlxz(t,x,z) dFy«z(x,2)}

txz txz

J a"x+§g
{xe d Fpxz(-u,x,2)} I(u>t)}

’

e «a x+,Bz
JJ {e d Foxz(-u,x,2)} [(u>t)}

when x = §, -} this can be written as:

0 = [§2() {Va(t, §+82) - Valt, §+52))

t
H vy, 7' Bz) - Vy(t, -%+B2)}
{Vi(t, S+Bz) + Vo(t, -%+B32)}

- ’\(t) {vl(tv %“‘[_’Z) + V2(ts '%"'@Z)}

where Vi(t,y), Vi(t,y) and V,(t,y) are defined in equations (4.3.1b,c, d).

Differentiating w.r.t. @ and noting that "= 0 when a = 0, thus,

O Vilt 5442 0 V,(t, -§
_—1(3—__52:_.—2—) = = % {VO(t’ ’?Z) - A(t) Vo(t» 2@!)} =- (aa ﬁ ) a=0"

. AN -% .+ Bz)

av ,a—.+.z
Wt 5 @-)l {%_ Vo(t, ﬂz) A(t) Vo(t z+fz)} = da

5(1 a-o

-
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using equation (4.3.3) then,

0= I{ %/\(t)(vo(t, @Z) - A(t) VO(t’ 2@?) + Vo(t’ @Z) - A(t) Vo(tv 2@%))

t

= JA0)(Vo(t: B2) — A(t) Vo(t, 282) = Vo(t, B2) + A(t) Vo(t, 282)) - 0

— §a) \VT"EZ—EZ—; (& Volt, B2) = A(®) Va(t, f2+52))
0
Vo(t’ @Z) . .
+ A(t) O 0.0 } dt
=[126) (Valt 22) = A) Vo(ts 20) + O TUCIEBIID
~1a J A(E) Vo(t, B3) dt.
t
~ Note that,
I A(t) Volt, fz) dt = I At) J B2 -A() % d Fz(z) dt

t

Zt
I[e YR * 4 Fy(2)

=1 — Vy(oo, 0)

=1,

and
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Bz

I A(E) A(t) Vo(t, 282) = J At) A(t) J A b4y at
t t ,BZ
- “{ A®) 2 a o ey b
. Bz _A(t) e B2 _A() e, oo
=J{JA(t) e- e —A(t) e~ " e } |0 dF,(z)
Z t

[ Volt, 0) = A(t) Vo(t, 82) ]I

=1.
From the above,
At) A(t) Vo(t, Bz+Bz) V,(t, B2) .
=1 =5 = = - 1"

0—21[{ Vo(t, B2) pde-3é

=
. A(E)A(t) Vo(t, Bz+82) Volt, A2)
2. da _ == = o4 . .3.
&" = | gm0 I Volt, B2) dt (4.3.4)

t

Several special cases of Lemma 4.5 deserve consideration. Consider the case of

no censoring. Since n % § =8,+4S,+8;, where S, is asymptotically normal with mean
/2,
4

0 and variance "]i" S, converges to 0, and S; converges to &*1

1/2
n/a

4

Thus, § is

asymptotically normal with mean &* and variance %. That is, the score statistic,

as shown in equation (4.1.1), when conditioned on the B’s is asymptotically normally

. en?q
4

distributed with mean & and variance %, where &* is given in equation (4.3.4).
Note that the above derivation was under the assumption of the weighted CLT, which is
according to Liapunov (Rao, 1973, Proposition 1.4.3). This assumption may be written

formally as follows. Let Sn =Y, +Y, + - +Yn, and 82 = 0,24 0,24+ -+ + 0,2,

where 0’ = E(Xn—pn)?#0. f EXn = gn, and Yn = Xn — pn, and if

Sn

n
o 2 ENY,™ —0
i=1
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for some § > 0, then

2 N(0, 1).
. . n;.
Here, X;= n;K,, -, Xn= nng,-Kng, nj. is fixed and 2':1— — 0, V j, therefore, CLT
jt

holds if none of the K are dominating, for Y; =n; (K JK), that is

if 2—,,3 Zle IY;1**% — 0. (4.3.5)
ng Jj=

If some of the stratum effect estimates, K,, are dominating, which case the
weighted CLT won’t hold, then the asymptotic variance of S, the proposed statistic, is
no longer a constant. The asymptotic variance of S derived below is for more general
cases. Let (i) be the stratum to which the it" subjects belongs (ith ordered death), and

Kiy= KI(:‘) be the stratum effect for the stratum to which the it" subject belongs, then

the score statistic, if conditioned on the estimated stratum effect, 8, is given by:

n~1/? S| 8= n—l/zz(xi - _*._B_)

+ x,
Koyt -+ Ky,
b, - SRt 4ok
Kyt -+ Ky,
L }
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1
+ x; — x;K =
ol Koyt =+ K Kot -+ K(n))
+xn = xR ah— +4 at— + 4+ =) }
PIRNC) Z Ko ()
-1/2 > i
i=1 j= (l)
1ER;
172 a
i ) s ?
i=1
where
[
wo=(1-Ky Y ==)-
J (4) « ¥ K
= )
= & R

j
n - -
Note that W, are not all positive, and Z W, = 0. The variance of S| is given by

i=1

. n
Var(§18) = ) Wi Var(x;) + ), Y W, W, Cov (x;, x;)
i=1 Vi d
If the trial is balanced within stratum as is the case in matched pair design, it can be
shown that

Cov (x;, x;) = 0 if subject i, j are not in the same stratum,

Cov (x;, x;) = - p((Tl:-_lp_)_) if subject i and j are in the same stratum.
.-
From above,
var(§13) = p(1 - p) zn: w2 _ 1 -P) 2}: W W (4.3.6a)
- P = (ns 1) iv o
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where i* and j* are in the same stratum.

If the treatments are unbalanced within stratum, it can be shown that
Cov(x;, x;) =0, Vij.

Thus, .

Var(§}3) = B2 —P) i w2, (4.3.6b)

=1

In general, the statistic, S, as given in equation (4.1.1), when conditioned upon

1/2
estimated stratum effect, will be normally distributed with mean &*L 7 X where &” is

given by equation (4.3.4) and variance given in equations (4.3.6a,b). If none of the K,-

are dominating, that is, equation (4.3.5) holds, then equation (4.3.6a,b), ignoring o(1)
1

terms, can be shown to converge to 4 asn — oo.
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§ 4.4 Asymptotic Distribution of the Numerator of the Proposed Test

The conditional distribution of the numerator of the proposed test, S, given 3,
the estimated stratum effect is given in Section 4.3. In this section, the unconditional
distribution of § is discussed. Recall from Section 4.2, when there are large stratum
effects, which corresponds to all K’s diverging, the numerator of the proposed test § will
converge to the numerator of the SLRT (Theorem 4.1). Thus, the situation of “large
stratum effect” can be thought of as the limiting case of strata effects being uniformly

distributed within infinite intervals.

In the case where the probability that any of the K’s diverging is 0, i.e. the

weighted CLT holds, the conditional distribution of § given @ is tormal with mean

&*B—2 and variance %. If there are no strata effects, i.e. B = 0, it can be shown that

&*= 1 and the distribution of § given 3 does not depend on the estimated strata effects.

. 1/2
Thus, the distribution of S is normal with mean = 1 ) 2 and variance 1/4. Note that

this is the same as the LRT with no strata effects. Under the null hypothesis of no
treatment effects, the mean and variance of the unconditional distribution of S can be

derived by:

ES=EE(S B) =0, (4.4.1)

w M

and the variance of § can be derived by:

S =

Ty

Var(§|3) + V%.r E( §13) = E Var(§|3), (4.4.2)
B

using the distribution of the estimated stratum effect which will be discussed later.

As the stratum size gets larger, the probability that any Kj, the stratum effect

estimate, will diverge becomes smaller. This is the case when weighted CLT holds. In
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fact, in most clinical trials, the strata effects is only moderate. For example, when ng .

= 2,

Pr(|f(j| > M) — n~}, Vj, for some positive constant M<oo, as n—o0,

for ng=3,

Pr(lf(jl > M) — n~2, ¥ j, for some M<oo, as n— oo,

and for ng=4,

Pr(lf(j| > M) — n73, V¥ j, for some M<oo, as n—oo.

As the stratum sizes get larger, the probability that any K will diverge is near 0.

Therefore, for ng > 3, the unconditional variance of $§ will converge to the conditional

variance of S, i.e. T{‘

§ 4.5 Variance Estimate of the Proposed Test

The asymptotic variance of the numerator of the proposed test conditioned on
the estimated stratum effects when in general the weighted CLT does not apply is given

in equations (4.3.6a,b):

. n
Var(§|8) = p(1 — p) 2 W? for unbalanced randomization

s=1

and
K N o2 p(l - p)
Var(S18) = (1 —p) 3_ Wi - TS 22 VoW
i=1
for balanced randomization within stratum, where i* and j° are in the same stratum ‘
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and,

- $ 1
i=1 0
1€ER;
The proposed variance estimates is the same as the conditional variance:

V = Vvar(S | B) (4.5.1)

The modified score test proposed is given by:

2

[n—x/zzﬂ: X; ‘W,-:| :
MST = ’=%, L. (4.5.2)

§ 4.6 Simulation Results

A simulation study is conducted to examine properties of the MST vs. the LRT,
the SLRT and the MLRT when there are moderate strata effects. The asymptotic
relative efficiency (ARE), or Pitman efficiency, represents the relative efficiency of the
test when the sample size is large and the alternative hypothesis is close to the null
hypothesis, is used as a measure of the amount of precision lost by the use of the test
instead of the theoretically optimal test. The comparisons were made based on the ARE
of each test. The AREs are computed from the means and variances of the test
statistics determined over the simulations. The definition of the ARE is given in
Section3.4. The variances of the other tests were not significantly different from 1.0.
The simulations were conducted as follows:

(1) Failure times were generated according to a PH model. Specifically an
exponential PHM was used. However, since all test considered only used
rank information, any other parametric PHM would give identical results.

(2) The slope of the E(&) was approximated by performing the simulations at
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a=0 and o« = log(1.25). .

(3) Efficiencies of the LRT were based on assuming the variance was 1.0 as
was used in practice, rather than the true variance.

(4) Treatments are balanced within stratum. Total s:;mple size is 200, with 100
patients on each treatment and no censoring. Censored samples will be
considered in Section 5.3.

(5) For each data set, the tests were computed and the means, variances and
the AREs of the test statistics were determined over the replications.

(6) Each experiment was simulated 1000 times.

The results of the simulation are presented in Table 4.1. The simulations were
performed on a Micro VAX II computer, using FORTRAN language and its random

number generator.

The stratum parameter, 3, was generated to be uniformly distributed with range

A, i.e. § ~ Uniform(0, A). In the simulation, the values of A = 0, 1.5, 3 and 7 which
correspond to hazard ratios of being in upper quartile versus being in lower quartile

equal to 1, 2.1, 4.5, and 33.1, respectively.

Table 4.1 summarize the simulation results for stratum size equal 2
(corresponding to matched pair design) and for stratum size equal 10, with balanced
design and no censoring. The values in parentheses are the theoretical ARE’s which
were used to plot Figure 3.11 in Chapter 3. As was shown in Table 4.1, the MST is
nearly fully efficient (>95%) for no strata effects even when the number of subjects
within strata are as small as 10. However, when stratum size is as small as 2 (matched
pairs), the efficiency drops to about 70% efficient. The efficiency of MST is better than
SLRT for all distributions of strata effects. The efficiencies of the LRT and the MLRT

are 0.99 and 0.96, compared to the theoretical value, 1.0, when there are no stratum

effects. However, as the stratum effects get large, the efficiencies of both the LRT and
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the MLRT decline dramatically. The LRT is less efficient than the SLRT for A>3
(stratum size 2) and A>1.5 (stratum size 10), and the MLRT is less efficient than the
SLRT for A>3 (stratum size 10). The values of A=1.5 and 3 correspond to hazard
ratios of the interquartile ranges of 2.1 and 4.5. Notice that the LRT is consistently less
efficient than the MLRT at different stratum sizes when the strata effects are large. As
pointed out by Schoenfeld and Tsiatis (1987), when there are strata effects the variance
estimate of the LRT (the commonly used denominator of the LRT) is not correct. The

MLRT is actually the correct version of the LRT (with the correct variance estimate).

Figure 4.a and Figure 4.b gave graphical illustration of the simulation results for
stratum size 2 and 10 respectively. As can be seen from Figures 4.a and 4.b, the MST is
always better than the SLRT irregardless of the stratum effects. Note the flatness of
the efficiencies as a function of A that shown in Figures 4.a and 4.b, as compared with
the quick drop off of the LRT and the MLRT curves. As the stratum effects get larger,
correspond to when approxima.te}y A>1.75 for the LRT, and A>3.25 for the MLRT
when stratum size is 2 and when approximately A>0.5 for stratum size 10, both the
LRT and the MLRT become less efficient than the MST. It can be predicted that for
larger stratum sizes, the MST is fully efficient as the LRT and the MLRT when no

stratum effects.

The true distribution of strata effects was never known in practice, however,
these results give some indication of how sensitive the tests are to this distribution and

how good these tests can be under a wide range of possibilities.
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Table 4.1

Simulation results, no censoring, balanced design

Stratum Stratumt ARE ARE ARE ARE
size effect of of of of
A LRT SLRT MLRT MST
2 0 0.9930 0.4923 0.9606 0.7212
(1.0) (.5) (1.0)
2 1.5 0.7545 0.4923 0.8327 0.7127
(.7564) (.5) (.8813)
2 3 0.4865 0.4923 0.7102 0.6960
(.4843) (.5) (.7434)
2 7 0.1939 0.4923 0.5270 0.6791
(.1915) (.5) (.5455)
10 0 0.9807 0.7670 0.9966 0.9634
(1.0) (.7857) (1.0)
10 1.5 0.7638 0.7670 0.8935 0.9653

(.7564)  (.7857)  (.8813)

10 3 0.4961 0.7670 0.7424 0.9554
(4843)  (.7857)  (.7434)

10 7 0.2071 0.7670 0.5394 0.9242
(.1915) (.7857) (.5455)

t The stratum effect assumes that the stratum parameter, g ~ U(0, A), the values
of A =0, 1.5, 3, and 7 correspond to hazard ratios of the upper quartile versus the
lower quartile equal to 1, 2.1, 4.5 and 33.1 respectively. The values within
parentheses are the theoretical AREs.
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§ 4.7 Distribution of Strata Effects for Large Stratum Sizes

The distribution of the stratum effect, Kj, for the case of large stratum sizes is

studied in this section. Some additional definitions are:

n: total sample size

ns: number within stratum j (nsj fixed)

ng: number of stratum

KJ- = eﬁj =1, - ,nq B is the parameter for indicator strata effects
n; = number of observations at risk at time i in stratum j

E(Kj) =K (some constant)

Recall that the score statistic for the parameter for treatment effect, with indicator

variables for strata effects, is given by:

Pz;

i=1 @Z,

e
R,

The parameter estimates for z, @, are the solutions to the log likelihood equations

subject to one constraint, say, K=1 :

n n 2
n,; K,
= E 2z, — E (4.7.1)
i =P n;;K; ,
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where R, indicates that the summation is over the risk set at time t;.

Note that,
Bz; & . Bz, .
E e’ = E n;K; and E zy;e” =1, K,
JER, j=t JER;
The assumptions made here are as follows,
(a) no strata effects, i.e. K;= K,= ... = Kng
g g
(b) Z n;;K; converges to 2 n;; K = K-n;, ¥ i, K, some constant
i=1 i=1

(c) There exist an M <oo, such that Pr(|Kj| > M) — 0, for all j,asn— oo .

To show that assumption (b) is true for large stratum sizes, i.e. Ds; —00, as

n—o0, note that at time 1:

=]
7]

=]
Q

K. = "stj will converge to n-K by Central Limit Theorem (CLT),

-
il
A

.
il
A

and at time 2:

g g

s 'R 74,
Zl nszJ- = Z njl KJ K,,
j=

=1

Ay
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. where K is the K in stratum ! corresponding to the stratum of the person who died

first. By the CLT, this will converge to:

ng ng _ A
£y nj2 EK] = Zl njl K bt EK; .
= =

Since ng, —>00 a8 n— oo,

ns'—l N

EK,‘: fig EK, — K.

1

Therefore, when ng, — 00, V j, as n—o0, assumption (b) will hold. Some results from the

following two lemmas are necessary before proceeding to the main theorem.

Lemma 4.4 If assumption (a) holds, as n — oo, n

ji and ny; (G # 1§, 1, stratum

indicator) are independently distributed as binomial(nsj, %), where ns; is fixed and
n; = n-i+l, i=1, 2, -+, n.
o

Proof: WLOG, let (4, [) = (1, 2). Consider the random experiment with only two
possible outcomes, a success or failure. The number at risk at time i in stratum j, n;;,
can be thought of as the sum of ns; independent Bernoulli random variables with
common probability p=Pr(success)=¥. Alternately, it may be thought of as the
number of trials at time i in stratum j that yielded a success (survival) among the ns;
trials. Therefore n;, is binomial(n,j, %!'), V j. To prove the independence of the n;,;, it
is sufficient to show that the conditional distribution of n,;| n,; is the same as the
marginal distribution of n,;. Specifically, it may be shown that given n,;, n;;| n,, ~

N:=No: ‘
. . 3 23 . i
Binomial(ns , -n—_—ﬂs—2) Since ns, is fixed, as n—oo,

n;-Ny Eﬂ‘ - % n;
1] $ __ i ] H
s, — s;, - T 1.e. Dyl Dpy ~ By,
-5
. Therefore, n,; and n,; are independent. 0
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Lemma 4.5 If’lil’noopr(ﬂ‘(jl > M) — 0, for some M < oo, V¥ j, (i.e. Kj is bounded in
probability ) and v,,=o(nb), b<0, then vn-f(j — 0asn — oco.
Proof: Let r be some finite number, then,

lim_Pr(jva-K,| > 7) ='!h_£1w{Pr(|vn-Kj| > 7, [K;I<M) + Pr(lva-K;| > 7, |1‘<j|>M)}.

The first term of the RHS goes to zero since Kj is bounded and the second term

of the RHS also goes to zero because

Pr(lvn»f(]-l > T, IKJ-|>M) < Pr(|Kj|>M) — 0 asn — oo. o

Using the results of Lemma 4.4 and Lemma 4.5, the following theorem concerning the

distribution of the 3’s can be established.

Theorem 4.2: Under assumptions (a) - (c), the ﬁj’s are independent and identically

with density function

Ng . -y
f ( ) _ nsj e—nsjye-nsje
y\) = (nsj) ’
where j= 1,2, ..., ng.

Proof: Let m;y be the death order within the entire population for the person with
death order i within the jth stratum (i=1, 2, ..., ns; and j=1,2, ..., ng). The following
example illustrates a possible m.gy. For this example, let the trial have 3 strata (1, 2, 3)
each stratum have 3 subjects ( s, = Nng,= ng;= 3). If the death order with respect to
stratum indicators is as follows

death order: t1 tx t3 tg tg tg t; tg tg (t1<tr< -+ <tg<ty)

w.r.t. sirata: 1 13 3 2 2 1 2 1,
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then the death order within each stratum is:

Stratum 1 :

Stratum 2 :

Stratum 3 :

1

Thus, mz(l) = 2, m3(2) =4 a-nd ml(a) =09.

The following proof consists of three parts: (i) considers the distribution of Bl, i.e.

stratum 1.

independence of B" and ﬁj, Vi#j,asn — oo.

(ii) considers the distribution of 3,,

’ ﬂng-

(iii) considers the

(i) For stratum 1, using the definition of m,;y and assumption (b), equation (4.7.1) can

be written as:

0=n _i n,; Ky = n _znjnu
o1 =3 5 b i=1 Dy
ng njin
—_ Kl . ny
= =g ()
=
K et n-i+l i=mii gy 41 n-i+l
- My My(g)
_ K 1
- _'_( el T Z noiel T
s=1 1=1
= My My(2) Mi(ns,
K -1 -1
1 1 1
= ( 1-ud“+f T du+ +J
0
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where

1 —
mdu = - log (1~ x).

F(x) =

Ot %

From the above,

K n m1 s
ng, = 2 ._1( - log(1-—()). (4.7.2)
Let ry; = r_nru , for randomly chosen i, i=1, 2, ... , ns,, based on assumption (a), the ry;

are 1i.i.d. uniformly distributed. i.e.

r; ~ +id U(0,1) and (1 -ry;) ~ddd U(0,1)

so that

- log(l-ry;) ~ i.i.d. exp(l).

Since the sum of the ordered random variables is equivalent to the sum of the
independent unordered random variables, the sum of the ordered random variables are
distributed as the sum of ng, independent random exponential variables with mean 1.
i.e.

32(- osor) = (- oath) = Gommatons

From equation (4.7.2),

K
ns;.( ~ Gamma(ns,,1), such that

1

=e !~ Gamma(ng,, ns, K). (4.7.3)

Setting K = 1, Y=-log([.%)=ﬁl will have the following distribution:
1
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g -
1 y
Dg, -Ng,y -Ng,€

fy(y) = r-(-n—s; e (4.7.4)

(ii) The distributions of 3,, --- , Bng can be derived similarly and are the same as the

distribution of 3,.

(iii) We want to show that B,- and ﬁj, V i # ) are independent as n — oo. Recall that

K, can be expressed as the solution to,

n % n ?
_ n,; K, n;; K,
= DT — < LR
= =
2 K
J:

K, conditioned on the value of K, (i.e. K;|K, ) is the solution to,

= En: n; K, < n,; K,

nsl - n - i’ (K ')
o N o “n. K+ n,.: =K
i=1 njin-{- n2,~K2 =17 % 2

WS

.,
~N

In order to show that K,|K, — K,, as n— oo, one needs to show that

—.-nsl—. - n—.f-l — Q0 as n — oo.
KK, K,
Alternately,
s 0y i i Do (Kz_-l_(.) —
K,IK, K, i=1 n,—z K?+ n; n,; K(K,-K)
n Y
- 1 ny; 0y (K,-K)
.I?i ; niz K + n" nz.'(Kz—K)
n,;n K

e WEGE-D
P>
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(= 1 n,; K ;g0 K -
iK—li >, {%% (F-D- %(n'i‘z,-')z(ﬁz - 1) + O(n 4)}

1 n
= K——i E {Cl—02+03}, (4’7'5)

where (*): %iaX(l —X4+X2-X34...).

Recall that, n;; ~ binomial (nsj, %) andn; =n-i+1l,forj=1,2;i=1,2, - ,n,
E(n.. ng.(n,/n) g,
thus, (:‘7') = sJEI‘. = 7sr’ = O(n~!). The independence of n,; and n,; by
1 1

Lemma 4.3 implies that E(n;;n,;) = E(n,;)E(n,;). By assumption (c), it can be shown

that (%{3 - 1) is bounded, therefore, by Lemma 4.4 the first term (i.e. C,) of equation

(4.7.5) will converge to O(n~?), V i, the second term is of order O(n™3), --- etec.
Therefore,

Ds, ns, 1 om™!

—— et = = n -0 asn — oo

KK, &, ~ k2007
and

K,|K, — K, is independent of the value of K,. 0

In summary, when the number of subjects within each stratum is fixed (i.e. the
ng are fixed), under assumptions (a)-(c), the 3’s are i.i.d. distributed as equation (4.7.4).
When the stratum size is large the distribution of the stratum effect is approximately

normal and is given in the following Corollary.

Corollary. If s, — 00 asn — oo, then ,Bjs are distributed N( 0, h—;—).
4]
Proof: WLOG,let K = 1. From equation (4.7.3), it can be shown that for stratum j,

Ng.
=1 ~ Gamma.(nsj, 1).

i
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Hence, the distribution of nsj/f(j may be thought of as the distribution of the sum of

ng. i.i.d. exp(1) random variables, each with mean 1 and variance 1. Therefore,
3

1 _ "
T{—; =e Ga.mma(nsj, ns; ),
is the distribution of the mean of the ns; i.i.d. exp(1l) random variables.
Therefore, by CLT, as ns; — 0o,

s ( %j-n ~ N(0,1).

Alternatively,

L ~ N(p, 0%, where u=1 and o? = gzt
K; i

Note that g?— 0 as ng, — 0. Let g(x)=log( -%—(—) = -Bj , since log(-) is a real-
J

valued function differentiable at x=u=1, with g'(p) # 0 and ¢ — 0 as ng; — 00. By

Theorem A from Serfling ( 1980, p.118), g(x) is Norma.l(g(u),[g’(p)]z/nsj) as ng; —oo.

Alternately, one may write

-B; ~ N(O, ﬁ'ls';)’ as ng; —00

or

JT_.,;Bj~N(O,1), asng, —o00. 8]

For stratification with fixed number of strata (i.e. ng fixed and ng; — 00 asn —
o0), this corollary says that the 3’s are normally distributed with mean 0 and variance
i+ However, for stratification with fixed number within stratum (i.e. ns; fixed and

1
i
S;
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ng—oo as n—oo ), this corollary does not hold. In general, if stratum sizes are small,

assumption (b) will not hold and the above proof will not hold either.

The reason why assumption (b) fails to hold under these conditions is explained

as follows. If ns; is fixed, at time 1,

Ng g
Z njlf{j = ng, Kj will converge to nK by CLT.
j=1 j=1 J
and at time 2
ng ng ) )
n;,K; = n;, K; — Kj, (4.7.6)
i1=1 i=1

where K} is the K in stratum [ corresponding to the stratum of the person who died

first. Again by the CLT equation (4.7.6) will converge to

=
('~

g
Z nj2 EKJ = njl K o EK; .
j=1

.,
[
-

In order for assumption (b) to hold, it is necessary that E(K}) = K. However, for small
ns; ( e.g. ng=2), it is obvious that E(K]) > K. The K of stratum ! is chosen because
one of its members died first. Thus,

X Ng A ng
EK; = ; nj; EK; # ) n;; K.

jER, =1

In general, if ns, is small, assumption (b) fails to hold. The principle goal of this
research is to examine the case of highly stratified data where the stratum sizes are
considered fixed and can be very small. Therefore, the distribution of strata effects, will

be derived heuristically, without using assumption (b), in the following section.
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§ 4.8 Derivation of Expected Value of Strata Effects

The distribution of stratum effect estimates were derived in a previous section
for the case of large stratum sizes. For small stratum sizes, in order to derive the
distribution of stratum effect estimates, K, (will be shown in Section 4.9), the expected
value of these estimates conditioned on the death order of one of the member in that
stratum, the EK’s, will be required. There are three methods discussed in this section
for the derivation of the distribution of the EK’s, direct analytical method, approximate
method and numerical method. It was hoped that there is a closed form expression for
the distribution of the EK’s. However, neither the direct method (in Section 4.8.1) nor
the approximate method (in Section 4.8.2) provides a closed form solution. Hence, a

numerical method is discussed in Section 4.8.3.

4.8.1 Analytical Method

In order to derive the distribution of Kj without assumption (b), the conditional
expected values of the K’s are defined as follows.

Define
EK(1) = E(Kjl one of the members of stratum j died first), (4.8.1)
EK(2) = E(f{jl one of the members of stratum j died second),
EK(n) = E(Kjl one of the members of stratum j died last).

Note that EEK(i) = EK; = K. WLOG, define K=1. Thus,

1=1

Zn: EK() =nK =nand 2% _ aR- EK(1) = i EK() .
Rz 1=2
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In general,

-

ES. F7 i EK() .
w

j=s

Again, let m,y be the ordered death time when the first ith

and m;; denotes the random death time.

stratum 1, the likelihood equation is:

person in jth stratum died

From the log likelihood equations (4.7.1), for

n
il R .
K, ; 5 @ij
e
JEiR;
. Dy,
AP S
i=l E EK()
j=t
m m My
N 1(1) ns, N 1(2) ns -1 N N (Zsl) .
= . N N
i=1 Z EK(j) =My () +1 Z EK(j) $ E EK())
j=s ij=s j=i
mzl(:l) my z) Mi(ng, ) .
=3 1 —+ LT+t Yy, L —
i=t ) EK(j) =1 ) EK(j) i=1 5 EK())
]—l J=s j=t
my, m,, M1ing,
=) et Y+ 1
i=1 E K(j) i=1 EK(j) i=1 Z EK(j)
j=i j=t j=i
= Iy Tyg fing,
S NN J S W N J L 4y (482)
) BJ; EK(x) dx 0 ; EK(x) dx o | EK(x) dx
m..
where i =T',J =1, 2, , Ng
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Consider conditioning on one of the members of stratum 1 who died at a (random) time

such as r;=a. Equation (4.8.2) becomes,

a 12 fing,
i W Jtl; dy + Il—l- dy + --- + J' 1—-——1—- dy (4.8.3)
Ki(a) ] EK(x) dx o | EK(x) dx s [ EK(x) dx
y y Y
N _ nsl
= K= a Tia fing,
vt [ty ot | L
o] EK(x) dx o | EK(x) dx o J EK(x)dx
y y y (4.8.4)
Define,
z
F(z) = JT—L—dy, (4.8.5)
o ] EK(x) dx '
y
where,
1
F(1) = Jx 1 4y and F(0) = 0.
o [ EK(x) dx
y
Then,
Flz) = —L1——  with F/{1) = 0, F(0)=1,
|
] EK(x) dx
and, z
F'(z) = —2 K@) with F"(1) = oo, F"(0) = EK(0).

(;[ EK(x) dx)2

Taking the expectation on both sides of equation (4.8.4) w.r.t. r,;’s, then,

n
LHS = E(K,|a) = EK(a) = é:,-(-—(:)‘))z

1

1
o n51 " PN
l. l F(a)+F(ry)+ - +F(rm51) dry, dr;; dl‘msl .

1
RHS =I
0
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If multiplied by F'(a.) and integrate w.r.t a on the above equations,

= LHS =log[ F/(a)] + C C: some constant

f F'(a)

RHS = ng Fa)+F(r;9)+ - +F('1ns1

1

1
nSIJ
0

(=
O

) dr12 dtla e dl'lnsl
0

Oty

1
I log{ F(a)+F(r;5)+ - +F(1‘msl) }dryp dryy - d"msl (4.8.6)
0

Equation (4.8.6) is in the form of multidimensional integration equations.
Expression of EK(a) in closed form using equation (4.8.6) is analytically very difficult,
Tremendous efforts were directed at solving this equation analytically. Many

distinguished professors at both UNC and Duke University were consulted. However,

the general consensus was that a direct analytical solution does not exist. .

4.8.2. Approximate analytical Method

In this section, an alternative approach using an approximation suggested by
Dr. P. K. Sen is examined. Expanding the right hand side of equation (4.8.3) in a

Taylor series about K,= E K,(a), one obtains

n

s . . 2
T = nsl{ﬁﬁ;) = (K@) -EK (o) b + ((Ru(2)-EKy () g

4

3
- ( Ri(2)-EKy(a)) E‘_lix('ﬁ + ( Ki(2)-EK,(a)) E"Tll(?) - }

Taking the expectation on both sides,
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Dg
t(zis)
X 3 . 4
={ L varRy(e)  E(Ki@)-EKi(@)) E(Ki(2)-EKy(a) } s

EK,(a) = E*K,(a) E*K,(a) + E°K,(a)

The first step is to derive EK(a) using the approximation

1 Vo 1
E(m)_ EE ) (4.8.8)

From equations (4.8.3) and (4.8.5), thus,

1'1nsl

a
B V= f—1 —1 . S
E(Kl(la)) B ;,[}}, EK(x) dx v +E{J i EK(x) dx A J | EK(x) dx v

0
y

111
= F(a) +JIJ{ F(ria)+ - +F(f1nsl) }dryp dryg - dl‘ms1
00 0
1
= F(a) + (nsl—l)J F(z)dz. (4.8.9)
0

WLOG, omit the subscript 1. Note that ng is fixed here (i.e. as n — oo, % — 0).

Therefore, using the approximation of equation (4.8.8), equation (4.8.9) becomes

EI";(&) = F(a) + (ns—l)J; F(z)dz. (4.8.10)

Differentiating with respect to a on both sides of equation (4.8.10) gives

-(EK(a))’ ns .

( E;((a))2 - i EK(x) dx
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!
where (EK(a)) = ‘%Ii—(a-),

=
2

j EK(x) dx = —(-Flﬁ;)— . . (4.8.11)
a

(EK(a.)) ng

L .
Define g(a) = J EK(x) dx, then g'(ay = -E K(a), so that equation (4.8.11) can be
a

written as,

2
g2) g"(2) ns = (&' (2)) - (4.8.12)

Let h = dqg(Ta.) = g'(a), note that g"(a):‘al-%‘, then

’ —dh _
Ta Tg) — 0o =¢'@)

Therefore, equation (4.8.12) can be written as

g(a) h h'ng = h?

=
g(a) h'ng = h
=
“%=jb
=
ng log(h) = log{g(a)} + Co, Co: some constant
=

g'(a) = C,{g(a)}"’/"
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Integrating both sides,
ng
ns-l

ga) = { %33(Cia + ) }

Since g(0)=EK = 1 by definition, and using the equality of equation (4.8.10), it can be

shown that,
Ng

1
ga) = J EK(x) dx = (l—na)ns-l.
a

Therefore,
1
n ng-1 .
EK(a) = = sl(l—x.a,) , with «: some constant. (4.8.13)
.-
From equation (4.8.5),
Ty Ty —Os
1 ng-1
Fny) = [ —t—dy = [(1-w0) " ay.
o [ EK(x) dx 0
y
Recall that from equation (4.8.4),
- ns
K(e) = a Iy2 Ting
.[1 dy+JT—1———dy+-~'+J.-1——1—-dy
o] EK(x) dx o [ EK(x) dx o | EK(x) dx
y y Y

It was planned to derive the first 4 moments (i.e. E{K(a)—EK(a)} , (r=2, 3, 4), and

then derive EK(a) using the approximation,

ng \.. 1 Var K(a)
E(m)" n’{ FIOM E°K(a) }
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However, the distribution of K(a) proved to be sufficiently complicated that the

variance could not be obtained. Alternately, it was decided to use a numerical method

to evaluate equation (4.8.4).

4.8.3. Numerical Method

In this section, the distribution of the expected value of the stratum effect will be
examined numerically. Based on the log likelihood equations (4.7.1), the likelihood
equation for stratum 1 is,
=yt

i=1 E e~
i€R;

d

Flm

This can be expressed in terms of the EK(j)’s as defined in equation (4.8.1), then,
. o

=lz=: .

FI«-

In order to numerically evaluate the EK(j)’s, the first step is to condition on one of the

member of stratum j dying at time b, say, m,; ;=b, specifically,

n 1 e £y 1

s + e S R—

Ri(b) ~ =13 EK()) -=1f: K(J) Z 2 EKG)
j=i j=1 Jj=i

= K,(b)= = o Is LT . (4.8.14)
e ) Y[ S + _nl_
.-=1j2 EK() =1y EK() > EK(j) .

=i j=i j=i
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' The numerical problem here involves with the summations of functions of several
variables over regions with dimensions of the order ng. The number of function
evaluations needed to sample an N-dimensional space increases as the Nth power of the

number needed to do a one-dimensional summation. For example, when ng = 2,

equation (4.8.14) is,

EK,(b) Tng—l o 1 2“1212 1
= — + o
=13 EK() i=1 ; EK(j)

j=i

When ng = 3, equation (4.8.14) becomes,

. n n
EKL(®) Tnz._.mz_l b m,;, 3 m, 3 ’
| 129M3= T"l_ + Z + R
. =13 EKG) i E EK(J) =Y E (J)

and when ng = 4, equation (4.8.14) becomes,

EK,(b)
(4.8.14)
n .o n
=23 % !
= b M, myg3 m;4
m
123 4 Z _ﬁ_l_._,_ . 'h_l__+ 1 —+ 1
=1 Y EK() = EK() =1 » EK(j) =t 3} EK()
I=t J=3 J=1 J=3

It was numerically feasible to evaluate EK(a) for ng=2, 3 and 4, which
encompasses the strata sizes for most matched studies (e.g. 1to1,2to 1,3 to 1, 2 to

‘ 2, matched designs ). The algorithms for evaluating the EK(i)’s were programmed using
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FORTRAN language. The starting value for the iterative computation of the EK(i)’s
was 1. The program also used the constraint that K=1 at each iteration. All
arithmetic operations were performed in double precision. The convergence criterion
consisted of stopping the iteration, for each n given, when the absolute value of the
difference between the EK’s from two consecutive iterations is less than the
TOLERANCE parameter (=107%). The’ n was chosen to be 19, 39, 79, --- , 2«(n+1)-1,
and compared to the EK’s for the corresponding values from two successive runs until at
least three digits of accuracy after the decimal point were obtained. The distribution of

the EK’s for different strata sizes are plotted and given in Figure 4.1, 4.2 and 4.3.

Figure 4.1 shows the distribution of EK(i)’s when the stratum size is two. This
corresponds to a matched pair design. Note that the EK(i)’s go to infinity when i is
very small. The reason for this is that if the stratum size is two, by knowing one of the
members in that stratum died first, the expected value of the stratum effect for that
stratum will be very large. While knowing that one of the members in the stratum died
second leads to an expected value of the stratum effect large, but it is not as large as
when one knows that the member died first. As a consequence, the distribution of EK is
a monotone decreasing function in the case of no ties, and the distributions become more
and more flat as the ng increases. Figure 4.2 is the distribution of EK(i)’s when the
stratum size is three. This corresponds to a 1 to 2 matched design. The distribution of
EK’s shown here for i very small no longer goes to infinity as was true in Figure 4.1.
For stratum size 4, it is shown in Figure 4.3 that the distribution of EK’s is more flat
than it was in Figure 4.2. For ng—oo, (i.e. the stratum size is large), the distribution of
EK’s will become a flat line as shown in Figure 4.4. That is, when the stratum size is
large, knowing the death order of one of the members in a given stratum will not affect

the expected value of stratum effect.
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Due to the complexity of the function which involve ng-dimensional integration,
evaluations were possible up to ng=4 using the Cornell National Supercomputer Facility
and the UNC VM system. The computer programs used to generate the EK’s are

included in the Appendix B.
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lo 10239

i=1

EK(Ci),

EK() vs i/(n+1)
Ns=2

10.00 1

9.00 1

8.00 4

7.00 A

6.00 A

5.00 1

4.00 A

J.00 A

2.00 1

1.00 1

0.00 1

Figure 4.1:

The Distribution of EK when Stratum Size, ns, is 2
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EK(i)

EK(i) vs i/(n+1)

Ns=3

10.00 1

9.00 1

8.00 A

7.00 4

6.00

5.00 A

4.00 1

3.00 4

2.00 1

1.00 1

0.00 A

Figure 4.2: The Distribution of EK when Stratum Size, ns, is 3
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EK(i)

EK() vs i/(n+1)

Ns=4¢

10.00 A1

9.00 1

8.00 1

7.00 1

6.00 4

5.00 1

4.00 1

3.00 1

2.00 A

1.00 1

Figure 4.3:

The Distribution of EK when Stratum Size, ns, is 4
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EK(i)

10.00 4

1.00 1

0.00 1

Figure 4.4:

The Distribution of EK Corresponding to when Stratum Size, ns—o0
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8§ 4.9 Distribution of Estimated Strata Effects

Section 4.7 has shown that the distribution of the stratum effect is
approximately normal if the stratum size is large. In section 4.8 the large stratum size
assumption was relaxed and the distri.bution of the expected value of the stratum effect
was derived. The function of the expected values of the stratum effects, the EK(i)’s,
when stratum sizes are 2, 3 and 4 were numerically evaluated. This section uses the
numerical results of the EK(i)’s computed from section 4.8 to generate the distribution
of the stratum effect estimate. Recall from the log likelihood equations (4.7.1) and

equation (4.8.2), that,

Iy F12 Ting
%=Il—1'—dY+Jl—l——dY+"'+ —Li—dy
1 o [ EK(x) dx o [ EK(x) dx o | EK(x) dx

y Y y
Ty Tap T2ng
I—ﬁé—"—: — dy+11+dy+--~+ —L—dy
2 o [ EK(x) dx o | EK(x) dx o | EK(x) dx
y y Yy
Tng1 Tng2 Tngng
Iéls — I : 1 dy + I — 1 dy+ - + I — 1 dy(4.9.1)
Ng 0 I EK(X) dx 0 I EK(X) dx 0 I EK(X) dx
Y y y

with the constraint that E(f(,-) = K = 1. Notice that Kj can be written as a function

of the EK(x)’s. Under the assumption of no stratum effect, the r;;’s are i.id.

Uniform (0,1), for j=1, 2, ---, ng; i=1, 2, .-+, ng.
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r
Define, z = Jl—l——— dy, then,
o | EK(x) dx
y

1

dr _

i3 = JEK(X) dx,
T

and

1
£2) = £4E = [EK() ax. (49.2)
r

Thus _ll%s can be written as the sum of the z’s, for ng=2, that is,

2 =J1_1_dy+Il—l—dy=zl+z2.
j 0 I EK(X) dx 0 J. EK(X) dx
y Yy

Similarly, for ng=3,

.i' = Zl+ Z2+ 23,
K;

and for ng=4,

A =24 2+ 23+ 24
K;

Note that the distribution of -2- is the convolution of z, and z,. Let t,=z,+z,. The
j
distribution of t, can be written as

fi,(t) = J fry(t-u)fay(u) du. (4.9.3)
)

Similarly, the distribution of 2. can be expressed as the convolution of t, and zj,
J
defined as tj, and the distribution of 4 can be expressed as the convolution of t; and
J
for ng=2 can be written in terms of t, as:

zq. Therefore, the distribution of K;
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KJ- = %, for ng=3, Kj = % and for ng=4, it is KJ- =

distribution of stratum effect (#) can be easily obtained.

The distribution of z was computed by numerically integrating the EK(x) as
shown in equation (4.9.2) using the results from Section 4.8. The distribution of fi, was
obtained by numerically integrating the convolution of z, with z,, as stated in equation
(4.9.3). The distribution of t; was obtained by numerically integrating the convolution

of t; with z3, similarly, for the distribution of t,.

The distributions of t,, t; and t, corresponding to ng=2, 3 and 4 are plotted in
Figures 4.5, 4.6 and 4.7. For ng=2, as was shown in Figure 4.5, the distribution is
skewed to the right. For ng=3, in Figure 4.6, two graphs are given. The dotted line is
the distribution of t,(=z,+2,), and the solid line is the distribution of t3. Note that t,
is not as skewed as t,. Figure 4.7 is for ng=4, three graphs for t,, t3 and t, are given
with the solid line indicating the distribution of ty. The distribution of the stratum

effect, 3, was obtained by the change of variable: 3 = log(ng) — log(t), such that

55(8) = nse™1,(8).

The distributions of 3 are given for ng=2, 3 and 4 in Figure 4.8, 4.9 and 4.10. These
plots are symmetric about zero and as the ng increased the variance became smaller.
From the corollary in Section 4.7, when there are large stratum sizes, the distribution of
the stratum effect estimate, 3, is Normal(0, ﬁl—s)' The normal distributions,
corresponding to ng=2, 3 and 4, are considered as the limiting form of all three
distributions as ng—oo. Figure 4.11, 4.12 and 4.13 show the distribution of the strata

effect each having the same expected value (zero) and variance 3 3 and

1
i
correspondingly, overlaid with the distribution of 8 computed numerically. The shape of
the graphs is symmetric and fairly close to normal as predicted by asymptotic theory

but the variance is bigger than would be predicted by asymptotic results.
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§ 4.10 Discussion

A modified score test (MST) was presented in this chapter., The numerator of
the MST is the score statistic of the proportional hazards model with indicator stratum
covariables. The denominator of the MST is the proper variance estimate as proposed
in Section 4.5. The properties of the MST was discussed in detail when there is no
censoring. The distribution of the parameter estimates of stratum effect was derived,
under the hypothesis of no stratum effect and the number of strata are proportional to
sample sizes. The estimates are not consistent and traditional large sample theory does
not apply. Simulation results are given in Section 4.6 and shown that the MST is
always better than the SLRT and about 97% efficient for stratum size 10 when there is

no stratum effect.

In summary, the MST is much more efficient than the SLRT and slightly less
efficient than the LRT and the MLRT when there is no stratum effect and as efficient
as the SLRT when there is “large” strata effects. For large stratum sizes, the MST is
fully efficient for all sizes of strata effects and as efficient as the LRT and the MLRT

when there is no stratum effect.
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Chapter V

MODIFICATIONS FOR CENSORED DATA

§ 5.1 Introduction

The modified score test (MST) was introduced in Chapter 4. The distribution
and asymptotic properties when there is no censoring were examined. In this Chapter,
the generalization of the MST for censored data will be discussed. Consideration is
given to the case of Type I censoring at some fixed time ¢. The results for random Type

I censoring can be easily extended.

As mentioned in previous chapters, censoring can be viewed as an example of
incomplete or missing data. The failure time t; of a censored subject is not observed,
and is known only to exceed the censoring time c;. In the case of fixed Type I censoring,
the proposed test S is as given in equation (4.1.1) where §;=1 if the subject is

uncensored, §,=0 otherwise. Some additional definitions are:
n

D: total number of deaths, D = Z ES;
i=1
n
D; : number of deaths may occur at and after time i, 9; = z Eé;
I=i
"J)j'- : number of deaths may occur at and after time i in stratum j,
n
{=1 .
dsj: number of death within stratum j

The B is the parameter vector of strata effects and B is the solution to the following

equations:
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B, =2 Bz,
= Z e,~]
F€ER
B,
n n,; e
—dsx—zéin = = =0
=1 9 :3]
Z n]l e
j=1
Bz;
Sz e’
n ER; m)
X3 - 26 Zm; J .
ﬁm t=1 ! BZ]
DI
j€R:
n Bm
=dsm"z:6:'nnmt - — =0,
i=1 g ,@j
J=1
n Bng
oL = dsp. — 6-nn9ie — =0
gﬂng "9 ; ' ng ﬂ]

§ 5.2 The Effect of Censoring

9.2.1 When There are “large strata effects”

ﬂ y Y¢
As described in Section 4.2, the definition of “large” strata effects is: e ’ '— oo,

8.,
V j<i, where e " is the hazard ratio of stratum j and stratum i. Using derivations

similar to Section 4.2, it is easily shown that:
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ijeJ %:szij

& -1/2 ; -1/2 ;

S=nTTR08 | i m S| = TR X = e
| ﬂ%:e] ' - R ’

t

-1/2 Nayj _
J H

where, th th
1 if i and j patients belong to the same stratum
0 otherwise
n.. = # of patients at risk at time i , stratum j

LY

np;;= # of patients, group A, at risk at time i, stratum j

a.=—

1 death at time i, stratum j, group A

0  death at time i, stratum j, group B

where §,=1 if the subject is uncensored, §,=0 otherwise.

5.2.2 Properties of S Conditioned on Estimated Strata Effects

Apply the definition given in equations (4.3.1a,b,c,d). Again, « is the parameter
for treatment effect, &, is the parameter estimate. When @g is used in the model rather
than Bz, the parameter estimate for x is &" which is the solution to the following

(incorrectly specified) log likelihood equation:

(5.2.1)
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Using methods similar to Morgan (1988, Appendix) on omitting a subset of .

covariate, S can be re-expressed as:

§ =073 6 xi — Ult;, B2)] = S, + S, + g

where,
S, = n_1/226i[ x; — U(t,, ax+@g)]
S, = n'l/zzéi[U(ti, ax+0z) — U(t,, a‘x+[:ig)]

Sy = 07236 Uty a*x+82)=U(t;, B2) ]

In the above, S, is the log likelihood equation for a under the true model, S, is
asymptotically normally distributed with mean 0 and variance p (1 = p)(1 = =(c)),

where #(c) = E[exp{-A(c) exp(Bz)}] is the proportion of censoring. If p=i, then,

s, ~ N(0, ™)),

S, and S; can be similarly evaluated as in section (4.3). S, will converge to 0 and S,

can be shown to converge to,

).Il—w(c)l
a=0

4

1/2({da"*
83 - an (HE
where the censored case of %%. l a=o 18 evaluated by the following Lemma.

*

Lemma 5.1. Let & = %a
43

a=o for the case of censoring, then

) VO(t’ @?) dt

ME)A(t) Vo(t, Bz+8
Vo(ta ?!
1-Vqy(c, 0)

A(€)Vo(c, Bz) +j

&t - t

2
)
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Proof By definition, a
the log likelihood equation (5.2.1) where the asymptotic limit is given by:

xXZ

“{ o o2 X2, Fryz(-1,%,2)} I(u>5)}

0= IJJ{ x d Fyxz(t,x,2)} I(t<c) — Jl(t<c)”‘{ d FTIxz(t,x,z) dFy7(x,2)}
t

txz

(5.2.2)

” a'xsfz, Fryz(-ux2)} [(u>t))

Xz
with Type I fixed censoring at time c, when x = 1, -1 this can be written as
c
0= J L) { Vi(t, §+82) - Va(t, -§+82)}
0

2{ Vl(ta 2

*, the parameter value, is the solution to the asymptotic limit of

- ’\(t) {V (t’ g"‘ﬁ-) + A% (t’ -a"'ﬁ-)} ..- " .
T R TR Vi TeB) + Va(t S4B}

Subsequently, it can be shown that,

0 = [{IMO(Valt, 82) = A(t) Valt, 282) + Volt, 2) — A(®) Vi(t, 202))

= M) Volt, B2) = A(t) Vo(t, 282) — Va(t, B2) + A(t) Vo(t, 262)) - 0

ME) Volts B) (cov o 5
Ve (&7Valt 1) = AW) Vott, f2481)

Vo(ty @2)
Vi pry 0%

C
= J A® { Vo(t, Bz) — A(t) Vo(t, 282) + A(t) Vo(tvﬂz+gz) Vo(t, f2)
0 ot @Z)

c
- a'J A(t) Vio(t, Bz) dt.
0
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Note that,

c C Bz
J A(E) Volt, Bz) dt = J At) J Bz -A) e F,(z) dt
0 c A Bz
= “{ M) 2% A g a )
20
= I[e A & 11; d Fp(2)
z
=1- VO(C9 0)
and
c c \ g A(t)e
J,\m A(8) Vo(t, 207) = IA(t) A(t)J d Fy(z) dt
0
¢’ Bz
z -A(t) e~
=”{ A a0 4y
20
c Bz Pz
J{JA f2 -A(t) e —A(t) FZAl) e } 1%°dF,(2)
z2 0 °
= - [Vo(t, 0) + A(t) Vo(t, 82) ][]
=1 = Vy(e, 0) — A(t) Vi(c, @Z)
Therefore,
G = ((ijia a=0
A©) Vo(e, ge) + [ AW Velt B2228) Vit 09)
_ t Vo(t, @Z) 5.9.3
- 1-Vy(c, 0) ) (6.2.3)
In the above, § = S1+S,+8S; in which S, is asymptotically normal with mean 0
and variance I_I(c), S, converges to 0 and S; converges to a-nl/zé“’-[—l_‘lﬂ-].

Therefore, with Type I censoring fixed at time ¢, the score statistic for the proportional
hazards model with indicator stratum variables conditioned upon the estimated stratum

effects is asymptotically normally distributed With mean a-nl/zé‘c-[l——;-r(—c)] and
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m(c)

variance 1—4 where &*¢ is given in equation (5.2.3). Noted that the above results

hold only when none of the strata effects are dominating, i.e. equation (4.3.5) holds.
The variance of the numerator of the proposed test when conditioned upon the

estimated stratum effect is similarly derived as in equation (4.3.6) and is given by:

var(§|p) =21 P) Z (w$)? - ‘I’l((fls‘_f)) EZ WELWe., (5.2.42)

1=1

for balanced treatments within stratum, where i* and j* are in the same stratum and

var(§|8) = p) E (W$)?, (5.2.4b)

t=1

for the unbalanced cases where

Wf:(‘s""K(ﬂ};‘siﬁ)‘

te!Rj o

Thus, with Type I censoring, the numerator of the proposed test when conditioned upon
estimated strata effects is normally distributed with mean a-nl/zé'c-[l———‘-:—(f—)-] and

variance given in equation (5.2.4a,b).

5.2.3 Asymptotic Distribution of §

In the case of censoring, when there are “large” stratum effects (defined as all
K’s were diverging) the numerator of the proposed test, S, converges to the numerator
of the SLRT as was shown in Section 5.2.1. If none of the K’s are diverging, with Type

I censoring fixed at time ¢, the conditional distribution of § given J is normal with mean

a.nl/za-c,tl—.:(c)l 1—:(c)

o e

, where &"¢ is given in equation (5.2.3). The

and variance

variance is independent of the stratum effect, therefore, the unconditional distribution of
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§ will have the same variance as the conditional one. If some of the strata effects are

large, the variance of the proposed test when conditioned upon G’s is given in equation

(5.2.4).

5.2.4 Variance Estimate of §

The variance estimate of the proposed test can be easily generalized to

incorporate censoring.‘ For balanced treatments within stratum, that is,

\‘/c i W°)2 _ (1 = P) ZZ wc WC.,

2 n(naD) 1) . (5.2.5a)
for unbalanced cases, it is,
_ n
v p(ﬁlr"-) 3 (w2, (5.2.5b)
1=1
i
where Wi = ( b — Ky 2 6; —E—J'T.(; )
1€ER;
Therefore, with Type I censoring, the proposed modified score test is given by
1/2 2
n- X, WS
MST = I: 2\./ : ‘)] . (5.2.6)
-4

9:2.0 Distribution of Stratum Effect Estimates

The distribution of Kj for the case of large stratum sizes with type I censoring is

studied below. The assumptions made here are similar to those given in Section 4.7

The assumptions are:
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(a) no strata effects, i.e. K;= K= --- = Kpg4
ng ng
(b) Z D,; K, converges to 9;; K = K-9;, V i, K, some constant
1

=1 j=

(c) There exist an M <oo, such that Pr(|Kj| > M) — 0, for all j, as n— oo .

The distribution of strata effects for large stratum sizes in the case of Type I censoring
can be similarly derived as the case of no censoring in Section 4.7. The proof of the
following lemma is virtually identical as of Lemma 4.4. The only changes to make are
as follows. The j':h stratum size denoted by ns; replaced by the number of death in that
stratum denoted as d,j. The total sample size, n, replaced by the total number of
deaths, d. The number at risk at time i, n;, replaced by the number of deaths may
occur at and after time i, 9;, and the number at risk at time i in stratum j, nj;, replaced

by 9;;. The results are as follows.

Lemma 5.2 If no strata effects, as 9 — oo, ".'DJ-,- and 9,; G # |, j, |, stratum indicator)

are independently distributed as binomial( dsj, %), where dsj is fixed.

Using the results of Lemma 5.2 and Lemma 4.5, the following theorem concerning the

distribution of the 3’s can be similarly established for censoring cases.

Theorem 5.1: Under assumptions (a) - (c) in the above, the [3]-’5 are independent and

identically distributed with density function

ds. )
ds . - dsJy - dsje y

fY(y) = fé:j e e )

J

where j= 1, 2, --- , ng.
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Recall from Section 4.8 and Section 4.9, even in the case of no censoring, the
distribution of strata effects can not be explicitly written in closed form. The
distribution of strata effects must be numerically evaluated. In the case of fixed Type 1
censoring, the distribution of strata effects can also be num;erically determined and the
distribution is dependent on the number within stratum as well as the censoring
distribution. Due to the vast amount of computer time involved in the numerical
evaluation, the actual evaluation will not be included in this research, but the steps in

performing this will be discussed below.

The distribution of the expected value of the stratum effect was examined
numerically in Section 4.8.3. The results can be easily generalized in the case of Type I
censoring. Using the same notation given in Section 4.8.3, and define 9 =iE6i.

i=1
Conditioned upon the total sample size, n, the total number of deaths is a r'andom

variable following a binomial distribution. Let P4 = Pr(? | n) and Pa;= Pr(ds| ns;).

For E(ds,) = 2,

A n D 9
EK,(b) = Z P4 E b M,
D=1 Myy=l -1
i= i= E EK(j)
j=i j=t
When E(ds,) = 3,
A n 2 92
EKl(b) = %E pdmz:dnz . i ) m12 31 rn13 ) )
=1 125811 3= + +
— K ) et 9
=IYEK() Sy EK(G) 2. EK(j)
J=1 J=s =i
and when E(ds,) = 4, equation (4.8.14) becomes,
n )
EK,(b) =g§; Pa Y N :
=1 m,, T_l 1
+
lé:l EK ; i=1 J
Py () E‘, EK(j)




The numerical results of the EK(i)’s computed from above can be use to
generate the distribution of the K’s and of the stratum effect estimates. Notice that the
K’s can be written as a function of the E K(i)’s as was shown in equations (4.9.1).

With Type I censoring equations (4.9.1) can be modified as:

r
d LI} T1a 1ds
Ki 3] EK(x) dx 5 | EK(x) dx s | EK(x) dx
y Y y
Tad
d Ty T22 S2
ﬁ-_-f—l——l dy+J———l 1 dy+ +I —Ll—ay
K2 3 [ EK(x) dx s [ EK(x) dx s | EK(x) dx
y y y
d Tng1 Tng2 l.ngdsng
L3 .
K—"§= J —Ll 4y I —L dy+ -+ J —L  4g52T)
ng % }f’EK(x) dx 0 J’EK(X) dx 0 }‘[EK(X) dx

The constraint used here is E Kj = K = 1. Under the assumption of no stratum effect,
the rj‘-’s are i.i.d. Uniform (0,1), for j=1, 2, .-, ng; i=1, 2, ---, dsj- As defined in
Section 4.9,
r
z = Jl—i——— dy

v | EK(x) dx
and y

1
fi(@) = f()-9L = J EK(x) dx.

ds.
Then, the K—’ in equations (5.2.7) can be written as the sum of the z’s. For dsj= 2,
J
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that is,

Ty T2
-:2—=J’-————-1 1 dY+JT—1——dY=Zl+Zz’
K; 31 EK(x) dx o | EK(x) dx
y y

and so forth. Define t, = z; + z,. The distribution of t, is the convolution of z, and Zy

and can be written as

fi,(t) = J fa2,(t-u)fz,(u) du.

1]

Similarly, the distribution of Ki can be expressed as the convolution of t, and z,,

j
defined as t;. The distribution of Kj for E(dsj)=2 can be written in terms of t, as:

-

Kj = tg’ and for E(dg)=3, KJ- = %, etc. The distribution of the stratum effect
2

estimates, ,Z?j, can be obtained by change of variables, that is, ﬂj = log(dsj) — log(t),

such that

f5,(8) = ds.eP 1(8).

With the procedures discussed above, the distribution of the stratum effect estimates

can be numerically evaluated in the case of Type I censoring.
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§ 5.3 Simulation Results

A simulation study is conducted to examine the effect of censoring has on the
efficiencies of the tests, the MST, the LRT, the SLRT and the MLRT, for stratum sizes
of 2 and 10. The comparisons were made based on the AREs of each test and the AREs
are computed from the means and variances of the test statistics determined over the

simulations. The simulations were conducted as discussed in Section 4.6. In addition:

(1) Assume Type I fixed censoring where everyone in the study has potential
censoring time ty, which was chosen to be oo, 0.3721, 0.1413, and 0.05 to
correspond to 0%, 25%, 50% and 75% censoring.

(2) The stratum effects used in this simulation were generated to be
B ~ Uniform (0, A), where A=3 corresponds to hazard ratio of the

interquartile range of 4.5.

The results of these simulations for different proportion of censoring are
summarized in Table 5.1b. Note that the efficiency of the MST decrease slightly as the
proportion of censoring increase while the efficiency of the LRT is lower for small
amount of censoring and then increase as the proportion of censoring gets large. The
efficiency of the SLRT remains constant with the changes of percent censoring and the
efficiency of the MLRT increase with the increase of percent censoring. The MST seems

performing very well over a wide range of different censoring patterns.
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Table 5.1

Simulation results, balanced design
Assume B ~ Uniform (0, 3)

Stratum % Censoring ARE ARE ARE ARE
size of of of of
LRT SLRT MLRT MST
2 0% 0.4865 0.4923 0.7102 0.6960
2 25% 0.5075 0.5755 0.8308 0.7830
2 50% 0.6260 0.6412 0.8671 0.7880
2 75% 0.7747 0.7139 0.8658 0.8119
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Table 5.2

Simulation results, balanced design
Assume 8 ~ Uniform (0, 3)

Stratum % Censoring ARE ARE ARE ARE
size of of of of

LRT SLRT MLRT MST

10 0% .7437 7670 7424 9554

10 25% .5226 .8734 7979 .9939

10 50% .6363 .8612 .8698 .9356

10 75% .7667 .8576 .8868 .8703
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Chapter VI

COMPUTER ALGORITHM AND EXAMPLES

§ 6.1 Introduction

In this Chapter a computer algorithm is developed for an iterative procedure to
estimate the large number of parameters of strata effects. These parameter estimates
are subsequently used to compute the modified score test. An example of comparing the
time of the infection effect indwelling vascular catheters had in cancer patients, from a

randomized clinical trial is provided. The clinical trial is a two to one matched design.

§ 6.2 Computer Algorithm

Once the parameter estimates for strata effects, 3, are computed, the proposed
" test statistic, S as given in equation (4.1.1), is easily calculated. The SAS PHGLM
procedure may be used to compute the estimated strata effects for the proposed model
by assigning ng-1 indicator stratum variables. However, the method (modified Gauss-
Newton method) used by PHGLM and BMDP2L to compute the maximum-likelihood
estimates (MLEs) requires calculation and inversion of the matrix of second derivatives.
This can be a very time consuming procedure even for a moderate number of strata, 10
to 20, and practically impossible for ng > 20. When the number of strata increase with
the sample size, the PHGLM failed to compute the estimates and test statistic. Others

(Holt & Prentice, 1974; Clayton & Cuzick, 1985; Huster, Brookmeyer and Self, 1989)
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are given the considerations of the proposed test statistic, but the computational

I difficulties in finding 3 appeared insurmountable.

An iterative procedure that does not involve the inversion of the covariance
matrix is considered here. The MSTEST program listed in the Appendix C is written in
FORTRAN and can be easily modified to different computer environments and available
resources as described in the PROGRAM GUIDE (Appendix C). The rationale behind
the program will be discussed below:

To find the maximum likelihood estimator, note that the objective function is £=log L,

the estimated stratum effect, L:i, is the solution to the following equations,

@%j .
n PIETE n By
aL _ _ €W _ n;e =0
'373——2 % 5 =Ds E n 3.
1 i=1 @ZJ = 3 j
S e >, By e
FERi i=1
» ?z:’ )

Let @ be the arbitrary initial values for the estimates of [:i, the estimated stratum effect,
[:7 , can be approximated by the following equations. Type I fixed censoring can be easily

incorporated, that is,

- eﬂl = dsl
o 2

*Qo
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where dsj denotes the number of deaths in jth stratum. The values, ,@, computed from
the first iteration are then used as the initial values, @, in the second iteration, and so
forth. Convergence will be assumed when the differences in any two parameter
estimates between two successive iterations is less than 10~%. To avoid the
underflow/overflow problems, when an estimated stratum effect diverges to greater than
10%, it is set to be 108, similarly when an estimated stratum effect diverges to less than
10 =%, it is set to be 10 ~®. The program also computed the modified score statistic
given in equation (4.1.1) using the previously obtained parameter estimates under the

hypothesis of no treatment effect.

§ 6.3 Example

This section contains an example of applying the new proposed test statistic to a
highly stratified randomization clinical trial. The example is kindly given by Dr. Peter
Axelrod at the Department of Infectious Diseases, School of Medicine, Temple
University. This retrospective clinical trial was designed to compare the rate of infection
in two types of indwelling vascular catheters in cancer patients. One type of catheter,

the Hichman, is tunneled under the skin but ends externally like a “heparin-lock”. The
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other type, the “infusaport” is entered by a needle through the skin. It was hoping that
the “infusaport” would reduce the incidence of infection, but it was possible that it could
increase infections. The study population consists of 47 patients with Hichman catheters
and 94 with infusaports matched on tumor type, presence of metastases, age, gender,

and time of catheter insertion.

This example is analyzed using the log rank test (LRT), the stratified log rank
test (SLRT), with 47 strata, each stratum has 3 patients, and the proposed modified
score test (MST). The results of testing for treatment effect using these three tests are
summarized in Table 6.1. All three tests show a significant treatment effect at Type I
error, a = 0.05. The heavy censoring pattern shown in this particular data set may be
the reason why the MST is less significant than the other two (the LRT and the SLRT).
The score test computed from SAS/PHGLM, the numerator is the same as the
numerator of the MST, only the variance estimates (denoxﬁinator of the test) are
different. Note that the computation time used to compute the MST using MSTEST
program was reduced by a factor of 1:21 over the SAS/PHGLM procedure (7.21 cpu
seconds vs. 157.91 cpu seconds). The time used to compute the LRT and the SLRT
' using SAS/PHGLM procedure took 8.76 and 8.12 cpu seconds respectively, which is
longer than the MST computed from MSTEST program, even though the latter

involved more parameter estimations than the former one did.
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Table 6.1.

Catheter Trial Data Analyzed by the LRT, the SLRT and the MST
for testing the treatment effect
using SAS/PHGLM procedure and MSTEST program (Appendix C)

Test Statistic p-value CPUt time (in seconds)
LRT/PHGLM 7.92 0.005 8.79
SLRT/PHGLM 7.90 0.005 8.12
SCORE/PHGLM 13.54 0.0002 157.91
MST/MSTEST 4.52 0.03 7.28

t the comparisons were made using a Micro VAX II.
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Chapter VII

DISCUSSION AND FUTURE RESEARCH

§ 7.1 Summary and Discussion

A modified score test (MST) has been proposed as an alternative to the log-rank
test (LRT), the stratified log-rank test (SLRT), and the modified log-rank test (MLRT)
in the testing of treatment effect for highly stratified survival data. The proposed test is
based on the score statistic of Cox’s proportional hazards model with indicator strata
covariates. A major focus of this research was to examine the asymptotic properties of
the proposed test as compared with the existing tests. The MST has been shown to be
much more efficient than the SLRT and slightly less efficient than the LRT and the
MLRT when there is no stratum effect and as efficient as the SLRT when there is
“large” stratum effect. Simulations show the MST is more efficient than the LRT, the
SLRT and the MLRT for “moderate” strata effects. A computationally feasible
FORTRAN program is developed for the computation of the proposed test. The
computation involved an estimation of large number of parameters which is
computationally infeasible using existing software packages such as SAS PHGLM or

BMDP2L.

The distribution of parameter estimates, where the number of estimates increase
proportional to the total sample sizes has special difficulties. It is common in clinical
trials to have quite large numbers of small groups of observations where the group sizes
are 2 (corresponding to matched pair design), 3 or 4. Maximum likelihood theory does

not apply in estimating these parameters. Small sample theory based on asymptotic
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conditional means of the strata estimates that used to derive explicit equations which

then solved by numerical methods to derive the distribution of the estimates.

§ 7.2 Future Research

The proposed test is based on the assumption of proportional treatment effect
and proportional stratum effect. Generalization can be made for the case of

nonproportional treatment effects and nonproportional stratum effect.

The results based on proportional hazards model in this dissertation are easily
generalizable to nonproportional hazards treatment effects. This can be done by
generalizing to time dependent treatment effects in a time dependent proportional
hazards model. This approach is similar to the extension of the LRT to the weighted

version of the LRT.

The assumption that the multiplicative relation between hazard and stratum
covariates includes most models for survival in the literature. For example, Gompertz
(1825) observed an approximate exponential relation between the hazard function and
age of the patient. Different doses of radiation on experimental animals was also found
to operate multiplicatively on the hazard (Storer, 1965). If there is stratum effects that
are not proportional, the performance of the MST is unclear and may become inefficient.
Thus, attempts at verifying the proportionality assumption and research into the

robustness of the MST should be considered.

The proposed test was based on the score for the proportional hazards model
and therefore weighted all observations equally. Extension of this work could be
performed allowing for unequal weights to the strata, for example, unequal weights

which are proportional to some function of the stratum sizes. Extensions of this test to
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unequal weights would have important applications in survey sampling, nonproportional
sampling of risk groups, and pooling of data from strata with different quality control

efforts.

The test proposed in this dissertation is for survival data when there is a single,
possibly censored, survival time on each study subjects. Extensions to the case of
competing risks (i.e. the failure on an individual may be one of several distinct types or
causes) and the case of multivariate failure times (i.e. repeated occurrences of some

similar events) could be developed.

In Section 4.6 to Section 4.8, the distribution of a larger number of ;;timated
stratum effects were evaluated by numerical methods. Applications of the distributions
of a large number of inconsistent estimates to other area’s of statistical theory are of
great interest and are highly recommended. This research can form the basis for further
work on the developing of tests for heterogeneity in highly stratified data and estimates

of the distribution of the heterogenious effects.
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APPENDICES

The APPENDICES consist of three parts, APPENDIX A, APPENDIX B and
APPENDIX C. APPENDIX A contains three programs for the computation of the
ARE’s of the LRT, the SLRT and the MLRT for different assumptions about the
distribution of stratum effect discussed in detail in Chapter 3. The program :shown in
APPENDIX B determines the distribution of the EK’s described in Chapter 4.
APPENDIX C includes the PROGRAM GUIDE and the program itself for computing
the proposed modified score test. The integration subroutine used in MLRTV programs
(in APPENDIX A) incorporates the DQDAGS subroutine which can be found in most

computer algorithm books or in IMSL packages.
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APPENDIX A

Computation of the ARE of the LRT:

C This is the FORTRAN program to compute the asymptotic mean of the LRT,
C where the stratum effect, beta is uniform(0,A) among strata.

C The parameters used are:

C k: no. of stratum

nr: no. of replications used in the integration subroutine

p: proportion of subjects in treatment group

d: stratum effect

C
C
C
C
C NOTE: This program can be easily modified for beta is normal(0,sigma)
(o] ( see MLLRTV program ) and beta is dichotomous by redefining
C the wt function.

program LRTM2

implicit double precision (A-H,0O-2Z)

external f

common /param/ a,p,xlamda,xij,nr k

data one /1d0/

data two /2d0/

OPEN (UNIT=12)

xlamda=one

k=100

nr=3600

P=0.5

do 111 na=0,70
a=0.1d0*na
sumbeta=0.0d0
sum=0.0d0

DO 50 Ji=1,k
beta2=((dfloat(jj)-one)/(dfloat(k)-one))*a
xlj=xlamdaxdexp(beta?2)
call integ(F,V,nr)

sumbeta=sumbeta+beta2

sum=sum+V

50 CONTINUE

beta=sumbeta/dfloat(k)

value==sum/dfloat(k)

write (2,80) k,beta,a,value

write(*,80)k,beta,a,value

80 format (i5,215.2,f12.8)

C
111 CONTINUE
STOP
END
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function f(x)
implicit double precision (A-H,0-2)
common /param/ a,p,xlamda,xlj,nr k

C
data one /1d0/
C
cnl=0.0
cn2=0.0
dl1=0.0
d2=0.0
C
DO 50 I=1,K

beta3=((dfloat(i)-one)/(dfloat(k)-one))*a
ri=dexp(beta3)
xli=xtamdaxri
cnl=cnl<4xlixxxdexp(-xli*x)
dl==d14dexp(-xli*x)
cn2=cn24xlikxxrixdexp(-xli*x)
d2=d2+4rixdexp(-xli*x)

50 CONTINUE

C
sl=cnl/dl
s2=cn2/d2
f=p*(1-p)*(one+s1-s2)*x|jxdexp(-xlj*x)
C
RETURN
END

SUBROUTINE integ(F,V,nr)
implicit double precision (a-h,0-z)
c integer nr
h=1.d0/dfloat(nr)
=-h/2.d0
sum=0.d0
do 10 i=1,nr
x=x+4h
=-dlog(x)
10 sum=sum+F(t)/x
v=sum=h
RETURN
END
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APPENDIX A - con’t

Computation of the ARE of the SLRT:

C This is the program to compute the asymptotic mean, variance and
C ARE of the SLRT. Note that the mean and variance only depend on
C stratum size, ns, and are independent of strata effects, beta.

10

70
80
20

program SLRT
implicit double precision (a-h,0-z)
integer n k,m

open (UNIT=12)

do 20 n=1,200
sum=0

ms=2x*n

do 10 k=1,m
sum==sum+-real(m-k)/real(((m-1)xk*m))

continue

eff=1-sum

x=20.25%eff

write(12,70)

write(12,80)m,eff,x

format(' straum size, ARE, SLRT(variance):')

format(i5,2F10.5)

continue

stop

end
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APPENDIX A - con’t

Computation of the ARE of the MLRT:

C This is the program to compute the variance of the MLRT,

C where the stratum effect, beta is normal (0, sigma) among strata.
C The parameters used are:

C k: no. of stratum

nr: no. of replications used in the integration subroutine

p: proportion of subjects in treatment group

d: stratum effect

NOTE: This program can be easily modified for beta is uniform(0, A),
and beta is dichotomous by redefining the wt function.

O0000O0

program MLRTV

implicit double precision (A-H,0-2Z)
external f1,f2

common /param/ sig,p,xtamda,xlj,nr k
data one /1d0/

data two /2d0/

OPEN (UNIT=12)

xlamdas=one

k=250

nr=1600

p=0.5

do 111 na=0,20
$ig=0.1d0*na
suml1=0.0
sum2=0.0

do 50 JJ=1,K
betal=((dfloat(jj)-one)/(dfNoat(k)-one))»sig*7.0-3.Sxsig
x1=((dfoat(jj)-one)/(dfloat(k)-one))*7.0-3.5
wi=dexp(-0.5*x1x*2)/(dsqrt(2.0d0%3.14159265))
xlj==xlamdaxdexp(betal)

call integ(F1,v1,nr)

call integ(F2,v2,nr)

suml=suml<4V1xwt

SUM2msuM2+4V2xV2swt

50 continue

value=P*(ONE-P)*(TWO=*sum1-sum2)x7.0/dfloat(k)

write(*,80)k,sig,value

WRITE (2,80) K,sig,value

80 FORMAT (15,15.2,F12.8)

C
111 continue
STOP
END
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FUNCTION F1(X)

implicit double precision (A-H,0-Z)
common /param/ sig,p,xlamda,xlj,nr.k
data one /1d0/

C
s1=0.0
$2=0.0

C
do 50 I=1,K

beta2=((dfloat(i)-one)/(dfloat(k)-one))*sig*7.0-3.5#sig
x2=((dfloat(i)-one)/(dfloat(k)-one))*7.0-3.5
wt=dexp(-0.5*x2+x2)/(dsqrt(2.0d0*3.14159265))
xli=xiamdaxdexp(beta2)
s1=s1l+xlixxxwt
§2=524-xlixwtxxx*xxli
50 continue
C

sl=s51x7.0/float(k)

§2=52x7.0/float(k)

fl=-dlog(s1)*(s2/s1)*xx*x(xlj-1)

RETURN
END

FUNCTION F2(X)

implicit double precision (A-H,0-2Z)
common /param/ sig,p,xlamda,xlj,nrk
data one /1d0/

S1=0.0
$2=0.0

do 50 i=1,K

beta3m=((dfloat(i)-one)/(dfNoat(k)-one))*sig*7.0-3.5%sig
x3=((dfloat(i)-one)/(dfloat(k)-one))*7.0-3.5
wt==dexp(-0.5+x3*%2)/(dsqrt(2.0d0x3.14159265))
xli=mxiamda=dexp(beta3)
S1=S14xlisxswt
S$2=S24xlixwtxx*xxxli

50 continue

C

f2=(s2/s1)*x**x(xli-1)
C

RETURN

END
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20

SUBROUTINE integ(F,V,nr)
PARAMETER (TOL=1.0D-10,RELTOL=0.0)
implicit double precision (a-h,o0~2)
realx16 sum
EXTERNAL F

=1.d0/nr
y=h/2.d0
sum=0.q0
do 10 i=1,256
x=ixh-y
t=F(x)
sum=sum<t

CONTINUE
do 20 i=nr-255,nr
x==ixh-y
t=F(x)
sum=sum-+-t
CONTINUE

vi=sumxh
a=256.0d0/nr
b=(nr-256.0d0)/nr
call dqdags(f,a,b,tol,reitol,v2,errest)
v=vl4-v2
RETURN
END
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APPENDIX B

*%%This is the CORNELLF version *x
This is a program to calculate sets of EKs for an NS of 3.

> The array W is defined for holding V(1)4+V(l) in the first N
elements, and V(1)4+V(J) for I<>J in the remaining elements.
This allows for cutting out 1/2 of the additions and reduces
summation from a double DO loop to a single loop with a very
long vector.

> The read in starting values are renormalized before starting
the iterations.

> The direction of the summations is changed to try and add from
the smallest to the largest, in order to decrease roundoff due
to shifting for alignment.

> Code to catculate the sum of squares of (fnew(i)-fold(i)) is
put back in. This is to hopefully give better indication on
procedure is converging or diverging or oscillating.

> Code is added to dump current iteration results if program is
in danger of running out of time.

OO0 000000O0

program EK2NS3
parameter (N=639,TOL=1.0D-8)
parameter (nn=(nx(n+1))/2)
parameter (TLIM=8.4D2)
implicit double precision (a-h,0-2)
dimension fold(n),fnew(n),u(n),v(n),w(nn)
integer ssdct
dimension timel(4),time2(4),time3(4)
OPEN (UNIT=10)
read(10,1000)(fold(i),i=1,n)
1000 format(d20.14)
CLOSE(UNIT=10)
sum=0.0
do 2 i=n,1,-1
sum=sum--fold(i)
2 continue
do 3 i=1,n
fold(i)=fold(i)*(dfloat(n)/sum)
3 continue
OPEN (UNIT=11)
rn2=1.0d0/dfloat(n)*x»2
ssdct=0
ssold=dfloat(n*x3)
C Initialize the job timer
call vmtime(timel)
C and iteration timer from job timer
TIME3(1)=TIME1(1)
TIME3(2)=TIME1(2)
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TIME3(3)=TIME1(3)
TIME3(4)=TIME1(4)
1=0
§ continue
I=l4=1

u(n)=fold(n)
do 10 i=n-1,1,-1
u(i)=u(i41)4fold(i)
10 continue
do 20 i=1,n
u(i)=1.0/u(i)
20 continue
v(1l)==u(l)
do 30 i=2,n
v(D)=v(i-1)4u(i)
30 continue
do 31 i=1,n
w(i)=v(i)+v(i)
31 continue
k=n
do 33 i=1,n-1
do 32 j=i+1,n
w(k-i4j)=v(i)+v(j)
32 continue
k==Kk-i4n
33 continue
C This is the central time intensive section of the program
do 40 k=1,n
fnew(k)==0
do 51 i=n,1,-1
fnew(k)=fnew(k)+3.040/(v(k)+w(i))
51 continue
do 52 i=nn,n+41,-1
fnew(k)=fnew(k)+6.0d0/(v(k)+w(i))
52 continue
fnew(k)=fnew(k)*rn2
C Now renormalize the fnew to sum to n
40 CONTINUE
sum=0.0d0
do 43 i=n,1,-1
summssum<-fnew(i)
43 continue
do 44 i=1,n
fnew(i)=fnew(i)*(dfloat(n)/sum)
44 continue
C Calculate the sum of squares of changes from fold to fnew.
C If this has not decreased then issue a warning. If this happens five
C times in a row then kill the job on suspicion of numeric problems.
C if the sum decreases then reset the counter that keeps track of incre
ssnew=0.0
do 45 i=1,n
45 ssnew=ssnew+-(fnew(i)-fold(i))**2
if(ssnew.ge.ssold) then
write(11,9001)l,ssold,ssnew

-
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ssdct=ssdct+1
9001 FORMAT(' For iteration ',14," SS Changes grew from ’',020.14,'to’
*,020.14)
if(ssdct.gt.5) then
write(11,9002)
9002 FORMAT(' SS changes has not decreased in the last five iterations'
* '* PROGRAM TERMINATED ON SUSPICION OF NUMERICAL PROBLEMSx*'")
WRITE(11,9003)L.,SSOLD,SSNEW

9003 FORMAT(’ Iteration’,14,' SSOLD=',020.14,' SSNEW=',020.14)
goto 900
endif
else
ssdct=0
endif
C Now calculate time used and check against timelimit.
C If over timelimit then write message, dump results
C and quit.
call vmtime(time2)
if(time2(3)-time1(3).gt.tlim) then
write(11,2002)
2002 format(' program terminating at end of specified timelimit ')
WRITE(11,9004)L,SSOLD,SSNEW
9004 FORMAT( ' Last iteration was ',14," SSOLD=',020.14,' SSNEW=",
* D20.14)
goto 900
endif
C Now for testing output iteration times if 3¢ of iterations<=$§
if(l.le.5)then
WRITE(11,9005)L,(TIME2(1)-TIME3(1)),(TIME2(2)-TIME3(2)),
* (TIME2(3)-TIME3(3)),(TIME2(4)-TIME3(4))
9005 FORMAT(' iteration ',14,' waliclock time ='d20.14,' sec.'/
* 17x,' virtual cpu time='d20.14,’ sec.'/
= 17x,’ total cpu time=',d20.14,' sec.'/
* 17x,' vector cpu time=',d20.14," sec.')
time3(1)=time2(1)
time3(2)=time2(2)
time3(3)=time2(3)
time3(4)=time2(4)
endif
C Now test the absolute changes between fnew and fold to see if they all
C satisfy the tolerance criterion for stopping.
do 65 i=1,n
if (abs(fold(i)-fnew(i)).gt.tol) goto 67
65 continue
write(11,2001)
2001 format(’ Successful convergence achieved ')
OPEN(UNIT=12)
WRITE(12,1000)(FNEW(1)-.5D0+x(FNEW(1)-FNEW(2))),
* (FNEW(I),.SDO*(FNEW()+FNEW(I+41)),1=1,N-1),
FNEW(N) FNEW(N)+.5D0*(FNEW(N)-FNEW(N-1))
CLOSE(UNIT=12)
WRITE(11,9005)L,(TIME2(1)-TIME1(1)),(TIME2(2)-TIME1(2)),
* (TIME2(3)-TIME1(3)),(TIME2(4)-TIME1(4))
go to 900
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67 do 70 i=1,n
fold(i)=fnew(i)
70 continue
goto 5
900 CONTINUE
WRITE(11,1001) |
1001 FORMAT(I5)
WRITE(11,1000)(FNEW(1),1=1,N)
CLOSE(UNIT=11)
stop
end
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APPENDIX C

Program for computing the MST:

C MSTEST is a FORTRAN program used to compute the proposed modified
C score test. The program assume that the data are sorted on survival
C time in ascending order with failures (deaths) preceding censorings
C in the event of ties. The data file is assume to be an ASCI! filel,
C each record contains TIME, CENSOR, STRATA, TRT (treatment) variables.
C The survival time, TIME, can be real time or the rank of the time.
C The censorship variable, CENSOR,is 0 if censoring occurs and is 1 if
C death occurs. STRATA takes value 1 to NG (the number of strata).
C The treatment indicator, TRT, takes value O and 1.
C
C NOTE THAT:
C > If sample size is greater than 500, the dimension need to be modified,
C however, the maximum array dimension depends on machine configuration.
C > The read and write unit varied from system to system.
program MSTEST
implicit double precision (A-H,0-2Z)
integer is(501),iss(101),nds(501)
dimension d(501),d2(501),e(101),ee(101),sumd(501),
=trt(501),censor(501),time(501),wi(501)
character*50 infnam
character*50 outnam

write(*,x)'enter the input file name(specify the directory):’
read(*,1001) infnam

write(*,*) enter the output file name(specify the directory):’
read(x*,1001) outnam
1001 format(a50)
C
OPEN (10,FILE=infnam)
OPEN (12,FILE=outnam)
C
C SET UP # OF MAXIMUN ITERATION & STOPCRIT
C
maxi=10000
stopcrit=1.0d-6
sum2=0.0d0
sum=0.0d0

INPUT TOTAL SAMPLE SIZE - N
& # OF STRATA - NG

0O000

print x,'enter total sample size:'

read =,n

print x,'enter number of strata:’

read *,ng

read(10,*)(time(i),censor(i),is(i) trt(i),i=1,n)

173



ns=float(n)/float(ng)

do 5 i=1,ng
C
C TO INITIALIZE THE EXP(BETA)'S, e(i)=exp(beta)
C
5 e(i)=1.d0
C

C ki IS THE NUMBER OF ITERATIONS REQUIRED FOR CONVERGENCE
C
ki=0
C
1 ki=ki$1l
C
C nds IS THE UNCENSORED SUBJECTS (DEATHS) AT EACH STRATUM
C

do 6 i=1,ng
6 nds(i)=0.0d0
d(1)=0
C
C Compute the proportion of being trt=1, p = Pr(trt=1)
C
sum=0.0d0
do 8 i=1,n
8 sum=s=sum--trt(i)
p=sum/n
C
C Time 1, d(1) is the risk set at time 1
C
do 10 i==1,n
j=is(i)

nds(j)=nds(j)+censor(i)
10 d(1)=d(1)+e()

C
C Time 2 to Time n, calculate the risk set at each time
C

do 20 i=2,n

j=is(i-1)

d(i)=d(i-1)-e(j)
20 continue
C
C Compute the number of deaths
C
do 30 i=1,ng
sumd(i)=0.d0
30 iss(i)=0

do 40 i=1,n
k=n<4-1-i
j=is(k)

iss(j)=iss(j)+1
do 50 I=1,ng
sumd(l)=sumd(l)+censor(k)*dfloat(iss(1))/d(k)
11 format(2f5.2,i5,5.2)
C

174



C IN CASE OF THE DENOMINATOR BEING 0

C

if (sumd(l).gt.0) goto 50
sumd(1)=0.1d-6

50 continue

if (nds(l).ne.0) goto 35

e(l)=0.d0
35 continue
40 continue
do 60 i=1

ng

60 ee(i)=dfloat(nds(i))/sumd(i)
do 61 i=ng,1,~1
ee(i)=ee(i)/ee(1)
if (ee(i) .gt. 1.0d6) ee(i)=1.0d6
61 if (ee(i) .It. 1.0d-6) ee(i)=1.0d-6

amaxreld=0

do 70 i=2,ng
rd==abs(ee(i)/e(i)-1.d0)

if (rd .gt. amaxreld) amaxreld=rd

70 e(i)=ee(i)
C
write(*,1000)ki
C
if (amaxreld .gt. stopcrit .and. ki .It. maxi) goto 1
C
C nd is the total number of deaths
C
nd=0.0d0
do 99 i=1,ng
99 nd=nd<4-nds(i)
C
C TO WRITE OUT THE EXP(BETA)'S
C
write(*,1002)ki
C

write(12,1002)ki

write(12,999)

write(12,%)' n: sample size, ng: # of strata,
write(12,1003)n,ng,ns

write(12,1004)nd

write(12,999)

write(12,1005)

write(12,1006)e(1)
write(12,1007)(i,e(i),i=2,ng)

999 format(’
1000 format(’
1002 format(’
1003 format('
1004 format(’
1005 format(’
1006 format('
1007 format(’

C

")

iteration:',i5)

ns: stratum size'

*=xx number of iterations went through:’,i5,' **xx')

n='i5,8x,'ng==",i5,8x,'ns=",i5)
total number of deaths :',i5)

The estimated stratum effect, exp(beta):')
stratum 1:',2x,f11.6,2x,' (by definition)')

stratum ',i4,":’',2x,f11.6)

C TO COMPUTE SCORE TEST STATISTIC
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d(1)=0.0
d2(1)=0.0
do 100 i=1,n
J=is(i)
d(1)=d(1)+e()
d2(1)=d2(1)+trt(i)*e(j)
100 continue
C

do 200 i=2,n

j=is(i-1)

d(i)=d(i-1)-e(j)
d2(i)=d2(i-1)-trt(i-1)xe(j)

200 continue

C
sumnil=trt(n)*censor(n)
sumn2=censor(n)*d2(n)/d(n)

do 510 i=n-1,1,-1

sumnl=sumnl+trt(i)*censor(i)

sumn2=sumn24-censor(i)*d2(i)/d(i)
510 continue

C
score=sumnl-sumn2
C
sumi=0.0d0
do 540 i=1,n
j=is(i)

sumi=sumi<censor(i)/d(i)
wi(i)=censor(i)-sumi*e(j)
540 continue

C

var=0.0d0

do 550 i=1,n
550 var=var4-wi(i)*wi(i)
C

cov=0.0d0

do 570 i=1,n-1
do 580 j=i<41,n
if (is(i).eq.is(j)) cov=cov+wi(i)*wi(j)
580 continue
570 continue
Cc
varut=p*(1.0do-p)*(var-z.OdOrcov/(dﬂoat(ns)-l.Odo))
test==score*score/varest

write(*,1008)score
write(x,1009)test
write(12,1008)score
write(12,1009)test
1008 format(' Score Statistic :',2x,f12.6)

1009 format(’ Score Test ',2x%,f12.6)
C

stop

end
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PROGRAM GUIDE

The purpose of this guide is to present instruction in the use of MSTEST which
is a computer program written in FORTRAN to compute the proposed modified score
test based on the proportional hazards model. It is to used in testing of no treatment

effect for highly stratified data with complete or censored data.

An Overview of MSTEST

MSTEST is a special-purpose computer program that uses iterative methods
described by Cheng (1989) to compute the proposed score test. The program produces
an array of statistics, including estimates of the stratum parameters of the proportional
hazards model with indicator stratum covariate and the modified score test (Cheng,
1989) in testing of no treatment effect. The output contains estimated regression
coefficient is in exponential form (i.e. eb's) and a MSTEST statistic whose p value can
be found by comparing to any standard Chi-square table with one degree of freedom.
All calculations are performed in double precision. The initial parameter estimates for

strata effects are assumed to be zero. Convergence is assumed when the differences in

any two parameter estimates between two successive iterations is less than 107,

Entering The Data to MSTEST

The data are assumed sorted on survival time from smallest to largest with
failures preceding censorings in the event of ties. The PC SORT routine, SAS PROC

SORT procedure, or any other sort routines that accomplishes the same task can be
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applied prior to this program to get the data properly sorted. Each data record is
assumed to contain 4 variables, survival time (TIME), censorship (CENSOR), strata
indices (STRATA) and treatment indicator (TRT), this ordering must be followed. The
survival time can be real time or the rank of the time, the censorship variable is
assumed to take the values 0 if censoring occurs and 1 if death occurs. The strata
variables take the value 1 to ng, where ng is the number of strata. The treatment

variable takes values 0 and 1.

Modifications May be Done

Note that in the program, unit 10 is used for input unit and unit 12 used as
output unit. The choice of the unit for input/output device depends on the specific
computer machine configurations. For example, if you would like to change the input

unit to 5 and output unit to 6, change the program as the following:

go to the program line,

Change: OPEN (10, FILE=infnam) To: OPEN (5, FILE=infnam)
OPEN (12, FILE=outnam) OPEN (6, FILE=infnam)

The program here is written to read from a file with the restrictions stated in previous
section and to write out to both the screen and pre-specified file. The maximum number
of sample size allowance of this program depends on the computer memory limitation
which varies from machine to machine. The program presented here is allowing for total
sample size, n<500, and number of stratum, ng <100, which is due to the limitation of
maximum array dimensions PC FORTRAN had. For example, when running this

program under VAX machine, the dimension can be changed as the following:

go to the program line,
Change: integer is(501),iss(101),nds(501)

dimension d(501),d2(501),e(101),ee(101),sumd(501),
*trt(501),censor(501),time(501),p(501)
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To: integer is(1001),iss(501),nds(1001)
dimension d(1001),d2(1001),e(501),ee(501),sumd(1001),
*trt(1001),censor(1001),time(1001),p(1001)

Limitation of the Program

1. The program is written by setting the parameter estimates of first stratum to be
one (as reference), problems may result if the members in first stratum are all
censored. If there is no deaths (failures) in the first stratum, the program can be
modified to allow the other stratum as reference stratum or the stratum indices can
be relabelled in the data file to allow the other stratum as stratum one.

2. To avoid underflow/overflow problems, when an estimated stratum effect diverges
to greater than 10°, it is set to be 10°%, similarly when an estimated stratum effect

diverges to less than 107%, it is set to be 107,
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Example

A small dataset has been arbitrarily created as follows:

Example: n = 40, matched pair design (ns=2) and 20 strata (ng=20)
TIME CENSOR STRATA TRT

1 1 1 0
3 0 2 0
4 1 3 1
6 0 4 1
7 1 5 0
8 0 6 0
10 0 7 1
13 1 8 1
15 1 9 0
17 1 10 0
18 1 11 0
24 0 12 1
31 1 13 0
32 0 14 0
43 1 15 1
51 0 16 1
54 1 17 0
56 1 18 0
62 1 19 0
68 1 20 0
69 0 20 1
71 0 19 1
74 1 18 1
7 1 17 1
83 1 16 0
85 1 15 0
86 1 14 1 -
94 1 13 1
99 0 12 0
107 1 11 1
119 1 10 1
127 1 9 1
135 1 8 0
138 1 7 0
146 1 6 1
149 1 5 1
151 1 4 0
157 1 3 0
158 1 2 1
171 1 1 1

The above data are assumed being sorted in ascending order on survival time as was

required and stored in the file, sample.dat, in a: drive. The steps to run MSTEST are .
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showing below, with > sign indicating where to type in information:

. After compiling the MSTEST program, say, using PC FORTRAN 4.1,
> MSTEST (or RUN MSTEST if using VAX)
enter the input file name (specify the directory):
> A:\SAMPLE.DAT
enter the output file name (specify the directory):
> A:\SAMPLE.OUT
enter total sample size:
> 40
enter number of strata:

> 20

The program should run immediately after you type in the above information, the
results will be showing in both the screen and the output file specified. The output file
contains the parameter estimates of the eﬂ, the score statistic of the proposed test and

the score test as listed below:

‘ This is the parameter estimates of the exp(beta):
stratum 1: 1.000000 (by definition)
stratum 2: 0.999998
stratum 3: 3.990708
stratum 4: 2.991869
stratum 5: 8.925233
stratum 6: 5.943808
stratum 7: 7.916622
stratum 8: 20.824293
stratum 9: 25.555313
stratum 10: 29.967229
stratum 11: 34.004952
stratum 12 0 .000001
stratum 13: 37.618064
stratum 14: 21.007387
stratum 15: 45.319642
stratum 16: 24.958185
stratum 17: 52.539377
stratum 18: 54.303498
stratum 19: 27.589948
stratum  20: 26.020738

— — e e e e o s

Score Statistic : -4.180024
. Score Test : 2.501307
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