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C. DAVID HARDISON. SMALL-SAMPLE PROPERTIES OF A FAMILY OF
NONPARAMETRIC PARTIAL CORRELATION MEASURES (UNDER THE DIRECTION OF
DANA QUADE).

Quade (1974) proposed a family of correlation measures of the

form

T = (R-DR

R
where R is the number of relevant pairs and CR and DR are the
numbers of these which are concordant and discordant, respectively.

We have investigated small-sample properties of T, the sample
index of matched correlation; of three methods for obtaining its
standard error; and of the quantity Z=(T-e)/s.e.(T), where e is the
population index.

This was done both from a theoretical standpoint and in a Monte
Carlo study using trivariate normal data. The study indicafed that
T and s.e.(T) are biased estimates of e and the true standard
deviation of T, respectively. This bias is usually positive. The
distribution of Z is affected by these biases; we believe, however,
that the practitioner can safely assume that this quantity attains
standard normality for |e]< .5 when the sample size is at least 50.
Furthermore, we presented strong evidence that T is at least

normally distributed, although its mean may not equal e.
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Finally, we illustrated the general applicability and
flexibility of matched partial correlation on data from one clinic
of the Lipid Research Clinics Prevalence Study. We included
analogous results from a parametric study of the associations
between high-density lipoprotein cholesterol and other plasma lipid
and lipoprotein concentrations by Davis et al. to provide the reader

with a frame of reference.
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CHAPTER 1
REVIEW OF THE LITERATURE ON NONPARAMETRIC PARTIAL CORRELATION

1.1 Total Correlation

We shall begin by discussing measures of nonparametric total
correlation, of which nonparametric partial correlation measures are
generalizations, but first we establish some terminology and

notation. Let (Xi’ Yi) and (Xj, Yj) be a pair of observations

on the variables X and Y which are measured at least ordinally.

We call the pair concordant.if (Xi'x')(vi'Yj) > 0, discordant

J

if (xi_xj(vi-vj) < 0, or tied if (X;=X:)(Y;-Y

j ) = 0. Suppoée we

J

observe a random sample of size n; then, of the (g) pairs in the

sample, let C, D, and T denote the numbers which are concordant,

discordant, and tied, respectively. We call a tied pair tied on X
if Xi=Xj, tied on Y if Yi=Yj’ and tied on X and Y if xi=Xj
and Y1=Yj. Of the T tied pairs, let TX, TY, and TXY denote the

numbers which are tied on X, tied on Y, and tied on X and Y,

respectively; note that T=TX+TY_TXY,



Kendall (1962) described two total correlation measures

CD  and ty(X,Y) = ¢-0
C+D+T TCHDORT 7 CFO+T

ta(X,Y) =

Y
We may think of ta(X,Y) as the proportion of sample pairs which

are concordant less the proportion which are discordant. Although
tb(X,Y) has no simple interpretation, it obviously is always at
least as large as ta(X,Y) in the absolute sense, with equality

when there are no tied pairs. A drawback of both ta(X,Y) and
tb(X,Y) is that neither can attain +1 or -1 if ties occur. But

let g(X,Y) be the proportion of sample pairs which are concordant,
less the proportion which are discordant, among those which are not
tied. This index, which was proposed by Goodman and Kruskal (1954),
may be written in our notation as

c-D
c+D

g(XaY) =

n

It is undefined if all pairs are tied, i.e., if T = (2

); but on the

other hand, perfect positive [g(X,Y) = 1] or negative [g(X,Y) = -1]
correlation can obtain whether or not ties occur, thus overcomihg
the drawback of Kendall's measures. Further examination of these
indexes produces the following order relationship among them:

0 < [t () [ <f t g (XY¥) ] <] g(X,Y)] < 1.




Other measures have been proposed which, like those discussed
above, differ only in their treatment of ties; in fact, all the
measures are identical if no ties occur. For example, Somers (1962)
defines the asymmetric measures

G0 and d(v,x) = &P

d(X’Y) = -
C+D+Ty C+D*+Ty

which are such that d(W,Y)d(Y,X) = tg (X,Y). Wilson (1974)
proposes another variant,

C-D

C+D+T—TXY

Recently Schollenberger and Agresti (1979) proposed refinements

e(X,Y) =

to tb(X,Y) and g(X,Y) for the case when Y is strictly ordinal and
X is measured on an interval scale. In particular, they define

LAX5-Xi) s(Yj-Yy) Co-Dy

tl(X,Y) = and g'(X,Y) =

oy w2 R
2(X %)% Ts(YSY ) ¢,/ D,

where the summation is over all pairs of observations, s is the sign
function, i.e.,
1 if t>0
s{t) ; 0 if t=0 ,
-1 if t<0
and Cw (Dw) is the weighted number of concordant (discordant)
pairs with weight (Xj"xi)‘ To compare these two measures, note

that cw_pw = T(X-X)s(¥5-Y5).



1.2 Partial Correlation

Turning our attention to nonparametric partial correlation,
suppose that, in addition to X and Y, we observe a third variable,
say Z. There are two main rival approaches to defining the
correlation between X and Y "controlled for" or "partialling out" Z.

Therfirst approach was that of Kendall (1942). He proposed the
earliesty nonparametric measure of partial correlation, which we
denote v(X,Y{Z). Using the notation of Quade (1974), and assuming

that Z is at least ordinal and that there are no ties, we have
V(X,Y|Z) = NoNz-NxNy
NG Ny (Ny*07 ) (NG Ny ) (Ny N )

N0r= number of non-discordant pairs, i.e., those for which
wah number of X-discordant pairs, i.e., those for which
NYué number of Y-discordant pairs, i.e., those for which
(Xl—xz)(Zl-22)>0 and (Yl—Yz)(Zl—ZZ)<O,
and
Nzua number of Z-discordant pairs, i.e., those for which
(Xl—Xz)(Zl-Zz)<O and (Y1“Y2)(21‘2 )<0.
We notewthat v(X,Y|Z) can be obtained by substituting the bivariate
tb for-each pair of variables into the familiar product-moment

form of the partial correlation coefficient, i.e.,




v(X,Y 7) = _tb{X:Y)-ty(X,Z)tp(Y,2)
A-t2002) I0-42(Y,2)]

Kendall was surprised by this fact but, as we will see, Hawkes
(1971) was not.
Similar to his decomposion of t,, Somers (1968) defined two

asymmetric partial correlation measures related to v(X,Y1|2),

a*(x,v]7) = M0 = N and axqvoxlz) = Mo o M

N0+N N, +N N0+NY NX+

x W N

Z
where the asterisk indicates that ties must be excluded for the
measures to be valid. These are related to v(X,Y|Z) analogously to
the total correlation case, namely,

d*(X,Y12) d*(Y,x12) = v2(X,Y12)

Hawkes (1971) overcame the restriction of Kendall's and Somer's
partial measures to data without ties by recognizing that regression
about the origin of the signed differences of the pairs of
observations produces regression coefficients which are in fact
correlations and of whiﬁh the previoqs partjal measures are special

cases. More specifically, he solved the normal equations given by

var(X) cov(x,2)]  [a(v.xl2) cov(X,Y)
cov(X,2)  var(Z) d(Y,ZIx) i cov(Z,Y)
where
£52(X:=X1) Zs(Xi=X3)s(Y3=Y3)
var(X) = J 717, cov(X,Y) = J 1 J” 1/, etc.

2N 2N2



The extension to more variables is obvious. We see that Hawkes has
constructed a linear model of the sign scores for all pairs of
observations; this approach is described in detail by Ploch (1974).
Williams and Singh (1974) suggested obtaining a partial g by
substituting the three total g's into a product-moment-like formula;
that is, they proposed
g*(X,Y[2) = 9X:¥)-9(X,2)g(¥,Z)
[1-9%(X,2)I[1-g°(¥,2)]

They claimed that this measure "takes into account the monotonic

tendencies of all the bivariate relationships”.

The second major approach to nonparametric‘partial correlation,
first suggested by Goodman dnd Kruskal (1954) for the case when Z
can be grouped, is based on weighted averages of total correlation
measures computed at each level of Z, of the form

Zwic (X, Y
c(X,Y|Z) = K ek inY)

where ck(X,Y) is some bivariate ordinal correlation computed at-

the k-th level of Z and wk/Xwk is some weight. In this vein,

Davis (1967) proposed a partial counterpart of Goodman and Kruskal's
g. Borrowing notation again from Quade, let C (Dk) be the

number of pairs tied on Z at its k-th value that are also concordant

(discordant) with respect to X and Y. Then Davis' partial g becomes

Zwrgy (X, Y)
g(X,Ylz) =k
Lw
K k




where wy=Cy*Dy. The weight can be interpreted as the proportion

of pairs tied on the k-th category of Z that are not tied on X or Y.
A weighted version of tp, denoted fb, was proposed by Agresti
(1977), with

W = YCk DT Y CctDiTyk
where Tyx and Tyg are the obvious restrictions of Ty and Ty
to the k-th value of Z.
The partial g of Davis may be written (and in fact was first

written) as
Ik - POk

i+ Dk

g(X,YIZ) =

In this form we see that the denominator is simply the number of
pairs tied on Z but not on X or on Y, while the numerator is the
number of these that are concordant less the number discordant.

This suggested to Quade (1967, 1974) a family of measures of the form

T = R-0R

R
where R is the number of relevant pairs and CR and DR are the
number of these which are concordant and discordant, respectively.
He defined relevance in terms of any rule that, when applied to a
pair of observations, results in the pair being classified as
relevant or not. In the case of Davis' partial g, the obvious rule

is "a pair is relevant if it is tied on Z but not on X or on Y".



Many of the total correlation measures previously mentioned are also
members of the family. For example, T becomes Kendall's ta if all
pairs are relevant, or Goodman and Kruskal's g if all pairs are
relevant unless they are tied. Similarly, suppose that pairs are
relevant unless they are tied on X; then Somers' d(Y,X) is

produced. For partial correlation Quade suggested defining
relevance in terms of matching, where "two observations are
intuitively considered matched if their values of Z are
‘practically' equal”": i.e., a pair of observations on the variables
X and Y is matched if their values of a third variable Z, possible
multivariate, agree with respect to some prespecified rule. The
rule might involve a tolerance imposed on the values of Z, or
possibly a distance function if Z is multivariate. In any case, a

pair is relevant if it is matched on Z.

1.3 Asymptotic Sampling Theory

Assuming full multinomial sampling over an AxB cross-
classification of X and Y, Goodman and Kruskal (1963, 1972) emp{oyed
the "delta method", to be discussed in detail in Chapter 2, to
establish the asymptotic normality of vn(g-y), where y is the
population counterpart of g. (This shows a fortionl that g
converges in probability to y). Let Pij denote the observed
proportion in the (i,j) cell, for i=1,..., A and j=1,...,B. They

demonstrated that a consistent estimate of the asymptotic variance




(AV) of Yn(g-y) is

2 16
si(g) = —— T pij(PcDij - PoCiz)?
(P(;+PD)4 i,
where
Cij= T I pitjgr* I I Dpityg
i'si j'>j i'cei j'<J
Dij= 2 I pivgr* I I pitgt
i's>i j'<J i'<i j'>]
Pc = ZpijCij
i,J
and
Pp = 2 PijDij

1,J
Similarly, they showed that Vﬁ[d(Y,X) - a(Y,X)] is asymptotically

normal with its AV estimated by

2 4
d(y,%)] =
s,[d(Y,X)] TR
{FpistiPe - PO (L = Pi) = (1= Py - 0i1)12}
where

2
Pi. = ?.pij and Prx = Lpj.
ij i

and, of course, a(Y,X) is the population counterpart of d(Y,X).
They also proposed an adjustment to sz(g) for use when testing the

hypothesis that y=0, namely,

2 16
splg)* = £ pij(Dij - Cij)?
(Pc * Pp)2 i,J
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Although the Goodman-Kruskal adjustment is asymptotically correct,
it was pointed out by Brown and Benedetti (1977) that the assumption
v=0 places a restriction on g which should be taken into aécount
when the delta method is applied. Their resulting variance
estimate, say sf(g)', is smaller than sg(g)*. Hence Brown and
Benedetti claimed that Goodman and Kruskal's estimate is

conservative, and in particular that

2 16(P¢ - Pp)2
Ala)* - >

9)' =s
(Pc * Pp)
Grizzle, Starmer, and Koch (1969) described a general approach,
discussed in Chapter 2, for the analysis of contingency table data
using the delta method. Forthofer and Koch (1973) extended the
method and exemplified the computation of several of Goodman and
Kruskal's g measures, along with estimates of their asymptotic
variances and covariances. This approach was fikst applied to
partial measures by Kritzer (1977), who demonstrated its use to
compute Davis' partial g and Hawkes' version of Kendall's partia]
tb' When restricted to measures of correlation in contingency |
tables, the Grizzle-Starmer-Koch method is sfmp]y a means of
expressing the measures and estimates of their asymptotic variance-
covariance Structure as a series of matrix operations on the observed
cell proportions; the matrices, however, vary considerably from

application to application and their construction is often complex.

In Chapter 3, we show how this approach can be greatly simplified.
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Agresti (1977) was the first to apply this technique to a

partial measure; he chose his Eb. We extend the notation above to

an AxBxC cross-classification with each observed cell proportion

denoted pjjk and define the following quantities:

Ciik = 3. X svsn, O T L
ijk i j')jp] J'k ivei j,(jp1 J
Digk = I EPitgkt I TPtk
i'>1 J'<] i'<i §'>d
Ck = I pijkCijk » Dk = Z PijkDijk >
1) i,J
Pc = 2Ck , Pp=ZID
k k
Rk = [.Z.pijk]z » Rik ='[§Dijk]2 , and Rjk =

1] . J

Kendall's ty at any k then becomes

Cy - D
thk = “k Tk
Wk
where
wg = V(R = Rik)(Rk - Rjk)
and thus
P Ktk
k

[zpi k]2
1

Agresti showed that /ﬁ(zb - ¥b) is asymptotically normal and that

its asymptotic variance can be estimated by
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$2(t)= T p 2(C4 jk-Di jk)
a''b . -
1,3,k Ywy
k

_ (Pc=Pp)L(Rk-Rjk)(p. k=Pi.k)*(Rk-Rik)(p..x-p, jk)]

Wk[EWk]Z
where Peeyo Pi* ke and p‘jk represent the obvious marginals.

On the other hand, Quade (1967, 1974) recognized that any
measure in the family he defined is actually the ratio of two
U-statistics. He proceeded to establish the large-sample theory for
this family by demonstrating asymptotic normality using results of
Heoffding (1948). Inference is made possible by an approximation
formula for the asymptotic variance which he provided, based on the
method of componenets of U-statistics due to Sen (1960). (As is the
case for the delta method, Chapter 2 contains details on
U-statistics, components, efc.) In particular, Quade showed that
Yn(T-e) is asymptotically distributed as a normal random variab]é
with AV estimated by
2( 4

2
T) = — Z[R(CR, - Dr,) - (Cr - DRIRLI}
U Rl Rh Rh R R/™h

S

where Ry is the number of relevant pairs which include observation
(XhsYhsZp) for h=1,...,n and CRh (DRh) is the number of these
pairs which are concordant (discordant).

According to Singh (1974) we should use only those ordinal
measures of association which have a well-understood sampling
theory. Although this criterion seems reasonable, it would exclude

all those measures that fit into the linear model framework. This
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is not intended to imply that no work has been done; the research in
this area, however, does not provide any insight into the use of

such measures in actual practice and thus is not discussed here.

1.4 Small-sample Distributions

While there are results on the large sample theory for some
measures, theoretical studies of their behavior in small samples are
nonexistent. A few researchers have empirically investigated the
small sample properties of total correlation measures via Monte
Carlo simulations; most, however, have restricted their studies to
one or two cross-classifications. - Goodman and Kruskal (1963)
presented sampling results for 3x4 and 2x3 cross-classifications
with 100 replications of size 50 samples and 50 replications of size
200 samples, indicating a reasonable agreement between the
distribution of vh{g-v)//AV and the standard normal distribution.
They did not examine the behavior of this quantity when AV is
estimated. In a similar study, Rosenthal (1966) considered the
distribution of vA(g-y)/VAV using both the population AV and its
estimate, with y varying from O to 1. For 100 replications of a 5x5
cross—classification with sample sizes of 25 and 50, she found a
tendency for heavier tails than the normé] over much of the range of

v when the estimates of AV are used. Brown and Benedetti discovered



that their correction to the AV when y=0 improves the behavior of
the distribution of Vn(g-y)//AV. Their investigation examined 4x4
and 8x8 cross-classifications with sample sizes of 25, 50, 100, 200
and 25, 50, 100, 200, 400, respectively. Upon examination of the
empirical results, they recommended using Student's t distribution
with .4n degrees of freedom for an even better approximation when
testing y=0. Chow et. al. (1974) examined how closely Kendall's
tb approximates the true correlation when the underlying
distribution is bivariate normal. They concluded that nonparametric
correlations should be interpreted with caution when the true
correlation is expected to be small (near zero) or large (near
unity). More recently, Gans-and Robertson (198la, 1981b)
investigated the behavior of g, tb, the Pearson product-moment
correlation, and Spearman's rank correlation for samp]e‘sizes 10
(10) 40 from 2x2 and 2x3 tables. They found that g converged to its
asymptotic normal distribution much slower than the others to
theirs, and that g is more likely to be significantly biased. For
the larger sample sizes, however, the variances and expectations-of
all four measures were close to their asymptotic values.

An extensive Monte Carlo experiment was conducted by Reynolds
(1971, 1974) to ascertain the effects of various W in the class
of weighted partial correlation measures. In particular, he
examined the use of equal weights for all k, weights proportional to

the number of observations at each k, and weights proportional to




the number of pairs at each k. He did not detect a "best" weighting
scheme among the three when applied to ta, tys 95 and d(Y,X) for

10 replications of samples of size 600 for many different cross-
classifications varying from 3x3x2 to 10x10x10. (If a variable had
A categories, he divided the range of the outcomes into A intervals
of equal length.) He assumed the "spurious" correlation model
arising most often in path analysis. Simply, this model assumes
that when X, Y, anq Z are trivarjiate normal, the true correlation
between X and Y controlling for Z is zero. Using Reynolds' (1974)

notation, the model can be expressed by the recursive system of

equations:
L=¢,
X=17H% £,
Y=Z+E;3

where £ is distributed as a normal variable with mean zero and
variance 1, i.e., & is (N(0,1), & is N(O,ogg), and &3 is
N(0’°g§) with the variances depending on the correlation levels
among the variables. For high (.70), medium (.49), and low (.30)
correlation between X and Y, he compared how closely the
aforementioned measures, and the product moment partial for
categorical data, which he denoted r, estimate the true partial

of zero. Reynolds concluded that d(Y,X) weighted by the number of

pairs at each level of Z is the most acceptable nonparametric
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measure and he recommended it over r because (i) the differences
between d(Y,X) and ¥ are small, (ii) r produces invalid

results when relationships are monotonic but nonlinear (as he
empirically illustrated), and (iii) the effect of

categorization on the sampling distribution of r has not been
investigated while a sampling theory is available for d(Y,X) a"la
Quade (1974).

On the other hand, Kim (1975) argued against the use of ordinal
measures of partial association for underlying continuous variables;
but all of his evidence was based on Kendall's partial t, and very
small amounts of artificial data. Smith (1978) attacked Kim on
these and other points in favor of the ordinal strategy.

Agresti (1977) examined the stability of his Eb, Kendall's
partial tp, Renyolds' ty with weights equal to the number of
pairs at each level of Z, and Davis' partial g, for the spurious
correlation model in a 2x2xc cross-classification. For c taking
on values from 2 through 10, he claimed that Eb performs better .
and is more stable than the other measures. That is, it approximates

zero better and is less variabale as ¢ decreases from 10 to 2.




CHAPTER 11
METHODS FOR THE CONSTRUCTION OF APPROXIMATE TESTS

2.1 U-statistics

Let wl,...,wn be a random sample of size n and let f(wl,...,wm)
be any unbiased estimate of some parameter e, where m<n is the
smallest number of observations needed to estimate e; m is called

the degree of e. Then the U-statistic for e is defined by

= 1 *
U(W],s e Wp): = — If (NY1""’wYm)’
(") Cm

where Cp indicates that the sum is over all (;) combinations of the

subscripts. The statistic f* is called the kernel of U(Wy,eoosWp)s

it is the symmetric form of f(Wi,...,Wy) given by

(MY, oo M) = 2 TE(H e W),

m P *1 *m
where Pm indicates that the sum is over the m! permutations of the
subscripts. In the sequel we shall assume, without loss of
generality, that f(wl,...,wm) is already symmetric, and we shall

denote u(wl,...,wn) simply by U. Note that U is always an

unbiased estimate of e, hence the choice of letter.



Many of the statistics that we encounter most often are

U-statistics or functions thereof. For exaﬁp]e, let wi = (Xi’Yi)

i=l,...,n be a random sample from the bivariate population of X and

Y and let

and

X

-
no [d
— ~—~
= =
— —
e e
i i

f3(W1,W2)

fa(Wi,Wp)

f5(W,W2)

N =

1:
—Yl’

(Xp=X1)2

(Yo-Y1)2 ,

(Xg=X1)(Y2-Y1)

Then the U-statistics corresponding to fy,...,fg are

Uy

_j;. LF1(W
n

(1) ¢

_1_. Zfo(W
n

._1_ Lf3(W
n

Y)=_1_EX1=§
1 n
)=iZX~|-—-Y-
S| n .
1
y ,WY ) = 1 ) (XJ'—X,')2
172 n(n-1) l<i<j<n




similarly,
Ug = L T (¥5-1)2 = S2(¥)
n-1 i
and
Us = 1 Z (X5=X)(¥4-Y) = S(X,Y)
n-1 i

Thus in addition the sample product-moment correlation coefficient

r(X,Y) can be expressed as a function of U-statistics:

Hoeffding (1948) established a central limit theory for
U-statistics and demonstrated many of their nice theoretical
properties. Let

f(k)(wl,...,wk) = E[f(W1, 0o Wk Wktls-oosWp Wi=W], ..., Wg=wk) ]
and let

ngk)= Var[f(k)(wl,...;wk)] and ngo)=0

where E and Var are the expectation and variance operators,

respectively. Then

- k
vor() = L T (MM,

() k=1

~ 3

Hoeffding showed that if E[f(wl,...,wm)zj is finite, then vn(U-e)
is asymptotically distributed as a normal random variable with mean
zero and variance m2n§1). Unfortunately, at least the form of the

underlying distribution must be known to calculate nil), except for
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a few very special cases. However, Sen (1960) overcame this problem
by introducing his method of components, which produces a consistent

estimate of nil). He defined the i-th component of U as

n-1
m-1

subscripts containing i. In other words, U(j) denotes the sum of f

where Cp_1 indicates that the sum is over ( ) combinations of n

calculated for all subsets of m observations out of the n which

include observation i; the U(i) are related to U by
1
U=_ZU- .

S )

Sen showed that

1 2
I (TP
™

S

[angipN ]

is a consistent estimate of nﬁl). Thus, under the condition of
Hoeffding's central limit theorem, vh(U-¢)/mSy is approximately a
standard normal variable for large n.

Hoeffding extended his results to the joint distribution of
any number of U-statistics, but we consider the results only for
the bivariate case. Let o} and ep be parameters of degree m
and mp with kernels fl(wl,...,wml) and fg(wl,...,wmz) and
U-statistics Uy and Up, respectively. Then he showed that

/m(Uj1-e1) and /n(Up-ep) are asymptotically bivariate normal
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1)

with means 0, variances m%nil) and m§n§ » and covariance

1)

2m1m2n1§1) where nSI) is defined analogously to "i and

nlék)= COV[fl (K) (Wl,...,wk), f2 (k) (w13°'°,wk)J

Applying the method of components to obtain a consistent estimate of

not) yields

1
0y, == (Ug(5y~Up) (Up(5)-Yp)

where Up(j) and Up(j) denote the i-th components of Uj and
Up, respectively.
It is easy to prove — — for the details see Quade (1967) - -
a general theorem concerning the ratio of two U-statistics. In
particular, /(U1/Up - 91/92)/5 has an asymptotic standard
normal distribution, where
2 1, 2.2.2 2,2.2
U4 1 172 2
2
under the assumption that

2 1), 2
(m19§“§1) - 2m1m29192“1£ )+ mzeinél)) >0

2.2 The Jackknife

The jackknife technique is a method of obtaining approximate
tests for parameters of interest. Let e be the parameter of

interest, and T some estimator of e. Further, let Wp,...,Wy be



a random sample of size N which can be partitioned into n groups of
size k (in practice, generally n=N and k=1), and let T; be the
estimate based on T after the deletion of the i-th group of
observations. Then the jackknife estimate of e and its estimated
variance are given by

2

! 2
3= —

) RPN
TJ = _ ;Ti and S

L (T.-Ty)
n i i i

1
where

T_i = nT - (n-l)Ti

The technique was first introduced by Quenouille (1949) for the
case n=2. Later (1956) he.showed the usefulness of the jack-
knife estimate in bias reduction: if T is baised on order 1/N,
then Ty reduces the bias to order 1/N2, (It is possible to
construct second, third, and higher order jackknife estimates to
reduce bias of order 1/NZ, 1/N3, etc., bUt these methods are
mostly of theoretical interest and are not discussed here.) Tukey
(1958) showed that v/n(Tj-e)/Sy is approximately distributed
as a Student's t random variable with n-1 degrees of freedom;
he is responsible for the name "jackknife", given because of the
technique's almost universal applicability.

Arvesen (1969) established several important results which
link the theories of the jackknife and U-statistics. His Theorems

8 and 9 can be combined to produce the following when the estimate
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T of o is actually a function of U-statistics (for ease of
presentation, we restrict the result to functions of two U-statistics
although Arvesen's proofs hold in general): Assume that T=g(Uy,Up)
where g has continuous first partial derivatives and Up and U; are
the the U-statistics for estimating some parameters ej and ep such
that e=g(e],ep). Define Ty=g(U1j,Upi) where Uy denotes

U-statistics & calculated without the i-th group of observations

for 2=1,2. Then /n(Ty-e)/Sy is asymptotically distributed as

a standard normal random variable, where Ty and Sy are functions

of the T; as defined above.

2.3 The Delta Method

The delta method is a general technique for obtaining a central
1imit theory for a function of dependent random variables. Cramer
(1946) presented a somewhat restricted version of the delta method,
while Hoeffding and Robbins (1948) proved very general results
employing this technique; here, however, we discuss the version given
by Goodman and Kruskal (1963) since it is more relevant to our :
interests.

Assume that W, and V, are two sequences of random variables
(n=1,2,...) and that w and v are constants such that the pairs

(/R ~0), YA(V,=9)]

have an asymptotic bivariate normal distribution with zero means,
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variances 05 and 03, and covariance oyy. Let g(a,b) be a
function with continuous first partial derivatives at (w,v). Then
Mlg(Wn,Vy) - glw,v)]/S, has an asymptotic standard normal

distribution, where

2
2 — 39(wnavn) - 2
St =y 22NN’ Wn-—w Sw

awn

+ 2 39(wn,vn)

awn

w =w ag(wn,Vn) V =v s + ag(wn,Vn) -
n . n wv n v
aVn aVn

and S%, 56’ and S,y are any consistent estimates of 05, os,

and oy, respectively.

As metioned earlier, Goodman and Kruskal applied this technique
to several measures, utilizing well known properties of the multi-
nominal probability distribution, but only for a two-way cross-
classification. Extending their approach to multi-way cross-
classification is combersome to say the least, unless matrix
conventions are used. These conventions have been popularized :
by their use in the Grizzle, Starmer, and Koch (GSK) method for
the analysis of categorical data. Assume full multinomial sampling
over the entire multi-way cross-classification. Instead of viewing -
the data set as a contingency table, think of it as a one-dimensional

vector of the observed proportions in the cells. That is, define
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p' = [Pyye..sp.] and =’ = [my,e0e,m.]
~1xr 1 r ~Ixr 1 r

where p; and =i are the observed proportion and the expected cell
probability, respectively, in cell i and r is the total number of
cells. Then it is well known that the variance-covariance matrix

of the pi is given by

) = _l_(Dn - n')
~rxr n ~~
with estimate
1 '
S = __(Dp = pp )
~rxr n ~~

where n is the overall sample size and Dy denotes an rxr diagonal

matrix with the elements of ‘an rxl vector X on the diagonal. Let

~

G(p) denote any scalar function of the pj's that has continuous

~

first partial derivatives at =. Then the delta method yields an

asymptotic standard normal variable in the form of /ALG(p) - G(m)1/Sy

where

2

S

= ¢'Sc

~ e~

with ¢ a rxl vector whose i-th element is given by

aF(E)
C. = o

i e

ap;
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A recent application of two of the three methods given above
for the construttion of approximate tests is given by Hochberg N
(1981), who demonstrated the use of both U-statistics and the delta
method to estimate the non-null variance of the Wilcoxon-Mann-Whitney
statistic appliéd to grouped ordered data. He conjectured.that the
U-statistic estimator is less biased than the one based on the

delta method in many instances.




CHAPTER III
THEORETICAL PROPERTIES OF THREE ESTIMATES

OF THE VARIANCE OF T

3.1 The Jackknife and the Method of Components Estimates

of the Variance of a U-statistic

We begin this chapter by examining the relationship between the
components and the jackknife pseudovalues of a U-statistic. As before,
let U denote a U-statistic of degree m, say, for estimating some
parameter e, U(i) denote the i-th component of U, and Ui denote U

computed with the i-th observation removed. Then

1
U=21U,.
D (1)

and the jackknife estimate of e based on U is given by

1 ~
U. = - Z V.
J n i !

where

Yy

[

Thus, we are interested in comparing the components, U(y), to
the jackknife pseudovalues, Gi. We must point out that Sen (1977)

alludes to some of the following relationships in his study of



invariance principles relating to jackknifing and their role in
sequential analysis.

By definition we have

(Mg + (CDUgy = (U, = 1(D)n

and, after some algebra, we have

y. = M- mly)

n-m

Now

>
il

nU

(n-1)U4
n-1
=nl-- (E:I (nU - mU(i))

n(n-m) U - n(n-1) U + m(n-1) Uy)
' n-m |

m(n-1) Uiy - n(m-1) U
n-m

Hence, it is interesting but not surprising to note that

UJ=U0
Similarly, we can write

(n-m) 01 + n{m-1) U
m(n-1)

Uiy =

(n-m) Ui + n(m-1) Uy
m(n-1)

28
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We next obtain an analogous relationship between SS and SS:

2 1 ~ 2

ST = £ (U; -Uy)

Joer o7
n-1 i

n-1 i n-m
1 _m(n-1) 2
=_-_ 7 Upsy = U)}
n-1 i{ n-m ( (1)
_ mz(n-l)z,SZ
(n-m2 Y

Recall that /ﬁ(U-e)/mnil) is asymptotically distributed
as a standard normal random variable and that SS is a consistent

estiate of nil). Thus the components of U-statistics variance

2
. . mé 2 2
estimate is SU = g, say. Recall also that /n(Ug-8)/Sy

n _
is asymptotically distributed as a Student's t random variable with
n-1 degrees of freedom, i.e., the asymptotic variance of Uj is

SS/n = 83, say. Then
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Therefore, 83 > GS although they are of the same order of magnitude
regardless of m, and are asymptotically equivalent. Efron and Stein
(1981) show that the jackknife estimate of the variance of U is
always biased upwards, i.e., they show that

~2

E(oJ ) > olzj

where US is the true variance ova and E(.) is the expectation
operator.

Efron and Stein provide a much more general result which applies
not just to U-statistics but also to the index of matched partial

correlation T. The conditions are that the statistic must have a

finite second moment and that the sample observations must be
independent. (Note that symmetry or identically distributed

observations are not required.) They show that
a2
E(°J).Z Var(U.)

where U. = l Z Uj
ni

Thus, if we can assume that the true variance of T, say o%, is

such that

var(M 2 =1y (n-1) -

n

where : -

Var(k)

Var {T(Wp,..., W)}




then it follows that

/\2

E(6 2

3 2op
with 35 now the jackknife estimate of the variance of T. We
must point out that, although the sample size modification is
valid in many instances, there are statistics for which this is
not the case. The sample median is one example. However, if we
are willing to assume that the sample size modification is valid
in the case of matched partial correlation, then the jackknife

estimate of the variance of T is always biased upwards.

3.2 The Delta Method Versus the Components of U-statistics

for the Ratio of Two U-statistics Both of Degree 2

Consider a random sample of size n obtained by full multi-
nomial sampling over some multi-way cross-classification with the

cells indexed by a single subscript i running from 1 through r.

Let
M= Pr {random observation falls in cell i} ,
pj = proportion of sample observations in cell i ,
ny = number of sample observations in cell i ,
where

In, = Ipy = 1, Iny = n, and ny = npj .

31
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Denote by w, p, and n the rx1 vectors containing the =j, pj,

and nj, respectively, for i=1,...,r. Let Q={(wij)} and

A= {(xj3j)} be two symmetric rxr matrices. Then w=r' @ v and

~

r=n' A n are two quadratic forms in n. The U~statistics to

~

estimate w and » are

W = pv = where ?' (Qll’wrr)
and
n'An-y¢'n
L = > where ?' = (xll,...,xrr)
respectively.

Now, consider

o=2 .
The estimate of e is
LW _man-gtn nZptap-nglp
L nAn-y'n Y p' Ap-nvid'p .

~

We have in mind the special case where

r 1 if an observation in cell i and one
in cell j form a concordant relevant
pair

wij = q -1 ...dicordant relevant pair

0 ...tied and/or not relevant pair
{Note: wji=0}
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and

1 if an observation in cell i and one
in cell j form a relevant pair

xij=
0 otherwise
However, the added generality does not add much complexity.
In this setting, the estimate of the asymptotic variance of

T given by the components of U-statistics method becomes

2 4 2. .2
SulT) = I HEngLy) " IngMy = 20205k ) (IngW; ) Zn WL
;niLi) j j j i i
1
2. .2
+ ()itniwi) gniLi} ,

where Wi and L are the components of the U-statistics W and L,

respectively;
n-1 j J
1 _
L, = —_ (Zx,.n, = w;s)
i 1 j iji id

for i=1(1)r, where each sum is over j=1(1)r.

Now we desire a matrix representation of SS(T). Note the
following:

E -— ...=' - ¢! = - M
(n—l)}lgn].wi = %g njwsin; ?o”n1 n''Qn ? n = n{n-1)W;

~ -~ ~
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by analogy (n-1) %niLi = n(n-1)L;

2
+ In.w; .
jnj) jniw]]

L}
™
3

—
™~
€
=

2. 2 2
(n-1)"7n W} j(Zugng)™ - 2(§”i“ii)(§“i

i i J

1]
3

2 Dpftn - 2n* & Dén + n' Dy¢

(Recall that Dy is the rxr diagonal matrix

formed from the rx1 vector X)

= n' Q Dngn - 2"' Q an) + q)' Dn(b

(since DxY = DyX for any two rxl vectors

X and Y)

= (On -9)'Dp(Sn -9);

~ ~ ~

by analogy, (n-l)2 §n1L§'= (An —-9)'Dp(An -9);

1

and finally,

2
(n-1)7 ZngWily = 20 (Zwying = 0y ) (Ergeme = ag;)
i i J k
=n' _n - n! + nith ¢
n' DA - ntQDyn - ntADyn + 0Dy

E‘ Q DnAE -n'Q Dn?’ n' A Dn? + ?'Dn?

~

(@n -)'D_(An -)

~




Therefore, the estimate of the variance of T produced by the method of
components can be written as

sim =%« L2(@n-9)"0, (2n-6)
[n(n-l)]zL4 o o7

— 2WL(2n=9)'Dp(An-y) *+ W2(An-y)'Dp(An-y) }

4
= (fL{en-¢) - W(An=p)]'D _[L(%n-
CCSRLE: (Lon-4) - W(An-$)]'D L (%n-0)

- W(An=)¢]} .

Next we apply the delta method to the scalar function F(p)=T.

We know that we can estimate the variance of T by

SZ(T) -1 a'(Dp ~ pp')a where a = o7
s el -

A ap
~In particular, T=W/L so that
LY wdhy
ap ap
a= - -
- L2
and
EE =t (2n29p -nd) = _i_(ZQn - ¢)
ap n{n-1) ~ ~ n-1 ~ =
and
A (2nPap - ) = L (2hn - ¥)

ap n(n-1) ~ n-1 -~ -



2 1 aW al
SUT) = —{[L(ZD) - W(2) | (D
nL4 [ (ap) (ap)] ( P~ ap

4

2 1
= —{L°(2n - Z¢)*' (D - np')(an - _¢)
B e T A VAR A

- ZNL(QE - %¢)'(Dn - nE')(An - %ﬁ)

* W2(An = Zg)" (D = ') (n - 4]

4

- {[L(Qn - Ly - wian - Ly

[h(n-1)]2L8 ~ 2~ ~ 2~

(0= np) [L(an - 24) - w(an - Ly)

~ 2...

- W L
- pp )[L(i—) ~ W(EE)]}

-

We have obtained matrix representations of both variance

approximation methods in order to facilitate their comparison.

We are particularly interested in their difference, namely,

2 2
s5(T) = s5(T)

4
) [n(n-l)jéfz ~ 4~ T~

(L2[(80, 8200 0n) - LoD, ~40"D ) |

() ' [} l ] 1 [}
) ZNL[(? D,d=4'Dyin=bD ) - 247D =290 fin-2) Dnﬂf)]

+ [ (9D, w-20"0 n) —-%(w'an—4w'DnAn)]

+[L(Qn - Loy~ wan ~:1w)]'np'[L(Qn - Ly~ wan -

~ 2.-.. ~ 2~

]
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4

3 ) h—Wi) - ' _
= [n(n.T)]’foT{Z(Lfrwf) D (Lo-Wp) (L?-w?) Dy (L An)

+ [L(Qn - l¢) - W(An - lw)]'np'[L(Qn - E¢) - W(An - }w)]} .
~ ~ ~ 2~ T~ ~ 2~ ~ 2
There are no obvious simplifications of the above difference.
Consider, however, the following alternative approach which assumes a
structure in the U-statistics of which the index of matched partial

correlation is a special case. Let

C = 4
nZ(n-1)2 4
and
y = L(@n-¢) - W(An —yp)
Then
s2(T) = c{y'D._vy}
Uty = =Y EaY
Note that
v'n=n'y = L(n'Qn-n'¢) - W(n'An ~ n'y)
= L[n(n-1)W] - wln(n-1)L]
= 0
Now,
Si(T) = ol (vt=¢ ~ EW)'(Dn—np')(Yf-¢ - Etl))
~ i~ 2~ ~—~



Suppose

¢ = aj and ¢ = 8j where j = (1,...,1)'

~

and « and 8 are some constants (e.g., they are 0 and 1 if T is

index of matched partial correlation). Then

v+ (CE)5] 0oy + (L i)

—
e
I

Ci[Y + (La;WB)i].Dn[I + (La;WB)é]}

~

-Zfr e (L°;”B)j]'nn'[z : <L°;”B)J]}‘

~ ~~ ~

2
+[(_L°i:‘f’_8_) ]j‘Dnj}
4 -~ ~

C{I'Dnz + (La—WB)I'Dnj

~

~ e

2
- E{y'nn'y + (La-WB)y'nn'j +-[(L°_WB) }j'nn'j}
4

n~~~~ ~ e m

But

30pd=3n=ni=n
and

Dpd = 1
which implies

100 = ' =0

the
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So

or

2
S5(T)

S
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2
C{YIDnY + Q + [(La—WB) ], n }
~ M- 4

2
-E{o-o+o+[iL_°‘_""i‘ﬁ]- nZ }
n q

2 2
c{y'D v} * c{[““'““) ] n}- E{[_(_L“__‘_“B) ] nZ )
~ =~ , 4 n 4

SS(T) £ 0

2(T) - SS(T) = 0 (independent of « and B8).

A

Therefore, when T is the index of matched partial correlation, i.e.,

when a=0 and g=1, the components of U-statistics and the delta

method estimates of the variance of T are equivalent.



CHAPTER IV
PLANNING A MONTE CARLO STUDY

4.1 Introduction

In this chapter we dicuss several topics which evolved during
the planning of a Monte Carlo study to investigate the small-sample
properties of the index of matched partial correlation (T) and
estimates of its variance. In Sections 2,v3, and 5 we study the
true value of T, i.e., o, in general and in trivariate normal
populations. Sections 2 and 3 are particularly intended to
establish a setting for the discussion of the Monte Carlo study
outlined in Section 4. In Section 6, we explore three numerical

methods for approximating e.

4,2 Population Value of e

Suppose that we have a pair of random observations (Xl, Yl’ Zl)

and (X

.2’
V=Y -V, and W=12; - Z,. Let alsoF (a,b |lw) denote the

Y2, 22) from some trivariate population. Let U = X1 - X

2’

conditional joint distribution function of U and V given W=w and let

G(w) be the distribution function of W. Then
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Pr {Concordance |W=w} - Pr {Discordance | W=w}

Pr {UV>0 | W=w} - Pr {UV<O | W=w}

1 - 2F(0,@|W) - 2F(w,0|w) + 4F(0,0[w).

If pairs are considered matched when |Z1 - 22[< e, then the

index of matched partial correlation becomes

e =

€
S_{1-2F(0,»|w) - 2F(=,0]w) + 4F(0,0]w)} dG(w)

fe dG(w)
-€

Now we impose a joint distribution on X, Y, and Z. In

particular, we assume a general trivariate normal distribution in

which
X1 - /ux
1 My
11 ~ N uz
X2 ux
Y2 My
22 uz

™

0

2
OX OXY 9XZ

2
oxXy oy 9YZ

2
CXZ °YZ o7

Applying well-known results from multivariate normal theory, we have

that

and

~—

U-w pvey

2
TUV-w °V-W
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where
ag a
_ %z _ %z
MYy = =3 W and Myew = =5 W,
[o] a
z z
2 2 o 2 2 0ys2
oy = 2oy - XL) , and o ° = 2(ay -_YLZ) )
z °z
and
[0 ag
- _ %x2%7z
oyvew = oy - =557
z
Now let
2
o(t) = ! exp -t
Ven
and
W(tistoso) = 2 exp |- 1 (%20t t,%t,7)
1°°2 1 127 %2
2nY 2 2(1—02)

1-5
denote the standard univariate and bivariate normal densities, _

respectively. Then the corresponding distribution functions

become

and

s u)w(t{,tz,p)dtzdtl




Using a simple transformation, we can write

a-Hy. —Hy.
Fla,b W) = y(32UM  Dvew )
VW Ve
where
- Suvew o Pxy-PxzPyz -

PUV-uW = = Pxyez

WUV 1-py,2) (1-0y,2)

i.e., UV W is the product-moment partial correlation. Note

that
Y-w . Y-
and
N b-u a-
oo - Yo . = ¢ .
F( ,bIW) = ( ’ c—-— > DUV'W) = (—O—Lu)
Veu VoW
Finally,
do(W) = 1 o( M ) qu
/Eoz /2_02
Thus,
o)
€ _ /?oz
5 {1-20( PUew)-20 (ZHyew)+ay (R, My Jouyeu)? ——
V2o
= _—€ Oy Oy .y e %yeu z
| e ¢ N )
V207 du

—€

47



Using the substitution W = /2 0,13, and writing out the various

conditional parameters, we get

Y
/ {1—2¢(ht3)—2¢(kt3)+4W(ht3,kt3,pxy.Z)}¢(t3) dts
= _7Y

Y
I d(ty) dty

where
y=_° _ ,h=_"°X72_, and k = __°¥z7_
A T2
V2 5, 1-ey; loey,

In order to facilitate the evaluation of e, we express e in

terms of single, double, and triple definite integrals:

o = P1-2Pp-2P3-4Py
p

1
where

y
Py = { o(ty)dTy = 20(y)-1

y
Y vy ht3
P2 = {Y¢(ht3)¢(t3)dt3 = {YI- ¢(t1)¢(t3)dtldt3 ,
Y vy kt3
P3 = fY¢(kt3)¢(t3)dt3 = fyf_m<p(t2)¢(t3)dt2dt3 .
and
Y
Py = ! W(ht3,kt3,pxy.z)¢(t3)dt3

vy ht, kt
-5 s3 53

_-Y - 00 - 0O

l])(tl,tz,pxy.z) o t3)dt2dt1dt3




Consider the region of integration for Pp in the figure below.

1

t3 /t1=ht3

p ]

N '
/// origin t1 »

Thus we can write

Po = s so(t1)#(t3)dtdt3
AvB ,

= f/{ ¢(t1) d(t3)dtydts + fél' ¢(t1)o(t3)dtidty

Since the integrand is symmetric, i.e., since

d(tr)a(ts) = o(-t1)e(-t3)
the integral over the region B must be the same as the integral over

the region C. We now have that

;o7 oo(ty) s(t3)dtydts
AUC

P2

vy O
= _fo_oo d(ty)e(tz)dtidty
% 0
_de)(t3)dt3 _fo3 $(ty)dty

]
O
P
<
—~
o
—



By analogy, P3 =

further simplification and, therefore, requires a numerical

approximation.

4.3 What should 2 be?

P1 and & =

Three methods are discussed in Section 4.6.

Pq _

P1

1. P4 appears to admit no
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Although the possible values of £ are limitless, we have chosen

~

four models of association which, we believe, cover a broad spectrum

of the possibilities of interest.
variables denoted by Aji be independent and identically distributed

normal variates with mean zero and variance one.

Case 1: 7 independent of X and Y

Let X5 = (A15 * cAzi)/ A+c2

Yi

Zi = A4y

(A5 * CA21)/¢1+C2

In the sequel, let the random

Note that all X, Y, and Z variables are standardized, which provides

convenience without loss of generality. We have then

E(XiY;) = Cov(X5,Y3) = o =

and since N

z

b

c?
v " T
Pyy = P+s S3Y5
lo. |<1.




Case 2: Common Cause and Intervening Variable Models (Spurious

ggrrelatioq)

Suppose that Z is a common cause of the variables X and Y.
We illustrate this relationship via the following path diagram,
a device developed by Wright (1918) in his treatise that laid the

foundation of path analysis:

////}WX
Z
Let
Xy = (CAli + A31.)/,/1+c2
. 5
Y_i = (CA21 + A3i)/v 1+c
Zi = A3i
Then
1 2
E(XiYi) = Cov(XiYi) T o, = 0
say. Also,
E(XZ,) = Cov(X{,Z;) = o, = 1,
/ 1+c2
and, by design, Pyz = ° Thus,
2
/1—p2 1 12 p¢ p
c= and X =1}ec 1 pf, |p|<l
P ~ p o 1



0f course, Oyy.7 = 0. Note further that the intervening
variable model

X

v
N

—>Y (or Y—> 7

A%
><
N

gives the same form of Z,

Case 3: Common Effect Model

The model in Case 3 assumes that the variable Z is a common

effect of X and Y, i.e.,

X-
B
v
Let X5 = Apj
Yi = A2
Z; = (Ap5 * Apy * chgq)/ v 2+c2
Then
E(X,Z,) = Cov(X;,2,) = pyy =
/ovc?
This time we let Pyz = P and Pyz = P in order to produce
a positive partial correlation, pxy.z = p., Say. Thus
p=/p. ,C=l—o.’
1+p. P
and
1 0 »
|0 1-e s lele
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Case 4: Developmental Sequence

Reynolds (1974) considered a causal relationship that assumed

Z influenced Y which, in turn, influenced X. The following path

diagram illustrates this model, which he called a "developmental

sequence":
Z S Y 3 X
(Equivalently, one might have Z 5 X >Y.)
Let Xj = (bApj * cApi + A3q)/ /b2c2+1
Yi = (cAsj + A31)/;/1+C2
i = A34
Then
1+c2
E(KY;) = Cov(Xp,¥y) = o, = / 1vc
/ 1+p2+¢2
1+c2
/1+b2+¢2
and
1
E(Yizi) = Cov(YiZi) =p _ =

yz
/1+c2

In order to represent the covariance structure as a function of

only one parameter, we set = = p and = 5. .
y P > Py = Pyz = P Pyyez = P> say



This yields

pxz—pz’pz'—‘_{t ’
/1-9.2
g 2 o 2
12 Az
P )
and
1 o 02
L=l o 1 » s ol .
ol p 1

This formulation, however, restricts o. such that |p.|<

In summary, we have presented four models whose covariance

50

structures can each be conveniently expressed as a function of only

one parameter, a fact whose usefulness will become apparent in the
Monte Carlo studies. Also, formulating the variates as linear .

combinations of univariate normal deviates suggests a method of

generating the Monte Carlo data.




4.4 Design of the Monte Carlo Study

In the preceding section, we have discussed e in terms of two
parameters, the partial correlation, p., and the tolerance for a
match, e¢. Thus we are interested in the behavior of e and its
sahp]e estimates along with their variances for various values of o.
and ¢. We chose ¢ = .1(.1).5, which allows matches in a range from
.2 to 1.0 standard deviation, and p. = 0, .2, .5, .7, .9, which
covers the (positive) range of partial correlations. Of course, we
needed to conduct the study for each of the four aforementioned
cases. Note, however, that p. is identically zero in Case 2. In
this instance we decided to vary the total correlations, denoted by
o, over the same range, i.e., p =0, .2, .5, .7, .9. Some
computational savings are made by noting that for p. = 0 and p = 0,
Cases 1 through 4 are identical. These values of the parameters
would suggest the design illustrated by Figure 4.1. The '—' for
the p. = .9, CASE = 4 combination signifies an empty cell in the
design. Recall from Section 3 that |p.|<1/ Y2 = .707 for Case 4.
If we call each case-by-correlation-by-tolerance combination a
scenario, our design comprises 80 scenarios.

Now let n denote the sample size under investigation.

Then for each case-by-correlation combination we must generate



Nictes:

CASE

e denotes

~

FIGURE 4.1

Monte Carlo Design




53

n random observations with the appropriate multivariate normal
distribution. Next we calculate o, T, TJ, and the varianceé of T
and TJ for each combination. This will, of course, be replicated

M times, where M is some number we choose beforehand. We decided to
fix M at 100, since Kleijnen (1974) recommends a relatively smaller
number of replicates to examine the behavior of a design under
different conditions (as opposed to a re]ative]y'larger number of
replicates when a precise estimate for a particular condition is
desired). Thus for each n to be investigated we must generate

16M = 1600 samples of size'n; and for each sample we must calculate
the sample statistics 5 times, once for each value of ¢, or 8000
times in all. Obviously, the calculation of each sample statistic
8000 times for each n would require considerable computation time,
so we conducted a study to determine the feasibility of the proposed
design. The results are described in Appendix A. We concluded that
the jackknife estimation process would require too much computation
time to make the full design possible; therefore, we eliminated the

calculation of Ty and SS(TJ) from the Monte Carlo study.

4.5 Behavior of e in the Models

Before investigating the behavior of e in special cases of each

of our four models, we first consider its characteristids for both
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infinite and zero tolerances. let
Q(w) = 1-2F(0=[w) - 2F(=,0 w) + 4F(0,0]w)
where, as in section 4.2, F(U,V|w) is the conditional joint
distribution function of U = X1-X, and V = Y1-Y, given
W= 21—22 = w. Then

€

S Q{w)dG(w)
6 = o(e) = _Z¢€

f€
2 dG(w)

where G(w) is the marginal distribution function of W. First,

consider "e{w)", where we are writing

o(=) = 1im o(e).
€>00

For this we return to first principles. With infinite tolerance the i
denominator of e is identically 1 and the numerator is

Pr{UVv<0} - Pr{UV>O}
which is the total Kendall correlation between X and Y (ignoring 7).

In a trivariate normal population, then,
©) = 2 cin-l
of=) = — " (DXY)‘

Next to find

lim o(¢),
€d> ©

let )
Qule) = sup Q(w)

—-e<W<e




and
Q (e) = inf Q(w).

~e<W<e
Then clearly
Qule) < oe) < Qule).
Hence, if Q(w) is continuous in w at w=0, it follows that

lim e(e) = Q(0).
e >0

In the trivariate normal,

- Q(w) = 1-20(aw) -2¢(Bw) +4y(aw,Bw,p.)

where
a = “°xz and B = °vz
07 2'1:;2_ UZVE}q:SZ—
Thus,
Qo) = 1-2¢(0) -24(0) + 4v¥(0,0,p.)

1-1-1+a4[%+_1 sin-1 (,.)]

ki)

2 in—1
—£_ sin (p.)
which is the Kendall correlation in the conditional distribution of
X and Y given any fixed value of Z.

Now we study e under various conditions in each of the four

cases.



Case 1:

Here a=0 and g=0 since pxz=0 and pYZ=O, respectively.

Hence,

Q(w) = Q(0) for all w
and

o(e) = Q(0) =_%_ sin‘l(p.) for all e;
thus,

8(0) = of®) = % sin1(s.).

Therefore, e is independent of the tolerance and depends only on the

true product-moment partial correlation.

Case 2:
In the expression for e(e), transform from t to W
UZ/?'
and let
A = P and vy = ¢
/1_02 07/2

Then, since Py7 = Pyz = P in Case 2,

F {1-40(-at) + 4¥(-2t,-2t,0.)}o(t)dt

o = o(y) = 2X -
So(t)dt

Note that the denominator of e is simply 2 (y)-1. Also in Case 2,

p.=0 so

Y(-at,-rt,p.) = [é(-xt)]z.




[}

Now suppose that »p

Thus

) {1-40(-t) +4[a(-t)12}o(t)dt
=Y

Y
S[1-20(-t)]2¢(t)dt
=Y

Y
[1-20(-t)]3 /6|
-Y

[20(y)-113 /3

o =[2(y) ~132 /3
when p = 1//2 in Case 2.

Furthermore,

and

Case 3:

The degenerate situation when p. = 1 appears to be the only

instance which admits simplification of e for Case 3, in which case

e is also 1 (and p =

(e}
—
o
~—
i

and

©

ComaY
g

S
]

e(0) =0

()

2 <¢in-l
—- sSin (DXY) .

1//2). However,

2 <in -1
—TSIH (p)

;_l_; then » = 1 and the numerator of e becomes



Case 4:
Unfortunately, no simplification is possible for Case 4 except
when the tolerance is zero or infinite. Then we have

e(0) = _%, sin ~1(s.)

and

T /1-p.2
The "nice" forms of e found for the above situations provide
a means of checking and comparing the approximation methods which we

discuss in the next section.

4.6 Three Methods for Approximating Pg

In this section we inveétigate three numerical methods which
can be used to evaluate P4 and hence, o, for our scenarios. In
particular, we consider the following:

(i) numerical integration of Py
(i1) Maclaurin series expansion of Py in y
(iii1) expansion of the bivariate normal distribution.

function portion of Pgq in o.

(i) Numerical integration of Py -

Stroud (1971) provides an algorithm for numerically
evaluating a three-dimensional iterated integral by the 16-point

Gauss-Legendre method. We must write P4 as an iterated integral in

order to apply the method:
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kt,-p t
ht 3 .21
Pg = } s 3 s ____.iz*i__ ¢(t1)¢(t2)¢(t3)dt2dt1dt3
-— — —_— - 2
Y e V1 °xy.z
since
kt tq-
h 3‘P(t1,t2,p)dt2 =r £_§__D_E_1___ ¢(t1)¢(t2)dt2.
—o —o /1-p

P4 is now in the form required by Stroud's algorithm with the
exceptions of the "-'s" which are the lower boundaries of the

region of integration for the innermost integrals. In this situation
some arbitrary, large, negative number must be chosen which will
produce a good approximation. We chose -13 since it was the largest
negative number which did not cause any underflow conditions during
the implementation of this algorithm; the accuracy of the

approximation is discussed at the end of this section.

(ii) Maclaurin series expansion of Pg

Before beginning the expansion, notice the following
relationships among the univariate and bivariate normal densities
and distributions and their derivatives.

a. ¢'(ht3)

b. ¢'(ht3)

hp (ht3)
-h2t3p (ht3)

[}

c. ¥(ht3,ktz.e) = SN KE (t),t5,0)dtpdt)
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= ht kt., —pt
f 3 S0 altin(ta)dtady

/1—02 N

S P8 () o (KB

v1-p"
d. vy'(ht3,kt3,p) = h¢(ht3)¢(KE§:gEE§)
2
v1-p
+ T3 ka(r)e (K137t ) dy
J —

V1-p

]

ho(htz)e (KE37oNE3) 4 ME3 K
/1-p? o /Zn/1-0?

2..2.2 2
. exp[- (tT+k"t3-2kpt3t1+0%t1 ) ] dty
2(1-02)

ho(htz)e (KE37PN3)

V1-p2

2
. t,-kt,p
(K2t i Pei2d) [—(—1— g)]
ht3 k_‘exp |- 3 TR F3P 7 exp 2(1=0%) 1 atg
L 2(1-92) /7 V1-p2

+

ho(ht3)e (KE37PME3) 4 ky(kigye  (NE3-KE3e)

——— e e e« e

¢1_92 /1_92 J

Note that this is an example of the differentiation of a definite

integral with respect to a parameter. The solution is widely
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available —-- see Gradshteyn and Ryzhik (1980), for example —-

and is presented below:

) A
d ﬁ(a f(x,a)dx = f(g(a),a) 9ula) - f(¥(a),a) 9¥(a)
da vy (a) da da

+ §(a) _Efiili) dx.
W(a) da

Recall that the MaclLaurin series for a function f(x) is useful

for approximating f for values of x near zero. It is given by

fx) 2 £(0) + £ (0)x + 2400 w2 v v H0L(O) AP
where f(")(x) denotes the nth-derivative of f with respect to X.
We need a few more preliminaries before we derive the expansion

of P4 as a function of y. Let

o) = /h(t)dtss o(-) =7 Th(t3)dts - - Ph(ts)dts.
J hirg)at

Thus, if

f(y) = [h(t3)dts,
~y

then f(y) = g(y) -g(y). Furthermore, we have that
0, for n even (including n=0)
£(n)(0) =

29(n)(0), for n odd

Therefore, the Maclaurin series expansion for this particular f

is given by

Fly) = 29" (0)y + 91Oy 4, 4 292M D) (0)y201
3 (2n+1)!
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In our application,

f(y) = Pg

and

9(y) = fgw(ht3,kt3,o)¢(t3)dt3

(for notational convenience, we have dropped the subscripts

from o), so

g' (v)
g'' (v)

Y (hy, ky,0)6(Y),

y' (hy,ky,e)e(y) = yy(hy,ky,o)oe(y)
¥*'(hy,ky,p)d(y) - vg'(vy),

and

g' " (y) = ¥ ' (hy,ky,e)d{y) - y¥'(hy,ky,0)¢(y) - g'(y) - vg''(¥).

¥+ (hy,ky,p) = h¢(hy)<[,(_kih)_v]+ k¢(kY)¢[ (h-kp)v] .
/1-p2 /1-2

Now

Thus v
y' ' (hy,ky,p) = N(k=eh) ¢(h7)¢[i5:£ﬂll]- h3y¢ (hy)? [(k-oh)Y ]
V1-o? V1-p2 V1-p2
+ k{h-pk) ¢(ky) ¢[(h‘k°)Y]—k3y¢(ky) [(h—kp)Y]
V1-p2 V1-p2 V1-02
Hence,
9'(0) = (& * sin—lp ) L - L (r + sin-1p)
2n Ven 2n/2n 2
and
g1 (0) = | Zhk-e(h@kd) [ 1 , o+ sinley 1
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—o(h2+k2
- 1 2hk-p (hé+k<) v Sin‘lp .
Zﬂm /1_02 2
Finally,
| —o(h2+k2
Pg = 1_:: {(n+2sin-1p)y + 1/3 2hk-p(h*ke) _ o _ sin-1p y3}.
2ny/2n /T:EZ 2
(iii) Expansion of the Bivariate Normal Distribution

Function Portion of e in p

Once again for notational convenience, we drop the subscript
from p. Let

o 00

L(a,b,p) = £ g y(t1,to,0)dtydty .

Pearson (1901) obtained the expansion

ummw=¢umw)+anam[p+£ab+ﬁuanLnnJ
2 3! ‘
- psi(a)sib)et
i=0
where
§i(c) = (-111:1 di-l1g () for i > 1
Vil dc
and
GO(C) = ‘b(C)

Note first that
¥(a,b,0) =(a) +o(b) + L(a,b,0) - 1.

Next, recall that

Pa = Tfylht,kt,p)o(t)dt.
=Y



Hence,

i°
o
L}

Y Y
rlatht) + alkt)-1] 4(t)dt + ;L(ht,kt,p)g(t)dt
=Y =Y

y
Pp + P3 - P1 + s L(ht,kt,p)p(t)dt
=Y

I

Y
3Py + LP1-P1 + s L(ht,kt,p)d(t)dt
-y
y
S L{ht,kt,p)(t)dt.
-Y

Thus, if we use Pearson's expansion, P4 becomes
Y
Pg = slelht)o (kt)
-y

+ ¢ (ht) ¢(kt) [pw_z hkt2 + o3 (h2t2-1)(k2t2-1)+...] }oo(t)dt .
2! 3!

Unfortunately, no further simplification appears possible.

We recognize the following difficulties with Pearson's
expansion for our problem, If we chose to approximate P4 using
this method we would first have to determine an appropriate term in
the expansion at which to truncate the infinite series. Then, we
would have to use numerical integration on this "approximate"
integrand to obtain a value of P4. Furthermore, Pearson pointed

out that this method is only accurate for small p, but we have some
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large values of p in our design. Therefore, we believe that
Pearson's expansion is not a suitable candidate for a method to
approximate P4.

In Section 4.5 we investigated the behavior of e in each of
our four models for specia]»cases of the covariance structure. The
results provide us with some easily obtainable values of e with
which to compare the Maclaurin series expansion of P4, and hence,
e, with the same using numerical integration. Computer programs
were written in FORTRAN to compare the two methods for the special
cases when p.=0, p=1//Z, and e=.1(.1).5. These programs are
included in Appendix B. We present the outcomes of this comparison
in Table 4.1 and we use the following notation: e is, of course,
the true value of the index of matched partial correlation and, for
these special cases,

o = [26(y)-12°/3
where y=¢//Z ; o denotes the value of e approximated by
numerical integration; oy denotes the value of e approximated by
the Maclaurin series expansion; |e—eI| and [6-oy| represent the.
obvious absolute differences. We observe that o1 differs from e
by at most 10'5 while Oy differs from e by 10_5 in the best
case. Hence, we conclude that o provides use with a much better

approximation of e in these special cases. Furthermore, we do not



TABLE 4.1
A Comparison of the Maclaurin Series and Numerical
Integration Approximation of 6 for Case 2,

p=1//2 , and ¢ = .1(.1).5

6

6

e 8] 6-9] lem| |o-op |
106x1072 .105x107%  .795x107°  .105x107%  .619x107°
422x107% La21x1072. .289x107°  .425x107%  .292x107%
.981x1072  .941x107%  .105x10™°  .957x107¢  .161x107°
165x107h L1esx10™t L38sx107®  L170x107l Ls10x1073
2551070 L2ssx10™l L260x107®  L267x1071 .123x1072
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compare the two methods for any other special cases since numerical
integration is the overwhelming method of choice.

Finally, we present the values of e, approximated by numerical
integration, for each scenario in our Monte Carlo design in
Table 4.2. This table c]early illustrates the patterns of e which
we expect in our study. In particular, e increases with p. {or o
in Case 2) for every case; o also increases with ¢ in Cases 2 and
4, it is constant for all ¢ in Case 1, and it decreases with ¢ in

Case 3.



Values for e For The Monte Carlo Design

Approximated by Numerical Integration *

TABLE 4.2

68

Tolerance

Case p.x* 0 .1 .2 .3 .4 .5 ©
0 0 0 0 0 0 0 0
.2 .128 128  .128 .128 .128 .128 .128

1 .5 .333 .333  .333  .333 .333 .333 .333
.7 .494 .494 .494 .494 .494 .494 .494
.9 .713 JJ13  .713 713 713 713 .713
Pl .910 .910 .910 .910 .910 .910 .910
0 0 0 0 0 0 0 0
.2 0 .000 .000 .000 .001 .001 .128

2 .5 0 .000 .001 .003 .006 .009 .333
.7 0 .001 .004 .009 .0l16 .024 .494
.9 0 .004 .018 039  .067 .100 713
. 9gx** 0 050 .173 .318 .446 .543 .910
0 0 0 0 0 0 0 0
.2 .128 .128 .127 26 124 (122 0

3 .5 .333 .332  .330 .325 .319 .311 0
i .494 .492 .487 .478 .466  .452 0
.9 713 709 .697 .677 .652 .621 0
L .910 .906 .865 .808 .755 .714 0
0 0 0 0 0 0 0 0
.2 .128 .128 .128 .128 .128 .128 .13l

4 .5 .333 .333  .334 .334 .335 .336 .392
.7 .494 500 .518 .546 .579 .615 .873

*  Exact values for p. or p=0, and for tolerance = 0 or .,

** o in Case 2.

**k 5. = .99 is discussed in Chapter 5 and is included here for future

reference.




CHAPTER V

THE SMALL-SAMPLE PROPERTIES OF T AND THE
COMPONENTS OF U-STATISTICS ESTIMATE OF ITS VARIANCE

5.1 Preliminaries

In this chapter we investigate empirically the small-sample
properties of T and SS(T). "More specifically, we address the

following questions:

1. How good is T as an estimator of e?
2. How good is SU(T)IVﬁ'as an estimator of the standard
deviation of T?
3. Is vﬁ(T—e)/SU(T) approximately distributed as a
standard normal random variable?
To provide the necessary data, we conducted a Monte Carlo study
for samples of size 50, 25, and 10 according to the protocol set
forth in the preceding chapter. We took 100 replications of each
scenario (case by correlation by tolerance combination) at each
sample size. The data are summarized using various descriptive
statistics which are focused on the specific questions above. In
order to discuss these measures, we introduce some notation and

definitions.



70

Let the matched partial correlation index and its computed
standard error obtained for the i-th rep]ication of a scenario for
a given sample size be denoted by Ti and Si’ respectively,
i=1(1)100. Note that Ti and Si are undefined if there are no
matched pairs. Let M be the number of times Ti and Si are
defined; M is usually 100, except for a few scenarios of the size

10 samples. Now define

Ti-e
54

if §3 >0,

+ @ if §;=0 and Tj>e,

- o if 5i=0 and Ti<e,

undefined if T is undefined

where e is the true population value of the index of matched
partial correlation for the scenario. (Recall that e is known
exactly for Case 1 but must be approximated by numerical

integration otherwise.)

For Question 1 we first consider the mean and standard
deviation of the T;, which we denote ? and Sy, respectively,

where

T =157, and $2 = _1_5 (T4-T)2
M T M1"




with the sum over all replications for which T is defined. We
estimate the bias in T as an estimator of e by by = T-o. We
expect some bias in T except when e=0, in which case it seems
obvioqs that T should be symmetrically distributed about e. Also,
we compute an estimate of the root mean squared error of T, say

Sg, where

sg = %z (Ti-o)2.

For Question 2, the quality of Sy(T)/n as an estimator
of the standard deviation of T is examined through its estimated
bias which we denote bg. This is defined as bg = §—ST where

M

We expect bg to be small relative to Sr.

Finally, for Question 3 we are, of course, interested in the

standard normality of the Zj. We pursue this question primarily
through the significance or non-significance of the two-sided

KoImogorov-Smirnov goodness-of-fit statistic.
i-1 i
D= sup sup{|a(i) - — » % - a(i) [}
1M (1) oM 2

where a(j) is the i-th order statistic of

2(Z5) if S350,

aj =

i 1+sgn(Ti—e) if S5 =0, i=1(1)M,
2
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The asymptotic critical values for testing D at the .05 and .01
levels of significance are 1.36//ﬁ and 1.63/¥M, respectively.
"Secondly, we examine the behavior of the tails of the
distribution of the Z;. If Z; is standard.normal, we expect
.1IM values of the Z; to be greater than 1.645 in absolute value,
.05M to be greater than 1.960, and .01M to be greater than 2.576.
Thus, we count the occurrences of these events in our data.
We also consider the mean Z and the standard deviation

Sz of the Z;:

7= l.zZi and S% =1 z(Zi-Z)Z,
M* M*—1

where M* is the number of times that S;>0, and each sum is taken
over these M* values of Zj. We cannot, however, place as much
weight on the proximity of these quantities to their asymptotic
values, which are 0 and 1, respectively. This is because $;=0
occurs with positive probability, so that, strictly speaking, the

population moments of the Z; do not exist.

5.2 Results for n = 50 (or more)

Tables 5.1-5.4 summarize the data generated for Cases 1-4,
respectively, in the Monte Carlo study for samples of size 50.
Note that '*' and '**' denote significance of D at the .05 and .0l

levels, respectively. This notation is used throughout the sequel.
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Relevant to Question 1, we note that T appears to have a
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small positive bias. As stated previously, there should be no bias

if e=0, but our study yields an estimated bias ranging from .003
to .020 (depending on.e) for that situation. Where 6>0, the
estimated bias averages about .01, with maximum just over .02; it

is always positive except for Case 3, p. = .2 where the estimated

value ranges from -.012 to -.023, and for one instance of estimated

bias -.002 for p. = .9 and € = .1, also in Case 3. For this
sample size (50) the empirical standard error St is typically
about .10, ranging from just over .05 to just over .15; it is, of
course, inversely related to e (high correlations are more
accurately estimated than low ones) and also inversely related to
e (because larger values of ¢ imply larger numbers of matched
pairs), but neither relationship is exceptionally strong within
the range of scenarios under study.

We next note that Sy appears to overestimate the true
standard deviation. Its estimated bias is positive fdr every
scenario, being typically about .02, with maximum value just ove?
.05. This bias is smaller for larger values of ¢, presumably
because then there are more matched pairs on which to base Sy;
there is no clear pattern of relationship with case or with e.

Despite the biases in T and Sy, the standardized values

Z; = (Ty-e)/S; appear to be distributed approximately as
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standard normal random variables for n=50, at least if e is not too
large. Thus in Case 2, where e never exceeds .1, no value of D is
significant at the .05 level; in Cases 1 and 4 some significantly
large values of D occur for the larger values of e; in Case 3 we
observe significant D's for large e, though also for some
§ituations which we discuss later. Overall, the tails of the
distribution_of the Z; are too "light"; e.g., in Case 2 we
observe 6.68, 2.80, and 0.84 values of Z;j in the tails on the
average when we expect 10, 5, and 1 values, respectively. The
last three scenarios of Case 4 are the only exceptions, and there
we observe just the opposite: extremely heavy tails.

We note that, corresponding to the positive bias inT, Z
also was greater than zero for every scenario except a few in
Case 3, and equaled .159 on average. Furthermore, corresponding
to the overestimation of the true standard deviation by
Sy(T)//m, Sz was .869 on average, and less than unity in
every scenario except one (Sz = 1.006 for Case 1,
p.= .7, ¢ = .5). Thus we considered the proposition that
T might be normally distributed, but without specifying the mean

and standard deviation. Define

* Ti-T

2 = 470

ST
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and

D* = sup SUP{I‘I’(Z?i)) - —;,\4——[,|% -0 (Z?i)) |},
i=1(1)M
where Z?i) is the i-th order statistic of the Z?, i=1(1)M; then
D* is the Lilliefors (1967) goodness-of-fit statistic for testing
the hypothesis of normality, with asymptotic critical values of
.886//ﬁ and 1.031//M at the .05 and .01 levels of significance,
respectively. Table 5.5 contains the observed values of D* for n=50.
The only significant values of D* appear for the 3 largest values
of e for both Cases 3 and 4. (One other test statistic is
significant at the .05 level, but since we expect 1 out of 20 due
to chance we feel that we can disﬁiss it.) This suggests that the
problem in achieving standard normality of the Z; is due more to
the biases than to the shape of the actual distribution.

Note finally that we see a clear pattern of z increasing
with e. Although a similar trend is not evident for Sz, we notice-
that the larger Z's tend to occur with the relatively smaller Sz's.
In fact the significant D values in Case 3 seem to be explained by
this phenomenon. The values of D which are significant in Cases 1
and 4 also appear to be severely affected by this Z—Sz relationship.
Recall also that the underlying trivariate normal distribution is
degenerate for o. = 1//2 = .707 in Case 4, while the distribution
is not degenerate until p.=1 in the other cases. We may expect

some instability near the points of degeneracy.
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JABLE 5.5
Lilliefors Goodness-0f-Fit Statistic

For Samples Of Size 50 .

R TOL THETA M  MSTAR  CASE_1  CASE 2 CASE_3 CASE_4

0.0 0.1 0.000 100 100 0.047 0.047  0.047  0.047
0.0 0.2 0.000 100 100 0.056 0.056  0.056  0.056
0.0 0.3 0.000 100 100 0.046 0.046  0.046  0.046
0.0 0.4 0.000 100 100 0.038 0.038  0.038  0.038
0.0 0.5 0.000 100 100 0.035 0.035  0.035  0.035
0.2 0.1 0.128 100 100 0.064 0.055  0.045  0.061
0.2 0.2 0.128 100 100 0.057 0.047  0.076  0.070
0.2 0.3 0.128 100 100 0.057 0.047  0.057  0.064
0.2 0.4 0.128 100 100 0.060 0.061  0.050  0.044 -
0.2 0.5 0.128 100 100 0.054 0.030  0.047  0.061
0.5 0.1 0.333 100 100 0.067 0.057  0.089%  0.065
0.5 0.2 0.33 100 100 0.058 0.041  0.054  0.075
0.5 0.3 0.33 100 100 0.063 0.051  0.054  0.078
0.5 0.4 0.335 100 100 0.063 0.048  0.043  0.070
0.5 0.5 0.33 100 100 0.045 0.063  0.061  0.063
0.7 0.1 0.500 100 100 0.044 0.060  0.079  0.066
0.7 0.2 0.518 100 100 0.055 0.061  0.068  0.070
0.7 0.3 0.546 100 100 0.062 0.055  0.071  0.138**
0.7 0.4 0.579 100 100 0.062 0.037  0.077  0.104%*
0.7 0.5 0.615 100 100 0.065 0.042  0.071  0.115%*
0.9 0.1 0.709 100 100 0.045 0.050  0.106%* -

0.9 0.2 0.697 100 100 0.064 0.059  0.107% -

0.9 0.3 0.677 100 100 0.062 0.032  0.100* -

0.9 0.4 0.652 100 100 0.074 0.054  0.064 -

0.9 0.5 0.621 100 100 0.055 0.070  0.055 -
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The tendency to have Zj which are not standard normally
distributed when the values of the population parameters are near
points of degeneracy suggests increasing the size of the samples
and examining the behavior of the Zj in these instances. Thus, we
generated 100 samples of size 100 for Case 4 with o. remaining at
.7; we increased p. to .99 in Cases 1 and 3 and p to .99 in Case 2.
The tolerance varied as before, with ¢ = .1(.1).5. The results are in
Table 5.6.

We now observe a sma])er positive bias in T than before,
averaging .009 for Case 2 with maximum of .014 and .003 in Cases
1 and 4 with maximum of .006; for Case 3, however, tolerances of
.1, .2, and .5 result in negative estimated bias ranging from -.011
to -.005. Due to the increase in sample size, ST is much smaller,
typically a little more than .04, and ranging from .016 to .090.
Similarly, Sy//n tends to overestimate the true standard deviation
by about .004 with maximum .015. One exception is the Case 4,

0. = .7, ¢ = .2 scenario where bg = -.001. As expected, this
bias decreases as e increases.

There is a definite tendency'towards standard normality
for Case 4, p. = .7; only the value of D for e=.1 is significant
at the .05 level. The tails also improve, although they still
tend to be lighter than expected. For Cases 1, 2, and 3 the large

D's occur for small values of e with the exception of the significant
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'D for Case 4, p.=.99, e=.4. Although the size of the samples has
doubled, the large values of D seem to be caused by the biases

in our estimate of e and in our estimate of the true standard
deviation of T just as before: the significant D's occur when z
is large and Sy is relatively small. For example, Z=.281

and Sz = .947 when Case is 3 and ¢ = .4 which results in

b=.174, a value that is significant at the .01 level. The tails

of the Z; are also lighter than expected for these three cases.

5.3 Results for n=25 or 10

In Tables 5.7-5.10 we display the results of the Monte Carlo study
for samples of size 25. We note aﬁ increase in the estimated bias
bt when e=0, decreasing from .057 when e=.1 to .037 when e=.5. The
bias is always positive for Cases 2 and 4, typically about .04 and
.03, respectively. On the other hand, when 6>0 in Cases 1 and 3,
the bias is negative, averaging a little more than -.002 and -.015,
respectively. The empirical standard deviation is still, of course,
inversely related to both e and e¢; it also increases to slightly
less than .2 on the average with maximum .306, which is as expected
with the decrease in sample size.

Not surprisingly, SU(T)//F overestimates the true standard
deviation with bg increasing slightly, about .002 on average, as
compared to n=50. Although the pattern is not as clear as before,

there is a tendency for this bias to decrease with an increasing
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tolerance; once again there is no clear pattern of relationship
with case or with e.

We note next that the Z; are not standard normal for e near
zero. The fact that there are no significant values of D for larger
values of e in Cases 1 and 3 leads us to suspect that the Kolmogorov-
Smirnov statistic does not have adequate power to detect deviations
from standard normality when they do indeed exist for these
situations.

Similarly, in Table 5.11, we find more significant values of
D* when the size of the samples drops to 25, but they occur in no
particular pattern. Here we conclude that any pattern is probably
hidden by the lack of power -of the Lilliefors statistic to detect
deviations from normality under these circumstances.

In our studies of samples of size 10 displayed in Tables
5.12-5.15, we first note that M* is usually about 95 when e=.1, that
is, T4 is undefined about 5 percent of the time because there are
no matched pairs. M, the number of replications for which Si>0{_
ranges from 22 to 100 depending on eg; it increases with ¢ because
the number of matched pairs also increases with ¢ which, in turn,
increases the probability of a nonzero standard error. The effect
of these relationships on by, if any, is not clear; we note,
however, that this bias is usually larger than for n=25 and 50,

presumably due to the smaller sample size. The bias is negative




Lilliefors Goodness-0f-Fit Statistic

TABLE 5.11

For Samples of Size 25
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R TOL  THETA M M STAR CASE 1 CASE 2 CASE_3 CASEt_4
0.0 0.1 0.000 100 100 0.075 0.075 0.075 0.075
0.0 0.2 0.000 100 100 0.082 0.082 0.082 0.082
0.0 0.3 0.000 100 100 0.088 0.088 0.088 0.088
0.0 0.4 0.000 100 100 0.075 0.075 0.075 0.075
0.0 0.5 0.000 100 100 0.106**  0,106** 0.106** 0.106**
0.2 0.1 0.128 100 99 0.073 0.065 0.083 0.061
0.2 0.2 0.128 100 100 0.080 0.084 0.087 0.081
0.2 0.3 0.128 100 100 0.058 0.066 0.053 0.100*
0.2 0.4 0.128 100 100 0.040 0.092*  0.067 0.099*
0.2 0.5 0.128 100 100 0.066 0.097* 0.042 0.111%*
0.5 0.1 0.333 100 99 0.084 0.061 0.052 0.054
0.5 0.2 0.33¢ 100 100 0.055 0.087 0.062 0.087
0.5 0.3 0.334 100 100 0.076 0.081 0.051 0.108**
0.5 0.4 0.335 100 100 0.066 0.094* 0.053 0.072
0.5 0.5 0.336 100 100 0.060 0.078 0.061 0.065
0.7 0.1 0.500 100 97 0.057 0.082 0.076 0.084
0.7 0.2 0.518 100 100 0.062 0.103** 0.073 0.067
0.7 0.3 0.546 100 100 0.082 0.068 0.048 0.095*
0.7 0.4 0.579 100 100 0.124** 0.091* 0.062 0.081
0.7 0.5 0.615 100 100 0.105*  0.051 0.050 0.070
0.9 0.1 0.709 100 92 0.098* 0.074 0.052 -

0.9 0.2 0.697 100 100 0.064 0.048 0.059 -
0.9 0.3 0.677 100 100 0.057 0.055 0.066 -
0.9 0.4 0.652 100 100 0.062 0.087 0.069 -
0.9 0.5 0.621 100 100 0.059 0.068 0.067 -
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for e<.024 in all cases and for e=.128 in Case 1. St1, of course,
is much larger, due to the decrease in samp]e'size, and ranges

from .235 to .788. As a result of the preponderance of zero
standard errors, nearly all estimated values of bg are negative,
averaging -.127. This also causes the tails of the distribution of
the Zj to be too heavy - a strong indication that the Zj are not
from a standard normal distribution. Finally, both the Kolmogorov-
Smirnov and the Lilliefors goodness-of-fit statistics indicate
deviation from standard normality and normality, réspectively, in
most instances and presumably they would in the others if they had

more power.

5.4 Fisher's Z Transformat}on

In an attempt to improvelthe distributional properties of T
in small samples, we considered the application of Fisher's Z
transformation (1921). Fisher examined the convergence to
normality of r, the Pearson product-moment correlation, and found
that the transformation of r to 1/2log((1+r)/(1-r)) approaches
normality much faster than r, with an approximéte variance 1/(n-3)
(where n is the sample size) when the population counterpart of r is
reasonably small. Fieller et al. (1957) considered applying
Fisher's transformation to ti, Kendall's total correlation
coefficient. They found that 1/21og((1+t;)/(1-t5)) is approximately

normally distributed with mean 1/210g((1+ 3)/(1- 3)) and variance




Lilliefors Goodness-0f-Fit Statistic

TABLE 5.16

For Samples of Size 10

95

R TOL  THETA M M STAR CASE_1 CASE_2 CASE_3 CASE_4
0.0 0.1 0.000 95 40 0.227**  0.227*%* 0.227**% 0.227**
0.0 0.2 0.000 100 76 0.095* 0.095* 0.095* 0.095*
0.0 0.3 0.000 100 90 0.097* 0.097* 0.097* 0.097*
0.0 0.4 0.000 100 99 0.097* 0.097* 0.097* 0.097*
0.0 0.5 0.000 100 99 0.075 0.075 = 0.075 0.075
0.2 0.1 0.128 95 43 0.174%*  0,227** 0.190** 0.192**
0.2 0.2 0.128 100 76 - 0.086 0.102*  0.117** 0.126%*
0.2 0.3 0.128 100 93 0.093* 0.083 0.085  0.122%*
0.2 0.4 0.128 100 100 - 0.084 0.075 0.066 0.120**
0.2 0.5 0.128 100 100 0.079 0.066 0.080 0.092*
0.5 0.1 0.333 95 40 0.237**  0.235*% 0.204** (,238**
0.5 0.2 0.33% 100 70 0.132** 0.082 0.125** 0.162**
0.5 0.3 0.334 100 92 0.093* 0.105** 0.090*  0.128%*
0.5 0.4 0.33 100 98 0.062 0.079 0.087 0.140%**
0.5 0.5 0.336 100 99 - 0.052 0.073 0.059 0.116**
0.7 0.1 0.500 95 34 0.245%%  0,228%* 0,258% 0,309%*
0.7 0.2 0.518 100 58 0.157**  0.088 0.197** (,222**
0.7 0.3 0.5 100 70 0.088 0.087 0.128** 0,151**
0.7 0.4 0.579 100 83 0.079 0.085 0.076 0.116**
0.7 0.5 0.615 100 88 0.067 0.087 0.082 0.112**
0.9 0.1 0.709 91 20 0.359**  0.221** 0,386** -

0.9 0.2 0.697 100 46 0.331**  0.094* 0.327** -
0.9 0.3 0.677 100 64 0.248*x  0.094*  0.206** -
0.9 0.4 0.652 100 75 0.177**  0.067 0.125%* -
0.9 0.5 0.621 100 83 0.143**  0.075 0.101%* -
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.437/(n-4). Recall that T and t, are equivalent when all pairs
are considered matched; i.e., e=o. Thereforé, we examined the -
distribution of z=1/21og((l+T)/(1—T)). We hoped that this would be
approximately normally distributed with mean & =1/210g((1+e)/(1-6)).
We considered two possibilities for the variance. First,
we tried the simple 01=.437/(n-4). This, however, was evidently
too small; the standardized variable (E-g)/ol had typically an
estimated standard deviation of about 1.3 for n=50, and the
problem was considerably worse for n=25 and n=10.
We tried next to improve on the variance approximation for

our transformation by defining what we call the effective sample

size, denoted by ng. The effective sample size is that which
would have produced the number of matched pairs we observed if
all pairs were considered matched. In other words, if the sample

size were ng, then we would have

M= (5F)

pairs when all pairs are matched. Solving for np given the M

matched pairs actually observed, we find that

1+/1+8M
ng = —

We then try o02=.437/(ng-4) (note that op varies from one
replication to the next). But this apparently terribly overestimates

the variance, causing Sy usually ‘to be just under .7 for n=50.
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Smaller sample sizes were not investigated because of the over-
whelmingly unsatisfactory outcome for samples of size 50.

We acknowledge that these guesses at the variance approximations
were quite arbitrary, but we had no theoretical knowledge available
to suggest any better choices. Therefore, we terminated our search
for the appropriate variance approximation (and suggest further

research in this area).

The mean of E, by the way, was consistently greater than
just as T was greater than e. This suggests that E is positively
biased as an estimator ofyg and thus, if our -results for T are
any indication, there may be problems in achieving standard
normality even when a good approximation to the variance exists. We,
therefore, concluded that Fisher's Z transformation is not worthwhile

in our context.

5.5 Conclusions

After reviewing all the data from our Monte Carlo study, we
conclude that the practitioner should expect T to overestimate o
and SU(T)//H to overestimate the true standard deviation of T.
These biases, however, are not very large for |e|<.5. Note that the
distribution and, hence, charaéteristics are symmetric with respect
to e. And, in fact, the standardized value /'n(T-e)/Sy(T) appears
to be standard normally distribqted for e in this range when the

sample size is at least 50.
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Quade (1974) presents the following thumb-rule:
If your sample contains at 1east“200 concordant

and 200 discordant pairs, then the asymptotic sampling

theory should obtain. ‘
Later (personal communication) he decided that this rule {s too
conservative and suggested only requiring at least 50 pairs of
each kind, though admitting that he has no empirical evidence to
support this. Table 5.17 displays the number of replications per
scenario in which this "50-50 thumb-rule" suggested by Quade is
satisfied for n=50; i.e., the cells of the table are counts of the

replications in which there are at least 50 concordant and 50

discordant pairs for a given scenario. Also, the scenarios in which

the Z; are significantly different from standard normal random

variables as indicated by the value of the Kolmogorov-Smirnov -
statistic D are marked, analogous to the preceding tables. It

appears that the significance or nonsignificance of D is more

directly attributable to the value of o. and, hence, to e, than

to the thumb-rule, since significant values of D occur for the

larger values of p., although we do notice that the number of

replications in which the thumb-rule is satisfied is usually small

when D is significant. Nevertheless, there are certainly exceptions: -
D is significant when the count is 53 for Case 1, p.=.7, and e=.3

but it is not significant for a count of only 1 when ¢ decreases




TABLE 5.17
The Number of Replications in Which Quade's

50-50 Thumb-Rule is Satisfied

Tolerance
Case p. (p in Case 2)
1 .2 .3 .4 .5

0 0 87 100 100 100
.2 0 76 100 100 100

1 .5 0 31 91%* 99 100
T 0 1 53* 89 96
. 9 O** O** 0** 4*x 34**
0 0 - 87 100 100 100
.2 0 89 100 100 100

2 .5 0 88 100 100 100
.7 0 88 100 100 100
.9 0 94 100 100 100
0 0 87 100 100 100
.2 0 77 100 100 100*

3 .5 o* 27** 91* 100 100
.7 Q** 6 54 95 100**
.9 0 0* 1* 30* 84
0 87 100 100 100
.2 84 99 100 100

4 .5 0 27 94 99* 100*
.7 o> 1xx 30** 77%* 92 *x*
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to .2 for the same case and p.; the count is always O when the
tolerance is .1, but for moderate p. D is not significant.

We pursued this question one step further by examining the
value of D conditional on the thumb-rule being satisfied. Thus,
for n=50, we selected only those replications in which there
were at least 50 concordant and 50 discordant pairs and then
computed D. We noticed a few scenarios where the conditional D was
not significant and the unconditional D was significant. Unfor-
tunately, several scenarios which had a small count and a non-
significant unconditional D became significant.

In summary, there is no conclusive evidence based on our

study which indicates that the 50-50 thumb-rule should be used,
nor is there an indication of one which would be more appropriate. -
We do, however, point out that the design of the present study

does not permit a thorough investigation of this thumb-rule.




CHAPTER VI
PARAMETRIC AND NONPARAMETRIC CORRELATION: AN EXAMPLE

Davis et al. (1980) present correlations between plasma lipid
and lipoprotein fractions taken from the Lipid Research Clinics (LRC)
Prevalence Study which was initiated in 1971 to determine the
prevalence of different types of dyslipoproteinemias. In particular,
they measure the association of High density lipoprotein (HDL)
cholesterol with total cholesterol, total tryglycerides, low density
lipoprotein (LDL) cho]esterof, very low density lipoprotein cholesterol
(VLDL) and the sum of LDL and VLDL. Their data consisted of a 15%
random sample of the 10 North American LRCs and was restricted to
whites older than 5 years of age who fasted at least 12 hours before
their blood was drawn, had, no missing data for HDL cholesterol,

LDL cholesterol, or VLDL cholesterol, and did not have an outlier

on any variate. Figure 6.1 is a reproduction of Table 2 from their
report on a final sample of 3493 males, 2606 females not taking
gonadal hormones, and 712 females taking hormones, stratified by age
category. They performed a logarithmic transformation on the values
of each measurement before computing the correlations in order to

make the distribution (of the correlations) more symmetric. Next



102

080" - oLl - 090" - 0010 00£°0 ot +0L
09z - ope -’ - 090" - ocy - 08v 0 g5 69-09
ocg " - osg " - 00Z - ove - oyl 0 Les 65-0G
ove - 062 - 00€ " - 06} " - 0010 ZEL 6v-0v
00€ " - 062 - ovz - ogl - 004 "0 22! 6E-0€
oce " - 00Z - 08BZ - oLy - oLL°0 €€T 62-0Z
086" - ovy - o015 - 0Z5° - 064 - ol 61-51
16801 1a1A 901 a1 901 5131 907 J0HD 901 N 1va 3oV
D e SINOWHOH DNINVL SITWHII=SSYTD = - mm - s m o m o e e oo oo e e e oo e
ose " - ozy - oLt - 095" - oL 0 LES +0L
oLE - 0Z9 - os1 " - 059" - 0000 gtz 69-09
oce " - oty - o8l - 0.5 - 0v0°'© gLE 65-0S
08Z - 00€ " - 061 " - 08¢ - 0891 "0 80S 6v-0v
oze " - 062 - 0SZ - ozg - 0L0°0 6Ly - 6£-0€
ot - 0zZ - 080 - 00g " - 00£°0 LLe 62-0Z
och - 06Z - 050" - oze - ove 0 zLe 61-G}
0L0" - 0Z0 - ovo " - o1z - 08€°0 Zve v1-01
oL - oce - 091 - 00€ " - 0sZ 0 801 6-5
JaIA a7 9077 901 J071 901 DIyt 901 10HD D01 N lvd 39v
R e s SINOWHOH ONIMVL LON SIIVWIA=SSVTID ~ - - - mmmmmmm e oo e e e e e e
060" - oLE " - 0£0 0 ovy - 0zZZ'0 vit +0L
09} - o9y - 0010 0Zs " - ovZ'0 0z 69-09
ozZ - oLy - 0z0 " - 056" - ovi 0 665 65-08
064 - ove - - 0i0" - ooy " - 0Si "0 0L 6v-0v
062 - ozv - 080 - o6V " - 010°0 vLL 6£-0€E
082 - oLe - oLt - oy - ovo 0 69¢ 6Z-02
08Z - ovz - 0zz - oLe - ovL 0 £62 61 -6}
ozL - ove - ov0 " - oLy - 0SE°0 14:14 vi-0t
oLl - ov0o°0 oLL - 0€T " - ove'o0 T4} 6-S
1A a1 1071A D01 1071 901 9131 901 I0HO 901 N 13 39V

............................................................ SITVH=SSVID === === === m = e o m o o e oo oeooo oo

ANV J0¥34S3T0HD 1CH D07 N3I3IML3I8 NOILVIINAE0D

(0861) "V 13 SIAVG / SOIJIT ¥3HI0 HLIM TOH 40 ZOmh<._u¢mou 1°9 INOIL



103

they weighted each transformed correlation by the inverse of its
variance and averaged these across the clinics after applying Fisher's
transformation on the observed correlations to test the hypothesis
that the clinics could be combined.

We present parametric and nonparametric correlations between
the same lipids and lipoproteins, computed for one clinic of the LRC
Prevalence Study whose data were subject to the aforementioned
restrictions but with minor exceptions. We did not exclude outliers
because spec{fic definitions weré not available for their identi-
fication. We must point out, however, that unusually large values
have negligible effect on our nonparametric measures, which are
based on the direction of differences and not on their magnitude
as are the parametric correlations. Also, we excluded observa-
tions with missing data on height or weight. This information
is needed to compute the Quetelet index, a measure of body mass
whose value is the ratio of weight in kilograms to the square of
height in centimeters. The Quetelet index was included so that we
could investigate its role as a possible confounding variable iﬁrthe
relationships of interest. Our resulting data set contains observations
on 920 males, 831 females not taking gonadal hormones, and 140 females
taking hormones; thus our sample size overall is much smaller than
that of Davis et al. Its age distribution is quite different, also;

since our clinic was one which studied school children and their
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parents, we have very few individuals aged 20-29, yet more children
under 15 than Davis et al. do. Using these data, we computed the -
following for each stratum, based on the log-transformed variates:
(1)  Pearson product-moment correlation,
(ii) Kendall correlation (all pairs considered matched),
(iii) components of U-statistics estimate of the standard
error of (ii),
(iv) matched partial correlation based on a tolerance of
.1 for the Quetelet index,
(v) components of U-statistics estimate of the standard

error of (iv),

(vi) number of matched pairs used in (v).

The tolerance used in (iv) was set at .1 based on our examination of
Table 6.1, where we display the sample size by age category
distribution of our data along with the mean, standard deviation,
minimum, and maximum of the Quetelet index (multiplied by 1000). We
decided upon .1 since it is typically between 20 and 25% of one
standard deviation of each age category. Also, this should be 1éfge
enough to produce an adequate number of matched pairs while small
enough to distinguish between individuals with significantly different
physiques.

Tables 6.2-6.6 contain our sample size and statistics (i)-(vi) '
along with the corresponding sample size and average Pearson

correlation from Figure 6.1 -- one table each for total cholesterol,




The Distribution of the Quetelet Index for Our

Data by Age Category (Units are 1000 x kg/cmz)

TABLE 6.1

105

Age Category N Mean Q STD Q MIN Q MAX Q
5-9 296 1.66 0.26 0.81 3.44
10-14 595 1.92 0.34 1.19 3.95
15-19 293 2.24 0.42 1.55 4,34
20-29 62 2.59 0.60 1.72 4.29
30-39 340 2.52 0.44 1.58 4.16
40-49 232 2.57 0.44 1.65 4.08
50-59 66 2.73 0.42 1.95 4,13
60-69 7 2.56 0.22 2.33 2.85
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total triglycerides, LDL cholesterol, VLDL cholesterol, and the sum of
LDL and VLDL cholesterol. Before examining the tables, we mention
that we expect the Kendall correlation to be about tonthirds the
Pearson measure when the sample size is reasonably large and that both
the ratios of the Kendall correlation and the matched partial
correlation index to their respective standard errors are
approximately distributed as standard normal random variables under
the hypothesis of no association between the correlates for moderate
sample sizes. Furthermore, we point out that the intention of this
study is to describe the behavior of the various measures for our
data, and to illustrate the use of the matched partial correlation
index as an alternative to the Pearson product-moment correlation; we
do not intend to discuss the epidemiology of this study or to make
inferences about the various relationships. This is a purely
methodological example.

First, the Pearson correlations that we observe in our dafa,
except when our sample size is very small, are generally in the same
direction as those in the representative sample, though they tend
to show a stronger relationship, In order to compare the magnitude
of the difference between the two correlations in a given stratum,
we proceed as if the Davis et al. correlation were straightforward
instead of an average, and test the hypothesis that this measure is

not significantly different from the Pearson correlation that we
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observe in our data, using Fisher's transformation. Thus, we take
9

+
1og <1 ‘”D) 1909 (1Ts)

_;l_ 2 1—Y‘S
V2 ynp - Yng - 3

as a standard normal deviate, where rp and rg denote the Pearson
correlations from Davis et El. and our sample data, respectively,
and np and ng are the corresponding sample sizes for a given
stratum. This, of course, is a rough test but it provides an
objective criterion for deciding which differences are worth
commenting on, if any. We conclude that the respective measures do
not differ significantly at the .05 level for any of the correlates
except for those strata wher§ np < 2, in which case comparisons are
not very meaningful anyway. |

Next we notice that the Kendall correlation is indeed about
two-thirds the Pearson measure when the absolute value of the Pearson
measure is in the range .1 to .7 and the sample size is moderaté
(at least 100). This is not surprising, since small values of the
measures are confounded with sampling error, they both approach 1.00
for strong associations, and the two-thirds rule is an asymptotic
result.

Finally, a comparison of the Kendall correlation with the
measure matched on the Quetelet index does not reveal any significant

differences for any of the correlates. That is, those values of the
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Kendall correlation which are significantly different from zero are
also significant for the matched index and similarly, the strata
where the Kendall measure suggests no association also have insigni-
ficant values of the matched index. This indicates that the
differences in physique among the study participants from our one
clinic do not affect the associations between log HDL cholesterol and
the other variates in the categories presented.

As a check to see if our matching criterion was stringent
enough, we restricted matches to within a Quetelet index of .05
and recomputed the matched partial correlation index for each
stratum. This resulted in slightly more than half as many matched
pairs per stratum, but the ratio of the indexes to their standard
errors remained about the same. Therefore, we do not see any
reason to present tables analogous to Tables 6.2-6.6, and we conclude
that the to1erancé of .1 is adequate for our purposes.

Johnson et al. (1980) present a method for producing an overall
matched partial correlation index as a weighted ayerage of conditional
measures. Suppose that the data are partitioned into K groups, and
assume that no observations are matched between groups. Let Tj
denote the conditional matched partial correlation for group i,
i=1(1)K, based on Mj matched pairs, with conditional standard error
S5i. Also, let T denote the matched partial correlation index of

the data ignoring the group distinction, with standard error S.
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They show that

and

_ 2
45 % (W =M oT)
)2

s2 -

(%Mi
where M;j is the number of matched pairs and Wjj is the number of
these which are concordant, less the number discordant, which
include the j-th observation in the i-th group; j=1(1)nj with nj
the number of observations in group i. This suggests the following
alternative to the analysis approach implemented by Davis et al.:
Run the procedure described fn Johnson et al. on the combined clinic
data, but with specifications which produce age and sex specific
Kendall correlations conditional on each clinic for each pair of
correlates. Then compare the correlations and their standard errors
across clinics separately for each stratum. If the compérisons
suggest that the correlations are reasonably similar from c1inic_to
clinic for each stratum, then no further work is necessary since the
procedure automatically calculates the weighted measure discussed
above along with its standard error for each age-sex combination.
Additionally, the procedure could be used to produce»matched partial
correlation coefficients with matching based on the Quetelet index

and/or any other factor(s) that are of interest.




In summary, we do not argue for the choice of matched partial
correlation over its parametric alternative - this cannot be done
in general. Rather we attempt to illustrate its facility of use
and generality of application which accompany a sampling theory

free of restrictive assumptions.



CHAPTER VII
SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

7.1 Summary

We have investigated small-sample properties of T, the sample
index of matched correlation; of three methods for obtaining its
standard error; and of the quantity Z = (T - e)/s.e.(T), where & is
the population index.

Considering first the standard error, we compared the components
of U-statistics, the delta method,hand the jackknife. We found that
the components and the delta methods produce equivalent estimates of
the standard error of T. Using recent results of Efron and Stein
'(1981), we established that the jackknife estimate is biased upwards
under reasonable conditions; its use in practice, however, was
considered unfeasible due to its computational complexity. Therefore,
the remainder of the thesis was limited to the components method;

Next, we prepared to look at T, s.e.(T), and Z in a Monte Carlo
study using trivariate normal data. We considered e in that situation
with four different covariance structures and ranges of both the
tolerance and the true product-moment partial correlation. In these

settings, we identified several situations in which e possessed a




"nice" closed form; however, we had to approximate e most of the time.
We chose numerical integration over Maclaurin series expansion and
Pearson's expansion as the best approximation method for our
particular problem.

Then, we conducted an extensive Monte Carlo study of T,
s.e.(T), and Z over a broad spectrum of small-sample situations.
The study indicated that T and s.e.(T) are biased estimates of e
and the true standard deviation of T, respectively. This bias is
usually positive. The distribution of Z is affected by these
biases; we believe, however, that the practitioner can safely
assume that this quantity attains standard normality for le[<.5
when the sample size is at least 50. Furthermore, we presented
strong evidence that T is at least normally distributed, although
its mean may not equal e.

Finally, we illustrated the general applicability and
flexibility of matched partial éorre]ation on data from one clinic
of the Lipid Research Clinics Prevalence Study. We included
analogous results from a parametric study of the associations bétween
high-density lipoprotein cholesterol and other plasma 1lipid and
lipoprotein concentrations by Davis et al. (1980) to provide the

reader with a frame of reference.
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7.2 Suggestions for Further Research
We.have found empirically that the cdmponents method produces
an estimate of the true standard deviation of T that is almost always
positively biased; hence, tests involving Z are conservative. One, of
course, would be interested in investigating whether or not this
property can be established in either of two ways:
(a) from theoretical considerations, as for the
jackknife; or
(b) empirically in a wider class of situations; e.g.,
for other continudus distributions or for

discrete distributions.

Needless to say, method (a) is preferable and, if successful, would
erase the need for any empirical work. Furthermore, since the )
estimate based on the components method leads to a conservative
test, are there other estimates which might be better, or can
adjustments be made to improve the components estimate? We also
found that Fisher's transformation of T might help the approach to
normality of the statistic; however, we had no theoretical basis.on
which to produce a suitable approximation to the standard error of
the transformed T. Thus, investigations in this area would be of ' .
interest.
Our Monte Carlo study suggested a thumb-rule to the

practitioner which, unfortunately, involves the unknown parameter,
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8. On the other hand, Quade has suggested a 50-50 thumb-rule
involving the observed number of concordant and discordant matched
pairs. Although our data indicated that his rule was not always
upheld, there was no strong evidence to suggest that it was invalid.
(We also pointed out that our design did not permit a proper study of
Quade's thumb-rule.) Thus, further work which tests Quade's thumb-
rule, or any others which do not involve the unknown parameter, would
be valuable.

Gans and Robertson (198la, 1981b) obtain the exact distribution
of Goodman and Kruskal's g in 2x2 and 2x3 tables by expanding it
in terms of the true cell probabilities. This or some other
technique could be used to obtain the exact distribution of T in
discrete cases.

Lastly, other Monte Carlo work could, of course, be done

using some other distribution than the trivariate normal.



APPENDIX A

FEASIBILITY STUDY

The best software available, to our knowledge, for calculating
the index of matched partial correlation is a SAS procedure called
MATPAR (Johnson et al. 1980). The current version of MATPAR produces
T and SUZ(T) for a given sample. Recent results establish the
equivalence of SAZ(T) and SUZ(T), thus no additional computations
are required. However, to compute Tj and Sﬁ(TJ), we must invoke
MATPAR on the Monte Carlo data from each sample after removing the
j-th observation for j = 1(1)n. This requires 80n executions of
MATPAR for one replication. We decided to run one replication of the
proposed design for n = 50. Unfortunately, this took over one hour
of CPU time, not to mention input and output time. The jackknife
estimation process accounted for 50/51 or 98% of the time. .

We can gain some efficiency by modifying MATPAR so that when
it checks for a matched pair of observations on one tolerance, it
checks for a match on a vector of tolerances. If the vector of
tolerances is in ascending order, a match on the k-th tolerance
indicates a match on all subsequent tolerances and no further

checking is required. Thus, from whatever amount of time MATPAR

requires to run on one replication for a sample size of n, we
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predict that this modificatioh will produce a decrease of about 50%.
Therefore, our estimate of the CPU time required to perform the N
ca]cu]afions necessary for a single Monte Carlo run of the above
design with n = 50 is 100(1 hour)(.5) = 50 hours. If the
follow-up analysis shows that a sample of size 50 yields adequate
results, then a smaller sample size will be tried. Otherwise, a
larger one must be investigated. So if m different sample sizes
are examined, 50m hours is an upper bound on the time needed for
the former case, while it is a lower bound for the latter.
We also point out that this benchmark was conducted on an

IBM 4331, whose CPU performs operations 1.5 to 2.0 times faster

than the IBM 370/155 at the UNC Computation Center which provides
the "cheapest" computer time for student research. Furthermore, -
UNC users are billed for input and output time over and above CPU
time. Needless to say, the Monte Carlo studies, as originally
proposed, could bankrupt the university.

Note that in the discussion of modifying MATPAR to gain
computational efficiency, we did not mention changing the existi;g
algorithm to produce jackknife estimates. We do not believe that
this would show any improvement in the computing time required.

In fact, the addition would increase the current algorithm of
order n2 to one of order h3 ahd the already considerable

storage requirements would grow n-fold.




APPENDIX B

FORTRAN PROGRAMS TO COMPARE THE MACLAURIN SERIES
EXPANSION AND THE NUMERICAL INTEGRATION OF P4

Main Program:

IMPLICIT REAL*8(A-H,P-Z)
EXTERNAL PHI,QMULT3,FMACP4
R=0.00

XH=-1.D0

XK=-1.00

$Q2=DSQRT(2.D0)

00 10 I=1,5

G=.1D0*1/SQ2
P=2.D0*PHI(G)-1.D0
THETA=P*P/3.D0
THETAI=4.D0*QMULT3(G, XH, X
THETMP=4.DO*FMACP4(G, XH, XK,
ADI=DABS(THETA-THETAI)
ADMP4=DABS ( THETA-THETMP)
PRINT 4,ITHETA,THETAI,ADI,THETMP,ADMP4
FORMAT(2X,11,2X,5(E20.8,2X),/)
CONTINUE

STOP

END

~R
-

R)/P-1.D0
R)/P-1.00

Maclaurin Series Expansion of Pgq in y:

DOUBLE PRECISION FUNCTION FMACP4(E,A,B,R)

IMPLICIT REAL*8(A-H,P-7)

P1=4.DO*DATAN(1.DO)

FMACP4=(PI/2+DARSIN(R))*E/(PI*DSQRT(2.D0*PI)) +
((2.DO*A*B-A*A*R—B*B*R) /DSQRT(1.DO-R*R) -
PI/2-DARSIN(R))/(6.DO*PI*DSQRT(2.00*PI) )*EXE*E

RETURN :

END



Numerical Integration of P4:

OOUBLE PRECISION FUNCTION QMULT3(BB,XH,XK,R)
THIS PROGRAM APPROXIMATES A 3-DIMENTIONAL ITERATED INTEGRAL
OF FN(X,Y,Z). SUBROUTINE GLO16 PROVIDES A TABLE OF THE 16-POINT
GAUSS-LEGENDRE FORMULA. THE LIMITS ON THE VARIABLES ARE
AA .LE. X .LE. BB
~-13 .LE Y .LE. XH*Y
-13 .LE. Z .LE. (XK*X-R*Y)/(1-R*R)

OOOOOOOO

IMPLICIT REAL*8(A-H,P-7)
DIMENSION X(40,3),A(40,3),MM(3),DX(16),DA(16)
CALL GLOl6(DX,DA,-1.D0,1.D0)
D0 2 I=1,16
XX=DX (1)
X(I,1)=XX
X(I,2)=XX
X(I,3)=XX
AB=DA(1)
A(1,1)=AB
A(1,2)=AB
2 A(I,3)=AB
MM(1)=16
MM(2)=16 .
MM(3)=16 |
AA=-BB ’
SQXR=DSQRT(1.D0
H1=(BB-AA)/2.D0
G1=(BB+AA)/2.D
Q1=0.00
M1=MM(1)
M2=MM(2)
M3=MM(3)
DO 66 I=1,M1
UI=H1*X(I,1)+G1
Al=H1*A(I,1)
D1=XH*UI
C1=1.3D01
H2=(D1-C1)/2.D0 .
G2=(D1+C1)/2.D0
Q2=0.D0

—R*R)




22
44
66

D0 44 J=1,M2
VI=H2*X(J,2)+G2
Ad=H2*A(J, 2)
D=( XK*UT-R*VJ) /SQXR
C=-1.301
H=(D-C) /2.00
G=(D+C)/2.D0
Q=0.D0
D0 22 K=1,M3
WK=H*X (K ,3)+G
Q=Q*A (K, 3) *DEXP (~. 500% (UT*UT+VI*VJ+WK*WK) )
Q2=Q2+AJ*H*Q
Q1=Q1+AI*Q2

TWOPI=8.DO*DATAN(1.D0)

QMULT 3=Q1/( TWOPI*DSQRT(TWOPI))
RETURN :

END

rS
I~



Subroutine Used by Numerical Integration Subprogram:

*

¥ % ¥ ¥ o b ¥ ¥ % 3k % O F ¥ % *

SUBROUTINE GLO16(X,A,C,D)
IMPLICIT REAL*8(A-H,P-Z)
DIMENSION X(16),A(16),XX(8),A (8
DATA XX(l),AA(l),XX(Z),AA(Z) (
XX(t),AA(S),XX(G),AA(6),XX(7)
.9894009349916499325961541734DO
.27152459411754094851780572450—1,
.9445750230732325760779884 15500,
.6225352393864789286284383699D-1,
.865631202387831743880467897700,
.9515851168249278480992510760D-1,
.755404408355003033895101194800,
124628971255533872052476282100,
.617876244402643748446671764000,
1495959888165767320815017305D0
.458016777657227386342419442900,
169156519395002538189312079000
.2816035507792589132304605014D0,
182603415044923588866763667900
.9501250983763744018531933542D- l
.1894506104550684962853967232D00 /
DMC=.500*(D~C)
DPC=.5D0*(D+C)

)
3),AA
AA(7), X

D0 2 1=1,8

NI=17-1
X(1)=-DMC*XX(1)+DPC
X(NI)=DMC*XX(I)+DPC

(1
(I
A(1)=DMC*AA(1)
A(NI)=DMC*AA(I
RETURN

END

)

Computes the Normal Distribution Function:

N -

DOUBLE PRECISION FUNCTION PHI(T)

IMPLICIT REAL*8(A-H,P-Z)

AT=DABS(T)

U=1.D00/(1.D0+.2316419D0*AT)
D=DEXP(~.50D0*T*T)/DSQRT(8.DO*DATAN(1.D0))

125

PHI=1.00=D*U*( (((1.330274D0*U-1.821256D0)*U+1.781478D0)*U

-.3565638D0)*U+. 319381500)

IF(T) 1,2,2
PHI=1.DO-PHI
RETURN

END
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