ABSTRACT

BHADRA, SUBHANKAR. Efficient Statistical Inference Methods for Problems in Network
Science. (Under the direction of Srijan Sengupta).

In recent years, networks have emerged as an important tool to study complex systems in
various disciplines, including sociology, computer science, molecular biology, and physics, to
mention a few. Understanding the structure and properties of complex networks is vital for
uncovering hidden patterns, identifying communities, and making informed decisions. The
increasing scale and complexity of modern networks call for efficient statistical inference tools
that can solve these problems effectively. In this dissertation, we propose efficient statistical
methods for three particular problems in network science: community detection, anomalous
clique identification, and model selection in different types of block models.

Chapter 2 focuses on the problem of community detection in massive networks where
existing methods are often deemed computationally infeasible due to two reasons. First, the
full network needs to be stored and analyzed in a single server, leading to exorbitant memory
costs. Second, existing methods typically use matrix factorization or iterative optimization
using the full network, leading to impractically high runtimes. We propose a strategy called
predictive assignment to enable computationally efficient community detection while ensuring
statistical accuracy. The core idea is to avoid large-scale matrix computations by breaking
up the task into a smaller matrix computation plus a large number of vector computations
which can be carried out in parallel. Under the proposed method, community detection is
carried out on a small subgraph to estimate the relevant model parameters. The next step is
predictive assignment, a new approach where we assign each remaining node to a community
based on these estimates. We study the theory and the practice of predictive assignment for
spectral clustering and bias-adjusted spectral clustering under the stochastic block model and
its degree-corrected version. We also illustrate the benefits of this new method on two large
real-world datasets: the Digital Bibliography & Library Project (DBLP), a computer science
bibliographical database, and the Twitch Gamers Social Network.

In Chapter 3, we consider the problem of finding an anomalous clique, i.e., a fully connected
subgraph, hidden in a large network. There are two parts to this problem: (1) detection, i.e.,
determining whether there is an anomalous clique present, and (2) localization or recovery,
i.e., given that an anomalous clique is detected in part 1, determining which vertices of the
network constitute the clique. This problem has a number of practical applications, such as
financial trading networks, brain networks, and online social networks. A rich literature already

exists on the detection problem when restricted to homogeneous Erdés—Rényi random graphs.



However, currently no method exists that can solve the detection and localization problems
for inhomogeneous networks in finite time. We propose an inferential tool based on egonets to
address this gap. The proposed method is computationally efficient and naturally amenable to
parallel computing, and easily extends to a wide variety of inhomogeneous network models.
We establish the theoretical properties of the proposed method and demonstrate its empirical
performance through simulation studies and several benchmark datasets.

In Chapter 4, we propose a unified framework for clustering and model selection for
three well-known block models: stochastic block model (SBM), degree-corrected block model
(DCBM), and popularity-adjusted block model (PABM). It can be shown that these models are
nested in the sense that an SBM is a special case of a DCBM, which is then a special case of a
PABM. Let G be an n vertices graph sampled from either a K -blocks SBM or DCBM or PABM.
We can associate with the vertices of G a collection of latent positions {X;}"  where these latent
positions are either from point masses for the SBM, a collection of rays (1-dimensional linear
subspaces) for the DCBM, or a collection of K-dimensional linear subspaces for the PABM.
We use this property of the latent positions to create objective functions for each of the block
models. These objective functions are then minimized to obtain community estimates, and
they are also used as test statistics to perform model selection. We study the theoretical prop-
erties of our proposed method and present a detailed simulation study in which we evaluate
our method’s performance for synthetic networks from the three block models. Finally, we

demonstrate the application of our method through five real-world network datasets.
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CHAPTER

INTRODUCTION

Many complex systems in today’s world can be viewed as networks, in which a set of entities
(nodes) interact with one another (edges). To see an early example of network application, let us
look at the Zachary’s Karate Club network (Figure 1.1). Wayne W. Zachary analyzed this network
of social ties between 34 members of an American University over a three-year period from
1970 to 1972 (Zachary 1977). During his study, a conflict arose between the administrator and
the instructor of the club, resulting in the club being split into two new clubs, each centered on
the administrator and the instructor. Using a maximum flow-minimum cut approach, Zachary
was able to correctly assign all but one member of the club to the groups they really joined
after the split. In the last few decades, networks have found application in understanding and
interpreting complex systems in various disciplines, such as friendship networks in sociology
(Jackson et al. 2008), predator-prey food web in ecology (Tylianakis et al. 2010), protein interac-
tion systems in molecular biology (Gavin et al. 2002), financial trading networks in economics
(Li et al. 2010), and more.

Over the years, a variety of classes of network models have been proposed to study and
model these networked systems. One such well-known class is block models, which is based
on the intuition that the nodes in a network often form communities that exhibit similar pat-
terns. The simplest form is the stochastic block model (SBM) (Lorrain and White 1971), where
only the nodes within a community behave homogeneously and a community-level hetero-



Figure 1.1: Zachary’s Karate Club network.

geneity is introduced. There have been several variants of this model including the degree-
corrected block model(DCBM) (Karrer and Newman 2011), mixed membership stochastic block
model(MMSBM) (Airoldi et al. 2009), popularity adjusted block model(PABM) (Sengupta and
Chen 2018), to name a few. Another popular class is the latent position models (Hoff et al. 2002),
where nodes are assumed to be associated with latent positions &; (some real-valued vector).
The probability of connection between pairs of nodes depends on the quantity d(&;, £ ;), where
d is some suitable metric, such as the Euclidean distance, as considered in Hoff et al. (2002), or
a scalar-product type function, as considered in the Chung-Lu model (Chung and Lu 2002),
random dot-product graph model(RDPG) (Young and Scheinerman 2007), and generalized
random dot-product graph model(GRDPG) (Rubin-Delanchy et al. 2017). Finally, there are
also nonparametric models such as the exchangeable random graph models, where no such
parametric structure is assumed on the edge probabilities (Diaconis and Janson 2007; Bickel
and Chen 2009).

These statistical models have been used to address different types of inferential problems
associated with networks. In the study of block models, the primary goal is to estimate the
community assignments, which is popularly referred to as community detection in networks
(Newman and Girvan 2004; Rohe et al. 2011; Karrer and Newman 2011; Amini et al. 2013; Lei
and Rinaldo 2015). A related problem is to estimate the number of communities in the network
(Wang and Bickel 2017; Chen and Lei 2018; Li et al. 2020). In the latent position models such as
RDPG or GRDPG, the estimation of the latent positions has been the primary focus (Sussman
et al. 2012; Athreya et al. 2017; Rubin-Delanchy et al. 2017). Another important problem is the
estimation of the distribution of motifs or local structures in networks, for example, triangles,
diads, cliques, p-cycles, etc. (Rukhin and Priebe 2012; Bhattacharyya and Bickel 2015). Such



local structures have been particularly found useful for anomaly detection in networks (Akoglu
etal. 2010; Power et al. 2011; Wang et al. 2014; Kodali et al. 2020). In the area of testing, a general
framework is to test if a given network comes from some underlying model. This framework
has been used to study several types of network-related problems, such as dense subgraph
detection (Arias-Castro and Verzelen 2014; Verzelen and Arias-Castro 2015; Bogerd et al. 2020)
and model selection (Yan et al. 2014; Hidalgo and Stewart 2023), to name a few. There are also
two sample tests to test if a given pair of networks have the same set of parameters from some
underlying model that is assumed to be known (Tang et al. 2017; Bhadra et al. 2019).

In this thesis, we addressed three such inferential problems that are relevant in the current
study of networks. In Chapter 2, we addressed the computational limitations of existing com-
munity detection methods in massive networks. In many real-world applications, network
datasets are very large, often involving hundreds of thousands or even millions of nodes. Ex-
amples include social online networks, web graphs, collaboration networks, etc. Using existing
statistical methods for community detection in such large-scale networks presents formidable
challenges in terms of data storage and runtime (Raftery et al. 2012; Salter-Townshend and
Murphy 2013). We proposed an efficient community detection method called predictive as-
signment to overcome this issue. In this approach, we avoid large-scale matrix computations
by performing community detection only on a small subgraph of the network to obtain the
estimated communities and model parameter estimates. The remaining nodes are then as-
signed to communities one by one by exploiting the mathematical structure of the model, and
no clustering is required. We provide theoretical guarantees for predictive assignment under
the SBM and the DCBM.

In Chapter 3, we considered the problem of finding (detection) and identifying (localization)
anomalous cliques in inhomogeneous networks. This problem has a number of practical
applications, such as financial trading networks, brain networks, and online social networks.
The special case of recovering a clique planted on a homogeneous Erdés-Renyi random graph
has been intensively studied in the computer science literature(Alon et al. 1998; Feige and
Ron 2010; Deshpande and Montanari 2015). However, for inhomogeneous networks, there is
no existing method known to solve the detection or localization problem that has statistical
guarantees and is also computationally feasible. We propose a method based on a special class
of subgraphs, called egonets, to address this gap. The egonet of the i'" node is defined as the
subgraph generated by its neighbors. The core idea is that, in the presence of an anomalous
clique, the egonet sizes of the clique nodes(with proper centering) should be significantly
larger than the egonet sizes for the non-clique nodes. Therefore, we should be able to recover
the entire clique by studying the egonet sizes. Due to the simple form of the egonets, the

proposed method is computationally efficient and amenable to parallel computing. We prove



the consistency of the egonet method under three background network models: the Erdos-
Renyi model, Chung-Lu model and RDPG model.

In Chapter 4, we proposed a unified approach to perform community detection and model
selection for three well-known block models: SBM, DCBM, and PABM. These block models are
nested in the sense that the SBM is a special case of DCBM, and the DCBM is a special case of
the PABM. While this characteristic was known, these block models have usually been treated
separately for problems such as community detection, and their nested structure has not been
exploited. We observed that the nested structure of the block models is also reflected in their
latent positions in the following way. For the SBM, the latent positions consist of a set of fixed
centroids, for the DCBM, they are in 1-dimensional subspaces, and for the PABM, they are
in K-dimensional subspaces. Using this property of the latent positions, we develop nested
objective functions for the three block models, which are then used for community detection
and model selection in a unified manner. We study the theoretical properties of our proposed
method and perform a comprehensive simulation study to assess our method’s performance

for synthetic networks from the three block models.



CHAPTER

2

SCALABLE COMMUNITY DETECTION IN
MASSIVE NETWORKS VIA PREDICTIVE
ASSIGNMENT

2.1 Introduction

Community structure is a commonly observed feature of networks, where the nodes in a net-
work belong to clusters or communities that exhibit similar behavior (Fortunato 2010). Several
community detection methods have been developed and studied in the statistics literature,
e.g., spectral methods (Rohe et al. 2011; Jin 2015; Sengupta and Chen 2015), modularity-based
methods (Newman and Girvan 2004; Bickel and Chen 2009; Zhao et al. 2012), and likelihood-
based methods (Amini et al. 2013; Sengupta and Chen 2018). While these community detection
methods are statistically sound, with rigorous theoretical guarantees, they are not computation-
ally feasible for networks larger than a few thousand nodes. Furthermore, since most existing
methods do not use distributed storage or parallel processing, they are unable to utilize these
contemporary computing architectures to improve computational performance. This makes
the statistical toolbox of community detection methods impractical in many scientific fields

where massive network data are becoming increasingly common, e.g., epidemic modeling



Table 2.1: Computational cost of spectral clustering, with units in parentheses, on a server with Intel
Xeon(R) E5-4627 v3 processors.

n K | storage size (Mb.) | memory requirement (Mb.) | runtime (seconds)
100000 | 20 120.0 9232.5 1126.7
150000 | 30 270.0 20934.5 2439.0

(Venkatramanan et al. 2021), brain networks (Penny et al. 2011; Roncal et al. 2013), online
social networks (Guo et al. 2022; Leskovec and Mcauley 2012), and biomedical text networks
(Gurtcheff and Sharp 2003; Komolafe et al. 2022).

How serious is this problem? To illustrate this, we report a brief computational experiment
involving spectral clustering (Rohe et al. 2011), a popular and relatively fast community de-
tection method. Consider a simple, undirected network of n nodes with no self-loops, and
let A€ {0,1}"" be its adjacency matrix, where A; ; ~ Bernoulli(P, ;) for 1 < i < j < n. Suppose
there are K communities in the network, where K is known, and let ¢ = {¢;,i =1,...,n} be
the vector of community memberships where c; € {1,..., K}. Let M be the n x K membership
matrix such that M; ; =I(c; = j). We used synthetic networks generated from the stochastic
block model (SBM) (Holland et al. 1983), where P = MOM 7, i.e., P, ; = Q, ;> and Qis the K x K
probability matrix of block-block interactions. We generated networks from the SBM with
(n, K)=(100000,20) and (150000, 30). In Table 2.1, we report three aspects of the computational
cost from this study: (i) data storage size, (ii) the memory requirement (given by peakRAM)
for creating/ accessing the intermediate matrices involved in spectral clustering, and (iii)
the runtime of the algorithm. We observe that, even for such moderately sized networks, the
memory requirement is well over the 8000 Mb RAM of a typical laptop and the runtime is as
high as 20-40 minutes. Note that spectral clustering is one of the fastest community detection
algorithms (Mukherjee et al. 2021; Wang et al. 2023), especially with our implementation in R
using fast spectral algorithms from the package irlba. Other community detection algorithms,
e.g., likelihood-based methods, are likely to fare much worse.

In this chapter, we propose a strategy called predictive assignment to scale up community
detection. The key idea is that if we can have reasonably accurate estimates of the model
parameters, we can assign the nodes to communities individually, and no clustering is needed.
Such estimates can be obtained by carrying out community detection on a small subgraph of
the network, which is computationally much more efficient than community detection on the
full network, in the spirit of randomized sketching (Woodruff et al. 2014).

Predictive assignment involves three steps. In Step 1, we choose a subsample of nodes from
the network. In Step 2, we implement a standard community detection algorithm (such as

spectral clustering) on the subgraph formed by the subsampled nodes. When the subsample



size is small compared to the full network size, this step requires significantly lower runtime and
memory compared to community detection on the full network. For example, if we choose 20%
of the nodes in the subgraph, then a O(n?) algorithm should run approximately 125 times faster
than the full network. In Step 3, we assign the remaining nodes to communities by exploiting
the mathematical structure of the model. A model assumption (e.g., SBM) gives us a structural
link between the community memberships of the subgraph nodes (which have already been
estimated) and the community memberships of the rest of the nodes (which still need to be
estimated). We use this structural link to formulate a decision rule that assigns each remaining
node to its community, which only requires vector computations. A visual illustration of the

method is provided in Figure 2.1.
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Subgraph ‘ } |
(sG)

Inference
on 5G

Trained
submodel |:|
Add ini
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Figure 2.1: A schema of the predictive assignment algorithm. Step 1: subsample selection; Step
2: community detection from the subgraph and estimation of the structural link parameter; Step 3:
assignment of the remaining nodes to communities.

The predictive assignment algorithm is highly versatile as it works in a modular fashion and
can accommodate any community detection method in Step 2. Furthermore, this approach
is theoretically sound, with provable guarantees of asymptotic accuracy. In particular, we
prove in Theorem 2.3.4 that the predictive assignment in Step 3 is strongly consistent (i.e.,
the probability of perfect community assignment converges to 1) even when the subgraph
community detection in Step 2 is only weakly consistent (i.e., the proportion of misclustered
nodes converges to zero in probability). Since the subgraph is much smaller than the full
network, the overall error rate from the proposed method has a much larger weight on Step 3
than on Step 2. Therefore, one could use a fast but relatively less accurate community detection
method (e.g., spectral clustering) in Step 2, and still achieve high overall accuracy due to the
strong consistency of predictive assignment. In other words, the proposed method, remarkably;,

can achieve higher overall accuracy than the underlying community detection method. This is



demonstrated in our empirical results as well.

In related work, Amini et al. (2013) developed a pseudo-likelihood approach to address
the computational challenge of computing the likelihood under the SBM, and recently this
strategy was improved by Wang et al. (2023). Two recent preprints (Wu et al. 2020; Zhang
et al. 2022) have also studied this problem under the blockmodel framework. A notable recent
contribution is Mukherjee et al. (2021), where the authors proposed two scalable methods
for community detection based on a divide-and-conquer strategy. Similar to our proposed
method, the methods proposed by Mukherjee et al. (2021) apply to a broad range of community
detection methods and models. We use their proposed methods as benchmarks.

The rest of the chapter is organized as follows. We first consider the SBM and describe the
methodological and theoretical details in Sections 2.2 and 2.3, respectively. In Section 2.4, we
extend predictive assignment to the degree-corrected block model (DCBM). In Section 2.5,
we report the computational and statistical performance of predictive assignment compared
to standard community detection as well as existing scalable algorithms. In Section 2.6, we
illustrate the predictive assignment algorithm using two real-world networks: the Digital Bibli-
ography & Library Project (DBLP), a computer science bibliographical database, and the Twitch
Gamers Social Network. In Section 2.7, we conclude the chapter with a discussion. Appendix A

contains technical proofs of the theoretical results.

2.2 Predictive assignment under the SBM

This section describes the detailed implementation of the predictive assignment algorithm
under the SBM setting.

2.2.1 Notation and Step 1 (Subgraph selection)

Let [n] denote the set {1,..., n}. For any matrix T, we use the notation T to denote its (i, j)”l
element and T; (resp. T ;) to denote its i’ " row (resp. column). For index sets Z, 7 C [n], Iz.7
denotes the |Z| x | 7| sub-matrix of T containing the corresponding rows and columns.

Let D be the diagonal matrix of node degrees in A. Let A= M” M be the diagonal matrix of
community sizes from the full network, such that the k' diagonal entry of A is the number of
nodes in the k" community. Let m (m < n) be the given subsample size. Under the SBM, nodes
belonging to the same community are homogeneous since they have the same connection
probability with the rest of the network. Therefore, we use simple random sampling to select a
subsample of nodes S c [n], where |S| = m, and select the subgraph spanned by the nodes in
S.Let G, ={i € S: ¢; = k} be the set of subgraph nodes in the k" community for k =1,..., K.



Let A, = M(s,," M5, be the subgraph version of A, such that the k' diagonal entry of A; is |Gy|.

2.2.2 Step 2: Community detection of the subsampled nodes

Any consistent community detection algorithm can be used for the subgraph. We analyze
two such methods: spectral clustering (SC) Lei and Rinaldo (2015); Rohe et al. (2011) and
bias-adjusted spectral clustering (BASC) Lei and Lin (2022). We select these two methods
instead of methods known to be optimally accurate (such as those proposed by Gao et al.
(2017) or Wang et al. (2023)) since spectral methods are known to be faster than other existing
statistical techniques such as profile likelihood or semi-definite programming (Mukherjee et al.
2021). For SC, we compute the K orthonormal eigenvectors corresponding to the K largest
(in absolute value) eigenvalues of the subgraph adjacency matrix A s s), and put them in an
m x K matrix. K-means clustering is applied on the matrix rows to estimate the subsampled
nodes’ communities (Rohe et al. 2011). BASC has been recently proposed by (Lei and Lin 2022).
Here, we use the K dominant eigenvectors of the “bias-adjusted” matrix A_s)" A_s)— Dis.s)
instead of As s), and apply K -means clustering to find communities. While BASC was proposed
for multi-layer networks, we adapt it to single-layer networks in this chapter, and extend the
method to rectangular (i.e., non-square) submatrices of the adjacency matrix for the subgraph
community detection step. The key difference between SC and BASC is that they use different
portions of the adjacency matrix. BASC uses a much larger proportion of the adjacency matrix
(W instead of ',’:—;), which leads to higher computational cost and storage requirements
than SC but more accurate results on the subgraph.

By implementing SC or BASC on the subgraph, we obtain ¢; for all i € S, and, subsequently,

the estimates J\//.T( s,) and (G} 1<k<k - Next, we define the matrix parameter
O= P(SC,S)M(S,,)AEI) (21)

which is estimated by
6= A(SC,S)]TI(S,.)KEI’ 2.2)

where Pgs. s), M(s,), and A are replaced by their respective sample versions. The parameter ©
is central to our proposed approach, since it acts as a “structural link” between the subgraph
nodes and the remaining nodes. We leverage this connection in Step 3 to assign the remaining
nodes to communities in a “predictive” manner. Note that the estimation of © via (2.2) uses
community detection results only from the subgraph. Furthermore, this estimator can be
computed at a negligible computational cost since the matrix dimensions in (2.2) are much

smaller than the full adjacency matrix.



2.2.3 Step 3: Predictive assignment of the remaining nodes

We assign the nodes in §¢ to communities using an assignment rule called the closest commu-
nity (CC) approach. Consider the j'" node in S¢, whose connections to S¢ are given by the
j'" column vector of the matrix Ag. s.). See Figure 2.2 for a visual illustration. Let us call this
column vector a;. Then
E(a;)= Psc,sej =OMs.,) ¢;=0e, =0,

where e; is the jth column of the (n — m) x (n — m) identity matrix. Thus, the parameter © has
two useful properties: it governs the behavior of the non-subgraph nodes, and via (2.2) it can
be estimated using community detection results only from the subgraph. This is why we refer
to O as the “structural link” between the subgraph nodes and the non-subgraph nodes.

Note that© has K unique columns, one for each community. Consider the quantity ”a i—0 .k

]

the [,-distance between a i and the k" column of ©, for k=1,..., K. Intuitively, when k = cj)

this quantity represents only the “noise,” whereas when k # c;, it represents noise plus bias.

Therefore, we expect to have, in a stochastic sense,

aj—G)”Cj”2 < ||aj —G),,k”2 for any k # c;,
which implies, heuristically speaking,

c; =argmin Haj _Q,k”g-
k=1,..,.K
If we had access to ©, we could assign the j" remaining node to its community by simply
finding the column of O closest to a i (hence the name closest community). Since we do not

observe O, we use its estimate from (2.2) as a proxy. Formally, the assignment rule is

Z“j:argmin”aj—@_,k”z forall j € S°. (2.3)
k=1,...,.K

From a statistical perspective, the success of this strategy hinges on how accurately we can esti-

mate ©. In Theorem 2.3.3 of Section 2.3, we prove that the estimator (2.2) is indeed sufficiently

accurate.

2.2.4 Summary and discussion

Algorithm 1 outlines the three steps in our proposed method. In Step 1, we select a subset of
nodes of size m < n to construct the subgraph. Next, the large matrix computation typically
required for community detection is replaced by a smaller matrix computation in Step 2,

which is followed by a large number of fast, small-scale vector computations in Step 3. It is this
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assignment strategy in Step 3, which only needs vector operations rather than matrix operations,
that makes our method different from other scalable community detection methods that have
been proposed in the literature. Also, (2.3) can be easily implemented out in parallel, since
each node in §°¢ is assigned to its community individually. This leads to computational savings
in terms of both runtime and memory. At the same time, statistical accuracy is ensured from

the accurate estimation of the “structural link” parameter in Step 2, as we describe in Section

2.3.

Al 1 AI,Q Am,m
Asn Agp Ao m
Am,l Am.2 Am,m | IR
Am+1,1 Am+1.2 Am+1,m Am+1.m+1 Am+1,m+2
Anz+2,l Am.+2,‘2 A1n+2,m Am+2‘m+1 Am+2,m+2
An.l An.,’z An.m An.m+1 A-n‘m+2
Al,l AI,Q Am,m
Asr Agp Aom
Am,l Am.? Am,m
m+1,1 Am+1.2 A1n+l m Am+l‘m+1 Am+1,m+2
m+2,1 Am+2.‘2 Am+2,m Am+2‘m+1 Am+2,m+2
An.l An,,’z An;m Au,rn+1 A'n‘m+2

Used for community detection on subgraph

Assigning (m+1)th node to a community

Assigning (m+2)th node to a community

and so on...

In closest community approach, for each
of the remaining nodes, we find which
of the estimated columns of ® is closest
to the corresponding vector mentioned
above

Used for estimating parameters in ©

Used for community detection of the
subsampled nodes

Assigning (m+1)th node to a community
Assigning (m+2)th node to a community

and so on...

In closest community approach, for each
of the remaining nodes, we find which
of the estimated columns of @ is closest
to the corresponding vector mentioned
above

Used for estimating parameters in ®

Figure 2.2: Use of the different sections of the adjacency matrix using SC (top) and BASC (bottom) for
community detection in Step 2. Here we have assumed, for the sake of simplicity, that S ={1,..., m}.
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Algorithm 1: Predictive assignment algorithm under the SBM

Input: Adjacency matrix 4,,,,,, number of communities K, subgraph size m < n.
1. Choose S c {1, ..., n} via uniform random sampling
2. (a) Carry out community detection on the subgraph A s s) via spectral

clustering or bias adjusted spectral clustering to estimate {¢;}cs.
See Section 2.2.2 for details.

(b) Compute the estimates ]\//.7(5,_) and Qk for k=1,...,K. Estimate © by

—_ -~

@ == A(SC,S)M(S )A

3. Assign the remaining (n — m) nodes to communities (preferably in parallel)

- _ . oy . Cc
cj—atcrglm;n”aj—@_'k”Z forall j e S°.

2.3 Theoretical results

This section describes the theoretical properties of predictive assignment under the SBM. We
follow the definitions from Sections 2.1 and 2.2. In particular, let n be the number of nodes
and m be the number of subsampled nodes. In addition, let n; and u,; be the size of the kth
community in the full and subsampled network, respectively, and u, = mkin U Following the
standard framework for introducing sparsity into the model (Sengupta and Chen 2018; Zhao
etal. 2011), we assume that Q2 = «,,Q, where ||€||, = 1. Here @, is the sparsity parameter such
that the expected number of edges in the network is O(n?a,,).

Next, we define terms for the errors from the different steps of the algorithm. Assuming the
optimal label permutation of the cluster assignments, the average community detection error
in the set of subsampled nodes, Ag, and the maximum community-specific error in the set of
subsampled nodes, Ag, in Step 2 of Algorithm 1, are, respectively defined as

G N G,ﬂ

1 R ~
AS:E;H(Q#Q), As—llgci)éw. (2.4)

The average community detection error in the set of remaining nodes, assigned to communities
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in Step 3 of Algorithm 1, is defined as

1
Age=——— > 1(c #0), (2.5)

n—m ieSc

The overall average proportion of misclassified nodes (aggregated across Steps 2 and 3) is

defined as

Note that since m is much smaller than 7, the overall error (2.6) is largely determined by Ag..
Next, we state four assumptions.
Al. There exists C, > 0 such that

(CK)'<me=m/n<CK™?, C>1, k=1,...,K

A2, The smallest eigenvalue of 2, (in absolute value) is greater than some A > 0.

A3. We have m > 4CyK ¢ 2(tlogm +1log K) for some 7 > 0 and € € (0, 1).

A4. The sparsity parameter «,, > c,m ' log m for some ¢, > 0.
Note that Al and A2 are standard assumptions from the literature that are needed for the
consistency of SC and BASC (Lei and Lin 2022; Lei and Rinaldo 2015). It follows from Assumption
Al that Ag < Ag < C,KAg. Assumption A2 follows Corollary 3.2 of Lei and Rinaldo (2015),
and we refer readers to their paper for discussions related to this assumption. Assumption
A3 sets a lower bound on the subsample size, which is needed to achieve the required rate
of consistency for {¢;,i € S} and 6. Assumption A4 ensures a lower bound on the sparsity
of the sub-network. The full network version of A4, which requires that a,, > ¢, n~! log n for
some ¢, > 0, is a standard assumption in the literature, needed for the consistency of SC and
BASC (Lei and Lin 2022; Lei and Rinaldo 2015). In A4 we have m instead of n since this sparsity
restriction is needed on the subgraph as well.

Our first result relates to Step 1 of Algorithm 1, where the m subgraph nodes are selected
via simple random sampling. All technical proofs are in the supplementary materials.

TueoreM 2.3.1. Let Assumptions Al and A3 hold. Then, for any € €(0, 1)

(1—e)m (1+e)mC, .
) maX,U«k S 2 1_2m .
G K k K

P (mkin U =

This theorem ensures that, with high probability, the true community proportions of the

subgraph adequately represent the true community proportions of the full network. The proof

leverages the fact that u; has a Hypergeometric distribution and utilizes a result from Greene
and Wellner (2017) along with Assumptions Al and A3.
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The next result relates to Step 2 of Algorithm 1, where an existing community detection
algorithm is applied to the subgraph spanned by the subsampled nodes. Here, we need the
error rates to be small enough to estimate {G;, i € S} and © to the required degree of accuracy.
Error bounds for SC and BASC on the full network are already known (Lei and Lin 2022; Lei
and Rinaldo 2015). The following theorem establishes error bounds for SC and BASC when
applied to a randomly selected subgraph of the full network.

THeoreM 2.3.2. Let Assumptions A1-A4 hold, and define

for spectral clustering

K3
5(n,m,K,Oln)={ - 2.7

K> (10ﬂ + i) for bias adjusted spectral clustering

na, m2

There exists a positive constant C* such that if o(n,m,K,a,)< C;, for some positive constants
C,. and G,, one has
P(As<C,86(n,m,K,a,))>1-C,m™". (2.8)

To interpret the quantities in (2.7), consider the special case when m = o(n'~¢) for some
€ >0, and K is fixed. Then, K° (IZgTT + L) =0( Kgn )- This implies that BASC is more accurate

m2 ma

than SC if m = o(n'*) and K is fixed, which makes it the preferred technique between the
two in terms of statistical accuracy. However, as we will see later, SC is computationally much
cheaper than BASC.

After community detection on the subgraph, we apply (2.2) to estimate ©. Theorem 2.3.3

establishes error bounds for ©.

TueoreM 2.3.3. Let Assumptions A1-A4 hold. Let © and O be defined in (2.1) and (2.2) respec-
tively, and 6(n, m, K, a,) be defined in equation (2.7). Then, for some positive constants C, .
and C,, one has

~ - [K?na,logn 6(n,m,K,a,)K3na?
P mx18,-0,.1 < 6| KL LE R

D >1-Cm™". (2.9)
m m

Finally, we consider the third and final step of Algorithm 1, where the nodes in S¢ are
assigned to communities using (2.3). Theorem 2.3.4 ascertains that the closest community

procedure attains strong consistency.

Tueorem 2.3.4. Let Assumptions A1-A4 hold, and

(2.10)

K1 K31 5(n,m, K, a,)K*
5'(n,m,K,an):( ogn  K’logn (n,m,K,a,) )

na2 ma, m
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where 6(n, m, K, a,) is defined in equation (2.7). If n > (1+ €,)m for some €, > 0, and

lim 6'(n,m,K,a,)=0, (2.11)

n—oo
then for some positive constant C, one has P(Ag. =0)>1—Cm™".

To summarize, by combining the results from Theorems 2.3.2 and 2.3.4, we note that if

condition (2.11) holds, the overall error rate A satisfies
P(A<C.n'mé(n,m,K,a,)>1-Cm™", (2.12)

for some positive constants C and C;. Therefore, with probability at least 1 —Cm ™7,

K3

A e for spectral clustering,
|l o (M + L) for bias adjusted spectral clustering.

n2a, mn

(2.13)

We conclude this section with the following remarks.
1. The fundamental limit of our technique is that condition (2.11) requires na? — 0o. This
condition comes from the predictive assignment technique. Indeed, if na? — oo does not
hold, then the squared differences ||®, —0,|| do not tend to infinity when [ # k, and, therefore,
the random error terms are not smaller than a multiple of ||©; —©,||*>. Note that this has nothing
to do with the clustering strategy in Step 2.
2. To illustrate the theoretical results presented in this section, consider the special case where
m=n? forsome0<y <1.If
. K . o0(n,m,K,a,)K*
lim 0, lim =0, (2.14)

n—00 n ai n—o00 nr

(logn+lognK?n'7a,)

thenP(A< G, n"™M§(n,m,K,a,))>1—C,n"", for some constants C, ., C, > 0.

3. Clustering is strongly consistent provided A = o(n™!) in formula (2.13). This implies that our
technique does not lead to strongly consistent clustering for the full set of nodes if one uses SC
in Step 2 of the algorithm. However, if one uses BASC in Step 2, the overall clustering is strongly

consistent provided
m—oo, (na, ' K°mlogm—0 as n— oo. (2.15)

In the special case where m = n? for some 0 < y < 1, BASC in Step 2 delivers strongly consistent
clustering if K°logn/(n'"a,) — 0.If K is a constant or has logarithmic grows with 7, then

the equations in (2.14) essentially require that min(n?, n%)an grows faster than some finite
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power of log n. If y < 1/2, this condition implies that K°logn/(n'""a,) — 0 and thus, perfect
clustering is guaranteed.

4. One can employ any other technique in Step 2. Specifically, one can use any clustering
techniques that deliver strong consistency, such as those proposed by Gao et al. (2017) or
Wang et al. (2023). In this case, overall clustering is strongly consistent provided n a? — oo and
Assumption A4 holds. However, those methods usually require more stringent assumptions
and higher computational time than SC or BASC, and, therefore, we do not pursue this direction

in this project, since our primary objective is computationally efficient community detection.

2.4 Predictive assignment under the DCBM

Consider a DCBM with K communities with the block probability matrix €2 and degree param-
eters 60, so that
Pi,j = OiQC[,OHj for 1 <i< ] <n,

with the identifiability constraint Z 0;1(c;=k)=1for k=1,...,K as proposed in Karrer and

Newman (2011). We now specify the three steps of the algorithm under this model.

2.4.1 Step 1: Subgraph selection

While simple random sampling remains a valid option for subgraph selection under the DCBM,
it is likely to be sub-optimal due to degree heterogeneity. Networks generated from the DCBM
are expected to feature a high proportion of low-degree nodes. As a result, simple random
sampling is likely to provide highly sparse subgraphs, leading to low accuracy for community
detection. Therefore, we recommend random walk sampling (RWS), where we first sample a
node uniformly, then choose one of its neighbors at random to be included in the subgraph
(Dasgupta and Sengupta 2022; Kurant et al. 2011; Leskovec and Faloutsos 2006). This process is
repeated m times. Due to the friendship paradox, the subgraph nodes selected via random walk
sampling are likely to have higher degrees compared to simple random sampling, resulting in

more accurate community detection (Eom and Jo 2014).

2.4.2 Step 2: Community detection of the subsampled nodes

Similar to the SBM case, any community detection algorithm that is consistent under the DCBM
can be used in Step 2. We used the regularized spectral clustering (RSC) proposed by Qin and

Rohe (2013) for our simulation studies. Let D, be the diagonal matrix of node degrees in the
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sampled subgraph, i.e., A s s). We first choose a suitable regularization parameter 7. Following
the recommendation of Qin and Rohe (2013), a standard choice is the average node degree.
Next, we compute the regularized degree matrix D, = D, + 71 and the regularized Laplacian
matrix L. = D, A s.5/D: * of the sub-network. Next, we find the orthonormal eigenvectors
corresponding to the K largest (in absolute value) eigenvalues of L, and put them ina m x K
matrix. Finally, we apply K-means clustering on the normalized rows of the m x K eigenvector
matrix to estimate communities. Based on the estimated communities, we can estimate (2 as

Q 1
kLl~— T =
GG

> A for1<kl<K.
i€Gy, jei

2.4.3 Step 3: Predictive assignment of the remaining nodes

The basic idea is the same as that for the SBM — we use the estimated subgraph communities
to obtain estimates of relevant model parameters, and exploit the mathematical structure of
the DCBM to assign the remaining nodes to communities. Since the mathematical structure
of the DCBM is different from that of the SBM, we need a modified node assignment rule
called the node popularity (NP) approach. The node popularity of the i’ node with respect to

the k" subgraph’s communlty is defined as the number of edges between the node and the

community, i.e., N; ; = Z A; jI. - (Sengupta and Chen 2018).If d; = Z A; j is the degree of
j= j=
the ith node, then, we have
E[M,k] _ QCik

Eld;] zk:Qcik'

(2.16)

As before, the right-hand side of (2.16) can be estimated from the communities of the
subgraph nodes. The quantity on the left-hand side is estimated from the subgraph as

Nie=D Ayl / D A (2.17)

Jj€S JjES
The community assignment rule is

—~ . S le QjK
¢; =argmin (|N; —

j=L..,K " Zﬁjk”zﬁjk
k k

forall i € S°. (2.18)

2

Figure 2.3 illustrates how the different sections of the adjacency matrix are utilized under
the DCBM when using RSC for community detection in Step 2 and NP for node assignment in
Step 3. The use of the submatrix in Step 2 is identical to the top panel of Figure 2.2. In Step 3,
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the blue-bordered vectors are used one by one to assign the remaining nodes to communities.
A key difference from the closest community approach is that here we are never using the
(n—m) x (n—m) sub-matrix A sc s).

Used for community detection on subgraph
I and estimation of parameters in (2

Al.,l AI,Q .- Amm

A2.,1 AQ,Q s Ao m s s I In node popularity approach, for each of
the remaining nodes, we find which of the
estimated rows of ( is closest to the

corresponding node popularity vector
Am,l Am.? oo Am,m s <o see e P & pop v

formed using the rows mentioned below
|‘47n+1,1 Avn+1.2 s Am+1,m &n%»l‘m{»l Am+1,m+2

|/47n,+2,1 Am+2.2 s A7u+2,m|¢n+2‘m+l Am+2,m+2

Classifying (m+1)th node

Classifying (m+2)th node

andsoon ...

I A‘u,‘l An,,‘Z e A'H.J)l I An‘m+1 An,‘m+2

Figure 2.3: Use of different sections of adjacency matrix in node popularity approach under the DCBM
using RSC for community detection in Step 2.

In this project, we have not proved theoretical results under the DCBM. To prove the
consistency of the proposed method under the SBM, we needed to establish a certain upper
bound for the community-specific error from community detection of the subsampled nodes.
We have been able to establish this upper bound for both the SC and the BASC by leveraging
known results from existing literature (Lei and Rinaldo 2015; Lei and Lin 2022). However, under
the DCBM setup, there are no such convergence results on community-specific errors that we
can use as a stepping stone, which makes the proof challenging. One important part of our
future research will be to prove theoretical results under the DCBM.

2.5 Simulation studies

We now examine the performance of predictive assignment in synthetic networks generated
from the SBM and the DCBM. We compared predictive assignment with community detection
on the full network and the two scalable algorithms proposed in Mukherjee et al. (2021).

We use the following performance metrics to quantify computational cost and statistical
accuracy. For computational performance, the CPU running time and the peak RAM utilization
are used to quantify runtime and memory cost, respectively. Note that the peak RAM utilization
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represents the true memory cost associated with any statistical method and it can be much
larger than the size of the input dataset. If the peak RAM value exceeds the computer’s available
RAM,, it is impossible to execute the code. In our setting, there is an upper limit of 16 Gb on the
RAM usage, meaning it is infeasible to implement a procedure with a memory requirement
greater than this limit — we flag such outcomes as memory overload. The proportions of
wrongly clustered/assigned nodes Ag, As., and A, as defined in equations (2.4), (2.5), and
(2.6), are used to quantify the statistical performance for the m subsampled nodes, the (n —m)
remaining nodes, and the entire set of n nodes, respectively. Since SC, RSC, and BASC use
different parts of the adjacency matrix (Figures 2.2 and 2.3), we also report f, the percentage of

the adjacency matrix used for community detection in Step 2. In particular,

f=

”’f—; x 100 for SC and RSC,
(2.19)

(1-(1—2)")x 100 for BASC.

Our experiments were performed in R 4.0.2 on a state-of-the-art, university high-performance
research computing Linux cluster with Intel Xeon processors.

2.5.1 Predictive assignment vs. full network under the SBM

We first compared the performance of predictive assignment to the benchmark of community
detection on the full network. We generated network data from balanced SBMs with block
probability matrix 2 such that

SKh _
Q = { k-1 I'=S
rs — 6K )
k= T #S

for r,s €{1,2,...,K}, where 6 is the overall expected density of the network. Other parameters
remaining fixed, higher values of 1 make the community structure more pronounced and
therefore the community detection task easier, and higher values of K make the community
detection task more difficult. We fixed 6 = 0.01, and considered three cases (i) n = 20000,
K =10, h=3,5 (ii) n =50000, K =20, h =4,5 and (iii) n = 150000, K =30, h = 5. We generated
30 random graphs under each case. Results for the three cases are reported in Tables 2.2, 2.3
and 2.4, respectively. We used m/n =0.2,0.3,0.4, 1, where the final value (m/n = 1) represents
the baseline setting where community detection is carried out on the full network. Following
Section 2.2, we used simple random sampling in Step 1, SC or BASC in Step 2, and the CC
approach in Step 3 of the algorithm.
We now summarize our findings and make recommendations.

Overall performance: From Tables 2.2, 2.3, and 2.4, we observe that the predictive assignment
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Table 2.2: Results for SBM case (i): Fraction of data used (f), memory cost (Mem) in Mb, error rates
(mean =+ standard error) in percentage, and average run-time (¢) in seconds for n = 20000, K = 10,
h =3,5, m/n=0.2,0.3,0.4, 1. Top panel for Spectral Clustering and bottom panel for Bias-adjusted
Spectral Clustering in Step 2.

Bias Adjusted Spectral Clustering
h| 2| f Mem Agtse Ag+tse Axse. t
3102 36 488 07+£01 04+01 04+01 119
3103 51 1092 0.2+0.1 01£00 02£0.0 17.7
3104 ]| 64 1934 0.1£0.1 0.1+00 0.1£0.0 25.1
3 1 100 11967 0.0+0.0 - - 106.2
5102 36 488 0.0+0.0 0.0£0.0 0.0£0.0 12.7
5103 | 51 1092 0.0+0.0 0.0+0.0 0.0+0.0 19.9
5104 | 64 1934 0.0+0.0 0.0+0.0 0.0+0.0 29.0
5 1 100 11967  0.0+0.0 - - 128.8
Spectral Clustering

h| 2| f Mem Agtse Agtse Axse. t
31|02 4 67 69.4+36 471+£7.8 51.5+69 29.8
31|03 9 114 21.1+£13 0.4+0.1 66+04 179
3104 ]| 16 158 79+04 0.1£0.0 3.2+02 21.8
3 1 100 400 0.0+0.0 - - 43.0
5102 4 67 22+0.2 0.0£0.0 04+£0.0 15.6
5103 9 114 0.2+0.1 0.0£0.0 0.1+£0.0 15.6
5104 16 158 0.0£0.0 0.0£0.0 0.0+0.0 19.1
5 1 100 400 0.0+0.0 - - 49.3

algorithm is substantially faster (#) and requires much lower memory (Mem) than community
detection on the full network (m/n =1) in all scenarios. Predictive assignment offers runtime
savings in the range 30% to 90% and memory savings in the range 54% to 96%, depending on
the choice of m. In most cases, predictive assignment also achieves low error rates comparable
to the full network. In some cases, community detection on the full network is impossible under
the 16Gb memory budget (e.g., BASC in Table 2.3 and both SC and BASC in Table 2.4), leading
to memory overload, but predictive assignment provides a feasible and accurate alternative.
For each method, we expect that as f and & increases, run-time increases and error decreases,
and this is found to be true in general. In some cases, predictive assignment can be inaccurate
because the subsample size is too small for accurate estimation, e.g., SCwith h =3, f =4 in
Table 2.2.

Accuracy of predictive assignment: A notable observation is that the error from node assign-
ment is uniformly lower than the error from subgraph community detection, i.e., Ag. < Ag.
In several cases, Ag. is much smaller than Ag, such as SC with & =3 in Table 2.2 and h = 4
in Table 2.3. This demonstrates that highly accurate node assignment is achieved in Step 3

even when the subgraph community detection in Step 2 produces some errors. This is in line
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Table 2.3: Results for SBM case (ii): Fraction of data used (f), memory cost (Mem) in Mb, error rates
(mean * standard error) in percentage, and average run-time (¢) in seconds for n = 50000, K = 20,
h=4,5 m/n=0.2,0.3,0.4,1. Top panel for Spectral Clustering and bottom panel for Bias-adjusted
Spectral Clustering in Step 2.

Bias Adjusted Spectral Clustering

h| 2| f Mem Ag+se AsEse Atse. t
4 102|3 3573 11+26 1.0+24 1.0+24 1003
4103|5101 7640 1.8+31 1.7+£3.0 1.7+3.0 1753
4104 |64 13321 23+34 19+28 2.0+31 2734
411 Memory Overload
5(102]|3 3573 22+£33 21+£31 21432 728
5103|510 7640 4.0+36 3.7+33 3.8+34 1259
5104 |64 13321 27+35 22+29 24+31 1972
5|1 Memory Overload

Spectral Clustering

=13

Mem Ag*se. Ag.Ese. Azse. t

352 106%+06 0.0%+00 21+0.1 1126
749 1.1+0.1 0.0£0.0 0.3£0.0 173.6
1065 0.1+0.0 0.0£0.0 0.0+0.0 149.4
100 2338 0.0+0.0 - - 405.7

0.2 4 352 0.9+0.1 0.0+00 02+£0.0 86.2
0.3 9 749 05+18 04+x14 04£15 79.2
04| 16 1065 0.7x21 05+15 06£1.8 101.7
1 100 2338 0.0+0.0 - - 299.7

0.2
0.3
0.4

—_
o © B~

(SRS IS IS | BTN NN N | B
—

with our theoretical results in Theorem 2.3.2 and Theorem 2.3.4 that subgraph community
detection is weakly consistent (i.e., Ag —» 0) whereas node assignment is strongly consistent
(i.e., P[Asc =0] — 1). Even when we use a smaller value of m to obtain a moderately accurate
outcome for i € S, such as 10.4% error with f =4 and h = 4 in Table 2.3, the algorithm still
produces highly accurate community assignment (0% error) for i € S¢. This demonstrates the
key advantage of our method — node assignment is both computationally more efficient and
statistically more accurate than community detection, which means the overall accuracy is
not too heavily dependent on the accuracy of community detection in Step 2. Therefore, we
can use a fast but relatively less accurate method (such as SC) in Step 2 and still achieve highly
accurate overall results from predictive assignment.

SC or BASC? We next consider the choice of community detection method in Step 2. BASC
was proposed by Lei and Lin (2022) as a more accurate version of SC when applied to the full
network. One would expect this advantage in statistical accuracy to hold under the predictive
assignment framework as well, since BASC uses a much higher proportion of the adjacency
matrix (f) than SC for the same value of m and n. We observe that this is indeed true in most
cases, e.g., h =3 in Table 2.2 and & =4 in Table 2.3.
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Table 2.4: Results for SBM case (iii): Fraction of data used (f), memory cost (Mem) in Mb, error rates
(mean =+ standard error) in percentage, and average run-time (¢) in seconds for n = 150000, K = 30,
h=5,m/n=0.2,0.3,0.4,1. BASC could not be implemented in this case for any value of m/n because
of memory overload, i.e., the storage requirement exceeded the 16Gb limit.

Spectral Clustering
h|Z | f Mem Agtse. Ag*se Axse. t
5102| 4 3142 6.0+28 49+23 52+24 5953
51039 5434 73+25 52+£1.8 58+2.0 1241.0
5104 |16 6984 82+23 57+£16 6.7+19 10715
5 1 Memory Overload

In terms of runtime, we observe in Tables 2.2 and 2.3 that BASC is slower than SC in most
cases due to the extra matrix product step. In terms of memory cost, we observe from Tables
2.2 and 2.3 that BASC is much more expensive than SC. In several cases, it was impossible to
implement BASC (e.g., Table 2.4) due to memory overload. Therefore, SC is the only feasible
option with limited memory resources. The Mem values for SC and BASC also make it clear
that the peak memory consumption for predictive assignment happens in Step 2, during the
community detection of the subsampled nodes.

Recommendation: In the light of these observations, we recommend using BASC when it is
feasible (i.e., m is small enough such that the runtime and storage costs for BASC are feasible),
and using SC otherwise.

Deviations: We observe a peculiar deviation in Table 2.3, # =5 where SC performs almost
perfectly but the average error for BASC is sometimes higher than SC. From a deep dive into
these simulation results, we found that out of the 30 random networks, BASC produced perfect
community detection in most cases, but there are a small number of poor outcomes that make
the mean relatively high. There are also a few exceptional cases (e.g., h =3, f =4 vs f =36in
Table 2.2) where BASC is faster. This happens because we used a fast truncated SVD method
(function irlba from R package ‘irlba’) whose runtime depends heavily on how ‘easy’ the SVD
computation is. The matrix SVD task is easier for BASC than SC since the former uses more
information.

Runtime vs. error: As expected, runtime increases and error decreases for predictive assign-
ment when f is increased. In some cases, e.g., SC in Table 2.2, we observe that the algorithm
takes longer for f =4 than higher values of f. This happens because of the behavior of the
irlba function as discussed earlier.

Runtime reduction: As mentioned before, we used the fast irlba method for implementing
SC and BASC. The computational complexity of irlba is O(K m?) and the runtime depends
not only on the size of the matrix, but also on how ‘easy’ the SVD computation is. Because
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of this, the observed time savings are not always only a function of m. For example, when

m/n = 0.2, the running time of SC reduces by a factor less than 2.

2.5.2 Comparison with existing techniques under the SBM

We now compare the performance of our algorithm with two state-of-the-art algorithms for
scalable community detection proposed in Mukherjee et al. (2021): PACE (Piecewise Averaged
Community Estimation) and GALE (Global Alignment of Local Estimates). The core idea behind
both PACE and GALE is a divide and conquer strategy, where T subgraphs, each of m or more
nodes, are sampled from the given network. Community detection is carried out on the T
subgraphs using some standard community detection method, and the resulting community
assignments are aggregated to obtain communities for the full network. Under PACE, this ag-
gregation is carried out in a piecewise manner by considering each pair of nodes and averaging
their estimated communities over the subgraphs where both nodes were selected. Under GALE,
the aggregation is carried out by using a traversal through the subgraphs. We refer readers to
Mukherjee et al. (2021) for more details on the two algorithms.

To make the comparison as fair as possible, we used the MATLAB code published by the
authors and the SBM model setting from their simulation study. We built a MATLAB implemen-
tation of the predictive assignment algorithm specifically for this comparison. Note that for
all results in the rest of the chapter we used the R implementation of our algorithm, therefore,
the runtimes and storage costs reported in this subsection are different from the rest of the

chapter. We consider the following model settings under the SBM:

(i) n=5000,K =2, average degree d,, =7, and community proportions 7 =(0.2,0.8) (this is
the same setup as Table 5 of Mukherjee et al. (2021))

(i) n=10000, K =5, average degree d, =100, and balanced communities 7t =(0.5,0.5)
(iii) n=10000, K =8, average degree d,, = 100, and balanced communities 7t =(0.5,0.5)

Following Mukherjee et al. (2021), we used SC (unregularized spectral clustering) and RSC-
A (regularized spectral clustering with Amini-type regularization) as the parent algorithms
for PACE and GALE. We used algorithmic hyper parameters recommended by Mukherjee
et al. (2021) and carried out a parallel implementation of their code in MATLAB R2019b with
18 workers. To make the results comparable, we also used SC and RSC-A as the community
detection algorithm in Step 2 of our algorithm, and set m/n =0.5.

The results are in Table 2.5, where we report community detection error (mean =+ standard

error) and average runtime from 50 networks under each model setting. The top panel presents
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results from SC as the parent algorithm for PACE or GALE and as the community detection
algorithm in Step 2 for predictive assignment, and the bottom panel presents results from
RSC-A. We observe that predictive assignment is consistently much faster than PACE and
GALE with higher or comparable accuracy. Specifically, for SC, predictive assignment is more
accurate than PACE and slightly less accurate than GALE, and is 20-30 times faster. For RSC-A,
our algorithm is more accurate than both PACE and GALE and is more than ten times faster.

Table 2.5: Community detection error (in percentage) and average run-times (in seconds) for PACE,
GALE, and predictive assignment (our algorithm). Top panel shows results with SC and bottom panel
with RSC-A as the parent algorithm, respectively.

n=5000,K =2 n=10000,K =5 n=10000,K =8
Algorithm Ass.e. time Ats.e. time Ass.e. time
SC+PACE 17.07+0.86 4.01 | 0.01+0.01 1559 | 2.34+034 16.50
SC+GALE 10.33£0.57 6.20 | 1.26+0.12 12.41 | 60.92+33.68 5.02
SC+Predictive Assignment 1454+1.94 021 | 0.01+£0.01 1.06 0.38+0.11 1.13
RSC-A+PACE 17.12+0.88 25.87 | 0.01+£0.01 33.88 | 2.08+0.34  40.93
RSC-A+GALE 35.16£2.00 26.58 | 1.32+£0.24 30.84 | 30.15+£26.91 31.22
RSC-A+Predictive Assignment | 12.02+5.66 2.42 | 0.01+0.01 14.74 0.41+0.15 14.38

While the divide-and-conquer strategy behind PACE and GALE is intuitive and versatile,
it requires matrix computations for community detection on each subgraph. The proposed
predictive assignment algorithm, in contrast, requires matrix computation only on a single
subgraph, and the remaining nodes are assigned to communities one by one via vector com-
putations, leading to much lower computational costs. Furthermore, from Theorem 2.3.4, we
know that node assignment achieves strong consistency leading to highly accurate community
detection.

We omit a comparative analysis against the profile-pseudo likelihood method recently
proposed by Wang et al. (2023). Although their method is highly innovative and has excellent
theoretical properties, it is based on a likelihood approach which is unlikely to be faster than
spectral clustering on the full network (Mukherjee et al. 2021). In fact, they recommend using
spectral clustering on the full network to initialize their algorithm. Our algorithm is much faster
than spectral clustering, which makes it faster than their recommended initialization step to

begin with, and the further steps of their algorithm are only going to require more runtime.
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Table 2.6: Results for DCBM: Fraction of data used (f), memory cost (Mem) in Mb, error rates (mean
+ standard error) in percentage, and average run-time (¢) in seconds for (n, K) = (20000, 10), (50000, 20),
h=5,m/n=0.2,0.3,04,1.

| Regularized Spectral clustering |

n=20000,K =10,h =5 n =50000,K =20,h =5
n f | Mem Ag*se. Ag.*tse. Axse. t Mem Agxse. Ag +se. Azse. t
0.2 4 116 1.6 +0.2 44+0.2 3.9+£0.2 11.1 634 72+£7.1 6.6 4.6 6.7 +5.1 97.4
0.3 9 166 0.6 £0.1 1.8+0.1 1.5+0.1 175 824 0.7£2.6 1.1£1.5 1.0+£1.8 1426

0.4 16 217 03+01 09+01 06+0.1 24.1 833 1.0+36 07+18 09+25 1839
1 100 452 0.0+0.0 - - 59.2 | 2886 7.0x74 - - 354.0

2.5.3 Predictive assignment vs. full network under the DCBM

Similar to Section 2.5.1, in this experiment we compared predictive assignment to community
detection on the full network under the DCBM. We generated networks from the DCBM with
block probability matrix Q2 such that
a - 0 r=s
rs — % r ;é S,

forr,s €{1,2,...,K}. As before, 0 is the sparsity parameter and & is the homophily factor. The
degree parameters were generated from the Beta(1,5) distribution to ensure a positively-skewed
degree distribution. The resultant probability matrix was scaled to make the networks 1% dense
in expectation. This might make a small number of P, ;’s greater than 1, while sampling edges,
we simply cap such P; j’s to 1. We considered two settings: (i) n =20000, K =10, h =5, and
(ii) » =50000, K =20, h =5, and generated 32 random graphs under each setting. Following
Section 2.4, we used random walk sampling (RWS) in Step 1, regularized spectral clustering (Reg-
SC) in Step 2, and the node popularity approach in Step 3. We considered m/n =0.2,0.3,0.4,1,
where m/n = 1 represents the full network as baseline.

The results are in Table 2.6. Our findings are similar to the SBM simulation study. We observe
that the predictive assignment algorithm is computationally much less expensive than the full
network for both memory (Mem) and runtime (¢) with little loss of accuracy. When n = 50000,
the errors from predictive assignment are also smaller than that from the full network. This
happens because the K-means clustering results for n = 50000 are not robust, leading to high
errors for some of the random graphs.
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2.6 Real-data Applications: DBLP and Twitch networks

The DBLP four-area network was curated by Gao et al. (2009) and Ji et al. (2010) from the
Digital Bibliography & Library Project (DBLP), a computer science bibliographical database.
There are n =4057 nodes in this network, each representing an author, and belonging to K =4
communities representing research areas. An edge connects two authors if they published their
work at the same conference. Prior analysis shows that spectral clustering on the full network
produces about 10% community detection error Sengupta and Chen (2015).

The Twitch network is a subset of the Twitch Gamers Social Network (Sarkar and Ré6zember-
czki 2021), a popular video game streaming service. An edge connects the users if they follow
each other. To the extent of our knowledge, this network dataset has not been studied in the
statistics literature previously. The original network has 168k nodes, and the users are labeled
with one of the 15 languages based on their primary language of streaming. To avoid working
with heavily unbalanced data, we excluded the English-language streamers, who comprised
about 122k users. Next, to ensure more connectivity in the network, we removed all users
with dead accounts, users with views less than the median views for the entire network, and
users with a lifetime less than the median lifetime. Finally, we extracted the largest connected
component of the remaining network. There are n = 10983 nodes in the network. We combined
the languages into K =5 language groups to obtain the communities.

To implement predictive assignment on the DBLP network, we used SC and BASC in Step
2 to be consistent with prior analysis of this dataset (Sengupta and Chen 2015). There is no
prior analysis of the Twitch network in the statistics literature, and we used RSC in Step 2 given
the extent of degree heterogeneity in the network. Thus, the two networks complement the
simulation studies by providing real-world examples under the SBM and DCBM frameworks.
For both networks, we used m/n =0.2,0.3,0.4, and 1, similar to the simulation studies, and
generated 100 random subgraphs for each value of m. The results are in Table 2.7, where
m/n = 1 represents the full networks as baseline.

For the DBLP network, SC on the full network took about 3.6 seconds with an error of 9.96%,
which is consistent with prior analysis Sengupta and Chen (2015). Predictive assignment
achieves comparable accuracy with runtime savings in the range 60% to 74%. BASC on the
DBLP network took about 16 seconds with an error of 10.64%. Using predictive assignment
produces results that are more accurate (but within standard error intervals) with runtime
savings in the range 78% to 91%. For the Twitch network, RSC on the full network took about
7.5 seconds with an error of 21.14%. Predictive assignment is slightly less accurate (but within
standard error intervals) with runtime savings in the range 89% to 95%.

These two real-world examples attest that the proposed algorithm can deliver accurate and
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Table 2.7: Community detection errors (mean + standard error) in percentages and average run-times
in seconds for predictive assignment algorithm for different choices of %+ for the DBLP four-area network
and the Twitch network.

DBLP Twitch
SC BASC RSC
n Ats.e. time A+s.e. time Ats.e. time

0.2 || 10.51£0.20 0.94 | 10.31£0.22 1.46 || 26.92+£3.32 1.09
0.3 || 10.48+0.19 1.17 | 10.34+£0.23 2.33 || 23.84+2.42 1.69
0.4 | 10.41£0.20 1.45 | 10.47+£0.21 3.53 || 22.04+£1.76 2.35

1 9.96 3.61 10.64 15.94 21.14 7.51

scalable community detection for large networks, by achieving accuracy at par with community
detection on the full network, but requiring runtimes that are only a small fraction of the

runtime needed for community detection on the full network.

2.7 Discussion

In this chapter, we proposed the predictive assignment algorithm for scalable community
detection in massive networks under the SBM and the DCBM. The theoretical results ascertain
the statistical guarantees of the proposed method while the simulation studies and real data
examples demonstrate that it can substantially reduce computation costs (both runtime and
memory) while producing accurate results. In particular, the node assignment in Step 3 has
strong consistency, leading to highly accurate overall results even when the subgraph com-
munity detection in Step 2 has some errors. We hope that the proposed method can bridge
the gap between the theory and practice of community detection in many areas of network
science where massive datasets are becoming increasingly pervasive.

We developed methodology under the DCBM and implemented it on synthetic and real-
world datasets, but we did not provide theoretical results under the DCBM. For the proof of
consistency, we need a certain bound of the community-specific error rate from community
detection of the subsampled nodes. By leveraging existing results we have been able to show that
both spectral clustering and bias-adjusted spectral clustering satisfy this requirement under the
SBM. However, under the DCBM, there are no such convergence results on community-specific
errors for any of the well-known methods. One important direction of our future research will
be to develop such results.

In this project, we developed the predictive assignment algorithm specifically for commu-
nity detection. We believe that the key idea of predictive assignment, which is to replace a

large-scale matrix computation with a smaller matrix computation plus a large number of
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vector computations, can be used in other inference problems for massive network data, such
as model fitting and two-sample testing, where the issue of scalability also arises. This will be

another important avenue for future research.
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CHAPTER

3

DETECTING AND LOCALIZING
ANOMALOUS CLIQUES IN
INHOMOGENEOUS NETWORKS USING
EGONETS

3.1 Introduction

A clique is a fully connected subgraph of a given network. We are interested in two problems
related to cliques. First, we want to determine whether a given network contains an anomalous
clique — this is the detection problem. Second, if an anomalous motif is detected, we want to
know which nodes constitute the clique — this is the localization problem. Note that cliques
can appear randomly in a network (Bollobés 1998). We are interested in anomalous cliques
that are very unlikely to appear randomly.

Anomalous clique detection is an important and relevant problem in many networked
systems. In financial trading networks (Li et al. 2010; Pan et al. 2012), an anomalous clique can
indicate a group of traders trading among each other to manipulate the stock market. Cliques

can have important scientific interpretation in biological networks, e.g., in brain networks,
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neural cliques (Lin et al. 2006) are network-level memory coding units in the hippocampus. In
social networks and online social media, an anomalous clique may be indicative of mechanisms
of opinion manipulation or ideological echo chambers.

The detection problem can be formulated as a hypothesis testing problem as follows. Let A
be the symmetric adjacency matrix of a network with n nodes where A;; =1 if nodes i, j are
connected, and A;; =0 otherwise. We consider there are no self-loops, that is, A;; =0 for all i.
Now, under the null hypothesis, we assume that A;; follows Bernoulli(P, ;) independently for
all i < j, where P € P is the unknown model which belongs to some model class P. The model
class P is assumed to be known, for example, P could be the class of stochastic blockmodels or
random dot product graphs (Lorrain and White 1971; Young and Scheinerman 2007). Under
the alternative, there exists some set S C [n], where [n]={1,..., n}, such that the nodes in S

form a clique. We can write the testing problem mathematically as,

H,: A;j ~Bernoulli(P;;) forall 1 <i < j < n, for some P € P, vs.

H, : A;j ~Bernoulli(Q;;) forall 1 < i < j < n,such that 3.1)

0 = 1 ifi,jeSandi<j,
YTl B, ifi¢Sorj¢s, andi< .

If an anomalous clique is detected, the second task is localization, i.e., to estimate the set of
nodes S forming the anomalous clique.

The simplest version of this problem is when P is assumed to be the class of Erdos-Renyi
(ER) networks Erdos and Rényi (1959), where P;; = p for all i, j. The problem of finding a
hidden clique in ER networks (the so-called “planted clique” problem) has been extensively
studied in the computer science literature, some notable contributions being Alon et al. (1998),
Kucera (1995), Dekel et al. (2014), Feige and Ron (2010). and Deshpande and Montanari (2015),
to name a few. The goal is similar to the localization task we listed, i.e., to identify the nodes
constituting the hidden clique, rather than to detect whether a given network contains a hidden
clique. In the statistics literature, the dense subgraph detection problem for ER networks
was studied by Arias-Castro and Verzelen (2014) and Verzelen and Arias-Castro (2015) under
a dense and a sparse setting respectively. For both the dense and the sparse settings, the
authors derived theoretical lower bounds and proposed nearly-optimal tests for detection.
However, the proposed optimal tests that achieve the theoretical lower bounds are, in most
cases, computationally not feasible to perform, unless the network is assumed to be very
sparse (see Verzelen and Arias-Castro (2015)). Hajek et al. (2015) addressed this issue and
derived separate statistical and computational bounds for the detection problem. Following this
work, Chen and Xu (2016) derived statistical and computational thresholds for the localization
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problem as well.

Figure 3.1: SBM with n =25 x 2. All cliques have 10 nodes, but the “balanced” clique (bottom right) is
almost impossible while the pure cliques are very likely (prob ~ 87%).

We consider the problem of finding anomalous cliques in a more general, inhomogeneous
setting and we would like to highlight a key difference in how we approach this problem as we
move to the inhomogeneous situation. For ER networks, because the edge probabilities are all
equal, the detection problem reduces to determining if there is an unusually large clique in the
network. The localization problem is then to identify the network’s largest clique. Therefore,
under the ER model, the ‘anomalousness’ of a clique is defined solely by its size, and hence,
the largest clique is also the most anomalous clique. This understanding of anomalousness,
however, does not apply to the inhomogeneous setting. In inhomogeneous networks, the
anomalousness of a clique depends crucially on its members rather than just its size. To see this,
consider a strongly homophilic SBM network with 50 nodes and two equal-sized communities,
and suppose that the intra-community connection probability is 0.8 while the inter-community
connection probability is 0.1 (see Figure 3.1). Using the classical result on largest cliques, it can
be shown that a clique of size 10 consisting purely of community 1 nodes or consisting purely of
community 2 nodes is very likely to occur randomly, whereas a mixed clique of size 10 consisting
of 5 nodes from community 1 and 5 nodes from community 2 is very unlikely to occur randomly.
This implies that the mixed clique of size 10 should be considered anomalous, but a pure clique
of size 10 should be considered non-anomalous. In such inhomogeneous settings, the hidden
clique problem has received considerably less attention. Bogerd et al. (2021) studied the dense
subgraph detection problem in inhomogeneous networks as a hypothesis testing problem

with a slightly different formulation from ours. For a general probability matrix P, the authors
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derived minimax lower bounds for the detection problem and proposed nearly-optimal tests
when P is known. However, despite its excellent theoretical guarantees, their proposed method
is not computationally tractable, as they (at least) require scanning over all subgraphs in the
network of some given clique size.

In this chapter, we propose an efficient solution to both the detection and localization
problem by looking at a special class of subgraphs, called egonets (Crossley et al. 2015). The
egonet of the i’" node is defined as the subgraph spanned by all neighbors of the i* node. Let
E; denote the i*" egonet degree, the number of edges in the i’ egonet, i.e.,

Ei=>" AijAyAj.

Jj<k

Heuristically, in the presence of an anomalous clique, if the i’" node is in the clique, then E;
will be disproportionately larger than its expected value under the null given the neighbors of
the i’" node. On the other hand, the egonet degrees corresponding to the non-clique nodes will
remain more concentrated around their expectations under the null. We formulate a statistical
decision rule for the detection problem based on the centered egonet degrees falling above
a certain threshold. If an anomalous clique is detected, we propose an algorithm based on
ordering the centered egonet degrees to identify the nodes forming the clique. Since there is
one egonet corresponding to each node, there are exactly n subgraphs to monitor. Therefore,
the egonet method is computationally easy to implement, in fact, we can compute all the
egonets in cubic time.

Our main contribution in this chapter is the formulation of a statistical inferential framework
for anomalous clique detection under the inhomogeneous setting. Using the egonet method,
one can simultaneously perform two tasks — first, detect whether there is a small anomalous
clique in a network, and second, if the presence of an anomalous clique is detected, then
identify the nodes forming the clique. To the extent of our knowledge, this is one of the first
proposed methods for detecting and localizing anomalous cliques in inhomogeneous networks
thatis both computationally feasible and has strong statistical guarantees. The rest of the article
is organized as follows. In Section 3.2, we formally describe the egonet method, and in Section
3.3, we present its theoretical properties pertaining to statistical guarantees. In Section 3.4,
we present simulation results for the egonet method for synthetic networks generated from a
variety of network models. In Section 3.5, we present case studies reporting the results of the
egonet method applied to two well-known network datasets. We conclude the chapter with a
brief discussion in Section 3.6. Appendix B contains proofs of the main theorems.

Notations: All limits are taken as n — oo. We use standard asymptotic notations, e.g. for
sequences {a,} and {b,}, a, =o0(b,)ifa, /b, — 0; a, = O(b,) if a,/b, is bounded; a, = w(b,)
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if b,=o0(a,); a,=Ub,)if b,=0(a,); a,=0(b,) if a, = O(b,) and b, = O(a,). We also use the
notation a, < b, (resp. a,, > b,) which is equivalent to a,, = o(b,)(resp. a,, = w(b,)). We say
that an event F, occurs ‘with high probability’ (‘whp’ in short) if, for any 7 > 1, there exists
Co,>0suchthatP(E,)>1— % For an m x n matrix T, we define the operators ||.||,,6(.) and ||.||

as follows:

||T||1—ZZ| i, 6(T)= male il IT || =largest singular value of T.

Note that all three operators above satisfy the properties of a matrix norm.

3.2 The egonet method

Let a; denote the i*" row (or column) of A, and V; be the neighborhood of the i’ " node, i.e.,

Let D; be the degree of the i’ h node, defined as the total number of nodes that are connected

to the i*" node, i.e.,

D; ZA, j» or, equivalently, D; = |N]. (3.3)
j=1

The egonet (short version of ego-centric network) of the i*" node is the subgraph spanned by
its neighbors, given by {A;, : j, k € V;}. Let E; be the egonet degree of the i'" node, defined as

the number of edges in the i th egonet, i.e.,

Er= D> A= AjAuAj. (3.4)

Jj<k:j,keN; j<k

Observe that A;;A;, = 1 ifand only if j, k € V.
Egonets are going to be our primary focus for the detection and localization of anomalous
cliques. First, we provide a heuristic explanation of why it makes sense to use egonets for this

problem. Recall that our goal is to answer the two following questions.
(a) Detection: does the network A contain an anomalous clique?

(b) Localization: if the answer to (a) is yes, then which nodes are members of the anomalous

clique?

We argue that we can give an answer to both questions (a) and (b) by examining the egonet
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degrees. Suppose that the network A contains an anomalous clique consisting of nodes from

some set S. Now,

« Ifthe i’" node belongs to S, then all the other clique members, being its neighbor, will

belong to its egonet. Thus, the i*" egonet will contain almost the entire anomalous clique.

e If the i’" node is not in S, then only some of the clique members will be its neighbor.
Thus, the i’ egonet will contain only a small part of the anomalous clique formed by
them.

Therefore, there is a structural connection between cliques and egonets, which justifies the
use of egonets as a means for detecting and localizing anomalous cliques.

The next step is, how to operationalize this connection between cliques and egonets to
establish a statistical method for the two inferential tasks. The basic idea is to simply use the
centered egonet degrees. When the network A does not contain any anomalous clique, the

conditional expectation of the egonet degrees, conditioned on the neighborhoods, is given by

olEila) =D AijAyPy, (3.5)

j<k

fori=1,...,n.Ontheother hand, consider the case when the network A contains an anomalous
clique consisting of nodes in S. In this case, for the nodes that are members of the clique, i.e.,
fories,

E,(E;|a;) = zzA,.jA,.kij +ZZ(1 —Py)1{j, k €S}
j<k j<k
= Eo(EW;‘)'*‘ZZU —P;)1{j, k€ S},
j<k
and for i € S¢,

1(Eila;) ZZAIJAHC ik +ZZAiink(l_ij)l{j’k€S}

j<k j<k
= Eo(Ela:)+ > > AyjAn(1—Py)1{j, ke S}

j<k

We note that when there is an anomalous clique, the conditional expectation of the egonet
degrees of all the nodes increases from E((E;|a;) by some amount. If we have some suitable
estimator of P, say P, then E,(E;|a;) can be estimated simply by replacing P;; by 13]  in (3.5).
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Then, we can define the i*" centered egonet degree as follows,

T=E—Eg(Ela)= Y > AyAulA—By). (3.6)

j<k

If there is an anomalous clique in the network, we would expect these centered egonet degrees,
or at least one of them, to be ‘unusually’ large. Therefore, to answer (a), we can simply find if at
least one of the T;’s falls above a certain threshold. Formally, we can use the T;’s as test statistics
for the testing problem in (3.1) and reject the null hypothesis if

T.>C,, 3.7)

for atleast one i € [n], where C, is an appropriate threshold to be determined theoretically.
If the answer to (a) is yes, our next task (b) is to estimate the set of nodes S constituting
the anomalous clique. We have already found that the egonet statistics 7; have a positive bias,
irrespective of whether i is a member of the clique or not. For localization, we need to look
more closely into this positive bias in the 7;’s. Consider a node i that is a member of the clique,
and another node i’ that is not a member of the clique. Assuming that P estimates P very

accurately (P~ P), the difference between the bias in T; and T, is,

E,(T)|a;)— E(T,,|A)~221 — Ay A )1 —=P)1{j, k €S} >0, (3.8)

j<k

We see that the bias in the egonet statistics corresponding to the clique nodes are, in expec-
tation, larger than the bias for the non-clique nodes. We show that under suitable assumptions,
the gap between mm T; and max T; is not only positive but also bigger than all the other consec-
utive gaps in the ordered T sfewuh high probability. Therefore, to estimate the nodes forming
the anomalous clique, we propose the egonet ranking algorithm, presented in Algorithm 2. We

show that the estimate S obtained from the algorithm is exactly equal to S with high probability.

3.2.1 Estimation of P

When P is known, the egonet method is straightforward to implement. We can compute the
egonet statistics in (3.6) with P = P, and perform the detection and localization steps as
described above. In this case, we can do inference for any P € [0, 1]"*” without making any
assumptions on the structure of P. In practice, we do not expect to know P. When P is unknown,
it is obvious that we can not estimate P in its full generality, but we can do so by assuming
some underlying structure on P. In this chapter, we studied the egonet method for three such
underlying model structures: the Erdos-Renyi model, the Chung-Lu model, and the random
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Algorithm 2: Egonet ranking algorithm

Input: Adjacency matrix A, probability estimate P.

1. For each i €[n], compute egonet statistic T; — > > A;;A;(A P )
j<k

2. Arrange T;’s in descending order, let T;;, be the ith ordered egonet statistic

3. Find k — argmax(1;)— 1j;41))

i€[n—1]

4. Return S = {z T }

dot-product graph model. When P is estimated, the detection and localization steps can be
executed the same way as for the known P case, only the detection threshold C,, in (3.7) would
be different depending on the underlying models.

We explicitly provide a choice of P for each of the three models below. For the Chung-Lu
and the RDPG model, we recommended using existing estimators that are consistent for P
under the respective models (Chung and Graham 1934; Athreya et al. 2017). However, we would
like to point out that using such an estimator has a drawback when the network comes from
the alternative and the effect of the anomalous clique is ‘too strong’ First of all, we recognize
that P does not guarantee an accurate estimation of P under the alternative. This inaccuracy
in estimating P can still be manageable if the effect of the anomalous clique is small enough.
However, if the anomaly is too strong, P can become so much corrupted that the egonet
statistics T; are not able to distinguish between the clique and non-clique nodes anymore. For
the ER model, because of its simple structure, we have been able to address this issue and

proposed a better estimator of P.

ER model

Under the ER model, P, = p forall j < k. For the i’ " egonet statistic, we propose to estimate
p by the average connectivity in the network outside the i’" egonet, that is, the edges {A ik
A;jA;r = 0}. Mathematically,

By = ) ZZ (1—A;;Ai)A = P, say. (3.9)

]<k] k#i
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Then, the egonet statistic is,

Tipr= ZZAiink(Ajk —pi)= ZZAiinkAjk — (Zl)ﬁl (3.10)

j<k j<k

The standard way of estimating p is to take the average over all the edges of A, let’s call it p.
Below, we give a brief reasoning why we chose a different estimator p; to construct the egonet
statistics.

Firstly, under the null, both the estimators p and p; are unbiased for p and one can prefer p
over p; since p has the smaller variance among the two. But under the alternative, we argue that
p; is actually a better estimator of p, particularly when the node i is in S. First of all, it is easy to
see that p is a biased estimator of p under the alternative. For p;, if i € S, the entire anomalous
clique is contained inside the egonet, and hence no part of the anomalous clique is present
outside the egonet (see Figure 3.2). Therefore, p; is the mean of i.i.d. Bernoulli(p) random
variables, an unbiased estimator of p. Hence, for nodes in S, we do not lose any contribution
of the clique in the egonet statistics, which would not happen if we used p. This gives us an
advantage both in the detection and localization step of our method. When i ¢ S, p; is still a

biased estimator of p similar to p.

/
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Figure 3.2: Distribution of the adjacency matrix under H; when the null model is ER (partitioned
based on the neighbors of a node i in the clique).
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Chung-Lu model

Under the Chung-Lu model (Chung and Lu 2002), P;; = 0,0, for all j < k, where 0; e R*, i €[n]

are the degree parameters. We can estimate the elements of P as,

_ DD .
P=— i<k, (3.11)

where M =) > A, is the network size. Then, the egonet statistic is given by,
Jj<k

D; D,
Ti,CL:ZZAiink (Ajk_ ZJM ) (3.12)

j<k
RDPG model

Under the RDPG model (Young and Scheinerman 2007), P = X X for some X € R"*?, such
that P is a positive semidefinite matrix of rank d, and d is assumed to be known. The Chung-Lu
model is a special case of the RDPG model. Here, each node i has a d-dimensional latent
position vector X;, the i’" row of X, and the probability that nodes j and k are connected is
given by, P = X].TX «- When d =1, this reduces to the Chung-Lu model scenario. In fact, many
other well-known network models, such as the stochastic block model (SBM) (Lorrain and
White 1971) and the degree-corrected stochastic block model (DCBM) (Karrer and Newman
2011) can be expressed as a special case of the RDPG model.

We can estimate P using the Adjacency Spectral Embedding (ASE) method, proposed in
Sussman et al. (2012). Let P = U, Sp UPT be the spectral decomposition of P, where

Sp =diag(A,(P), ..., A4(P)), A,(P) > Ay(P) > ... > A4(P) > 0.

And, let
A=[U,|U; 1S4 ® S, NULIU;TT

be the spectral decomposition of A, where

SA = dlag(ll(A)) R Ad(fél))) Sj;_ = diag(ld+l(A)) ce A11(14))’
(A 2| 2,(A) = ... 2 [Aa(A)l = ... 2 |24 (A)].

— 1 ~ ~—
The ASE of A into R is given by, X = U,S?, and P can be estimated as P = XX '. Then, the
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egonet statistic is given by,

Ti rppPG :ZZAiink(Ajk_)?jTYk)- (3.13)
Jj<k

3.3 Theoretical results

In this section, we study the theoretical properties of the egonet method under the four fol-
lowing cases: when P is known, or when P is estimated assuming one of the three models
considered in this chapter, namely, Erdos-Renyi, Chung-Lu, and RDPG. We follow the defini-
tions from Sections 3.1 and 3.2. In addition, we introduce some new notations to describe the

results. We define p,, as the maximum connection probability under the null, that is,

Pn :rrjg,ellcxij. (3.14)

Throughout our theory, we are going to assume that

np,>logn. (3.15)

This assumption is often referred to as the dense regime in networks (Arias-Castro and Verzelen
(2014)). For certain parts of our theory, we are also going to need slightly different conditions
on the sparsity of the network, which we will specify as required. Next, We define the difference

Bs=Q—P (3.16)

as the signal of the anomalous clique. Then, the strength of the clique can be expressed by
some norm of Bg.

For each of the four cases, we derive conditions under which the detection test is asymp-
totically powerful, and under the alternative, the localization step (egonet ranking algorithm)

finds the anomalous clique with high probability. We state our results below.

3.3.1 P isknown

We start with the case when P is known. We consider the following set of assumptions:

Al. ||Bs||; > npnlog(n)%”l, for some a; >0

A2. p, <4/5%, forsome a, >0
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Assumption Al is a lower bound on the strength of the clique. Assumption A2 is an upper

bound on p,, which ensures that the bias in 7; corresponding to a non-clique node is sufficiently
smaller than the bias corresponding to the clique nodes.

TueoreMm 3.3.1. (Detection) Under H,, for all i € [n],

3 2 2
]P’O(Tis Ve(l+e)np? \/log2n+?clog2n)21——, (3.17)

nC
for constants € €(0,1) and ¢ > 0.

Under H,, suppose Assumptions A1-A2 hold. Then, forall i € S,

2
P1(7}=Q(||Bs||1))21—;, (3.18)

for any constant ¢ > 0.

We propose the detection threshold as,
C,= npn(log(n))%”j, B <a. (3.19)

Then, the probability of type-I error of the detection test is given by,

PO(U {L;> Cn}) < ZPO(Ti > npn(log(n))%ﬂ’)

i€[n]

3 2
SZ]P’O(Ti >4/c(1 +6)np5\/log2n + ?Cloan)

2n 2 .
<—= —0ifc>1.
ne nc—l

Assumption Al ensures that C, = o(|| Bs||,). Therefore, the power of the detection test is
given by,

E(U{E > cn})2P1 (U{T,- :Q(||Bs||1)})2 1—%—> Lif ¢ >0.

i€[n] ieS

TueoreM 3.3.2. (Localization) Under H;, suppose Assumptions A1-A2 hold. Then,
min (I}—Ti’)>max(max|Ti—Tl.’|,maSXIY}—Y;'I) whp. (3.20)
i,i’eSc

ieS,i’eS¢ i,i’eS

Consequently, the anomalous clique is exactly recovered, that is, S = S whp.
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3.3.2 P isunknown

Now, we consider the case when P is unknown under three background model structures: the
Erd6s-Renyi model, the Chung-Lu model and the RDPG model. For the model parameters, we
follow the notations from Section 3.2.1.

ER model

We consider the following set of assumptions:

Bl1. ||Bs||; > nplog(n)%”l, for some a; >0

B2. p < p, <1 for some fixed p,

B3. /TBsll, = o(n)

Assumption B1 is a lower bound on the strength of the clique. Observe that it is the same as Al,
with p,, replaced by the uniform edge probability p. Assumptions B2 and B3 ensure that the
egonet-complement part is sufficiently large so that p is estimated accurately.

Tueorem 3.3.3. (Detection) Under H,,, suppose Assumption B2 holds. Then, for all i € [n],

4
P, (TLER <2(1+ e)ﬁnp% v log2n max(l, 7 P 2)) >1— - (3.21)
for constants € €(0,1) and ¢ > 0.
Under H,, suppose Assumptions B1-B3 hold. Then, forall i € S,
4
Py (T pr =l Bsll)) 2 1—-—, (3.22)
for any constant ¢ > 0.
We propose the detection threshold,
Cpzr =nplogn)t™”, p<a,. (3.23)

As before, we can show that the probability of type-I error of the detection test goes to 0 provided
¢ > 1, and the power of the detection test goes to 1 provided ¢ > 0.

TueoreM 3.3.4. (Localization) Under H,, suppose Assumptions B1-B3 hold. Then,
ieS,i’eS¢

min (T; gr— T gr) > max(rlrll/egl T er— T erl, g}ggﬁ | i er— Ti’,ERl) whp. (3.24)

Consequently, the anomalous clique is exactly recovered, that is, § = S whp.
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Chung-Lu model

We onsider the following set of assumptions:

ot 0o 0]

Cl. ||Bs|l; > n(p,log nﬁ*“l, for some a; >0

C2. max(9p, +4p?,3p, +11p?) < =, for some a, > 0

1+ay’

C3. ||Bsll, =0 ((; 01)2), and 6(Bs) =0 (; 91)

C1’ states that the 6,’s can not vary too much, thereby putting a restriction on the heterogeneity
in the network. C1 is a lower bound on the strength of the clique that is a bit more strict than
Al. C2is an upper bound on p,,, which is again, stronger than its analogous version A2. Finally,
C3 is an upper bound on the strength of the clique. Both C2 and C3 are required to control the
bias of P under H,.

Tueorem 3.3.5. (Detection) Under H,,, suppose Assumptions C1” holds. Then, for all i €[n],
T; c1 = O(n(p,log n)%) whp. (3.25)
Under H,, suppose Assumptions C1” and C1-C3 hold. Then, forall i € S,
T e = Q1 Bsll,) whp. (3.26)
We propose the detection threshold,
Cp.cr=n(p,logn)t’, p<a,. (3.27)

As before, we can show that the probability of type-I error of the detection test goes to 0 provided
¢ > 1, and the power of the detection test goes to 1 provided ¢ > 0.

Tueorem 3.3.6. (Localization) Under H;, suppose Assumptions C1’ and C1-C3 hold. Then,

min (T cp—Ticr)> maX(maXI Tcr—Ticrl, max|T; cp— Ti’,CLl) whp. (3.28)
ieS,i’eS¢ i,i’eS i,i’eSc¢

Consequently, the anomalous clique is exactly recovered, that is, S = S whp.
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RDPG model

Before discussing our results in this case, we need to introduce some additional notations
related to the probability matrix under the alternative, Q. Let g; be the i*" row of Q. Let

Q =[UglUy IS ® Sy Ug U, 1
be the spectral decomposition of Q, and

SQ = dlag(AI(Q)’ LEES) Ad(Q))’ S(Jg_ = diag(ld+l(Q)’ LERS) An(Q)))
121 (Q)1Z122(Q)[ = ... 2 [A4(Q)l = ... 2 |4, (Q)I.

Let 1,(Q) be the [!" eigenvector of Q, that is, Q = i A(Q)u; (Q)u, (Q)T.
=1

Next, we define the matrix P as the best rank-d approximation of Q, that is,
N NS N l
P=XX", where X = UypSj. (3.29)

P plays a crucial role in understanding the theoretical properties of the egonet method under
the RDPG model. Note that, when Q = P, that is under the null, P = P as well. Under the
alternative, the ASE-based estimator P is likely to be not close to P, and we do not want P to be
close to Q either, since that would make our egonet statistics small even under the alternative.
We show that under some suitable assumptions, Pis actually close to p. Therefore, heuristically,
the contribution of (Q — P) would need to be significant enough for the egonet method to
succeed. In our theoretical results, we are going to find the exact conditions involving (Q — P)
that we would need for the detection and localization step.

We consider the following set of assumptions:
D1’. A,(P)= c,0(P), for some ¢, >0
D2. §(P)=>(logn)**4, for some a >0
D1. ||Bs|? > 6(P)(logn)z+®, for some @, > 0
D2. ||Bs||=0(6(P)), and 6(Bs) = 0(6(P))

Assumption D1’ is a lower bound on the smallest eigenvalue of P. Assumption D2’ is a sparsity
condition that is stronger than our universal sparsity assumption (3.15). Both D1’ and D2’
are required to ensure consistency of the ASE. Assumptions D1 and D2 are lower and upper
bounds on the strength of the clique respectively. D2 is required to control the bias in P under
H,.
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Tueorem 3.3.7. (Detection) Under H,, suppose Assumptions D1’-D2’ hold. Then, for all i € [n],
T, rppc = O(6(P)(log n)?) whp. (3.30)

Under H,, suppose Assumptions D1’-D2’ and D1-D2 hold. If
max ¢, (Q— P)q; =By, (3.31)

then, max T rppG = Q(|| Bs|I*) whp.

Let us try to understand what condition (3.31) means.

T 5y T lolyrlT _ Trpleol3;41T
qi (Q_P)qi_ei Q(UQSQUQ )Qei_ei UQSQ UQ €;

= > Qe w@QF = D AQP Q) = D MQPWUL ),

I=d+1 I=d+1 I=d+1

So, we essentially need that

max > 4(QPWUy),_, = AIBsI) (3.32)
I=d+1

If 24,:1(Q) is very small (and hence, the subsequent eigenvalues) the LHS will also be very
small and the condition will not be met. Now, A4,,(Q) is the operator norm of UQLSé UQLT =
Q—U, UQTQ =Q— P.So, if Q is well-approximated by its rank-d approximation P, Ag1(Q) will
be small and this condition will not be met. In this case, P will be a very good estimator of Q
and hence, al.T(A —DP)a; ~ a;,(A—Q)a; will not be large enough. As an example of when this
situation might arise, consider the 2-community SBM we discussed in the introduction (Figure
3.1). If we plant a clique exactly on the subgraph of all nodes belonging to the first community,
then we again have an SBM network with 2 communities, although with different connection
probabilities. Naturally, P will be a good estimator of Q, and our method will fail to detect the
anomalous clique. Therefore, for our method to work, we need the effect of the anomalous
clique to show up in the space projected by the non-top eigenvectors of Q.

We propose the detection threshold,
Cpropc = 6(P)logn)**™’, B <a,.

Tureorem 3.3.8. (Localization) Under H;, suppose Assumptions D1’-D2’ and D1-D2 hold. Let
us define qim such that (ql.(l))j =(q;); forall j €S, and (ql.(l))j = 0 otherwise. Let ql@ =q;— qlm.
Then, if there exists ¢, > 0 and € € (0, 1) small enough such that
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T - > ¢ ||Bs|f fories,
g (Q—P)g" 1B y . (3.33)
< c€l|lBs||” fori¢s,
and
T e T N
max(q’ (Q—P)g”,q? (Q—P)g;”) < ci€||Bg|I* forall i €[n]. (3.34)
Then,

min (T zppg — Ty rppc) > max(maxl T rprc — T rppcl, Max|T; gppg — T rp PG |) (3.35)
ieS,i’eSc¢ i,i’eS i,i’eSc

with high probability. Consequently, the anomalous clique is exactly recovered, thatis, S= S
with high probability.

For localization, we need the bias in the quantity g, (Q —P )g; to not only be large but also be
concentrated on the submatrix of Q — P induced by S. Let us expand the quantity g,/ (Q — 5)5],-.

T ~ T ~ T ~
a'(Q—-P)g;=q"" (Q—P)g"+2q" (Q-P)g” +4 (Q—P)q?. (3.36)

The first quantity, ql.(l)T(Q — Ij)ql.“), captures the contribution from the submatrix of Q — P
induced by S. The conditions (3.33) and (3.34) imply that for i € S, the contribution from the
submatrix of Q — P induced by S dominates the contribution from the other parts of Q — P.
For i ¢ S, the entire quantity g,/ (Q — ﬁ)qi needs to be small enough. In simpler models such
as ER and Chung-Lu, these conditions translate to requiring the sparsity parameter p,, to be
small enough.
We conclude this section with a summary of the results we obtained above.

Detection thresholds: In Table 3.1, we report the different detection thresholds derived under
the four cases we considered. For the known P case, the detection threshold is n pn(log(n))%”j.
When P is estimated, it should not be possible to obtain a better threshold under the same set
of conditions. We find that for the ER model, we achieve the same threshold as the known P
case, with p replaced by its estimate p;. For the Chung-Lu Model, however, we obtain a weaker
threshold that is n(p, log(n))%‘“/’. For the RDPG model, the derived threshold 6 (ﬁ)(log n)%”}
is actually stronger than n pn(log(n))%+ P (since 6(P) < np,). While this might appear counter-
intuitive, it is explained by observing that we derived this threshold under a stronger set of
conditions compared to the known P case.

Bounds on the clique’s strength: For all four cases, a key part of our assumptions is requiring
bounds on the strength of the clique, quantified by the norms of Bs. It is expected that we
would need the anomalous clique to be strong enough for our method to find the clique. In
the first row of Table 3.2, we find the lower bound requirements on the clique’s strength for
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Table 3.1: Detection thresholds for the egonet method under different models.

Model P is known Erdds-Renyi Chung-Lu RDPG

Detection threshold | np,(log(n)2** | np;(log(n))2*? | n(p,log(n))z+* 5(13)(logn)%+/j

the four cases. When P is estimated, we find that we also need an upper bound on the clique’s
strength to identify the clique (second row). Recall that in Section 3.2.1, we discussed how the
estimation of P can be problematic under the alternative when the anomalous clique is ‘too
strong’. Here, we have quantified that strength through norms of Bg, and we find that when P
is estimated, we indeed need an upper bound on the strength for our method to succeed.

Table 3.2: Lower(first row) and upper(second row) bound requirements on the clique signal for the
egonet method under different models.

P is known Erd6s-Renyi Chung-Lu RDPG
IBslly > np,+/logn | |IBsll, > npy/logn | |1Bsll > ny/p,logn | |IBsl*>&(P)y/logn
- VIBsll = o(n) 5(Bs)<<le91, 6(Bs)<6(P),
2
IIBs||1<<(;91) lIBsll < 6(P)

3.4 Simulation studies

In this Section, we present simulation results for the egonet method for synthetic networks
generated from the Chung-Lu model, the stochastic block model, and the RDPG model. We
evaluate the performance of the method using the following metrics:

1. False alarm rate (Size): The false alarm rate is the percentage of non-anomalous networks
where the null hypothesis is rejected, i.e., the method wrongly detects the presence of an
anomalous clique although there isn’t one. This should be small, close to zero.

2. Detection rate (Power): The detection rate is the percentage of anomalous networks
where the null hypothesis is rejected, i.e., the method correctly detects the presence of a
clique. This should be close to 100.
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3. Node detection rate (Localization): In networks with an embedded clique, the node
detection rate is the percentage of anomalous nodes whose egonet statistic value is
higher than the threshold, i.e., nodes that are correctly flagged by the method. This
should ideally be close to 100.

4. Node false alarm rate (False alarm): The node false alarm rate is the percentage of non-
anomalous nodes whose egonet statistic value lies above the threshold, i.e., nodes that

are wrongly flagged by the method. This should be close to zero.

3.4.1 Chung-Lumodel

We generated networks from the Chung-Lu model with n = 500,1000 nodes, and of three
different values of density parameter, 6 =0.05,0.1 and 0.2. The model parameters {0,} were
sampled from the Uniform(0, p,,), so that p,, is the maximum edge probability and 6 = p, /4
is the expected network density. To generate networks under the alternative, we randomly
selected a set of k nodes and embedded a clique on the subgraph spanned by them. We explored

three different ways to select the clique nodes,
1. selecting the nodes uniformly, i.e., with equal probability
2. selecting the k nodes with the largest expected degree in the underlying network
3. selecting the k nodes with the smallest expected degree in the underlying network

We developed our theory under the first scenario, where the anomalous clique is formed by
any uniformly random k nodes in the network. Here, we also examine the second and third
scenario where the nodes are selected based on their degrees. This will help us understand if
the degrees of nodes forming the clique have any effect on the performance of our method.

The egonet method is implemented on both the original non-anomalous networks and the
networks with an embedded clique. For the anomalous networks, we chose k ~ ¢ y/2np,+/logn
so that the contribution of the anomalous clique in the egonet degree, approximately k?/2, is
equal to c¢? times the detection threshold. The results are tabulated in Tables 3.3-3.6.

In Table 3.3, we find that for non-anomalous networks generated from the Chung-Lu model,
the false alarm is 0% for all choices of n and 6, that is, the detection test correctly did not reject
the null for all the replications.

In Table 3.4, we have networks from the Chung-Lu model with an anomalous clique formed
by uniformly randomly selected nodes. For n =500, we find that when || Bs||; is small (¢ =1),
the detection rate is 0%. So the detection test fails to reject the null hypothesis when || Bs||, is

small. As || Bs||, gets larger, the detection rate improves, and for ¢ =4, we have a 100% detection
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Table 3.3: Results for Chung-Lu model under Hy: Percentage of networks rejected (Size) and percentage
of non-anomalous nodes wrongly flagged (False alarm) for » =500, 1000, 6 = 0.05,0.1,0.2.

n =500 n=1000

o Size False alarm | Size False alarm
0.05 0 - 0 -
0.1 0 - 0 -
0.2 0 - 0 -

rate for all the choices of 6. For n = 1000, the detection rates further improve, as expected.
Whenever a clique is detected, the node detection rate is almost 100% and the node false
alarm rate is almost 0%, that is, the egonet ranking algorithm almost always recovers the clique
exactly.

In Tables 3.5 and 3.6, we have anomalous networks with the same choices of 7, d, and c,
but the clique nodes are selected based on their expected degrees. When the nodes with the
lowest degrees are selected (Table 3.5), we find that the performance of the egonet method
improves significantly. The detection rate is 100% for all the cases except when ¢ =1, and then,
the egonet ranking algorithm almost always recovers the clique exactly. On the other hand,
when the high-degree nodes are selected (Table 3.6), the detection test almost always fails
to detect the presence of the clique for all choices of n, 0, and k, except when n = 1000 and
6 =0.05 and 0.1, where the detection rate is still 100%.

3.4.2 Stochastic block model

We generated networks from the stochastic block model with n = 1000,2000 nodes and 2
equal-sized communities such that the block probability matrix,

4 1
Y Xee .

We varied the network density over 6 =0.1,0.2 and 0.3. To generate networks under the alter-
native, we embedded a clique of size k on a network from the true model. we explored two

ways of selecting the anomalous clique nodes,

1. selecting half of the nodes from the first community and the remaining half from the
second community

2. selecting all the nodes from the same community

We chose k ~ c4/206(P)+/logn so that the contribution of the anomalous clique in the egonet
degree, approximately k?/2, is equal to ¢? times the detection threshold. Since the SBM is a
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Table 3.4: Results for Chung-Lu model under H; case (i): Nodes are selected uniformly. Percentage
of networks rejected (Power), percentage of anomalous nodes correctly flagged (Localization) and
percentage of non-anomalous nodes wrongly flagged (False alarm) for n =500, 1000, 6 =0.05,0.1,0.2.

n =500 n =1000
9] ¢ | VIIBsll;, Power Localization Falsealarm | 4/||Bs]l; Power Localization False alarm
0051 20.96 0 - - 30.67 0 - -
0.05 | 2 42.37 3 100.00 0.00 61.91 99 100.00 0.00
0.05 | 4 86.23 100 100.00 0.00 125.31 100 100.00 0.00
0.1 1 28.95 0 - - 4221 0 - -
0.1 2 59.32 92 100.00 0.00 85.84 100 100.00 0.00
0.1 4 118.92 100 100.00 0.00 173.12 100 100.00 0.00
0.2 1 38.82 0 - - 56.98 0 - -
02 | 2 78.69 100 97.55 0.00 114.77 100 100.00 0.00
02 | 4 159.03 100 100.00 0.00 230.98 100 100.00 0.00

Table 3.5: Results for Chung-Lu model under H; case (ii): Nodes with the lowest degrees are selected.
Percentage of networks rejected (Power), percentage of anomalous nodes correctly flagged (Local-
ization) and percentage of non-anomalous nodes wrongly flagged (False alarm) for n = 500, 1000,
0=0.05,0.1,0.2.

n =500 n =1000
0 ¢ | VIIBslly, Power Localization Falsealarm | 4/||Bsll; Power Localization False alarm
005 |1 21.49 0 - - 315 0 - -
005 | 2 43.48 100 100.00 0.00 63.49 100 100.00 0.00
005 | 4 88.42 100 100.00 0.00 128.44 100 100.00 0.00
0.1 1 30.49 0 - - 44.49 0 - -
0.1 2 62.45 100 100.00 0.00 90.46 100 100.00 0.00
0.1 4 125.10 100 100.00 0.00 182.18 100 100.00 0.00
0.2 1 43.46 0 - - 63.47 0 - -
02 | 2 88.22 100 100.00 0.00 128.29 100 100.00 0.00
02 | 4 175.28 100 100.00 0.00 256.74 100 100.00 0.00

special case of the RDPG model, we applied the egonet method proposed for the RDPG case.
The false alarm rate was 0% as before, that is, the non-anomalous networks were never rejected
by the detection test. So, we only report the results of the egonet method for the anomalous
networks. The results are presented in Tables 3.7 and 3.8.

In Table 3.7, we have networks from the SBM with an anomalous clique formed by k nodes
of which, about half were randomly selected from one community and the remaining from
the other community. For both n = 1000 and 2000, we find that when || Bs|| is small (¢ = 1),
the detection rate is 0%. As || Bs|| gets larger, the detection rate improves, and for ¢ = 4, we
have a 100% detection rate for all the choices of n, 6 except one. For n=1000 and 6 =0.1, we
find that the detection rate is again 0% for ¢ = 4, despite || Bs|| being large. This case is actually
an example where the anomaly of the clique has affected the estimation of P so much that
the detection test is not able to detect the anomalous clique anymore. Whenever a clique is
detected, the node detection rate is almost 100% and the node false alarm rate is almost 0%,
that is, the egonet ranking algorithm almost always recovers the clique exactly.

In Table 3.8, we have networks from the SBM with an anomalous clique formed by k nodes

all of which were randomly selected from one community. We find that for n = 1000, the
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Table 3.6: Results for Chung-Lu model under H; case (iii): Nodes with the highest degrees are se-
lected. Percentage of networks rejected (Power), percentage of anomalous nodes correctly flagged
(Localization) and percentage of non-anomalous nodes wrongly flagged (False alarm) for n =500, 1000,
0 =0.05,0.1,0.2.

n =500 n=1000
0 ¢ | VIIBsll;, Power Localization Falsealarm | 4/||Bsll; Power Localization False alarm
005 [ I 19.33 0 - - 28.29 0 - -
005 | 2 39.34 0 57.24 0 - -
005 | 4 80.84 0 116.72 100 100.00 0.00
0.1 1 24.10 0 34.98 0 - -
0.1 2 50.37 0 72.19 0 - -
0.1 4 104.60 0 149.41 100 100.00 0.00
0.2 1 22.61 0 31.65 0 - -
02 | 2 51.57 0 70.59 0 - -
02 | 4 120.49 0 162.48 0 - -

detection test always fails to detect the anomalous clique. For n = 2000, the detection test is
able to detect the anomalous clique for some of the cases, when 0 is small. Comparing with
Table 3.7, we see that overall, the performance of the egonet method dropped significantly
in this one-community scenario, although cliques of the same size were embedded for both
scenarios. We first note that for the same clique size, || Bs|| is slightly smaller in Table 3.8, but
that does not seem to justify this massive drop in performance. To explain this, let us recall our
discussion after Theorem 3.3.7. To estimate P accurately, we need the effect of the anomalous
clique to mostly appear in the space of the non-top eigenvectors of Q. In this case, since the
clique nodes belong from the same community, the clique’s effect is ‘sucked up’ by the top

eigenvectors of Q, and this is the reason why the egonet method fails in this scenario.

3.4.3 RDPG model

We generated networks from a 3-dimensional RDPG model with n = 2000 nodes, where the
latent positions {X;} were sampled from the Dirichlet distribution with parameter (1,1,1)". We
scaled the probability matrix so that the average network density is equal to 6 and varied o
over 0.1,0.2, and 0.3. To generate networks under the alternative, we randomly selected a set of
k nodes from the network and embedded a clique on the subgraph spanned by the selected
nodes. The false alarm rate was 0% in this case as well, that is, the non-anomalous networks
were never rejected. We report the results for the anomalous networks in Tables 3.9 and 3.10.

For every choice of (n, 0), we started with a sequence of clique sizes k’s at regular intervals
to observe when the egonet method is able to find the anomalous clique. We discovered a
common pattern in all of the cases: there appears to be a range (B,, B,) such that when || Bs||
is less than B, the detection test is unable to detect the anomalous clique; between B, and
B,, the egonet method works almost perfectly, that is, the detection test detects an anomalous
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Table 3.7: Results for SBM under H; case (i): Nodes are selected from both communities. Percentage
of networks rejected (Power), percentage of anomalous nodes correctly flagged (Localization) and
percentage of non-anomalous nodes wrongly flagged (False alarm) for n» = 1000,2000,6 =0.1,0.2,0.3.

1 =1000 1 =2000
o0 | ¢ [[Bs]] Power Localization False alarm [[Bs]] Power Localization False alarm
01711 18.96 0 - - 28.86 0 - -
0.1 |2 39.65 100 100.00 0.00 58.55 100 100.00 0.00
0.1 3 60.35 100 100.00 0.00 88.25 100 100.00 0.00
0.1 ]| 4 81.05 0 - - 117.95 100 100.00 0.00
0211 24.91 0 - - 36.11 0 - -
02 |2 50.50 59 100.00 0.00 73.70 100 100.00 0.00
02 |3 76.89 100 100.00 0.00 111.30 100 100.00 0.00
0.2 | 4 | 102.48 100 100.00 0.00 148.89 100 100.00 0.00
031 26.76 0 - - 39.36 0 - -
03 |2 54.74 0 - - 79.95 0 - -
03 |3 82.72 100 100.00 0.00 119.84 100 100.00 0.00
0.3 | 4 | 110.00 100 100.00 0.00 160.43 100 100.00 0.00

Table 3.8: Results for SBM under H; case (ii): Nodes are selected from only one community. Percentage
of networks rejected (Power), percentage of anomalous nodes correctly flagged (Localization) and
percentage of non-anomalous nodes wrongly flagged (False alarm) for n = 1000, 2000, 6 =0.1,0.2,0.3.

n =1000 n =2000
0 | ¢ | [|Bsl] Power Localization False alarm [[Bs]] Power Localization False alarm
0T [T 1763 0 - - 26.88 0 - -
0.1 | 2| 36.95 0 - - 54.59 85 100.00 0.00
0.1 | 3 | 56.26 0 - - 82.31 100 100.00 0.00
0.1 | 4 | 75.58 0 - - 110.02 40 75.13 0.01
02| 1| 21.06 0 - - 30.59 0 - -
0.2 | 2| 42.81 0 - - 62.54 0 - -
0.2 | 3 | 65.23 0 - - 94.48 13 100.00 0.00
0.2 | 4| 86.97 0 - - 126.43 51 92.16 0.00
03| 1] 19.73 0 - - 29.10 0 - -
0.3 | 2 | 40.50 0 - - 59.24 0 - -
03| 3 | 61.27 0 - - 88.85 0 - -
03 | 4 | 81.52 0 - - 118.99 0 - -

clique and the egonet ranking algorithm exactly identifies the nodes forming the clique; above
B,, the performance of both detection and localization starts to drop, eventually leading to
0% detection. This observation is consistent with our theoretical findings for RDPG, which
shows that we require both a lower and upper bound on || Bs|| for our method to succeed. We
can think of B, and B, as the empirical lower and upper bounds of || Bs||. We also notice that
both of these bounds vary with the network density 6. The fact that B, varies with 0 has a
simple theoretical explanation. Because the theoretical lower bound on || Bs|| for RDPG (see
Table 3.2) involves the quantity 6(P) and 6(P) increases with 6, we would expect B, to increase
with ¢ as well. To understand the pattern with B;, we again recall our theoretical results. An
important requirement for our results to hold was to ensure that || Bs|| < A,;(P) (satisfied by
D1’ and D2). We found that the empirical upper bound B, also lies somewhere near A,(P). Let

us look at our results in Tables 3.9 and 3.10. We find that in all three cases, if ){'5(51')') is too small,

the detection test always fails. Then, when /ﬂﬁzﬂ) is within the ranges ~(0.92,9.99) for 6 =0.1,

~(0.73,0.98) for 6 = 0.2, and ~ (0.63, 1.00) for 6 = 0.3, the egonet method works almost perfectly,
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Table 3.9: Results for RDPG model under H;: Nodes are selected uniformly. Percentage of networks
rejected (Power), percentage of anomalous nodes correctly flagged (Localization) and percentage of
non-anomalous nodes wrongly flagged (False alarm) for n =2000,6 =0.1.

n=2000,0=0.1

k i'f&';') Power Localization False alarm
35 | 0.63 0 - -
40 | 0.73 0 - -
45 | 0.82 2 100.00 0.00
50 | 0.92 84 100.00 0.00
55 | 0.99 92 91.60 0.00
60 | 1.10 4 5.00 0.00
65 | 1.19 1 3.08 0.00
70 | 1.28 0 - -
75 | 1.37 0 - -

in terms of both detection and localization. Finally, when ,'J%',l)

the performance of the method starts to get worse. For 6 = 0.1, the detection rate becomes 0%

increases further away from 1,

almost immediately, while for 6 = 0.2, the detection rate decreases at a slower rate. For 6 =0.3,

the detection rate remains steady at 100% even after Jllﬁsfl,') going beyond 1, but the localization

performance keeps getting worse.

3.5 Case studies with real-world network data

We implemented the egonet method on two well-known networks. In real-world applications,
an important consideration is which null model to use for fitting the data and computing the
egonet statistics. A practitioner can choose a null model based on heuristic considerations
about the structure of the network, or take the cautious route of carrying out multiple versions
of the test using different null models. In the latter case, the inference can vary from one null
model to another. Another option is to use the most general model (e.g., among the models
used in this chapter, the RDPG model is the most general model and all other models are
its special cases), although this can potentially lead to overfitting the data. In the following
well-studied examples, we used null models from recent studies where a certain model was
shown to work well for a certain network.

Our first dataset is the British MP’s Twitter dataset which is a network of Twitter interactions
(follows, mentions, and retweets) between 419 Members of Parliament (MP) in the United
Kingdom belonging to five different political parties (Greene and Cunningham 2013). For our
analysis, we considered the network of retweets. We picked a subset of this network consisting
of 360 MPs belonging to the Conservative Party and the Labour Party, the two parties with the
highest number of members in the dataset. We extracted the largest connected component of
this subnetwork, which had 329 nodes and 5720 edges. Following Sengupta and Chen (2018),
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Table 3.10: Results for RDPG model under H;: Nodes are selected uniformly. Percentage of networks
rejected (Power), percentage of anomalous nodes correctly flagged (Localization) and percentage of
non-anomalous nodes wrongly flagged (False alarm) for n =2000,6 =0.2,0.3.

n=2000,0=0.2 n=2000,0=0.3
k ,lllf(sll,') Power Localization False alarm /lllf(sll,'] Power Localization False alarm

60 0.49 0 - - 0.28 0 - -

70 0.57 0 - - 0.33 0 - -

80 | 0.65 73 100.00 0.00 0.38 0 - -

90 0.73 100 100.00 0.00 0.43 0 - -

100 | 0.81 100 100.00 0.00 0.47 0 - -

110 | 0.90 100 100.00 0.00 0.52 0 - -

120 | 0.98 100 97.04 0.00 0.57 50 100.00 0.00
130 | 1.06 100 48.72 0.00 0.62 100 100.00 0.00
140 | 1.14 93 3.41 2.05 0.67 100 100.00 0.00
150 | 1.23 92 1.82 1.11 0.71 100 100.00 0.00
160 | 1.31 92 0.26 0.13 0.76 100 100.00 0.00
170 | 1.39 84 2.18 2.13 0.81 100 100.00 0.00
180 | 1.47 89 3.16 3.11 0.86 100 100.00 0.00
190 | 1.56 76 0.09 0.12 0.91 100 99.01 0.00
200 | 1.64 75 1.12 1.13 0.95 100 99.98 0.00
210 | 1.72 77 6.13 6.12 1.00 100 97.05 0.00
220 | 1.80 71 0.08 0.13 1.05 100 92.07 1.00
230 | 1.88 61 3.10 3.13 1.10 100 68.50 0.00
240 | 1.97 67 1.15 1.15 1.15 100 34.63 0.00
250 | 2.05 61 0.11 0.12 1.19 100 2.98 0.02
260 | 2.13 63 2.11 2.14 1.24 100 0.92 0.08
270 | 2.21 50 2.20 2.14 1.29 100 0.43 0.12
280 | 2.30 51 1.14 1.14 1.34 100 1.27 1.12
290 | 2.38 45 3.13 3.13 1.39 100 0.22 0.13
300 | 2.46 38 2.31 2.13 1.43 100 0.17 0.16

we used the 2-community popularity adjusted block model (RDPG with dimension 4) as the
null model. The null hypothesis was not rejected, i.e., no anomalous clique was detected.

Our second dataset is the political blogs network (Adamic and Glance 2005), representing
16,714 hyperlinks between 1222 political weblogs before the 2004 US Presidential election. This
network has been studied by many papers (Karrer and Newman 2011; Zhao et al. 2012; Amini
etal. 2013; Bickel and Sarkar 2016) in the statistics literature pertaining to community structure.
A prominent feature of this network is its strong community structure with two communities
representing liberals and conservatives. Following Karrer and Newman (2011), we used the
2-community degree corrected block model as the null model. Here as well, the null hypothesis
was not rejected, i.e., no anomalous clique was detected.

While no anomalous clique was detected for both datasets, we wanted to check if there was
any large clique at all, even if not anomalous, in these datasets. For that, we applied a largest
clique finding algorithm from the igraph package in R on the two networks. We found that
the British MP network contained a clique of 19 nodes and the political blogs network also
contained a clique of 20 nodes. Note that, the two networks have an average edge probability
0f 0.106 and 0.022 respectively. From the theory of clique numbers, we know that the largest

clique size in an ER(n, p) network lies on two consecutive integers around 2log: n almost surely
7
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(Matula 1972; Grimmett and McDiarmid 1975). This quantity evaluated for the two networks
are approximately equal to 5.2 and 3.7 respectively. So, if these networks were modeled as
homogeneous, the corresponding largest cliques would have been identified as anomalous.
Looking into the true communities of the nodes forming the largest cliques, we found that in
both cases, the nodes belonged to the same community. Therefore, we can say that the egonet
method correctly did not identify the two large cliques to be anomalous as their presence is

explained by the underlying block structure in the networks.

Table 3.11: Clique detection and localization results using the egonet method for the political blogs
network with a planted clique.

k | Power Localization False alarm
40 83 98.32 0.00

50 100 96.86 0.00

60 100 84.68 0.00

What if the networks actually had an anomalous clique? Would the egonet method be able
to find the clique in that case? To check that, we planted cliques of three different sizes, 40, 50,
and 60 on the political blogs network in such a way that half of the clique nodes are from the
first true community and the remaining are from the second true community. Then, we applied
the egonet method to the network. We repeated this procedure 100 times, we have the results
in Table 3.11. We find that when k =50 and 60, the egonet method was successful to detect the
presence of the anomalous clique 100% of the time, and when k =40, the anomalous clique
was detected 83% of the time. When a clique was detected, our method was able to identify
more than 95% of the clique nodes for k =40 and 50, and about 85% of the clique nodes when
k =60. In all the cases, almost no non-clique nodes were wrongly flagged. From this analysis,
we can conclude that our method would be able to find if there was a clique anomalous with

respect to the 2-community DCBM model in this way.

3.6 Discussion

The goal of anomaly detection is to detect whether there is an anomaly, and if any anomaly
is detected, to identify the part of the system that constitutes the anomaly. In this chapter,
we have formulated a statistical inferential framework using egonets to address both these
questions simultaneously in the context of clique detection in static networks. The egonet
method is naturally amenable to parallel computing, making it computationally scalable. The
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flexible nature of the method makes it amenable to a wide variety of network models. We
studied the theoretical properties of the method under the ER, Chung-Lu, and RDPG model.
In our simulation study, we applied the method to synthetic networks generated from a variety
of inhomogeneous models, and the results support our theoretical findings.

In this project, we focused on exact cliques where all pairs of anomalous nodes are con-
nected. A closely related form of anomaly is a soft clique or an unusually dense subgraph,
where a group of anomalous nodes are, maybe not fully, but densely connected to each other
compared to other parts of the network. As a next step, we plan to study the dense subgraph
problem theoretically and derive the conditions under which the egonet method can detect
and recover such dense subgraphs. Also, there can be several other relevant forms of anomaly
in a network, e.g., star subgraphs, long chains, etc. The overarching idea of the egonet method
is that if we fit a model for the entire network, and if there is some anomalous subgraph in the
network, then trying to fit a class of subgraphs using the fitted network model will make the
unusual substructures pop out, as they won't fit the empirical network model. It would be of
great interest to try and extend this basic principle to other forms of anomaly. The problem of
anomaly detection in networks is an important and relevant problem that has not received
much attention from the statistics community. We envisage this work as one of the first steps

towards addressing this methodological gap.
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CHAPTER

4

MODEL SELECTION FOR BLOCKMODELS
VIA UNIFIED CLUSTERING FRAMEWORK

4.1 Introduction

Block models are one of the most widely studied classes of network models, where the nodes
within a block, also referred to as a community, share some common features. The block
structure in networks was found very useful in studying and interpreting many real-world
systems, examples include social networks, financial networks, brain networks, and more. The
simplest form of a block model is the stochastic block model (SBM), proposed by Lorrain and
White (1971), where the probability of an edge between two nodes depends solely on their
communities. The SBM allows a block-level heterogeneity in the network, where the nodes
within a block are still homogenous, but nodes in different blocks are heterogeneous. Due
to its overly simple structure, the SBM often fails to explain real networks in practice. The
degree-corrected block model, proposed by Karrer and Newman (2011), addresses this issue by
introducing heterogeneity also at the node level along with the block structure. Since then, there
has been a variety of block models proposed in the network science literature incorporating
heterogeneity at different levels while maintaining a block structure, such as the popularity-
adjusted block model (PABM) (Sengupta and Chen 2018), the mixed-membership stochastic
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block model (MMSBM) (Airoldi et al. 2009), the degree-corrected mixed-membership model
(DCMM) (Jin et al. 2023), to name a few.

The primary focus of the study of block models has been community detection, where the
task is to identify the nodes in the network forming the communities. A variety of statistical
community detection algorithms have been proposed for the different types of block models,
including Newman and Girvan (2004), Bickel and Chen (2009), Rohe et al. (2011), Amini et al.
(2013), Sussman et al. (2012), Lei and Rinaldo (2015),Gao et al. (2017), and others. While the
block structure is frequently used to explain real-world networks, less attention has been paid
to the question of which of the many available choices of block models would be a good fit for
the network. Yan et al. (2014) suggested a likelihood-ratio test statistic to determine if a given
network follows an SBM or a DCBM. Wang and Bickel (2017) presented a likelihood-based
method to choose the correct no. of communities for networks coming from an SBM. Chen
and Lei (2018) proposed a method based on cross-validation via node-sampling to choose
between a set of candidate network models. An application was shown to determine if a given
network comes from an SBM or a DCBM, and also choose the correct community size K. Li
et al. (2020) presented a similar model selection approach, but instead of nodes, they sampled
edges for cross-validation. They also addressed the problem of determining if a given network
follows an SBM or a DCBM, as well as determining the appropriate community size K.

In this chapter, we propose a clustering and model selection framework for three well-
known classes of block models: the SBM, the DCBM, and the PABM, assuming that there are K
blocks and K is known. In the original PABM paper by Sengupta and Chen (2018), it was noted
that both SBM and DCBM are special cases of the PABM. Recently, Noroozi and Pensky (2021)
showed that these three models can be brought under a unified hierarchical framework that
has a common set of parameters and does not rely on arbitrary hierarchical conditions. Under
the hierarchical structure, the three models are nested in the sense that the SBM is a special
case of DCBM, which is then a special case of the PABM. Motivated by this, we propose a unified
method that is based on the latent positions (spectral embeddings) of networks generated from
one of these models. The spectral properties of the SBM and DCBM were studied in multiple
papers, including Sussman et al. (2012) and Lei and Rinaldo (2015). It is well-known from the
literature that the latent positions are a collection of point masses for the SBM and a collection
of rays (1-dimensional linear subspaces) for the DCBM. The spectral properties of the PABM
were first studied by Koo et al. (2022). It was shown that for the PABM, the latent positions for
different communities are actually a collection of K distinct linear subspaces. Based on this
property of latent positions, we develop objective functions for each of the three models which

are then used to perform clustering and model selection.
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The rest of the chapter is organized as follows. In Section 4.2, we describe our proposed

unified framework to perform clustering and model selection between the SBM, DCBM, and
PABM. In Section 4.3, we study the theoretical properties of the objective functions for each of
the three block models. In Section 4.4, we evaluate the performance of our proposed community
detection and model selection procedure on synthetic networks generated from the block
models. In Section 4.5, we explore how our model selection procedure performs on five real-
world datasets with community structure. Finally, we provide some concluding remarks and
possible future directions in Section 4.6. Because the technical proofs in this chapter are slightly
shorter than those in the previous two chapters, we have kept the proofs within the chapter
instead of moving them to the Appendices.
Notations and setup: A € {0, 1}" is the adjacency matrix of a simple, undirected network of
n nodes with no self-loops, where A;; ~ Bernoulli(P,;;) for all 1 < i < j < n. We assume that
P has some underlying block structure with K blocks, and K is known. We use the notation
[n] to denote the set {1,...,n}. Let 7; is the community of the i’ node, i € [n]. Let G, be the
set of nodes that belong to the kth community, that is, G, = {i : 7; = k}. We use standard
asymptotic notations, e.g. for sequences {a,} and {b,}, a, =0(b,)ifa,/b, — 0; a,, = O(b,,) if
a,/b, is bounded; a,, = w(b,) if b, = o(a,); a, =b,) if b, = O(a,); a, =0O(b,) if a,, = O(b,,)
and b, = O(a,). We also use the notation a, < b, (resp. a, > b,) which is equivalent to
a, =o(b,)(resp. a, = w(b,)). We say that an event F, occurs ‘with high probability’ if, for any
T > 1, there exists C, > 0 such that P(F,)>1— %

4.2 Methodology

First, we formally define the three-block models under consideration: SBM, DCBM, and PABM.

DeriNiTION 4.2.1. (Stochastic block model) Suppose that 2 is a K x K symmetric matrix whose
entries are in [0, 1]. Under the stochastic block model, the probability that the nodes i and j
are connected,

Pij=Q, 1<i<j<n. 4.1)

DeriNiTION 4.2.2. (Degree-corrected block model) Suppose that Q2is a K x K symmetric matrix
whose entries are in [0,1] and 0; € [0, 1] is a degree parameter defined for each node i € [n].

Under the degree-corrected block model, the probability that the nodes i and j are connected,

Pj=0,Q:.0;,1<i<j<n. (4.2)
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Following Lei and Rinaldo (2015), we assume the identifiability constraint max;cg, 0; =1 for all
1<k<K.

When the 8;’s are all equal to 1, we get back the SBM.

DeriNiTION 4.2.3. (Popularity-adjusted block model) Suppose that A is a n x K matrix whose
entries are in [0, 1]. Under the popularity-adjusted block model, the probability that the nodes
i and j are connected,

Under the PABM, the i’ row of A, (A;1,...,A;x) can be interpreted as the popularity vector
of the i*" node among the K communities. It is easy to see that the DCBM is a special case of
the PABM by defining A as

Aik:9i Qflk,lﬁlﬁn,ISkSK

Consequently, the SBM is also a special case of the PABM.

4.2.1 Latent positions for SBM and DCBM

For the SBM and DCBM model, we are going to assume that the block probability matrix 2 has
rank K and the smallest non-zero eigenvalue of (2 is positive. Then, P also has rank K, and all
K non-zero eigenvalues of P are positive. Let P=U DU be the spectral decomposition of P,
where

D =diag(A,,...,Ag), A=A, >... > A > 0.

We can write
P=XX", where X=UD?. (4.4)

Let U; be the i'" row of U and X; be the i’" row of X. We define the vectors {X;}, asthe latent
positions of the nodes in the network. It was shown in Lei and Rinaldo (2015) that, under the
SBM, there exist K linearly independent vectors H,, H,, ..., Hy € RX such that

U=H,icG,1<k<K. (4.5)
And under the DCBM, there exist K linearly independent vectors H;, H,, ..., Hy € RX such that
U=0;H,ic€G,1<k<K. (4.6)

where 0;’s are a scaled version of 8;’s, which we are going define explicitly in Section 4.3. From
(4.5) and (4.6), we see that within a community, the U;’s are all equal under the SBM, and the
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U;’s all lie in a 1-dimensional subspace under the DCBM. Now note that the latent positions
X;=D 2 U; for all i € [n]. Therefore, the aforementioned property of the U;’s also hold for the X;’s.
Within a community, the X;’s are also all equal under the SBM, and all lie in a 1-dimensional
subspace under the DCBM.
We can estimate X using the Adjacency Spectral Embedding(ASE) method, proposed in
Sussman et al. (2012). Let
A=[U|U"[De D UIT]

be the spectral decomposition of A, where

D =diag(},,...,Ax), D* =diagAg.1,..., A

2= ol 2 Ak = 2 R,

The ASE of A into RX is given by,
X=U|D|. 4.7)

Athreya et al. (2017) showed that X is a consistent estimator of X under some regularity
conditions. In particular, it was shown that the maximum row-wise difference, max; || X;— W X;||
is small for some K x K orthogonal matrix W. Although X does not directly estimate X, we
observe that for any orthogonal matrix W, the rows of X W have the same properties as the
rows of X we discussed above. Therefore, we can define X; as the i*” estimated latent position

vector, i €[n].

4.2.2 Latent positions for PABM

Koo et al. (2022) showed that the PABM is a special case of a broader class of graph model
called the generalized random dot-product graph model (GRDPG). Under the GRDPG model
with dimensions (p, q), there exists a n x (p + g) matrix X such that P = X1, . X", where I, ,
is a diagonal matrix whose first p diagonal entries are all equal to 1, and the remaining g
diagonal entries are all equal to —1. The authors showed that the PABM with K communities
is actually a GRDPG with dimensions (K(K + 1)/2, K(K —1)/2). Therefore, the rank of P is
K(K+1)/2+ K(K—1)/2=K?.Let P=VDVT be the spectral decomposition of P, where

D =diag(Ay, ..., Ax2), M= A = ... > [Age] > 0.

Let X; be the i*" row of V. It was shown that there exist K distinct orthogonal subspaces
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S,,S,,...,S8k, each of dimension K, such that
X; €S, i€G,1<k<K. (4.8)
We can again estimate X; using the unscaled version of ASE as follows. Let
A=[VIV I DeD VIV
be the spectral decomposition of A, where

D= diag(il, . ..,7LK2), D'= diag(iKzﬂ, . ..,//fn),

A== 2 Rl > > A,

Let X; be the i'" row of V. Koo et al. (2022) showed that V is well-approximated by V up to
some orthogonal transformation. But for any orthogonal matrix W, the rows of V would still
satisfy the property (4.8), maybe for a different set of distinct orthogonal subspaces. Therefore,
we again define X; as the i'" estimated latent position vector, i € [n].

4.2.3 Objective functions for the block models and a community detection

algorithm
We observe that the latent positions {X;}"_| have the following property:

» For the SBM, the X;’s are the same within a community, that is, there exist centroids
Y, Y,..., Yi such that
XiZYk,iEQk,lSkSK. (49)

e For the DCBM, the X;’s lie in a 1-dimensional subspace within a community, that is, there

exist rank-1 projection matrices I}, I, ..., Ik such that

X, =X, i€G,1<k<K. (4.10)

* For the PABM, the X;’s lie in a K-dimensional subspace within a community, that is,
there exist rank- K projection matrices I}, L5, ..., Ik such that

X, =T.X;, i€G,1<k<K. (4.11)
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Based on this observation, we can formulate a method for community detection for all three
block models. Given the adjacency matrix A we can obtain estimates {X;} of the latent positions
{X;} using ASE as described in Section 4.2.1 and 4.2.2. For community detection for SBM, one

can simply use the K-means algorithm which minimizes the objective function,

QUeh e XN=D IX—C,F=, > IXi—CiP. (4.12)

i kit=k

over all community assignments {¢;} € [K]" and centroids {C,} € RX*X, Applying the K -means
algorithm on spectral embeddings for community detection for SBM has already been proposed
in the literature (Sussman et al. 2012; Lei and Rinaldo 2015).

One possible approach for community detection for DCBM is to first project the points
X; onto the unit sphere before doing K -means on the projected X; (Lei and Rinaldo 2015).
The alternative that we consider for this project is different. We replace the distance to the k*"
centroid ||X; —C,|| in Eq. (4.12) with the projection distance onto the subspace spanned by the

points in cluster k, i.e., we consider

QUEKAXN =D D I —T)X, |, (4.13)
k

i:ti=k

where I1;, is the projection onto the subspace spanned by the best rank-1 approximation to the
{X;} belonging to the kth cluster. The solution of Eq. (4.13) can proceed using the following

greedy procedure.
1. Initialize with a random community assignment {z;}.

2. For each cluster k, collect all the points )?l for which t; = k and call this a matrix M,.. Next,
find the (left) singular vector u; corresponding to the largest singular value of M, and

then define IT; = u u].
3. For each point i, update t; as the cluster k for which ||(/ —Hk))?i || is minimized.
4. Repeat steps 2 and 3 until “convergence’.

Finally, for the PABM we can use the same objective function as that in Eq. (4.13) but with
I1; now being the projection onto the subspace spanned by the best rank- K approximation to
the {X;} belonging to the kth cluster, i.e.,

QB XN=D D II-T)X I, (4.14)

k i:ti:k
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where I1;, = U, UkT and U is the matrix whose columns are the leading (left) singular vectors
corresponding to the K largest singular values of M. The optimization of Q; proceeds in the

same manner as that for Q,. More specifically, we can consider the following algorithm.
1. Initialize with a random community assignment {z;}.

2. For each cluster k, collect all the points X; for which ¢; = k and call this a matrix M. Next,
find the matrix U, whose columns are the left singular vectors corresponding to the K

largest singular values of M, and then define I1; = U, UkT.
3. For each point i, update t; as the cluster k for which ||(/ —Hk)Z || is minimized.
4. Repeat steps 2 and 3 until “convergence’.

Note that the projections {II;} in (4.13) and (4.14) depend on both the community as-
signments {¢;} and latent positions {X;}, but we have kept this dependence implicit to avoid
notational complexity. In our theory section, we properly denote the projections {I1; } as {H(k’"X 1,

making the dependence explicit.

4.2.4 Bootstrap-based model selection

Using the objective functions described above, we propose a method to perform model selec-
tion via a two-step testing procedure. Firstly, we note that if we had the true latent positions
{X,} instead of {X;}, all three objective functions Q;, Q, and Q; would reach a minimum of 0
under the SBM, DCBM, and PABM, respectively. If we are able to estimate the latent positions
accurately enough, then the minimum of the objective functions with the estimated latent po-
sitions should still be ‘small’ under their respective models. Moreover, the minimum of Q,, say
min_should be ‘large’ if the underlying model is a DCBM or PABM, as it should not be possible
to accurately estimate all the latent positions within a community by a single centroid. Similarly,
the minimum of Q,, say Q;"™, should be ‘large’ for the PABM due to the error in estimating the
latent positions in K -dimensional subspaces by vectors in 1-dimensional subspaces. Thus,
we can do model selection by first looking at the magnitude of Q™" to test whether the model
is SBM or DCBM, and if the test is rejected, then we can look at the magnitude of Q;‘i“ to
determine whether the model is DCBM or PABM. In particular, if Q{nm (resp. Q;mn) is small,
then we say that there is not strong evidence to reject the SBM model in favor of the DCBM
(resp. reject the DCBM in favor of the PABM). Calibration of whether or not lei“ (resp. Q;ni“) is

‘small’ can be done via bootstrapping.

First, we want to test

H,: A~SBM vs. H, : A~DCBM. (4.15)
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The test statistic is
TV(A) = Q{71 {C:} (XD, (4.16)

where

(T (G = a{rg}r{?i}n Q{rh LGk X)), (4.17)

and we reject when T n“)(A) > K, for some threshold K, where a is the level of the test.

The “correct” value of K, is the (1—a)-th quantile of the sampling distribution of TW(A)
under the null. However, this sampling distribution is challenging to formulate. For reference,
when using the classical likelihood ratio test, the null sampling distribution is y2. Therefore,
we propose a parametric bootstrap strategy to estimate the threshold K,. Given a network 4,
we fit an SBM by using Q, and obtain an estimate of P, say P. Next, we generate R replicates
A%,..., A%, ~ Bernoulli(P), and compute T(A%),..., TW(A%). The p-value is given by

R
%ZH[ TY(AY) > TY(A)]. (4.18)
r=1

If the test in (4.15) is rejected, then we test

H,: A~DCBM vs. H, : A~ PABM. (4.19)
The test statistic is
T®(A)=Q,({T, 1 {X:}), (4.20)
where
{7} =argmin Q,({1;};{X;}), (4.21)

{r;}

and we reject when Tn(z)(A) > K, for some threshold K,, where « is the level of the test. Again,

K, can be estimated using the bootstrap procedure as before.

4.3 Theoretical results

4.3.1 Results for SBM

Let us consider a SBM with parameter 2 as defined in 4.2.1. Let UD U be the eigendecompo-
sition of P, where
D =diag(7tl,...,7LK), A,l Z)QZ ZAK>O
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The Assumptions we are going to consider are:
Al. Ay > c,6(P), A2. 5(P)> (logn)*.

From Lemma 3.1 of Lei and Rinaldo (2015), we have that there exists an orthogonal matrix
H such that the i" row of U,

1
U=—H,i€G,1<k<K, 4.22
e k Ok (4.22)

where H, is the k' row of H. The i latent position vector, X; = —~D2H,, 1< k< K,i €G.
For nodes i and i’ such that 7; # 7;,

n:, n:, Nmax

1

”Xi—Xj”zZ?LK(LJr ! )>M—K- (4.23)

Both Sussman et al. (2012) and Lei and Rinaldo (2015) proved the consistency of the com-
munity estimates obtained from the K-means algorithm. We have the following result in our

setting.

TueoreM 4.3.1. Suppose A is the adjacency matrix of a network from the SBM with parameter
Q as defined in 4.2.1. Let Assumptions A1-A2 hold. Let ({7;}, {C;}) be a global minimizer of

Qi({;}, {C: 1 {X;}). Then,
Q,({%;},{C:}; {X;}) = O((log n)*) with high probability, (4.24)
and there exists a bijection o : [ K] — [K] such that the misclassification error,

1
- D 1{#; #0(7;)} - 0 with high probability.

Proof: Let {Y,.} be the true centroids, thatis, X; = Y;,i € G;,1 < k < K. Then,

QT (G XN < Qu{T 1L (Y (X))
=Z||Z—ni||2=2||2—xi||2= IX — X2

=0((log n)*) with high probability.

The second part of the proof follows directly from Corollary 9 of Sussman et al. (2012).
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4.3.2 Results for DCBM

Let us consider a DCBM with parameters Q and {6;} as defined in 4.2.2. Let UDU be the
eigendecomposition of P, where

D :diag(ll,...,AK), A’l 2122 ZAK>O
The assumptions we are going to consider are:

Al. Ay > ¢,6(P), A2. 5(P)62, > (logn)*

min

Following Lei and Rinaldo (2015), let us define ¢ as the n x 1 vector which agrees with 8
on G, and 0 elsewhere. Let ¢, = ¢/ ||¢)k || and 0 = > ¢ «. From Lemma 4.1 of Lei and Rinaldo

(2015), we have that there exists an orthogonal matrix H such that the i*" row of U,
U;=0;H, 1<k<K,i€G, (4.25)

where H, is the k" row of H. The i'" latent position vector, X; = 0,D:H,, 1<k<K,i€g,.
For nodes i and i’ such that 7; # 7;,,

L 2M,02
16— X;||* = A (82 + §2) > == i, (4.26)
nmax
Let Y, =D2H,, 1<k <K.Then for k #k’,
| Y — Yioll> = (He — Ho) " D(Hy — Hy) > A || Hi — Hyo || =2 . (4.27)

Our first result is regarding the behavior of Q; under DCBM. We show that under DCBM,
Q, > (log n)* with high probability for any choice of community assignments, provided there is
sufficient variation among the 6,’s (see condition 4.28).

TueoreM 4.3.2. Suppose A is the adjacency matrix of a network from the DCBM with parame-
ters 2 and {6;} as defined in 4.2.2. Let Assumptions A1-A2 hold. If

4
— Z(e —0 P> 2 (log ) for all k € [K], where ek_ Z 0, (4.28)

maxl,r =k ( ) min l’L'l

then for any community assignments {¢;} and centroids {C;},

Q{1 {CH X > (log n)* with high probability. (4.29)
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Proof: We first claim that

Qu({t:}1,{Ci 1 {X:}) > (logn)*, for any {z;}. (4.30)

If (4.30) is true, we can derive

Ql({ri},{ck};{xi})=Z||X,~—c,,.||2 szZ||X,-—)’5,~||2+Z||Z—cti||2.
<2 X —X|2 +Q({:} {C: X H = O((log n)) + Qy({ £; 1 {Ce 5 {X0 D),

with high probability. Therefore, we have that Q,({z;}, {C}; {(X.H> (log n)* with high probability.
What remains to show is that (4.30) holds. Suppose that (4.30) does not hold, that is,
Q:({t;},{Ci}; {X;}) is O((log n)*). Let m be the number of nodes for which || X; —C, |I* > 2O,

3 Mmax
Then,

m < C(logn)* nm;x , for some C > 0. (4.31)
A’Kgmin
Let 7 be the set of nodes for which
A 02
1X; —C,II” < —3K . (4.32)

Consider two nodes i and i’ such that 7; = k and 7;, = k/, k # k’. Then we have shown that,

2002
I1X; — X, |2 > == min

max
Therefore, if i and i’ satisfy the condition (4.32), then C,, and C,, has to be different. Since there
are exactly K centroids, there has to be a bijection o : [K]— [K]such thatfori €7 and 7; =k,
1X; —Cy, 11> = 1X; — CopI*.

QU CHXN=D IXi=C P> D D 11X —Copll

k ieT:t;=k
-y Y il 3 x

2

, where nj r=#{j €T :7;=k},

k ieT:T;=k kT jeT =k

1
since E |X; — v||? is minimized at v = — E X;
ieTr =k R, jeT:t =k
2
-1 1 ~ 1
= E E giDsz—— E GjDsz
k ieTit;=k M, 7 jeT.ti=k

67



2

0,

0, 1
H,— E —H,
lofl, H¢Hk '

533

k ieT:ti=k M, m jeT,tj=k
A ~ - 1
>N N (0= 07, where B =— > 0. (4.33)
Mmax k ieT:ti=k T JET:Tj=k
Now,
Z(ewﬂ%Eyeew%-Z(eew)
i€eT:t;=k iTi= ieTer;=k
> Z 9 HkT —my = Z 9 Hk — My, My is |TC ﬂgkl. (4.34)

From (4.33) and (4.34), we have

O1CE7 B (¢33 0.4 )=

From (4.28) and (4.31), we have that

(log n)*
2

min

, hence contradiction.

Qe G HE{X D>
End of proof.
Before moving to our next result, we first derive some necessary properties related to projec-

tion matrices. We can define the true projection matrices corresponding to the K communities

as, ’
1<k<K. (4.35)

L=k,
1Yl

For k # k/,

— YY" Y.YI| |D:H.H'D: D:H.H!D:
kel = - = —
I%l® 1%l H{ DH, H/DH,

( HHT  HyHD )
:HDZ(HTDH e
k k k' k’

H.H'  HuH}
“I|H'DH, H!DH,

, (lAll < |AD#[[[ID~2)

HH'x HyHlx | H |l .
=Ax sup > Ax —7———, (choosing x = H;)
cixiz || H DHy  HDH, H!'DH;
Ak _ GO(P)
2K = a 4.36
A 6(P) 0 (4.36)

Observe that the true projections {I}.} are {H(,CT’X)}.
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We have the following result for Q, under DCBM.

TueoreM 4.3.3. Suppose A is the adjacency matrix of a network from the DCBM with parame-
ters 2 and {6;} as defined in 4.2.2. Let Assumptions A1-A2 hold. Let {7;} be a global minimizer
of Q,({#;};{X;}). Then

Q.UT H{X}) = O((log n)*) with high probability, (4.37)

and there exists a bijection ¢ : [ K] — [K] such that the community-specific misclassification

error, R
3 1E Ao(k)
P . — 0 with high probability. (4.38)
k k

Proof: Recall that, the objective function Q, is defined as

Q{11 {X:}) ZZHI )X (4.39)

itt;=

Since {7} is the global minimizer of Q,,
QUT L XN < QT 1 (X)) (4.40)

We first show that Q,({7;}; {)?i}), the objective function for the ground truth communities,

is small.

QT 1 {X}) ZZH(I )%, |12

iTi=

<zZZ||1 )X, — X||2+ZZZ||F, )X, |2

iT= iTi=

sznx—xniuz > IR — 2

1 ii=l

<2X—-XIE+22, > > o2 —n)

I imi=1

=2(|X — X2 +2A12||HTX —T,|]%, since Z 02=1.

iT;=1

=0((logn)")+ 22, Z "X — T, ||?, with high probability.
1

Fix some [ €[K]. Let M; be a matrix whose columns are all X;’s for which 7; = [. Similarly,
let M, be the matrix whose columns are all X,’s for which 7; = [.T; and H(T’X) are best rank-1

projections of M; and M, respectively. Also, we can derive that M, = Y;¢ T ; - S0 M; has rank 1
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and ||M;|| = || Y;||. Therefore, we can show using Davis-Kahan sin©® Theorem that,

“H(lr,)?)_rllls ||M1—AM1|| < ||X—jf||p . 4.41)
IM|| =M — M|l Y= X —X][r

1Yl > /A, and || X — X || = O(log n)? with high probability. From Al and A2, we have that
%] > |X — X|| . Therefore, with high probability,

A K(logn)*

Qu{7:} (X)) = O((logn)*) + o( !
K

) = O((logn)"), (4.42)

since from Gershgorin circle theorem, A, is of order 6(P) and Al ensures that Ay is also of order
0(P). Hence, with high probability,

Q({T: 1 {X:}) = O((logn)*). (4.43)

Then, we have that

ZZHI ), = ZZHI )X, — %)+ (1 — IO X 2

7=l iT=

<2ZZ(||I X = XIP + 1~ 17X P

7=l

sz||X—X||§+22 PNIE ey

I l‘Z?i:l

=2||X — X% +2Q,({7,}; {X;}) = O((log n)*) with high probability. (4.44)

Now, we show that {H(f’X)} is close to {I}.} upto some permutation of indices.

ZZH(I ), = ZZ > -nfx)

iiTi= iti=k,7;=1
2
j "X ; -3, Ve
=220 2 OU-mERRIF=YN > B -y
k1 iti=k7Ti=1 k iti=k,7Ti=1 k
2
=%, Y
(T,X) k
20D R (4.45)
k1 imi=kg=l k
Claim: Suppose u, v € R such that ||u||=||v|| = 1. Then,

luu"—vo |3 =21 —uu")v|P.
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The proof is simple.
luu"—vo"|5 =1+1-2¢r(uu’vv")=2-2(v" uy,

NI—uuDv|P=vTI—uuhv=1—-(vTu).

Therefore, for all k, [,

2 2

7. Y VY, % 1 INTE
H(I—HY"”)T" e P i e > || =T (4.46)
| Yl I Yl F
Hence, from (4.45) and (4.46),
o2
IPWIRTEATEES'S) S5 W e BTy

iT= i:T;=k,7;=1

Let us define a function o : [ K] — [K] such that

=2
o(k)=argmin ‘Fk—H(lT'X)H .
1

We are going to show that o is a bijection, that is, for k # k’, o (k) # o(k’). From (4.47),

ZZHI ) > ZZ 2, 0

7=l i:T;=k,7T;=

=112
(%)
S

PPN Bt ’“Kzzez ]
:%K k rk—Hff(’,f))
Tu)f)) zzo(aogn )Take any k # k’ and suppose

olk)=o(k')=s. Then

2

[Ty —T|? = || =1 + I Ty,

- =2 = |12 logn)*
SZHDC—H(ST’X) +2H1’k—H(ST’X) :O(( f ))—>0fromA1 and A2.

K

But we already know that ||, — I/ ||* > ¢;, from (4.36). Hence contradiction. Therefore, o is a
bijection, and {H(j(‘,f))} is close to {I}.}.
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Consider a node i for which 7; = k,7T; =o(k’), k' # k. Then,

(lognV)
c— O .5¢.
’ ( N >0.5¢

VRS TS

lerk_ o(l)

#X)
L =10 (e

Let m;. be the number of nodes for which 7; = k,7; = o(k’), kK’ # k. Then from (4.47), we

have that
(=) x |12 > P 02 ||r, — 1" %)
> Y a-n e zzz,__z_,.
lT, k1 iti=k7=1
DY SND I S
rnln HIT: )
M iti=k,7;=1
AKBZ 1 -
min (7,X)
D D DI (s
kK ito(k) i i=k,7=1
A 0?2 1
> min N ;- 0.25¢2.
Therefore,
0.25¢; A 62 m m logn
0 min N K O((logn)):>2—k—0(( Bn) —0.
2 T ng * nj AKOmm

Consequently, the proportion of misclustered nodes,

_ZI{T £o(1;)}<— ka_ (logTrzz)‘l)_)O.

min

4.3.3 Theoretical challenges under PABM

(4.48)

(4.49)

Recall that under PABM, the latent positions {X;} lie in K distinct K-dimensional subspaces

for the different communities. We minimize the objective function,

QL1 X)) ZZHI 0% |2

itt;=

(4.50)

Knowing that there are K distinct K-dimensional subspaces for each community, our main

idea is to simply identify those subspaces. Noroozi and Pensky (2021) and Koo et al. (2022)

proposed two different clustering algorithms for PABM, sparse subspace clustering (SSC) and

orthogonal subspace clustering (OSS), both motivated by the same intuition. When trying to

prove the consistency of our community estimates obtained through minimizing Q;, we came
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across some peculiar scenarios where our method fails, particularly when there are more than
K, say K’, disjoint subspaces in the space of latent positions. Following the mechanisms of
SSC and OSS, we discovered that such scenarios are problematic for these two algorithms as
well. To illustrate, SSC gives an affinity matrix B that can be represented as a graph with K
disconnected subgraphs. The nodes of the K disconnected subgraphs correspond to the K
different communities. So, clustering is done by simply finding K disconnected subgraphs in B.
However, if there are K’ > K many disconnected subgraphs in B, the clustering can get really
messed up. Koo et al. (2022) actually addressed this problem and proposed the alternative
B=nV VT, It was shown that B has a block diagonal structure where the blocks correspond to
communities. However, if there are K’ > K diagonal blocks, they can always be represented as
a block diagonal matrix with K blocks in multiple ways. So, OSS also does not provide accurate
clustering in this scenario. This issue of subspace-based clustering has not yet been formally
addressed in the PABM literature, and we also do not have an immediate answer to it. In the
future, we plan to study this problem in detail and develop theory for our proposed community
detection method.

Remark: In this chapter, we have proposed and empirically studied a parametric bootstrap
strategy without a formal proof of its validity. Recent years have seen substantial growth in
theoretical results for bootstrapping network data, with notable contributions from Bhat-
tacharyya and Bickel (2015), Levin and Levina (2019), Green and Shalizi (2022), and Lunde and
Sarkar (2022). We consider it an important direction for future work to develop a theory for the

proposed parametric bootstrap method.

4.4 Simulation studies

4.4.1 Community detection

We report the performance of our proposed community detection method for the three block
models under consideration. We refer to the community detection method proposed for SBM,
DCBM and PABM as SC-A (spectral clustering using adjacency matrix), ProjSC-1 (1-dimensional
projection-based spectral clustering) and ProjSC-K (K -dimensional projection-based spectral

clustering) respectively. The results are presented in Tables 4.1, 4.2 and 4.3 below.
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Stochastic block model

We generated from the SBM with n nodes and K = 3 communities with 25%, 25% and 50%
nodes in the 3 communities respectively. The block probability matrix,

(§Xee

— N
— N
B =

We varied n over (1000,2000,3000) and fixed the network density 6 to 0.05. We simulated 100
networks for each combination of (n, K). We report the percentage of misclassified nodes
from applying SC-A on the networks and compare its performance with spectral clustering
using the Laplacian matrix (SC-L). In SC-L, the K-means algorithm is applied on the spectral

embeddings of the Laplacian matrix L = D~2 AD~ instead of the adjacency matrix.

Table 4.1: Community detection error (mean + standard error) in percentages for SBM for SC-A and
SC-L, n=1000,2000,3000, K =3,6 =0.05.

n K 9) SC-A SC-L

1000 | 3 | 0.05 | 2.1+0.7 | 2.1+0.6
2000 | 3 | 0.05 | 0.4+0.1 | 0.5+0.1
3000 | 3 | 0.05 | 0.1£0.0 | 0.2+0.0

In Table 4.1, we see that as n increases, SC-A recovers the true communities perfectly, that
is, the percentage of misclassified nodes goes to zero. We also find that for all choices of (n, K),
there is no significant difference between SC-A and SC-L in terms of misclassification error.

Degree-corrected block model

We generated networks from the DCBM with 7 nodes and K = 3 communities with 25%, 25%
and 50% nodes in the 3 communities respectively. The block probability matrix,

Qo<

— N
— N
S =

The degree parameters {6,} were sampled from beta(1, 5) distribution to emulate power-law
type behavior in node degrees. As before, We varied n over (1000,2000,3000) and fixed the
network density 0 to 0.05. We simulated 100 networks for each combination of (n, K'). We report
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the percentage of misclassified nodes from applying ProjSC-1 on the networks and compare
its performance with regularized spectral clustering using the Laplacian matrix (RSC-L). In
RSC-L, the spectral embeddings of the Laplacian matrix are normalized before applying the
K -means algorithm. This regularization step removes the effect of the multiplicative factor in
the spectral embeddings for DCBM.

Table 4.2: Community detection error (mean =+ standard error) in percentages for DCBM for ProjSC-1
and RSC-L, n =1000,2000,3000, K = 3,06 =0.05.

n K| 6 | ProjSC-1 | RSC-L
1000 | 3 | 0.05 | 8.7£1.1 | 9.2%1.1
2000 | 3 | 0.05 | 4.9+£0.4 | 5.2+£0.5
3000 | 3 | 0.05 | 3.5+0.3 | 3.4+0.4

In Table 4.2, we see that as n increases, the percentage of misclassified nodes for both
ProjSC-1and RSC-L goes to zero. We also find that for all choices of (2, K), there is no significant
difference between ProjSC-1 and RSC-L in terms of misclassification error.

Popularity adjusted block model

We generated networks from the PABM with 7 nodes and K equal-sized communities under the
following setting. We varied n over (600,900, 1500) and K over (2,3). For K =2, we considered
that the node popularity matrix A is of the form

and similarly for K =3, we considered

Vii Viz Vi3
A=|vy vy V3|,

V31 V32 Vi3

where the vectors viy € R, 1 < k, [ < K. The elements of v;y. were simulated from the beta(2,1)
distribution and for k # [, the elements of vy were simulated from the beta(1,2) distribution,
to ensure a homophilic community structure. We applied ProjSC-K to 100 networks simulated
for each combination of (n, K). In Table 4.3, we see that for both settings, the misclassification

error goes to zero as n increases.
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Table 4.3: Community detection error (mean =+ standard error) in percentages for PABM for ProjSC-K,
n =600,900,1500,K =2,3.

n K| 6 | ProjSC-K
600 | 2 | 0.28 2.4+0.7
900 | 2 | 0.28 1.1£0.4
1500 | 2 | 0.28 0.1+0.1
600 | 3 | 0.33 | 14.4%+5.1
900 | 3 | 0.33 4.3%1.7
1500 | 3 | 0.33 0.1+0.2

4.4.2 Model selection

Now we study the performance of our proposed tests for the testing problems in (4.15) and
(4.19). We refer to the tests as BKM-1 and BKM-2 respectively, noting that both the testing

procedures are based on bootstrapping a K -means type objective function.

SBM vs. DCBM

We generated networks from SBM and DCBM with n =600 nodes and K equal-sized commu-
nities. The block probability matrix,

Qoc(1—-B)I+p117.

p is the ratio of the between-block probability and the within-block probability of an edge.
The smaller the value of f3 is, the easier it should be to detect the communities.

For DCBM, the degree parameters {6;} were simulated from the power-law distribution
with lower bound 1 and scaling parameter 5. We varied K over (3,5), 8 over (0.2,0.5), and the
average degree of the network over (15,20, 40). For each combination of (n, K, 8, avg. degree),
we simulated 100 networks and applied our testing procedure to them. We used 20 bootstrap
samples to estimate the p-value of the test and rejected H, when it fell below 0.05. We compare
the performance of our method with the edge cross-validation(ECV) method proposed by
Li et al. (2020) for model selection in networks. Given a set of candidate models, the ECV
method estimates an appropriate loss function from the network and selects the one with
the minimum loss function value. Table 4.4 shows the proportion of times our test rejects H,,
and the proportion of times DCBM is selected using ECV with the L, and binomial deviance
loss. We would like to point out that comparing our method to ECV is not an apples-to-apples
comparison, because our method is based on a testing framework and ECV is based on a loss

function minimization criterion.
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Table 4.4: Proportion of times H, : A~ SBM is rejected by BKM-1 and DCBM is selected by ECV when
the true model is SBM or DCBM, for n =600, K =3,5, 8 =0.2,0.5, avg. degree = 15, 20, 40.

Configuration BKM-1 ECV-L, ECV-dev
n | K| B | avg.degree | SBM | DCBM | SBM | DCBM | SBM | DCBM
600 | 3 | 0.2 15 0.03 1.00 0.00 0.93 0.00 0.68
600 | 3 | 0.2 20 0.02 1.00 0.00 0.99 0.00 0.96
600 | 3 | 0.2 40 0.03 1.00 0.00 1.00 0.00 1.00
600 | 3 | 0.5 15 0.05 0.84 0.00 0.60 0.00 0.43
600 | 3 | 0.5 20 0.02 0.93 0.00 0.91 0.00 0.83
600 | 3 | 0.5 40 0.01 0.97 0.00 1.00 0.00 1.00
600 | 5 | 0.2 15 0.00 1.00 0.00 0.99 0.00 0.90
600 | 5 | 0.2 20 0.00 1.00 0.00 0.99 0.00 0.96
600 | 5 | 0.2 40 0.03 1.00 0.00 1.00 0.00 1.00
600 | 5 | 0.5 15 0.03 0.97 0.00 0.33 0.00 0.21
600 | 5 | 0.5 20 0.01 0.95 0.00 0.81 0.00 0.74
600 | 5 | 0.5 40 0.05 0.95 0.00 1.00 0.00 1.00

We see that when the true model is SBM, the size of the test is always less than the signifi-
cance level of 0.05. When the true model is DCBM, the power of the test is 1 when § =0.2 (high
homophily). We know that when 8 = 0.5 (low homophily), the estimation task is harder, so the
test is not always rejected. The power is still above 0.8 in this case. Comparing with ECV, we find
that under SBM, ECV always chose the correct model, while our test did not reject H, : A~ SBM
more than 95% of the time. This difference in result is purely because in the testing framework,
we allow H, to be rejected with probability at most @, here 0.05. Under DCBM, we find that
overall, the proportion of rejection for our test in favor of H, : A~ DCBM is almost always larger
than the proportion of times DCBM was selected as the correct model by ECV. However, as we

said, we should be cautious while interpreting the results from these two frameworks.

DCBM vs. PABM

We generated networks from the DCBM using the same setting as before. Here, we kept
fixed at 0.5, noting that it is the more difficult case to deal with. For PABM, we used the setting
introduced in Section 4.4.1 for community detection. Here, we fixed n =900 and scaled P so
that the network density 6 varies over (0.01,0.02,0.05,0.1). For each scenario, we generated 100
networks and applied our testing procedure to them. As before, we used 20 bootstrap samples
to estimate the p-value of the test and rejected H, when it fell below 0.05. The results for DCBM
and PABM are presented in Tables 4.5 and 4.6 respectively.

We see that when the true model is DCBM (Table 4.5), the size of the test is always less
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Table 4.5: Proportion of times Hy : A~ DCBM is rejected by BKM-2 when the true model is DCBM, for
n=600,K =3,5,8 =0.5, avg. degree = 15, 20, 40.

n | K| B | avg. degree | BKM-2
600 | 3 | 05 15 0.00
600 | 3 | 0.5 20 0.01
600 | 3 | 0.5 40 0.03
600 | 5 | 0.5 15 0.03
600 | 5 | 0.5 20 0.01
600 | 5 | 0.5 40 0.02

Table 4.6: Proportion of times Hy : A~ DCBM is rejected by BKM-2 when the true model is PABM, for
n=900,K =2,3,6 =0.01,0.02,0.05,0.1.

n | K 0 BKM-2
900 | 2 | 0.01 0.44
900 | 2 | 0.02 1.00
900 | 2 | 0.05 1.00
900 | 2 | 0.10 1.00
900 | 3 | 0.01 0.00
900 | 3 | 0.02 0.14
900 | 3 | 0.05 1.00
900 | 3 | 0.10 1.00

than the significance level of 0.05. When the true model is PABM (Table 4.6), the power of the
test is 1 when except when the network density is small, that is, the network is too sparse. We
know that if a network is too sparse, the latent position estimation as well as the community
estimation problem becomes harder, which possibly leads to a small power in this case.

Next, we applied BKM-2 on networks generated from the nested stochastic block model
(NBM), proposed by Noroozi and Pensky (2021). Observing the significant jump in the parame-
ters from DCBM to PABM, the NBM was proposed as a bridge between the DCBM and PABM
in the hierarchy of block models. The NBM has K communities and L meta-communities,
where each meta-community is composed of members from exactly one or more of the K
communities, thatis, L < K. When L =1, the NBM reduces to the DCBM, and for L = K, the
NBM becomes a PABM. To generate networks from the NBM, we used the same simulation
setting as the one considered in Section 7.1 of Noroozi et al. (2021). We refer the readers to
Noroozi and Pensky (2021) for details on how the model parameters were generated. Along
with n, K, and L, there is an additional factor w which determines how homophilic the network
is. As w gets closer to 1, the community estimation problem becomes more difficult.

In Table 4.7, we see that when L = 1, that is, the true model is DCBM, the size of the testis 0
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Table 4.7: Proportion of times H, : A~ DCBM is rejected by BKM-2 when the true model is NBM, for
n =900,1260,K =6,L =1,2,3,w =0.6,0.8 (L =1 corresponds to DCBM, and L = K corresponds to
PABM).

n | K|L| w | BKM-2 n K| L| w | BKM-2
900 | 6 | 1| 0.6 0.00 1260 | 6 | 1 | 0.6 0.00
900 | 6 | 1|08 0.24 1260 | 6 | 1 | 0.8 0.09
900 | 6 | 2 | 0.6 0.86 1260 | 6 | 2 | 0.6 0.75
900 | 6 | 2 | 0.8 0.93 1260 | 6 | 2 | 0.8 0.93
900 | 6 | 3 | 0.6 1.00 1260 | 6 | 3 | 0.6 1.00
900 | 6 | 3 | 0.8 1.00 1260 | 6 | 3 | 0.8 1.00
900 | 6 | 6 | 0.6 1.00 1260 | 6 | 6 | 0.6 1.00
900 | 6 | 6 | 0.8 1.00 1260 | 6 | 6 | 0.8 1.00

for w = 0.6 (high homophily), and itis 0.09 for w = 0.8 (low homophily), which is larger than the
significance level of 0.05. As L gets larger, the model becomes more and more complex than
DCBM, and it should be easier to correctly reject H,. We observe this pattern in our simulation
results. When L =2, the power of the test is high (0.75 for w = 0.6 and 0.93 for « = 0.8) but still
below 1, When L =3 and 6, the power of the test is 1, that is, the test was always rejected.

4.5 Application to real-world datasets

We applied our model selection procedure to five real-world networks that have been well-
studied in the statistical network literature and are known to have a community structure: the
Karate Club network, the Dolphin network, the British MP’s Twitter network, the political blogs
network, and the DBLP network. For each network, our goal is to determine which of the three
block models would best fit the network. We first briefly describe the five networks and then
discuss the results of our analysis.

Karate club: The Karate club network is a network of social ties between 34 members of a
university Karate club, studied by Wayne W. Zachary over a three-year period from 1970 to
1972 (Zachary 1977). During his study, a conflict arose between the administrator and the
instructor of the club, eventually leading to the club’s split into two new clubs, centered around
the administrator and the instructor. The communities of club members were determined
by which new club they decided to join. This network was shown as a classic example of
community structure by Girvan and Newman (2002).

Dolphin: The Dolphin network is a network of social links between 62 bottlenose dolphins
living in Doubtful Sound, Fiordland, New Zealand, studied by Lusseau (2003) from November
1994 to November 2001. The authors photo-identified 1292 schools of dolphins during the
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seven-year period, and two dolphins were linked if they were seen together in a school more
often than average. The original paper found two large groups and a very small group using
cluster analysis on the network. For our analysis, we assumed K = 2 communities in the
network.

British MP: The British MPs Twitter dataset consists of 419 Members of Parliament (MP) in
the United Kingdom belonging to five different political parties, and there are three layers of
networks between them representing three types of connections, namely, follows, mentions
and retweets on the social media platform Twitter (Greene and Cunningham 2013). For our
analysis, we considered the network of retweets. We picked a subset of this network consisting
of 360 MPs belonging to the Conservative Party and the Labour Party, the two parties with the
highest number of members in the dataset. We analyzed the largest connected component of
this subnetwork, which had 329 nodes and 5720 edges.

Political blogs: The political blogs network is a network of hyperlinks between 1454 political
blogs in the United States of America, studied over two months before the 2004 Presidential
election (Adamic and Glance 2005). Of the 1454 blogs, 759 were identified as liberal and 735
as conservative (K =2 communities). This network is also very popular in network science to
demonstrate community structure in networks (Karrer and Newman 2011; Amini et al. 2013;
Jin 2015). For our analysis, we extracted the largest connected component of this network,
consisting of 1222 nodes and 16714 edges.

DBLP: The DBLP four-area network was curated by Gao et al. (2009) and Ji et al. (2010) from the
Digital Bibliography & Library Project (DBLP), a computer science bibliographical database.
The original dataset consists of 14376 papers written by 14475 authors from four research areas
related to data mining: database, data mining, information retrieval, and artificial intelligence
(K =4). We analyzed a network formed by 4057 of the 14475 authors for which the true research
areas were known, and two authors were assigned an edge if they published their work at the
same conference. This network was also studied in Sengupta and Chen (2015) in the context of
spectral clustering in heterogeneous networks.

Table 4.8: Model selection results using BKM-1 and BKM-2 for five real-world networks.

Network Attributes H,:SBM vs. H; : DCBM H,: DCBM vs. H, : PABM

n| K edges | % rejected | avg. p-value | % rejected | avg. p-value
Karate club 34| 2 78 69 0.040 0 0.231
Dolphin 62 | 2 159 100 0.003 0 0.764
British MP 329 | 2 5720 100 0.000 100 0.000
Political blogs | 1222 | 2 16714 100 0.000 100 0.000
DBLP 4057 | 4 | 2498219 100 0.000 100 0.000
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In Table 4.8, we report the outputs of the model selection procedure on these five networks.
We first test if the given network can be modeled by the SBM, against, if it should be modeled
as a DCBM. We find that for all four networks except the Karate Club, the test was rejected
100% of the time. The Karate Club network was also rejected against SBM 69% of the time. We
know that the SBM is the simplest network model to incorporate community structure. While
many real-world networks exhibit community structure, we are not surprised if they can not be
well-represented by the SBM. Next, we test if the given network can be modeled by the DCBM,
against, if we would need a more complicated block model, such as PABM, to model it. We find
that for two of our networks, the Karate Club network and the Dolphin network, the test was
never rejected. Therefore, the conclusion is that while the SBM is not good enough to model
these two networks, the DCBM is able to explain the community structure very well. The other
three networks, the British MPs network, the political blogs network, and the DBLP network,
are rejected 100% of the time, concluding that they can not be accurately represented by the
DCBM as well.

4.6 Discussion

In this chapter, we presented a unified framework to perform community detection and model
selection by utilizing the nested structure of the block models: SBM, DCBM, and PABM. Through
a detailed simulation study, we showed that given a network generated from one of these
models, the proposed method is able to select the correct model as well as estimate the true
community assignments accurately. We derived the theoretical properties of the proposed
objective functions under SBM and DCBM, and discussed the theoretical challenges for PABM
related to subspace clustering. One important direction of our future research will be to develop
the theory for PABM. Also, we did not provide formal proof of the parametric bootstrap strategy
we used to estimate the p-value of our tests for model selection. In the future, we plan to

develop theoretical results to validate our proposed bootstrap method.
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APPENDIX

A

SUPPLEMENTARY MATERIAL FOR
CHAPTER 2

A.1 Proofof Theorem 2.3.1

We know that, u; ~ Hypergeometric(m, n;, n) forall k =1,2,...K.Let m, = 2%, k=1

Ty = mkin k. Corollary 1 of Greene and Wellner (2017) yields that for ¢ > 0, o{ = 74(1—7y), one

has
mt?/2 mit?/2
P(up>mm,+mt)<exp|— > 7 | <exp|— =
o (1=5)+3 Tit3
and similarly,
P(u, < H< l mt?/2 - l mt?/2
<mm,—mt)<exp|— <exp|— .
e TR TR B N
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Then, for 0 < € < 1, since, under Assumption Al, ; > 1/C,K, one has

K
]P’(mkin,uk > mmkinnk(l—e)) :P(ﬂ {,uk > mmkinnk(l—e)})

k=1
K mmie?/2

>P (ﬂ{,uk>m7rk1 6)})>1 Zexp[ 7
k=1 — Tk 3
K _ mme me?

k
>1— >1—K — .
21-3 e ] exp[ MK]

Similarly, one has

P( < (1+e))> 1—K me
max mmax7t — exp|— .
X S P - P 4Cy K

Therefore, by Assumption Al,

(1—e)m < (1+e)mC0)

P minu; > ———, maxu; <
( e = e K

Z]P’(mkinuk > mmkinnk(l—e),m]?xuk < mmkaxnk(l +€))

me? me? me?
>1—Kexp|— —Kexp|— >1—-2Kexp|—
4CyK 4C,K 4CyK
Due to the Assumption A3, one has K exp[ ic K] < —=, which yields
IP’( . >(1—6)m <(1+6)mC0)>1 2 A1)
min maxu, < — |>1— . .
k “k C()K k ‘uk me

A.2 Proofof Theorem 2.3.2

1
Define U = MA~2, U; =M As? suchthat UTU = U," U, = I, the identity matrix.
Case 1: Spectral clustering
Using Corollary 3.2 of Lei and Rinaldo (2015), we have that under Assumptions A2 and A4,

- C/Km|C/Km 1
P| As<—5 —<1|21-—, (A.2)
MoQn | UpQn m®
. . : —e cl CICGK? .
where C’ > 0 is some constant depending on 7. Now, if p1y > (1C061)<m, then ugi:" < (1—2)5),5% <1,if

91



the constant C’ in (2.8) is chosen appropriately. So, from (A.1), obtain that

C/Km 2
Pl —S5—<1|21——.
Uglty, mr

Then,

- C'Km - C'Km
IP ASS T :]P) ASS T

C/Km C/Km
. <1|P <1
Hon

2 2
oy Holn

(A.3)
1 2 5
2(1— )(1— )21— .
me mrt me
From (A.1) and (A.3), obtain that
pl A< "Km (1—e)m >(1 5 )+(1 2 ) )
7 La, Ho="cKx )” mr mr
which yields
P| Ac < C °2K3 >1 ! (A.4)
ST (—ePma, )" m '

Case 2: Bias adjusted spectral clustering
Let X = A s— P s)and D s) be the diagonal matrix with degrees d; of the full matrix A and
i €S, on the diagonal. Then, define S, as

So=A.s A.s)—Ds,.s)=(X+ P s) (X +P s)—Dys.s)
=X"X+X"R s+R.s5 X+PR.s" P.s—Dssy

so that

$=A. 4.9~ Diss)= PB.s)' B.s)+ Ei + B + By, where (A.5)

o

E,=X"P s+Ps'X, E=X"X-diagX"X), E;=diagX"X)—Dsys (A.6)

We use the following lemma proved later in Section A.5.

LemMA A.2.1. Under conditions of Theorem 2.3.2, one has

max(|E\|l, |E:ll) < C/'ma, +/ na,logm, A7)

with probability atleast 1 — O(m~"), C” being some constant depending 7.

Let E;; be the i-th diagonal entry of E;, d; be the i-th diagonal entry of Dis s, and (As ));,;»
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(Bs,));,; be the (i, j)-th elements of A5 y and Ps s), respectively. Then,

j=1
(XT)i;= > H(Aws. )i =M Rs. )+ D (A )iy =1 —(Rs )i —di
j=1 j=1

so that E;; < na’ +d; —d; = na’, which yields
| Esll < na. (A.8)
Therefore, it follows from (A.5)—(A.8) that

T T T
1S9=R.s) Aol =ll1A sALs)—Dis.s)y—H.s) sl

<2C’may,+/ na,logm+na’,

with probability at least 1 — O(m ™), C” being some constant depending 7.

(A.9)

Now, we are going to apply the Davis-Kahan sin® Theorem (see Theorem VII.3.1 of Bhatia
(1997)). Let V, V be m x K matrices consisting of the K leading eigenvectors of P S)TP(” s)and

Sy respectively, and A¢(P._s)" P_s)) be the smallest non-zero eigenvalue of P )" B_s). Then,

VK|S—P 5" P sl

V=V < .
AP Ps)— S —P.s" B sl

(A.10)

Hence, we need to derive a lower bound for A (P, s)" Ps)). Note that,

P& P.sy=Mys QM " MQMs )" = a*> M5 QM "MQMs )"

2 1 [ — nai L2ats T Aznai T
=a; U AZQoAQyA2 U, :CO—KUsAgﬂoASZUS > CK U AU,
AMugna?
>——"y,u’.
Cok

since, by Assumption Al, entries of A are bounded below by TnK’ and A,;,(2) = A by Assump-
tion A2. Therefore, using Lemma 2.3.1, we obtain that

A (1—€e)mna?
CiK?

Ax(PLs) P s> : (A.11)
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with probability at least 1 —2 m~". Now, from (A.9) and (A.11), we derive that

1S5—P.5)" Pl
A’I((I)(.,S)Tl)(.,S))

K*(2C'ma,+/na,logm+na?)

<C/K?

A(1—€e)mna?
C?(2C"+1 v/

= 22(l—¢) na, m

with probability at least 1 — O(m~"). Assuming the right hand term above is bounded by (1 —¢€’)
for some fixed €’ > 0 (holds by appropriately choosing C?), one obtains that

Vlogm N 1 )

— - (A.12)

IV—Vls<C/K? (
with probability at least 1 — O(m™"), where C” is a constant that depends on .

Note that, P_s," B.s) = Ms QM T MOMs,," = U,A2QAQA? UT where AZQAQA? is a full rank
K x K matrix, provided u, > % >0.So,if ZDZT is the eigen-decomposition of As% QAQAS%,
then, up to a rotation of rows, V = U, Z. Hence, U, and, consequently, V' also have exactly K
distinct rows.

Then, Lemma 9 of Lei and Lin (2022) tells us that, the number of misclassified nodes
obtained from estimating the row clusters of V by an (1 + )-approximate solution to K-means
problem with input V, i.e. the number mAg of misclustered nodes in step 2, is bounded above
by

IV-=VI

72

) (A.13)

where Cg is some constant depending on 3, and y is the minimum pairwise Euclidean norm

separation among the K distinct rows of V. Using Lemma 2.1 of Lei and Rinaldo (2015) and

(A.1), we obtain that
. 1 1 2 2K
Ys=>min\| —+—2> 2
kAL N Uk W max i (1+e)mG

with probability at least 1 —2m™". Therefore, with probability at least 1 — O(m~"), one has

CoCs(CV(1+
Ag < = p (G ) 6)K4(1°gm+i),
2 na, m2
COZC/}(C;”)Z(I—FG)KS (logm 1 )

2 )

As<CKAg<
S 0 S na, m2

(A.14)
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Combination of (A.4) from Case 1 and (A.14) from Case 2 completes the proof of Theorem 2.3.2.

A.3 Proof of Theorem 2.3.3

From Theorem 2.3.2, obtain that
P(As< C.86(n,m K,a,))>1-C,m™". (A.15)
Forany 1<k < K, one has
1Gi] > 1G: NGl = |G| — Gk ﬂ§£| >[Gel(1—Ag) = po(1—Ay), (A.16)

Hence, |G, NG¢| < |Gx|As and,

GENGel =D 160Gl <> AslGil, 165N Gl < mAs (A.17)
Ik £k
Note that
—~ 2 —  ~_ _1112
18—0|; =|Ase.1Mis, AT — Bse,5/Mis, ) A [ < 2(8, +52) (A.18)

2

pr 02= ||P(Sc,s)(]\//j(s,.)f\;1 _M(SN)A;I)“i

81 = ||(Atse.5)— Pse.s)Mis oA, |

For an upper bound on 0, observe that, due to TJ:T U.=1I

—_

~_1]|? -~ — 112
6= [(Aises = P TAS | < Al B [(Aisir= Rise ) Till;

) (A.19)

<2 | s~ Rses)|
—“0 (8¢,8) (S8¢,8)

Since the sampling mechanism is independent of A, following Theorem 5.2 in Lei and Rinaldo
(2015), under Assumption A4, one has

P([|Ase.s)—Rse.s|| < Cna,logn)>1—n"", (A.20)

where C’T’ is some constant that depends on 7. Now (A.1), (A.19) and (A.20) yield that

(A.21)

C'C, K?
IP’(51£ "Cy K noz,llogn)21 1 2

l1—e m nt mr
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In order to derive an upper bound for 0,, note that, since © = M5 €2, one has

K
5> =||se.s(Mis, A, = Mis A = [0Mis,) " Mis, AT 0 = pITe

where,
2
1 |gkﬂg |
O === ( .,c,-—@.,k = |2 || ||
Here, |© ., —0O. k” (n—m)a? < na? because O ,,0 ; are vectors of length (n — m) with

elements bounded above by a,,. From (A.16) and (A.17), we already know that |gk| > Uo(1—
As)and |G, ngil< mAgs. Therefore, the event {AS <C0(n,m,K,a,), ug=1—€e)m/(C, )}
implies that, simultaneously, forall k=1, ..., K

C. C;K*na? 6(n,m,K,a,)

0ok < 1 _crerm (A.22)

Assuming that the constant C” in (2.8) is chosen in such a way that C,.6(n, m,K,a,) <1— e”,
one derives from (A.1), (A.15) and (A.22) that, with probability at least 1 — O(m ™)

C,.C;K*6(n,m,K,a,)na
2 < 1 —cpmen , (A.23)

Now combining (A.18), (A.21) and (A.23),obtain that, with probability at least 1 —O(m™7)

||@_9H2 - C/CGK?na,logn C,C?K®6(n,m,K,a,)na?
F= (1—e)m (1—e2me ’

Simplifying the above expression, derive

~ 2 _~ [K%na,logn K°’nd’é(n,m,K,a,) C,
P(|6—06|,<C: + >1——=, (A.24)
m m mr

for constants C,,, depending on 7, and C,.
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A.4 Proofof Theorem 2.3.4

Recall that @; and p; are the jth columns of Asc sc) and Fs. s respectively. Then, for the closest
community approach, Ag. can be written as,
2})

With some abuse of notation, let k be the true community label of the (m + j)th node, and let /

be any other community label. Then p; =© ,, and the node is correctly clustered if

n—m

T n—m ]I( Cmﬂ{”af_@-lezSHai_é-rcmﬁ

j=1

Ja;=6.4[] < min [~ 0., (825

Fix some [ # k and some j €{1,...,n—m}. Then,

laj=8.1]"=la; —Ak||2=||®k—@z||2—||®k—@k||2—2a —0,1,0,-0.4)
20,0, =0, -8.[ ~lo.x 8. ~2(a;-0.1.8,-6.)

Since |la + b|* <1/2]|a|* +2||b||* for any a and b, denoting €, =a;—0O ; = a;— p;, obtain
la; =8 ~lla;—6..] = % |©.x~0.[" ~2[[®~e[, —2(,,6.,-6.0) (A26)

Next, we establish a lower bound for 1}61721 ||® r—©. ||2 Let A, =M, SC,_)TM( sc,) be the diagonal

matrix of community sizes for the sub-graph As. sc). Now,

€. =0, = ((%).k — (©0).1)" A ()6 —().,)
2ailmin(/\ns) ||(QO)~,k - (QO)-,I ||2 Z ai }'min(/\ns)A’2 (QO)

min

>a’ A’ mkin(n,C — ),

Therefore,
. 2 .
n;g,lln”@"k_@"l” >’ 27 mkln(nk—,uk),
where,
in(n; )> nC, (1+emc,
min(n 1) > min| “= ~ =
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with probability at least 1 —2m ™", by Assumption Al and Theorem 2.3.1. Choosing € < ¢, for

some constant C,;, we derive
. 20/ -1 2 -
P(r?;?ne.,k—@.,,H >C,K nan) >1—2m". (A.27)

Now, examine the expression (¢, C:)” I —@” r)- Itis easy to see that given A_s), vectors (:)., I (:)., %
are constants and the term is only a function of a; = ((Asc se))1,j»- - -»(Ase,5¢))n—m,;)" - Then,

n—m

-~

(6 Ase,se)) j —(Pse,s¢))i ])( il @i,k)-
i=1

The i-th summand is bounded above by I@i, 1— @i, «|- Therefore, using Hoeffding’s inequality,
for any t > 0, derive

]P’(|(6j,(:)_,, @ | <t HG) 1= k” | A(.,S))Z l—exp(—ZtZ).

The bound on the right hand side does not depend on A ), so it holds unconditionally too.
Also, for any u > 0, one has

210,—8 4| <@, —B | + £2p
<38, -0, + [B.—0 4 *+ [0,0—0 )+ 2

<3ul@-o|;+3ule—e,| +u

Therefore, derive that
IP( €18, —.)| <31 [0 —0. + 3y |0 — ,,,||2+§)21_exp(_2t2).

Choose 2 t? =log(n K m®). Then, with probability at least 1 —m ™", obtain

max 2|(€,,8,-0,, )|<3u|6-0| +3ulle.,. —o,[ + M

Jj=1,..,n—m

l7écm+]

.,Cerj .,Cm+]

Combination of the last inequality and (A.24) yields

n—m . . 1
P(ﬂ N {la=0. = a8 > (5-30 )02, ~00

J=1 ey, (A.28)

(2+3p) ||@—®||2F—W})Zl—m_f.
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Set u =1/12. Now, it follows from (A.24), (A.27), and (A.28), that, for some constant C, with
probability at least 1 — C m~", one has

e ~ 2 -~ 2 anaz
(N {80 8. > S
J=1 l#cmy 4K
e , 551 K. na? (A.29)
9C,. [ K?na,logn K’o(n,m,K,a,)na
17 ( n g + n n)_ﬁlog(nKmT)}
4 m m

Since, log(n K m*) < (7 +2)logn, one has

Csna?  9C,, (K?na,logn K3*8(n,m,K,a,)na?
T 1( 87, ( Jna, —6log(nKm")

4K 4 m m
Cina? K3logn K*6(n,m,K,a,) Klog(n
> 3NA, 1-C,. g + ( )+ g(n)
4K ma,, m na?
Cina? )
— 4K”(1—C2T5(n,m,K,an)),

which, together with (A.29), yield

2 Cna?(1— Gy 6'(n,m, K, an))}
4K

(170 {lo-su -,

j=1 l#cm-#j

>1-Cm™".

Therefore, if 6’(n, m, K,a,)— 0, then

Pmse=o>:nm(h A (a8, > Ja-5..

j=1 l?'échrj

2})) S1-Cm,

which completes the proof.

A.5 ProofofLemmaA.2.1

First, we derive an upper bound for || E, || where E, = X" P g+ B, S)TX .
Let us define X; = A5 5)— Bss) and X, = Aisc 5)— Bse,s)- Then,

T _ T T
X" R 5y=X| Bs;s)+ X, Bses)

Here, X, is a m x m symmetric matrix with the zero diagonal and zero mean independent

upper diagonal entries, each of which follows a centered Bernoulli distribution. Also, X, is a
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(n—m) x m matrix with zero mean independent entries, each following centered Bernoulli
distribution. Using Theorem 3 of Lei and Lin (2022), we derive that

—1%/8 )
a,(m||Rss " Rss| V| Pssls)+ 1P loe £

P(|| X/ Rs,s)||= t)<8m exp(

—t2/2
P(||X) Bs., 2t)£4mexp( )
sl P E TN Y I LAWY PR

Here, || T||, ., denote the maximum row-wise /, norm of T. Observe that

[Rss Pssll < [1Rsslly < m*a, [|Bsslle0 < Vi,

|Pses" Rsesll < |Bseslly s mnat, |Pseslly o0 < Vit

Therefore, for some constant C”, depending on 7, with probability at least 1 —O(m ™)

||X1TP(S,3)|| <C/, ((man)% y/log m), ||X2TP(SC,3)|| <C/| (man v na,log m)

Thus, with probability at least 1 — O(m~7), one has

| E, |l = ||XTP(.,3) + P(_'S)TX” <2 ||XTP(”5)H <4C! ma,+/ na,logm (A.30)
Now we derive an upper bound for || E,||. Recall that
E,=X"X —diag(X" X)= (XX, —diag(X X)) + (X, X, — diag(X, X)).

Here, X" X, —diag(X/" X;) is the zero mean zero-diagonal matrix. Using Theorem 4 of Lei and
Lin (2022), we obtain that for some constant C/, depending on 7, with probability at least
1-0(m™),

||X1TX1 —diag(XlTXl)H <C/, ma,logm

Similarly, X,' X, —diag(X,’ X,) is the zero mean zero-diagonal matrix. Using Theorem B.3 of Lei
and Lin (2022), we obtain that for some constant C, depending on 7, with probability at least
1-0(m™)

||X2TX2 — diag(XzTXz)” < C!, vmna,logm

Thus, we derive that, with probability at least 1 — O(m™7),

|Ell < C!, ma,logm+C”, yYmna,logm <(C/,+C,)v¥mna,logm (A.31)
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From equations (A.30) and (A.31), we observe that the upper bound on || E;|| dominates the up-
per bound on ||E,||, since ma,, 4/ na,logm > ,/¢,v/mna,log m by Assumption A4. Therefore,
for some constant C!” depending on 7, with probability at least 1 — O(m "), one has

max(||E |l | Bl < C/ma,+/ na,logm.
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APPENDIX

B

SUPPLEMENTARY MATERIAL FOR
CHAPTER 3

We first introduce some standard inequalities that we are going to use to prove our results.

LemMma B.0.1. (Bernstein’s inequality) Suppose X;, X,, ..., X,, are mean zero, independent ran-
dom variables, | X;| < M. Then for any ¢ > 0,

]P (
LemMa B.0.2. (McDiarmid’s inequality) Suppose X;, X, ..., X,, are independent random vari-

ables, where X; € X; for all i. Let f : X; x X, x... x X,, — R be a function with (¢, ¢, ..., c,)-
bounded differences property. Then for any ¢ >0,

> len t2/2
ex —
=0 =P TS B + M 1/3

2.
i

2t?

Z Ci2

i

P(|f (X0, Xor..o, X)) —E(f (X1, Xy .., X,))| > £) < 2exp | —
Lemma B.0.3. (Inequality reversal lemma) Let X be a random variable and a, b > 0,c¢,d >0 be
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constants such that, for all £ >0, P(|X| > t) < aexp [— Cﬁgt ] Then with probability at least 1 -0,

|1X| < ‘/ £logg+glogz.
b °6 b "6

Lemma B.0.4. (Hanson-Wright inequality) (Rudelson and Vershynin 2013) Let X = (X, ..., X,,) €
R" be a random vector with independent components X; which satisfy E(X;) =0 and [|X;l|,,, <
K. Let A be an n x n matrix. Then, for any ¢ > 0,

- T ) t? t
P(X AX —E(X " AX)|>t)<2exp|—cmin > .
K[l K2[IA]

Here, for any random variable &, ||.||,;, is defined as

I€]l,,, = sup p YA(E(EP))7.

p=1

B.1 Proof of Theorem 3.3.1

Under H,
L= ZZAiink(Ajk —P;i)=S,;, say.
j<k
Given a;, Sy; is a sum of () independent centered Bernoulli random variables. Using

Bernstein’s inequality, we have

t2/2
P(|S;| = tla;) <2exp|——5~— |-
pa('3)+1/3
Note that the variance term D>, > A; ;A Pjp(1—Pj;) < (Lz)f)pn
j<k
Applying Lemma B.0.3, we obtain that for ¢ > 0,
D; 2c 1
]P’(lSlils\lZcpn( )log2n+—log2n)21——. (B.1)
2 3 ne
Note that,
D; D,
(ZJ—E((Z))=ZZ(AUAM—R,-B ).
j<k
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Now,

2 2
ZZ(Aiink_PijPik):(ZAij) _(Zpij) =D,-2—(]E(Di))2
ik

=(D; —E(D,))’ + 2E(D;)(D; —E(D,)).

This implies,

(2)-=(C))-

<

ZZ(Aiink _Pijpik)_Z(A?j _pizj)
J

ik (B.2)

N = DN =

(D~ (D) +E(D)ID,~E(D,) + 51D, ~E(D)

Using Bernstein’s inequality and Lemma B.0.3, we have that with probability at least 1 — n—lc,
D, —E(D,)| < v/2cp,nlog2n + %Clogzn = 0(y/np,logn).

We also have that E(D;) < np,,, E((%)) < (5)p?. Hence, for e €(0,1),

(D") s(’;)pi +0(np,logn)+0((np,)?y/logn)+0(y/np,logn)

2
:(Z)pi+O((npn)g,/10gn)£(1+€)(;l)pi. (B.3)

Therefore, with probability at least 1 — =,

2 2
1S1;] < \J 2cp,(1 +e)(2)p§log2n + ?Cloan <+vc(1 +e)np§\/log2n + ?Cloan.

Under H,

We define k to be the size of the anomalous clique under H;, and we will have this definition

throughout our proofs.
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Fories,

T = ZZAiink(Ajk - ij)

Jj<k

=ZZAiink(Ajk—ij)1{j eS¢ orkeS}+ ZZ(I—ij)l{j, k € S}
j<k j<k;jk#i

=Sy; + by ;, say.

k-1

,') independent centered Bernoulli random variables. Using

Given a;, S;; is a sum of(%)—(

Bernstein’s inequality and Lemma B.0.3, we obtain

D; k—1 2c 1
Pl Sl <4|2¢p, N log2n+?10g2n 21-—.

(gi) =D D Ahi= (k;) e I)EA”“WC €8+ > AiAul k€S,

j<k j<k

Note that for j € §¢, A;; ~Bernoulli(P;;) independently. Let us define D; 5. = Zj A;j1{jeS}.

Then,
D\ (k-1 D s
( ):( )+(k—1)Disc+( S )
2 2 ’ 2

Following similar calculations as we did for Equation (B.2), we obtain

(% )=(0%)

1
(Di se —E(D; s )) +E(D; 5 )ID; s —E(D; 5 )| + |D; se —E(D; 5¢ ).

<=
2

Using Bernstein’s inequality and Lemma B.0.3, we have that with probability at least 1 — -

ne?’

2
D, sc —E(D; 5)| < v/2¢ pu(n—k)log2n + ?cloan = 0(y/(n—k)p, logn).

Hence,
Di k_].
2) \ 2
<(k—1)E(D;sc) +E((D;SC)) +(k—1)|D;sc —E(D; 5 )| +% |(D;SC) —E ((D;SC))|
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_k 3
=(k—1)(n—k)p, + (n 5 )pi +(k—1)0(y/(n—k)p,logn)+ O(n—k)p,)?y/logn)
<(1+ 6)((]6— D(n—k)p,+ (n;k)pi), for any € > 0. (B.4)

Therefore, with probability at least 1 — %,

—k 2
|Sy;] S\] 2cp,(1+ e)((k— l)(n—k)p,+ (n ) C)pfl)log2n + ?Cloan
2
<ve(l+ e)\/np% max(2k, npn)\/loan + ?Cloan, €<(0,1)
2k 2
=+ c(l+ e)np,% max(\ np. 1) vlog2n + ?Cloan = o(|| Bsll;), (B.5)

from Assumption Al.

Now,

22(1 P, keS)= 221 Py)1{j,keS}— Z(l P,)1{k € S}

j<k;jk#i j<k

=522(0fk—1’fk)—2(1—1%k)1{keS}z 2 IBsll = k =Byl
J.k k

since Assumption A2 gives that || Bs||; = ©(k?). Therefore,

2
P(T; = Q1 Bsll) 21—

B.2 Proofof Theorem 3.3.2

Fori eS¢,
Ii= ZZAiink(Ajk —ij)
j<k
=D AjAilAj— P l{j €S ork €S+ > > A Ay(1— Pl k € S}
j<k j<k
=8 +ZZ(Aiink — PPy )(1— P )1{j, k € S} +Zzpijpik(l —Pi)1{j, k € S}
j<k j<k

:SIi+SZI+b§]l’ say.

Let R; be the number of nodes in S that are neighbors of 7, i.e., R; = Zj A;;j1{j € §}. Given
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a;, Sy; is asum of () —(%) independent centered Bernoulli random variables. Using Bernstein’s

inequality and Lemma B.0.3, we obtain

D\ (R 1
PlISul<y|2epa(| , |7, log2n+—log2n 21-—.

For i € §¢, D; has the same distribution as under H,. Hence, with probability at least 1 — %,

(2’) <(1+ e)(;l)pfl, e<€(0,1).

Therefore, with probability at least 1 —-=,

1S1:] < J 2cp,(1 +€)( )pZ log2n + —1og2n <+c(l+e€) )np? \/loan + —loan. (B.6)

Now we deal Wlth the term SZi = ZZ(AUA”C _Pljptk)(l _P]k)l{], k S S}
j<k

D (AijAi—PP)(1—P)l{j, k €S}

j#k

= (A= P Ay — Pp)1— Pi)1{j, k € S}+

j#k

D P> (A= Pl Py)l{j, k€SH+ > Py > (A= P )J1—Py)l{j, keS}.
J k#j k j#k

Let us define the vector Y = a; — p; (recall that a; is the i*" row of A, and similarly, p; is the

i'" row of P). Then the first quantity above is Y7 By Y. Using Hanson-Wright inequality, we

t? t
P(|YTByY|>t)<2exp l—c’mi ( o )]
| Bsllz " Il Bsll

obtain

Note that E(Y? BY) =0 since B has 0 diagonal. Equivalently, with probability at least 1 — %,

|Y" BsY| = O(max(|| Bsll 4/1og n, || Bslllog n)) = O(|| B|| - log n) = O(k log ).

For fixed j €S, Zk;éj(Aik — Pit)(1— P;i)1{k € S} is a weighted sum of (k —1) independent

centered Bernoulli random variables. Using Bernstein’s inequality and Lemma B.0.3, we obtain
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D (A—P—Py)l{k €S}

n nC
k#j

|

Hence, with probability at least 1 —

2 1
< \/ZC(]C— 1)p,log2n + ?Cloan) >1——.

x
nC!

Zpij Z(Aik_Pik)(l_ij)l{j’ k €S}
j

k#j

D (Au—P)1—Py)i{k €S}

k#j

2
<kp., (\/Zc(k— 1)p,log2n + ?Cloan) = O(p,+/lognmax(y/ kp,, /logn)).

<> Pjl{jes)
J

Therefore, with probability at least 1 — %t

nCY

|S,;| = O(klogn)+ O(kp,+/lognmax(y/ kp,, /logn))
=0(k+/lognmax(4/kp3, +/logn)). (B.7)

Now, we analyze the pairwise differences between T;’s under three possible cases.
Casel:i,i’eS,i#1i’

|T;—T;| = |Sli+bsl,i_slif_bsl | < |S1i|'|‘|51if|"‘|bsl,i_b1

S,i’

2k
=0 (np% max(\ o ,1) y/log n) +O(logn)+|bg , — by ,,| using (B.5).

i

1 1 _
|bsyi_b ,i’l_ Sk

S

D (1=PlkeS}=> (1-Pyl{kes)
k#i ki’

Therefore, with probability at least 1 — 2k

ne?

5 2k
|T; —T;| = O(np;max( np ,1) \/logn)Jrk foralli,i’€S. (B.8)
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Case2:i,i’eS°i#1i

|T;'_T;'/|:|Sli+SZi+bg'i_Sli/_SZZ/ bO

S,i’
S|Sli|+|Sli/|+|52i|+|52i/|+|b bsol/

2
:O(np,% ylogn)+ O(k+/lognmax(y/kp3,+/logn))+ % || Bs||; using (B.6) and (B.7),

and since for all i €[n], b2, = ¥ 3Py Py (1— Py)1{j, k € S} < 2 || Byl
j<k

Therefore, with probability at least 1 — Z=5k+3)

ne )

|T; = T;/|=O(np? \/logn )+ O(k+/lognmax(4/kp3,/logn))+ ||BS||1, (B.9)

foralli,i’ € S°.
Case3:icS,i’eS°

Ti_T;‘/:SIi‘i'bslyi_Sli’_SZi’ bo bl _bo |Sli|_|81i’|_|82i’|

Sz’— S,i S,i’
3 2k
_bl _bSOl, (npflmax( np ,1) \/logn)—O(k\/lognmax(,/kpf;,\/logn)),

using (B.5),(B.6) and (B.7). Now,

b1 —b —bl—b +bi—bd

S,i’ S,i’
=—Zl P 1{keS}+ZZl Py ;P )(1— P 1], k € S}
k#i j<k
1—p2
—k+ | Bsll; -

2k+(n—k)(k+3)
ne )

Hence, with probability at least 1 —

1—p? 3 2k
T.—T,> zpn”BS”l—O(npflmax( np ,1)\/10gn)—0(k lognmax(4/kp3,/logn)),

(B.10)

forallie S, i’ S°.
From (B.8) and (B.10), we get

min (T;—T;))—max|T; — T;|

ieS,i’eS¢ i,i’eS

— 5 l 2k
> zp || Bgll, — (np;max( np ,1)\/logn)—O(k\/lognmax(,/kpg,\/logn))
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=Q(|| Bs|l;), under Assumptions A1-A2.
From (B.9) and (B.10), we get

min (T;—T;)— max |T; — T;|
i€S,i’eS¢ i,i’eSc

— 3 2k
> an”BSHI_O(np,Zlmax( np ,1)\/logn)—O(k\/lognmax(\/kpg,\/logn))

=Q(|| Bs|l;), under Assumptions A1-A2.

2k+(n—k)(k+3)
ne )

Therefore, with probability at least 1 —

min (1~ 1) max( max| T~ T, max | T, — Tyl =21l )> 0
i,i’eSc

ieS,i’eS¢

B.3 Proofof Theorems 3.3.3 and 3.3.4

Under H,
Tier= ZZAiink(Ajk —pi)= ZZAiink(Ajk —p) +ZZAiink(p —pi)

j<k j<k j<k

_ZZALJA k(A]k ) ( )(p pl)
j<k

=> > AiAwlAj—p m ZZIAAM —p)
j<k ]<k] k#i

D;
)

2 2

From Theorem 3.3.1, we have that,

nC

3 2 2
]P’(lSUI <+Vc(l+e)npzy/log2n+ ?Cloan) >1——. (B.11)

From (B.2) and the following calculations, we have that with probability at least 1 — =

nL’

D:
D, n—1 s i 34| logn
|(2)—( ) )pz:O((np)zx/logn)=> Eil —p’ =O(p2 5 )
2) "
DA
; 1 1
=>((n:))€ pz—Cp% Ogn,p2+cp% Oin ,for some C > 0.
2
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3 /1 . . . . . .
Let us define y° ,=Cp7y/ <8% Then, since x — % is a monotone increasing function in

the interval (0, 1), we have,

(5)
) e[ P =Thy P HTh, ]

)

N

1_((?1)) 1_p2+y%'p’1_p2_7’%p
R ) R S Top Yo
()=02) 1= | (1=p2+yo,)a—p2) (1-p2—13,) 01— p?)
(3) p’ Top

AN

(1=p2—10,)a—p2)

Using Assumption B2, if we choose §, € (0,1— p/), then for sufficiently large 7, with proba-
bility at least 1— -

e

0

< T
T (1-p2-5,)0-pd)

= O(y?w). (B.12)

Given a;, S;; is a sum of ((";')— (%)) i.i.d. centered Bernoulli random variables. Using Bern-

stein’s inequality, we obtain

)
(" )p+e/3

P(S,;| > t|a;) < 2exp l—

Note that the variance term Y. > (1—A;;A)p(1—p) <(";')p.
j<k;jk#i
From Lemma B.0.3, we get that with probability at least 1 — -,

~ —1 2
1S1;] < J ZC(nz )ploan + ?Cloan <+vc(1 +e)n\/plog2n. (B.13)

From equations (B.11),(B.12) and (B.13), we have that with probability at least 1 — -,

2

3 2
T; gr < Ve(l +e€)np? \/log2n + ?Cloan +( + 0(7(,)1,,3)) Ve(l +e)n\/plog2n

1—p?2
<2(1+€)Wenpt/log2n max(l, %}ﬂ)fer some €’ > 0,

noting that, ny!, < Cp?+/nlogn.
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Under H,

Fories,

tER_ZZAz]Azk Pz) ZZAz]Azk (Zl)(p_ﬁz)

i<k j<k
. k—1
_ZZA”A”C p)i{jeS‘orkeS}+ 9 (1—p)—
]<k
ZZlA&u ~p)
]<kjk;£l
. k—1
_ZZA,]A,k pILjes orkest+| " 1-p)-
]<k

221 — A A A —p)1{j €S or ke S°)

]<lc] k#i

k—1 (%) .
:S”+( )(I—P)_ﬁsli’ say.
2 ( 2 )_(21)

For i € §¢, recall the quantity R; as the number of nodes in S that are neighbors of i, i.e.,
R; =3 ;A;;1{j € S}. We see that in this case,

>SS aanttikesi=( 5| S a-aamikesi=(5)-(5)

j<k j<k;j ki
Therefore,
~ D; ~
Ti kR :ZZAiink(Ajk_pi) :ZZAiink(Ajk_p)+( 9 )(P‘Pi)
j<k j<k
—ZZA,]A,,C(AJ,C PI{jeS orkeS T +(1—p)> > AjjAil{j ke S}
J<k j<k
) 2e2u (1~ Au Ay —p)
]<k]k7ét
—ZZAUA,,C je—P)j €S orkeSY+(1—p)> > AjAyllj keSh—
J<k j<k

] ZZ (1—A;j A Aj—p){j €SC or k€ S}—

n 1
) 2 j<k;j,k#i

S)1—-p) ,
((2;1)—_(1;);;'(1—14171‘1%)1{], k €S}
j<k;j,k#i
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— 5, — %sl +(1 —p)(@) - (n;l(;;_)(g) ((]26)_ (Z)))

From the proof of Theorems 3.3.1 and 3.3.2 ((B.5) and (B.6)), we get thatfor i € S,

3 2k 2 2
IP’(|SU| <+Vc(l+e)np? max(\ %, 1) v 1og2n+ ?Cloan) > 1—;, (B.14)

and for i € S¢, ) )
IP’(lSUIS\/(:(14—6)npg log2n+?clog2n)21——. (B.15)

nC

Given a;, S;; is a sum of at most ((";l) — ([2”' )) i.i.d. centered Bernoulli random variables. From

Bernstein’s inequality and Lemma B.0.3, we get that with probability at least 1 — -,

~ —1 2
1S1:] < J ZC(nz )ploan + ?Cloan <+vc(l+e)n \/ploan. (B.16)

For i €S, from (B.4), we have that with probability at least 1 — -,

(D") < (k_l) + (”_k)pz +(k—1)n—k)p+kO(/nplogn)+ O((np) /logn)

2 2 2
(%) k2 k k.| pl .1
2 2 plogn 34| 1087 2, .1
= <—+p°+—p+0|— +0|pz\|—— |=p°+ :
(3 ST H n ) (p " ) P
where y! = o0(1), since k = o(n) under Assumptions B2 and B3 (B2 implies || Bs|| = ©(k?)).
,)/n,k,p
Hence,
(:Zfil) 2 4 4l (D,-) 2 1
( 2 ) p ‘)/n’k’p — 2 _ p < ank'p .
1 &) 1=p2=Yp ()=(3) 1-p? (1_192_7;,&,9)(1—]?2)

Using Assumption B2, we have that with probability at least 1 — -

nC’

N _pz ’)’n,k,p * *

From Equations (B.14),(B.16) and (B.17), we have that for i € S, with probability at least
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4
1-4

k— 2k 2
Ti gr Z( 9 )(1 p)— \/c(l—i-e)npgmax(\ %,1)\/10g2n+§log2n—
(1pp +O( nkp)\/c(l+6)n\/plog2n

k—1 3 2k p
:( ) )(l—p)—O(anmax(\ %,1,1_—’92)\/logn) O(nynkp\/plogn).

Note that under the ER model,
k
1Bl = (2)(1 ~p).

From Assumption B1, we have that np% max( ap L= pz) v/logn = o(|| Bs||,). Finally, observe

that ”ﬂ,k,p = O(max(k, p% v/ nlogn)). Assumptions B1 and B2 imply that ny}%k,p v plogn =
o(|| Bsll;)- Therefore, for i € S,

4
P(Ti,ER :Q(”lell)) > 1—;-

Now we deal with the last term on the expansion of T; z for i € S¢,

CFermlC-G)

Fori € S¢, the distribution of D; is the same as under H,. So, from (B.12), we have that with
probability at least 1 — -

nC’

n

:o(;ﬁ 10g”). (B.18)




1
1—p?2

+0((kp)? y/logn).

Ri k 2 40 % log n k _ 1 Ri k 9
2 2 )P P n J\2) 1-p2|| 2 2 )P
Observe that in the proof of Theorem 3.3.2, S,; = ((};) — (lzc)pz) (1—p)under the ER model.
Therefore, from (B.7), we have that with probability at least 1 — ket

(51

Therefore, with probability at least 1 —

(1—p)=O(k4/lognmax(y/ kp3, /logn)).

k+2
ne )

2 2

@)‘ % (@ } @D‘ = O(k+/log nmax(y'kp?, y/log n).

Now, we analyze the pairwise differences between T; ;’s under three possible cases.
Casel:i,i’eS,i#1i’

| Ti er — Tiv gl
k—1 (2)3,: k—1 (%8,
:Si+( )(1—19)—7—51'/—( )(1—19)4'#
L2 ()= 7"\ 2 ("2)=(%)
S|Sli|-i_|sli’|-i_ n_l(Di) D: |Sll|+ n—1 DZi/)D., |Sli’|
(2)_(2’) (2 _(5)

3 2k p
=0 (npz max(\ ET 1, 1_—’92) \/logn) + O(ny;’k'p\/ plogn).

Therefore, with probability at least 1 — &

nC)

max|T; ;p — Tir grl
i,i’eS

:O(npgmax(\ %,1 P )\/logn)+O(nyil'k'p\/plogn)

’1_p2

=0(||Bs||;), under Assumptions B1-B3.

Case2:i,i’eS°i#i
Let us define R; =

D;

(4)~ =i () ()] Then,

2

|Ti,ER - Ti’,ER|
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=151~ S+

(%)

(%
(",)=(%)

(1—p)R; =S+

——5~S—(1—p)R;
(-3

2

IS+ 1S+

(")=(2)

15,1+

(%)
-3

S|+ 1R+ Ry |

(",

—O(np2 max(l —p) \/logn) O(k log nmax(4/ kp3, \/logn)

Therefore, with probability at least 1 —

maxthER

jire l,ERl

(n—k)(k+5)
ne

)

:O(np2 lognmax(l —p))+0(k\/@max(\/k_p3 \/@))

=0(||Bs||;), under Assumptions B1-B3.

Case3:i€8S,i'eS°

T;',ER - Ti’,ER

:&j+(k;1yl—p%—F?&L—7 1

3 2k
)(l—p)—O(np max(\ %,1,

>

k—1
( 9 )(1_p)_|SIi|_|Sli’|_ (n2
(k—l

2

) 1Sl — 7 )D., |S1/]— IRy
() =(%)
l_ppz)\/logn)—O(nﬁl,kp\/plogn)—

O (k log n max(4/ kp3, 4/log n)).

Hence, with probability at least 1 —

min (T; pp—
ieS,i’eSC( LER

Ty gr)

4k+(n—k)(k+5)

ne )

S G\

2

0 (k log n max(4/ kp3, 4/log n))

Therefore, with probability at least 1 —

min (T pp—
ieS,i/GSC( LER

np

2k p

1_—’92) \/log n) -0 (”ﬁ;,k,p\/ plog n)—

Q(|| Bs|l;), under Assumptions B1-B3.

) )

4k+(n—k)(k+5)

ne )

Ty gr) > min (m,aXI Tigr— T prl, max [T g — Ti’,ERl)-
i,i’eS i,i’eSc
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B.4 Proof of Theorems 3.3.5 and 3.3.6

Let us define the matrix P such that

~  E(D;)E(Dy)
=R < k<.
B 2E(M) RS

P is a deterministic matrix that should be close to P both under H, and H,;.

Under H,

Ti,CL = ZZAiink(Ajk - ﬁjk) = ZZAiink(Ajk - P/jk) + ZZAiink(f)jk

i<k j<k j<k
:ZZAiink(A +ZZA”Alk = ]k)+ZZA,]AZk
j<k j<k j<k

= Sli + Ai + S3i’ say.
From Theorem 3.3.1, we have that,

3 2 2
P(lSUI <Ve(l+e€)np?4/log2n+ ?Cloan) > 1—;.

|A |_ Z]:<kZA1]A1k( <Zkz:|
J<
=> > 10,0, E(Dk =>>"100 ’ Hk’%&’;“el
j<k e j<k . Hékzejek

(s ) onf- oo

2.2 30,6,

i<k -
! j#k

—0,0, Y02+ 0,0,(0;+6,)3.6,—(0,0,)
1

_ZZ l DI

i<k -
! j#k
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‘—z 02 +(0,+6,)3.6,—(6,6;)

2200 55,

j<k

j#k
np,+2np,+p, 3n+l
< 0.0 = n- (B.20)
D
Jj#k
eS| 4[5 0, (0]
j<k J#k
DDk _ E(D)E(Dy) EZAZ Df  (ED)y
AijAie 2E(M) 2|&4\2M  2EWM) )

ZZA 4 D;D;  E(D)E(D,)
i U oM 2E(M)
S S 4y BRI | EDD: ( 1 )+E(Dj)(Dk—E(Dk))
- 4 Lk 2M 2 M EM) 2E(M)

D (D —E(D)))
J

smceZA,] D; <M, ZA D;) <E(M).

IN

1
+§|M—]E(M)I,

A Df  (E(D)Y
- i\ 2M 2E(M)
_ZA D;(D; —E(D;)) D]E(D)( 1 )+JE(D]-)(D]-—1E(D,-))
B i 2M 2 M E(M) 2E(M)

1
<max| D; —E(D))|+ 5|M ~E(M),
J

since ZA,-]-D]- <M, ZA,-]-]E(DJ) < E(M). Note that for this term, we could get a sharper bound

J
but it is not needed.

To establish a bound on |S;;|, we need to get a bound for each of the three terms,

lJ

)|, IM —E(M)| and max|D; —E(D;)|.
j
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In the first term ZA (D; —E(D;)) = ZAI i(D;—E(D;)), D; is not independent of a;, and the

dependence comes from only one common element A; ;. We break this term into two parts to
get rid of this dependence.

ZA,-]-(D]-—IE(D N =
7

<| 2 AiA;i—E

J#i

D> Ay (Z —]E(Aj,)))|

J#i

+12 ) AiA—E(A;)

Jl#i

)< D;+2

:E::E:fLJLAﬂ

Jj<l;j,l#i

Using Bernstein’s inequality and Lemma B.0.3, we have that with probability at least 1

|D; —E(D;)| < +/2cnp,log2n+ —log2n < O((npnlogn)g) (B.21)

E(D;)=>_P,; < np,. Therefore, with probability at least 1 — -,
j

D;<np,+0((np,logn)’)=0(np,).

Givena;, .Y A, j(Aj;— P;;)is a sum of at most nD; independent centered Bernoulli ran-
j<lij I#i

dom Variables Applying Bernstein’s inequality and Lemma B.0.3, we have that with probability
atleast 1 —

nC’

DD A4y

j<bjl#i

2
)| <v2cnD;p,log2n + ?Cloan.

Therefore, with probability at least 1 —

D> AAy - Py)

J<bjl#i

nC’

= 0(y/(np,2log2n)+ O(log2n) = O(np,(logn)?).

Hence, with probability at least 1 — =

nC!

ZA”D —E(D;))

The second term, M —E(M) = > (A
j<k

D=

< O(np,(logn)?).

ik — Pji). Applying Bernstein’s inequality and the in-
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equality reversal lemma, we get that, with probability at least 1 — -~

nC!

2 1
IM—E(M)| < \J ZC(Z)pnloan + gcloan =O0(n(p,logn)?).
From Equation (B.21), we also have that the third term,
max|D; —E(D;)| = O(npnlogn)% whp.
j

Therefore,

D;D.  E(D)E(D;) )
Z;;A” A”“( 2]Mk - 21é(M)k )‘:O(”(pnlog”)” whp, and

ZAZ D _(ED)F = O(n(p, logn)?) wh
- ij 2M ZE(M) Pnlog p

which implies,
1S,:| = O(n(p, logn)?) whp. (B.22)

From Equations (B.19),(B.20) and (B.22), we have that,

T, c1 = O(n(p,logn)?) whp. (B.23)
Under H,;
Fories,
Ti,CL :ZZAiink(Ajk_ﬁjk)
j<k
:ZZAiink(Ajk_1\5jk)+ZZAiink(f)jk_ﬁjk)
j<k j<k
=D D AjAAp—Bl{jeS orke S+ > > (1-Pl{j, ke Sh+
j<k j<k;jk#i
DO A AP — Py)
j<k
=D > A AulAj—Py)l{jeS or ke S+ > > (1—-By)l{j, ke S}+
j<k j<k;jk#i
ZZAiink(ij _ﬁjk)l{j €S‘orkeS} +ZZAiink(P/jk —Py)
j<k j<k
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= Sli + bsl'l.Cl +Al + SSi’ say.

And, for i € §¢,

Ti,CL = ZZAiink(Ajk - ﬁjk)

Jj<k
:ZZAiink(Ajk—fv)jk)+ZZAiink(1;jk—ﬁjk)
j<k j<k
=D AAlAj—Bl{j €S ork e ST+ D > Ay A1 —P)1{j, k€ S}+
<k j<kij ki
D A AP —Py)
j<k
:ZZA,-jA,-k(A Py )l{jeS orkeS}+ ZZ Py(1—P)1{j, k€ S}+
j<k j<k;j.k#i
ZZAiink(ij _f)jk)l{j €SorkeS} +ZZAiink(P/jk —ﬁjk)‘i‘
j<k j<k

DD (AiAn— PP =Pl k€ S)

j<k;j k#i

= Sli + bé);icl +Ai +Sgi +82ir say.

From the proof of Theorems 3.3.1 and 3.3.2, we have that for both i € S and i € §¢,

1 2
P(1S;;|=O(np,(logn)?))> 1—; (B.24)

and for i € S¢, X
P(|S,:| = O(k?(p,, logn)?)) > - (B.25)

From the calculations for S;; under H,,, we have that

sl

In the term ) A;;(D; —E(D;)) = > A;;(D; —E(D;)), D; is not independent of a;, and the
] J#i

D Ai(D;—E(D))
Jj#i

+|M — E(M)|+max|D ]E(D)|)

j
dependence comes from only one common element A; ;. We break this term into two parts to

get rid of this dependence.

> Ai(D;—E(D

j#i

=D A; (Z E(Aﬂ)))‘

j#i
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< ZAij(Aji_E(A ZZA” E(A;;))
J#i Il
J#i j<l;jl#i
=D A O —EA [ +2D > A(A;—Pp)l{je S or 1€ S°Y.
j#i j<l;jl#i
Note that, > A;;(1-E(A;;))= ZAZ i1{j € 8¢} = D; 5., say. Applying Bernstein’s inequality
Jj#i

and Lemma B.0.3, we get that Wlth probablhty atleast 1 — -,

2 1
|D; s —E(D; sc)| < 4/2cnp,log2n + ?Cloan =0(np,logn):. (B.26)

(Djsc)= Z i1{j € 8} < np,,. Therefore, with probability at least 1 — nc,
J

D, s <np,+0((np,logn)?)=0(np,).

Givena;, >.> A;j(Aj—P;)isasum ofatmost () independent centered Bernoulli random

J<Lj T
variables. Applying Bernstein’s inequality and Lemma B.0.3, we have that with probability at
least 1 ——

nC’

> A —Py)

J<bj,l#i

[N

).

S\J ()pnlog2n+—log2n O(n(p,logn)

Hence, with probability at least 1 —

nL‘)

> A;(D;—E(D)))| = O(n(p, logn)?).

J#i

M —EM)= Y (A;,—P;)1{j € $¢ or k € $¢} is a sum of (}) —(5) independent centered
j<k
Bernoulli random variables. Applying Bernstein’s inequality and Lemma B.0.3, we have that

with probability at least 1 — -,
k 2
M —E(M)| < J 2c ((Z)—(Z))pnlog@n + gclogzn =0(n(p,logn)
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Finally, note that D; —IE(D]-) =D s —IE(D]-,SE) for all j €[n]. Then from (B.26), we have that,
ID;—E(D;)| = O((np, logn)?) whp.

Therefore,

|S5:| = O(n(p,logn)?) whp. (B.27)
Next, we derive bounds for the bias terms by{’ and bg's'.
b =" PPl F)l{j, ke Sy < p2bir'.
j<kjkFi
We show that when j, k €S, ]Sjk is P;.+o(1). For j, k€S,

_ E(D)E(D)
k= oR(M)

(zejeﬁ 3 (1—9j9,))(%9k91+ 3 (1—9k91))

1#] 1€S,1#] 1€8,1#k

D206+ D> (1-6,6,)

J#k J#kijkeS

©

(Z 0,06, +5(Bs)) (Z 0,0, +5(Bs))

NiF 17k
B Zzej9k+||BS||1
j#k
0,026, 0,+6,> 6,6(Bs)+6; > 6,6(Bs)+6(Bs)
I#j  l#k I#k J#k
zzgj9k+|lBS||l

j#k

00, (ZZ: 9,) + Oj;9,6(BS)+ Bkzl:015(BS)+ 6(Bg)?

2
(zel) S 024 1Bsl,
1 1

Under Assumptions C1’ and C3, 13]-k <0;0,+o(1)= P;; + o(1). Hence, for any constant 6 > 0,

p 1 o k?
ol . . _
plel = ZZU—P]-;C)HJ, keS}> ZZ(1—5—pjk)1{], keSt=2 Bl —
J<kijk#i j<k;jk#i
And similarly,
1 o k?
,cl
bsl,i S§||Bs||1+7-
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Now, the only term left is A;. Let us recall,

A, :ZZA,.jA,.k(pjk—ﬁjk)l{j €S orkeS).

Jj<k

Let us define, 3; =E(A;). Then, fori €S,

Bl =D PulP— By l{j €S, ke S+ > > PyPu(Py—PB)1{j ke S}

Jok#i Jj<k;j,k#i
<P D PPl es,kes%piZlejk— 1), kese).
jok#i j<k;j,k#i

and, for i € S°¢,

=3 PiPuP— B l{j €S, k€S + D> PyPu(Py— Bl k€ S°}

Jok#i J<k;j k#i
<o D IPk—Pull{jeS kes+pl D > IPu—PylL{j kese).
Jrk#i j<k;j,k#i

Let f be such that A; = f(A;;, j #i). Let us fix some j € [n]. If we only change A; ;(from 0 to
1 or 1to 0), then A; will change at most by

> Aik(ij_P/jk) ifjes > |P'k_}\)/jk| ifjes
Cj— keS¢ < keS¢
~ e ae —P if j € S°.
;Aik(ij_ij) ifjes ,;' ik H
k#j

So from McDiarmid’s inequality, we have that,

P|A;—pB;|=t)<2exp |—

Choosing t = (Z cjz) 198" 'we have that, with probability at least 1 —
J

A< 1B+ (Zc )1"%”
J
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For j, keS¢,

0,60,>.6,> 0,

~ E(D;)E(Dy) 7 i#k
T A z#zejewnssnl
£k

2

0,0, ((Z 9,) > 912) + 0,0, ||Bsll, — 0,0y (Z 0, —9]-) (Z 0, —Qk)

] ] ] 1
- Zzgj9k+|lBS||1
Tk
00, ||Bsll, —0;0,>.07+0,0,(0;,+6,)>0,—(0;0,F
] ]

- 22919k+||35||1

Jj#k

The second and third term in the numerator of the above expression are, in absolute value,
0(0;0np,), and the last term is O(6; Hk) Hence, under Assumption C1, the above bias is

00 Bsll,

positive and bounded above by (1 +€;) 50,0, forany €, > 0.

j#k

Therefore,
Ty c [IBsl . c
DD PPl keSTI<1+e)aon o ZZajekm,kes ). (B.28)
j<k;jk#i ZZ i k]<k;j,k76i

For je S, keS°,

(29j9,+ 3 (- 99,)(29k9,)

E(D;)E(Dy) 9.6, — I1Zj 1€8,1#] £k
2E(M) vk > 30,6, +1Bsll,
Ak

0.6:56,56,+6.56, 5 (1-6,6,)

1£j  l#k I£k  1eS,1#j
2.2.0,0, +Bll,
j#k
9]9k291291 szel Z (1_9]01)

I#j  l#k I#k  1eS,I#j

Y00 +IBsl X >.0;0:+IIBsl,

J#k Jj#k

ij—ij = HJHk—

0,6, 6,36, ekzal S (1-6,6,)

I# Ik £k 1eS,1#]

330,60 +IIBsll, 2.2.0;0+1Bslly

j#k j#k

P — Pjil < |00, —
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6:>6, > (1-6,6)

00 ||Bs||1 7k 1€S14)

<(1+¢€;
zze ek 220,60, +1Bsll,
j#k j#k
0:>.6, > (1-06,6)
0;0; |l s||1 I IS4 . . /
<(1+e€,)< >—, since from Assumption C1’,

Zﬁekzg 0 (1—62)(; 91)

2
WehavethatZZB 0.,>(1—¢,) (ZO,) forany e, >0

j#k
0, Y (1-0,6)
1+ 00|l s||1 1€5T#]
229 Hk (1—62)291
J#k l
Therefore,

ZEij—ﬁjku{jeS,keSf}g(Hel) 151l > > 0,61{j €S, kes}+

Jok#i 29 O Jk#i
0 (1— 0-9,))1{je$,ke$c}
RPN
1Bl
<(1+¢, 99 (B.29)
3500 5:2-""

From (B.28) and (B.29), we have

|ﬂ_|<{ S(1+€3)p, ||Bsll, fories,
"7 31+es)p?|IBgll, foriess,

for any €3 > 0, by choosing €, and €, appropriately.

St X (Sienl] + 2 e ]

] kese jese \ k#j
2 2 2
<> (Sl +2 3 (S ul] 23 S ima-Fl .
JES \ keS¢ jeSe \keS Jj€Se \keSc
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For j €S,k €S°, we derived that

0 (1—-0.60)
0,0 11Bsll ’Clegﬁ o

Pje = Pl < (1+ ZZG Gk (1—€5)>.0,

j#k 1
So we have,
2 0,15 Z (1—0 0)) ’
|P~k—*k|) D a+re)Sea gt O+ Oy
2
Z (1—0]-9,)
1+€, 0;Bsll, 15,1#]
i ) fnaat 0, + 9
; 1_62(29)22'“: T -0, Zk: ‘
)
- !
2
= (1-0,;0,) | 1{j €S}
]Zes: l1—e, 21:9, 1 6216521791
B2 ’
=0| —5> o? +O(Z( > (1—9]-91)))
(zl:gl) jeSs JjE€S \ €S, 1#j
=0 (||Bsll, kp, + k%)= O(k?), using Assumption C3. (B.30)

For k€S, jeS°,

0. (1—6,0,)
0;0cIBsll, ’,es%k el

220 Hk (1—62)291

Jj#k 1

|lec_P/jk| <(+e

Therefore,

g OILY 0 22 (1= 00\
~ Sl ;k,leS
Z(Zu)jk_ jk') SZ e ZZH 9k20k+ (1—62);91

jese \keS jese keS
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0; >> (1—6:6)

9 <

<Z I S”;ZGH kALK I€S
jeSc k (1 62)2 01
J 281 l

1

|| Bs|I? b e || Bs|I?
=0 22 0°1{jes} [=0 0,
)

:O(IIBSII?) = O(k*), using Assumption C3. (B.31)
Next,
2
( _ Y 0, 11Bsll, Z
|Pj— 'kl) < (1+6)Se 0
2
0; || Bsl| || BslI?
S| 2IBlisg, | o BN S
JjEeSse 9 ) k ( H ) jESe
e £
=0 (IIBSH%) = O(k*), using Assumption C3. (B.32)
From (B.30), (B.31) and (B.32), we have that, Zc = O(k?). Then

1 5 .
(Z C?) B2 — otk togn))= ol Bl
J

since from Assumption C2, we have that || Bs||; = ©(k?) and from Assumption C1, we have that
|| Bsll; > (log n)? (combined with (3.15)). Therefore, with probability at least 1 —

nC’

A< { 3(1+€3)p, |1 Bsll, +o(||Bgll,) fories, 5.3

5(1+€3)p, || Bsll + ol Bsll,)  foriese.

From (B.24), (B.27) and (B.33), we have that for i € S,

13
T = byf' = O(np,(logn)s)—o o(n(p,logn)? —=(1+€s)py | Bsll,)—o(ll Bsll,)
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1 o k*
L

3 1
7~ 5L+ €)p, [IBsll, = Olnlp, log n)*) — o(l| Bsl,) whp.

Since we can choose €3 and 6 as small as we want to, Assumption C2 ensures that % | Bsll, —
57’62 — %(1 +€3)P, || Bsll; = || Bgl|;). From Assumption C1, we have that n(p, log n)% = 0(|| Bsll;)-
Therefore, forall i € S,
T; o0 = 1 Bsll,) whp.

Now, we analyze the pairwise differences between T; ;s under three possible cases.
Casel:i,i’eS,i#1i’

1l cl
|Ti,CL_Ti’.CL|:|SIi+bSliC + A4S =S — byt — Ay — Sy

S,i/
<ISiil + 1S+ 1A+ 1A+ 1S5 + S50 + |b;,’l-cl - bsl,’icxl
1
=0 (n(p,logn)*)+3(1+es)p, IBsll +o(l1Bsll) + by — bys!

=3(1+€3)p,||Bsll; + o(|| Bs|l;) + Ibsl,’l.” — bsl,'l.c,ll whp, using Assumption C1.

|b51y,icl _ bslzc/ll — Z(l_ék)l{k € S}—Z(l—l\)/i/k)l{k €S} <k=o(Bsll,)
k#i k#i’

Therefore,
max|T; cp — T o | = 3(1+ €3)p, || Bsll; + o(l| Bsll,) whp. (B.34)

i,i’eS

Case2:i,i’'eS°i#1i

0,cl 0,cl
| T o — i/,CL|:|Sli+bsf + A+ S5+ S —S10— b — Ay — Sz — S5

s, i/

SIS+ 1Sul + 1A+ 1Ap |+ 1S3 + IS5+ 1 BE = B + (S5l + 1Sz

1
=0 (n(p,logn)?)+3(1+e€3)p? IIBsll, +olll Bsl,) + p2 by’
2 25k2
2 pn pn . .

<3(1+e€3)p [|Bsll; +o(llBsll,) + > | Bsl|; + whp, using Assumption C1.

Therefore,
2 P, POk
E}S&|E,CL—E/,CL|=3(1+€3)P,1||Bs||1+0(||Bs||1)+7||Bs||1+ whp. (B.35)

Case3:ie8S,i’'eS°

1,cl 0,cl
Ticr—TrcL=Si+bg{ +Ai+8i=Su—bgy — Ay =S — S

>bg! = byt =181l =18l — 18 = 1Ay~ 1S3 — 1S3 — ISl

S,i’
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1y 3
=by¢ = b05!'— 0 (n(p,logn)* )= S (1+€)p, +p)1Bslly — ol Bsll)

3 . .
=b81,’” bs?f,l 2(1+63)(pn+pi)||BS||1—0(||BS||1)whp,usmgAssumonnCl.

byt bl == (1=B ik eS}+ > > (1—Py;Py)(1—B)l{j, k €S}

k£ j<k
1—p? (1—p;)ok?
>~k |1 Bslly —
Hence,
legz%gc(ﬂa fiet)
(B.36)
> T—g(l +€3)(pn+p2) 1 Bsll — oIl Bsll,) whp.

From (B.34) and (B.36), we get

min (T; c;— E’,CL)_?}/gl Tco—Ticil

ieS,i’eS¢
—p;, (1—p2)ok? 90, +3p%
R R A T NN
1-p; 90, +3p2 (1—p;)ok?
=( 5 —(1+63)T ”BSHI_T_O(”BSHI)

=Q(|| Bs||;) using Assumption C2.
From (B.35) and (B.36), we get

min (Tz CL— T’,CL) maX|Tz CL— t’,CL|

i€S,i’eS¢ i,i’eSc¢
—2p, (1—2p2)6k? 30, +9p?

2 5 IBslh—————— (1 +&)———lIBslli —olllBsll))
1-2p?2 3p,+9p2 (1-2p%)ok*

=( S — (1 eg) o 1 Bsll =5 = ollIByll)

=Q(|| Bs||;) using Assumption C2.
Therefore,

min (7; ¢, — T;;)—min maxlTl cr— Tyl, max |T; ¢ — T;| | = Q|| Bsll,) > 0 whp.
i,i’eSc

ieS,i’eS¢
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B.5 Proofof Theorems 3.3.7 and 3.3.8

Under H,
2T rprc = ZZAiink(Ajk —13]'1«) = aiT(A—ﬁ)ai = diT(A—P)ai + a,-T(P _ﬁ)ai-
jk

Note that, a/(A— P)a; is the same as §,; in the proof of Theorem 3.3.1. In the proof, we
showed that

D, 2 1
P(laiT(A—P)ail < \J chn( 2’)10g2n + ?Cloan) > 1—; (see (B.1)).

Next, we showed that, (gi) =0 ((Z)pz) whp (see (B.3)). However, under D2’, we can show a

n

stronger result that D; = O(0(P)) whp. Therefore, we have that,
la] (A—P)a;| = O(6(P)/logn) whp.
[.2cm] Let O,4, 4 be the set of all d x d orthogonal matrices. For W € O, 4,

a(P—Pla;=a](XX"—XX"a,
=a] (X—XW+XW)X—-XW+XW) —XX"a,
=a](X—XW)X—-XW)'a;+2a] (X —XW)W'X"q,.

Therefore,
lal(P—P)a;| < ||al X—xW)|[" +2||a] X —xW)|||[WTX a.

Here,

W x" | < IXllllall < VAPIVD; = O(E(P)) whp.

From Athreya et al. (2017), we have that under D1’-D2’, there exists W* € O,,, such that,
X—XW*=(A—P)Up W*S,? +R,, such that [|R,|| = O(4/log n5_%(P)) whp.

Then,

—_ _1
|a] X—xwW")| < |a](A-P)UW"S,*

<

+ el Rol -

Applying Bernstein’s inequality, we can show that || al(A—P)Up || = 0(+/D;)= 0(+/6(P)) whp.
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Therefore, the first term,

‘al.T(A—p)Upw*sj <|lal(a—Pyu||||s3?|| = 0(1) whp,
. —% — 1 < 1 . ) s . — _% ]
since (|S, Nk ‘/Ad(P)_”A_P”(usmgWeyls inequality) = O(6~2(P)) whp. And the second
term,
| Ro|| <||af || IRoll = v/D; - 0(+/logn6~%(P)) = O(y/log n) whp.
Therefore,

lal(P—Pla;| < ||al X—Xx W) +2]jal X —xW)||| W X" a,|

=(0(4/logn))* + O(4/logn)- O(6(P))= O(5(P)+/log n) whp.

So we have that |T; pppg| = O(0(P)+/logn) whp.

Under H,

2T rpPGc = E E Aiink(Ajk_ﬁjk):aiT(A_P)A
ik
g . - Fox =
=a; (A—Q)a; +a; (Q—P)a; +a; (P—P)a,.

Given a;, aiT(A— Q)a; is a sum of (2" ) — (};") independent Bernoulli random variables. Hence,
it is bounded above by 6(P)+/log n with high probability (see derivation for known P).
For W € ded’

af(ﬁ—ﬁ)ai =al(XX" —XX"a;
=a(X—XW+XW)X—-XW+XW)" —XX")a,
=a'(X—XW)X—-XW)"a;+2a] (X—XW)W'X"a,.

Therefore,
ja! (P—Pa| <||al X —Xw)|| +2||a’ X —XwW)||[|[Ww X a]].
Here,

W' X" af| < || X]||lla;ll < /24(Q)v/D; = O(6(P)) whp,
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because A,(Q) < A,(P)+||Bs|| (using Weyl’s inequality) = O(6(P)) and D; = O(6(Q)) = O(o(P) +
0(Bs))= O(6(P)) whp under Assumptions D2’ and D2.
We are going to show that

la/ (X —Xw)|| = O(max(logn, | Bs|| 5~ (PY) whp.
We first show that for some W € O,
X—XW =(A—Q)U, WS, +R,, such that

IR\l = O(max(y/log n 6~2(P), | Bsl| 6~ (PY) whp.

We follow the proof technique from Athreya et al. (2017), with the necessary changes
required since Q does not come from the RDPG model. Let UQT U,y = W ZW," be the singular
value decomposition of UQT U,, where . = diag(o,...,04),0, > 0,>...0,4. Let 0; = cos™ 0;
and define the matrix sin® = diag(sin 0,, ..., sin 8,;). From Davis-Kahan Theorem (Yu et al. 2015),

we have

UpU) —UpU,

| 1A—Ql
= ® O ,
Isin@] < ( ))

Aa(Q)= A4 (Q
CVd|A=Ql )
2a(Q)=2a1(Q))’

), for some W € Ogxa-

UpU —UgUy

=2||sin®|| = O(
F

CVd|A-Ql
Aa(Q)=24+1(Q)

|

From Theorem 21 of Athreya et al. (2017), we have that [|[A—Q]|| = O(+/6(P)) whp. From
Weyl's inequality, we have that A,(Q)—2441(Q) = (A4 (P)—|| Bs|)—(Aa41(P )+ Bsll) = Aa(P)—2 | BsI.
From Assumptions D1’ and D2, we have that A;(Q)—A,;.,,(Q) = Q(6(P)). Therefore, % =
O(672(P)) whp.

Now,

vy

=||=—1I||= max|l — 0| < max(1—o?) =||sin®|* = O(6*(P)).
1 1
We define W* = W, W,". Let us define
R=U,;~UyU, Uy, Ry = UgUy Uy — Uy W*,Ry= W'S; —S; W*, Ry = Uy — Uy W".

Note that R is the residual after projecting U, orthogonally onto the column space of U,
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and hence
< mi . _ 1
IRl < min {|Us—UgW |, = 0@G*(PY),

from the Davis-Kahan Theorem. Next,

IRIII—HUQU Uy— U, W — 0(57'(P)).

< |udui-

In the following derivations, we repeatedly use the following two equations which follows

directly from definition,
PUA =U,S,=AU,, PUQ UpSq = QUj.
Now,

w*s,
=(W*—Uy Un)Sa+ U, UpSs =(W* — U, Up)Ss + Uy AU,
=W~ U, Up)Ss+ U, (A—Q)U, + U, QU,
=(W*— UQT U,)S,+ UQT(A—Q)R + UQT(A— Q)Uy UQT Uy+So UQT U,
=(W*— UQT U,)S,+ UQT(A—Q)R + UQT(A— Q)U, UQT U,+ SQ(UQT Uy—W*)+SgW

Therefore,

|[W*Sy—SeW

SHW*—UQTUA (||SA||+||SQ||)+HUQT(A—Q)RH+HUQT(A—Q)UQHHUQTUA

—0()+ O(l)+HUQT(A—Q)UQH whp,

because | W* U7 Uy = 0 (P), both [1S| and [|So|| are O(E(P), IRI; = O(5~4(P)), and

’ UQT U,|| £ 1 whp. Applying Hoeffding’s inequality, we can show that
H Ul (A- Q)UQHF — 0(y/Togn) whp.
Therefore,

= O(4/logn) whp.

Next we establish that ||R,||, = O(+/Togn6~2(P)) whp by noting that the (i, j)-th entry of

[W*Ss—SeW
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1
R,=W* 82 — 8o W* can be written as

Wi (Ai(A)=2; (Q))

WAL (A) - A1(Q) =

AEHA)+A2(Q)
Then,
W*S,—S§
||R2||Fs” ‘i = 0(y/logn&~*(P)) whp,
a;(A)M;(Q)

since A4(Q) = A4(P)—||Bs|| = A6(P)) and A4(A) = A4(Q)—[|[A—Qll = A,(Q)— O(+/6(P)) =
Q(o(P)) whp.

Finally, we derive
— ~ 1 1 1 1
X—XW*=U,S; —UgSEW* =U,S; —UyW'S; + UgR,
1 1 1
=UsS; —UgU, UpS; + Ry S} + UpRy.

~ ~ 1 1
Observe that U, U, P = P and U,S; = AU,S,*. Then,

X=X W' =(A—P)U,S,* —UpU (A= PYU,S,* + RiS: + UgR,
:m—ﬁuﬂwgi4bqﬂ+4mhwwﬁ+U—%qﬁm—ﬁm§ﬁ+
R\S? +UyR,
—(A— QU W', * — UpUZ (A= Q) W*S;* +(I — Up U YA~ P)RsS, *+
R\S? + UyR,, since BU, = QU
=(A— ﬁ)UQ W*Sj +R,, say.

We show that ||R,|| = O(max(+/logn 6-2(P), | Bs|| 6~ 1(P))). First,

’ﬁbuguy—QﬂbMng = O(y/logn&~*(P)) whp.

HUA Q|

Next,

|0 -vougna-Pirss; s

Pl
<(IA=QlI+]|Q—B- UIRI+ IR ) - 1S4~
=(0(V8(P))+ A4:1(Q))- O(62(P))- O(6%(P))

<(0(+/&(P))+1Bsl))- O(6~"(P)) = O(max(62(P),||B|| 6 *(P))).

=)
D =
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The last two terms in R,

.Hence, ||R,|| = O(max(4/logn 62 P) | Bs|| 671(P))) whp.
Now we derive the bound for ||al. (X —XW*) .

<

Applying Bernstein’s inequality, we can show that || al(A—Q)U, || = 0(v/D;)= 0(+/86(P)) whp.
Therefore, the first term,

And the second term,

RS} St||= 0 #(P), ||Up Ry < IR, )l = O(y/1og n 67#(P))

<Rl

-~ ~ _1
|a] X=XwW)| < |a] (A- QU WS,

+||a;R||-

S,’||=0() whp.

al (A—Q)U, W*S,}ZH <

|al R || <||al|[IR:ll = VD - O(max(+/logn 67%(P), | Bsl| 67 (P)))
=0(max(y/logn, || Bl| 67*(P))) whp.

Therefore,

~

T ~
|Cll- (P_

«T v

2 -~
* +2||al.
—(O(max(y/logn, || Bs|| 6 ¢(P))))? + O(max(y/log 1, || Bs|| 6 ~2(P))) - O(6(P))
=0(max(8(P)+/logn, || Bs|| 62(P))).

a

Let us expand the remaining term a (Q — P)a;

P/)ai = zZAiink(ij _I\Sjk)

_ZZ(Al]Alk Qz]th)(Q]k )+CIT(Q P)q,

Thesum D> (A;;A;—Q;; Qi) Qjx— ]k)ISO max(8(P)+/Togn, || Bs|| 62 (P))) whp. Therefore,
Tk

forall i €[n],

2T rprG 2 4; "(Q— P) —Omax(o(P)y/logn, ||Bs||5 (P)) whp.

Now, we analyze the pairwise differences between T; zpp¢’s under three possible cases.
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Casel:i,i’eS,i#i’

2| Ti,RDPG - Ti’,RDPGl
<19/ (Q—P)q;—q. (Q—P)qy|+ O(max(5(P)/logn, ||Bs|| 57 (P))
T ~ T ~ T ~ T ~
<lg’" (Q—P)g{" =4y (Q—P)gl’|+2lq (Q—P)gP -4 (Q—P)g 1+
T ~
142" (Q—P)g? — 4" (Q— P)g?| + O(max(5(P)+/log n, || Byl 5 (P))) whp.
When i,i’ €8, ql.(l)T(Q—ls)qi(l):ql, (Q—P)q"’ =22 Q;c— P;x). Therefore, the first term

j,keS
on the RHS above is 0. Therefore, if (3.34) holds, then

|T; kopG — Ti rppc| £ 6C1€ || B|I* + O(max(6(P)+/logn,||Bs||62(P))) whp. (B.37)
Case2:i,i’eS°i#1i

21T wopa — T rordl
s|q£”T(Q—ﬁ)q,?”—qf}”(o—ﬁ)qf}ﬂ+sz”T(Q—ﬁ)q,@—qﬁ}”(o—ﬁ)q§?)|+

142" Q- P)g? — 42" (Q— P)g? |+ O(max(5(P)+/log n, || By 6 (P

<8¢, €| Bs|> + O(max(5(P)+/log n, || Bs|| 6 2(P))) whp, (B.38)

provided (3.33) and (3.34) holds.
Case3:ie8S,i’eS°

2(Ti,RDPG - E’,RDPG)
zqP)T(Q—ﬁ)q}”—q}PT(Q—ﬁ)qﬁ”—sz”T(Q—ﬁ)qf’—qS)T(Q—ﬁ)qf)l—

4 Q= P)a~al?" (@~ P}’ — Otmax(5(P)/log .| Bl| 5*(P
>c||Bs|* ~ 7€ | Bs|* — O(max(5 P)\/@,HBSH& ) whp, (B.39)

provided (3.33) and (3.34) holds.
From (B.37) and (B.39), we get

ielg}ESC(E,RDPG - Ti/,RDPG)_maxl T; rppc — Ty, RDPG]

>c, || Bl — 13 ¢, || B[’ — O(max(8(P)y/log n, || Bs|| 52 (P))) whp.
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From (B.38) and (B.39), we get

.min (Ti,RDPG - Ti’,RDPG)_ max |Ti,RDPG - Ti’,RDPGl
ieS§,i’eS¢ i,i’eSc

>c, || Bl — 15¢,€ || By ||* — O(max(5(P)+/log n, || Bs|| 52 (P))) whp.

Under Assumption D1, We have that || Bs|| > 0(P)+/logn. So if € is small enough, then with
high probability,

_min (Ti,RDPG — T rppc) > Max max | T; rppG — Ti’,RDPGl’ max |Ti,RDPG - Ti’,RDPGl .
i€S,i’eS¢ i,i’eS i,i’eS¢
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