F7/9

HYBRID ANNULAR SECTOR ELEMENTS FOR FLEXURAL ANALYSIS
OF PERFORATED PLATES WITH OR WITHOUT TUBE STIFFENERS

C.K. RAMESH, S. JAYARAM
Department of Civil Engineering Indian Institute of Technology, Bombay-76, India

SUMMARY

This paper is concerned with the finite element analysis of plates having a large number
of perforations which are either free or stiffened by tube elements. These plates are subjected
to both temperature and pressure loadings and are of common occurrence in nuclear reactor
vessels.

In the first part of the analysis a stiffness matrix and a load vector for annular sector element
with inner edge restrained by a tube is developed using a hybrid displacement approach
employing the complimentary solution of the governing plate equation as the displacement
function. This function also satisfies the boundary conditions imposed by the tube at the inner
edge the tube being treated as a beam element with Euler-Bernoulli hypothesis.

This method is different from the hybrid displacement models of the generalised vari-
ational formulation developed by Pian, and is similar to the one developed by Rao and Raju
for plane stress problems. This approach has considerably deviated from the conventional
finite element treatment and is more direct and effective in dealing with problems having
cut-outs and other boundary discontinuites.

A consistent load vector for (a) uniformly distributed surface load, (b) temperature varying
linearly through the thickness but is constant in the plane of the plate, and (c) linearly varying
edge loading at the inner edge of the sector, are generated using the principle of virtual work.

In the next part these hybrid sector elements are assembled along the perforations with
triangular elements being located in the remaining zones to form one module of a square ele-
ment having circular perforations in which the effect of tube stiffener is also considered. By
using a static condensation technique, modified stiffness matrix for one complete perforated
square module is presented in terms of the 28 outer nodal displacements. The load vector
of the square module is also obtained by using a similar condensation procedure.

For the case of plates with free perforations, the stiffness matrix and load vector for the cor-
responding hybrid element are also derived by employing appropriate displacement functions
satisfying free edge conditions and using a similar procedure.

In the last part of the analysis, these square modules are assembled along with triangular
elements located near the boundary to form a complete assembly of a perforated plate with
tubes.

Numerical results are presented by way of comparison with known solutions for stress
and displacement fields to substantiate the choice of the hybrid elements. Furthermore a
complete tube sheet subjected to temperature and pressure loadings is analysed.
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1. The Problem

Perforated plates used as end tube sheets in heat exchengers present
digecontinuous stresses along the immer edge of the perforations which may be
either free or restrained by tubes integrally commected perpendicular with
the plane of the plate. Conventional methods of en@lysis including the
ordinary finite element proceduire may lead to significant error because of
the steep stress gradients at the zones of discontinuities. In such problemg
the uge of hybrid displacement models employing a general variational for-
mulation With prescribed boundary functions [2 - 4] would lead to some error
in satigfying the equilibrium and compatibility within the element. Instead
of a generslised variational formlation, thig method employs the compli-
mentary solution of the plate equation [6 - 7], which also satisfies the
boundary condition,as the displacement funection on the basis of which
stiffness matrix and load vector for the element ig developed. Furthermore
since the digplacement funetion is chosen as the solution of homogeneous
part of the differentisl equation with prescribed boundary conditions, the
actual mode of digplacements are realistically represented thus, than in
any other form.

The present Work is an attempt in this direction to such a hybrid dis-
placement function which, though involved, satisfies the prescribed boundary
conditions.

2. Theoreticel Formulation
The digplacement functions which satisfy the homogeneous part of plate

equation in bending with prescribed boundary conditions are employed to

develop the stiffness matrix and the load vector for sector elements.

A static condensation technique for deriving a modified stiffness matrix

for one square module of plate having tube stiffemed perforation is presented.

The tube element satisfies the Fuler-Bernoulli hypothesis and constraing

the tube-plate Junction to have the prescribed displacement pattern.

2,1, Hybrid Sector Element-1 (HSE-1)

This hybrid gector element called HSE-1 (Fig.1) is adopted for the
square module having a circular perforation stiffened at inner edge by a
tube. This hag 11 degrees of freedom and since 3 displacements are suffi-
cient to define completely the planar displacement along the inner edge,
the modal displacements are chosgen as follows:

0 = =0

At r = 1 (inner edge), 0 = O w
8= e (1)
0 = - w 1 aw 1 9%w

At r = a (outer edge), o _ ,, J 357 T 38 T 3T
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If the tube satisfles the Fuler-Bernoullil hypothesis then it will constrein

the tube-plate junction to have a disgplacement pattern ag
W= AptA, » sin O + Az T cO8 0 (2)

The complimentary solution of the plate equation in bending is given by [10]

o oo

1
W=0R + £ cosmd + I R_ sinmd (3)
% m=q R m=1 @
2 2
where Ro= Ao + Bor + Co logr + Dor logr
3
R1= Air + Blr + Cl/r + Dlr logr (1)

-m+2

R,= R} = .Amrm + er'm + (er]m'2 + QO

The boundary condition specified in eq.(2) is imposed on the displacement
functions Ro, R1 and Rm in the following manner

R,
R =Kland = =20, atr=1

dr
R1=K2anda—rl=K2,atr=1 (5)
R2=;i—2 =0, at r=1

On applying these conditions to R, R, and R, in eq.(4) and rearranging the
terms a final form of displacement function is obtained as

w(r,0) = A1+12r sin 6+ A;r cos 0+ A4(1+2 logr-1~2)+A5(1--r2+12r2 logr)
% - 2r +r3) gin 8 + A,,(r+2r log r-rs) sin®
1 3 3
+ AB( S - 2ra+r ) cos 04+ Ag(mzr log r-r°) cos @
1 2 ( 1 2
by = + 1 - 2) gin2 08, (6)
r 110 2
The gtiffness matrix, and load vectors for surface loading as well as
temperature chenges are obtained by applying the principle of virtual work.

K]= [ [m] [
E]=/[3]" [o] [3] a

{RE} = [A_l]T I:f [W(r,e)} " rar de] )
for} - )T [T ]
a0 E (8T)nS

where Mp 12
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2.2, Ordinary Sector Element {(OSE)

Thig ordinary sector element is used for the region located far away
from the inner boundary [8, 9:[ and the complimentary function of the plate
equation itgelf is taken as the displacement function (Fig.2). Four nodal

2
w
g—; s % %%' ’ 'xl‘ag_,va%) are taken at each of the four

corners 80 that the disgplacement function hag 16 terms accounting for atleast
two symmetric and two antisymmetric functions in 6 required to ensure satig-
factory results.

digplacements (w,

The chogen displacement function ig:

2 2 3
W = A1+A2 T+ Az logr+ Ay X logr + (A5r + Agr +A,7/r+A8r logr) cogd

3 2 2 4
+(A9r+A10r +A11/r +A12r logr)sind +(A13r +A14/r + A15/r +A16)sin26 o
8

The element gtiffnegs matrix and load vector based on the above dis-
placement function are derived by using the game procedure as before.

2.3.

The tube-plate junction displacement is given in eq.(2) and the inter-
actlion force cen be written in terms of 3 other constants as
F=ﬂ1+52rcose+ﬂ5rsin9 (9)

If Wis Wy and Vg represent displacements in the periphery of the tube at
3 points as in Fig.3, then it can be shown that

Bl 0 1 1 LV
b _ AE 2% o & W, _AE
2 Znr T To3 r, N
2
] ex® 4’  _ 2k w
3 T rd r,% Too 3

10)
or {8} = [A] fu} - o) (11)

Eq.(9) and (11) give the interaction force at the plate—tube junction.

A consistent load vector due to this type of edge loading is derlved and

the elements are assembled as in Flg. 5. Using static condensation technique
a modified stiffness matrix for the perforated plate stiffened by tube is
obtained in terms 28 ou nodal ‘displacemeants.

s Sy2 | 513 D, Ay
-
424 . S22 1 Sp3 Dy —hoy
° S0 Sz3 s
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™e static condensation is carried out as follows:
Prom matrix eq.(12)

811 D1 + 312 D2+515 D5 = —A113+EL1

Spq Dy * Spp Dot Spz Dy = - Agy B+ EDy (13)
S39  Dq Sz Do+ Sz3 Dy = ELg
By the process of elimination in eq.(11) and (13) we have

— (14)

FT, = HL, + Ay TV,

321 = Spq + Agy Ay

E EL LV, (9)
o = Elg + Ayy IV,

— _ - - 1 -

519 = Sy5 = Syp Sp2 Spy

a2 -1

S13 ="S1p Sy Spz + 543 (16)

— 1 —

Bly = Eij- 5o Spp Iy

- _ 1 —

Szq = S3q - Sap Spp Spy

Sz3 = Sz3 - Szp S3 Spz (17)

- 1

EDy = Elg - Sgp Sp5 El,

= — — = -1 —

Szz = S33 = 531 5414” 513

= - § = -1 = (18)

EDg = ELy - S35 8597 ELy

= =
where 833 and EL;; represent the condensed stiffness matrix and load vector
for one perforated square module with tube stiffeners coxresponding o outer
nodal displacements,

2,4, Hybrid Sector Flement-2 (HSE-2)

Thig hybrid sector element called HSE-2 (Fig. 6 ) 1s adopted for the
plate in which the circular perforation is free. This element hesg 12 degrees
of freedom, and at each of the four cormer nodes 3 displacements are teken,
i.e.y at r =1, a and 6 = 4+ a, the nodsl pareameters are W, g;: and 3 g% .

The displacement function is obtained by teking the complimentary
solution from eq.(3) end (4) end imposing the boundary conditions at the

imer edge r = 1.
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-2 : -
oW 1 ow 3wy
M =-D +ﬁ) (— _— 4 ) =0
SR REEE I
- - 0 Myt
LA =5 =0 (19)
2
= - = (1= 1l 3w 1w
Where Q, D —= (V w) s My (1 9)1)(r 3T 50 ;2. ae)

The above two conditions are imposed on each of Ry Ry and R in eq.(3) end
out of the 4 congtants in each of them, two are eliminated. The final form
of displacement function igs obtained as

=

= Ag+hy I:r + 28(1+y )1og r/(1-v )] + Az C080 + A4[ -(3+» )/x( 1-»)]0059

A r 8in® 4+ AGE - (&V)/r (1—»)1 sin9+A7[: :'L - (3+9)/2(1-9)2%

r ] 00S 26 + Ae[(m. y)r2/2(1—)’) - ;12..,, 1] cos 20 + Ag['_z
r

(3+y )/2(;—)’)r2 + r{l sin28 + A l:(5+ 1’)1‘2/2(1-3’) - Ej}*ij sin?2 @

A11': 4r” _ (5..v)/3(1—v)r + rs:l sin3 8+A o [(5.,.,))1-3/3(1-))) = _23

3r
1
sin 36

+

+

+

+

(20)

The stiffness matrix and load vector based on the above displacement
function is obtained as befare.

3. Numerical Work

An annular circular plate, simply supported along the outer edge while
the inner edge ls restrained by a rigld solid mass but free to move along
vertical direction, and subjected to uniformly distributed surface load 1s
angdlysed using a hybrid sector element-1 and the results are compared with
that given by Timoshenko (Fig. 7). Table 1 summarises the cogfficients
for maximum digplacements and stresses for different b/e ratios end wedge
angles. Table 2 shows the results for the same problem when three more
ordinary sector elements are located along with the hybrid sector element-1.

For the free inner edge (Fig.9) the hybrid sector element-2 ipg used
ang itg results are shown in Table 3; Table 4 shows the golution for the
same problem when three more ordinary sector elements are uged along with
a hybrid sector element-2.

Since this is only part of a total study on multiply perforated tube
stif fened plate for their transverse deformation only few numericel results
are reported here. The golution for a complete circular plate with tube
stiffened perforationg end transverse loading is being generated and is
expected to provide necessary data for design,
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4, i gcugglion of Results

It is obgerved from Table 1 that for the-first problem when a single
HSE-1 element 1s placed in the radial direction, even a large wedge angle
of 45° gives setisfactory results for b/a = 0.333. When this ratio increases,
e gmaller element wedge angle or in other Wordsg a finer mesh is required to
give satisfactory results in both gtresses and displacements and consequently,
more number of elements are necessary to maintain the accuraoy, in view of
the severity of the stress concentrations. Table 2 shows that placing of
more ordingry sector elements in the region far awey from discontinuity in-
creages the accuracy of the results for the same problem.

The resultg of Table 3 indicates that for the second problem, when a
pingle HSE-2 element ls placed in the radial direction, even a wedge angle
of 22,5° for the element gives satisfactory results. As in the previousg
problem a smaller Wedge angle 1s required for accuracy when b/a ratio becomes
greater. Teble 4 indicates that placing more OSE elementg in thig case also
in the region fer away from discontinuity improves the accuracy of the
solution,

5. Conclusiong

The gector elements developed here using the dlsplacement function
obtained from the complimentary solution of the governing differential equa-
tion, end aleo satisfylng the prescribed boundery conditions, provide satig-
factory results even when only a single element ig placed 2long the radial
direction. The accuracy of the solution improves as the wedge angle of each
element is reduced and also When more ordinary sector elements are placed
in the radial direction. When the inner to outer ratio is less than or
equal to 0.5, even a large wedge of angle of 22,5° glves satigfactory results.
As b/a ratio Increases, smaller elements are required to maintain the
deslred amccuracy of the solution. TFor many problems of perforated plate
under bending with or without the restraining effect of tube stiffeners
thege elements can be employed successfully even with a coarse mesh.
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Notation

Comstants in complimentary solution of governing differential

equation

Polar coordinates of any point in gector element
Semi gector angle of element
Stiffne ss matrix for sector element

Matrix obtained by substituting nodel coordinates in dis-
placement expression

Curvature matrix

Flagticlity matrix

Uniformly distributed surface load

Load vector due to uniformly distributed surface load
Load vector due to temperature varying through thickness
Thickness of plate

Coefficient of linear expansion

Modulus of elasticity and Poissons ratio
Difference in temperatuzs through the thickness of
Interaction force at tube plate junction

Outer radius of tube (equael to 1 in this case)
Radius of gyration of tube

Length of tube

End displacement and rotation of tube due to loading on
the tube

Digplacements at specified points in tube plate junction

Tada
BRC el

N
)4

Outer nodal dlsplacements corresponding to which final
stiffness matrix is obtained

Plate displacements other than {Dl} and {Ds}

Generalised nodal load vectors in plate corresponding to
])1 y Dy D:Z» respectively, obtained by interacting

force at plate tube junction, each having 3 columns
Matrix relating forces and displacements in tube
Load vector generated by loading on plate

Null matrices

Nine submatrices obtained by partitioning the sgsembled
gstructure stiffness matrix
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PMg.1: Probvlen 1 - Test problem
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Fig.8: Problem 1 - One HSE-1
element and Three OSE
elements in radigl direct-
ion.
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0,800
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Table-T

Coefficlent for maximum
displacement (Kl)

T Solu- FEM )

tion error
0.296 1.718
0.295 1,374

0.291 0.294 1,330
0.204 1. 320

00,1132 9.44
0,125 0.113¢ 9.28
0,1139 8.88

0,0333 7,028
070313
0.,0328 4,792

0.00362 5,54
0,00359 4,665

0,00343

Teble-TI

Coefficient for maximum
displacement (KJ.)

T Solu- FEM &

tion error
0,291 0,2922 0 40
0,125 0.,1125 10

/9

Coefficient for maximum

stress (X)
T Solu-- FEM
‘tion error
1,183 ~2.230
1.184 -2.148
1.21 1.185  -2,070
1.187 -1.990
0,765 3. 378
0,740 0,755 2.027
0,750 1.351
0.361 7,44
0,336
0,348 3.,5714

0.1281 5,00
0.1275 4,508

0,122

Coefficient for maximum

gtress (X)
soLu- FEM #
tion error
1.21 1. 23 1,626
0,740 0.7732 5.04
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DaenT+a far Pmhlam 2 (Refer Flg. @) - Single Element in Radigl Direction

b/ Wedge Coefficient for maximum Coefficient for maximum
a angle displacement (X,) stress (K)

in

degrees T Solu- FEM o T Solu- FEM @
tion error tion error

A5 0 854 3.64 .

22,5 0 880 6,796 2.069 10.05
0,333 0,324 1,88

11.25 0 882 7.03 1.966 1.40

5.625 0 884 7.281 1.745 - 7.80

22,9 0, 6770 1.958 1.5258 5,958
0,500 11.25 664 0,668 0.70 1.44 1,400 - 2,88

5,625 0.670 0,904 1.398 - 2,90

11.25 0.403 2.62 1.004 2,869
0.667 0.414 0,976

5,625 0,406 1.90 0.992 1.64

11625 0,1895 2799 N_RRON . B.5H
0,800 0,814 0,592

5.625 0.1896 3.043 0,562 - 5,06

Table-IV

Reaults fnr Problem 2 (Refer Figz.10 ) - Four Elements in Radial Direction

b/ Wedge Coefficient for maximum Coefficient for maximum
a angle displacement (Kl) stress (K)
in . — —
T Solu- FEX Fad T Solu- FEM Fd
degrees tion error tion error
0 330 45 0,324 0.8229 0.14 1.88 1.9446 3.43
0 S00 45 0,664 0,658 0.90 1.44 - *
K qa4
Note: Maximum displ ent = W =
ote: 1) Max splacem max _LrEh
X qa?

2) Maximum gtress = Q’max = —hg—-
3) # indicates large error
4) T Solution standa for Timoshenko Solutionm.
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