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ABSTRACT
ALCINDA WANGSNESS LEWIS. The Burr Distribution as a General Parametric

Family in Survivorship and Reliability Theory Applications.

(Under the direction of MICHAEL J. SYMONS)

In the analysis of survival time studies a parametric form of the
survival distribution is commonly assumed. The choice of the parametric
form of the survival distribution is an important issue which should be
given careful consideration. The Burr Type XII distribution has as
special limiting cases of its parameter values the Weibull and the expo-
nential distributions, two commonly used survival distributions.

A generalized likelihood ratio test, based upon maximum likelihood
procedures, is applied to assess the goodness-of-fit of the two special
cases relative to that of the more comprehensive model. The true value
of the parameter vector under the Weibull (or exponential) null distri-
bution lies on the boundary of the Burr XII parameter space. This
boundary condition violates one of the sufficient conditions of Wilks'
[1938] theorem regarding the asymptotic chi-square approximation for the
distribution of -22nA, where A represents the likelihood ratio and the
number of degrees of freedom is the number of components of the parameter
space that are specified under the null distribution. The empirical
distribution of the generalized likelihood ratio for testing the standard
exponential distribution versus the Burr XII distribution was obtained by
means of a simulation. This distribution is compared to a number of
chi-square distributions.

Special procedures are given for the accommodation of censored
observations and concomitant variables. In the context of choosing an

underlying distribution for accelerated life test data, two competing



models are discussed which correspond to two different methods for
handling covariables representing the accelerated conditions. The
performance of the Burr Type XII distribution is contrasted with that
of the log-generalized gamma distribution, another very general family
of parametric models, with respect to the reassessment of the Weibull

distribution as a model for acute leukemia survival data.
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CHAPTER 1

INTRODUCTION AND REVIEW OF THE LITERATURE

1.1 Introduction

In a statistical analysis an investigator frequently is faced
with choosing an underlying parametric model. In some instances
physical considerations determine the distribution to be
employed. However, numerous statistical problems arise from physical
processes which cannot be theoretically linked to a particular para-
metric distribution. The lack of a general theory for the choice of an
underlying parametric distribution has resulted in the usage of some
distributions which are not necessarily robust to viable alternative
distributions and which may lead to incorrect conclusions. The authors
of, the RADC Reliability Notebook [1961], a government research report
intended to provide the necessary techniques to be utilized by design
and reliability engineers working with complex electronic equipment,
succinctly describe the problem that investigators in many different
disciplines must overcome as they practice the art of model selection.
The RADC authors state that '"...the heart of the reliability problem is
that no distribution can be safely assumed."

The emphasis of this research is placed upon the choice of an
underlying parametric model in survival analyses or reliability studies.
Since the reliability of a piece of equipment can be modeled by a

probability statement concerning its lifetime operation, there is a



close connection between reliability theory and survival theory, where
it is desired to make probability statements about survival or remission
times of patients. Due to its simplicity and its inherent association
with the well-developed theory of Poisson processes, the exponential
distribution has historically played a role of importance in survival
analyses and reliability studies, analogous to that of the normal distri-
bution in other areas of statistics. However, investigations concerning
the robustness of the predicted time-to-failure or time-to-death under
the assumed exponential distribution when the true underlying distribu-
tion belongs to the Weibull family have shown that these widely used
Statistical techniques are very sensitive to departures from exponen-
tiality and may result in substantially increasing the probability of
accepting equipment with poor mean time-to-failure or of over-estimating
the mean time-to-death (Hager, Bain, Antle {1971] and Zelen and
Dannemiller [1961]). More recently the Weibull distribution has emerged
as the most popular parametric family of failure distributions. Its
applicability to a wide variety of failure situations was discussed by
Weibull [1951]. However, Canfield and Borgman [1975] have pointed out
that due to a scarcity of statistical methodology dealing with the choice
of a failure time distribution, even the very flexible Weibull distri-
bution has possibly been overworked.

Early work by D. R. Cox [1961] served as a catalyst for theoretical
research into the area of model selection. Cox recognized that it is
rarely sufficient for an investigator to find evidence against the dis-
tribution in question since the problem is one of model selection. Hence,
Cox formulated the problem in terms of a significance test to measure

the departure of the observed data from the null distribution in the



direction of an alternative distribution. Much of Cox's research was
directed towards discriminating between two families of distributions,
separate in the sense that a simple hypothesis in the null family cannot
be obtained as a limit of simple hypotheses in the alternative family.
However, in a more recent paper, Cox [1977] states that formulating
alternative distributions representing the direction of a departure from
the null distribution is weaker than embedding the null distribution in
a family of competing models, all of which are candidates for represen-
tation of the observed data. When the null distribution is embedded in
a general family of parametric models, testing the null hypothesis coin-
cides with the estimation of parameters in the richer family. Hence, if
none of the competing models are appropriate, the general distribution
may provide an adequate fit. This approach assumes that the family of
models is general enough.

Cox's discussion suggests that one approach to the model selection
problem in survival analyses or reliability studies is to initially fit
a very general family of parametric distributions, which incorporates as
special cases of its parameters distributions commonly used in life time
studies. The aim of the present research is to evaluate the appropriate-
ness of the Burr system of distributions developed by Irving Burr [1942],
and in particular, the Burr Type XII family, as a general family of
parametric distributions to be fit to failure data. The two most common
survival or failure time distributions, the exponential and Weibull
distributions, are both special limiting cases of the Burr XII family of
distriﬁutions. Emphasis will be placed upon the evaluation of the ade-
quacy of the fit of these two distributions within the parametric frame-

work of the Burr system of distributions. Other distributions which are



members of the Burr family are the normal, extreme value, logistic,
generalized logistic, Gompertz, and Pareto distributions. The gamma and
lognormal distributions are two distributions frequently fit to life

time data which are not special limiting or approximating cases of the
Burr XII family. However, it has been shown that much of the region
covered by the lognormal and gamma distributions in the skewness-kurtosis
plane is also covered by the Burr XII distribution (Rodriguez [1979]).
(Skewness, symbolized by ®q is a measure of density curve asymmetry and

is defined by us/uzs/2

, where My is the k-th central sample moment.
Kurtosis, denoted by a4, is a measure of density curve peakedness and
is defined by u4/u22.)

A review of the literature dealing with the Burr system of distri-
butions is presented in Section 1.2. This is followed in Section 1.3 by
an overview of methods for model selection based upon hypothesis tests
with specified alternatives. Special attention is directed to the
generalized gamma distribution, another very general family of distribu-
tions whose usefulness in survivorship and reliability applications will

be compared to that of the Burr Type XII family. Section 1.4 contains

an outline of the material presented in subsequent chapters.

1.2 Burr System of Distributions

The Burr system of distributions includes twelve types of cumulative
distribution functions which yield a variety of density shapes. The
attractiveness of this relatively unknown family of distribﬁtions for
model fitting is that it combines a simple mathematical expression for
the cumulative frequency function with wide coverage in the skewness-

kurtosis plane. Many standard theoretical distributions, including the



Weibull, exponential, logistic, generalized logistic, Gompertz, normal,
extreme value, and uniform distributions are special cases or limiting
cases of the Burr system of distributions. The simple closed form of
these distributions has been applied to studies in simulation, quantal
bioassay, non-normal control charts, the approximation of theoretical
distributions, and the fitting of smooth curves to histograms. Their
utility in survivorship applications will be of special interest in

this effort.

Irving Burr [1942] developed the system of Burr distributions in
1941 as an outgrowth of his research into methods for fitting cumulative
frequency functions rather than probability density functions to fre-
quency data. Burr viewed the cumulative frequency function as being
theoretically better adapted to model fitting since expected frequencies
in any given range are found by differencing the cumulative function
F(x) rather than by integrating the density function f(x). Burr also
considered the process of differentiating F(x) to find f(x) theoretically
much simpler than the converse.

Analogous to the Pearson system of distributions, the Burr
distributions are solutions to a differential equation, which has the

form

dy/dx = y(1-y)g(x,y) , (1.1)
where y equal to F(x) and g(x,y) must be positive for y in the unit
interval and x in the support of F(x). Different functional forms of

g(x,y) result in different solutions F(x), which define the families of

the Burr system. For instance, if g(x,y) is taken to be g(x), then
X -1
F(x) = [exp{- [ g(u)du}+1]"" . (1.2)

- 00



Burr identified twelve families of distributions which are given in

Table 1.1.
TABLE 1.1
TWELVE DISTRIBUTIONS OF THE BURR SYSTEM
Type F(x) Range of x
I | X (0 <x<1)
II (1+e-x)-k (-® < x < )
111 (1+x &K 0 < x)
IV [1+{(c—x)/x}l/c]-k (0 < x < ¢)
v (1+ce T3P Xy7k (-1/2 < x < 1/2)
VI (1+ce-rsinh x)-k (-0 < x < )
VII 2% (1+tanh x)K (- < x < )
VITI {(2/m)tan"Le¥}¥ (-0 < x < )
IX 1 - 2 (- < x < ®)
c{a+eM o1} + 2
X (Lre™ )k 0 < x)
XI {x - sin(2mx)/2m}" ©<x<1)
XII 1 - (exS 7K (0 < x)

The parameters c, k, and r are positive. When fitting these distribu-
tions to data, a location parameter & and a scale parameter B are
incorporated by replacing X with (X-£)/B. In cases where the location
parameter may be assumed to be known, the parameter £ may be excluded
by substituting X' for (X-&).

Some of the above forms of the Burr distributions are related by

simple transformations. For example, the Burr Type III distributions



can be obtained from the Burr Type II distributions by‘replacing X with
cin(X), where gn(+) denotes the natural logarithm (Johnson and Kotz
[1970]). Similarly, the Burr Type XII distribution can be derived from
the Burr Type III distribution by replacing X with X_1 (Burr and Cislak
[1968]).

The Burr I family is more commonly known as the uniform distribu-
tion. The Burr III, IV, V, IX, and XII families have a variety of
density shapes and incorporate four parameters, the maximum number that
can be efficiently estimated with the method of moments (Rodriguez
[1979]). Types III and XII are the simplest functionally and, there-
fore, the most desirable for statistical modeling.

Burr investigated only the Type XII family in depth. The density
functions corresponding to the Burr XII family are defined by

f(x;c,k) = ckxc-l/(1+xc)_(k+1) R (1.3)

where x is positive. Initially, Burr [1942] specified that both shape
parameters, c¢ and k, must be at least as large as one. Burr [1967a]
later relaxed this restriction to require both parameters to be positive.
Rodriguez [1977] has suggested that the reason Burr first required c¢ and
k to be greater than or equal to one is that the Burr XII density func-

tions are unimodal at
x = {(c-1)/(cks1)}}/C (1.4)

if c exceeds one and L-shaped if c¢ is less than or equal to one.
Rodriguez modified the parameter constraints to require that c¢ and k are

both positive and that their product, ck, exceeds four to insure the
existence of the first four moments. The r-th moment about the origin

of a Burr Type XII distribution is



u; = kB(r/c+1l,k-r/c) , (1.5)

where r is less than the product ck and B(a,b) is the standard Beta

function.

Drane, Owen, and Seibert [1978] identified the special approximat-

ing and limiting forms of the Burr XII distributions which correspond to

well-known standard distributions. The Burr shape parameters and cumu-

lative distribution functions associated with the special cases are

displayed in Table 1.2.

TABLE 1.2

SPECIAL CASES OF THE PARAMETERS OF THE BURR XII DISTRIBUTION

c k Distribution C.D.F.
c k Burr XII 1—(1+xc)_k
4.874 6.158 Approximate Normal 1-(1+x*-874y-6.158

c o Weibull l—exp(—xc)

1 o Exponential l-exp(-x)

oo k Generalized Logistic l-(1+ex)—k

o 1 Logistic 1_(1+ex)—1

© oo Gompertz l—exp(-ex)

1 1 Pareto 1-—(1+x)_1

distributions appear in the literature.

Numerous moment-ratio diagrams of the coverage of the Burr XII

Hatke [1949] was the first to

. . 2 .
present a moment-ratio diagram. She used the (as,é) coordinate system,

where § is a function of skewness (as) and kurtosis (a4) given by



2 ' 2
(20, -305-6) " y
_ 4 3 2 _ "3 _ 4
§ = —-——(—m——— ) 0L3 3 and 0.4 = 5 (1.6)
4 H2 H2

In this coordinate system, which was developed by Craig [1936], the
mappings for the Pearson system of frequency curves take a strikingly
simple form. Therefore, use of this coordinate system facilitates com-
parisons between the coverage of the Burr versus the Pearson system of
distributions. Burr and Cislak [1968] showed that the coverage of the
Burr XII distributions in the (ag,d) plane is much greater than that
first reported by Hatke [1949]. The Burr Type XII region covers area
corresponding to the Pearson I, IV, and VI distributions (Burr and
Cislak [1968]). The section of the Pearson Type III (gamma) line join-
ing the normal and exponential points is also included. Part of the
Pearson II line segment falls in the Burr region, but not the rectangular

end-point (a3=0, 0,=1.8) as claimed by Burr and Cislak (Rodriguez [1977]).

4
Hatke [1949] recognized that the single functional form of the Burr XII
family of distributions covers the same moment-ratio area for which the
Pearson curves require several different functional forms.

Rodriguez [1977] discusses the inappropriateness of the (ag,d)
coordinate system for displaying the moment-ratio coverage of the Burr XII
distributions. He contends that the upper and lower bounds are not
apparent in the diagram, nor are they derived analytically. With regard
to the (ag, a4) version of the moment-ratio chart given by Ord [1972],
Rodriguez found that it also fails to clarify the region of coverage and
he questioned the validity of the shape of the lower bound. A final
criticism Rodriguez had of the former moment-ratio diagrams was that

they each failed to show the effect of modifying c and k on the shape

characteristics of the Burr XII density functions.
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Rodriguez [1977] found that an(as,a4) coordinate system formerly
used by Johnson and Kotz [1972] is preferable for displaying the moment-
ratio diagram for the Burr XII distributions. Figure 1.1, reproduced
from Rodriguez [1977], compares the coverage of the Burr XII distribu-
tion in the moment-ratio plane to that of the Pearsonian system.
Rodriguez described the region occupied by the Burr XII distributions
as 'the prow of an ancient Roman galley'. The boundaries of the Burr XII
area are defined by limiting forms of the Burr Type XII distributions.
The northern boundary consists of (as,a4) points belonging to the Weibull
distributions. Rodriguez [1977, 1979] showed this analytically by the

following argument. If X follows the Burr XII distribution, then for

fixed c,
.. 1/c L. c -k c
limit Pr{X=<(1/k)"" "x} = limit{1-(1+x7/k) "} = l-exp(-x"). (1.7)
k > k » o

In the moment-ratio diagram as k increases from 4/c to infinity, the
c-constant curve approaches the Weibull end-points in a counter-clockwise
direction. The Weibull curve passes through the exponential point
(a3=2, a4=9), which lies on the c-constant Burr curve when ¢ is equal to
one. The southwest boundary is formed by part of the generalized logistic
curve defined by

1 - (+eN7K (1.8)
This family represents the limiting form of the Burr XII distribution as
¢ approaches infinity for fixed k. The generalized logistic curve
passes through the logistic point when k is equal to one. As both ¢ and
k tend to infinity the Burr constant curves approach a point on the
Weibull curve. Rodriguez [1977] determined that this limiting point

corresponds to the intersectionof the Weibull and generalized logistic



FIGURE 1.1

MOMENT RATIO DIAGRAM OF THE BURR TYPE XII DISTRIBUTION
RODRIGUEZ [1977]
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curves. Evaluation of the set of parametric equations ‘
.. — 2 3
limit P () Ag-3T (K)A,A +24]
€T %= 2372 .
k > {T(K)A,-27}
— 21
and (1.9) .
.. — 3 2 2 4
limit D% (k)X 4-4T" (KOA A 6T ()N °- 3]
S , 2,372 .
k + {T(K)A,-27}
— 21
where
A. = T(j/c+1)T(k-j/c) (1.10)

J
for integer values of j ranging from one to four allowed Rodriguez to
determine that the coordinates of this limiting point in the skewness-
kurtosis plane are (-1.14, 5.35). This corresponds to the Gompertz point,
denoted by G in Figure 1.1 and by -EV in Figure 1.2. Johnson and Kotz .
[1970] state that although not generally regarded as such, the Gompertz .
distribution is an extreme value Type I distribution truncated at zero.
The southeast boundary is generated by the Burr XII distribution with k
equal to one. Rodriguez proved this by applying the method of Lagrange

multipliers to minimize g subject to the constraint that a, is equal to

4
a constant greater than or equal to 4.2 (the minimum kurtosis value on
the southern boundary in the positive skewness half-plane which corre-
sponds to the logistic point, where the southwest boundary with c¢ equal
to infinity intersects the line a3=0).

In addition to the special limiting forms which have been mentioned
in the discussion of the moment-ratio coverage of the Burr Type XII
distributions and which include the Weibull, exponential, logistic,

generalized logistic, and Gompertz distributions, Rodriguez [1977, 1979]

has shown that the extreme value Type I point, extreme value Type II .
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curve, and parts of the lognormal curve (falling between the Pearson III
and V curves) are also included in the moment-ratio coverage of the

Burr XII family. Furthermore, Rodriguez states that all three families
of the translation (Johnson) family are also covered by this very
general family of distributions.

The main lack of coverage of the Burr XII family is towards low
kurtosis (a4) values for fixed skewness (as). Burr and Cislak [1968]
were the first to mention this. Burr [1973] later found that by using
the reciprocal transformation Y = X_l, yielding the distribution
function
-k

(1+y™) (1.11)

G(y)
for positive values of y, the coverage is greatly extended in this
region. Burr noted that this extension covers all of the bell-shaped and
J-shaped regions of the beta (Pearson Type 1) area. Rodriguez [1979]
further investigated this transformed distribution function, which
corresponds to the Burr III family. This is the only other Burr family
of curves to be discussed in the literature. Burr III densities are
unimodal if ck exceeds one and twisted L-shaped if ck is less than or
equal to one. Rodriguez presents a moment-ratio diagram, reproduced in
Figure 1.2, which shows the coverage of both the Burr XII and Burr III
distributions. The northern boundary of the Burr III distribution in
the moment-ratio plane corresponds to that of the four-parameter
generalized lambda distribution discussed by Ramburg et al. [1979].

The usefulness of the generalized lambda distribution has been recognized
for cases where the underlying distribution is unknown since its coverage
in the moment-ratio plane includes the uniform, exponential, lognormal,

gamma, Weibull, and beta regions. The Burr III distribution covers these

areas as well.
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A COMPARISON OF THE MOMENT-RATIO COVERAGE OF THE
BURR TYPE ITI AND BURR TYPE XII DISTRIBUTIONS

RODRIGUEZ [1979]
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There is a region of double occupancy in the Burr XII coverage
area. That is to say, in the area south of the generalized logistic
curve (defined by c equal to infinity) there are two Type XII distribu-
tions for each (as,a4) point, one with ¢ greater than 3.6 and one with
¢ less than 3.6 (Rodriguez [1977]). North of the c-constant curve each
(as,a4) point corresponds to a unique pair of shape parameters (c,k).
There is a region of double occupancy in the Burr Type III coverage area
as well. Such regions pose difficulties when mode 1 fitting is carried
out by the method of moments.

In 1965 Dubey [1968] produced a new derivation of the Burr Type XII
distribution. Takahasi [1965] appears to have obtained the same result
independently. Both researchers considered a conditional random vari-
able X which is distributed according to the Weibull (parental) distri-
bution given by

£(x]8) = aBx* lexp{-8x%} (1.12)
where x is positive and the parameters o and B are both greater than
zero. The parameter B is not regarded as being constant, but rather is

assumed to behave as a gamma (mixing) random variable whose probability

density function is given by
f(B) = 5YBY-18XP{-68}/F(Y) , (1.13)

where B is non-negative and the parameters vy and § are both positive.
Then the probability density function for X corresponds to the Compound

Weibull distribution and is given by

£X) = [ EX|BE@)R = ays x® L) (D) (1.14)
0

where X and the three parameters a, Y, and & are all positive. For 6
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equal to one the Compound Weibull distribution reduces to the Burr Type .
XII distribution, and therefore, Dubey has suggested that the Compound
Weibull distribution be considered as a generalized Burr distribution.
Takahasi [1965] derived a multivariate Burr Type XII distribution
using the theory of compound distributions and showed that the distribu-
tion has two nice multivariate properties. In particular, he proved
that marginal and conditional distributions of a multivariate Burr XII
distribution are also distributed as multivariate Burr XII distributions.
For the bivariate case Durling [1975] showed that the correlation coeffi-
cient is restricted to a point defined by a function of the shape param-
eters ¢ and k. To remove this limitation Durling generalized the
bivariate Burr distribution so that the correlation coefficient varies
according to an additional parameter. . )
Few examples appear in the literature in which the Burr XII
distribution has been fit to actual data. Burr [1942] developed a cumu-
lative moment technique (which requires the integration of the cumulative
distribution function instead of the probability density function) for
estimating the shape parameters c and k from the computed sample skewness
and kurtosis. This approach necessitates the use of tables (Burr [1973]
and Burr and Cislak [1968]), relating the values of the parameters c and
k to the first four moments u, o, O, and 0y of the Burr XII distribution.
Interpolation from these tables is difficult because of the marked non-
linearity of Og and a, as functions of c and k (Hatke [1949] and
Rodriguez [1979]). Once the appropriate estimated values of ¢ and k
have been determined based on the computed sample skewness and kurtosis,
estimates of the location parameter £ and the scale parameter B are .

obtained from
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<

oM XX (1.15)

where X represents a Burr random variate with mean u and standard
deviation 0, x represents the observed data to be modeled, and X and S,
represent the sample mean and sample standard deviation, respectively.

Estimates of £ and B are determined by the equations

us s

~ ~

€=i-7xand B=—6’i. (1.16)

Burr [1942] illustrated the method of moments procedure by fitting the
four-parameter Burr XII distribution to a highly normal distribution of
heights.

As an alternative approach to this table look-up method, Rodrigue:z
[1980a] has developed an interactive graphics package for fitting Burr
Type III curves to histograms. The program 'locates' the histogram's
shape on a skewness-kurtosis diagram and then performs an iterative
estimation procedure of the shape parameters, c¢ and k, to determine a
curve whose skewness and kurtosis match those of the histogram.
Rodriguez suggests that other methods of fitting which can be used in
conjunction with Burr XII distributions are maximum likelihood estimation
and the method of percentiles. However, no examples of the use of such
methods exist in the literature.

In addition to fitting smooth curves to histograms, other useful
applications of the Burr system of distributions have been cited in the
literature. Prior mention was made of the suitability of the Burr XII
distribution for approximating the normal distribution. When the shape
parameters c¢ and k assume the approximating values of 4.874 and 6.158,

respectively, it is possible for the Burr XII distribution to match the
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first four moments of the normal distribution. Burr [1967a] investigated
the appropriateness of substituting the Burr cumulative distribution

function with these values of the shape parameters for the standardized

normal distribution function ®(u) when solving for random normal deivates.

His results showed that the largest discrepancy between ®(u) and the
Burr approximation was 0.00046, occurring at u = #0.6.

In view of its wide coverage in the skewness-kurtosis plane, the
Burr XII family clearly incorporates highly non-normal distributions as
well. Burr [1967b] used non-normal Burr XII distributions to investigate
the robustness of the control chart technique used in industrial pro-
cesses to check the reliability of results or a process to non-normal
data. Another use of Burr XII distributions in non-normal regions has
been to study the exact distribution of the median and the range for
small samples from non-normal populations (Burr [1968] and Burr and
Cislak [1968]). Burr and Cislak solved for the exact distribution of
the median and all existing moments as linear expressions of beta
functions. They determined that the efficiency of the median relative

to the mean, defined by the usual expression

2 2
En = Oi»/cx (1.17)

improves for greater non-normality in the direction of higher skewness
and kurtosis. Specifically, at just beyond the expohential point in the
skewness-kurtosis plane, the median is a more efficient estimator rela-
tive to the mean.

In a general approach to quantal response bioassay applications,

Drane, Owen, and Seibert [1978] used the Burr XII family of distributions.

Under the assumption that the shape parameters c and k are known, these
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authors applied an approximate minimum chi-square criterion for fitting
the distribution to binomial responses ordered by the doses of the
stimulus. Estimation of the location parameter £ and the scale parameter

B was accomplished by weighted linear least squares.

1.3 Distributional Hypothesis Tests with Specified Alternatives

Two general types of distributional tests which incorporate
alternative hypotheses are classified according to the relationship
between the null and the alternate hypotheses. With regard to the first
type, which is referred to as tests of nested families, the null distri-
bution is embedded (or nested) as a special case of the distribution
parameters in a more general alternative distribution. The null family
is usually more simple mathematically with a fewer number of parameters.
In the second type of test, which is referred to as a test of separate
families, a simple hypothesis in the null family cannot be obtained as

a limit of simple hypotheses in the alternative family.

1.3.1 Nested Families

When modeling data it is desirable to use the simplest model which
adequately describes the data. Under the assumption that a general
alternative distribution correctly models the failure times, tests of
hypothesés may be performed on the distribution parameters to determine
if a simpler special case (the null distribution) of the general distri-
bution is appropriate for a given application. For example, a test of
the null hypothesis that the shape parametér of the gamma distribution
is equal to one with an unspecified scale parameter is equivalent to a
test of the adequacy of the one-parameter exponential distribution versus

a two-parameter gamma alternative.
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Since the parameter space of the null distribution is a subspace
of the parameter space of the alternative distribution, the generalized
likelihood ratio test (see Mood, Graybill, and Boes [1963, p. 419]) is
appropriate for discriminating between nested families of distributions.
While it can sometimes be difficult to find the distribution of the
likelihood ratio (denoted by A), under certain regularity conditions
-24nA is asymptotically distributed as a chi-square random variable with
r degrees of freedom, where r is the number of components of the param-
eter space that are specified by the null distribution.

Mood, Graybill, and Boes state that in general, a generalized
likelihood ratio test will be a good test. Moran [1951] has shown that
the generalized likelihood ratio test obtained when one tests the ade-
quacy of the one-parameter exponential distribution nested in the two-
parameter gamma distribution is locally (about the null hypothesis) the
asymptotically most powerful test. ‘Shorack [1972] has subsequently
proven, by means of a lemma for scale type statistics, that Moran's
statistic given by

n

M=n(n x)M
i=1 1 i

X, (1.18)
1 1

i~

is the uniformly (in the shape parameter) most powerful scale invariant
test of exponentiality versus one-sided gamma alternatives.

Similar to the case of the exponential versus the gamma distribu-
tion, the tests based upon the maximum likelihood estimates of the shape
parameter of the two-parameter Weibull distribution appear to be consider-
ably better than other tests of exponentiality against more general
Weibull alternatives. Thoman, Bain, and Antle [1969] developed a test

based upon the pivotal function &/c, when ¢ and & denote the shape



parameter and its maximum likelihood estimator, respectively, of the
Weibull distribution. By showing thét ¢/c has the same distribution as
the maximum likelihood estimator of the Weibull shape parameter

when the sampling is from a standard exponential function, these authors
employed Monte Carlo methods to obtain the exact distribution of ¢/c
for sample sizes 5(1)20, 22(2)80, 85(5)100, 110, and 120. The asymp-
totic distribution of C/c was also derived. Based upon the percentage
points of this distribution, confidence intervals and equivalent tests
of hypotheses may be constructed for the Weibull shape parameter cC.
Klimko, Antle, Rademaker, and Rockette [1975] showed that the test for
exponentiality (testing whether ¢ is equal to one) nearly achieves the
upper bounds for the power of any scale invariant test for exponentiality
against Weibull alternatives. The upper bounds were constructed by
simulating the power (at c equal to 1.25, 1.5, and 2.0) of Shorack's
[1972] most powerful jnvariant (with respect to scale) test of exponen-
tiality versus one-sided Weibull alternatives where c is greater than
one. Klimko et al. [1975] also obtained the upper bounds for the power
of an invariant (under change of location and scale) test for discrimi-
nating between the two-parameter exponential and the three-parameter
Weibull distributions, each of which include a location parameter.
Since it is the intent of this research to focus on applications in
sur;ival and reliability analyses, for which the location parameter 1is
usually assumed to be zero, the problem of choosing between the two-
parameter exponential distribution and the three-parameter Weibull
distribution will not be stressed, except to note that Antle and Klimko

[1973], and Engelhardt and Bain [1973] have proposed tests for this case.
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1.3.2 A Special Generalized (Nested) Family of Distributions--
Generalized Gamma Distribution

The three-parameter generalized gamma distribution is a general
family of distributions which includes the Weibull, exponential, log-
normal, and gamma distributions among others as special cases of the
distribution parameters. Although generalized gamma distributions were
first discussed by Amoroso [1925], who fitted the distribution to
observed income rates, little attention was directed to this family of
distributions until relatively recently. The current interest in reli-
ability and survival time studies, for which the Weibull, exponential,
normal, lognormal, and gamma distributions have been shown to have
special merit, has served to stimulate renewed interest in the general-
ized gamma distribution. Since this family of distributions incorporates
all of the competing distributions mentioned above except for the normal
distribution, it provides a general parametric framework for discrim-
inating between important failure time distributions. Moreover, since
it includes some special cases which are also special cases of the Burr
Type XII family, it provides an opportunity to compare and contrast the
results obtained through fitting the Burr distribution with those of
another generalized family.

The generalized gamma distribution is defined by

-bk_bk-1
X

£(x;a,k,b) = ba exp{- (x/a)?}/T (k) (1.19)

for positive values of x and parameters d, k, and b. Stacy [1962]
derived the generalization by supplying a positive parameter b as an
exponent in the exponential factor of the gamma distribution. Lienhard
and Meyer [1967] provided a derivation of the generalized gamma distri-

bution based on physical considerations. In their formulation they
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consider the occurrence of an event which depends on some variable X
such as stress or the time a component has been subjected to a given
level of stress. The parameter product bk represents the number of ways
the event can occur in this physical framework.

Modifications to Stacy's form of the distribution have been:
introduced. Harter [1967] developed a four-parameter generalized
gamma distribution by including a location parameter. Stacy and Mihram
[1965] allowed the power parameter to assume negative values, thereby
including the distribution of the reciprocal X—1 of a generalized gamma
random variable X. However, the three-parameter generalized gamma
distributions, as first defined by Stacy, have provided adequate flexi-
bility for the reliability and survivorship applications cited in the
literature,

The regions of the parameter space which define the distributions
nested in the family of generalized gamma distributions are identified

in Table 1.3. The generalized gamma distribution has had its greatest

TABLE 1.3

SPECIAL CASES OF THE PARAMETERS OF THE GENERALIZED GAMMA DISTRIBUTION

a k b Distribution

a 1 1 Exponential

a k 1 Gamma

a 1 b Weibull

a 0 b Lognormal

2 n/2 1 Chi-square (n degrees of freedom)
V2 n/2 2 Chi (n degrees of freedom)

V2 1/2 2 Half-normal

V2 3/2 2 Circular normal
cv2 1 2 Rayleigh (c > 0)
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use in the assessment of the adequacy of the Weibull (k=1) and the
exponential (k=1, a=1) models relative to the more generalized model.
Parr and Webster [1965] derived the joint marginal asymptotic density of
the maximum likelihood estimators of k and a. Based on the joint asymp-
totic density these authors outlined a method for rejecting (with a
known probability of false rejection) the Weibull and the exponential
distributions when they do not fit the empirical distribution of a large
number of failure times. Hager and Bain [1970] further investigated the
properties of the asymptotic distribution of the maximum likelihood
estimators as first derived by Parr and Webster. After demonstrating
that k is distributed independently of the nuisance parameters, a and b,
Hager and Bain proposed that the asymptotic distribution of k be used
for testing the adequacy of the Weibull model for large samples. How-
ever, subsequent Monte Carlo results indicated that the asymptotic
distribution of ﬁ may still not be in effect for samples as large as
400 when k was set equal to 1.0 and 2.0. Hager and Bain also reported
basic difficulties associated with solutions to the maximum likelihood
equations caused by the computational complexity of the generalized
gamma distribution. The Newton-Raphson iterative solution procedure
did not appear to work well and in some cases these authors were unable
to obtain meaningful maximum likelihood estimates.

Alternative test procedures for assessing the suitability of the
Weibull model as a special case of the generalized gamma model have
been suggested by Hager and Bain. Two of these tests are based upon
the statistic first developed by Moran [1951], which as discussed in
Section 1.3.1, is the asymptotically most powerful test for testing

exponentiality against gamma alternatives. This test has applicability
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to model selection within the generalized gamma distributional framework

since the test of HO: X~Generalized Gamma (a,k=1,b)} versus le X~General-

ized Gamma (a,k>1,b)} for known b reduces to a test of HO: Y~Exponential (a)

Versus le Y ~ Gamma (a,k) by the data transformation Y = Xb. For the

case of unknown b, Hager and Bain proposed the modified (1.18) statistic

n
/Lox (1.20)

which is distributed independently of a and b. While Monte Carlo results
suggest that MB behaves better than k for large samples, both of these

statistics are based upon maximum likelihood estimates of the generalized
gamma distribution parameters.

Hager and Bain discussed a second modification of the optimal
statistic of Moran which avoids the computational difficulties and dis-
advantages of the maximum likelihood estimators for the general distri-

bution. Consider the estimator b, which corresponds to the maximum

1

likelihood estimator of the Weibull power parameter when k is taken to

~

be equal to one. The modified (1.18) statistic based upon b1 is given by

B1
xi . (1.21)
1

n b
MB —n(I x, l)l/n/
i=1 i

(%)
nes3

Use of MB1 has the advantage that existing Weibull programs can be used
to calculate the statistic. Hager and Bain presented percentage points
for MBI simulated under the null hypothesis that k is equal to one for
sample sizes of 10, 20, 30, 50, 100, 200, and 400.

The final approach to hypotheses testing under the assumption of
the generalized gamma distribution is a likelihood ratio test procedure.

To test H. : k=1 against H,: k#1, Hager and Bain used the statistic

0 1
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R = 121 (1.22)

which they showed to be independent of the nuisance parameters a and b.
Hager and Bain compared the three statistics ﬁ, Mgl, and R with
regard to the power of the tests of the Weibull null hypothesis for k
equal to one against the generalized gamma alternatives at k equal to
two and three. The numerical results indicate that MB , which is the
simplest statistic to compute, has approximately the sime power as the
other statistics at least for samples of size 200 to 400. b% and R
are superior to k. since the likelihood ratio test is under éertain
conditions asymptotically most powerful, Hager and Bain attributed the
relatively low powers of 0.27 and 0.77 for sample sizcs of 200 and 400
at k equal to two to the fact that the Weibull distribution and the
generalized gamma distribution are quite similar. In a later paper Hager,
Bain, and Antle [1971] considered the robustness of the Weibull model
with respect to the generalized gamma model for reliability applications.
The authors examined the adequacy of a Weibull estimation procedure of
the reliability or survival function when the correct model is a general-
ized gamma distribution. The results of the simulation study suggested
that there is little advantage in assuming the generalized model for
sample sizes under 200. This is strong evidence for fitting the Weibull
model since it avoids the computational difficulties associated with the
generalized gamma model for smaller sample sizes.

Prentice [1974] also used a likelihood ratio type approach to the

model selection problem in the generalized gamma framework. Unlike the
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other researchers who have investigated the generalized gamma distribu-
tion, Prentice was primarily interested in discriminating between the
Weibull and lognormal distributions. The lognormal distribution is a
limiting case of the general distribution which is realized as the shape
parameter k approaches infinity. Prentice preferred to model a log-
generalized gamma variate which follows a location-scale distribution.
He derived a parameter transformation q=k-1/2 which allows the limiting
normal model on the logarithmic scale to be mapped to the origin. After
further parameter transformations on a and b, Prentice obtained analytic
results which show that the resulting model likelihood is twice differ-
entiable with respect to its three parameters at q equal to zero.

He then proceeded to use the asymptotic chi-square approximation for the
distribution of the likelihood ratio test statistic. Monte Carlo results
show that the empirical and asymptotic distributions of the maximum
likelihood estimator a under the null lognormal distribution are equiva-
lent for sample sizes of 25 and 50. Similarly, the empirical and asymp-
totic distributions of the maximum likelihood estimator q when the
Weibull distribution is the null distribution are equivalent for sample
sizes of 100. Farewell and Prentice [1977] applied the log-generalized
gamma distribution to several data sets from the industrial and medical
literature. They extended the model to incorporate censored observations

as well as regression variables.

1.3.3 Separate Families

Distributional tests of separate families are characterized by a
set of hypotheses for which a simple hypothesis in the null family

cannot be obtained as a limit of simple hypotheses in the alternative
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family. Irwin [1942] was among the first to address the problem of
discriminating betweén separate parametric families. His work was moti-
vated by results of Withell [1942], who showed that the logarithms of
the survival times for a wide range of microorganisms and poisons are
approximately normally distributed even when the number of survivors is
adequately represented by an exponential function of time. Irwin's
results showed that although the normal approximation almost always
slightly underestimates the true percentage of survivors calculated from
the distribution of the logarithm of survival times under the exponential
law, it would require very good data (subject to few sampling fluctua-
tions) to distinguish between the two separate families.

Almost twenty years after Irwin's research, Cox [1961] proposed
the Neyman-Pearson likelihood ratio
sup  £(y,)
oSl
L, = fn {2

fg sup g(y,B)
§EQB

, (1.23)

where &n(+) denotes the natural logarithm, as a method for selecting
between two separate families f(y,g) and g(y,g). Hf denotes the null
hypothesis and Hg denotes the alternative hypothesis. Because o may
contain more adjustable parameters than § and, hence, f(y,g) would pro-
vide a better fit, Cox pointed out that it is not sufficient to use the

observed value of Lfg as a measure of evidence in favor of Hf versus Hg.

Cox proposed as a test statistic

T, = Lfg - E&(Lfg) , (1.24)

-~

which represents a comparison of Lfg with the best estimate of the value

expected under H A small value would lead to the rejection of Hf.

£
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Cox derived the asymptotic variance of Tf based upon the asymptotic
distribution of (&,8) and advised that Hf be tested by referring to the
standard normal distribution.

Cox applied these results to obtain a solution to the problem
identified by Irwin of discriminating between the exponential and log-
normal distributions. In a subsequent paper Cox [1962] derived tﬁe test
statistics for choosing between the geometric and Poisson distributions.
Jackson [1968] applied the likelihood ratio test to the case of select-
ing between the lognormal and gamma distributions.

Cox's approach to the model selection problem is well-suited to
the case where either Hf or Hg is the true distribution or when high
sensitivity is required against a particular alternative distribution.

A contrasting approach treats the competing models on an equal basis and
tries to assess the extent to which each provides an adequate fit.

Atkinson [1970] employed the latter approach to investigate a suggestion
made by Cox [1961] of combining the null and the alternative hypotheses

into a general model of which they would both be a special case.

Atkinson [1970] derived the new general distribution
A 1-
He {f(y,a)} {g(y,p)} A , (1.25)

which has the nice property of being additive in the log-likelihood. A
test of the hypothesis that addresses the question of whether the models
give significantly different fits to the data corresponds to testing X
equal to one-half. This test procedure may also be used to evaluate
departures from one family in the direction of the other by testing the
hypothesis that the value of A is zero or one. However, there is diffi-

culty when applying the asymptotic chi-square approximation to the
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distribution of the generalized likelihood ratio statistic in this case
®

since A = {0,1} forms the boundary of the parameter space.

More recently Cox and Atkinson have investigated the design of
experiments for discriminating among separate families of distributions.
Since the present research is directed to observational data, these .
papers are only mentioned for the purpose of completeness. 1In a joint
paper Atkinson and Cox [1974] discuss experimental designs for discrim-
inating between several regression models. Atkinson and Fedorov [1975a,
1975b] present sequential experimental designs for choosing between
rival regression models which are not required to be linear in the
parameters.

The likelihood ratio test holds certain advantages for the selection
of models from separate location-scale families of the form .

o
f(x;a,b) = (1/b)g{(x-a)/b} , | (1.26)

where the location parameter a may be any real number, the scale param-
eter b is restricted to the positive real line, and x is bounded below

by a. Under the following formulation of the model selection problem

HO: X n fo(x;a,b)

(1/b)gy{ (x-a) /b}

le X~ fl(x;a,b) = (l/b)gl{(x—a)/b} , (1.27)

Dumonceaux, Antle, and Haas [1973] determined that the distribution of

the likelihood ratio statistic

n
max JI f_ (x.;a,b)
a,bi=] 1 1 ,
R == — (1.28)
max II f_ (x.;a,b)
a,b i=1 0 1

is independent of unknown location and scale parameters. This result, .
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which follows from a problem given by Lehmann [1959, p. 252], makes it
feasible to construct the exact distribution of R under various combina-
tions of null and alternative location-scale distributional hypotheses.
Dumonceaux et al. [1973] used Monte Carlo methods to obtain the distri-
bution of R for discriminating between the normal and the Cauchy
distributions, the normal and the exponential distributions, and the
normal and the double-exponential distributions. Dumonceaux and Antle
[1973] showed that the lognormal and the Weibull distributions are both
location-scale models on the logarithmic scale. Therefore, they con-
structed for moderate sample sizes the test for discriminating between
these distributions and they note that the same exact tables may be
applied to the problem of selecting between the normal and the Type I
extreme value distributions as well, since the ratio of maximized
likelihoods is invariant under transformations of the observations.

Bain and Engelhardt [1980] chose the likelihood ratio test as a
method for discriminating between the Weibull and gamma distributions,
two distributions which are both rather flexible and which overlap in
the sense that the exponential distribution is a special case of both
models. Since the parameters of the gamma distribution are not related
to location-scale parameters,the likelihood ratio statistic is not
independent of unknown parameters. As an alternative approach, the
authors specified zero as the critical value of the natural logarithm
of the likelihood ratio and then simulated the probabilities of correct
selection (PCS) for various sample sizes and values of the parameters
under each model. For standard exponential data the PCS is approximately
0.5 which is desirable since both models are correct. As the data move

away from common exponential cases the PCS increases.
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With regard to power considerations, Dumonceaux et al. [1973]
pointed out that for the normal versus the exponential and the normal
versus the uniform model selection problems, the likelihood ratio test
is identical with the most powerful invariant test for discriminating
between location-scale models given by Lehmann [1959, p. 248], which is

of the form

[ee] oo 2
n-
[w fo v fl(vxl+u1,...,vxn+un)dvdu
LRI = — : (1.29)
[w fo vn_zfo(vxl+ul,...,vxn+un)dvdu

For a sample of 20 and Type I error of 0.05, Lilliefors [1967] reported
the power of the Kolmogorov-Smirnov test for normality to be 0.61 when
the sample is from the exponential distribution and the power of the
chi-square test to be about 0.29. The likelihood ratio statistic has
power of 0.96. For the selection problem defined by the normal versus
the Cauchy distributions, Dumonceaux et al. [1973] showed by means of
simulation that the likelihood ratio test is nearly as powerful as
Lehmann's best invariant test. Dumonceaux and Antle [1973] evaluated,
again by simulation, the power of the likelihood ratio test for log-
normal alternatives given that the sampling is from the Weibull distri-
bution, and vice versa, for moderate sample sizes. Their results
indicate that in this case for a sample size of 20 and Type I error of
0.05 the power is only 0.43 when the true distribution is lognormal and
0.48 when the true distribution is Weibull. The authors acknowledged
that the difficulty in distinguishing between two distributions depends
upon the degree of similarity of their shapes. In the case of the

Weibull versus the lognormal distributions, each is a positively skewed
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distribution for a positive random variable. It is noted that in a
more recent application Farewell énd Prentice [1977] were unable to
discriminate using the large sample properties of the generalized like-
lihood ratio test between the Weibull and lognormal families nested in
the generalized gamma distribution.

Gehan and Siddiqui [1973] considered the problem of choosing
between parametric models for grouped survival data. For each model
that they investigated, which included the exponential, linear hazard
function, Gompertz, and Weibull models, either the hazard function or
its logarithmic transform is a linear function of the parameters and
the random variable representing time or the logarithm of time. This
suggested to the authors that upon obtaining non-parametric estimates
of the hazard function for each interval, they might estimate the |
parameters of each model by least squares. They then based their model
selection procedures on the likelihood of the observed data under the
various models. In particular, because the exponential distribution is a
special case of each of the other models, the authors used the large sample
chi-square approximation for the distribution of likelihood ratio test
statistic to determine whether the data are exponentially distributed.
To select among the remaining three models the authors employed an
"informal" procedure based on Cox's [1961] test for separate families.
Because each of the three models incorporates two unknown parameters,
they based their selection on the actual values of Lfg rather than Tf
as proposed by Cox. To decide if the best fitting model yields an
adequate fit the authors considered twice the difference between the
log-likelihood under the chosen model and the multinomial model as an

approximate chi-square variate with (s-1-k) degrees of freedom where k
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is the number of parameters fitted in the model and (s-1) is the number

of fixed finite intervals in the data.

1.4 Outline of Subsequent Chapters

In the following chapter maximum likelihood methods for testing
the fit of Weibull and exponential distributions within the parametric
framework of the Burr Type XII distribution are proposed. Chapter II1I
focuses on special considerations for fitting the Burr XII distribution
to survival or reliability data using maximum likelihood techniques.

The choice of initial estimates for iterative solutions, alternative
parameterization schemes, and the treatment of concomitant variables
and censored observations are discussed.

In Chapters IV and V the methods of the previous chapters are
applied to reliability and survival data. The Burr XII distribution is
fitted to accelerated life test data in Chapter IV. Two competing models
are discussed which correspond to two different methods for handling
covariables representing the accelerated conditions. Chapter V contrasts
the performance of the Burr XII and the generalized gamma distributions
with respect to the reassessment of the Weibull fit for acute leukemia
survival data.

The results of a simulation to investigate the exact distribution of
the generalized likelihood ratio for testing the standard exponential dis-
tribution versus the Burr XII distribution are presented in Chapter VI.
Finally, in Chapter VII, suggestions for further research on related

topics are made.



CHAPTER 11
THE DERIVATION OF GENERALIZED LIKELIHOOD RATIO TESTS FOR THE

EVALUATION OF THE FIT OF THE WEIBULL AND EXPONENTIAL
DISTRIBUTIONS AGAINST BURR TYPE XII ALTERNATIVES

2.1 Introduction

One approach to the model selection problem in survival analysis
or reliability studies is to initially fit a very general family of
parametric distributions which incorporates as special cases of its
parameters distributions commonly used in life time studies. The Burr
Type XII distribution, which includes the Weibull and exponential dis-
tributions as special cases, is one such general family. The intent of
this chapter is the development of a method for assessing the adequacy
of the fit of the Weibull and exponential distributions within the
parametric framework of the Burr Type XII distribution. It will be
assumed that this distribution is general enough to provide a suitable
fit. Three specific cases will be considered: (i) discrimination
between the Weibull distribution with unknown shape parameter and the
Burr XII distribution; (ii) discrimination between the Weibull distri-
bution with known shape parameter and the Burr XII distribution; and
(iii) discrimination between the exponential distribution and the Burr
XII distribution. It will be shown that a power transformation of the

data reduces case (ii) to case (iii).
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2.2 Assessing the Fit of the Weibull Distribution with
Unknown Shape Parameter '

2.2.1 The Weibull Distribution as a Limiting Case of the
Burr Type XII Distribution

Rodriguez [1977] used a Taylor series expansion to show that the
cumulative distribution function of the Weibull distribution can be
obtained as a limit of cumulative distribution functions belonging to
the Burr Type XII family. Given that T is a Burr random variate of
standard form, specifically with the scale parameter B equal to one, the

location parameter £ equal to zero, and shape parameters c and k,

P{TS(I/k)l/ct} =1 - {1+(t°/k)}'k

1 - exp[-ken{1+(t/k)}]

= 1 - exp[-k{(tS/K)-(t%/10%/2+...}]. (@.1)
Then the limit as k approaches infinity of this cumulative distribution .
function is given by .
.. 1/c a c
limit P{T<(1/k)™" "t} = 1 - exp(-t") . (2.2)

k > o
This limiting expression is the cumulative distribution function
of the standard Weibull family with shape parameter c.

For the non-standard case scale parameters B and Gw are included
in the cumulative distribution functions for the Burr Type XII and
Weibull distributions, respectively. The location parameter £ for each
distribution may be assumed to equal zero in survivorship or reliability
theory applications. In some cases £ may be equal to a known non-zero
threshold or guarantee time. However, a transformation of the data,

Ti = Ti-E, will reduce this to the simpler case of £ equal to zero.

Under the Weibull model ‘
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P{T<t} =1 - exp{-(t/ew)c}
f (e/6 )| K
=1 - limit {1 + — ¥
k—»ool k
=1 - iimit {1 + (t/ewk1/°)°}'k
:1 - (/e k (2.3)

where B = ewkl/C and k is sufficiently large. Equation (2.3)
is the cumulative distribution function for the Burr XII distribution.
Therefore, in the Weibull region the scale parameter B of the Burr Type

XII distribution obeys the functional relationship B = ewkl/c

, where 6
w
denotes the Weibull scale parameter, and c and k are the Burr XII shape
parameters.
The results of research by Greenwood [1946] are useful for
identifying how quickly the Burr distribution approaches the Weibull

distribution as k increases. Greenwood fit the Pearsonian type curve

defined by the cumulative distribution function
F(x;n,L) = 1 - {1-(x/L)™ , (2.4)

for positive n and L, to the distribution of n points taken at random
in a line of length L. He noted that the limiting form of the cumulative
distribution function is exponential as n and L approach infinity, such

that n/L remains finite. That is,

limit F(x;n,L) = 1 - limit {1 + ____(-“r/lL)x}n

n <> n > o
L >« L »
=1 - exp{-(n/L)x} . (2.5)
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The derivation of the limiting form of the Burr Type XII distribu-

. . . -(1/c 3 ..
tion as k increases without bound, such that ew = Bk d/e) remains finite,

may be modified to show that the Burr XII and Pearsonian type distribu-
tions approach their respective limiting forms in an identical manner.

Specifically, for the Burr XI1 distribution we have

-k
(t/8 )¢
limit PLT<(1/K0YC(t/6 )} = 1 - limit {1 + — ¥
kK > w kK > ® k
=1 - exp{—(t/ew)c} : (2.6)

Greenwood found that for L larger than 100 and n larger than 10 in
equation (2.4) there is little difference between the true distribution
and its limiting form. Clearly, the implication is that for k exceeding

10 the Burr Type XII distribution is in the Weibull region.

2.2.2 The Burr XII Hazard Function

The hazard function is often considered in the choice of an
underlying distribution for survival or reliability data. In this
section some properties of the Burr Type XII hazard function are pre-
sented. In addition, the nature of the Burr hazard function as it
approaches the Weibull hazard function is investigated.

The hazard function, denoted by A(t)dt, represents the probability
that an individual dies in the time interval (t,t+dt), given that he

survived to time t. It is defined mathematically as

A(t) = limit {p(t<T<z*AtJT>t)} : (2.7)
At >0 t

The hazard function A(t) is related to the density function f(t), the
cumulative distribution function F(t), and the survivorship function S(t)

according to the equations
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£() | £(t) 2.8)

MY = TF o T S

The survivorship function, important to survival analysis and reliability
theory, represents the probability that an individual or test unit

survives until at least time t.

The Burr XII hazard function, derived from equation (2.8), is
given by
-1 -1
A(t) = (ck/B)(t/B) ™ {1+(t/B)} " . (2.9)
The evaluation of A(0) shows that the initial Burr XII hazard function

offers no more flexibility than does the initial hazard under the

Weibull model. There are three cases to consider:

(i) c>1; A{0) =0
(ii) c <1 ; A(0) = @
(ii1) c =1 ; A(0) = k/B . (2.10)

For Burr Type XII distributions with ¢ larger than one, A(0) is equal
to zero. Several of the more common survival distributions for which
the hazard function increases with age have hazard functions which are
restricted to zero at time zero. Among these are the normal, lognormal,
and gamma distributions, as well as the Weibull distribution with shape
parameter c greater than one. Flehinger and Lewis [1959] and

Hjorth [1980] have developed reliability models for which A(0) is

not limited to zero. With regard to Burr XII distributions for which

¢ is less than one, A(t) approaches infinity as t approaches zero.

This is a property shared by decreasing Weibull hazard functions.
Finally, for c equal to one the initial Burr hazard function is

equal to the parameter ratio k/B. For the exponential limiting
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case of the Burr XII family when ¢ is equal to one and k is
sufficiently large, A(t) is identically equal to 9;1= k/8 for all t,
where Ge denotes the exponential scale parameter.
The shape of the hazard function A(t) reflects the type of risk
to which the population under study is exposed as a function of time.
To examine the shape of A(t) under the Burr XII model, where k is assumed

to be finite, equation (2.9) is differentiated with respect to t, giving

d{x(t)}/dt = [(ck/ez)(t/8)°'2{1+(t/8)°}‘2]{c-l-(t/e)c} . (2.11)

The first factor of the product in (2.11) is everywhere positive for
positive t and may therefore be disregarded in the determination of the
sign of d{A(t)}/dt. For c not exceeding one the second factor of the
product in (2.11) is negative for positive t. Hence, in this case the
hazard function decreases with increasing t and ultimately approaches
zero. An example of a population exhibiting a decreasing hazard function
is children who have undergone an operative procedure to correct some
type of congenital defect.

For ¢ larger than one, the second factor in (2.11) has a single
/c

root at B(c-l)1 Thus, A (t) has a single mode when t is equal to

1/c

B(c-1) For t less than B(c-l)l/C the hazard function is increasing

© the hazard function is decreasing. An

and for t larger than B(c—l)l/
application for which a hazard function with a single mode may be
appropriate is the distribution of latency times for a particular cancer
which has a period of highest risk, preceded and followed by periods of
lesser risk.

It has been shown that for finite k, regardless of the value of c,

the Burr hazard function approaches zero as t tends to infinity. However,

. ’
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/c

as k approaches infinity the Burr scale parameter B approaches ewkl
When the asymptotic formula for B is substituted into equation (2.9),

the Burr XII hazard function becomes

AE) = (e/8,)(t/0,) 1 /Ky (2/6, )Y, (2.12)
where
limit A(t) = (c/8,)(t/8 )" . (2.13)
k = o«

The expression in (2.13) is the hazard function corresponding to the
Weibull distribution. Therefore, for large k and c larger than one, the
Burr hazard function like the Weibull hazard function increases as
(t/ew)c_l. It can be shown alternatively that the Burr XII hazard
function is increasing over all t when c is larger than one and k is
tending to infinity. The asymptotic formula for the mode of A(t) is
equal to Owkl/c(c-l)l/c, where B has been replaced by ewkl/c. The mode
approaches infinity as k approaches infinity and, hence, A(t) is every-
where increasing. The hazard function in this case is appropriate for
a population in which there is an aging process that increases the rate
of death.

2.2.3 Testing the Adequacy of the Fit of the Weibull Model
Against Burr XII Alternatives

The model selection problem is formulated in terms of a hypothesis
test. Under the null hypothesis the Weibull distribution is assumed and
under the alternative hypothesis the more general Burr XII distribution

is assumed. That is,

C
H.: P{Tst} 1-exp{-(t/6 ) "}

0 Foltic,,8.)

1-{1+(e/8)1 7K (2.14)

H,: P{Tst}

Fl(t;c,k,B)
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where the Weibull parameters ., and ew and the Burr parameters c, k, and
B are positive and t represents the non-negative failure or survival
time to be modeled. Rodriguez [1977] modified the Burr parametric con-
straints to require that ¢ and k are both non-negative and that their
product, ck, exceeds four to insure that the first four moments are
finite. Unlike the method of moments used by Rodriguez, the method of
maximum likelihood will not require such restrictions in later applica-
tions.

It has been shown in Section 2.2.1 that the Weibull distribution
is nested within the Burr Type XII family as a special limiting case of
the shape parameter k. A standard approach for testing the fit of nested
families of distributions is the generalized likelihood ratio test
utilizing maximum likelihood estimates of the parameters. The family
embedded in the more general distribution may be defined in terms of a
subspace w of the overall parameter space {i to which p constraints have
been applied. If §Q and §w are maximum likelihood estimators of the
parameter vector 9 in § and w, respectively, then Wilks t1938] has

shown that under certain regularity conditions the statistic

A= -2en{L(8 )/L(B)} (2.15)
is asymptotically distributed as a chi-square random variable with P
degrees of freedom, where L(*) is the likelihood function and 2n(*)
denotes the natural logarithm.
The question arises whether the statistic A obeys the chi-square
law for large samples when discriminating between the limiting Weibull
and Burr distributions. The difficulty is that the subspace w, corres-

ponding to the Weibull distribution and defined by the limit value of k
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being infinite, forms part of the boundary of the parameter space {
corresponding to the Burr distribution. This question is considered

further in the next section.

2.2.4 The Log-Generalized Gamma Distribution: A Parallel Case

Prentice [1974] considered the fit of the lognormal distribution
embedded in the more general class of generalized gamma distribution.
As discussed in Section 1.3.2 the lognormal model is a limiting special
case as k approaches infinity of the generalized gamma distributions.
Prentice preferred to model the natural logarithm of a generalized
gamma variate since it follows a location-scale distribution. He
derived the unique parametric transformation q = k—l/2 which maps the
limiting normal model (on the logarithmic scale) to the origin and extended
the log-generalized gamma model to include negative q in a smooth manner
by reflecting the error probability density function at fixed q about
the origin. Analytic results concerning the mean and the variance of
the log-generalized gamma variate enabled Prentice to express the model
in terms of a standardized error quantity. The model expressed in final
form is

lql{or(q‘z)}'lexp(wq'z—ew) ;3 q=0

f(y=nt;a,0,q) = (2.16)

(ZHGZ)—I/Zexp{-(Y-G)Z/ZGZ} 3 a=20,

where w = (y—a)0-1q+u* and u* is the digamma function, Y(k) = d&nT(k)/dk.
Farewell and Prentice [1977] applied a test of the adequacy of the

fit of the lognormal model to a number of data sets from the medical and

industrial literature, which is based on the generalized likelihood

ratio given by
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(2ﬂ82)-l/zexp{-(yi-a)z/Zaz}

o

s (2.17)

A

A A A_2 _1 AA_2
la]{oT(q )} “exp(wq “-e")

s as
[

ot

A

where w = (yi—a)a-la + W(a_z)-

As in the case of discriminating between the Weibull and Burr
distributions, the parameter 'subspace' corresponding to the normal
model (®,0,q=0) lies on the boundary of the parameter space correspond-
ing to the log-generalized gamma model. In support of the application
of the chi-square distribution with one degree of\freedom as the limit-
ing distribution of the test statistic -2nR at q equal to zero, Prentice
[1974] investigated whether the first and second partial derivatives of
fn f(y;o0,0,q) exist when q is equal to zero.

The log-density for y from (2.16) for non-zero q is given by

fn £(y;0,0,q) = &n|q|-%no-2nT(q"2) + wq 2-e® (2.18)
from which
3nf/3a = qo T (e"-q"%) , (2.19)
9inf/30 = o (e¥-q"%) (w-u*) - 071, (2.20)
- - - - *7
adnf/dq = q 1-2q 3(w—u*)—(ew—q 2){(w—u*)q 1-20 q 3}, (2.21)

- * -
where u* = y(q 2) and 0 2. V' (q 2), that is, the digamma and trigamma
functions, respectively. As k approaches infinity, the asymptotic

*
formulae for p* and o 2 are given by
-2, . -2 2 4
Y =9(Q ") = &n(q ) - q/2 - q /12 (2.22)
and

* -
62 =y(q?) 2 g%+ g2+ q%6 . (2.23)
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* -
Substitution of the asymptotic formulae for u* and o 2 and (y-o)o 1q+u*
for w in (2.18) through (2.21) leads to the following limits as q

approaches zero:

limit [3%nf/3a] = (y-a)o 2 (2.24)
qQ+0
limit [3n£/30] = (y-a)20™3 - o1 (2.25)
qQ~>0
limit [3%n£/3q] = (y-a)/20 - (y-0)°/60° . (2.26)
q+0

Since (2.24) and (2.25) can also be obtained by differentiating
Inf(y;n,0,q=0) with respect to o and o, respectively, it is concluded
that the first partials of nf exist at q equal to zero. Similarly, the
second partials of the likelihood function corresponding to the log-

generalized gamma model can be shown to exist at q equal to zero.

2.2.5 Maximum Likelihood Estimation Under the Burr Type XII Model

The density function of the Burr Type XII distribution is given by
£(t;c,k,B) = (ck/B) (t/8)° M1+ (e/p)Sy (1) (2.27)

for positive ¢, k, and B and non-negative t. The corresponding log-

likelihood equation for a random sample of size n is given by

n
gnl(c,k,) = ] #nf(t ;c,k,B)
i=1
n n
ngnc+ngnk-negng+ (c-1) J an(t,)-(ks1) ] 2nl1+(t./8)}. (2.28)
i=1 i=1

It was shown in Section 2.2.1 that under the Weibull model the scale
parameter B of the Burr Type XII distribution obeys the functional

relationship
8 = ewkl/c ) (2.29)

where ew denotes the Weibull scale parameter and ¢ and k are the Burr
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shape parameters. If this constraint on the Burr scale parameter B is

substituted in the log-likelihood equation (2.28), the following equation '

is appropriate in the neighborhood of the null hypothesis:

n
tnL, (c,k,8=0 k') = ngnc-nctnd +(c-1) J an(t.)
H0 W w i=1 1

n
-(k+1) } n{1+(1/k)(t./6 )} .
i=1 vy

(2.

Differentiation of (2.30) with respect to ¢, k, and Gw gives rise

to the first partial derivatives:

[od
n o (t,/6)n(t, /8, )

n
anL, /3c = n/c-nnf + J§ fn(t.) - {(k+1)/k} )
Ho 1= B i=1 {1+(1/k)(ti/6w)°}
n n (t./6 )C
fnLy /3k = - J n{1+(1/k)(t./6 )} + {(k+1)/k} ] = ¥
0 i=1 v i=1 {k+(t,/6 )}
1 w
c-1
n (t,/8,)

onL, /36 = -nc/6 + {c(k+1)/k6 } T .
LHo W v Woi=1 {l+(l/k)(ti/6w)c}

The evaluation of the limit of each of the first partial derivatives

(2.31) through (2.33) as k approaches infinity results in the equations:

limit [BJZ,nLH /ac]
0

k » i=1 i

limit [B,QnLH /9k] = 0
k » o 0

i C
ilmlt [3%nL, /86 ] = -nc/e _ + (c/8,) .Z (1,780 .
> o 0 i=1

(2.

n n
n/c - nn  + 'Z tn(t.) - .Zl(ti/ew)czn(ti/ew) (2.

(2.

These results show that in the neighborhood of the null hypothesis the

likelihood equations for the Burr distribution approach those of the

30)

.32)

33)
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Weibull distribution since equations (2.34) and (2.36) are the first
partial derivatives of the Weibull model with respect to Cy and Gw.
Moreover, the first partial derivative associated with the parameter k
approaches zero as k approaches infinity. This tends to suggest that
the Burr system of likelihood equation does in fact approach a limit
which corresponds to the Weibull system of likelihood equations.

The second partial derivatives of (2.30) with respect to c, k, and
6 are given by:

W
c 2
n (ti/ew) {Kn(ti/ﬁw)}

azanH /ac? = cnse? - {k+1)/k) 7 L (2.37)
0 i=1 {1+(1/k)(t./8 )"}
1 w
2 c
n (t./6 ) n (t./8 ){k“+2k+(t./8 )}
azanH Jok? = - Ll —- 1 1 2” - ; Y (2.38)
0 i=1 {k +k(ti/6w) }oi=1 {k +k(ti/6w) }
n (t,/8 ){1+c+(1/K) (t./6 )€}
azanH /362 = nc/02 - {e(ke1)/kol} | —2 ¥ iw (2.39)
0 W i=1 {1+(1/k)(ti/6w)c}

Then the evaluation of the limit of each of these second partial deriva-

tives as k becomes unbounded results in the following equations:

linit (3%nL, /82 = -n/c? - § (6./6)%0n(x./60)2  (2.40)
H . i’ 7w i’ w .

k > 0 i=1

2 2 tt
limit [87%nL, /3k"] = - _Z (t;/8,) (2.41)
k » o 0 i=1
limit [azan /aez] = nc/e2 - {c(c+1)/92} 3 (t./6 )¢ (2.42)
K - oo HO w w whoioy i’ 7w ’ )

Equations (2.40) and (2.42) are identical to the second partial deriva-
tives with respect to Cy and Sw of the log-likelihood function for the

Weibull model.
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2.2.6 Generalized Likelihood Ratio Test for Discriminatiqg
Between the Weibull and Burr XII Distributions

In view of the results of Section 2.2.5 two forms for the
generalized likelihood ratio test are proposed for discriminating
between the Weibull and Burr Type XII distributions. Amalogous to the
approach taken by Prentice [1974] the adequacy of the Weibull model may

be evaluated by computing the ratio of maximized likelihoods given by

L (t;c ,6)
v __u , (2.43)
)

w
LB(t;c,k,B

where Lw(-) and LB(°) denote the likelihood functions for the Weibull

and Burr distributions, respectively. The results of Section 2.2.5

suggest that the test statistic Aw = -22n(Rw) may behave as a chi-square

random variable with one degree of freedom for sufficiently large samples.
An alternative form of the generalized likelihood ratio test depends

upon the likelihood functions under a restricted Burr model and the

usual unrestricted Burr model. By imposing the constraint

(2.44)

B = ewkl/c ’
where Gw is the scale parameter under the Weibull model, B is the
scale parameter, and c and k are the shape parameters under the Burr
model, the Burr distribution may be restricted to the Weibull region.

Since the true value of ew is normally unknown, it may be estimated by

6w' Then the ratio of maximized likelihoods is specified by

Lo (6. K,8=8 K1)
R& = — , (2.45)
Lg(c,k,B)
where LRB(-) and LB(~) denote the likelihood functions for the restricted

Burr and unrestricted Burr distributions, respectively. The test
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statistic A& = —22n(R&) may be distributed asymptotically as a chi-
square random variable with one degree of freedom. In the context of
testing standard exponential data, this question is investigated further

by simulation in Chapter VI.

2.3 Assessing the Fit of the Weibull Distribution
with Known Shape Parameter

In some applications an investigator may find it useful to be able
to test whether a set of survival data obeys the Weibull probability
law with known shape parameter o0 VETsus the more general Burr XII

distribution. The null cumulative distribution function is given by

c
HO: P{T<t} = Fo(t;cw0,9&)= l—exp{-(t/ew) wO} (2.46)

for positive .0 and 6 and the alternative cumulative distribution

function is

le P{T<t} = Fl(t;c,k,B) = 1-(1+(’c/8)c).k . (2.47)

for positive ¢, k, and B, and non-negative failure or survival time t.

c
Under the null hypothesis the transformed random variable T'=T %0 as

the exponential distribution with scale parameter ew (see Johnson and
Kotz [1970, p. 250]). Alternatively, if the Burr XII distribution with
shape parameters ¢ and k and scale parameter 8 is the true underlying
distribution for T,then it can be shown that the transformed variable T'

has the cumulative distribution function

-k
P{T' <t} = 1-{1+(t/BCW0)C/CWO} (2.48)

»

c
where c/c k, and B wo are each positive. The expression in (2.48)

w0’
is the cumulative distribution function for the Burr XII distribution
c

with shape parameters c/cw and k, and scale parameter B wO’ Therefore,

0
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c
through a power transformation of the data, namely t'=t wO’ the test for

discriminating between the Weibull distribution with known shape parameter ‘
0 and the Burr XII distribution may be reduced to a test for discrimi-
nating between the exponential distribution and the Burr XII distribution.

This case is addressed in Section 2.4.

2.4 Assessing the Fit of the Exponential Distribution

The test is formulated in terms of the set of hypotheses:

HO: P{T<t}

Fo(t;ee) = 1—exp{—(t/6e)}

H : P{T<t}

Fl(t;c,k,B) = 1-{1+(t/6)c}'k , (2.49)

where ee, ¢, k, and B are positive model parameters, and t represents
the survival or failure time to be modeled. As indicated in Table 1.2
the exponential distribution is the limiting case of the Burr XII distri- . v
bution as k approaches infinity with c equal to one. The proof for the
standard Weibull case, which was given in the series of equations
labeled (2.1), generalizes to the standard exponential case by setting
the Burr shape parameter c equal to one. For the non-standard case,
with location parameters still assumed to be zero, the Burr XII distri-
bution has the exponential distribution as its limiting case when the
following two constraints are placed on the Burr parameters:

(i) c=1

(2.50)
(ii) k » « and B + = such that ee = B/k remains finite,

where ee denotes the exponential scale parameter. The second restric-
tion is obtained from (2.29) by replacing ¢ with one.
When these two restrictions are placed on c¢c and B in the Burr XII

log-likelihood equation shown in (2.28), we obtain the equation .
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n
anHO(c=1,k,s=eek) = -nfng_ - (k+1£§1 fn{1+(t./6 K)} , (2.51)

which is appropriate in the neighborhood of the null hypothesis. Differ-

entiation of (2.51) with respect to k and ee results in the first partial

derivatives:
n n (t./8 )
gLy /3k = - ] an{is(t,/8. 00} + (k1) [ — 1 © (2.52)
0 i=1 roe i=1 {k“+k(t./6 )}
1 €
n (t./6°)
Snly /96, = -n/8, + (k+1) R (2.53)
o °© © i=1 {k+(t,/6_))

The evaluation of the limits of (2.52) and (2.53) using L'Hospital's

rule as k approaches infinity gives rise to the equations:

limit [3%nL, /3k] = 0 (2.54)
k > o 0

E 5
limit [98%nL, /98 ] = -n/6_ + (t./6) . (2.55)
K > o HO e e i=1 1" e

The limiting expression in (2.55) is the likelihood equation for the
exponential model. This result combined with the result in (2.54) which
shows that the first partial derivative associated with the parameter k
approaches zero as k approaches infinity, suggests that the Burr system '
of likelihood equations subject to the constraints in (2.50) does
approach the exponential likelihood equation. It may also be shown that
the second partial derivative of (2.51) with respect to ee approaches
the second derivative of the exponential log-likelihood function.

Hence, it has been demonstrated that there is sufficient regularity
for the log-likelihood function for the Burr XII distribution to be twice

differentiable at the exponential boundary of §! defined by ¢ equal to
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one and unbounded k. It is anticipated that the test statistic

Ae = —22n(Re), where

R = __¢ € (2.56)

and Le(~) énd LB(') denote the likelihood functions for the exponential
and Burr distributions, respectively, behaves as a chi-square random
variable with two degrees of freedom for sufficiently large samples.

An alternate form of the geperalized likelihood ratio test for the
exponential distribution versus the alternative Burr XII distribution
utilizes the maximized likelihood functions under a restricted Burr
model and the usual unrestricted Burr model. By imposing the two
parameter constraints c¢ equal to unity and £ equal to eek, the Burr XII
distribution is restricted to the exponential region. When the true
value of ee is unknown, it may be estimated by the maximum likelihood

estimator

~ R
8 =n yot., (2.57)

with uncensored samples (see Gross and Clarke [1975, p. 52]) and by
A ;4 n, n-n,
8, =n [.Z t o+ .Z T, ] (2.58)
i=1 1=1

with censored samples for which there are n, failure times represented

1

by ti and (n-nl) censoring times represented by Ti (see Gross and Clarke

[1975, p. 55]). Then the test statistic Aé = —22n(Ré), where

R! = (2.59)

and LRB(-) and LB(-) represent the likelihood functions for the restricted
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Burr and unrestricted Burr distributions, respectively, may behave
asymptotically as a chi-square random variable with two degrees of free-
dom corresponding to the two parametric restrictions. The distribution
of Aé is examined by means of a simulation in Chapter VI.

Thoman, Bain, and Antle [1969] developed an exact test for the
power parameter C_ of the Weibull distribution based upon the pivotal
function Ew/cw, which was briefly discussed in Section 1.3.1. Monte
Carlo methods were employed to obtain the exact distribution of éw/cw
for sample sizes 5(1)20, 22(2)80, 85(5)100, 110, and 120. Klimko,

Antle, Rademaker, and Rockette [1975] showed that the test for exponen-
tiality (c=1) nearly achieves the upper bounds for the power of any scale
invariant test for exponentiality against Weibull alternatives. There-
fore, once it has been established by the methods of Section 2.2.5 that

a set of survival or failure data are distributed according to the
Weibull distribution an alternative way of testing for exponentiality is
to use the exact test based on Gw. It should be recognized that the exact
test will provide greater power since the alternate distribution is the
Weibull rather than the more general Burr XII distribution. Thoman

et al. [1969] present the power of their exact test which depends on the
ratio ch/cwO (cwi’ i=A, 0, represents the Weibull power parameter under

Hi), the significance level a, and the sample size n.



CHAPTER I11
SPECIAL CONSIDERATIONS FOR FITTING THE BURR TYPE XII

DISTRIBUTION BY MAXIMUM LIKELIHOOD TECHNIQUES WHEN
THERE ARE COVARIABLES AND CENSORED OBSERVATIONS

3.1 Introduction

A solution for the Burr XII system of likelihood equations must be
obtained using some iterative technique. In the examples of subsequent
chapters the FORTRAN subroutine MAXLIK, developed by Kaplan and Elston
[1972], has been used to perform a direct search of the likelihood
surface by successively fitting parabolas to points on the likelihood
surface. In some analyses the direct search method is followed up by a
numerically based Newton-Raphson iterative procedure to confirm the
maximum likelihood estimates. MAXLIK incorporates the option of specified
functional relationships among the parameters which are to be maximized.
Therefore, it is possible to restrict the Burr XII distribution to the
Weibull or exponential regions by imposing the functional relationships
of (2.29) or (2.50), respectively.

In this chapter attention will be directed to special topics which
arise when fitting the Burr Type XII distribution using MAXLIK. Specifi-
cally, a reparameterization of some of the distributional parameters,
which reduces the number of iterations required for convergence, is
presented in Section 3.2. Section 3.3 contains a discussion of how to
obtain initial estimates of the model parameters. Finally, methods for
incorporating concomitant variables as well as censored observations are

discussed in Sections 3.4 and 3.5, respectively.
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3.2 Reparameterization of the Burr XII Parameters

It has been shown theoretically that as the Burr XII distribution
approaches the Weibull or exponential regions, the shape parameter k and
the scale parameter B each approach infinity. In the actual fitting of
the Burr XII distribution to data the likelihood surface in each of
these regions has been observed to be extremely flat. Moreover, k and
B are highly correlated, which is to be expected since B approaches
infinity according to the parameter constraint B = kal/c or B = eek,
depending on whether the data are Weibull or exponential, respectively.

Two reparameterization schemes have been considered which reduce
the number of iterations required for convergence. Transformation of

the parameters k and B to
1
and B! = = (3.1)

implies that in the Weibull region k' and B' approach the finite point,
zero, rather than infinity. Consequently, it has been observed that in
general (but not always) when the data appear to behave as Weibull or
exponential data, the redefined parameters in (3.1) are estimated with

fewer iterations.

A second reparameterization, which involves a transformation of
the parameter regions for k and B from (0,~) onto (0,1) by the

reparameterization

and g* = -5 (3.2)

is even more effective in reducing the number of iterations required for
convergence. However, it has also been found that in some cases this
reparameterization is not precise enough, giving maximum likelihood

estimates and maximized log-likelihood values which differ from those



56

computed with k and B. 1In the examples of Chapter IV this was found to ‘
be so and, hence, the parameters expressed in (3.1) were used. But in

the analyses of Chapter V the parameters k* and B* of (3.2) were found

to work well. Hjorth [1980] suggested the reparameterization of (3.2)

as a means for handling highly correlated parameters which tend to

compensate each other. In the case of the Burr XII distribution, it

appears that k* énd B* are still highly correlated in the Weibull and
exponential regions.

To demonstrate the effectiveness of these transformations a
comparison between the number of iterations required for convergence
under the three parameterizations for 200 simulated standard exponential
observations is summarized in Table 3.1. Although this is only one data

set, these results are typical of those of other analyses.

3.3 Initial Estimates .

The subroutine MAXLIK, like most iterative procedures, requires
that initial estimates of the model parameters be supplied. When the
data sets are large or when there are many covariables under investiga-
tion, each iteration can be quite costly. Therefore, savings can be
realized by having good initial estimates.

Since it is of primary interest to test the suitability of the
Weibull or exponential distributions, it is advantageous to have initial
estimates for the Burr XII parameters which are in the Weibull or
exponential regions. Due to the inclusion of the exponential distribu-
tion in the Weibull family, no loss of generality is introduced by
choosing initial estimates in the Weibull region. Hence, maximum
likelihood estimates of the Weibull parameters, c, and Gw, provide .

initial estimates for the Burr parameters.
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Mann, Schafer, and Singpurwalla [1974] recommend the use of two-
order-statistics developed by Dubey [1967] as initial values in the
iterative solution of the Weibull likelihood equations. Dubey's statis-
tics, which estimate the Weibull shape and scale parameters, respectively,

are given by

. -1
Cw = 290X 15 9737n741y} 20X (10 1673041y ] (3.3)
and
6% = exp[0.441 Q“{X([o.3978n]+1)} + 0.559 2n{x([0.8211n]+1)}]’ (3.4)
where X

(1),...,X(n) are the ordered sample observations, [pn] denotes

the largest integer not exceeding pn, and n is the sample size. These
statistics are simple to compute, but are not as efficient as maximum
likelihood and best linear invariant statistics. Dubey determined that
c; is asymptotically 66% efficient when compared with the maximum like-
lihood estimator, and it is asymptotically superior to the moment
estimator proposed by Menon [1963], based on all n observations of the
sample. The estimator 9; of the Weibull scale parameter is 82% efficient
when compared with the maximum likelihood estimator.

In the case of progressively censored samples, Mann, Schafer, and
Singpurwalla [1974] again recommend the use of Dubey's two-order-
statistics as long as the sample size is nearly complete and is at least
as large as 80. In the examples of Chapter V, which include censored
observations, the sample sizes all exceed 140 and the smallest proportion
of failures among failure and censored observations is 0.81. Therefore,
for progressively censored data the censored observations will be

disregarded in the computation of Weibull initial estimates based on

(3.3) and (3.4).
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The initial estimates for the iterative solution to the Weibull
likelihood equations, based on Dubey's two-order-statistics, are pre-
sented in the first column of Table 3.2. It is reasonable to assume at
the outset that the vector of parameters for the covariables is equal to
the null vector. Depending upon the outcome of the Weibull fit, dnd spe-
cifically on ew, it may be desirable to test whether the data are exponen-
tially distributed. Since it is necessary to obtain ée iteratively (in
the presence of explanatory variables) in order to specify the Burr scale
parameter constraint, B = éek, which defines the restricted Burr log-
likelihood equation in (2.51), an optional exponential model may be fit.
The initial estimates for the parameters of the exponential model are
based on the Weibull maximum likelihood estimates, as illustrated in the
second column of Table 3.2.

It was shown in Section 2.2.1 that in the Weibull region the Burr
shape parameter, denoted by c, corresponds to the Weibull power parameter

/c

c,» and the Burr scale parameter B is equal to ewkl , where ew is the

Weibull scale parameter and c¢ and k are the Burr shape parameters. Hence,
the Burr initial estimates o and BO are set equal to Ew and @wkl/cw,
respectively. Major Greenwood's [1946] results in working with a
Pearsonian curve (see Section 2.2.1) suggest that for k larger than 10
the Burr XII distribution is very closely approximated by the Weibull
distribution. The resultant initial estimates for the Burr parameters
which correspond to the Weibull region are given in the third column of
Table 3.2.

The initial estimates for the parameters of the restricted Burr
models, which are constrained to the Weibull and exponential regions

according to the log-likelihood functions in (2.30) and (2.51), are based

on the maximum likelihood estimates obtained from the unrestricted Burr,
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Weibull, and exponential models. These initial estimates are given in

the fourth and fifth columns of Table 3.2.

3.4 Incorporating Covariables in the Burr Type XII Hazard Function

In survival analyses it is often desirable to compare the mortality
experience of individuals who are known not to be comparable with
respect to a covariable such as the age at first exposure to a known
carcinogen, the amount of exposure, or the duration of the exposure.
One method for handling such situations would be to categorize individuals
based on their values of the covariable and then to make comparisons of
interest within these categories. Small sample sizes would require wide
categories which might not fully adjust for the covariable. Furthermore,
the sample sizes often met in practice would not facilitate the simul-
taneous categorization and analysis of more than just a few covariables.
Therefore; for non-homogeneous populations, it may be more beneficial to
incorporate covariables directly into the model.

A regression-type approach toward the inclusion of covariables in
a survival model is based upon the following form of the hazard function
defined in (2.7):

Mrgoz) = X (eh(z 1) (3.5)

where 2, represents the column vector of covariable values for individual i,
Y is a row vector of unknown model parameters, h(e¢,*) is some function

~

of z, and vy, and Xo(t) is a function of time corresponding to the hazard
function for the standard set of conditions Zi=0 and thus known as the
underlying hazard function.

Fiegl and Zelen [1965] first proposed this method of adjustment of

the hazard function for covariables. Of the three functional forms
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YZ.
considered by these authors for h(zi,y), namely e~~l, (1+yzi) and
~i’e Yz, -
(1+Yzi)-1, Kalbfleisch [1974] recommended e~ ! since it allows Y to

assume any value, whereas in the other two functionsrz must be restricted
to ensure that X(ti,gi) is non-negative. A weakness of the regression-
type models, as they are commonly/used with 25 not dependent on time, is
that they require hazards for individuals with different covariable
values to be in constant ratio over time regardless of the form of Ao(t)

(see Taulbee [1979], page 440). Hence, they are usually referred to as

proportional hazard models.

Glasser [1967], like most investigators, assumed Ao(t) to be con-
stant, which corresponds to taking the survival time for each individual
to be exponentially distributed. The mean survival time can differ
among individuals. Glasser found this set of assumptions to be reason-
able when the aging effect in a population is of negligible importance,
such as when the mortality rates are high, when the population is young
or "ageless', or the follow-up time is relatively short. However, in the
case of chronic diseases this is usually not a reasonable assumption.
Although preliminary results on advanced lung cancer patients suggested
an exponential survival function, Prentice [1973] initially considered
Ao(t) to be the more general Weibull hazard function and then tested for
exponentiality using methods discussed in Section 1.3.1. Cox [1972]
developed a very robust method of estimating survival times based on (3.5)
which allows Ao(t) to be unspecified. This method is not affected by

transformations on ti since it uses the ranks t(i)'

In order to accommodate covariables in the Burr XII model, it will be
assumed that the hazard function has the form of equation (3.5), where
Yz,
h(fi,x) is taken to be e . Chapter IV considers an alternative method

for incorporating a vector of covariables in a model for accelerated life
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tests. Replacement of the underlying hazard function Ao(t) in (3.5) by
the Burr XII hazard function giveﬁ in (2.9) results in the following form

for the proportional hazard function:

ck(t,/8)"" exp(yz,) .
ACt.,2,) = —a ~~ (3.6)
1 ~1

c
Bl1+(t,/8)°}
Using equation (2.8), which relates the hazard function to the density
function f(t) and the survival function S(t), the survival function
can be expressed in terms of the hazard function according to the
fundamental relationship

t

i
S(t;,z,) = exp{ - é A(u,z,)du} . (3.7)

Thus, the survival function corresponding to the Burr Type XII

distribution is
S(t;,2;) = exp[-k exp(yz;)an{1+(t,/8)"}] . (3.8)

The density function may be obtained by differentiating (3.8) and

changing the sign, which in the case of the Burr XII model becomes

cktf-lexp(yzi) .
—— exp[-k exp(yz, )an{l+(t./8)"}], (3.9)

f(t.,z.) =
- S TI OV IR
for positive ¢, k, and B8, real vectors y and Z.s and non-negative t.

The corresponding log-likelihood equation for a random sample of size n

is given by

n
enLl(c,k,B,Y) = [ n f£(r;,z,)

i=1

n n
= nink + ngnc-nc{nf+(c-1) z ln(ti)— Z 2n{1+(ti/8)c}
i=1 i=1

n
-k 7 exp(zgi)ln{l+(ti/8)c} . (3.10)
i=1
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In fitting the above likelihood equation it is necessary for numer-
ical reasons to adjust the components of the vector z; for their
respective sample means. That is, if gij represents the value of the jth

covariable for the ith individual, in equation (3.10), zij should be

replaced by

1zij . (3.11)

N
3
1]
N
|
N
]
.I
It~

Fiegl and Zelen [1965] and Cox [1972] suggested this as a convenient
reparameterization, while Glasser [1967] defined the components of 23 to
be adjusted for the respective sample means in the proportional hazard
function specified in (3.5). When fitting the log-likelihood equation in
(3.10), it has been found that unless z; is replaced by

z¥' = [z%¥ |, z¥ , ...,z¥ ], computational difficulties result in the
~1 il i2 ir

last term of (3.10).

3.5 Censored Observations

In survival studies it is common for individuals to enter a study
at different times depending, for instance, on the time of medical
diagnosis or environmental exposure. Therefore, the length of follow-up
after entry to the study is usually different for each patient. Simi-
larly, in industrial applications when the date of installation of equip-
ment varies, the follow-up periods differ. Also, it frequently becomes
necessary to terminate a survival or reliability study before all of the
patients or test units have exhibited the condition under study. Thus,
progressively censored samples are frequently encountered in survival
analyses or reliability studies, and methods of analysis must accommodate
censored observations.

Based on Bartholomew's [1957] development for the progressively

censored case, the contribution to the likelihood function for the ith
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individual is given by

f(t.) ; O<t.<T.
i i

Qi(t.) = s (3.12)

1 -
S(t;) 5 t>T,

where f(*) and S(+) denote the probability density and survival
functions, respectively; ti is the failure time and Ti is the maximum

period of observation for patient i, namely,

Ti = (study termination date - entry date) . (3.13)

Then the likelihood function corresponds to

1-6.

S.
L(*) = [£ct] st (3.14)

n
1=

1

where Gi is an indicator (of observed failure) variable defined by

1 ; O<t.<T,
11

S, = . (3.15)

0 ,; t.>T,
i'i

In the case of the Burr Type XII distribution where there are no
explanatory variables, the log-likelihood function derived from (3.14)

becomes

n
#n{L(c,k,B)} = } 8;an{f(t;;c,k,8)}
i=1

n
+ ) (1-8)en{S(t 5c,k,8)} , (3.16)

i=1

where f(t;c,k,B) is given in (2.27) and S(t;c,k,B) may be shown to equal

S(t;e,k,B) = {1+(t/8)c}'k . (3.17)
When there is a vector of covariables associated with each observation,
equations (3.9) and (3.8) may be substituted in (3.16) for

f(ti,zi;c,k,B,Y) and S(ti,gi;c,k,B,Y), respectively.



CHAPTER 1V

APPLICATION OF THE BURR XII DISTRIBUTION
TO ACCELERATED LIFE TESTS

4.1 Introduction

It is often not feasible to measure the reliability of a product
or material under normal operating conditions due to the length of time
required to observe some minimum number of failures. Even if it were
possible to conduct a life test over a sufficiently long time interval,
the rate of technical advance is frequently so great that the product
would be obsolete before its reliability had been measured. Therefore,
accelerated life tests are used to gain reliability information quickly
by subjecting test units to conditions that are more severe than normal
ones. These accelerated conditions are typically produced by increasing
the voltage, temperature, vibration, pressure, cycling rate or load, or
some combination of these. The goal of accelerated life tests is to
make inferences for the life distribution of the product under normal
conditions from results obtained under extreme testing conditions.

In order to make extrapolations it is necessary to have a model
which relates the underlying lifetime distribution, determined by the
basic physical process of failure, to the testing environment. The
validity of such a model will depend strongly on the validity of the
underlying distribution of failure times under constant environmental
conditions. In this chapter the Burr XII distribution will be used to

determine an appropriate underlying distribution for accelerated life
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data. Two competing Burr models will be discussed which correspond to
two different methods for incorporating covariables representing the
accelerated conditions into a failure distribution. Data from an
accelerated life test; performed to measure the time to breakdown of an
insulating fluid subjected to various elevated voltage stresses, will
serve as an illustration. These data were first published by Nelson
[1970].

4.2 Two Contrasting Models for Incorporating Covariables (Accelerated
Conditions) in the Underlying Failure Distribution

4.2.1 A General Description of the Models

In order that the distribution of failure times at one level of
the accelerated condition (stress) may be related to that at another
level, it is necessary to assume that the basic physical process of
failure which determines the underlying failure distribution is the same
regardless of the degree of acceleration. This is likely to happen when
there is a single predominant mode of failure. While both models under
consideration make this assumption, they differ with regard to the
assumed relationship between the accelerated condition and the failure
process. Cox [1972] considered the proportional hazards model which
assumes that the aging process is independent of stress. 1In contrast,
the inverse power law model discussed by Nelson [1970] and Mann, Schafer,
and Singpurwalla [1974] assumes that the accelerated conditions influ-
ence the values of the parameters of the underlying failure distribution
in a known way. This model is closely related to the accelerated
failure time model of Kalbfleisch and Prentice [1980] which assumes that
the effect of the accelerated condition is multiplicative on time t,

altering the rate at which an individual or testing unit proceeds along
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the time axis. Cox [1972] discussed this model as well.

For validity purposes both models require that the stress value
falls within a certain range. For stress levels beyond these limits
different models may have to be assumed. In addition, both models
require that the underlying distribution is correctly specified.
Initially, it will be assumed that the underlying failure distribution
belongs to the Burr Type XII family. Then the appropriateness of the
Weibull or exponential distributions will be investigated. It will be
shown that for the Weibull and exponential special cases, the propor-
tional hazards model and the inverse power law model are equivalent.
Throughout the development of each model it will be assumed that only
one type of stress has been applied. However, the results may be easily

generalized to the case of a vector of accelerated conditions.

4.2.2 Model 1: The Proportional Hazards Model

Cox [1972] developed this model by assuming that the process of
aging in the test units is independent of the applied stress. He
further assumed that the stress acts multiplicatively on the hazard

function. Then the hazard function for the ith unit is given by

where AO(t) is the hazard function for the underlying failure distribu-
tion and h(si) is some function of stress denoted by s. If it is

further assumed that

h(s,) = siY , (4.2)

that is, that the conditional probability of failure varies as a power

of stress, the hazard function becomes
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Yzi

AMrg,z,) = Ag(tde * 4.3)

where z=£n(s) and Ao(t) represents the underlying hazard function at
s=1 or z=0. This is just the form of the hazard function with covariates
which was discussed in Section 3.4. This model assumes that there are
no cumulative stress effects.

If the underlying failure distribution is assumed to belong to the
Burr XII family, the form of the underlying function Ao(t) in (4.3) is
given by equation (2.9). When this is substituted in (4.3), the hazard
function becomes

ck(t;/8) exp(yz,)

A(ti,z.) =

—_— (4.4)
Vsl (e /8)°)

As discussed in Section 3.4, in actual model fitting z, = Rn(si) is
n
replaced by z; =z - z z,., the value of the logged covariate which

PR § |
has been adjusted for tﬁé sample mean on the logarithmic scale.
The log-likelihood equation corresponding to the hazard function
given in (4.4) is displayed as equation (3.10). Generalized likelihood
ratio tests defined in (2.45) and (2.59) may be performed to evaluate

the appropriateness of the Weibull and exponential distributions,

respectively, for the underlying failure distribution.

4.2.3 Model 2: Inverse Power Law Model

This model has been satisfactorily applied to accelerated life
test data on insulating fluids, capacitors, bearings, electronic devices,
and other products for which voltage is the stress variable. Nelson
[1970] discusses the inverse power law model used in conjunction with

an assumed underlying Weibull failure distribution. Mann, Schafer, and
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Singpurwalla [1974] discuss the model when the exponential distribution
is taken to be the underlying distribution. The basic assumptions of

the model are that:

(i) The severity of the stress variable does not change the
type of lifetime distribution, but the stress levels have
an influence on the values of the parameters of the

underlying distribution.

(ii) The relationship between the stress level, S;» and the
scale parameter © (6 under the Weibull distribution
represents the characteristic life; 6 under the exponential

distribution represents the mean 1life) is given by

0, = rsi'p , (4.5)

where r and p are unknown model parameters, r is positive,

and S; is within a certain acceptable range.
When the inverse power law model is used in conjunction with an under-
lying Weibull distribution, a further assumption is needed:

(iii) The shape parameter c¢ of the Weibull distribution is

independent of the stress level S;-
Mann, Schafer, and Singpurwalla [1974] determined that to obtain
estimates of r and p that are asymptotically independent, the inverse

power law in (4.5) must be amended slightly to

= )P
Oi r(si/s) , (4.6)
where § is a weighted geometric mean given by
k
k u./.Z u,
5= N (s,) r L (4.7)
. i
1=1

when there are u, test units assigned to the ith stress level.

Kalbfleisch and Prentice [1980] generalized the inverse power law

model to cases where the underlying failure distribution is not restricted
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to the Weibull family. By means of a log-linear model they derived the
following form of the hazard function with covariable z.

Yz. Yz,

A(tz,) = A (t e He 1 (4.8)

Cox [1972] suggested that this model is one of the simplest proposed
models for the effect of stress on the distribution of failure time.

If the covariable zs represents Qn(si), then (4.8) may be rewritten as
- Y Y
)‘(ti:si) - )\O(tisl )(Sl ) 1 . (4'9)

which is equivalent to the inverse power law model of Nelson [1970] and
Mann, Schafer, and Singpurwalla [1974], when it is assumed that AO(-)

is the Weibull or exponential hazard function. Kalbfleisch and Prentice
[1980] point out that in contrast to the proportional hazards model of
Cox [1972], which assumes that the covariable z, affects the hazard rate
multiplicatively, in the inverse power law model the covariable acts
multiplicatively on the failure time t, serving to accelerate (or
decelerate) the time to failure. Hence, these authors refer to this
model as the accelerated failure time model.

In order to fit the Burr Type XII distribution as the underlying
failure distribution in the inverse power law model, it is assumed that
the relationship between the stress level, Sy and the scale parameter
B of the Burr XII distribution is identical to the Weibull and expo-
nential cases. Then the Burr scale parameter is redefined as

.. P
Bi = rB(si/s) , (4.10)

where Ty and Py are unknown model parameters with the subscript "B"
denoting the values of the parameters under the Burr model, Ty is posi-

tive, Py is real-valued, and s, is within a certain acceptable range.
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In terms of Kalbfleisch and Prentice's [1980] form of the model, this
is equivalent to assuming that the underlying hazard in expression (4.8)
is the Burr hazard function given in (2.9). The hazard function for the

inverse power law model then is of the form

.\PB
ck pB tl (Sl/s) (C'l)
T, (5573 T,

B B

A(ty,s,) = (4.11)

1 +
Ty

P
..PB)
ti(si/s) }c
In the Weibull region the scale parameter, Tpo of the inverse

power law used in conjunction with the Burr distribution is related to

the scale parameter, T of the Weibull model according to the equation

_ 1l/c
T, = rwk . (4.12)

The parameter r , may be replaced by its maximum likelihood estimator,
T in the above expression when the restricted Burr model is fit.
Then, the ratio of maximized likelihoods for discriminating between the

Weibull and the Burr XII distributions, used in conjunction with the

inverse power law model is given by

A A A~ Al/e ~
L .(c,k,r,=T k »Ppn)
L (4.13)
LB(C’k’rB,pB)

where LRB(°) and LB(-) denote the likelihood functions for the restricted
Burr and unrestricted Burr distributions, respectively. As an extension
of the development in Section 2.2.5 it may be shown that in the Weibull
region the likelihood equations for the restricted Burr distribution,

used in conjunction with the inverse power law model, approach those of
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the Weibull distribution. This supports the assumption that the
statistic A& = -22n(R&) behaves asymptotically as a chi-square random
variable with one degree of freedom.

In order to test whether the underlying failure distribution is
exponential, the two Burr XII parameter constraints displayed in (2.50)
when incorporated in the inverse power law model become

1) c=1

(i) rg =Tk, (4.14)

where T, denotes the exponential inverse power law parameter defined in
(4.6), and c, k, and Ty are the Burr XII parameters for the inverse
power law model. When the Burr XII distribution is restricted to the
exponential region, the unknown parameter r, is replaced by its maximum
likelihood estimator, ;e’ under the exponential model. The ratio of
maximized likelihood functions for choosing between the exponential and
Burr XII distributions for the underlying failure distribution in the

inverse power law model is specified by

Lon(c=1,k,r.=7 k,p.)
R! = RB B e B (4.15)

A ~ ~

Lg(e,k,rp,pp)

where LRB(.) and LB(-) denote the likelihood functions for the restricted
Burr and unrestricted Burr distributions, respectively. Based on the
argument in Section 2.2.5, it is assumed that the statistic

Aé = -2£n(Ré) behaves asymptotically as a chi-square random variable

with two degrees of freedom. This point is examined further by simula-

tion in Chapter VI.
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4.2.4 The Equivalence of the Proportional Hazards and Inverse Power
Law Models when the True Underlying Failure Distribution
Belongs to the Weibull Family

Kalbfleisch and Prentice [1980] show that when the underlying

hazard, Ao(t), of the accelerated life test model is of the form

_ ¢ toc-1

the proportional hazards model defined in (4.3) and the inverse power
law model defined in (4.8), or equivalently in (4.9), are the same.
Their method of proof consists of solving for the subset of inverse
power law models for which the regression variable z acts multiplica-
tively on the hazard function. Denoting the proportional hazards and
inverse power law models by the subscripts 1 and 2, respectively, it is

required that
AOl(t)exp(le) = Aoz{t exp(yzz)}exp(Yzz) , (4.17)

for all (t,z). The equation in (4.17), when evaluated at z equal to

zero, becomes
AOl(t) = Aoz(t) (4.18)

for all t. Hence, AOI(-) and AOZ(-) in (4.17) may be replaced by the
common underlying hazard function AO(-). Then when z is set equal to

-Qn(t)/yz, the evaluation of equation (4.17) at that t gives

-(v,/v,)
w1 = xo(l)t’l . (4.19)
Then for all t
_ ¢ ,t.c-1

where

(4.21)
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Hence, the proportional hazards and inverse power law models are equiva-
lent only when the underlying failure distribution belongs to the Weibull
family, with the exponential distribution being a special case.

In the discussion of the Burr XII hazard function of Section 2.2.2
it was shown that when the Burr scale parameter B is replaced by 6wk1/c,
the functional form that it assumes in the Weibull region, the limiting
form of the Burr hazard function as k approaches infinity is that of
expression (4.16). Therefore, for large values of k when the underlying
failure distribution is assumed to be the restricted Burr distribution
constrained to the Weibull (8=9wk1/c) or exponential (B=6ek) regions,
the proportional hazards and inverse power law models are equivalent.

The first equation of (4.21) describes the relationship between
the covariate parameters, Yy and Yy for the proportional hazards and
inverse power law models, respectively. It should be noted that Yy
corresponds to y of equation (4.3), and Y, corresponds to p of equation
(4.5). When the Weibull distribution is assumed to be the underlying
failure distribution

Y, = P, - (4.22)

where ¢ is the Weibull shape parameter and the subscript '"w' denotes the
values of the covariate parameters under the Weibull model. As a special
case, when the underlying hazard is assumed to be the constant exponential
hazard and the Weibull shape parameter c is equal to 1, equation (4.22)
becomes

Yo = Pg > (4.23)
where the subscript '"e'" denotes the values of the covariate parameters
for the exponential distribution. These relationships between Yy and P,
and Yo and P, may be noted in the two accelerated life test examples of

Section 4.3.3.
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4.3 Analysis of Accelerated Life Test Data Representing Times to
Breakdown of an Insulating Fluid

4.3.1 Description of the Data

Under normal conditions the voltages to which insulating fluids
are subjected are so low that the average time to a breakdown runs
millions of years (Nelson, [1970]). Therefore, in a reliability study con-
ducted by the General Electric Company, elevated test voltages were used
to save time in observing the breakdown of insulating fluids. All test
units were run to failure and the voltages were held constant throughout
the testing period. The life test was conducted in a laboratory with a
pair of parallel plate electrodes of a fixed area and separation.

There are two sets of data which correspond to separate runs with differ-
ent purposes and experimental conditions. The separation between the
electrodes was constant but different for the two sets of data. The
purpose of the Run 1 data was to assess whether the underlying distri-
bution of time to breakdown at a constant voltage is exponential. These
data consist of 220 times to breakdown, measured at three voltage
stresses ranging from 34 to 36 kilovolts. The Run 2 data were intended
to be used to determine the relationship between the distribution of
time to breakdown and voltage stress. These data consist of 76 times
measured at seven voltage levels ranging from 26 to 38 kilovolts. The
four failure times equal to 0.00 in the Run 1 data were set equal to

0.005 in the analysis.

4.3.2 Discussion of Prior Analyses

Nelson [1970] fit the inverse power law model to these data.
Under the assumption that the underlying failure distribution belongs

to the Weibull family and using Nelson's parameterization, the fraction
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of the test units failing by positive time t under a constant positive

stress, v., 1s
i
F(t.,v,;k,m,n) = 1 - exp{-(kv't.)™} 4.24)
ioViskems ity 7o :

The methods of fitting which he employed are probability plots, least
squares, maximum likelihood, and linear estimates, which are discﬁssed
in Hahn and Nelson [1970]. A weakness of Nelson's [1970] analysis is
that he obtained model parameter estimates for each voltage level, vy
separately, and then solved for combined estimates. Through the use of
a number of graphical and analytical procedures, Nelson assessed the
validity of the power law model. In particular, he considered (i) the
assumed linear relationship between the mean of the extreme value
distribution of the log-failure times and the logarithmic stress;

(ii) the non-dependence of the Weibull shape parameter, m, on the level
of vis and (iii) the goodness-of-fit of the Weibull distribution for
constant vi.

With regard to the Run 1 data, Nelson found the exponential
distribution to provide an adequate overall fit to the data when the
three test voltages (34kv, 35kv, 36kv) are analyzed separately. However,
there appeared to be an excess of failure times at the lower tail when
35 kilovolts were applied. Nelson attributed this to difficulties
associated with measuring very short failure times. Four failure times
were recorded at 0.00, when in fact they were not zero, but less than
0.01 minute.

For the Run 2 data the combined maximum likelihood estimator for
the Weibull shape parameter is 0.752 with a corresponding 95% confidence
interval of (0.611, 0.924). Hence, an underlying exponential failure

distribution would be rejected for the Run 2 data set on the basis of



78

these findings. The maximum likelihood estimators for the power law

parameters, k and n, were

2.0730 x 10'28

=>
{]

and (4.25)

=1
]

17.4188 ,

respectively. Although a chi-square test gave no statistical evidence
that the Weibull shape parameter for the Run 2 data differs from one
voltage level to another, Weibull probability plots in Figure 5.4 of
Nelson [1970] suggest that the shape parameter for 32 kilovolts is
smaller than that for the other test voltages, indicating a possible
faulty experimental procedure. Finally, the assumed Weibull distribution
was found to adequately describe the underlying failure distribution,
based on a plot of the standardized model residuals shown in Figure 7.2
of Nelson [1970].

Farewell and Prentice [1977] fit a log-generalized gamma regression
modél, which is described in Section 1.3.2, to the logarithms of the
fluid breakdown times, with log-voltage serving as a regressor. Their
model, which assumes log-voltage, z,, to be linear in log-failure times,
is

y = En(ti) = Qo + Bzi + ow , (4.26)
where B is the paramet;r for the log-voltage covariable and w is the
error random variable. The probability dénsity function for the log-
failure time, y, is given in equation (2.16). The corresponding model
for t is given by (4.8), where the underlying hazard function, Ao(t),

is the generalized gamma hazard function.
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As discussed in Section 4.2.1, Kalbfleisch and Prentice's [1980]
log-linear model defined in (4.26) incorporates some aspects of the
inverse power law model of Nelson [1970]. Specifically, both models
assume that there is a linear relationship between log-voltage levels
and log-failure times. Consequently there is a close correspondence
between the 95% confidence intervals for the covariate parameter under
the two models. Farewell and Prentice [1977] reported the interval to
be (-20.77, -14.50) and Nelson [1970] reported it as (-20.86, -13.98).

A difference between the two analyses is that Nelson [1970] assumed
that the underlying failure distribution belongs to the Weibull family,
while Farewell and Prentice [1977] initially fit the richer log-
generalized gamma distribution. The latter authors subsequently tested
the appropriateness of the Weibull and exponential distributions as
special cases, using the generalized likelihood ratio tests discussed in
Section 2.2.4. It is noted that the parameter subspaces for the Weibull
and exponential distributions lie in the interior of the log-generalized
gamma parameter space. For the Run 1 data, Farewell and Prentice
rejected the Weibull distribution at the a = 0.05 significance level.
They attributed the inability of the Weibull distribution to model these
data adequately to the excess of small failure times. However, they
found no evidence against the Weibull model for the Run 2 data.

4.3.3 Determination of the Distributional Shape of the Run 1 and
Run 2 Data Using the Burr Type XII Distribution

Under the assumption that the underlying failure distribution
belongs to the Burr XII family, the proportional hazard function of
expression (4.4) and the inverse power law hazard function of expression

(4.11) were each fit to the Run 1 and Run 2 data. Summaries of the



iterative maximum likelihood solutions to the proportional hazards and
inverse power law models are presented in Tables 4.1 and 4.2 for the
Run 1 data and in Tables 4.4 and 4.5 for the Run 2 data. As discussed
in Section 3.3, the ordering of the analyses for a particular data set
is to initially fit the Weibull model and optionally the exponential
model, the unrestricted Burr, the Burr restricted to the Weibull
region, and then optionally the Burr restricted to the exponential
region. Each summary table displays the initial estimates of the
model parameters, the initial value of the log-likelihood function,
the number of iterations required for convergence, the maximum likeli-
hood estimates and corresponding value of the maximized log-likelihood
function, specification of the constraint placed upon the Burr scale
parameter in the restricted Burr models, and the value of the log-
likelihood function when the parameter for the covariate representing
the accelerated condition is set equal to zero under the best fitting
model.

A comparison of Tables 4.1 and 4.2 shows that for every one
of the succession of models fit to the Run 1 data, the maximized
log-likelihood values are identical for the proportional hazards
and inverse power law models. The equivalence of these two acceler-
ated life time models for the Weibull, exponential, and restricted
Burr XII distributions was demonstrated in Section 4.2.4. However,
the proportional hazards and inverse power law models are not neces-

sarily equivalent when the unrestricted Burr XII distribution is taken

to be the underlying failure distribution. The close agreement for these

data can be explained by the fact that for each of the accelerated



PROPORTIONAL HAZARDS MODEL FIT TO RUN 1 DATA

TABLE 4.1

Underlying Failure Weibull Optional Unrestricted Restricted Burr* Restricted Burr
Distribution Exponential Burr XII1* (Weibull Region) (Exponential Regior'
oo = 0.97 ¢ = 0.98 CO = 0.98 ¢ =1 (fixed;
- . . -9 v s 3 e 3
o ) ewn = 3.78 GeO = 3.58 ko = 1.0710 k' = 0.003 ko = 0.003
Initial Estimates _10
= = v= 2. ' = 0.0007 ' = 0.0007
on 0.00 \eO 10.96 g 0x10 80 0.000 EO 0.000
= [} = =
YO 10.96 YO 10.96 YU 10.%6
Initial . 10 5 19= _ep-n _eno _epa
Log- Likelihood 508.681¢ -502.1274 502.0514 502.0956 502.1556
Number of 16 10 5 13 10
Iterations
Maximized 5 5 _cqgn \ _ oS -
Log- Likelihood -502.0514 502.1179 502.0514 502.0514 -502.1178
Ew = 0.98 (0.05) ¢ =0.98 ¢ = 0.98 (0.05) c 21
~ ~ ~ _9 ~ el
= 2 = = ' ‘ rere N
Maximum Likelihood Gw 3.58 (0.26) Ge 3.60 (0.24) k' 1.0x10 k' converged to 1.b., k' converged to 1.t
Estimates (s.e.) Y, = 10.96 (5.04)] v, = 11.18 (2.98)| &' = 2.0x107'" | B converged to 1.b.| ' converged to 1..
§ = 10.96 ¥ = 10.96(3.04) Y = 11.18(2.98
Burr Scale : : R . -1, 1/¢ . -1,
Parameter Constraint Not Applicable Not Applicable Not Applicable =(3.58) " (k") B = (3.60) "k
Log-Likelihood When
Covariate Parameter
is Set Equal to Iero Not Applicable -509.0700 Not Applicable Not Applicable Not Applicable
Under the Best
Fitting Model

R
Computational difficulties arise when k' and B' converge to their respective lower bounds (1.b.) of 0.00+.

To ensure

that the maximized log-likelihood value under the unrestricted Burr model is at least as large as that under the Burr
model restricted to the Weibull region, the final estimates of the restricted Burr model (Weibull region) are used as

initial estimates in the unrestricted Burr model.

Standard errors could not be computed.



TABLE 4.2

INVERSE POWER LAW MODEL FIT TO RUN 1 DATA

Underlying Failure Weibull Optional Unrestricted Restricted Burr* Restricted Burr
Distribution Exponential Burr XII* (weibull Region) (Exponential Region)
= 7 = = 0. H i
0 0.9 o 0.98 L 0.99 c 1 (fixed)
-9
T = 3.78 T = 3.58 k! = 1.0x10 k' = 0.0004 k! = 0.0004
Initial Estimates w0 €0 0 o 0 0
= = = 2. - ' = Q. ]
P, = 0.00 P = 1118 T 0x10 Thy = 0.00009 Tpo = 0.0001
Pyo = 11.18 Pgg = 11.18 Pgo = 11.18
Initial “nn ” _ _epn 1990
Log-Likelihood -508.6810 -502.1247 ~-502.0514 502.0619 502.1222
Number of
Iterations 14 8 5 6 4
Maximi:zed
-502.05 -502 - - -
Log-Like!ihood 502.0514 502.1179 502.0514 502.0514 502.1178
¢, = 0.98 (0.05) ¢ = 0.98 ¢ = 0.98 (0.05) cz1
Maximunm Lihelihood ;w = 3.58 (0.26) T, = 3.60 (0.24) K converged to l.b. K converged to 1.b. i converged to 1.b.
Estimates (s.e.) ~ - N - ~
P, = 11.18 (3.04) e = 11.18 (2.98) rb converged to 1b. ré converged to 1l.b. ré converged to 1.b.
f:B = 11.18 faB = 11.18 (2.10) ;SB = 11.18 (0.77)
Burr Scale N . . ; ' D R ¥4 . - -1,
Parameter Constraint Not Applicable Not Applicable Not Applicable rB=(3.58) (k') g = (5.60) "k
Log-Likelihood When
Covariate Parameter
is Set Equal to Zero Not Applicable -509.0111 Not Applicable Not Applicable Not Applicable

Under the Best
Fitting Mode)

*
Computational difficulties arise when k' and rg converge to their respective lower bounds (1.b) of 0.00+. To ensure

that the maximized log-likelihood value under

the unrestricted Burr model is at least as large as that under the

Burr mode! restricted to the Weibull region, the final estimates of the restricted Burr model {Weibull region) arv
used as initial) estimates in the unrestricted Burr model.

Standard errors could not be computed.
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life time models, the results suggest that the true underlying
distribution belongs to the Weibull, and in particular, to the
exponential family. Hence, the unrestricted Burr maximum
likelihood estimates lie in the exponential region where the
proportional hazards and inverse power law models are equivalent,‘
as seen in the right-most columns of Tables 4.1 and 4.2.

In Table 4.3 the generalized likelihood ratio test statistics
corresponding to the hypotheses of interest for the Run 1 data are
presented. By initially fitting the Burr XII distribution it is con-
cluded that an exponential distribution with a constant hazard adequately
describes the underlying failure distribution for the Run 1 data. The
large sample 95% confidence interval for the parameter corresponding to
the applied stress under either accelerated life test model, when the
underlying failure distribution is the exponential, is (-17.02, -5.33).

These findings are in agreement with those of Nelson [1970], who
determined by means of probability plots that the exponential distribu-
tion provides a good fit for these data. However, Farewell and Prentice
[1977] rejected the Weibull distribution as a special case of the log-
generalized gamma distribution for the Run 1 data. These authors
attributed the inappropriateness of the Weibull distribution to an
excess of small failure times. Nelson [1970] also noted the predominance
of small failure times, especially at 35 kilovolts. When the log-
generalized gamma distribution is fit to the data at each stress level
separately, the exponential distribution is accepted at the a = 0.01
level of significance, based on generalized likelihood ratio tests, for
the 34 kilovolt and 36 kilovolt data. Hence, the Weibull distribution

is rejected at the a = 0.05 significance level only for the 35 kilovolt
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failure times, when it is assumed that the log-generalized gamma distri-
bution adequately describes the underlying failure distribution. In
contrast, when it is assumed that the underlying failure distribution
belongs to the Burr Type XII family, the exponential distribution is
accepted at the a = 0.01 level of significance for each value of the
accelerated stress. The question is raised whether the sample sizes of
80, 80, and 60 at 34, 35, and 36 kilovolts, respectively, are large
enough to justify a chi-square distribution as an approximation to the
asymptotic distribution of the generalized likelihood ratio test statis-
tic. Otherwise one can conclude that the log-generalized gamma distri-
bution may be more sensitive than is the Burr XII distribution to
deviations from the Weibull distribution in the lower tail.

The analyses for the Run 2 data based on the proportional hazards
and inverse power law models are summérized in Tables 4.4 and 4.5,
respectively. The two accelerated life time models give identical fits
with regard to the values of the maximized Weibull and exponential log-
likelihood functions, and the Weibull and exponential distributional
parameters, which is also in agreement with the analytical results of
Section 4.2.4. Table 4.6 displays the results of generalized likelihood
ratio tests for testing the appropriateness of the Weibull and exponen-
tial models against Burr XII alternatives. The Weibull distribution is
accepted at the a = 0.01 level of significance, while the exponential
distribution is rejected at the a = 0.05 significance level by both
accelerated life test models. It is noted that the Burr XII distribution
restricted to the Weibull region has maximum likelihood estimates which
are more similar to the Weibull maximum likelihood estimates when the

proportional hazards rather than the inverse power law model is assumed.



TABLE 4.4

PROPORTIONAL HAZARDS MODEL FIT TO RUN 2 DATA

Underlying Failure Weibull Optional Unrestricted Restricted Burr* Restricted Burr
Distribution Exponential Burr XIt* (Weibull Region) (Exponential Regicn)
€0 = 0.39 ¢ = 0.78 ey = 0.78 ¢ =) (fixed)
-9
e = 21.6 5] = 17.57 k! = 1.0x]0 ° k! = 0.005 k! = 0.005
Initial Estimates w0 €0 0 S13 0 0
= = 7 'z ‘o= ' 2
Yo 0.00 Yeo 13.77 SO 1.0x10 80 0. 00006 i BO 0,0002
= 13 70 - 13 | R
YO = 13.77 YO = 13.69 Y(\ = 13,69
Initial - - < < gz
Log- Likelihood -340.5101 -312.6569 -300.8174 -300.9501 -310.0283
Number of N
Iterations 15 12 5 8 ! 1
Maximized -300.8174 305.5373 -300.8174 -300.8174 -305.5372
Log-Likelihood e TR e e veo9e
A
¢, = 0.78 (0.07) ¢ =0.78 ¢ = 0.78 10.06) | ¢zl
Maximum Likelihood éw = 17.57 (2.74)) B_ = 20.50 (2.35) Kk converged to 1.b.lk converged to 1.b.jk’ converged to l.pb.
Estimates .€. ~ ~ ~ ~ -
stimates (s.e.) Y, © 13.77 (1.74)) y_ = 17.70 (1.29)| B*' converged to 1.b..f' converged to 1.b.|B' converged to 1b.
Y = 13.77 ; = 15.77 (1.70) E ; = 17.70 (1.29)
Burr Scale : , . ) .. . a1, Y P T
Parameter Constraint Not Applicable Not Applicable Not Applicable =(17.57) {k') &' = (20.50) “(k
+
Log-Likelihood When
Covariate Parameter
is Set Equal to Zero -339.6543 Not Applicable Not Applicable Not Applicable Not Applicable

Under the Best
Fitting Model

Computational difficulties arise when k' and B' converge to their respective lower bounds (1.b.) of C.00+.

In order

to ensure that the maximized log-likelihood value under the unrestricted Burr model is at least as large as that under
the Burr model restricted to the Weibull region, the final estimates of the restricted Burr model (Weibull region) are
used as initial estimates in the unrestricted Burr model.

Standard errors could not be computed.



INVERSE POWER LAW MODEL FIT TO RUN Z DATA

TABLE 4.5

Underiying Failure Weibull Optional Unrestricted Restricted Burr Restricted Burr
Distribution ibu Exponential Burr XI1 (Weibull Region) (Exponential Region)
g
w0 = 0.3% c0 = 0.78 co = 0.85 c = 1 (fixed)
r = 21.6 r = 17.57 k' = 0.10 k' = 0.15 k! = 0.15
Initial Estimates w0 e0 0 0 0
P = 0-00 Pep = 17-73 rpo = 0.003 Tao = 0.006 Tho = 0.007
Ppg = 17.73 Pgo = 17.85 Pgo = 17.85
izzfiiielihood -340.5101 -306.4865 -570.5167 -301.0350 -303.7856
Number of
Iterations 16 7 75 13 4
Maximized -300.8174 -305.5373 -300.6386 -300.7657 -303.7824
Log-Likelihood : : ' : TR
€w = 0.78 (0.07) & =0.8 (0.15)] ¢ = 0.80 (0.10) cz1
Maximum Likelihood fw = 17.57 (2.74) fe = 20.50 (2.35) | K' = 0.15 (0.28)] k' = 0.04 (0.14) £ = 0.16 (0.11)
timates .e. ~ -~ ~ - a
Estimates (s.e.) P, = 1773 (1.61)/5_ = 17.70 (1.29) | £ = 0.007 (0.02)| F} = 0.001 (0.00) | #4 = 0.008 (0.005;
ﬁB = 17.85 (1.62) ﬁB = 17.78 (1.63) Py = 17.93 (1.51)
B c . . . - -
Pz;;mitzieCOnstraint Not Applicable | Not Applicable | Not Applicable [rg=(17.577 (k)M | rp = (20.50) M

Log-Likelihood When
Covariate Parameter
15 Set Equal to Zero
Under the Best
Fitting Model

-339.6543

Not Applicable

Not Applicable

Not Applicable

Not Applicable
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The findings with regard to the Run 2 data are in agreement with
those of Farewell and Prentice [1977] as well as Nelson [1970]. The
combined (each stress level was analyzed separately) maximum likelihood
estimator derived by Nelson for the Weibull shape parameter is equal to
0.752 with a 95% confidence interval of (0.611, 0.924). The maximum
likelihood estimator of the shape parameter c¢ for the underlying Burr
XIT distribution restricted to the Weibull region in the proportional
hazards model is equal to 0.777 with a large sample 95% confidence inter-
val of (0.650, 0.904). Since the shape parameter c is less than one, it
is concluded that the rate of breakdown of the insulating fluid decreases
with increasing time in the Run 2 data. With regard to the power param-
eter p of the inverse power law model, Farewell and Prentice [1977]
reported the 95% confidence interval to be (-20.77, -14.50) based on the
log-generalized gamma distribution and Nelson reported it to be (-20.86,
-13.98) based on the Weibull distribution where each stress level was
analyzed separately. When the underlying failure distribution in the
inverse power law model belongs to the Burr XII family restricted to the
Weibull region the 95% confidence interval is (-20.97, -14.59), whereas
when the underlying failure distribution is the Weibull distribution
the 95% confidence interval is (-20.89, -14.58). These results are all
in very good agreement. In this example then the Burr XII distribution
and the log-generalized gamma distribution are quite comparable in their

inferences.



CHAPTER V

A COMPARISON BETWEEN TWO GENERAL
SURVIVAL DISTRIBUTIONS

5.1 Introduction

A general family of parametric distributions, which includes
distributions commonly used in survival analyses as special cases with
various choices of parameter values, is useful not only for determining,
but also for confirming, the choice of an underlying distribution. Two
such general families of distributions were discussed in Chapter I.

The Burr Type XII distribution was shown to combine a simple mathe-
matical expression for the survival function with wide coverage in

the moment-ratio plane. The generalized gamma distribution, which also
incorporates as special cases of its parameter values several of the
distributions contained in the Burr XII family, has been previously used
to confirm the choice of underlying distributions in the literature.

Adult acute leukemia survival data collected by the Southwest
Oncology Group has been analyzed by Gehan, Dyer, and Sampson [1980].
There are five separate data sets which correspond to five remission
induction treatments. The application of a model selection procedure
for grouped data developed by Gehan and Siddiqui [1973] suggested that
the two-parameter Weibull distribution is the best fitting distribution
among four competing models for each of the data sets.

In this chapter a reassessment of the fit of the Weibull

distribution for these data will be made using the Burr XII and
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generalized gamma models. Section 5.2 contains a comparison of some
properties of the two general distributions. Section 5.3 is directed

to maximum likelihood considerations for fitting the two models in the pre-
sence of censored observations. A brief description of the five leukemia
data sets is given in Section 5.4, and a review of the analysis performed by
Gehan et al. [1980] is contained in Section 5.5. Section 5.6 addresses

the fit of the Weibull distribution to the adult acute leukemia data

within the parametric framework of the Burr Type XII and generalized

gamma distributions. Finally, Section 5.7 contrasts the performance of

the two general distributions with regard to computer cost considerations.

5.2 A Comparison of Some General Properties of the Burr Type XII
and the Generalized Gamma Distributions

The Burr XII distribution and the generalized gamma distribution
are three-parameter distributions. The shape of each distribution is
determined by two of the parameters, while the third parameter adjusts
the scale. A fourth parameter, which is a location parameter, may be
incorporated into both distributions. However, for survival or reli-
ability data the location parameter is usually assumed to equal zero.

The probability density function corresponding to the Burr XII
distribution is given by

k+1)

£(tsc,k,B) = (ck/B) (t/8)S M1+ (/81 ¢ (5.1)

where the shape parameters c and k and the scale parameter B are positive,

and the time to failure, t, is non-negative.
The generalized gamma probability density function, in its most

common form, is equal to

g(tsa,k,b) = ba PXeP¥ lexpl-t/a)Ph/r ) (5.2)
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where b and k are positive shape parameters, and a is a positive scale
parameter. Again, the non-negative variable t represents time to fail-
ure.

A comparison of Tables 1.2 and 1.3 shows that the generalized
gamma distribution contains two common survival distributions, the gamma
and the lognormal, which are not special cases of the Burr Type XII
distribution. However, as was discussed in Section 1.2, the coverage of
the Burr distribution in the moment-ratio plane includes parts of each
of these distributions.

Among the sufficient conditions for the asymptotic chi-square
approximation for the distribution of the generalized likelihood ratio
test statistic is that the parameter space of the null distribution must
lie in the interior of the parameter space of the alternative distribu-
tion. Otherwise, the approximation may not hold. Therefore, an advan-
tage of the generalized gamma distribution is that of the four common
failure distributions contained in this family, namely, the exponential,
the Weibull, the lognormal, and the gamma, only one of these, the log-
normal, is a limiting case of the parameters. In contrast, of the
distributions nested in the Burr XII family which are commonly used in
survival analyses, only the normal distribution is a non-limiting case.
The exponential distribution, the Weibull distribution, and the Gompertz
distribution are all defined by parameter subspaces which lie on the
boundary of the Burr XII parameter space.

In other respects the Burr XII distribution has advantages over
the generalized gamma distribution, especially in regard to the incorp-
oration of censored observations into the likelihood function. The

survival function under the Burr model exists in simple closed form.



93

In contrast, the survival function under the generalized gamma model
has no closed forﬁ. A numerical integration technique must be used to
evaluate the contribution of each censored observation to the general-
ized gamma likelihood function.

There have been some computational difficulties associated with
the generalized gamma distribution which have been cited in the litera-
ture. These were discussed in detail in Section 1.3.2. Hager and Bain
[1970] reported basic difficulties when solving the maximum likelihood
equations, which they attributed to the computational complexity of the
distribution. The Newton-Raphson iterative solution procedure did not
perform well and in some cases it was not possible to obtain meaningful
maximum likelihood estimates. When the parameter k of the generalized
gamma distribution, specified in equation (5.2), is equal to one, the
general distribution reduces to the Weibull special case. Hager and
Bain investigated the appropriateness of using the asymptotic distribu-
tion of k for testing the adequacy of the Weibull model for large samples.
However, Monte Carlo results indicated that the asymptotic distribution
of k was not in effect for samples as large as 400, when k was set equal
to 1.0 and 2.0.

There have apparently been no reported cases where the Burr Type
XII distribution has been fit by maximum likelihood techniques. For
this reason, the acute leukemia data provide a good opportunity for
comparing its performance with that of the generalized gamma distribu-
tion. Practical considerations which pertain to fitting these

generalized distributions by maximum likelihood techniques are dis-

cussed in the next section.
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5.3 The Models

The decision was made to use the log-generalized gamma distribution
developed by Prentice [1974] rather than the u;ual parameterization of
the generalized gamma function, as derived by Stacy [1962] and given in
equation (5.2). This choice was influenced by the fact that Farewell
and Prentice [1977] had previously used the log-generalized gamma distri-
bution to investigate the distributional shape of some survival data
sets. It was of interest to see how the Burr XII distribution compared
to this alternative family of survival distributions. Another reason
why the log-generalized gamma distribution was selected is that there
have been reported computational difficulties when fitting the general-
ized gamma distribution by maximum likelihood techniques, as just noted.
In contrast, Farewell and Prentice found by means of a Monte Carlo
study that under the Weibull null hypothesis, the empirical and
asymptotic distributions of the transformed maximum likelihood

estimator q = g-1/2

of the log-generalized gamma model agree for
sample sizes of 100.

A discussion in Section 2.2.4 outlines the method by which Prentice
[1974] obtained the log-generalized gamma distribution from the general-
ized gamma distribution. The probability density function corresponding
to the log-generalized gamma model is equal to

|q|{OF(q—z)}-lexp(wq—z—ew); q# 0
gly=4n(t);a,0,q) = (5.3)
(2n02)-lzzexp{—(y—a)z/ZOz} ; q9=0,
where w = (y-a)o-]q-+u*and u* is the digamma function, Y(k) = d&nT (k)/dk.
The parameters o, 0, and q are related to the parameters a, b, and k of

the generalized gamma model in (5.2) by the following equations:
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a = n(a)w*b Y, o=gb’l, and q=k V%, (5.4)

where 0. and 0 are required to be positive, and q is defined for all
real values.

The emphasis in the analysis of the adult acute leukemia data is to
reassess the fit of the Weibull model. Because the log-generalized gamma
distribution reduces to the extreme minimum value distribution (or the
Weibull for the untransformed failure times) when q is equal to unity,
consideration will be restricted to the region of the parameter space
where q is positive. In this region of the parameter space the log-
generalized gamma model corresponds to the generalized gamma model. Then
the probability density function in (5.3) is replaced by

g(y=n(t);0,0,q) = q{oT(q" %)} texp(wq2-e") , (5.5)
where o, o, and q are positive parameters, and y is a real-valued random
variable representing the natural logarithm of the failure time.

Each of the adult acute leukemia data sets contains right-censored
observations. Bartholomew's [1957] methodology for the incorporation of
censored observations into the likelihood function was discussed in
Section 3.5. Specifically, by defining an indicator variable of observed
failure, 61, which assumes the value one if ti represents a failure time

and the value zero if ti is right-censored, the likelihood function may

be expressed'as
n 8. 1-8,
L(-) = I {£(e, 0 s} 1, (5.6)
i=1

where f(*) and S(+) denote the probability density function and the

survival function, respectively.

The survival function for the log-generalized gamma distribution,

which does not exist in closed form, is equal to
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| .
S(y=2n(t);0,0,q) = {F@ 1t [ x@ DXy (5.7)

v
€

where .
v = q{(y-0)/0} - 2&n(q)

The FORTRAN subroutine DCADRE of the International Mathematical Sub-
routine Library was used to perform the numerical integration of
expression (5.7). This routine uses a scheme whereby the interval of
integration is divided into suitably small subintervals over which the
integral is estimated. The final estimate is then obtained by summing
up these subinterval estimates. Seven digits of accuracy were achieved
in the approximation of the integrals required.

In order to solve the log-generalized gamma likelihood equations
arising from (5.6), Farewell and Prentice [1977] used a partial rather .
than a full Newton-Raphson iterative procedure. For each of a number of .
q-values, the likelihood function was maximized with respect to o and o,
via Newton-Raphson. The resulting maximized relative likelihood function
was then scanned to determine the maximum likelihood estimator, . Since
computational difficulties have been reported when the generalized gamma
likelihood equations are solved by a Newton-Raphson procedure, in this
research a direct search of the likelihood surface was performed using MAXLIK
(Kaplan and Elston [1972]). A Newton-Raphson iteration based on numerical
derivatives was then performed to confirm the final maximum likelihood
estimates.

Prentice [1974] and Farewell and Pfentice [1977] did not discuss
initial estimates for the three parameters of the log-generalized gamma
model. Due to the computational complexity and cost associated with the '

numerical integration required when censored observations occur, a
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preliminary analysis was performed on the failures only, where the ini-

tial parameter estimates were taken to be

a, = 0.0, o, =1.0, and q, = 1.0 . (5.8)

0 0

These parameter values correspond to an exponential distribution with
scale parameter equal to -0.5772, which is the negative of Euler's
constant. The resulting maximum likelihood estimates were then used as
initial estimates for an analysis of the entire data set, including both
failures and right-censored observations.

When the Burr XII distribution was fit to the adult acute leukemia
data, the probability density function f(-) and the survival function

S(+) in (5.6) were replaced by

£(t;c,k*,8%) = SR (e 01-gm /805 1ot (opmy/8nT O 5.
and
S(t;c,k*,B*) = [1+{t(1-8*)/8*}C]-{k*/(1_k*)} , (5.10)
respectively, where ¢ is positive and k* and B* are contained by the
unit interval. The reparameterization
k* = 1Ek and R* = IEB ’ (5.11)

which was discussed in Section 3.2, was used in equations (5.9) and
(5.10) to transform the positive real line onto the unit interval.

The likelihood equations under the Burr XII model were solved
initially using the direct search algorithm of MAXLIK. A numerically
. based Newton-Raphson iterative procedure was then performed to confirm
the maximum likelihood estimates. It was found that for these data the
Newton-Raphson solution usually increased the value of the log-likelihood

function. In addition, when the initial estimates of the unrestricted
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Burr parameters were based on the Weibull maximum likelihood estimates,

the Newton-Raphson procedure converged at a local maximum in the Weibull .
region. However, when Dubey's [1967] two-order statistics were used to

derive initial estimates for the unrestricted Burr model, the Newton-Raphson
procedure sometimes yielded a substantially larger maximum value else-

where. In Section 5.6 the reported maximum likelihood estimates of the

Burr XII parameters correspond to Newton-Raphson solutions, unless stated

otherwise.

5.4 Description of the Data

The Southwest Oncology Group conducted a series of studies in
adult acute leukemia over the period June, 1967 to December, 1979. The
patients who were selected for the studies had received no prior treat-
ment. There are five separate data sets which correspond to the five

remission induction treatments specified in Table 5.1.

5.5 Prior Analyses

Gehan et al. [1980] utilized the methodology presented in Gehan
and Siddiqui {[1973], which was discussed in Section 1.3.3, to select an
underlying parametric survival distribution for each of the data sets.
The model selection technique pertains to grouped survival data only.
In each of the competing models, the exponential, the linear hazard
function, the Gompertz, and Weibull distributions, either the hazard
function or its logarithmic transform is a linear funcfion of the
parameters and the random variable representing time or the logarithm
of time. Therefore, the authors developed a weighted least squares
method of estimating the parameters, bused on non-parametric estimates

of the hazard function for each interval. Three alternate weighting .
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schemes were proposed where the weight, W for the i-th time interval
is given by:
(1) 1, corresponding to regular least squares.
(i1) I/Vi,where Qi is the estimated variance of the hazard
in the i-th interval,

(1ii) nihi’ the product of the number of patients entering the
interval and the interval width, a measure of the total
exposure to risk in the i-th interval.

The best fitting distribution and weighting scheme combination was
defined to be that which has the largest log-likelihood value for the
observed data. Since the exponential distribution is a special case of
each of the other models, the large sample chi-square approximation for
the distribution of the likelihood ratio was proposed to test whether
the likelihood of the data under the linear hazard, the Gompertz, and
the Weibull models is significantly larger than under the expohential
model. However, the remaining three models belong to separate families.
As was discussed in Section 1.3.3, Cox [1961] cautioned that it does not
suffice to use the observed log-likelihood value as a measure of evidence
in favor of one distributional family over a separate distributional
family. One reason for this is that one set of distributional parameters
may be more adjustable than another set. Although Gehan and Siddiqui
[1973] proposed a direct comparison of the log-likelihood values under
the linear hazard, the Gompertz, and the Weibull models, they stressed
that confirmation of the chosen model should be sought.

They proposed a goodness-of-fit test to determine whether the best
fitting model adequately fits the data. The test statistic is equal to

twice the difference between the log-likelihoods under the chosen model
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and the sample data. Under the assumption that the number of deaths in
each interval is a multinomially distributed random variable, the sta-
tistic is an approximate chi-square variate with (s-1-r) degrees of
freedom where r is the number of independent parameters fitted in the
model and (s-1) is the number of fixed finite intervals in the data.

The adult acute leukemia data consist of times to death or times

to censoring, measured in weeks. Since the chosen model selection
technique requires grouped data, it was necessary for Gehan et al. [1980]
to group the failure and censoring. times. The authors defined the
following time intervals, measured in weeks, for each of the five
studies: [0,4), [4,7), [7,13), [13,26), [26,39), [39,52), {52,65),
[65,78), [78,91), [91,104), [104,130), [130,156), [156,182). Beyond 182
weeks, the intervals varied among the five studies.

A summary of the analysis results obtained by Gehan et al. is
presented in Table 5.2. Included in the table for each study are the
estimated parameters and standard errors for the best fitting model,
an indication of the best weighting scheme, the chi-square goodness-of-
fit statistic, and the corresponding degrees of freedom and p-value. In
every case the Weibull distribution provided the best fit as determined
by the maximized log-likelihood value. However, based on the chi-square
goodness-of-fit test, the Weibull model was rejected at the 0.01 signif-
icance level in every study except Study 555. In Study 555 the Weibull
fit was questionable with a p-value of 0.07. These contradictory
results suggest that although the model selection criterion of Gehan
and Siddiqui [1973] supported the Weibull distribution with a decreasing
hazard function as the best fitting underlying distribution among those
tested for the adult acute leukemia data, there is some question as to

how well this distribution fits the data.
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5.6 A Reassessment of the Fit of the Weibull Distribution

The fit of the Weibull distribution is evaluated against log-
generalized gamma and Burr XII alternatives, by means of generalized
likelihood ratio statistics. The log-generalized gamma distribution
reduces to the Weibull distribution for the untransformed failure times
when the shape parameter q is equal to one. Hence, the generalized

likelihood ratio statistic for comparing the fit of the Weibull model

versus the log-generalized gamma model has the form T = -22nR, where
L (&,8,q=1)
R= 0 (5.12)

and LGG(-) denotes the likelihood function for the log-generalized gamma

distribution.

As shown in Section 2.2.1, the Burr Type XII distribution is

restricted to the Weibull distribution by the parameter constraint
* * 1/c
B*/(1-8*) = 6 {k*/(1-k*)} , (5.13)

as k* approaches one. In the above expression c denotes the Burr shape
parameter, k* the reparameterized Burr shape parameter, B* the reparam-
eterized Burr scale parameter, and Gw the Weibull scale parameter. The
generalized likelihood ratio statistic for comparing the fit of the Burr

distribution restricted to the Weibull region versus the fit of the

unrestricted Burr distribution is equal to A& = -ZQnR&, where
~, 1/¢
A A * ~ *
LRB{C’k*’(TgéiJ B ew{TEE?J
Ry = —— - s (5.14)
Ly(c,k*,B%)

and LRB(') and LB(°) denote the restricted Burr and unrestricted Burr

likelihood functions, respectively.
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Tables 5.3 through 5.7 present the maximum likelihood solutions
to the log-generalized gamma and the Burr XII likelihood equations.
Table 5.8 is a summary table of the values of the likelihood ratio test
statistics, the degrees of freedom for the approximating chi-square
distribution, and the corresponding p-values for testing the fit of the
Weibull distribution against the log-generalized gamma distribution, the
Burr XII distribution, or the multinomial distribution for grouped data.

The inferences regarding distributional shape for the Study 427
data based on the three generalized distributions are in agreement. The
Weibull distribution was rejected when compared with the log-generalized
gamma, the Burr XII, and the multinomial (for grouped data) alternatives

at the 0.01 significance level. With regard to the Study 555 data, the

log-generalized gamma and Burr XII distributions both provided a signifi-

cantly better fit than did the Weibull model, where the significance
level attained was 0.01. However, when Gehan et al. [1980] grouped the
data, they found that the Weibull distribution adequately described the
grouped data when compared to the more general multinomial model. The
p-value of 0.07 for the likelihood ratio test comparing the two models
for grouped data suggested, however, that the Weibull fit was question-
able. In addition, there may have been a loss of power associated with
the grouping of the data. The three methods for assessing the fit of
the Weibull distribution for the data from the combined Studies 557 and
560 each rejected the Weibull model. For the 7315 data the two general
parametric distributions led to different conclusions. The fit of the
Weibull model was marginally acceptable (p=0.07) when compared to the
fit of the more general log-generalized gamma distribution. However,

the Weibull distribution was rejected at the 0.05 significance level
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TABLE 5.8

GENERALIZED LIKELIHOOD RATIO TEST STATISTICS AND P-VALUES FOR THE
EVALUATION OF THE FIT OF THE WEIBULL DISTRIBUTION TO THE
ACUTE LEUKEMIA DATA

Study Null Alternative Test Chi-Square | Degrees of P-value
Number Distribution Distribution Statistic” Value Freedom
Weibull Burr X11 Xh' 8.789 1 0.00
427 Weibull Log-Generalized T 6.914 i 1 0.01
<! Gamma
Weibull Multinomial G-5 ¥? 40.003 14 0.00
(Grouped Data)
Weibull Burr XI1I Xw' | 9.00h 1 0.00
t
- Weibull Log-Generalized T 8.856 1 0.00
555
Gamma
Weibull Multinomial G-S Xz 20.031 12 0.07
(Grouped Data)
Weibull Burr XI1 X“' 15.509 1 0.00
557 y Weibull Log-Generalized T 11.085 1 0.00
and Gamma
560
Weibull Multinomial G-S xz 84.001 15 0.00
(Grouped Data)
Weibull Burr XII Ak' 5.763 1 0.02
7315 Weibull Log-Generalized 1 3.356 1 0.07
' Gamma
Weibull Multinomjal G- x* 30.398 12 0.00
(Grouped Data)
i
Weibull Burr XI1 XN' 0.000 1 1.00
741uf' Weibull ! Log-Generalized T -- -- --
Gamma
Weibull Multinomial G-S »? 34.070 11 0.00
(Crouped Data)

»
The Gehan and Siddiqui [1973] goodness-of-fit y° statistic is denoted by G-5 x°.

t . : . . . .
The numerical integration subroutine DCADRE failed for the log-generalized gamma analysis of
the 7416 data due t¢ a reported ill-behavecd integrand. An unsuccessful attempt to avoid the
computational difficulties was made by lowering the specified degree of accuracy.
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against the Burr XII alternative. The results of the Burr XII analysis
are supported by the significant (p=0.00) likelihood ratio test compar-
ing the fit of the Weibull versus the multinomial model for the grouped
data.

It was not possible to fit the log-generalized gamma distribution
to the Study 7416 data because of computational difficulties. The
numerical integration subroutine DCADRE failed due to a reported ill-
behaved integrand. This data set had the highest proportion of censored
observations among the five acute leukemia data sets. It is probable
that the numerical difficulties are related to this. An unsuccessful
attempt to avoid the computational difficulties was made by lowering the
specified degree of accuracy.

Based on the analysis using the Burr Type XII distribution, the
data of Study 7416 were found to behave as Weibull data. The maximized
log-likelihood values, as well as the maximum likelihood estimates of the
Weibull power parameter, were identical under the Weibull, the unrestricted
Burr, and the restricted Burr models (see Table 5.7). Moreover, the
maximum likelihood estimate of the Weibull power parameter for the grouped
analysis performed by Gehan et al. (see Table 5.2) agreed very closely
with the power parameter estimates under the Weibull, the unrestricted
Burr, and the restricted Burr models for the exact survival times. There
was agreement between estimators for the grouped and ungrouped anal-
yses for this data set only. While the Weibull distribution was the
best fitting model among those considered by Gehan et al. for the grouped
survival times, the chi-square goodness-of-fit test rejected the Weibull
distribution with a p-value of 0.00. Plots of the survival times versus

the fitted Weibull and Burr XII survival functions, which will be
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discussed subsequently, tend to confirm the comparability of the fits
of the Weibull and Burr XII models for the ungrouped data.

In summary, it was found that the three methods of assessing
distributional shape were in agreement for the data of Study 427 and
the combined Studies 557 and 560. The three data sets for which the
model selection procedures pointed to different conclusions are Study
555, Study 7315, and Study 7416. Plots of the observed survival or
censoring times versus the fitted Weibull, Burr Type XII, and log-
generalized gamma models have been generated to determine visually which

of these three distributions provided the best fit.

The plots in Figures 5.1 through 5.3 display the observed survival
and censoring times, measured in weeks, of the Study 555 data, as well
as the fitted survival functions corresponding to the Weibull, Burr Type
XII, and log-generalized gamma distributions, respectively. Based on
the generalized likelihood ratio tests, the Weibull distribution was
rejected for these data against the Burr XII and log-generalized gamma
alternatives and marginally accepted over the multinomial model for
grouped data. A visual comparison of the fit of the Weibull distribution
with that of the two generalized distributions shows that the log-
generalized gamma model provides a superior fit. There appears to be
little if any advantage associated with fitting the Burr XII distribution.
While the fitted Burr distribution seems to be a better predictor of
survival times in the 50 to 100 week range, the Weibull distribution is
superior in the 30 to 50 week interval. These results suggest that the
generalized likelihood ratio tests are more sensitive to departures from
the Weibull distribution than are the visual impressions from.plots such

as these.
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Figures 5.4 through 5.6 contain plots of the observed 7315 data and
the fitted survival curves of the Weibull, Burr XII, and log-generalized
gamma distributions, respectively. On the basis of the generalized like-
lihood ratio tests, the Burr XII distribution provided a significantly
better fit than did the Weibull distribution, in contrast to the log-
generalized gamma distribution which did not provide a better fit. The
chi-square goodness-of-fit test for grouped data rejected the fit of the
Weibull model against the multinomial alternative. Based on the plots it
is clearly seen that the Weibull distribution provides an inferior fit
when compared to the two generalized distributions. Moreover, the Burr
XIT distribution, which appeared to be more sensitive to departures from
the Weibull model, appears to fit the data slightly better than does the
log-generalized gamma distribution. The plots for the 7315 data
support the conclusions of the generalized likelihood ratio tests dis-
cussed previously.

The survival times of Study 7416 as well as the fitted survival
curves of the Weibull and Burr XII distributions are plotted in Figures
5.7 and 5.8, respectively. These plots confirm the conclusion of the

generalized likelihood ratio test that the Weibull distribution provides

a satisfactory fit when compared to the more general Burr XII distribution.

Whereas in the examples of Chapter IV the data were found to behave
as Weibull data, four of the five adult acute leukemia data sets provide
the opportunity of observing the characteristics of the unrestricted and
restricted Burr XII parameters when the underlying distribution does not
belong to the Weibull family. Tables 5.3 through 5.6 give the maximum
likelihood estimates of ¢, k, and B for the unrestricted and restricted
(Weibull region) Burr distributions fit to the Study 427, 555, 557 and

560 (combined), and 7315 data sets, respectively.
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For the purpose of illustration, if we direct our attention to the
Study 555 data set, the maximum likelihood estimates under the three ‘
investigative models are as follows:

Restricted Burr

Weibull Unrestricted Burr (Weibull Region)
c, = 0.5276 ¢ = 0.789 ¢ = 0.6045 ’
6, = 40.21 k* = 0.5332 k* = 0.8231
B* = 0.9524 B* = 0.9980 .

Several points are noteworthy. In Section 2.2.1 it was shown that as

the Burr Type XII distribution approaches the Weibull limiting case,

the shape parameter k approaches infinity, the scale parameter B8

approaches infinity according to the functional constraint B = ewkl/c,

and the shape parameter c approaches the value of the Weibull power

parameter C,r With regard to the unrestricted Burr maximum likelihood

estimators for the 555 data, k* equal to 0.5332 (or k*1.142) is not large

enough to suggest that these data are Weibull data. In the restricted Burr

model, where B is replaced by @wkl/c, k*is larger. Moreover,e under the

restricted Burr model is more similar in value to the maximum likelihood

estimate of the Weibull shape parameter Cy than is ¢ under the unrestricted

Burr model. Under the null hypothesis that the data follow the Weibull

distribution, the Weibull scale parameter ew may be estimated from the

unrestricted Burr maximum likelihood estimators according to the equation
6, = é/ﬁl/e : (5.15)

For the Study 555 data the estimate of Gw based on equation (5.15)

is equal to 16.95. In contrast, under the Weibull model, the

maximum likelihood estimate of ew is 40.21. When the restricted

Burr maximum likelihood estimators are substituted in equation (5.15)
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the corresponding estimate of ew is equal to 39.22. These
findings suggest that while the results of an unrestricted Burr
analysis may indicate that the data are non-Weibull, when the scale

/c

parameter B is replaced by gwkl , the solutions to the Burr system of
likelihood equations tend to converge to estimates which are closer to
the Weibull region. The analyses of the data from Studies 427, 557
and 560 (combined), and 7315 all exhibited similar findings.

A final observation regarding the maximum likelihood estimates of
the unrestricted Burr XII parameters for Studies 427, 555, 557 and 560
(combined), and 7315 1is that in every case the product ck is less than
one. The rth moment about the origin for the Burr XII distribution is
equal to

u; = kB(r/c+l,k-r/c), (5.16)

where r is less than the product ck and B(a,b) denotes the standard beta
function. Therefore, no moments exist for the fitted unrestricted Burr
distributions. However, the plots of Figures 5.2 and 5.5 show that,
despite this, the fitted Burr XII distributions provide reasonable fits.

5.7 A Cost Efficiency Comparison of the Log-Generalized Gamma
and Burr XII Distributions

An evaluation of the usefulness of a general family of parametric
distributions for a survival analysis or reliability study should take
into account how costly it is to fit the distribution to actual data.
When the log-generalized gamma and Burr XII distributions are fit by
the method of maximum likelihood, an iterative procedure must be used
to solve both systems of likelihood equations. An important cost con-

sideration then is the number of iterations required for convergence.



The cost is also dependent upon the computational complexity of the
log-likelihood function which must be evaluated in each iteration. For
example, the numerical integration subroutine which is required to
evaluate the contribution of a right-censored observation to the log-
generalized gamma likelihood function inflates the time and cost of
performing each iteration.

Table 5.9 tabulates the number of iterations required for
convergence, the computer time required to fit the models, and the
total computer costs for the analysis of four of the adult acute
leukemia data sets using the log-generalized gamma and Burr XII distri-
butions. In each analysis the Burr parameters were reparameterized
according to (3.2). If the original parameterization had been used,
the number of iterations and the cost associated with each Burr analysis
would have been substantially greater. Since an analysis performed by
either of the two general distributions requires three separate models
to be fit, the reported values in Table 5.9 represent sums taken over
the three models. For example, the log-generalized gamma model fit to
the failures only, the unrestricted log-gen~ralized gamma model, and
the restricted log-generalized gamma model together required thirty-
eight iterations to solve for the maximum likelihood solutions necessary
for the computation of the generalized likelihood ratio statistic T for
the Study 427 data.

For the analyses of Studies 427, 555, and 557 and 560 combined,
the log-generalized gamma and Burr Type XII distributions performed
equally well with respect to computer cost considerations. However,
the subroutine DCADRE required an excessive amount of time to evaluate

the integral associated with each censored observation of the 7315 data
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TABLE 5.9

A COMPARISON OF THE PERFORMANCE OF THE LOG-GENERALIZED GAMMA
AND BURR XII DISTRIBUTIONS WITH REGARD TO COMPUTER TIME AND COSTS

Study Criterion Log-Generalized Gamma Burr Type XII
*
Iterations 38 29
*
427 Time 1:31.4 1:25.1
*
Cost $5.93 $6.07
Iterations 38 33
555 Time 1:46.0 1:09.1
Cost $6.68 $4.43
Iterations 33 47
557
and Time 2:18.7 2:03.5
560
Cost $8.72 $8.74
Iterations 46 37
7315f Time 18:58.8 1:19.0
Cost -- $5.05

*

Each reported value for the log-generalized gamma distribution repre-
sents a sum over the three models required for a log-generalized anal-
ysis; each reported value for the Burr XII distribution represents a
sum over the three models required for a Burr XII analysis.

+The subroutine DCADRE required an excessive amount of time to evaluate

the integral associated with each censored observation under the log-
generalized gamma model. It was necessary to run this job at a lower
priority to reduce the cost. Therefore the cost factor is not
comparable.
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under the log-generalized gamma model. The computer job which performed
this analysis had to be run using a low priority in order to reduce the
cost. Hence, a major computational advantage offered by the Burr XII
distribution over the log-generalized gamma distribution is that the
Burr survival function exists in closed form. This savings becomes

more substantial as the proportion of censored observations increases.



CHAPTER VI
A SIMULATION STUDY OF THE DISTRIBUTION OF THE

LIKELIHOOD RATIO FOR TESTING THE EXPONENTIALITY
OF DATA AGAINST BURR XII ALTERNATIVES

6.1. Introduction

This chapter deals with an investigation of the asymptotic
behavior of a generalized likelihood ratio statistic when the true value
of the parameter vector under the null distribution lies on the boundary
of the parameter space of the alternative distribution. The Weibull and
exponential distributions, which correspond to special limiting cases of
the Burr Type XII distributional parameters, are the null distributions

in question. The two-dimensional Weibull parameter subspace, given by
{(c,8,): 0<c<m, kom, and B=o such that o<ew=sk'(1/c)<oo}, (6.1)
and the one-dimensional exponential parameter subspace, given by
{Be:c=1, koo, and B+ such that 0<6e=B/k<w}, (6.2)
lie on the boundary of the three-dimensional Burr XII parameter space
{(c,k,B): O<c<w, O<k<w, 0<B<wo} . (6.3)

This boundary condition does not provide a neighborhood in the
Burr parameter space for the hypothesized parameter subspace, thereby
violating one of the sufficient conditions of Wilks' [1938] theorem
regarding the asymptotic chi-square approximation for the distribution
of -22nA. Recall, A represents the likelihood ratio, and the number of

degrees of freedom is the number of components of the parameter space
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that are specified by the null distribution. However, analytical results
of Sections 2.2.5 and 2.4 suggest that the generalized likelihood ratio
statistics A& = —22nR& and Aé = —2£nRé, where R& and Ré are defined

in (2.45) and (2.59), respectively, are distributed as chi-square random
variables. Specifically, it was shown that the Burr XII system of like-
lihood equations, when restricted to the parameter subspaces defined in
(6.1) and (6.2), does approach the limiting Weibull and exponential
systems of likelihood equations, respectively.

Wolfe [1971] empirically investigated the sampling distribution
of a likelihood ratio statistic R for testing the null hypothesis that
the true "mixture" of multinormal distributions contains only one com-
ponent versus the alternative hypothesis that the mixture consists of
two multinormal distributions. Wilks' [1938] theorem is not in effect
for this mixture problem since the null hypothesis can be viewed as the
mixing proportion m being equal to zero, which is at the boundary of
the closed set [0,1]. The simulations of Wolfe [1971] suggest that even
in reasonably large samples the usual chi-square approximation does not
provide an adequate fit for the distribution of -24&nR.

A simulation was performed to investigate the nature of the
distribution of the likelihocod ratio statistic Aé for large samples.

It was of interest to determine not only whether the chi-square distri-
bution provided an adequate fit for Xé, but also whether the degrees of
freedom differed from the predicted number of degrees of freedom based

on the chi-square approximation when the parameter space under the null

hypothesis lies in the interior of the full parameter space.



129

6.2 Special Considerations for the Simulation of the Distribution
of Aé when the Data are Sampled from the Standard Exponential

Distribution

The sampling distribution of the likelihood ratio statistic Aé was

simulated for the following set of distributional hypotheses:

H.: P{Tst}

0 Fo(t) = l-exp(-t)

le P{T<t}

Fl(t;c,k,B) = 1-{1»«(t/8)c}’k . (6.4)

Since the null distribution corresponds to the standard exponential
distribution, the likelihood ratio statistic —ZZnRé will be denoted by
A;e throughout the remainder of the chapter. The decision was made to
generate 1000 "random" samples of size 200, in the range of the sample
sizes for the examples of Chapters IV and V. The FORTRAN subroutine
GGEXN of the International Mathematical Subroutine Library was used to
generate the exponential random deviates. This subroutine incorporates
a basic uniform pseudo-random number generator which is discussed by
Learmonth and Lewis [1973].

In order to minimize the number of iterations to be performed by
MAXLIK (Kaplan and Elston [1972]) to obtain the maximized log-likelihood
values for the Burr XII model restricted to the standard exponential
region as well as for the unrestricted Burr XII model, the following
measures were taken. Hjorth's [1980] parameterization scheme was used to
map the range of k and B from the positive real line onto the unit
interval, as discussed in Section 3.2. The restricted Burr XII
likelihood equations always attain convergence in fewer iterations than
do the unrestricted Burr XII likelihood equations. Therefore, for each
standard exponential random sample, the Burr distribution subject to the

restrictions
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(i) c=1
(6.5)
(i1) B =k,
was fit using the initial estimates
= * = ;. % =
o 1.0, kO 0.909, and BO 0.909 . (6.6)

These initial estimates lie in the standard exponential region, defined
by (6.2) of the Burr parameter space. Then the maximum likelihood
estimates of the restricted Burr XII parameters were used as initial
estimates of the unrestricted Burr parameters.

The total computer time required to generate 1000 observations of
X;e was seven hours and fifty-five minutes and the cost was $197. The
computer jobs were run under a low priority, which minimizes charges by
executing the jobs when the usage of the computer system is relatively
low.

6.3 The Simulated Distribution of the Likelihood Ratio Test
Statistic A;e

Selected percentiles Ny for the empirical distribution of A;e

are presented in Table 6.1. Based on the usual asymptotic chi-square

TABLE 6.1

PERCENTILES n FOR THE EMPIRICAL DISTRIBUTION OF x;e
SUCH THAT P{}' =<n } <a
se a

o 0.02 0.05 0.10 0.25 0.40 0.50 0.60 0.70
ﬁa 0.0000 0.0003 0.0014 0.0142 0.2573 0.5394 0.8447 1.2204
o 0.75 0.80 0.85 0.a0 0.95 0.975 0.99

n 1.4455 1.8035 2.2238 2.8747 4.0565 4.7290 6.7467
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approximation for the distribution of the likelihood ratio test statis-
tic -2&nA under standard conditions, A;e should behave as a chi-square
random variable with three degrees of freedom for sufficiently large
samples. The number of degrees of freedom corresponds to the two param-
eter constraints in (6.5) and the additional constraint of the exponen-
tial scale parameter taken to be equal to one.

However, use of the maximum likelihood estimates of the restricted
Burr parameters as the initial estimates of the unrestricted Burr
parameters served to reduce the number of degrees of freedom. There is
a local maximum in the Weibull region (which includes the standard
exponential region) of the Burr XII parameter space, where the Burr

parameters obey the following functional relationships:

k > k0

(6.7)
B =z kal/c
Due to the widely recognized flexibility of the Weibull family of
distributions and the choice of initial estimates in the Weibull region,
the Burr likelihood equations tend to converge at the Weibull local
maximum, regardless of whether a global maximum exists in another region
of the Burr parameter space. This difficulty was encountered in the
analysis of the adult leukemia data, which was presented at the end of
Section 5. 3.
In the simulation study when the initial estimates of the

unrestricted Burr parameters were taken to be equal to the maximum like-
lihood estimates for the restricted (standard exponential region) Burr

model, three initial constraints were imposed:
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c =1
_ 1/c
B =06k
and (6.8)
6 =1
w

With regard to the final unrestricted Burr maximum likelihood estimates,
although ¢ varied from one, for every simulated sample B was approxi-

mately equal to ﬁl/c.

Therefore, it appears that the choice of initial
"estimates effectively imposed two constraints on the unrestricted Burr
model:

_ 1/c

B = ka
and (6.9)

5 =1,
w

which restricted the model to a local maximum in the Weibull region.
Consequently, the sampling distribution of the likelihood ratio

statistic A;e corresponds to the pair of distributional hypotheses:

Hy: P{T=<t}

Fo(t) = l-exp(-t)

(6.10)

H,: P{T<t}

F(t;c) = l-exp(-t) ,

which compares the special case of the standard exponential distribution
to the Weibull distribution with scale parameter equal to one. For the
test specified in (6.10) the chi-square distribution with one degree of
freedom is the usual asymptotic approximation for the distribution of
the likelihood ratio statistic A;e. Under alternative initial value
strategies away from the Weibull region, the unrestricted Burr equations
may have converged at a global maximum elsewhere, thereby introducing

more variation into the simulated distribution of X;e. It is possible
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that the true distribution of A;e behaves asymptotically as a chi-square
random variable with three degrees of freedom, which would be consistent
with Wilks' [1938] theorem. Further research regarding this issue is
necessary.

The hypothesis that the choice of initial values effectively
reduced the number of degrees of freedom to one was investigated
graphically. The step-function for the empirical cumulative distribu-
tion function for A;e and the cumulative distribution function for the
chi-square distribution with one degree of freedom are plotted in
Figure 6.1. This plot shows that the one degree of freedom chi-square
distribution approximates the empirical cumulative distribution for Xée
reasonably well. The fit is best for those sample values which are
greater than the 0.95 quantile, upon which inferences regarding the fit
of the standard exponential distribution are based.

Alternative chi-square approximations for the simulated distri-
bution of A;e were investigated. Since published tables of the percen-
tiles for the chi-square distribution include integer degrees of freedom,
chi-square distributions with integer degrees of freedom were considered
first.

The central moments for the chi-square distribution are integer
multiples of the number of degrees of freedom. For example, the first
three central moments for a chi-square distribution with C degrees of

freedom are equal to the following:

M, =C, M2 = 2C, and M3 = 8C . (6.11)

The corresponding sample moments based on the 1000 simulated values of

A! are equal to
se
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m = 1.054, m, = 2.136, and my = 7.703 . (6.12)

By equating the first three moments, the following estimates Ci’ where
i denotes the estimate based on the i-th moment, are obtained for the

number of degrees of freedom C:

El = 1.054, Ez = 1.068, and 63 = 0.963 . (6.13)

These results suggest that among the chi-square distributions with
integer degrees of freedom, the one degree of freedom chi-square distri-
bution is most appropriate for approximating the empirical distribution
of A;e.

A method used by Quade [1979] was employed to determine whether
some linear transformation of A;e of the form, A + BA;e, behaves as a
chi-square random variate. This is equivalent to investigating whether
A;e follows a gamma distribution. Estimates of A, B, and C may be
obtained by equating the moments for the chi-square distribution given
in (6.11) to functions of the sample moments in (6.12). The parameters
A and B of the linear transformation, as well as the number of degrees
of freedom C are determined by equating functions of the first three

moments. This results in the following system of equations:
A + B(1.054) = (C, 82(2.136) = 2C, and B3(7.703) = 8C. (6.14)
The unique solution of these three equations in three unknowns is
A=0.144, B=1.109, and C = 1.313 . (6.15)

Thus, the chi-square distribution with 1.313 degrees of freedom provides
an approximation for the transformed likelihood ratio statistic

0.144 + (1.109)A;e, which fits the first three moments exactly.
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In order to assess the exactness of the gamma approximation, the
empirical cumulative distribution step-function for the transformed test
statistic was plotted against the cumulative function of the approximat-
ing chi-square distribution with 1.313 degrees of freedom. As shown in
Figure 6.2, the fit is extremely good for the linearly transformed
values exceeding the 0.50 quantile.

A comparison of the plots of the chi-square approximation in
Figure 6.1 and the gamma approximation in Figure 6.2 suggests that there
are only very slight differences, based on visual impressions, between
the fits of the chi-square distribution with one degree of freedom and
the gamma distribution. Clearly, the gamma distribution should provide
the best fit since this approximation matched three moments exactly.
However, unlike the chi-square approximation, the gamma approximation
obtained by fitting a XZ(C) distribution to the transformed likelihood
statistic, A + Bkée, requires the specialized constants given in (6.15).
Consideration must be given to the stability of the estimated parameters
A and §, as well as the stability of the estimated number of degrees of
freedom C. Variance estimates of these parameters based on the jackknife
technique (see Miller [1974]) could be computed from the 1000 simulated
values of Aée' Alternatively, the simulation could be repeated a number
of times to obtain some indication of the amount of variability that is
associated with each of these estimators. The estimates of these

coefficients are expected to be fairly stable.

6.4 The Consideration of Other Null Hypotheses

By means of various data transformations the empirical distribu-
tion of A;e’ simulated for the pair of distributional hypotheses in

(6.4), could be used for testing a number of null distributions, for
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which all of the parameters are specified, against Burr XII alternatives.

For example, if it is desired to test whether a set of data represented
by the variable T are exponentially distributed with mean equal to eeo
rather than equal to one, as in the standard exponential case, it is

possible to test whether the transformed variable

1 =
T T/eeO (6.16)

has the standard exponential distribution. Similarly, the transforma-
tion

‘w0
T* = (T/8, ) w (6.17)

enables the testing of whether the random variable T has the Weibull
distribution with parameters equal to .0 and ewo by testing whether the
variable T* follows the standard exponential distribution. Under the
alternative hypothesis that T is distributed according to the Burr XII
probability law, the transformed variables T' and T* behave according
to the Burr XII distribution with shape and scale parameters which are
functions of eeo, ch’ or ewo.

These methods are only appropriate for simple null hypotheses,
where it is desired to test whether a distribution corresponds to a
particular member of the Weibull or exponential families. However, the
simulated distribution of A;e is not appropriate for testing whether
failure times follow the Weibull or exponential distributions with
unspecified parameters. The reason for this is that if the data trans-
formations specified in (6.16) and (6.17) are applied using maximum

~ ~

likelihood estimates @e, C and Gw, there would be a substantial loss

of power associated with performing a transformation which is based

upon the data.
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It was the intent of this chapter to investigate the distribution
of the generalized likelihood ratio statistic when the null parameter
Space corresponds to the standard exponential limiting boundary point
of the Burr XII parameter space. However, due to the choice of initial
parameter estimates in the maximization procedure, the distribution of
the generalized likelihood ratio statistic was effectively simulated for
the null exponential distribution as a special case of a family of
Weibull distributions. If it were possible to simulate the likelihood
ratio distribution for the standard exponential versus the Burr XII
distributional hypotheses (using alternative initial value strategies),
the results could be generalized to the case for which the null hypothe-
sis specifies alternative limiting points on the boundary of the Burr
parameter space when k is unbounded. However, further work would be
necessary to determine the nature of the distributions of the likelihood
ratio statistics A& and Aé when the null parameter space with unspecified
nuisance parameters corresponds to other boundary regions, defined by k

approaching infinity, of the Burr parameter space.



CHAPTER VII

SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

7.1 An Overview

The research presented in the preceding chapters has dealt with
the choice of an underlying parametric model in survival analyses or
reliability studies. Emphasis was placed upon the Burr Type XII distri-
bution which incorporates as limiting cases of one of its shape param-
eters, the Weibull and exponential distributions. Generalized likelihood
ratio tests were developed to assess the adequacy of the fits of these
two limiting special cases within the parametric framework of the more
comprehensive model. The examples in Chapters IV and V demonstrated
that the Burr XII distribution can be effectively used to evaluate the
fit of Weibull or exponential distributions for life test and survival
data. The conclusions regarding distributional shape based upon the
Burr XII distribution were supported by results based upon the log-
generalized gamma distribution, another general family of parametric
distributions, as well as by plots of the data versus the fitted distri-
butions.

It was the intent of Chapter VI to investigate the empirical
distribution of the likelihood ratio statistic for testing the null
standard exponential distribution against the alternative Burr XII

distribution by means of a simulation. Because the true value of



141

the parameter vector under the null hypothesis does not lie in the
interior of the Burr parameter space, the usual asymptotic chi-square
approximation could not be assumed without further investigation.
However, due to the choice of initial parameter estimates in the
maximization procedure, the distribution of the generalized likeli-
hood ratio statistic was simulated for the null exponential distri-
bution as a special case of a family of Weibull distributions rather

than as a spetial case of the Burr XII distribution.

7.2 Distributional and Power Considerations for the Likelihood
Ratio Tests Defined by Aé and A&

As was discussed in the concluding remarks of Chapter VI, further
investigative work is needed with regard to the nature of the distribu-
tions of the likelihood ratio statistics Aé and A& when the nuisance
parameters ee, and cw, and ew for the exponential and Weibull distribu-
tions, respectively, are known as well as when they are not known. In.addi-
tion, it needs to be determined how variations in the values of these
nuisance parameters affect the distritutions of the test statistics.

Although in the examples the likelihood ratio tests based on Aé‘
and A& exhibited sensitivity and specificity which appeared to be
comparable to that of the likelihood ratio tests for the log-generalized
gamma analyses, the power of each of these tests should be established.
Thoman, Bain, and Antle [1969] determined the power of an exact test of
exponentiality versus Weibull alternatives as a function of specific
values of the Weibull power parameter. For comparison purposes, it
would be of interest to consider these same Weibull alternatives when
consideration is given to the power of the likelihood ratio test for
discriminating between the standard exponential and the Burr XII distri-

butions.
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7.3 The Burr III Distribution

Rodriguez [1979] determined that the coverage of the Burr III ’
distribution is much larger than that of the Burr XII distribution in
the moment-ratio plane. For this reason he has concentrated his more
recent research efforts on this member of the Burr system (see Rodriguez .
[1980b]). The cumulative distribution function of the Burr III distri-

bution is given by
Ftic,k,B) = {1+(¢/8) 1", (7.1)

where ¢ and k are positive shape parameters, B is a positive scale
parameter, and t represents the positive random variable. Rodriguez

[1979] has identified the extreme value Type II distribution

F(t;c,8) = exp{-(t/0)™"}, (7.2)
for positive ¢, 6, and t to be the limiting form of the Burr III distri- .
bution in (7.1) as the shape parameter k tends to infinity. -

It can be shown that the generalized likelihood ratio test for
discriminating between the Weibull and Burr Type XII distributions 1is
equivalent to a generalized likelihood ratio test for discriminating
between the extreme value Type II distribution in (7.2) and the Burr
Type III distribution in (7.1). If X has a two-parameter Weibull dis-
tribution, then Y equal to )(-1 has an extreme value Type II distribution.
Similarly, if X has the Burr XII distribution, then Y equal to X! has
the Burr III distribution. Since the ratio of maximized likelihood is
invariant to transformations of the data, it follows that the two
discrimination problems are equivalent. This equivalence serves to .

increase the importance and usefulness of the generalized likelihood

ratio tests developed in Chapter II for other areas of application. .
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