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THE UNIQUENESS OF THE L, ASSOCIATION SCHEMEl

By S. 8. Shrikhande
University of North Carolina

1. Summary. The L2 association scheme for a class of partially bal-
anced incomplete block design determines the parameters of the second kind.
This paper considers the converse problem whether or not these parameters
imply the L2 association scheme. Necessary conditions for the existence

of such designs are also obteined.

2. Introduction. A partislly balanced incomplete block design /1 7/

with two associate classes is said to have L, essociation scheme [27, it
the number of treatments is s2 where s is a positive integer and the treat-
menﬁs can be arranged in a s x s square such that any two treatments in
the same row or the same column are first associates, whereas any two treat-
ments not in the same row and not in the same column are second associates.
The following relations are easily seen to hold in this case.

(1) The number of first associates of any treatment is n, = 28 - 2o

(2) With respect to any two treatments 01 and 02 which are first

associates, the number of treatments which are first associates of both

Ql and 92 is

l .
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(3) With respect to any two treatments 93 and Gh which are second as-
sociates, the number of treatments which are first associates of both 93
end @, 1is pil(Oi, 0,) = 2.

We examine the converse problem, i.e., whether or not the relations
(1), (2) end (3) imply that the association scheme is of the L, type. We
show that this converse is true for s > 3 excepting possibly s = L, Nec-
essary conditions for the existence of such designs are also obtained.

It is worthwhile to recall what is known about other partiaslly bal-
anced designs. It is known [ 6 7/ that the converse problem is true in
the case of group divisible designs. Recently Connor [ 7/ has shown that
the same is true in the case of triangular designs for n(n-l)/? treatments
if n >29. Inan ﬁnpublished thesis [;3;7 Mesner has given results for
the case Lg, g 2 2. The proof presented here for L2 is much simpler than
that given by him, It is also shown that for case s é 4, that there are

only tvo types of association schemes possible.

3. Statement andzgrdof of a lemma.

Lemma. If s = 3or s > 4, and if the l-associates of any treatment ©
are ¢, Bos +oe 512 V12 Vs eees ¥, vhere the set (¢é"°"¢;-l) is
the set of common l-associates of both @ and ¢l and the set (Vl,...,ws_l)
is the set of l-associates of © and 2-associates of ¢i, then any two treat-
ments from the set (¢l""’¢;-1) are l-associates. Similarly, any two
treatments from the set (wl,...,ws_l) are l-associates, while any treat-
ment ¢i is a 2-associate of any treatment wd, i, J= 1,2,00e,8-1,

Proof. We will use the notation (0,f) = i to denote that © and § are

i-associates 1 = 1,2, The lemma is trivially true for s = 3. We now
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consider s > k. For convenience replace @ by 1, ¢1,¢2,...,¢;_1 by
2,3, 400,68 and wl’we"“’ws-l by 8+1,8+2,...,(28-1) respectively.

We then have the treatments 2,3,...,8, §+1,..0,(28-1) for l-associates
of 1, of vhich the set T, = (3,4, «0ss8) 18 the set of common l-associates
of both 1 and 2, whereas the set T, = (s+1,rs*2, cesy (Esfl)) is the set
of l-associates of 1 and 2 associates of 2. Let ¢ be any treatment of

T Then (2, ¢) = 2. Since pil(a, o) = 2, and 1 is one of the common

o
1-asesociates of both 2 and ¢, therefore, ¢ has at most one l-associate

in T;. Since pil(l, @) =8 - 2, ¢ has at least (s-3) l-associates in Ty
But T2 contains besides ¢ only s-2 treatments. Hence O has at most one
2-asgociate in Ta. Hence, we have the following two possibilities.
Either (i) with respect to any treatment of T, every oﬁher treatment of

T ie l-associate, in which case any two treatments of T2 form a l-associate

2
pair, or, (ii) there exists a treatment Q of T, such that there is a
treatment f of T2 where (o, B) = 2 and every other treatment of T2 besides
o and B is l-associate of &. Put T; =T, - (¢, B). Consider the treat-
ment 8., Since it can have at most one 2-assoclate in T2 and this is @,
the set Té is the set of l-associates of B. Thus the set T; is the set

of common l-associates of both & and B where (o, B) = 2. Treatment 1 is
also l-associate of both ¢t and . The set T; and the treatment 1 give

s set of (s-2) treatments which are l-associates of both ¢ and Be Buﬁ

5-2 > 2. This contradicts the fact that pil(a, ) = 2, Thus this case

is impossible. Hence we are left with case (1) only.

| From (i); for every o of Té, the s-2 treatments of T2 excepting ¢

are the pil = g-2 treatments which‘are 1-associates of both 1 and <.
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Hence the treatment 2 and all the treatments of T, are the (s-1) treat-
ments which are 2-associates of ¢. Let 7 be any treatment of_Tl., then
(1, 7) = 1 and the (s-1) treatments of T, are 2-associates of 7. Thus

the treatment of"I'1 are all l-associates of 7. Hénce any two treatments
from the set 2 and Tl are l-associates. This completes the proof of the

lemmsa .

L, gtatement and proof of the main theorem.

Theoreu 1. If the parameters of the second kind for a partially balanced

incomplete block design with 32 treatments are given by

1 2 _
By =8-2 Py -

then the design has L2 association scheme if s = 3 or s > 4,

=28 - 2, 2,
Proof. From the above lemma, we can write down the l-associates of 1

in the following scheme.

) ¢l ¢2 ces ¢$-1

Ws-l

where any two treatments in the first row or in the first column are
1-associates, and any treatment { is a 2-associate of any treatment V.

Let B be any 2-associate of ©. We have pfl(e, 8) = 2. Hence 5 cannot
have more than two l-associates from the set ¢1, ¢é, cesy B 4. Simi-
larly, it cannot héve more than two l-associates from the set *1’ seey Ws—l
and the number of l-associates of 5 from the set of ¢i and wj is exactly

2. Suppose 5 has two l-associates ¢i-and ¢J; then ¢, and ¢J have the s-2
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remaining treatments of the first row and 8 for their common l-associates.

But this mekes fhe number pi1(¢i, ¢J) = g-1 > 8~2 which is the value of

?il’ We thus get a contradiction. Similarly, if & has no l-associate

from the set <¢i""’¢s-l)’ then both these l-associates of & must come

from the set wi""’ws-l’ which will again give a contradiction. Thus &

has exactly one l-associate from the set of ¢£'s and exactly one l-associate

from the set of WJ'S- Hence any 5, where (8, 8) = 2, determines uniquely

a pair (¢i’ WJ) such that (¢i’ 8) =1, (WJ, 8) = 1. Conversely we show

that any pair (¢i, WJ) uniquely determine & & such that (9, 8) = 2 and

(¢i’ 8) = (Wj, 8) = 1. For suppose there are two such 6’5, say 8, and

82. Then we have the following relations.

| (8, ¥y)

(B ©) = (¥;, 9 =1
(Bys 8y) = (Vg5 By) = (B, By) = (¥, 83) = 1.

2

This gives the value pil(¢i, WJ) = 3 which is a contradiction. Thus the
correspondence betwéen 5 and the pair (¢£, wj) is 1 - 1. We can, there-
fore, put 8 in the position determined by the column of ¢i and row of WJ.
Thus the (s-l)2 positions can be uniquely filled by utilizing the (s--l)2

o.associates of ©. We thus get the following scheme.

° 4 7 e B
v % 5 et B
Vo B Bgr1 eee B5(g.1)
¥ o] s cee O 2
8=1 "g2.3g4s  82-3g+h (s-1)
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Then all the l-assoclates of ¢i are exactly the treatments in the row and
column corresponding to it. A similar result is true for any wj. Now
consider Wl' Its l-associates are contained in the'second row and first
column. Among these l-associates the elements wz,...,ws_l are the common
l-associates of Wl and 6, whereas 5, Oyy +e-) Ss—l are the l-associates
of Wl and 2-associates of ©. Hence the application of the lemma gives
the result that any two treatments in the second row are l-associates.
Similarly, we get the result that any two treatments in the second column
are l-associates. A similar result is obviously true for any other row
or any other column. Thus for any treatment whatsoever, all its
1-associates are obtained by taking the treatments in the row and column
corresponding to that treatment. Hence any two treatments which are
neither in the same row nor in the same column are 2-associates. This

completes the proof of the théorem.

5. Some krown results on rational equivalence of matrices and Hilbert

norm-residue symyol. ILet A and B be two symmetric metrices of order n

with elements in “he rational field. The matrices A and B are rationally
equivalent, written A.~B, if there exists a nonsingular C with elements
in the same field, such that A = C'BC. The congruence of matrices satis-
fies the usual requirements of én "equals" relationship.

If A is an integral symmetric matrix of order and rank n, we cen al-
ways construct an integralrdiagonal matrix D = (dl"“’dn)’ d1 # 0,
i=1,2,.,.,n, such that Dv~A. The number of negative terms i, called

the index of A, is an invariant of A by Sylvester's law.
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Define 4 = (-1)15, where 5 is the square-free positive part of IAI
Then since [B| = |C |°a, @ is another invariant of A.

Now let A be a nonsingular and symmetric integral matrix of order
n. Let Dr be the leading principal minor determinant of r and suppose

that D, #0, vr=1,2,...,n. Define
n-1

(5.1) e (8) = (-1, -D;) 33; (Dys Dyyp)
for every odd prime p where (m, m')p is the Hilbert norm residue symbol.
Then we have the following results /5, 6 7.

Theorem (A). If m and m' are integers not divisible by the odd
primpe p, then .
(5.2) (a, m')p = +1
(5.3) (m, p), = (p,'m), = (nfp)
where (m/p) is the Legendre symbol. Moreover if m £ m' 71 O mod p, then

(5:4) (m, p), = (', P},

Theorem (B). For arbitrary non-zero integers m,m', n,n' and every

prime p,

(5.5) (-m, m)p = +1

(5.6) (m, ), = (a, m),

(5.7) (mm', n)p= (m, n)p (m', n)p
(5.8) (mo', w-n'), = (m, mt)ge

From the abové it is easy to verify that for p an odd prime and every
positive integer m

(5.9) (m, m"'l)p = (-1, m"‘l)p

m
(5.10) T (3 1), = ((m+1)t, -1)_ .
j=l P
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The fundamental Minkowski-Hasse Theorem states:

Theorem (C). Let A and B be two integral symmetric matrices of order and
rank n, Suppose that the leading principal minor determinants of A and B
are sll different from zero. Then Aw~B if and only if A and B have the
same invariants i, 4 and cp for every odd prime p.

| In the rest of the paper p stands for an odd prime and will generally

be omitted in writing the Hilbert norm-residue symbol.

6. Necessary conditions for the existence of symmetrical P.B.I.B.

designs with v = se, n, = 28-2, pil = §-2, P?l = 2, vhen s > 3 and 8 # k4,

Consider the symmetrical design with parameter

2 : 2
v=b=s8",r=k MN,>N, B = 2s-2, n, = (s-1)
1 1 1
(61)  vyy =82, Py =l Dy = (e-l)(s-2)
2 2 2
pll =2, p12 = as‘u} pge = (3-2) > 8 2 3, 8 # b,

Then we have

r(r-l) = 2(s-l))\1 + (s-l)2 M or

(6.2) r2 = [T+ (s-Ln T+ (s-1) [h + (510, 7 -

Let N = (nij) be the incidence matrix of the design vhere

n,, = 11if treétment i occurs in block J

ij

= 0 otherwise.

Then by renumbering the treatments, if necessary, and using Theorem

1, we have
/ A B ... B
(603) NN' = B. A. LR ?
B B [N N ] A

e
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where A is an s x s symmetric matrix with r in the main diagonal and kl
elsewhefe and B is another s x s symmetric matrix with hl in the main
diagonal and AQ elsewhere. By a succession of elementary transformations
on rows of NN' considered as a partitioned matrix and the same elementary
transformation on columns of NN' and using only the rational numbers it
is easy to verify that
1+2(A-B)
2:3(a-B)
(6.k) M'~~ T = (s-1)s(aA-B)
| s(A+(s-1)B)

Put N

b

(6.5) P= (r-kl) + (s-L)(Al-xE)

(6.6) _ Q=1 - 25+,

(6.7) A=A = Ay M o= A+ (8-1)A, .
Then it is easy to verify that

(6.8) la-B| = @®-p

(6.9) la+(s-1)B| = r° p°"%.
Hence

(6.10) o] = £2(s4)2® q(8-1)" pR(s-1),

Since NN' is semipositive defined, so is T. Hence we have P > 0
and Q@ > 0. Further |WN'| = Iv|° is a perfect square. Hence |T] is 2
perfect square. Thus, if P > 0 and Q > O, which means that N is non-
singular, a necessary condition for existence of the design when s is even
is that Q must be a perfect square. In what follows we assume that
P> 0and Q> 0., This result can also be obtained by using the results

of Connor and Clatworthy [ 7 7.
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Let
(6.11) T, = [ 1:2(A-B)
| (s-1)s(A~B)
and
(6.12) T, = s(A + (s-1)B).
Then
(6.13) T = T, .+ 0
0 11,

Further, if R is ﬁhe (s-1)(x-1) diagoﬁal matrix
(6.14) R = diag {12, 243, ..., (s-1)s} .
Then
(6.15) T, =R x (A-B)

1
when x denotes the Kronecker product of the matrices, It is easily veri-

fied,using the results of section %, that
(6.16) IR| = (s-1)°1 s and
(6.17) c(R)= 1.
We now evaluate the values of c(A-B) and c(A*(é-l)B).
Following /6, p. 379 / we get
c(a-8) = (q, -1} 2&L) (7, 1) (2, @)°.

Now, since P> 0, @ > 0 and
P-Q=8AF#0
ve get from (5.8)
(PQ, A) = (P, P-Q) (PQ, s)
= (P, -1) (P, @) (P, s) (@, 8)
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c(a-p) = o, -1)5(E VR, )L (2, 1) (b, &) (q, 8)
= (2, -1) (o, -1 D2p, 0)°2(-1,0)° X, 0)(a,8)
(6.18) - (e, -1)(a, -EVER R 0l (5, 8 (o, 8)
Again following [ 6, p. 379_7 we get

c(a + (s-1)B) = (B, -1)*5 D Rp, ary (23, A1) .

Since

2 .p=sANFO

c(a + (s-1)B) = (p, -1)°(5D) P2, 21y

- (p, -1)5(E D22y 2 0y (xPp, )

= (p, ;1)5(5’1)/2 (r%p, r2-p) (r°p, 8)

= (p, -0 N2 2, by (B, 6) (2, 8)
(6.19) = (p-1)3(= 12 (p, 5).

Since

T. = R x (A-B)

1
from [ 8 7/ we have

-1 - . )
C(Tl) = [c(R)Js [c(A-B)_'f (!A‘Bl’ _1)(8 1)(s 2)/2( lRl,-l)s(s 1) /2
(Irl, ‘s')S(S-l)-l .
Substituting the velues obtained above we get after some simplifica-

tion .
(6.20)  c(;) = (», )82 (p 0y® L (p,8)° (s, -1)°(81)2

Similarly from [ 9 7/ we have
o(1,) = c(a(s-1)8) (s, -1)*(#D/2 (o, Jar(s-1)8])%"

(6.21) = (p, -1)5(5'1)/2 (@, 5)° (s, _l)s(s+1)/2
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after some simplifications. Also we have
2
2s - -
(6.22) |Tl| = (s-1)!%" &° B° 1 Q(s 1)

(6.23) T, = r2e® P51 |

Since T. &
. T2

is the direct sum of T; and T,, we have [67

e(T) = o(Ty) o(Ty) (Iryl, 1T,1) -
Substituting the values already found out it is easy to verify that
(6.25) e(T) = (ra, -1)°"1.

Since T ~NN'~ T and ¢(I) = +1 for all odd prime p, we must have

(rq, -l):'; = 1 for all odd prime p.
If & is odd the above relation is always true. For s even we have
the relation
(rQ, -1) = 1
or (p, -1) (Q, -1) = 1.
But when s is even a necessary condition for existence is that Q be a
perfect square. Hence we get the further necessary condition for exist-
ence.
(p, -1)p = +1 for all odd prime p.
We can thus state the following theorem.
Theorem 2. A necessary condition for existence for existence of the

symmetric partially balanced incomplete block design satisfying (6.1).

(1) P>0, @>0, and
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(i1) if s is even and P # O, Q # O, then Q must be a perfect square,
and (P, -].)p = 1 for all odd prime p.
I understand that M. N. Vartak has submitted a paper to the Annals
b* of Mathematical Statistics which considers a similar problem for a

3-associate class of partially balanced designs.

7. Association scheme for the case s = 4, Consider the partially

balanced incomplete design with the following parameters

v = 16, nl = 6, n2 = 9

1 1 _ 1
(7.1) P = 2, Pip © 3, Py = 6

2 2 2

Pp =2 Ptk Py

Let (al,ae) = 1 and gy O be the common l-associate of both @, and

' 062. Then we have either
case (1) (oc§,ozu) =1, or
- case (ii) (043,a,+) =2,

Consider case (i). Let 045, Ogs a7 be the remaining l-associates of &

then these are obviously 2-associates of Oy giving the following scheme:

Oél 062 065 Oth
o]
5
%
Ot7 .
Now any two treatments of the first row are l-associates and hence as,
¢ Og» 017 will be 2-associates of a3 and Q). Since a,, 045, o) are 2-associates

of 0 Gg,Q, must be l-associates of 0 . Similarly ¢, o are l-associates

5

of Qg Hence any two treatments in the first column are l-associates. It

‘ now follows, as in the proof of Theorem 1, that the association scheme is
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of L, type. Hence if Bl and BQ are any two treatments which are l-associates

2
and 33, By, are common l-associates of them both then (Ba’ﬁu) =1, 1i.e. if
case (i) holdse for any one pair of l-associates, it must hold for all such
pairs.

We now conaider case (ii). Replace treatments al,ae,...,a7 by

1,2,...,7 for suke of convenience, giving the scheme

2 3 4

-~ O\

Considering the pair (1,3) and the value pil(l,§) = 2, we see that 3 has
Just one 1-associate from the set (5,6,7). Without loss of generality as-
sume that (3,6) = 1 and hence (3,5) = (3,7) = 2. Consider the pair (3,4).
Here 1 and 2 are l-associates of both 3 and h, accounting for the value
pil(B,h) = 2. Hence since (3,6) = 1, (4,6) = 2. Now (6,2) = (6,4) = 2,
end (6,3) = 1. Hence from the values pil(1,6) and pie(1,6) we see that 6
has Jjust one l-associate and one 2-associate from the set (6,7). let
(6,5) = 1 end (6,7) = 2. Consider the pair (2,7) where (2,7) = 2. Since 1
is common l-associate of both, 7 has at most one l-associate from the set
(3,4). Hence considering the pair (1,7) = 1, 7 has at least one l-associate
from the set (5,6). But‘(7,6)'= 2, hence (7,5) = 1. No% (1,5) = 1 and
6,7 are common l-associates of both. Hence (5,2) = (5,3) = (5,&5 =2,
Consider the pair (1,3) = 1.7 Here l-associates of 3 are 2 and 6. Hence
4,5,7 are 2-associates of 3 giving in particular (3,5) = (3,7) = 2. Since
(7,5) = 1 and (7,6) = (7,2) = 2, T has just one l-associate from the set
(3,4) and since (7,3) = é we must bave (7,4) = 1, Thus with respect to

treatment 2, l-associates of 1 can be written down in the following scheme.



T
The explanation of the scheme is as Pollowa. Any two treatments in the
first row are l-associates excepting the two treatments which are under-
lined, and these form a 2-associate pair. A similar result is true for
the first column where the only 2-associate pair is (6,7), which is indi-
cated by a line on the left. We write these pairs i.e., (3,4) and (6,7)
in the third and fourth position respectively. Further the third and fourth
treetments in the column are l-associates respectively of the third and
fourth treatment in the row and 2-associates respectively of the fourth
and third treatment in the row. Also second, third and fourth treatment
in the column (row) are 2-associates of the second treatment in the row
(column). We will adopt the convention of writing down the l-associates
of eny treatment B, (here 1) with respect to any l-associate treatment B,
(here 2) in the scheme of the above type which will immediafely bring out
the association relationship amongst the various treatments. For the sake
of convenience and completeness we write down the association relationship

implied by the scheme S

1
(1,2) = (1,3) = (L,4) = (1,5) = (1,6) = (1,7) =1
(2,1) = (2,3) = (2,b) = 1, (2,5) = (2,6) = (2,7) = 2
(1.2) (3,1) = (3,2) = (3,6) = 1, (3,4) = (3,5) = (3,7) = 2
(4,1) = (&,2) = (3,7) = 1, (4,3) = (4,5) = (4,6) = 2
(5,1) = (5,6) = (5,7) = 1, (5,2) = (5,3) = (5,4) = 2
(6,1) = (6,3) = (6,5) = 1, (6,2) = (6,4) = (6,7) = 2
(T,1) = (T,4%) = (7,5) = 1, (7,2) = (7,3) = (7,6) = 2
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Now emongst the treatments 1,2,...,7, only the treatments 1,3,k are
l-associates of 2. Let the remaining l-associates of 2 be 8,9,10. Then

writing the row
2 1 3 L

we see that only one of the treatments 8,9,10 is l-associate of 3. With-
out loss of generality let (3,9) = 1, Then 9 has just one associate from
the set (8,10). Let (9,8) = 1 and hence (9,10) = 2. Hence referring to

Sl for comparison we can write down the scheme |

2 1 3 4
8

9
lol

We then have the following relations

(1,8) = (1,9) = (1,10) = 2

(2,8) = (2,9) =(2,10) =1

(3,9) = 1, (5,8) = (3,10) = 2
(7.3)

(’4,10)'—'- 1, (l;.,8) = U‘“:9) = 2

(8,9) = (8,10) =1

(9,10)=2 .
We now consider the association relationship of any treatment from the
set (5,6,7) with any treatment from the set (8,9,10).
Consider (2,6) = 2. Treatments 1,3 are common l-associates of both
2 and 6 and p§1(2,6) = 2, Hence the remaining l-assoclates of 2 i.e.,
%,8,9,10 are 2-associates of 6. Thus if we combine schemes 8, and 8, into

a nev scheme

2 3 Y
5
Szt
" 16 9
17 |10
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We see that all the treatments of the second column are 2-assoclates of 6.
Similarly (2,7) = 2 and 1 and 4 are common l-associates of both. Hence
3,8,9,10 are 2-associates of 7.V Hence again all the elements in the second
column are 2-associates of 7. Again (1,9) = 2 and 2,3 are common
l-associates of both. Hence the remaining l-associates of 1 are 2-associates
of 9. Hence all the treatments in the first colurn are 2-assoclates of 9.
Similarly they are 2-associates of 10, Now (1,8) = 2 and 3,4,6,7 are
2-associates of 8, giving p§2(1,8) = L4, Hence the remaining treatment i.é.,

5 rust be l-associate of 8. We summarize these relations below.

(5)8) =1, (5:9) = (5,10) = 2
(7.%) (6:8) = (6;9) = (6,10) = 2
(7,8) = (1,9) = (7,10) = 2 .

We can verbally state the result as follows. Amongst the pairs which can
be formed by taking one treatment from the last three positions in the
first column and one treatment from the last three positions in the second
column, the only peir of l-associates is that from the pair in the second
row. We will utilize this method of combining two schemes (here S1 and 82)
to get new relations.

Now smong the treatments 1,2,...,10, the treatments 1,2,6,9 are 1-
associates vhereas 4,5,7,8,10 are 2-associates of 3. Let the remaining
l-associates of 3 be il and 12, The common l-associates of 1 and 3 are 2
and 6, where (2,6) = 2. Hence we write down the row

3 1 2 6 .

Of the remaining treatwent 9,11,12, we know that (2,9) = 1. EFHence 9 is
placed in the third pcsition in the column for 3. Again let (9,11) = 1

and (9,12) = 2. Then we have the scheme



Similerly completing the scheme for 1 3
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12 .

tions alyeady obtained we have

5

5 .

can be combined into

5 1 2
1T
9 4
he Is.

2

and utilizing the rela-

From 8, 85, 86 ve get the following relations.

(7.5)

(1,11) = (1,12)
(2,11) = (2,12)
(3,11) = (3,12)
(4,11) = (4,12)
(5,11) = (5,12)
(6,12) = 1, (6,11)
(7,11) = 1, (7,12)
(9,11) = 1, (9,12)
(11,12)= 1 .

=

2

2
1
2
2
2
2
2
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Now common l-associates of 2 and 3 are 1,9 where (1,9) = 2. Hence
utilizing the previous relations we have the scheme
3 2 19
12
6

57:

1 .
Similarly we have 88 and 89 by combining 57 and 38'
2 3 1 9

10

12 10
S.:
9 6 b
11 |8 .

37, SB’ 89 give rise to the following relations.
(8,11) = (8,12) =2
(7.6)
(10,12) =1,(10,11)=2 .
Now among the treatments 1,2,...,12, the l-associates of 4 are
1,2,7,10. Let the remaining two l-associates of 4 be 13 end 14. The

common l-associates of U4 and 1 are 2,7, where (2,7) = 2. Writing the row

L 1 2 7

we see that of the remaining l-associates of 4 i.e., 13,10,1k4, the treat-
ment 10 is l-associate of 2. Without loss of generality assume that

(10,13) = 1 and (10,14) = 2. Then we have the scheme
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13
10

Slo: l

1,

We have similarly

1’

5

and by combining S, ., and S

10 11

4

Pt
n
-

o))

13
10
1k

12°

5 .
From 510’ sll’ 812 we get the relations

(1,13) = (1,14) =2

(2,13) = (2,14) =2

(3,13) = (3,14) =2

(4,13) = (4,14) =1

(7.7) (5,13) = (5,14) =2

2

[]

(6,13) = 1, (6,14)
(7,14) = 1, (7,13) = 2
(10,13)= 1, (10,14)= 2
(13,14)= 1 .,
Agein vwe can verify that only possible schemes for rows

4y 2 1 10 and 2 4 1 10
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14

13

and _ 2 L 1 10

8 .

Combining these into the scheme

L 2 1 10

1k 9
B
135 8
we have the relations
(8,13) = (8,1}4) =2
(9,14) = 1, (9,13) =2 .

Now the l-associates of 5 amongst the treatment 1,2,...,1k4 are
1,6,7,8. Hence 15 and 16 are the remaining two l-associates of 5. The
common 1l-associates of 5 and 1 are 6,7 where (6,7) = 2. Now 8 is known
to be 2-associate of 6 and 7. Hence 8 occupies the second position in the
column for 5. Let 15 be l-ascociate of 6 ; hence 16, 2-associate of 6.

Then we have

15
16 .
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We also have

and hence combining these two we get

5 1 6 1

8 2
51y

15 3

16 L

and we get the following relations.

(1,15) = (1,16) =2

L}
v}

(2,15) = (2,16)
(3,15) = (3,16) =2

(4,15) = (4,16) =2
(7.8) (5,15) = (5,16) =1
(6,15) = 1, (6,16) = 2
(7,16) = 1, (7,15) = 2
(8,15) = (8,16) = 1

(15,16)= 2 .
Consistent with the previous relations,
have the only possible schemes

5 6 1 15

16 12
S.=:
B s
8 113

it is easy to verify that we
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giving the relations
(12,13) = (12,16) =1, (12,15) = 2
(13,15) = 1, (13,16) = 2

and
L T 1 14

10 16
16 1, 15
13 |11
giving the relations
(10,16) = 1
(11,1%4) = (11,16) = 1, (11,13) = 2
(7.9)
(13,16) = 2
(1&,16) =2 .

Now counting the l-associates and 2-associates of 12 in the

previous relations we get
(7.10) (12,14) = 2.
Similerly counting the l-associates and 2-associates of 9 in the previous
relations we see that the l-associates of 9 are 2,3,8,11,14 and either 15
or 16. Now (7,9) = 2 and l-associates of T are 1,4,5,11,14 and 16. Hence
from the value p§1(7,9) = 2 it is easy to see that

(9,15) = 1

(9,16) = 2.

(7.11)

Again counting the l-associates and 2-associates of 10 in the previous re-
lations we see that
(7.12) (10,15) = 2,

Similarly we can verify that



~¥
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