
ABSTRACT

TANG, WEN. Optimized Structure Learning in Inference Problems. (Under the direction of Hamid
Krim.)

The essence of a human to understand the chaotic world around, following the sensing the

mapped image of the real world, classification is also a basic, critical and essential inference task in

Machine Learning and Artificial Intelligence areas to make a machine understand and learn the

world after using the imaged and collected data. The classification tasks in Machine Learning are

divided into two taxonomies based on whether test objects are seen or unseen during the training,

which are respectively named as Classification and Zero-shot Classification.

For the basic Classification tasks, an integrated/end-to-end method for jointly learning the

classifier and selecting features is the most common and preferred method in Supervised Learn-

ing. Since during human classification, defining criteria for different equivalence classes favors

distinguishibility, the discrimination of a classifier also becomes crucial and critical to classification

inference tasks. As the different structures of the integrated method/end-to-end model determine

different discriminative abilities of a classifier, for enhanced classification performance, we thus

primarily explore, in this thesis, different optimized structures for different inference problems.

In Chapter 2, we first try to use the integrated method to jointly learn an analysis dictionary, a

structure of the union of subspaces (UoS) and a universal classifier to explore the intrinsic structure

of the invariant low-dimensional spaces. This results in an enhanced capability of discrimination

and to ensure a more complete consistent classification.

In recent years, Zero-shot Classification has also increasingly received much interest in the

Machine Learning area. Since Zero-Shot is to transfer the knownlegde of seen objects to unseen

ones, the underlying invariant space for different “concepts” is the key to solving such Zero-Shot

Classification task.

In Chapter 3, we hence focus on optimizing the learning structure for the Zero-Shot Classification

task. We propose a novel inductive ZSL model, which is based on projecting both visual and semantic

features into a common distinct latent space with class-specific knowledge, and on reconstructing

both visual and semantic features by such a distinct common space thus narrowing the domain

shift gap.

With developments of hardware capability, the amounts of data are also dramatically grown. To

accommodate such a tremendous dataset, the structures of such an integrated method/end-to-end

model for Classification require a critical and dominant factor of classifier discrimination, which in

turn, focuses on the ability of selecting the various distinct class features.

In Chapter 4, to exploit the deep structure of data, specifically, Convolutional Neural Networks

(CNNs), we address the Classification task of very large datasets by principally seeking an optimized.

While the Dictionary Learning (DL) method is used in early feature selection stages, a novel differ-

entiable programming method based on Deep DL (DDL) is proposed in Chapter 4, to improve the



discrimination and significantly enhance the efficiency of the original DDL. The newly proposed

and developed "capsule" can also be flexibly integrated into any neural network architectures to

achieve a better performance than the generic CNNs.
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CHAPTER

1

INTRODUCTION

Much like in the endeavor of understanding and interpreting the complex and chaotic world,

humans gradually form an ability to abstract the common descriptions of different observations

and phenomena over time, one proceeds to extract common characteristics and attributes of data

and to glean and gel various concepts. Such an extraction / abstraction exercise is indeed to navigate

and distinguish experiences, and thereby humans can summarize and generalize the relationships

among objects, events and phenomena by way of differentiating the principal patterns behind.

As classi�cation may help a human in understanding the chaotic world after sensing an image

of the real world, it is also a basic, critical and essential inference task in Machine Learning and

Arti�cial Intelligence areas to make a machine understand and learn the world when provided

collected image data. The classi�cation task not only provides a basic understanding of objects

and concepts, but it also is a sound foundation for building induction and inference tasks, such as,

object detection, image segmentation, image caption, video summary and others, all of which are

also important in Data Mining applications.

In Machine Learning, the classi�cation task aims to assign a class to an unlabeled object. A

learning algorithm is hence used to acquire the knowledge on the basis of the labeled objects and to

then generalize to unlabeled ones. Somewhat similar (rough approximation) to human learning

procures, a basic classi�cation task is to acquire the skills of recognizing an object that they have seen

before. After human beings acquire the know-how they demonstrate their expertise by recognizing

objects they have never seen, i.e. a capacity to generalize. A advanced classi�cation thus turns into

transferring the knowledge of known objects to recognizing the unknown ones. Based on whether

the unlabeled object is seen / known or unseen / unknown during the learning / training phase, the

classi�cation tasks in Machine Learning are divided into two taxonomies, which are respectively
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named as Classi�cation and Zero-shot Classi�cation.

In traditional Classi�cation tasks, many classical methods have appeared in the literature. As

early as the 1950's, the proposed Bayesian classi�er has been followed by Logistic Regression [Cox58],

Perceptron [Ros58] and K-Nearest Neighbours [Cov67]. In the 1980s, three main classical algorithms,

Decision Tree [Qui86], Support Vector Machine [Cor95] and AdaBoost [Fre95] these methods have

been dominant and pervaded in machine learning applications, until computational potential has

allowed Deep Learning to demonstrate its powerful potential.

In the same period, feature selection was also one of the earliest research topics in Machine

Learning, because more discriminative and distinct features yield better classi�cation performance.

Early on, researchers selected the features �rst, called hand-craft features, used as inputs to a

classi�er. Towards a more comprehensive characterization of problems at hand, a join learning of

features and their subsequent exploitation in classi�cation was proposed, making such an integrated

approach highly popular when class labels are given, i.e. as Supervised Learning. In Deep learning,

such integrated method is referred to as end-to-end modeling.

As discussed in "In a Study of Thinking" [Aus62] in Psychology, structures of an integrated

method / end-to-end model is central in inference tasks, as established in humans who in some way,

de�ne criteria for equivalence classes to simplify and facilitate discrimination among classes of

objects. This inspiration in combination with our belief that humans are unconsciously always in an

optimizing mode, we explore in this thesis, different optimized structures for various classi�cation

inference problems.

In Chapter 2, we attempt to use a integrated method to jointly select features and to learn a

classi�er for solving a Classi�cation task for small datasets. Since the size of datasets is not very

large, the classical machine learning algorithm is suf�cient to achieve a human-like performance.

A very popular integrated method in classical Machine Learning area is the Dictionary Learning

/ Sparse Representation, whose great success has been demonstrated in image denoising [Ela06],

image restoration [Xu16], audio processing [Gro07] and image classi�cation [Mai09c].

To seek a high-performance and ef�cient solution, a discriminative structured analysis dictio-

nary is proposed for the classi�cation task. In order to explore the intrinsic structure of the invariant

low-dimensional spaces, a structure of the union of subspaces (UoS) is also integrated into the

conventional analysis dictionary learning to enhance the capability of discrimination. A simple

classi�er is also simultaneously included into the formulated function to ensure a more complete

and consistent classi�cation. The solution of the algorithm is ef�ciently obtained by the linearized

alternating direction method of multipliers. Moreover, a distributed structured analysis dictionary

learning is also presented to address large scale datasets. It can group-(class-) independently train

the structured analysis dictionaries by different machines / cores/ threads, and therefore avoid a high

computational cost. A consensus structured analysis dictionary and a global classi�er are jointly

learned using a distributed approach to safeguard the discriminative power and the ef�ciency of

classi�cation. Experiments demonstrate that our method achieves a comparable or better perfor-

mance than the state-of-the-art algorithms in a variety of visual classi�cation tasks. In addition, the
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training and testing computational complexity are also greatly reduced.

In recent years, Zero-shot Classi�cation has also increasingly been of great interest in the Ma-

chine Learning area, and has registered some great successes, in the recognition task of unseen

object classes by only training on seen object classes. In order to transfer the �nite and limited

knowledge that is learned from seen dataset, and to generalize to the unseen one, leveraging the

common underlying invariant structure between the seen and unseen data, plays an important role

in such Zero-Shot Classi�cation inference.

Thus, upon addressing the Classi�cation task, in Chapter 3, we begin to optimize the learning

structure in the Zero-Shot Classi�cation task. Most existing Zero-Shot Learning (ZSL) methods

[Soc13; Lam14; Sch13; Lam14; RP15; Shi15; Cha16a; Zha16c; Cha16b; Aka16; Xia17] typically learn

a projection map between the visual feature space and the semantic space and broadly prone

to the so-called projection domain shift, which is primarily due to a large domain gap between

seen and unseen classes. In Chapter 3, we propose a novel inductive ZSL model which is based

on projecting both visual and semantic features into a common distinct latent space with class-

speci�c knowledge, and on reconstructing both visual and semantic features by such a distinct

common space to narrow the domain shift gap. We show that all these constraints in the latent

space, class-speci�c knowledge, reconstruction of features and their combinations enhance the

robustness against the projection domain shift problem, and improve the generalization ability to

unseen object classes. Comprehensive experiments on four benchmark datasets demonstrate that

our proposed method is superior to state-of-the-art algorithms.

With the dramatically increasing size of data and developments of the hardware capability,

such as CPU, memory and GPU, Neural Networks have recovered from their less glamorous 80's

and 90's days in Machine learning area, with the advent Backpropagation [Hin85 ], Convolutional

Neural Networks (CNN) [LeC89] and Long Short-Term Memory Network (LSTM) [Hoc97]. Its real

rise coincided with the AlexNet [Kri12], a deep CNN designed in 2012, which achieved the best

results in the challenging Classi�cation task of ImageNet, with its 1.3 millions training images. And

now this area is more speci�cally called Deep Learning. To manipulate such a tremendous dataset,

the structures of such an integrated method / end-to-end model for Classi�cation is still a critical

factor to the proper discrimination of the method, allowing a better focus on selecting the distinct

class features. Hence, various structures and architectures of CNNs have exploded to improve the

performance of the Classi�cation task, such as GoogleNet [Sze15], VGG[Sim14], ResNet [He16a],

DenseNet [Hua17], ResNeXt[Xie17], SEnet [Hu18] and so on.

In Chapter 4, we co-opt the framework of neural networks, especially, CNNs, and thereby cope

with the Classi�cation task with large amount of data using a principled optimized structure. Al-

though the classical machine learning algorithms still work, their performances are not as expected.

The main issue is that the hand-craft selection of features or those features learned by shallow

structured methods can not distinctly characterize each class. A principled, powerful, ef�cient and

end-to-end learning algorithm is therefore desired. Since Dictionary Learning (DL) has successfully

been successful in the shallow integrated method to select features and to learn the classi�er simul-
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taneously, many Deep Dictionary Learning (DDL) methods are developed to stack the shallow DLs

to form a deep one. However, DL suffers from its high delay costs due to its L1 regularization term.

Although many optimization solvers and differentiable programming methods have been developed

to speed up the L1 norm regularization, such as FISTA [Bec09], LISTA[Gre10] and SC2Net [Zho18], all

these methods only solve a single layer dictionary learning, without safeguarding the discrimination

of the classi�er, and are never used to solve DDL methods. To improve the discrimination and yet

secure the ef�ciency of DDL, a novel differentiable programming method is proposed in Chapter 4,

where we transform a single-layer DL into a combination of a linear layer and a Recurrent Neural

Network (RNN), and stack them into a deep network to solve DDL. The resulting RNN part can

be �exibly built into any network architecture, and combined with a linear layer to become the

DL layer. To the best of our knowledge, this is the �rst paper to connect DDL with the combined

linear layers and RNNs, and thereby bring a novel insight in understanding the relationship between

neural networks and DDL. Extensive experiments demonstrate that our method not only achieves

a better performance than the original DDL, but also obtains a superior performance than the

state-of-the-art CNNs.

4



CHAPTER

2

ANALYSIS DICTIONARY LEARNING

BASED CLASSIFICATION: STRUCTURE

FOR ROBUSTNESS

2.1 Introduction

Sparse representation has had great success in dealing with various problems in image processing

and computer vision, such as image denoising and image restoration. To obtain such sparse repre-

sentations with an unknown precise model, Dictionary Learning is one choice because it results in a

linear combination of sparse dictionary atoms. There are two different types of dictionary learning

methods: Synthesis Dictionary Learning (SDL) and Analysis Dictionary Learning (ADL). In recent

years, SDL has been prevalently and widely studied [mahdizadehaghdam2018deep ; Ols96; Bru09],

while ADL has received little attention.

SDL supposes that a signal lies in a sparse latent subspace and can be recovered by an associated

dictionary. The local structures of the signal are well preserved in the optimal synthesis dictionary

[Mai08; Mai09a; Mai09b ]. In contrast, ADL assumes that a signal can be transformed into a latent

sparse subspace by its corresponding dictionary. In other words, ADL is to produce a sparse repre-

sentation by applying the dictionary as a transform to a signal. The atoms in an analysis dictionary

can be interpreted as local �lters, as �rst mentioned in [Rot09]. Sparse representations can be simply

obtained by an inner product operation, when the dictionary is known. Such a fast coding supports

ADL more favored than SDL in applications. The contrast of SDL and ADL is shown in Fig. 2.1.
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Figure 2.1 SDL reconstructs data X by the dictionary D with the sparse representations A. ADL applies the
dictionary 
 to data X and results in the sparse representations U . k � kp can be either l 1 norm or l 0 norm. If
and only if D and 
 are square matrices, SDL and ADL are equivalent to each other.

The success of dictionary learning in image processing problems has shaped much interest in

task-driven dictionary learning methods for inference applications, such as image classi�cation.

The task of classi�cation aims to assign the correct label to an observed image, which requires a

much more discriminative capacity of either the dictionary or the sparse representation. Towards

addressing this issue, supervised learning is often invoked when using single-view SDL [Mai09c] so

as to maximize the distances between the sparse representations of each of two distinct classes. In

addition, multi-view dictionary learning methods [Liu19; Jin14; Bah16; Wan16] were developed to

include more information of each class.

For the supervised single-view dictionary learning methods, there are generally two strategies to

address the supervised learning approaches. The �rst strategy is to learn multiple dictionaries or

class-speci�c dictionaries for different classes [Wri09; Ram10; Yan11a; Wan13]. The advantage of

learning multiple dictionaries is that these dictionaries characterize speci�c patterns and structures

of each class and enhance the distances between different classes. The minimum reconstruction

errors of various dictionaries are subsequently used to assign labels of new incoming images. In

[Ram10], Ramirez et al. learned class-speci�c dictionaries with penalty for the common atoms.

Yang et al. [Yan11a] then learned class-speci�c dictionaries and jointly applied a Fisher criterion to

associative sparse representations to thereby enhance the distances between each class. A large-

margin method was proposed to increase the divergence of sparse representations for the class-
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speci�c dictionaries in [Wan13]. However, as the number of classes increases, it would be too

complex and time consuming to train class-speci�c dictionaries with regularizing distances of

each dictionary. Even though a distributed cluster could reduce the time complexity of training

dictionaries, it is dif�cult for the distributed algorithm to communicate with each independent

cluster and to compromise with other regularizations for the class-speci�c dictionary learning.

Another strategy is to learn a shared dictionary for all classes together with a universal classi�er

[Mai09c; Jia13a]. Such a joint dictionary learning enforces more discriminative sparse represen-

tations. Compared with class-speci�c dictionary learning, using this strategy is simpler to learn

such a dictionary and classi�er, and easier to test the unknown images. In [Mai09c], Mairal et al.

integrated a linear classi�er in a sparse representation for a dictionary learning phase. Jiang et al.

then included a linear classi�er and a label consistent regularization term to enforce more consistent

sparse representations in each class [Jia13a]. When any large data sets are on hand, memory and

computational limitations emerge, and an online learning or distributed solutions are required as a

viable strategy.

Although the techniques mentioned above are all based on SDL, ADL has gradually received

more attention [Nam13]. Based on the seminal work of Rubinstein et al. [Rub13a] proposing analysis

K-SVD to learn an analysis dictionary, Li et al. [Li14] considered to learn ADL by using an additional

inner product term of sparse coef�cients to increase its discriminative power. In addition, reducing

the computational complexity has been addressed in recent methods. Zhang et al. [Zha14] use

Recursive Least Square method to accelerate dictionary learning by updating a dictionary based

on the dictionaries in the previous iterations. Li et al. [Li15] and Dong et al. [Don16] proposed

Simultaneous codeword optimization (SimCo) related algorithms to update multiple atoms in each

iteration and by adding an extra incoherent regularity term to avoid linear dependency among

dictionary atoms. On other hand, Li et al. [Li16; Li18] used l 1=2 norm instead of l 1 norm to have

stronger sparsity and mathematically guaranteed a strong convergence. In [bian2016sparsity ], Bian

et al. [bian2016sparsity ] proposed the Sparse Null Space (SNS) pursuit to search for the optimal

analysis dictionary. However, all of these methods are proposed for the original problem of learning

an analysis dictionary. To the best of our knowledge, few attempts have been carried out for task-

driven ADL. For example, in [She14], Shekhar et al. [She14] learned an analysis dictionary and

subsequently trained SVM for the digital and face recognition tasks. Their results demonstrate that

ADL is more stable than SDL under noise and occlusion, and achieves a competitive performance.

Guo et al. [Guo16] integrated local topological structures and discriminative sparse labels into the

ADL and separately classi�ed images by a k Nearest Neighbor classi�er. Instead of preforming ADL

and SVM in separate steps, Wang [Wan17] alternately optimize ADL and SVM together to classify

different patterns. In [Wan18b], Wang et al. use the K-SVD based technique to solve a joint learning of

ADL and a linear classi�er. Additionally, a hybrid design based on both SDL and ADL is considered in

[Gu14] and [Zha17b]. A multi-view ADL was proposed in [Wan18a], which separately learns analysis

dictionaries for different views and a marginalized classi�er for fusing the semantic information of

each view.
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Inspired by these past works, and taking advantage of ef�cient coding by ADL, we propose a

supervised ADL with a shared dictionary and a universal classi�er. In addition to the classi�er, a

structured subspace regularization is also included into an ADL model to obtain a more structured

discriminative and ef�cient approach to image classi�cation. We refer to this approach as Structured

Analysis Dictionary Learning (SADL). Since Sparse Subspace Clustering [Elh13] has shown that visual

data in a class or category can be well captured and localized by a low dimensional subspace, and

the sparse representation of the data within a class similarly share a low dimensional subspace,

a structured representation is introduced to achieve a distinct representation of each class. This

achieves more coherence for within-class sparse representations and more disparity for between-

class representations. When sorted by the order of classes, these representations as shown later

can be viewed as a block-diagonal matrix. For robustness of the sought sparse representations,

we simultaneously learn a one-against-all regression-based classi�er. The resulting optimization

function is solved by a linearized alternative direction method (ADM) [Lin11]. This approach leads to

a more computationally ef�cient solution than that of analysis K-SVD [Rub13a] and of SNS pursuit

[bian2016sparsity ]. Additionally, a great advantage of our algorithm is its extremely short on-line

encoding and classi�cation time for an incoming observed image. It is easy to understand that in

contrast to the SDL encoding procedure, ADL obtains a sparse representation by a simple matrix

multiplication of the learned dictionary and testing data. Experiments demonstrate that our method

achieves an overall better performance than the synthesis dictionary approach. A good accuracy

is achieved in the scene and object classi�cation with a simple classi�er, and at a remarkably low

computational complexity to seek the best performances of facial recognition problems. Moreover,

experiments also show that our approach has a more stable performance than that of SDL. Even

when the dictionary size is reduced to result in memory demand reduction, our performance is

still outstanding. To address large datasets, a distributed structured analysis dictionary learning

algorithm is also developed while preserving the same properties as those of structured analysis

dictionary learning (SADL). Experiments also show that when the dataset is suf�cient, a distributed

algorithm achieves as high a performance as SADL.

The following represent our main contributions,

• Both a structured representation and a classi�cation error regularization term are introduced

to the conventional ADL formulation to improve classi�cation results. A multiclass classi�er

and an analysis dictionary are jointly learned.

• The optimal solution provided by the linearized ADM is signi�cantly faster than other existing

techniques for non-convex and non-smooth optimization.

• An extremely short classi�cation time is offered by our algorithms, as they entail encoding by

a mere matrix multiplication for a simple classi�cation procedure.

• A distributed structured analysis dictionary learning algorithm is also presented.

The balance of this paper is organized as follows: we state and formulate the problem of SADL

and its distributed form in Section 2.2. The resulting solutions to the optimization problems along
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with the classi�cation procedure are described in Sections 2.3 and 2.4. In Section 2.5, we analyze

the convergence and complexity of our methods. The experimental comprehensively validation

and results are then presented in Section 4.5. Some comments and future works are �nally provided

in Section 2.7.

2.2 Structured Analysis Dictionary Learning

2.2.1 Notation

Uppercase and lowercase letters respectively denote matrices and vectors throughout the paper.

The transpose and inverse of matrices are represented as the superscripts T and � 1, such as AT and

A� 1. The identity matrix and all-zero matrix are respectively denoted as I and 0. (a i ) j represents the

j th element in the i th column of matrix A.

2.2.2 Structured ADL Method

2.2.2.1 ADL Formulation

The conventional ADL problem [Rub13a] aims at obtaining a representation frame 
 with a sparse

coef�cient set U based on the data matrix X = [ x1, . . . ,xn ] 2 Rm � n .

argmin

 ,U

1

2
kU � 
 X k2

2 + � 1kU k1

s.t . 
 2 Rr � m � W,
(2.1)

where U 2 Rr � n and W is a large class of non-trivial solutions.

2.2.2.2 Mitigating Inter-Class Feature Interference

The basic idea of our algorithm is to take advantage of the stability to perturbations and of the fast

encoding of ADL. Since there is no reconstruction term in the conventional ADL, and to secure an

ef�cient classi�cation, the representation U is used to obtain a classi�er in a supervised learning

mode. To strengthen the discriminative power of ADL, it is desirable to minimize the impacts of

inter-class common features. We therefore propose two additional constraints on U by way of:

• Minimizing interference of inter-class common features by a structural map of U .

• Minimizing the classi�cation error.

2.2.2.2.1 Structural Mapping of U

The �rst constraint is to particularly ensure that the representation of each sample in the same class

belong to a subspace de�ned by a span of the associated coef�cients. This imposes the distinction

among the classes and improves the identi�cation of each class, and ef�ciently enhances the

9



divergence between classes. Speci�cally, we introduce a block-diagonal matrix H 2 Rs� n as shown

below,

H =

0

B
B
B
B
B
B
B
B
B
B
@

h 1
1 h 1

2 h 1
3 h 2

4 h 2
5 h 3

6 h 3
7

1 1 1 0 0 0 0

1 1 1 0 0 0 0

1 1 1 0 0 0 0

0 0 0 1 1 0 0

0 0 0 1 1 0 0

0 0 0 0 0 1 1

0 0 0 0 0 1 1

1

C
C
C
C
C
C
C
C
C
C
A

,

where s � n is the length of the structured representation. Each diagonal block in H represents a

subspace of each class to force each one class to remain distinct from another with a consistent

intra-class representation. Each column h j
i is a structured representation for the corresponding

data point, which is pre-de�ned on the training labels. H is not necessarily a uniformly block-

diagonal matrix, and the order of samples is not important, so long as the structured representation

corresponds to a given class. To mildly relax the constraint, and integrate it into the ADL function,

we write

H = QU + " 1, (2.2)

where Q 2 Rs� r is a matrix to be learned with 
 and U , " 1 is the tolerance.

2.2.2.2.2 Minimal Classi�cation Error

To maintain an audit track on the desired representation, we include a classi�cation error to make

the representation QU discriminative and learn an optimal regularization. This is written as

Y = W (QU ) + " 2, (2.3)

where " 2 is the tolerance, W 2 Rc � s is a linear transform, and the label matrix Y 2 Rc � n is de�ned as

Yi j =

8
<

:

1 if image j belongs to class i

0 otherwise
,

and c is the number of classes.
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2.2.2.3 Structured ADL Formulation

To account for all these constraints and to avoid over�tting by l 2 regularization arising 
 ,Q and W ,

we can rewrite the ADL optimization problem as

arg min

 ,U ,Q,W,

" 1," 2

1

2
kU � 
 X k2

F + � 1kU k1

+
� 1

2
k" 1k2

2 +
� 2

2
k" 2k2

2

+
� 1

2
kQk2

2 +
� 2

2
kW k2

2 +
� 2

2
k
 k2

2

s.t. H = QU + " 1,

Y = W (QU ) + " 2,

(2.4)

where � 1 and � 2 are the penalty coef�cients, � 1, � 2, � 1 and � 2 are tuning parameters. Recall H is

the structured representation, Q is the structuring transformation, Y is the classi�er label, and W is

the linear classi�er.

The formulated optimization function in Eq. (2.4) provides an analysis dictionary driven by

the latent structure of the data yielding an improved discriminative sparse representation among

numerous classes.

2.2.2.4 Distributed Structured ADL Formulation

In order to handle large datasets, we propose a distributed Structured ADL method. Since both

the discriminative structure and the ef�cient classi�cation need to be preserved, we introduce a

global analysis dictionary, a global structuring transformation and a global classi�er. In pursuing

a distributed ADL, we ensure that the global variables share information with each distributed

dictionary cluster, thereby ensuring that the global analysis dictionary, the structured transform

and the classi�er respectively reach a consensus,

k
 � 
 t k2,kQ � Qt k2,kW � Wt k2,8 t = 1, . . . ,N . (2.5)
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Together with the consensus penalties, the distributed SADL is formulated as

arg min

 t ,Ut ,
Qt ,Wt ,

 ,Q,W,
" 1t ," 2t

NX

t =1

(
1

2
kUt � 
 t Xt k2

F + � 1kUt k1 +
� 1t

2
k" 1t

k2
2

+
� 2t

2
k" 2t

k2
2 +

� 1t

2
k
 � 
 t k2

2 +
� 1t

2
kQt k2

2 +
� 2t

2
k
 t k2

2

+
� 2t

2
kQ � Qt k2

2 +
� 2t

2
kWt k2

2 +
� 3t

2
kW � Wt k2

2)

s.t. H t = Qt Ut + " 1t
,

Yt = Wt (Qt Ut ) + " 2t
,

k! T
i k2

2 = 1;8i = 1, . . . ,r ,

k! T
t i

k2
2 = 1;8i = 1, . . . ,r ,8 t = 1, . . . ,N ,

(2.6)

where t represents the t th independent cluster, 
 t , Ut , Qt and Wt are respectively the local analysis

dictionary, sparse representation, structuring transformation and classi�er of the t th cluster, and 
 ,

Q, W are respectively the global analysis dictionary, structuring transformation and classi�er. The

global variables will be applied to the same ef�cient classi�cation scheme as the one of SADL.

2.3 Algorithmic Solution

2.3.1 SADL Algorithm

Due to the non-convexity of the objective function in Eq. (2.4), an augmented Lagrange formulation

with dual variables Z (1), Z (2) and � is adopted to seek an optimal solution. The augmented Lagrangian

is then written as,

L(
 ,U ,Q,W,Z (1),Z (2), � ) =
1

2
kU � 
 X k2

F + � 1kU k1

+ hZ (1),H � QU � " 1i + hZ (2),Y � W (QU ) � " 2i

+
�

2
kH � QU � " 1k2

2 +
�

2
kY � W (QU ) � " 2k2

2

+
� 1

2
k" 1k2

2 +
� 2

2
k" 2k2

2 +
� 1

2
kQk2

2 +
� 2

2
kW k2

2 +
� 2

2
k
 k2

2,

(2.7)

where � 1 > 0 is a tuning parameter. To iteratively seek the optimal solution in Eq. (2.7), the analysis

dictionary 
 and two linear transformations Q and W are �rst randomly initialized. The sparse

representation U is initialized as U = 0, the zero matrix. In the following equations, Eq. (2.8) -

Eq. (2.22), the auxiliary variables � U , � Q , and � W are introduced to guarantee the convergence of

the algorithm. The variables with superscripts which do not include parenthesis are the temporal

variables of intermediate step in the calculation. Different variables are alternately updated while

�xing the others, resulting in the following steps:
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(1) Fix 
 , Q, W , and " 1, " 2, and update U :

Uk +1 = � � 1
�� U

(Uk �
U 1

k + U 2
k + U 3

k

�� U
), (2.8)

where � (�) is the element-wise soft thresholding operator, and U 1
k , U 2

k , and U 3
k are as follows:

U 1
k = � (
 k X � Uk ), (2.9)

U 2
k = � QT

k (Z (1)
k + � (H � Qk Uk � " 1k

)), (2.10)

U 3
k = � QT

k W T
k (Z (2)

k + � (Y � Wk Qk Uk � " 2k
)). (2.11)

(2) Fix 
 , U , W , and " 1, " 2, and update Q:

Qk +1 = Qk �
Q1

k + Q2
k

�� Q
, (2.12)

Q1
k = � (Z (1)

k + � (H � Qk Uk +1 � " 1k
))U T

k +1 + � 1Qk , (2.13)

Q2
k = � W T

k (Z (2)
k + � (Y � Wk Qk Uk +1 � " 2k

))U T
k +1. (2.14)

(3) Fix 
 , U , Q, and " 1, " 2, and update W :

Wk +1 = Wk �
W 1

k

�� W
(2.15)

W 1
k = � (Z (2)

k + � (Y � Wk Qk +1Uk +1 � " 2k
))U T

k +1Q
T
k +1 + � 2Wk . (2.16)

(4) Fix U , Q, W , and " 1, " 2, and update 
 :


 �
k +1 = argmin




1

2
kUk +1 � 
 X k2

F . (2.17)

The analytical solution of Eq. (2.17) can be regularized as


 k +1 = Uk +1X T (X X T + � 2I )� 1, (2.18)

where � 2 is also a tuning parameter. It will be chosen by a usual way.

(5) Fix U , 
 , Q, W , and " 2, and update " 1:

" 1k +1
=

1

� 1 � 1
(Z (1)

k + � (H � Qk +1UK +1)). (2.19)

(6) Fix U , 
 , Q, W , and " 1, and update " 2:

" 2k +1
=

1

� 2 � 1
(Z (2)

k + � (Y � Wk +1Qk +1UK +1)). (2.20)
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The dual variables Z (1), Z (2) are updated as

Z (1)
k +1 = Z (1)

k + � (H � Qk +1Uk +1), (2.21)

Z (2)
k +1 = Z (2)

k + � (Y � Wk +1Qk +1Uk +1). (2.22)

In contrast to previous ADL techniques, which train a dictionary by iterating a single row of the

dictionary, i.e., one atom, to avoid a trivial solution, we proceed to update a set of rows in a single

step at each iteration. A fast convergence rate of the algorithm is also guaranteed by linearized ADM

[Lin11] and with a closed form solution for the dictionary 
 given in Eq. (2.18). The proposed SADL

algorithm 1 is summarized in Algorithm 1.

Algorithm 1 Structured Analysis Dictionary Learning

Input: Training data X = [ x1, . . . ,xn ], diagonal block matrix H , class labels Y , penalty coef�cients
� 1, � 2, � 1, � 2, parameters � 1, � 2 and maximum iteration p ;

Output: Analysis dictionary 
 , sparse representation U , and linear transformations Q and W ;
1: Initialize 
 , Q, and W as random matrices, and initialize U as a zero matrix;
2: while not converged and k < p do
3: k = k + 1;
4: Update Uk by (2.8);
5: Update Qk by (2.12);
6: Update Wk by (2.15);
7: Update 
 k by (2.18);
8: Update " 1k

by (2.19);
9: Update " 2k

by (2.20);

10: Update Z (1)
k by (2.21);

11: Update Z (2)
k by (2.22);

12: end while

1The codes are released at https:// github.com / wtang0512/ Demo-of-SADL
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2.3.2 Distributed SADL Algorithm

The distributed SADL is similarly expressed in the augmented Lagrangian function as

Ld (
 t ,Ut ,Qt ,Wt , 
 ,Q,W,Z (1),Z (2), � k ) =

NX

t =1

(
1

2
kUt � 
 t Xt k2

F + � 1kUt k1 +
� 1t

2
kQt k2

2 +
� 2t

2
kWt k2

2

+
� 1t

2
k
 � 
 t k2

2 +
� 2t

2
kQ � Qt k2

2 +
� 3t

2
kW � Wt k2

2

+
� 1t

2
k" 1t

k2
2 +

� 2t

2
k" 2t

k2
2 +

� 2t

2
k
 t k2

2

+ hZ (1)
t ,H t � Qt Ut � " 1t

i + hZ (2)
t ,Yt � Wt (Qt Ut ) � " 2t

i

+
� k

2
kH t � Qt Ut � " 1t

k2
2 +

� k

2
kYt � Wt (Qt Ut ) � " 2t

k2
2).

(2.23)

To minimize such an objective function, each variable is alternatively updated while �xing others.

The distributed SADL algorithm is presented in Algorithm 2.

2.4 Classi�cation Procedure

Both SADL and Distributed SADL have the same classi�cation procedure because the global analysis

dictionary 
 , transforming matrix Q and classi�er W are obtained from the algorithms. With the

analysis dictionary 
 in hand, an observed image x can be quickly sparsely encoded as 
 x . This is

in stark contrast to SDL for which a sparse representation is obtained by solving a non-smooth opti-

mization as: argmin � kx � D � k2
2 + k� k1, and highlights the remarkable improvement ADL provides.

Our proposed SADL, which naturally enjoys the same encoding properties as ADL, ef�ciently yields

a structured sparse representation Q(
 x ) of the signal x as well. Figure 2.2 shows an example of the

structured representations obtained from Scene 15 dataset. As shown, the result re�ects the desired

Figure 2.2 Q(
 x ) on Scene 15 Dataset
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Algorithm 2 Distributed SADL

Input: Training data X = [ x1, . . . ,xn ], diagonal block matrix H , class labels L, penalty coef�cients
� 1t

, � 2t
, � 1t

, � 2t
, � 3t

, parameters � 1, � 2 and maximum iteration p ;
Output: Analysis dictionary 
 , linear transformations Q and W ;

Initialize 
 t , Qt , Wt , 
 , Q, and W as random matrices, initialize Ut as a zero matrix, and set f Xt g
as a randomly selected partition of X with

S N
t =1 Xt = X ;

2: while not converged and k < p do
k = k + 1;

4: for t = 1 : N do %Here for loop can be parallelized or distributed in different clusters.

U k +1
t = � � 1

�� U

�

U k
t �

5 U Ld (
 k
t ,U k

t ,Qk
t ,W k

t ,
 k ,Qk ,W k ,Y (1)k

t ,Y (2)k

t )
�� U

�

;

6: Qk +1
t = Qk

t �
5 Q Ld (
 k

t ,U k +1
t ,Qk

t ,W k
t ,
 k ,Qk ,W k ,Y (1)k

t ,Y (2)k

t )
�� Q

;

W k +1
t = W k

t �
5 W Ld (
 k

t ,U k +1
t ,Qk +1

t ,W k
t ,
 k ,Qk ,W k ,Y (1)k

t ,Y (2)k

t )
�� W

;

8: 
 k +1
t = (U k +1

t X T
t + � 1t


 k )(Xt X T
t + (� 1t

+ � 2t
)I )� 1;

Normalize 
 k +1
t by ! T

t i
=

! T
t i

k! T
t i

k2
,8i ;

10: Y (1)
k +1 = Y (1)

k + � (H � Qk +1Uk +1);

Y (2)
k +1 = Y (2)

k + � (L � Wk +1Qk +1Uk +1);
12: � k +1 = min f �� , � ma x g;

� 1k +1
= min f �� 1k

, � 1ma x
g;

14: � 2k +1
= min f �� 2k

, � 2ma x
g;

� 3k +1
= min f �� 3k

, � 3ma x
g;

16: end for

 k +1 = 1

N

P
t 
 k +1

t ;

18: Normalize 
 k +1 by ! T
i =

! T
i

k! T
i k2

,8i ;

Qk +1 = 1
N

P
t Qk +1

t ;
20: W k +1 = 1

N

P
t W k +1

t ;
end while
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Figure 2.3 W Q(
 x ) on Scene 15 Dataset

block diagonal structure. The ultimate desired classi�cation goal of x is accomplished by W (Q
 x ).

Figure 2.3 depicts W (Q
 x ) for the example in Figure 2.2 where the horizontal axis is image index,

and the vertical axis re�ects the class labels, which are computed according to,

y = max
j

(W Q
 x ) j , (2.24)

shown as the brightest ones in Figure 2.3.

2.5 Convergence

Since we have used linearized ADM method to solve our nonconvex objective function, � U , � Q , � W

are introduced as the auxiliary variables. We additionally have the following

Theorem 1. Suppose that � �
p

2f � 1, � 2g. There exist positive values� 0
U , � 0

Q , � 0
W ,R only depending

on the initialization such that for � U > � 0
U , � Q > � 0

Q , � W > � 0
W the sequence

f � k = (
 k ,Uk ,Qk ,Wk , " (1)
k , " (2)

k ,Z (1)
k ,Z (2)

k )g1
k =1

converges to the following set of bounded feasible stationary points of the Lagrangian 2:

S = f � = (
 ,U ,Q,W," (1), " (2),Z (1),Z (2)) j

k� k < R,�r Ls 2 �@kU k1,H = QU + " (1),Y = QU W + " (2)g

where Ls is the smooth part of L, i.e.,

L = Ls + � 1kU k1.
2The norm k� k is any norm that is continuous with respect to the two norm of the components, for example their

some of two norms. Also, the function kU k1 is treated as a (convex) function of � , which is constant with respect to other
components than U .
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According to Theorem 1, if we initialize � U , � Q , � W large enough, Algorithm 1 not only converges,

but also generates the variable sequences with a �nal convergence to the stationary points. The

proof of Theorem 1 can be found in Appendix A 3.

2.6 Experiments and Results

We now evaluate our proposed SADL method on �ve popular visual classi�cation datasets that

have been widely used in previous works and with known performance benchmarks. They include

Extended YaleB face dataset [Geo01], AR face dataset[Marne ], Caltech 101 object categorization

dataset [FF07], Caltech 256 objective dataset [Gri07], and Scene 15 scene image dataset[Laz06].

In our experiments, we provide a comparative evaluation of six state-of-the-art techniques

and our proposed technique, including a classi�cation accuracy as well as training and testing

times. All our experiments and competing algorithms are implemented in Matlab 2015b on the

server with 2.30GHz Intel(R) Xeon(R) CPU. For a fair comparison, we measure the performance of

each algorithm by repeating the experiment over 10 realizations. The testing time is de�ned as the

average processing time to classify a single image. In our tables, the accuracy in parentheses with

the associated citation is that was reported in the original paper. The difference in the accuracy of

our approach and of the original one might be caused by different segmentations of the training

and testing samples.

2.6.1 Parameter Settings

In our proposed SADL method, � 1, � 2 and maximum iteration p are tuning parameters. The param-

eter � 1 controls the contribution of the sparsity, and the parameter � 2 controls the learned analysis

dictionary, while p is the maximum iteration number. We replace " 1 and " 2 by their expressions, and

insert them in the optimization formula. We choose for all the experiments � 1, � 2, p and dictionary

size by 10-fold cross validation on each dataset. In addition, we also optimally tuned the parameters

of all competing methods to ensure their best performance.

2.6.2 State-of-the-art Methods

We compare our proposed SADL and Distributed SADL (DSADL) with the following competing

techniques: The �rst one is a baseline, which uses the ADL method to learn a sparse representation

and subsequently trains a Support Vector Machine (SVM) to classify images based on such sparse

representations (ADL +SVM) [She14]. A penalty term is included to avoid similar atoms and minimize

false positives. The second one is the classical Sparse Representation based Classi�cation (SRC)

[Wri09]. For this method, we do not need to train a dictionary. Instead, we use the training images as

the atoms in the dictionary. In the testing phase, we obtain the sparse coef�cients based on such a

dictionary. The third technique that we consider in this work is a state-of-the-art dictionary learning

3You can access this at http: // ieeexplore.ieee.org.
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method, called Label Consistent K-SVD (LC-KSVD) [Jia13a], which forces each category labels to be

consistent with classi�cation. We select the LC-KSVD2 in [Jia13a] for comparison, because it has a

better classi�cation performance. The fourth method is Discriminative Analysis Dictionary Learning

(DADL) [Guo16], which incorporates a topological structure and distinct class representations to

the ADL framework in order to make each class discriminative. Then a 1-nearest-neighbor classi�er

is used to assign the label. The �fth technique, Class-aware Analysis Dictionary Learning (CADL)

[Wan17], is to learn the class-speci�c analysis dictionaries and jointly learn a universal SVM based

on the concatenated class-speci�c coef�cients of each class. Finally, we compare our method with

the Synthesis K-SVD based Analysis Dictionary Learning (SK-SVDADL) [Wan18b], which is to jointly

learn ADL and a linear classi�er and is solved by the K-SVD method.

2.6.3 Extended YaleB

Figure 2.4 Extended YaleB Dataset Examples

The Extended YaleB face dataset contains in total 2414 frontal face images of 38 persons under

various illumination and expression conditions, as illustrated in Figure 2.4. Due to such illumination

and expression variation, YaleB is intended to test the robustness to the intra-class variation. Each

person has about 64 images, each cropped to 168� 192 pixels. We project each face image onto a

n-dimensional random face feature vector. The projection is performed by a randomly generated

matrix with a zero mean normal distribution whose rows are l 2 normalized. This procedure is similar

to the one in [Jia13a]. In our experiment, n is 504, i.e., each Extended YaleB face image is reduced to

a 504-dimensional feature vector. Then, we randomly choose half of the images for training, and

the rest for testing. The dictionary size is set to 1216 atoms, � 1 = 0.001,� 2 = 0.005 and p = 466.

The classi�cation results, training and testing times are summarized in Table 2.1. Although the

accuracy of the SADL method is slightly lower than SRC, DADL and CADL, it is still comparable

and higher than SK-SVADL, LC-KSVD and ADL +SVM. SADL is substantially more ef�cient than the

others in terms of numerical complexity.

For a more thorough evaluation, we compare SADL with LC-KSVD, CADL and SK-SVDADL for

different dictionary sizes, and display the classi�cation accuracy and training times in Figure 2.5

and 2.6, which are based on the average of ten realizations. We ran our experiments for dictionary

sizes by the size of 38, 152, 266, 380, 494, 608, 722, 836, 950, 1064, 1178 and 1216 (all training size).
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Table 2.1 Classi�cation Results on Extended YaleB Dataset

Methods Classi�cation Training Testing
Accuracy(%) Time(s) Time(s)

ADL+SVM[She14] 82.91% 91.78 1.13� 10� 3

SRC[Wri09] 96.51% No Need 3.66� 10� 1

LC-KSVD[Jia13a] 83.31% (96.7%[Jia13a]) 123.07 1.60� 10� 2

DADL[Guo16] 97.35% (97.7%[Guo16]) 10.05 4.55� 10� 5

CADL[Wan17] 97.05% 130.83 9.72� 10� 6

SK-SVDADL[Wan18b] 96.14% (96.9%[Wan18b]) 113.78 1.34� 10� 4

SADL 96.35% 39.23 7.61� 10� 6

SADL, SK-SVDADL and CADL, the ADL methods, exhibit a more stable accuracy performance than

that of LC-KSVD of the SDL methods. In particular, the accuracy of LC-KSVD signi�cantly decreases,

when the dictionary size approaches the training sample size. The signi�cant decrease in accuracy

may be caused by the trivial solution of dictionary D in SDL. In addition, our method apparently

has a much higher classi�cation accuracy than LC-KSVD and a very similar accuracy as SK-SVDADL,

when the dictionary size is small. As the dictionary size increases, SADL achieves a better accuracy

than SK-SVDADL and approaches the accuracy of CADL. Although the accuracy of SADL is barely

lower than CADL, the SADL method is also much faster than the LC-KSVD, SK-SVDADL and CADL

in the training phase, especially when the dictionary size becomes larger.

Figure 2.5 Classi�cation Accuracy versus Dictionary Size

2.6.4 AR Face

The AR Face dateset has 2600 color images of 50 females and 50 males with more facial variations

than the Extended YaleB database, such as different illumination conditions, expressions and facial

disguises. AR is also used to test the robustness to large intra-class variation. Each person has about
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Figure 2.6 Training Time versus Dictionary Size

Figure 2.7 AR Dataset Examples

26 images of size 165� 120. Figure 2.7 shows some sample images of faces with sunglasses or scarves.

The features of the AR face image are extracted in the same way as those of the Extended YaleB face

image are, but we project it to a 540 dimensional feature vector similarly to the setting in [Jia13a]. 20

images of each person are randomly selected as a training set and the other 6 images for testing.

The dictionary size of the AR dataset is set to 2000 atoms, � 1 = 0.001,� 2 = 0.005 and p = 204.

The classi�cation results as well as the training and testing times are summarized in Table 2.2.

Comparing with other methods, our proposed SADL achieves a comparable result with the fastest

training and testing time. The classi�cation accuracy is lower than DADL, CADL and SK-SVDADL,

and higher than SRC, LC-KSVD. However, our method is about 1000 times faster than SRC and

LC-KSVD for the testing phase, 10 times faster than DADL and SK-SVDADL. Although SADL is only

slightly faster than CADL, its training time is one-tenth of the one of CADL.

2.6.5 Caltech 101

The Caltech 101 dataset has 101 different categories of different objects and one non-object category.

Most categories have around 50 images. Figure 2.8 gives some examples from the Caltech 101

dataset. Since this dataset is left-right aligned and rotated, Caltech 101 contians many different

intra-class scaling variations, color pattern diversity and inter-class common features. We extract

dense Scale-invariant Feature Transform (SIFT) descriptors for each image from 16� 16 patches
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Table 2.2 Classi�cation Results on AR Dataset

Methods Classi�cation Training Testing
Accuracy(%) Time(s) Time(s)

ADL+SVM[She14] 90.40% 218.54 9.10� 10� 3

SRC[Wri09] 97.10% No Need 7.41� 10� 1

LC-KSVD[Jia13a] 87.78% (97.8%[Jia13a]) 169.35 2.00� 10� 2

DADL[Guo16] 98.32% (98.7%[Guo16]) 47.76 2.68� 10� 4

CADL[Wan17] 98.52% (98.8%[Wan17]) 313.37 1.34� 10� 5

SK-SVDADL[Wan18b] 97.38% (97.7%[Wan18b]) 113.78 1.34� 10� 4

SADL 97.17% 32.60 1.33� 10� 5

Figure 2.8 Caltech 101 Dataset Examples

and with a 6 pixels step. Then, we apply a spatial pyramid method [Laz06] to the dense SIFT features

with three segmentation sizes 1 � 1, 2 � 2, and 4 � 4 to capture the objects' features at different

scales. At the same time, a 1024size codebook is trained by k -means clustering for spatial pyramid

features. Spatial pyramid features of each subregion are then concatenated together as a vector to

represent one image. Due to the sparse nature of the spatial pyramid features, we use PCA to reduce

each feature to 3000dimensions. In our experiment, 30 images per class are randomly chosen as

training data, and other images are used as testing data. All the steps and settings follow [Jia13a].

The dictionary size is set to 3060, � 1 = 0.001,� 2 = 1.5 and p = 827.

Table 2.3 Classi�cation Results on Caltech 101 Dataset

Methods Classi�cation Training Testing
Accuracy(%) Time(s) Time(s)

ADL+SVM[She14] 66.75% 1943.47 1.33� 10� 2

SRC[Wri09] 70.70% No Need 4.34� 10� 1

LC-KSVD[Jia13a] 73.67% (73.6%[Jia13a]) 2144.90 2.49� 10� 3

DADL[Guo16] 71.77% (74.6%[Guo16]) 233.49 7.90� 10� 4

CADL[Wan17] 76.83% (75%[Wan17]) 9896.46 4.86� 10� 5

SK-SVDADL[Wan18b] 73.39% (74.4%[Wan18b]) 182.71 2.49� 10� 4

SADL 74.45% 847.50 4.76� 10� 5

DADL 73.49% - 8.10� 10� 6
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The classi�cation results, training and testing times are summarized in Table 2.3. Our proposed

SADL achieves the second highest accuracy, while only costing one-tenth of the training time of

CADL obtaining the maximum accuracy. SADL has again the shortest encoding time, which is

around 10000 times faster than LC-KSVD and 10 times faster than DADL and SK-SVDADL. Note

that the distributed ADL (DSADL) used only 510 atoms, but it still achieves a comparable result with

the fastest testing time.

Figure 2.9 Distributed SADL on Caltech 101: N is the number of clusters used. N = 1 is centralized. Train-
ing set is divided into N groups.

The parameters in DSADL are set as the following: � 1 = 0.001, � 2 = 4.6,p = 1110and the penalty

coef�cients of the communication cost � 1t
= � 2t

= � 3t
= 0.1,8 t . Figure 2.9 shows that when the

number of groups is increased, the accuracy is actually lower at �rst because of the smaller training

sample size of each independent variable. But after the communication between global variables

and local independent variables are enhanced, the performance rises up very quickly to a high

generalized accuracy. Distributed SADL is demonstrated that it can also obtain a very stable and

excellent performance even when the number of groups is large.

Table 2.4 Training Time and # Training Samples on Caltech 101 Dataset

Initiali Variables Total Training #Training Samples
-zation (s) Updating (s) Time (s) of Each Cluster

1 Cluster 17.04 6471.9 6488.94 3060
2 Clusters 2.62 3572.9 3575.52 1530
4 Clusters 0.89 3235.5 3236.39 765
6 Clusters 0.78 3194.0 3194.78 510
10 Clusters 0.72 3148.6 3149.32 306

To further study the ef�ciency of distributed SADL, we conduct an experiment based on different
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Figure 2.10 Training time of Distributed SADL on Caltech 101: horizontal axis is the number of cluster,
vertical axis is the real training time in second. The left blue vertical axis is the time for initialization of
DSADL, and the right orange vertical axis is the time for variables alternating iteration, i.e., while loop part
in our Algorithm 2.

numbers of clusters, which is shown in Fig. 2.10. For fairness, we �rst utilize only one core in our

CPU to run the SADL, while the 2-cluster experiment uses 2 cores to implement DSADL; 4-cluster

experiment uses 4 cores on DSADL, and so on. The training time and the number of training samples

of each cluster are averaged over 10 realizations and are listed in Table 2.4. It is worth noting that

the training time in Table 2.3 is based on 28 cores (whole cores) in CPU, while the training time

in Table 2.4 is based on only one core of the CPU. We separate the algorithm of DSADL into two

parts: an initialization part and a variable updating part. The initialization part corresponds to the

line 1 in Algorithm 2, and the variable updating part is started at line 2 to line 21, i.e., the while

loop. The initialization part consists of simple matrix assignments, while the variable updating

part has more matrix calculation, such as multiplication and inversion. It is shown in Fig. 2.10 that

the running time of both the initialization part and the variable updating part quickly decrease

when the numbers of clusters increase. The slopes of both curves decrease when more clusters are

used, which is due to the fact that the training samples in each cluster is small enough to affect the

calculation capability of each CPU core. As there are three global communication terms in Algorithm

2 after updating individual dictionaries, transforming matrix and classi�er learnt, the training time

with 2 clusters, is slightly more than the half the running time of 1 cluster (centralized). However,

these three terms are not expensive, and Algorithm 2, with 2 clusters is still 1.8 times faster than

the centralized one. We observed that the more clusters we use, the more training time is saved.

Moreover, the larger data is, the more training time is also saved.

2.6.6 Caltech 256

The Caltech 256 is a relatively larger objective dataset, which includes 256 object categories and

one clutter. There are totally 30608 images with various object location, pose, and size. Figure 2.11

shows examples of the Caltech 256 dataset, whose each category has at least 80 images. Note that
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