ABSTRACT

JOHNSON, GREGORY LEWIS. The Universal Location of the Yang Lee Edge Singularity
for O(N) Universality Classes. (Under the direction of Dr. Vladimir Skokov).

A large body of work within the field of critical phenomenon has been devoted to the
determination of various aspects which are universal. This includes critical exponents,
certain ratios of critical amplitudes, and more importantly, the universal equation of state.
However, there is a relevant universal quantity which had remained undetermined for
the most ubiquitous class of phase transitions, the three dimensional O(N) universality
classes. The universal equation of state has a complex conjugate pair of singularities
in the complex plane corresponding the another distinct critical point, the Yang-Lee
edge singularity. As described, this location has an obvious universality being that it
is a property of a universal function. Through various theorems of complex analysis,
knowledge of the location of the Yang-Lee edge singularity, a branch point singularity,
yields powerful information on the thermodynamics for ordinary real values.

In this thesis, we give an overview of the background information of the Yang-Lee
theory of phase transitions which offers the most fundamental understanding of the
origins of the Yang-Lee edge singularity. It is our perspective that this location is a basic
conceptual quantity, and as such, a chapter has been devoted to studying aspects of the
Yang-Lee edge singularity in the context of the van der Waals equation, as could be done
in a textbook chapter on phase transitions. We follow the discussions of Lee-Yang theory
with a chapter on the renormalization group which contains the notations used for the
quantities we study. Finally, we then give an overview of the analytic and semi-analytic
results for the universality associated with the Yang-Lee edge singularity. These consist of
mean field, the large N approximation, the € expansion (which is of limited use for three
dimensions), the exact 1D Ising model result, and a range of results for various N in two
dimensions.

As the main results of this thesis, we employ the functional renormalization group
(FRG) with the derivative expansion to determine the universal location of the Yang-
Lee edge singularity (YLE) for O(N) universality classes with emphasis on the cases of
N =1 — 4. The leading order of the derivative expansion, known as the local potential
approximation (LPA), include in the effective action a standard kinetic term and an
effective potential. Our original study presented the first results for the location for the

O(N) classes in three dimensions. It was performed at LPA’ which additionally includes a



running wavefunction renormalization and featured an extrapolation scheme to determine
the location of the YLE. We followed this up with another implementation of FRG which
goes to next-to-leading order in the derivative expansion utilizing an alternate method

which is capable of determining the location without need for extrapolation.
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CHAPTER

INTRODUCTION

1.1 Critical phenomenon in the complex plane

anyThe study of critical phenomenon and phase transitions has long been a central topic
of study in physics. The first notion likely to come to mind is the boiling or freezing of
water. A possibly more subtle direction would be ferromagnets and their demagnetization
phase transition due to increasing temperature beyond the Curie point. Even further in
that direction, we have superconductors, deconfinement and chiral symmetry breaking in
quantum chromodynamics (QCD), and so on into possibly more exotic realms such as
topological phase transitions or dynamical phase transitions.

A remarkable feature of certain types of phase transitions known as second order or
continuous is that the large scale, macroscopic properties of huge swathes of seemingly
different phenomenon collapse into a single so called universality class. For instance,
the liquid-gas critical point, the Curie point of magnetic materials as described by the
Ising model, scalar ¢* field theory, and the critical end point of the phase diagram of
quantum chromodynamics (QCD), which are all defined by wildly different microscopic

theories all belong to the so called Ising universality class. This is a powerful concept. By



universality, through the study of one of the most basic physical models, the Ising model,
or the ordinary liquid-gas critical point, we can infer an understanding of the complex
behavior of hot matter found from smashing together heavy nuclei at relativistic speeds -
the relevant physics of the QCD critical endpoint.

This is not to say that every conceivable property of one member of a class agrees
with every other member. So then, what all corresponds to these universality classes? In
the most basic sense, universality classes can be thought of as a set of numbers which
correspond to critical exponents and critical amplitude ratios. These quantities capture
the behavior of the system’s thermodynamic properties as the critical point is approached.
Typical variables governing this approach, known as relevant variables, are the deviation
from a critical temperature, t o« T — T., and/or the deviation from a critical external
field, H — H., where H is analogous to a magnetic field. While for ordinary critical points
T, is finite and H, is often zero, one can have a purely imaginary H, as in the case of the
Yang-Lee edge singularity (YLE).

The emergence of universality is intimately related to the divergence of the correlation
length. This divergence implies that liquid water very near its critical point, see Fig. 2.1,
will experience the sudden appearance of pockets of gas whose size is only limited by
the correlation length, see [1]. In other words, fluctuations are very likely essential to
fully illuminating the critical point. (This divergence of the correlation length and the
ensuing fluctuations on all length scales then effectively implies scale invariance.) Lastly,
if one then tried to describe these large scale fluctuations which occur near the critical
point, one is inevitably lead to writing down a quantum /statistical field theory, though
an implicit reference to the microscopic scale of the original description is still present,
typically in terms of an ultraviolet cutoff, A. Directly on top of the critical point, in the
scaling limit, one has a true continuum field theory.

The original methods developed to study the behavior of systems near a critical point
were commonly of a form which can be collectively referred to as mean field theories.
As the name suggests, in one way or another the quantities at hand were approximated
by a mean value about which fluctuations were not fully accounted for. As a result, the
predictions of these theories differed from the observed behavior in three dimensional
systems. The discrepancy proves to be worse as one looks to lower dimensional theories
where exact results are known such as for the Ising model in one and two dimensions.
The one dimensional case shows a second order transition only at 7' = 0 [2]|, whereas for
a two dimensional case a result was obtained in 1944 by Lars Onsager [3] which shows it

does have a finite temperature phase transition.



There was a major breakthrough in the late 60s and early 70s attributed to Kadanoft
[4] and Wilson [5, 6, 7]. The ideas spawned the concept of the Renormalization Group
(RG) whereby one naturally accounts for the large scale fluctuations associated with a
diverging correlation length. As an inspiration, Kadanoff describes an earlier paper by
Widom [8] whereby the author seemingly guessed the appropriate form that systems
should abide near their critical points, now referred to as the Widom scaling form. The
predictions which followed from the ideas of RG proved to substantially improve upon the
mean field results when compared with the experimental observations of three dimensional
systems. A modern implementation of Wilson’s version of RG emerged around mid 90s |9,
10, 11] known as the functional, exact, or non-perturbative renormalization group (FRG)
which allows one to surmount the difficulties that plagued the older implementations.
In this thesis we use FRG to study a deeper universal notion of certain systems near
criticality known as the Yang-Lee edge singularity, the study of which is particularly suited
for FRG.

Let us move to discuss these deeper notions captured by the universality classes. There
are properties associated with the continuum theory emerging at the critical point, such
as the anomalous dimension (the exponent) and the central charge, a conformal field
theory (CFT) concept. Performing small perturbations about the critical point yields
an eigenvalue equation. The eigenvalues corresponding to perturbations in the relevant
variables, themselves universal, produce all of the universal critical exponents. There are
other variables which come into play, though these represent attractive directions in the
space of coupling constants. As such, they are known as irrelevant and have eigenvalues,
again universal, of differing sign from the relevant ones. There are in addition variables
with zero eigenvalue, known as marginal, though true marginal variables are rare [12].
Typically, these only occur before fluctuations were taken into account. The eigenfunctions
of this eigenvalue equation are in general, non-linear functions of the basic variables such
as t and H and whatever irrelevant variables there are in play. The eigenfunctions are
known as scaling fields. Only very near the critical point can one approximate these as
linear functions of the relevant variables [12].

Now one can go further by perturbing about the critical point and asking what is
the corresponding large scale physics. Take the water phase diagram, Fig. 2.1. Stepping
towards slightly lower temperatures puts one in either the liquid or gas phase whereas
slightly higher temperatures corresponds to the supercritical fluid. In the magnetic
analogue, we’d respectively have finite magnetization or zero magnetization. While the

temperature dependence of the magnetization or the density difference between liquid



and gas in this scenario corresponds to a universal exponent, the overall scales, known as
critical amplitudes, are not universal and so differ between the two members of the Ising
universality class. Surprisingly enough, ratios of certain critical amplitudes are universal.
These ratios can capture the interplay between the two "sides" of the critical point.

Instead of moving into the phases mentioned above, which were implicitly assumed to
be the stable states, one could also move into a metastable state. Examples of metastable
states are those which are obtained by supercooling liquid water below its freezing point
or superheating liquid above its boiling point. Given strong enough kicks, these states will
decay into a mixture of the stable states. For Ising-like theories, the metastable physics in
the low temperature regime, T' < T, features another type of critical point, the spinodal
point, see Section 2.2.2. Through this consideration one has access to a larger set of
universal ratios which capture the interplay between stable and metastable states.

More exotically, the metastable states in some sense move through the origin and into
the complex plane as the temperature is raised through the critical temperature. These
"states" in the complex plane also yield a suite of universal amplitude ratios detailing the
interplay between themselves and stable states. The generalized notion of state here is
an extrema of the effective potential which may occur at real or complex values. These
extrema in the complex plane are related to a distinct critical point known as the Yang-Lee
edge singularity, in much the same way the spinodal point is related to the metastable
states. The most basic exponent and universal amplitude ratios associated with the
spinodal point are identical to those of the Yang-Lee edge singularity. While the equality
of the exponents has been known [13], the equality of the universal amplitude ratios is a
novel product of this thesis. We emphasize that this thesis is the first place in which this
discussion explicitly appears - our earlier papers only discussed this universality in terms
of the universal location Yang-Lee edge singularity.

Underlying the physics in the complex plane associated with the Yang-Lee edge
singularity is a more fundamental understanding of phase transitions dating back to 1952
in the works of Lee and Yang [14, 15]. They demonstrated that the phase structure is
intimately related to behavior of zeros of the partition function in finite volume. They
proved that the zeros of the partition function of the ferromagnetic Ising model lie at
purely imaginary values of the magnetic field, independent of the lattice structure and its
dimension. In the infinite volume limit, these zeros coalesces onto lines along the purely
imaginary axis forming branch cuts described by a density, g(H,T'). Importantly, the
density of zeros depends on the temperature as well. For T' < T} the line of zeros cross

through the origin whereas for T" > T, a gap opens about the origin in the density of zeros,



g(H. < H< H.=0,T) =0, producing two edges of the density occurring at H = +H,.
At the edges, it was seen by Kortman and Griffiths that the density of zeros scales as
g(H) < (H — H.)? [16] . Fisher later showed [17] that the edge of the distribution of zeros
corresponds to a distinct critical point described by a cubic field theory with a purely
imaginary coupling, so deemed the Yang-Lee edge singularity (YLE). The exponent o is
related to the eigenvalue of the single relevant perturbation of the YLE [17].

The connection we have described is then that both the spinodal point and the YLE
yield an identical set of universal amplitude ratios. While the YLE and spinodal point
both exist for a wide-range of temperatures respectively above and below the critical
temperature, this universality only applies within the critical region of the critical point.
One can extract these universal numbers from the known results of the 1D, the 2D Ising
model results beyond Onsager’s solution [18, 19], mean field for d > 4, and the spherical
model/large N limit [20]. However, none of these numbers were computed for the 3D
Ising class or any other O(N) class before the work of this thesis.

Let us give an alternative description of these "mew" universal amplitude ratios as
being the location of the YLE (and actually our original understanding). To do so, we
need to cycle back to universality classes. More generally, universality classes also contain
universal functions of the scaling variables. Variables denoted as scaling variables are
simply those which do not depend on scale. For Ising-like theories, the scaling variables
are functions of rescaled versions of ¢, H, and the order parameter M which is the
generalization of the magnetization. See Section 4.4.3 for the explicit definitions of the
rescaled variables denoted ¢ and h. Explicitly, there are two independent scaling variables
which one can define as z = th~'/% and w = M h™"/% where B and § are two critical
exponents. Via a basic proof, one can see the values of the scaling variables at the location
of the YLE, z. = fhc_l/ﬁé and w, = M, hc_l/é, are universal. The value M, is the value
of the magnetization at the YLE, M. = M (h = h.). There is also a third quantity R.,
though we will discuss it later in Section 4.4.3. The works that went into this thesis were
only concerned with the value of z..

The YLE itself has a distinct notion of universality associated to it related to the fact
that it occurs at finite external fields. Instead of the Ising model, one could take the spins
to have some integer number, N, of components; N = 1 is the Ising model, N = 2 gives
the XY model, N = 3 gives the Heisenberg model. The O(4) class is also notable being
that it describes the chiral phase transition of QCD. We can collectively refer to them
as O(N) models, and so the O(N) universality classes, where the O(N) reflects the fact
that these models have an O(N) symmetry where O(N) is the N dimensional orthogonal



group. Fascinatingly, one can describe polymer physics using N = 0 [21] and loop erased
random walks at N = —2 [22, 23]. One can perform a similar analysis of their zeros and
find the corresponding edge of the distribution of zeros. The YLE still occurs at a finite
purely imaginary magnetic field H, which explicitly breaks the O(NN) symmetry reducing
it down to O(N = 1) = Zs, or so just an Ising symmetry. This statement is the content
of the Lee-Yang theorems and has been proven in the literature for 1 < N < 3 and the
large N limit, see Section 3.1; however, through our study we have found the Lee-Yang
theorem to hold at least for all N > —2. Thus, all O(NN) classes have a YLE appearing in
their high temperature regions. In other words, the exponent ¢ is independent of N, as
was realized by Fisher [17].

So far, we have glossed over some important aspects of the discussion of critical
phenomenon. As was likely gathered, universality classes can be classified by an underlying
symmetry of the transition, Z, and O(2) for instance imply different universality classes.
The dimension of the system also has a powerful impact on the physics. For standard critical
points, there is an upper critical dimension at which fluctuations become unimportant
and mean field theory accurately describes the transition. On the lower end of dimensions,
there is the Mermin-Wagner-Coleman theorem [24, 25] which states that continuous
symmetries cannot be broken at finite temperature in two dimensions or less. Thus, while
the discrete Ising symmetry allows for a finite temperature phase transition, models with
N > 2 do not see a finite temperature phase transition at d = 2, at least not an ordinary
one. The case of N = 2 corresponds to the BKT transition [26, 27, 28] which is of
topological origin. There is then an interesting question - what is the fate of the location
of YLE in 2d O(N > 2) models? A similar question - what about for —2 < N < 2 for
1<d<3?

Now, though the YLE critical point itself is independent of N, however, it should
be emphasized that z., w., and R, are all still N-dependent quantities. The exponent
o has been well studied, see [17, 29, 30, 31, 32] for the ferromagnetic zeros, [33] for an
antiferromagnetic study, [34, 35] for CFT results, [36, 37, 38, 39, 40| for multicritical
studies, and [41, 42, 43, 44] for FRG studies. However, before the work of this thesis none
of ze, We, nor Re were computed for the 3D O(N) classes. The work of this thesis focused

on the computation of z. for three dimensional O(N) classes with N > 1.



1.2 Scope

In this thesis, we use the functional renormalization group to compute the universal location
of the Yang-Lee edge singularity for the three dimensional static O(N) universality classes.
Being a basic conceptual quantity on the same level of importance as the critical exponents,
this quantity could be discussed alongside basic textbook material on the subject. As
such, we discuss the Yang-Lee edge singularity and its universal aspects in the context of
the phase diagram of water and the van der Waals equation, a mean field description, as
the opening chapter of this thesis, Chapter 2. To clarify the understanding, we follow in
Chapter 3 with a review of the Lee-Yang theory of phase transitions. An overview of the
Lee-Yang theorem and its extensions is given before introducing the framework which
utilizes the density of zeros to reconstruct various thermodynamic quantities. We finish
off the Chapter with a Section 3.3 where we discuss the Yang-Lee edge singularity (YLE)
as both the edge of the density of zeros and as a i g¢® field theory. Many discussions of
literature on the YLE can be found in this section.

To fully appreciate the results of this thesis, more background on critical phenomenon
and RG is needed. As such, in Chapter 4 we give a basic overview of the theories we
will be studying followed by a brief sketch of the loop expansion with a focus on when
mean field descriptions are valid. In Section 4.4 we introduce the convention/notation for
the objects we will be studying - the universal location of the Yang-Lee edge singularity.
Importantly, the end of this section contains the explanation for the universality of various
aspects of the YLE (and spinodal point).

After all the notation and background has been introduced, we devote Chapter 5 to
an overview of the analytic and semi-analytic results of the universal aspects of the Yang-
Lee edge singularity. The beginning section on mean field theory is a brief pedagogical
approach to understanding and obtaining the mean field predictions on the Yang-Lee
edge singularity and the spinodal point.

The main results of this thesis are contained in Chapter 6. After a brief introduction
of the functional renormalization group, we overview our computations of the universal
location of the YLE for O(N) universality classes. Section 6.2 contains an expanded
discussion on the methods and results of our original LPA’ study as given in Ref. [45].
Similarly, in Section 6.3 we cover Ref. [44]. We describe the new computational method
used which we pushed to higher orders in the derivative expansion and significantly
improved the precision of our initial results.

We finish this thesis in Chapter 7 with a brief overview of this thesis as well as some



concluding remarks on our results and their use. We further discuss other conceptual
aspects associated with the Yang-Lee edge singularity, particularly its generalizations

which found no central place for discussion in the main body of this text.



CHAPTER

UNIVERSALITY OF THE YANG-LEE
EDGE: A MEAN FIELD TREATMENT

2.1 The critical phenomenon of water

The study of critical phenomenon and phase transitions has long been a central topic
of study of physics. The first notion likely to come to mind is the of boiling or freezing
water. A possibly more subtle direction would be ferromagnets and their demagnetization
phase transition due to increasing temperature beyond the so-called Curie point. Even
further in that direction, we have superconductors, deconfinement and chiral symmetry
breaking in quantum chromodynamics (QCD), and so on into possibly more exotic realms
such as topological phases transitions or dynamical phase transitions.

For the sake of discussion, let us have the phase diagram of water in mind, see Fig.
2.1. The solid lines in the figure depict the first order, discontinuous phases transitions.
Say we keep the pressure constant at 1 atm and vary temperature to cross the liquid-gas
line. Across this line, the density of the system experiences the discontinuity due the finite

difference between the gas and liquid densities of water at these pressures.



Critical point
Liquld 647 K, 22.064 MPa

Solid

Freezing point at 1 atm [Boiling point at 1 atm
273.15K, 101325 kP: 373.15K, 101325 kPa

i el . Gas
Solid/Liquid/Gas triple point i
273.16K, 611637 Pa

Vapor

Figure 2.1: The phase diagram of water.

Increasing the pressure has the effect of decreasing the difference in densities of the
two phases. The end result is that at some pressure there is a critical point (the end
point of the first order line) which is a second order, or continuous, phase transition -
the density being the continuous quantity in mind. Beyond this point, the distinction
between the two phases no longer exists. Near this point, due to the very small difference
in densities of the liquid and gas phases, large bubbles of gas can form in the liquid regions
and vice versa since the free energy difference is small. Typically these fluctuations occur
on microscopic levels, so what is meant by 'large", is to say this length scale is much
larger than the average inter-particle spacing, or so macroscopic. The underlying physical
notion to the size of these fluctuations is the correlation length. At the critical point itself,
these fluctuations can occur on any length scale available — all the way up to infinity for
infinite volume systems. In other words, we are simply motivating the common remark
that at second order phases transitions, the correlation length diverges.

There is an observable phenomenon associated with these large scale density fluctua-
tions. Once the fluctuations become on the nanometer length scale, the slight difference
in densities amounts to a slight difference in the refractive indices, and so visible light is
scattered - critical opalescence.

Of course, there is also the notion of supercooling or superheating which is not captured
in this figure. Let us focus on superheating as the other notions are conceptually identical.
For very pure samples in the liquid phase at pressures say near 1 atm, the temperature
can increased to some extent beyond the boiling point. The superheated fluid is to some

degree stable, but a light disturbance will cause the sample to spontaneously undergo
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Figure 2.2: The van der Waals equation of state for various temperatures.

phase separation during which some amount transitions into the gaseous phase. These
states of matter are then reasonably referred to as metastable. Though water at 1 atm
has a boiling point of approixmately 373 Kelvin, it can be superheated up to 604 Kelvin
(and supercooled to around 317 Kelvin)! [46] These endpoints of stability, beyond which
the metastable phase becomes unstable, are generally referred to as the spinodal points.
Beyond spinodal points, the system becomes unstable and experiences spontaneous phase

separation known as the spinodal decomposition.

2.2 The universal van der Waals equation of state

A standard textbook introduction to the study of the liquid-gas phase transition of water

is via the van der Waals equation of state:

(P + %) (V —b) = RT (2.1)
where a and b are parameters specific to the material and R is the ideal gas constant
[1, 47]. This model extends the ideal gas law to account for the repulsive interactions
approximated as an excluded volume, b, and for a modification of the pressure due to
attractive interactions. Surprisingly, this basic relation has all the ingredients needed to
understand the main results of this thesis.

In Fig. 2.2, we show a typical plot of the pressure vs. volume for a range of temperatures
- isotherms. The feature to notice in this graph is the existence and disappearance of
extrema as the temperature is varied. Furthermore, there are the multiple volumes

corresponding to a single pressure for certain temperatures, the smallest volume, V7,
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Figure 2.3: The Guggenheim plot.

corresponds to a liquid phase while the largest volume, V5, corresponds to the gas phase.
The middle solution is decided to be unphysical by noticing that the positive slope implies
an increase in pressure as the volume increases. As the temperature is increased, the two
physical solutions join producing an inflection point. Since at the transition/critical point,
we also expect the liquid and gas volumes to coincide, we identify this temperature T,
with the critical temperature. See Fig. 2.2.

Let us denote P,., V., and T, as the values of the given parameters at the inflection
point. We can re-express the van der Waals equation of state (2.1) in a form independent

of the model dependent parameters using rescaled variables P = P%, V= %, and T = Tl

(P + %) (v - %) o7 (2.2)

Regardless of the physical differences which produce different critical temperatures,
pressures, and volumes, every system can be described via the above equation of state.
Here, all critical values are unity, P, = T, = V. = 1. Pushing this observation further,
it was predicted that the expression in Eq. (2.2) was a universal equation of state for
all fluids - the law of corresponding states. Though the van der Waals equation does
capture qualitative features of this phase transition, it does not do so well quantitatively.
In defense of this idea though - that there is an underlying universality for all fluids -
there is a famous plot dating back to 1945, the Guggenheim plot [48], see Fig. 2.3. This
plot compares various gases near the critical point by plotting the rescaled temperature vs

the rescaled density (denoted n in the plot). Amazingly, one does indeed see that all the
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data falls on the same, seemingly universal, curve. However, there is a clear discrepancy
between the data and the van der Waals (vdW in the plot) prediction although it does a
surprisingly good job. Lastly, this idea of universality is central to this thesis and can be
set on a rigorous footing using the concept of the renormalization group, but more on
this later.

2.2.1 Basic universal data

Common to the discussion of universality is a set of universal critical exponents which
detail how properties of the system near criticality scale as we deviate from the critical

point. Below we introduce some of the quantities:

M ~ B(=t)’ at H=0 and t<0, (2.3)
M ~ B.HY at t=0, (2.4)
X ~ Cft77 at H=0 and t>0. (2.5)

We have introduced the notion of a real valued order parameter, M = Vo — V; > 0, which
is non-zero below the transition, or T' < T, and zero for T' > T,.. Recall that V; is the
liquid volume, the leftmost solution whereas V5 is the gas volume, the rightmost solution

[1, 47]. We have conjugate variable H = P — P, (note that P, — P, = 0), as well as the
reduced temperature ¢ which is defined in general as t = % Lastly, with an abuse

of notation to ease a transition to magnetic systems later on, we define y = g—]\g, which

near the critical point we can write y = 22—? where the two arises from the equality of

vy
oP

critical amplitudes by the factors B, B, and Cy from above. In general, unlike the critical

the magnitudes of and %. In the above definitions, we have also introduced some
exponents, the critical amplitudes are non-universal.

To determine B and ( in Eq. (2.3), one may use Eq. (2.2) to obtain an implicit
expression for V; — V5 being that they both have the same temperature and pressure [1,

47]. Expanding this expression about small M yields

NI

M=~ 4(t)2 . (2.6)

The expression for § and B. in Eq. (2.4) is had simply by expanding the van der Waals

pressure about criticality in temperature and volume, V =T = 1, and noting that near
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T. we can take Vo — V) = 2(V = V),

M =2 (-) : Hs . (2.7)

Lastly, the expression for v and C5 in Eq. (2.5) is had by the same expansion,

Y A~ (%) L (2.8)

We thus have some universal data, § = %, 0 = 3, and v = 1. These predictions agree with
a class of models that fall under the guise of a mean field approximation. The simplest
mean field mode, the Landau-Ginzburg approach, will be discussed later. As for the
amplitudes, while they are not universal, it turns out there do exist universal amplitude
ratios. Again, this is another concept to be understood via the renormalization group.
One of these ratios we may also go ahead and collect at the mean field level as it will be
useful later on,

of B

Ry == (2.9)

At mean field, we find that R, = 1.

2.2.2 Basic spinodal physics

So far, we have hastily glossed over a somewhat subtle discussion related to discarded the
unphysical state occurring at temperatures less than 7, which had the positive slope, see
Fig. 2.2. To address this, there is the Mazwell construction which accommodates for the
coexistence of the liquid and gas phases at a particular pressure. We roughly follow Refs.
[1, 47]. Imagining we have a system below the critical temperature and at a high enough
pressure that we are sure to be in the liquid phase, if we decrease the pressure, at some
point the fluid will begin to boil. At this pressure, we should have a situation similar
to a boiling pot of water, some water remains liquid while other water has vaporized
and escapes as steam. This mixture of gas and liquid can then have any volume ranging
between the gas and liquid volume. Hence, this pressure corresponds to many volumes,
see Fig. 2.4, and we have a flat portion of the equation of state. This is characteristic of
a first order transition. Technically, the claim of the Maxwell construction is that the

shaded areas in the plot should be equal, see [1, 47]. A deeper notion here, too, is that
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Figure 2.4: The Maxwell construction: the solid black line is the modified equation of
state obtained by making the shaded areas equal.

the Maxwell construction results in a monotonic equation of state which yields a convex
free energy, something not to be taken lightly.

Below we can begin introducing some unorthodox universal quantities, and now the
real fun is about to be afoot: what happens to the states with volumes along the shaded
curve which still seem to be physical since their slope is negative? These states correspond
to the metastable states obtained by superheating and supercooling. The limit to their
stability is given by the spinodals point which occur at the extrema of the isotherms. For
instance, the leftmost extrema (the minimum) corresponds to the limit to which liquid
can be expanded before phase separating into a mixture of liquid and gas phases.

As the temperature approaches T, from below, these spinodal points tend to a critical
value coinciding with P., (or H = 0). This set of points constructs the so called spinodal
curve as depicted in Fig. 2.5. Within the spinodal curve, the states are unstable and
spontaneously phase separate into a mixture of liquid and gas. Very near the critical
point, the spinodal curve becomes symmetric in the volume and we have a nice rendition
of a feature ubiquitous to phase transitions, power law behavior.

A typical aspect of a phase transition, or critical point, is a diverging susceptibility. In
this sense, the spinodal point itself is also a critical point - at the extrema, y must diverge
as it is defined graphically as the inverse slope, x = 2 (3—5)_1. A point to be distinguished
later is that the spinodal critical point is distinct from the liquid-gas critical point. The
two critical points have an interesting interplay when the two are close together, or so
when ¢ is sufficiently small (and negative). This notion will be the topic of the following

sections.
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Figure 2.5: The spinodal curve.

2.2.3 New universality of the spinodal point

Let us denote volumes at the spinodal points as V; s, with V) g, being the leftmost and V5 g,
the rightmost. Let us also define the order parameter at the spinodal as My, = Vo5 — Vi gp
and its conjugate H in terms of P at the spinodal point as Hy, = P, 5, — P, and a set of

related critical data,

My, = B, (—t)", (2.10)
Hyp = Dy (_t>Aa (2.11)
M-—-M, = E,(H-Hg), = const < 0. (2.12)

We have introduced the exponent " anticipating is equality to S for reasons that will be
made clear once RG has been discussed. The last equation introduces a distinct exponent,
o which relates the deviation of M from M, to the analogous deviation for its conjugate
variable - this form is functionally equivalent to the J scaling form in Eq. (2.4) and some
references mistakenly claim that 6 = i

We should also note that from the freedom to define My, = Voo, — Vi, or M =
Visp — Vasp, the two of which differing by a sign, we also have this freedom in defining Hy,
to yield either a positive or negative value depending on the choice Hy, = Py o, — FP. <0
versus Hg, = Pop — P, > 0. This is ultimately a symmetry of the liquid-gas system - the
underlying Ising symmetry. As such, we expect two solutions to each scaling form in Egs.
(2.10)-(2.12), differing only in sign yet equal in magnitude. Taking the definition which
gives Hy, < 0 aligns with following the liquid phase, which is stable for the pressure range
P.> P > Py, and so H < 0. (This also aligns with the magnetic notion of metastability

16



for H < 0 and M > 0).

Something should be said as well about the case of H < Hg,, or equivalently P < Py,
in Eq. (2.12) which yields a complex M. This is actually as we should expect since for
fixed ¢ < 0, there is no real volume along the isotherm which corresponds to P < P g, (for
our other solution, P > P,,). Interestingly, the exponent o determines the angle which
the order parameter takes into complex plane once the liquid phase becomes unstable (or
the gas phase since there is this symmetry near the critical point) .

Now let us use the universal van der Waals equation of state, Eq. (2.2), to compute
the term in the scaling forms associated with the spinodal critical point. First, we look
to compute Eq (2.10). Again, the volumes at the spinodal points V; g, are simply the
locations of the two extrema, Vi, being the left most and Vs, the rightmost. The two

individually tend to one, whereas their difference expanded about T' =T, = 1 yields

4
My, = —(1-T)

V3

We see our 8/ = % which does indeed equal our 5. While this might been seen to be just

D=

(2.13)

an artifact of any mean field treatment, we will see this is a genuine equality via RG. Now
we can compute A from Eq. (2.11) by expanding the difference about T =T, = 1 and
V=V.=1
8
Hy, = — (1-17)

V3

Thus, we get the mean field result that A = %, as it should, since one might know of the

Nlw

(2.14)

scaling relation A = (9. Lastly, we look to the scaling form in Eq. (2.12). First, we note
that in expanding the pressure about the spinodals, it is obviously at least second order

in (V — V). The expansion then looks like

2
P
P = Psp+a—

e (V =Vy)?, (2.15)

V:‘/Spvlt|<<1

assuming the second derivative is finite. We then expand the second derivative about

T =T, as we are interested in the properties near the liquid-gas critical point,

0*P

5073 ~ 6V3v—t. (2.16)

V=Vip t<1
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Secondly, we have M — My, = —2(V; — Vi4,)) and H — Hy, = P — Py,. The end result is

M — M,
P =Py, +3V3V—t ( p) (2.17)
and so
M=My = +z5 (—t)"Y* (H — Hy,)'* (2.18)

First, let us address the choice of sign here. Given that M — My, = —2(V; — Vi),
for pressures greater than Py, or H > Hg,, we expect Vi < Vi, and so M — Mg, > 0.
We should therefore choose the solution

M — M,

sp

V4 (H — Hy)'* (2.19)

= o (1)

We finally read off the mean field spinodal exponent, o = % A subtle feature of the
above scaling is that the amplitude actually depends on the deviation from the critical
temperature ¢. Thankfully, we can redefine our amplitude as £, = E, (—t)° where we
have found that the exponent e takes on e = —i at mean field. As likely guessed, e is
related to a combination of o, 8, and §. We leave this point for later discussion.

Again we also have the non-universal critical amplitudes D, = \[ B, = \/g, and
By = 33/4
we do need our previously computed amplitudes from the standard critical point, B, B,

from above which can be put into ratios which are actually universal. To do so,

and C5. Let us define some new amplitude ratios now which will later be proven to be
universal - part of the crux of this thesis.

To obtain the so called universal form of the van der Waals equation of state, we
needed to rescale our parameters by the critical values. To obtain universal ratios, one
may take a similar route by rescaling ¢ and H to absorb the amplitudes B and B, into a
redefinition of ¢ and H:

@F|

BYA ¢, (2.20)
h = B°H. (2.21)
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Figure 2.6: The order parameter at the spinodal point as the temperature varies through

the transition.

In terms of the rescaled variables ¢ and h, we have nicely

M ~ (-’ at h=0 and t<0,
M ~ bW at t=0,
c+rB/B
X ~ = t77 at H=0 and t>0.

B6

where y = %—]‘}f. From the above rescaling, we could make the heuristic claim that R, is

universal by recognizing it as the amplitude for the rescaled Y.

Now, for the spinodal scaling forms we have in general,

B, B
My = Zgg (507
B!D
he = —= (1"
BF

where upon using the scaling relation § = ' and A = 3§ we obtain

B
MSP = gy (_E)Ba

B'D, -
ho = “opt (<D

M- M, = £y c 7

- My, = BlTBg(,(—f) (h = hep)” .

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

It is a claim, though as yet unsubstantiated, of this thesis that the above amplitude
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ratios are universal and were unknown beyond mean field and large N for three dimensional

systems. Let us define them:

B
R, = Ey, (2.30)
B°D
R, — %59, (2.31)
— Ey
R@ = BlTBgO” (2.32)
BY#B

See Section 4.4.3 for the reasoning behind the introduction of z.. In summary, the picture
is still a bit obscure and the above ratios are discussed in a slightly different context
that the title of this thesis suggests. This will be remedied by the discussion of scaling
functions and RG in Chapter 4.

Explicitly, the universal van der Waals expressions yield the amplitudes B = 4,
B.=2(2)"" B,= % D, =% and E, = ;% and

4,
R, = % (2.34)
Ri = om0 (2.35)
R - ﬁ (2.36)
2| = % (2.37)

2.2.4 Mapping the spinodal to the Yang-Lee edge singularity

In this context, it may seem a bit strange to consider this, but given the plots we have
seen, it seems the spinodals disappear for T' > T; however, we can still find similar critical
points by looking at complex pressures! These critical points in the high temperature
region will be seen to be the Yang-Lee edge singularities. Neatly, we will be able to get a
basic look at them by a less abstract discussion of the spinodal physics. Though there is
a crutch in this approach in that we need to discuss a mapping between the two critical
points, the spinodal point and the Yang-Lee edge singularity.

To begin, notice that in the mean field expressions, Eq. (2.13), Eq. (2.14), and Eq.

(2.19), it seems we could naively take ¢t > 0, thus having the minus sign produce a factor
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Figure 2.7: The spinodal volumes as the temperature varies through the transition.

of 7 in the related expressions. While this is instructive in the mean field analysis, it is
a bad general practice because the exponents may not be integers which obscures some
results. In general, this analytic continuation needs a bit more care, see Section 4.4.3.

Let us denote the values of the order parameter and its conjugate under our naive
mapping as My, — M, and Hy, — H.. The naive mean field result is that M. and h.
are purely imaginary whereas M — M, and H — H. have a relative phase difference of
—=4. Thus, if H is purely imaginary and |H| < |H.|, the factor (H — H,)"? has a phase
factor (—i)'/? = e~¥"/4. Combining this with the overall phase yields an overall factor of
—i. In summary, if H is purely imaginary and |H| < |H,|, then M — M, = —i # where
# € RT. Surprisingly, this is exactly what we expect from the result of the Lee-Yang
theory of phase transitions in Chapter 3. In general, this overall phase can be seen to be
A¢p = =7 (1 — o), see Section 4.4.3.

Furthermore, in the vicinity of the critical point, we need to do no more work to
find the analogous exponents and universal ratios associated with the Yang-Lee edge
singularity. As will be proven, the two sets are identical! The set in Egs. (2.30)-(2.33)
together with o describe both the spinodal point and the Yang-Lee edge singularity! The
mean field results of Eqgs. (2.34)-(2.37) together with 0 = 1/2, of course, capture both as

well. Let us write this below with the correct generalization of Eq. (2.29):

B, -
M, o= i Dvp 2.38
=1 239
BD,
he = sztA, (2.39)
Ey e —i%(l1—o) o
M—MC = _BlT_BC‘SUt e "2 (h—hc> . (240)
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Let’s turn back to the original equation of state, Eq. (2.2), and see what’s happening.
First, we plot the real and imaginary parts of the order parameter evaluated at the
spinodal as the temperature is varied through the transition in Fig. 2.6 (we now allow
the order parameter to take on complex values). We see that, indeed, M becomes purely
imaginary in the high temperature region. This fact is not an artifact of the mean field
analysis, but is instead due to the Lee-Yang theorem, see [15]. This plot also makes clear
the equality of § = ', at the mean field level at least. A last observation - the similarity
of the plot for T" < T, in Fig. 2.6 to the plot of the magnetization in the Ising model is no
accident. The Ising model near its critical point can be mapped on the liquid gas system,
which is exactly what we have done. Thus the notation of M, the magnetization, and H
being the magnetic field.

Let us also compare the behavior of the spinodal volumes V; s, and V5, as function
of the temperature. The question is how do they behave for T' > T, see Fig. 2.7. We see
that below the transition, the volumes are real whereas above the critical temperature
they become complex, though not purely imaginary. It is a property of the proper order
parameter and its conjugate at the Yang-Lee edge singularity that they are purely
imaginary.

At the (ordinary) critical point, the spinodals merge as the critical temperature
is approach from below; however, one may equally well say that the Yang-Lee edge
singularities merge as the critical temperature is approach from above. This interpretation
of events will surprisingly be the more fundamental perspective which is related to the
behavior of the partition function zeros.

A final point is in order in regards to results beyond mean field. As we will see,
the spinodal point does not actually remain real once one obtains results beyond mean
field. While the YLE occurring at a purely imaginary external field H. is ensured by the
Lee-Yang theorem, not such relation holds for the spinodal point. Beyond mean field, the
critical magnetic field Hg at which the spinodal point occurs is shifted off the negative
real axis by a phase ¢ = 7 (% — 55). See also Ref. [13], Section 4.4.3, and Fig. 6.3.

In summary, starting from the van der Waals equation which gives a basic qualitative,
though not quantitative, description of the liquid-gas phase transition, we argued for a
crude sense of universality. This was the statement of the law of corresponding states -
that all fluids near their critical points are described the universal van der Waals equation
of state which due to the use of rescaled variables had no reference to the model dependent
quantities such as T,, P., and V.. Furthermore, this equation of state yields predictions for

a set of universal critical exponents and amplitude ratios governing the liquid-gas critical
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point. Near enough to the critical point, aspects of the spinodal point - a critical point
in its own right - become universal. We were also able to see that the spinodal point is
intimately related to another critical point occurring at complex pressures and volumes,
though purely imaginary in order parameter M and external field H, the Yang-Lee edge
singularity.

While the exponent o governing the critical behavior near the spinodal point and,
fascinatingly enough, the Yang-Lee edge as well, has been known for decades, other
aspects of these critical points are indeed universal which were not as well studied before
the works involved in this thesis. The extended set of universal quantities includes three
universal ratios, R,,, Ry, and R,, which govern the scaling properties of both the spinodal
and Yang-Lee edge singularities near the ordinary critical point. In the following sections,
we will elaborate more on the details of these universal quantities as well as their values
for the physical relevant case of three dimensions as well as (semi-)analytic results in
Chapter 5.
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CHAPTER

3

REVIEW OF THE LEE-YANG THEORY
OF PHASE TRANSITIONS

Although it is intimately related to the spinodal point, the most fundamental understanding
of the Yang-Lee edge singularity is given in terms of what has become known as the
Lee-Yang theory of phase transitions. Given that the partition function contains all the
physical information of a given system with typical arguments being the temperature and
fugacity-type variables z, it is natural to ask what are its properties over its complexified
domain. For instance, if one is looking at Taylor expanding about the vanishing baryon
chemical potential ;= 0, a temperature like variable, the radius of convergence of this
expansion is limited by the nearest singularity to the origin. As we will see, this singularity
turns out to be the Yang-Lee edge singularity, see [49].

Many approaches to physics have profited well from extending their notions into the
complex plane. Firstly, dispersion relations demonstrate the connection between the real
and imaginary parts of response functions. There is Reggge theory which sees resonances,
bounds states, and scattering states as intimately related under analytic continuation of
the systems parameters into the complex plane. When studying asymptotic series, there

is the study of Stokes lines which represent a sort of branch cut which upon crossing one
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must reshuffle their solutions. Some studies have also found the curious observation that
Lee-Yang zeros fall on top of the Stokes lines, [50, 51, 52, 53].

For the case of phase transitions, as mentioned in the intro, the study of the analytic
structure of the partition function in complex plane, particularly its zeros, was initiated
by Lee and Yang in 1952, [14, 15]. Many works have followed which have extended
considerably the original ideas introduced in [14, 15]. In the following sections, we will
discuss the Lee-Yang theorems as well as some of its extensions, the edge of the distribution

of zeros - the Yang-Lee edge singularity, and some more general extensions the ideas.

3.1 The Lee-Yang theorems

Let us review the ideas in the context of the Ising model, the most basic system one could
think of which exhibits a phase transition. Consider a set of spins {s;} on a d-dimensional
lattice which can take the values +1 which interact with an external magnetic field H;
which can take on any real, or complex, number. The spins interact with each other at
a finite temperature 1" via an exchange interaction J which we will take to be nearest

neighbor. The Hamiltonian for a given configuration of N spins {s;} is
N
HN [{S,}] = _stisj_ZHiSi (31)
(i) =1

where (ij) denotes the sum over nearest neighbors. We check the signs by the understanding
that for a ferromagnetic system, J > 0, aligning spins with their neighbors and with H
minimizes the energy. Unless otherwise stated, it will be assumed that we are discussing
the ferromagnetic Ising model.

The partition function is given by the sum over the spin configurations as

Zy = Y exp(—BHx[{si}]) . (3.2)

{si}

Following Mattis [54], first recognize that

(PH(s:—1) :{ Losi=1 (3.3)
z s, =-—1

By factoring out N factor of e allows one to see that the partition function for the
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Figure 3.1: Complex H zeros for systems following the Lee-Yang Theorem. In the limit
of T'— T,, the zeros pinch the axis whereas for T' < T, the zeros smoothly cross the axis.

Ising model can be rewritten as a polynomial in the fugacity z = e 2% (up to a term):

N
Zy = eN*BHZan 2" (3.4)

n=0
The term 2™ corresponds to the configurations with m spins down (s; = —1). If J = 0, the

one would have simply that the coefficients a,, are the binomial coefficients. By turning on

the interactions, the a,’s are no longer binomial coefficients, but sums of terms of n e*™#/

where n and m are both positive integers. For instance, here is Y a,z" for N = 5 with

non-zero J
125 +5eM 24 + (5e73 4 5eP) 28 + (5e ™ 4 5eP) 22 + 5e 2 4 €7 (3.5)
versus with J =0
22+ 524 +102° + 102> + 52+ 1.

Notice also that a, = ay_n,. By factoring out e’ % one could simplify the analysis
further [54].
The first paper of Lee and Yang [14] proves the existence and continuity of the infinite

volume free energy

.1
F = lim NlogZN (3.6)

N—o0

for any positive real value of z. Secondly, noting that Zy has N zeros {z,} occurring

in general in the complex plane, they proved that F and all its derivatives are analytic

26



functions in regions free of zeros. This nicely introduces the notion that the occurrence of
zeros, and thus non-analyticities, indicate the possibility of a phase transition.

Referring back to Eq. (3.4), the coefficients a,, are positive functions of 5 and J. It
follows then that none of the zeros of Zx in terms of z could occur at real values and so
must lie in the complex z-plane, off the real axis. This is the statement that no phase
transition can occur at finite volume. It is only in the thermodynamic limit that the
zeros could approach the real axis and produce the non-analyticities observed at phase
transition.

In general, in the thermodynamic limit the zeros could form areas, lines, or tend
towards isolated points. Strikingly, Lee and Yang proved in their second paper [15] that
all the zeros form continuous lines along the purely imaginary values of h, or so the unit
circle in the complex z-plane - the famous Lee-Yang circle theorem. Remarkably, the
theorem holds regardless of the lattice type or dimension, the only condition being that
the system is ferromagnetic, J > 0.

Before we relate the zeros to the phase structure, let us address the features and
generalizations of the Lee-Yang theorem. the following discussion of the literature is by
no means complete, as the number of papers on the subject is rather immense. But, we
will try to focus on the result most relevant to this thesis - the O(N) universality classes.
For a nice discussion, see [55] as well as Kurtze’s thesis [56].

A reasonable first question may be to ask whether this depends on the spin dimension
or if it is specific to nearest neighbor. The original Lee-Yang theorem only requires a
ferromagnetic exchange interaction, so the theorem holds beyond nearest neighbor. It did
not address arbitrary spin Ising models. In 1968, Asano and Suzuki in separate works
proved the theorem for spin 1 and spin 1, 3/2 respectively [57, 58]. Later that same year,
Griffiths proved that the Lee-Yang theorem holds for arbitrary and even continuous spin
ferromagnetic Ising models [59].

As another generalization of the Ising model, one may allow for the spins to have
more components and ask whether the theorem stills holds. For two components, we
have the so-called XY model whereas for three components, the Heisenberg model. The
Lee-Yang theorems pertaining to the Heisenberg model was first produced by Asano [60]
and Suzuki [61]. Interestingly, Suzuki provides a method for representing higher spin
Heisenberg systems in terms of a spin % system. Suzuki used this later in generalizing
the theorems to higher order spin interactions, [62, 63]. However, the most general proof
for the fully anisotropic ferromagnetic (quantum) Heisenberg model was given by Suzuki

and Fisher [64] wherein Suzuki’s spin reduction method was also used. They additionally
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showed that the theorem holds for many-spin interactions in the Ising model.

For the question of fields theories, the original relation was extended to a single
component ¢* Euclidean quantum field theory stemming from the relation between the
classical Ising model and ¢* theory by Simon and Griffiths [65]. The theorem was later
extended to the case of classical XY and Heisenberg models (V = 2 and N = 3 component
field theories) by Dunlop and Newman [66]. A separate technique was used by Lieb and
Skokal [67] to prove the theorem for 1 and 2 component classical ferromagnets. They also
include a proof for N > 3 for sufficiently anisotropic ferromagnetic interactions.

Lastly, the limit of N — oo yields the so called spherical model which is exactly
solvable. This model corresponds to a field theory in as many components. Here it was
demonstrated that the Lee-Yang theorem holds in arbitrary dimension by Kurzte and
Fisher [29]. Tt is also notable that the theorem has not been proven for N component ¢*
theories with NV > 3, although the results of this thesis indicate that it does, at least for
regions near enough to the origin.

Note that the Lee-Yang theorem was not proved to hold for quantum XY models.
For this case, the zeros can take much more interesting behaviors, see [68, 69]. There
are regions where the Lee-Yang theorem does hold, and in fact one can see a crossover
behavior between two types of distributions of the zeros, [70]. See also [71].

For a final note on the ferromagnetic zeros, we remark that for more exotic like that
of the Blume-Capel model [72, 73|, there are results due to Suzuki [62, 63] that imply
while the theorem does not hold in general, it does hold in regions where the system is
sufficiently "ferromagnetic." The transition between these regions yields a bifurcation in
the distribution of zeros which leads to very interesting implications for the Yang-Lee
edge singularity and its generalizations. The original works exploring this situation are
(74, 37, 38, 39, 40]. See also [75, 76, 77] as well as [78, 79].

While everything we discussed above is for the case of ferromagnetic zeros, one may
be curious about anti-ferromagnetic models. The situation here is nowhere near as nice
as for the ferromagnetic systems - there are no general theorems for the location of
anti-ferromagnetic zeros. Although, there are results of the type which prove regions
which should be free of zeros, see [80]. For a strikingly display of the transition from
ferromagnetic zeros to anti-ferromagnetic, see Figures 4 and 5 in [68]. See also [81]
for antiferromagnetic Ising as well as [82] ,[71] for antiferromagnetic XY zeros, [83] for
antiferromagnetic Heisenberg, and [84, 33, 85, 86| for antiferromagnetic Ising with nearest-
neighbor and next-to-nearest-neighbor interactions, the antiferromagnetic Blume-Capel

model, and others. We leave the rest to the references.
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There is additionally another huge field of study concerning the zeros in the complex
temperature plane, initially studied by Fisher in [87] in which he relates the logarithmic
singularity of the 2D Ising model to the behavior of the density of zeros. Furthermore, it
has been show that while the complex temperature zeros fall on lines for the isotropic
Ising model, the zeros fall onto areas for the anisotrpoic case, see [55]. They conclude that
rather than forming lines, in general the complex temperature zeros fall onto areas as
opposed to behaviors seen in studies such as [88]. Particularly relevant are also [50, 51] in
their relation to the QCD phase diagram.

Finally, we mention some reviews which discuss some of the materials mentioned

above as well as others, [89, 90].

3.2 Thermodynamics from the density of zeros

In the thermodynamic limit the zeros for the systems we are interested in are distributed
along lines on the purely imaginary H axis forming branch cuts which are symmetric about
the real axis due to the reality of Zy. These branch cuts represent the non-analyticities
that we observe near phase transitions. For instance, at low temperatures we expect
to have two solutions to the magnetization for vanishing field M(H = 0) = £M thus
implying a Riemann sheet structure of M(H). In this case, the zeros must cross the
real axis at H = 0. Varying H through zero amounts to crossing the branch cut thus
forcing the solution to jump between the Riemann sheets - something very non-analytic -
a manifestation of the first order phase transition.

More interestingly, the location of the zeros depends on the temperature and one
might imagine that for certain temperatures, say 7" > T, the zeros stay away from the
real axis. In this case, the branch cuts do not intersect the real axis and there is no phase
transition for a real value of the magnetic field H. See Fig. 3.1 for a general depiction

For the Ising model, the relevant variable is the temperature. Here one finds that
for T > T, there is a gap in the distribution of zeros which closes as T approaches T,
from above. This gap means that one can smoothly interpolate from positive to negative
values of the magnetic field - no phase transition. Specifically at 17" = T, tuning to H =0
amounts to tuning to a second order phase transition; therefore the gap must close only
in the limit of 7' — T, from above. Finally, for T' < T, the gap is closed and there is a
first order phase transition at H = 0 due to the broken Z; symmetry. We highlight these
features in Fig. 3.1.
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Let us now turn to deriving expressions for the thermodynamics in terms of the zeros
themselves, in particular the density of zeros g(H,t), which will clarify the discussion
above. The original derivation of these results seems to be due to Suzuki [91, 92, 58]
and Abe [93]. Note that the years align with the appearance of the Lee-Yang theorem
extensions. In what follows, we will improve upon the results of Suzuki and Abe to better
clarify features of the Yang-Lee edge singularity.

Since the partition function of Eq. (3.2) is a simple polynomial in z, we can rewrite

this as a product over its N zeros {z,}
N
Zy = NV ]z —2) (3.7)
n=1

where N is some unimportant constant. In the thermodynamic limit, the zeros can be
described by a density function g(H,t) where we denote the dependence on t x 7' — T..

The free energy in the thermodynamic limit is given by
1 1
—BF = ]\}%ONZN:ﬁH—i—A}g%ONleog(z—zn) (3.8)

where we’ve ignored the constant term.

Next, we introduce the density of zeros, g(z,t) which has explicit dependence on both

T-T,
Te

that Ng(w,t)dw depicts the number of zeros lying between w and w + dw. This motivates

the fugacity z and the reduced temperature t = The density has the interpretation

the normalization condition:

/g(w,t)dw =1. (3.9)

Additionally, due to the reality of Z the density is symmetric about the real axis:
g(z*,t) = g(z,t). In terms of g(z,t) we then have

_BF(H,t) = ﬂH—i—/g(w,t)log(z—w)dw. (3.10)

For systems obeying the Lee-Yang circle theorem, w = €'’ and we can write

—BF(H,t) = PH+ /%g(ﬁ,t) log (z — ') df) . (3.11)
0
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Furthermore, using g(,t) = g(—0,t) we can simply the integral as follows:

r r2m 2w
= % / 9(0.t)log (= — ) db + / 9(0,t)log (= — €) dﬁl : (3.12)
1 . 027r ) 07271' )
= 3 / 9(0,t)log (= — ela) do — / g(—0,t)log (z — e’“g) d@] . (3.13)
1 - 02ﬂ' ) 00 )
= 3 / 9(0,t)log (= — ) do + / 9(0,t)log (= — e”e) d@] : (3.14)
LJ O —2m
17T 27 ) 27 .
= 3 / 9(0,t)log (= — ele) do + / 9(0,t)log (= — e’w) d@] , (3.15)
LJo 0
2m
= %/ 9(0,t)log (2* — 2z cosf + 1) df, (3.16)
0
= / g(0,t)log (2* — 2z cosf + 1) df. (3.17)
0

Let us rewrite our expression in terms of H:

6F = s [0 0los [ (T 2cos0 ] (319
0
—BF = / g(0,t)log [2 (cosh2BH — cos0)] . (3.19)
0
We have the magnetization M = —g—g given by
M = 2sinh 5H/ 9(6,1) e . (3.20)
cosh BH —cos @ '

Thus, given the density of zeros, one can construct the magnetization and the free energy.
We can also deduce some properies of F and M. First, M(—H) = —M (H), which holds
even for complex H! Furthermore, we have M(H*) = M*(H). The free energy satisfies
similar relations: F(—H) = F(H) and F(H*) = F(H). However, while knowledge of the
density of zeros is clearly very powerful, obtaining expressions for the density is in general
very difficult. Outside of the 1D Ising model and mean field, one typically has to resort
numerical methods.

Let us quote the results for the density for the 1D Ising model and for mean field
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theory. For the 1D Ising model, the density obeys [15, 94]

sing
| s W0
e o (3.21)
0 0] < 0.

where 6. = arccos (1 — 2e72%7). Alternatively, see Ref. [15] for the expression for the zeros
themselves. See Fig. 3.2 for the behavior of the zeros of the 1D Ising model. We quote
below the implicit equation for mean field density of Ref. [92]:

4\? 1 ¢? 4 ¢* 2
2 f— p— —_—— —_——
0 = (3) <t+ 347r2> (t—l— 347T2) . (3.22)

The above expressions are plotted in Fig. 3.3.

Let us now derive a basic relation between the density of zeros and the discontinuities
experienced at phase transitions. First, we recall that the density of zeros for temperatures
t > 0 is expected to vanish on the interval 6 € (—0.,0.). Whereas for ¢ < 0, the density is
smooth and finite about the origin.

It will prove convenient to introduce the variable h = 28H. Let us suppose we are

near the transition (though possibly the first order transition) and expand M about small
h:

T g(0.t)
M = 4h [ db 2
/0 h? + 62 (3.23)

where we also expand in # the reason for which will become clear. Let us focus on the
case M (h = 0). Inspecting the above expression, we recognize the appearance of the delta

function

1. h

00 = i (3:24)
so that we have the relation
M(h=0) = 47r/ 5(60)g(0,t)do (3.25)
0
M(h=0) = 2mg(0,t). (3.26)

Thus, the value of the magnetization at vanishing field is given by the density of zeros!
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For t < 0, we expect M to be finite and thus that the density of zeros is non-zero at the
origin. On the other hand, for ¢ > 0, we expect M to vanish at H = 0 and so there must
be a gap in the distribution of zeros.
Noting that had we really have the relation M(0¥) = 427 ¢(0,t) so that
lim1 (M(e) — M(—¢)) = 2mg(0,1) (3.27)
=0 2
which is just the more explicit statement that the density of zeros gives the discontinuity
of M at the first order phase transition.
We can derive a more general expression between the magnetization and the density
of zeros. Consider the discontinuity in the magnetization from two opposing sides on the

imaginary axis. Taking h = a + i b, one obtains the expression

M(a+ib) — M(~a+ib) ) . B
5 = 2/0 deg(eat>{a2+(b+9)2+a2+(b—‘9>2}.

Furthermore, we have that the discontinuity in the magnetization about the cut is given
by the real part of the magnetization. This is due to the relation M(—H) = —M(H)
together with M*(H) = M(H*):

M(a+ib) — M(—a+1ib)

ReM(ib) = lim , (3.28)

a—0 2
i Mlat i)+ Mla—ib) (3.29)

a—0 2
_ hmM(a+zb)+M(a+zb)7 (3.30)

a—0 2
_ 27r/ 46 9(6,) {5(b— 0) + 5(b+0)} . (3.31)

0
Extending the integral’s lower bound to — then yields the relation

ReM(ib) = 2mqg(b,t). (3.32)

What the above expressions tells us is that for ¢ > 0, the magnetization is purely imaginary
for purely imaginary fields below the edge! For purely imaginary fields beyond H., the

magnetization picks up an additional real component thus moving off into the complex
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plane. We also write the full expression for Re(M) for complex H:

Re(M)(H) — 2/0 d@g(@,t){a2+(b+9)2 + a2+(b_9)2} O (3.33)

One may ask what information is contained in the imaginary part of the magnetization.

Im M(a+ib) = %(M(antib)—M*(anLib)), (3.34)
_ %(M(aﬂ'b)—M(a—z’b)). (3.35)

Given the second expression, the imaginary part can be interpreted as the discontinuity
in the magnetization over the real axis. So, not particularly informative, at least in this
setting, since we expect that for real h, the magnetization is also real - no discontinuity.
However, this notion could be useful for studying discontinuities on the real axis.

Using similar methods as for Re(M), one finds similar expressions for Im(M):

T (0-b) 0+
ImM(H) = 2/0 d@g(@,t){a2+(0_b)2 a2+<0+b>2}. (3.36)

First, note that for b = 0, Im(M) = 0, as we expect. Next, for purely imaginary H, the
kernel over which ¢(0,t) is integrated has simple poles at §# = b. Thus, in order to have
a a finite Im(M), the density must combat these poles. As we will see, it does indeed
behave in such a way as to keep the magnetization continuous. More on Im(M) we be
discussed later.

Similar expressions can be derived for the susceptibility above and below the transition.

Let us start with expressions for vanishing fields:

T cosh h sinh? h
0

cosh h —cos 6 (cosh h — cos 6
T 9(0,1)
w =8 G

(3.38)

where in the second expression we have again expanded in small h and 6. The expression
for x, would have had a divergence at § = 0 except this was thankfully avoided since
the density vanishes well before the origin at 6. = |H,|. For the expressions below T, we

must subtract out this divergence as the density is finite at 6 = 0, or use the alternative
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definition, see [58]. One obtains

M(H) — M(0)

28 " 9(0,1)
= 1 — 2 -2 4
Hoo h ( h/o a0 cosh h — cos 6 m9(0.0) ) - (3.40)
T g(0,t) —g(0,t
Y = 86/0 in 2! )02 (0.4) (3.41)

where in the third step we inserted the delta function representation.
One can also inspect the real and imaginary parts of the susceptibility y .. We do this

in anticipation of probing the edge of the distribution of zeros. Taking h = a +ib

Rey; = /Oﬂdeg("?t) (4“2 (_(a2+(bl+0)2)2_ (a2+(bl—9)2)2)

a’ +bb—0)+2 a®+b(b+0)+2
Cl2—|-(b—(9)2 &2+(b—|—9)2 ) ) (342)
_ [ a b—10 b+0
ImX+ — A d@g(e,t) (4 ((a2+(b—9)2)2 + <a2—|—(b+6)2)2>
at ab
a’>+ (b—6)? N a? + (b+0)2) . (3.43)

In the above expressions, one should notice the delta function-like structures emerging,
such as the last two terms in Imy,; which become true delta functions #6(b + 6) at a = 0.
Similarly, the first two terms in Imy, and Rey. resemble delta function derivatives

d'(b + 0). Doing an integration by parts to put the derivative on g(f,t) reveals this

structure:
B T 0g(0,t) 2(b—0) 2(b+90)
Rexs = /9 b= (a2 +(b—0)2 a2+ (b+06)?
1
+ 3 (blog (a®> + (b+6)*) — blog (a® + (b — 0)%))
— atan™! (b ; 6) +atan™! (b : 6)) + boundary terms,  (3.44)
T 0g(0,t) 2a 2a
I - _ _
A /(, N =2 (a2 T (b—02 @@+ (b+0)y

+ ga(log (a+ (b~ 6)%) ~ log (> + (b4 6)"))

— btan™! (b — 9) +btan (H)) + boundary terms. (3.45)
a a
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Figure 3.2: The zeros of the 1D Ising Model in the complex fugacity plane, z =
Exp (—28H). Notice that for T > T,, the zeros pile up at the edge which results in
the exponent o being negative. For positive o, the zeros would become sparse near the
edge. For T' = 0, the zeros become uniformly distributed which can be shown as a general
property for T'= 0.

The boundary terms at § = 6. vanish for g(6.,t) = 0 whereas the term evaluated at 6 = 7
yields a divergence at Im H = w. However, we expanded about small h and 6, so this is
likely an artifact of this expansion. We will explore this more in the next section.

A last note before we move to discuss the details on the edge of the density of zeros
and the Yang-Lee edge singularity. We expect that the free energy and magnetization
are analytic functions ( away from any singularities that is). As such, we list the relevant
Cauchy-Riemann equations below which relate derivatives of the magnetization to the

appropriate parts of the susceptibility:

OReM _ olm M

— e = 1m
OReH V' OReH NV (3.46)
ORe M Oim M '
olmH olmH X

The above expressions will be of use later. We note in closing on this section that one
may use the expressions derived for the magnetization and susceptibility to determine
how to scaling behavior of the density is related to the critical data, though we will not

pursue this here, see [92, 93].
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Figure 3.3: Expressions for density of zeros are plotted for the 1D Ising model (left) and
the mean field model (right). Notice that while both models yield a gap in the zeros, the
density diverges for the one dimensional model whereas it vanishes for the mean field
model.

3.3 The Yang-Lee edge singularity

While in the previous section we discussed the basic properties of the density of zeros and
its relation to thermodynamic functions, we reserved until now further discussion of the
typical features present at the gap of density of zeros which occurs for T > T,. As first
pointed out by Kortman and Griffiths [16], the density of zeros satisfies as a scaling form

about the edge
9(0.t>0) = go (0 —0.)° (3.47)

for @ > 6.. They collected the results of 1D Ising model where ¢ = —1 (see Section
5.4), mean field yields o = 1 (see Section 5.1), and their studies indicated that for 2D
lattices o < 0. It was later shown by Cardy [34] via CFT methods that in two dimensions,
o= —%. See Fig. 3.2 and Fig. 3.3 for a visual display of the difference between positive
and negative o. It is interesting to wonder what might happen if the density were instead
to approach a constant at 6. before dropping to zero. This could be investigated by simply
inserting the ansatz for g(6,t) in the expressions of Chapter 3.

While it was realized that the susceptibility diverges at the edge in [16], Fisher was the
first to realize the edge itself behaves as a critical point which he deemed the Yang-Lee

edge singularity (YLE) [17]. He followed by showing that is could be described by a i g ¢
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Figure 3.4: Taking ¢t small and using the expression for the density of zeros g(0,t) =

(0 — 6.)° with o = 1, one can integrate the expression in Egs. (3.33,3.36) to obtain

expressions for Re(M) and Im(M) for complex H. As the real part of the field decreases,
the critical point can be seen by the kinks in the magnetization which occur at Im(H) = 6.

theory given by

Sl = [ {00 +ig6® + (H ~ H)o) (3.49
Furthermore, the magnetization inherits the scaling of the density of zeros:
M—M.x (H—-H.,)’. (3.49)

Since the YLE occurs at finite external fields, it was argued in Ref. [17] that o is
independent of N and is thus the same for all O(N) models.

Fisher and Kurtze [29] found in other studies that o = 1 for spherical models which
correspond to the large N limit. This result is independent of dimension 2 < d < 4 which
seems to violate the independence of o from N. In Ref. [29], they worked with finite N.
They found in three dimensions ¢ =~ 0.086 while for two dimensions that o ~ —.163. Their
two dimensional result is strikingly close to the Cardy’s CFT result of o0 = —%. A few
years after, the large N paradox was resolved by showing that the YLE is sub-dominant in
N by Bander and Itzykson [95]. It should be noted that Kurtze also worked to resolve this
issue, [32]. More recently, the YLE as an isolated critical point has been studied via the
functional renormalization group [41, 42] and CFT techniques [35, 96], and e expansions
97, 98].

While the YLE is seen to be independent of NV, and so the universal edge of a sequence

of universality classes, it has also been shown to be identical for anti-ferromagnetic systems,
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Figure 3.5: Taking ¢t small and using the expression for the density of zeros g(f,t) =

(0 —0.)° with o = —% as in the 1D Ising model, one can integrate the expression in Egs.

(3.33,3.36) to obtain expressions for Re(M) and Im(M) for complex H. The plots for
decreasing but fixed Re(H) demonstrate the divergence of both Re(M) and Im(M) at
purely imaginary field H =i 6..

albeit one-dimensional, as well as for arbitrary spins, [33, 99]. One may even conjecture
on the behavior once fermions are added leading the author to conjecture that the same
edge singularity controls the critical points with fermionic degrees of freedom as well since
the external fields gives mass to the fermions, thus causing them to drop out.

In another direction mentioned earlier, one could study the behavior of the zeros near
the tricritcal point in the Blume-Capel model or its relatives. The original works exploring
this situation are Refs. [36, 37, 38, 39, 40]. See also Ref.s [75, 76, 77] as well as Refs. [78,
79]. One work stands out as (likely) the first to notice that the tricritical point likely
yields a new type of Yang-Lee edge singualirty, see Ref. [74]. Most works above were able
to see that near a tricritical point, the edge of the density of zeros exhibits a new type of
scaling, which for one dimension is o = —%. A commonality of the density of zeros near
tricritical points seems to be a bifurcation of the zeros. This new edge theory was also
conjectured on and explored in Refs. [78, 79, 42, 100, 101]. It seems the critical theory
should be an ig¢® theory. The main idea for the connection between CFTs and edge
singularities is simply stated that alongside the sequence of O(N) multi-critical points is
a sequence of edge singularities corresponding to a sequence of minimal models. Thereby
one could obtain the field theories corresponding to these minimal models.

Finally, we note that there has been studies whereby one can experimentally probe
both the Lee-Yang zeros and the Yang-Lee edge singularity [102, 103, 104, 70]

Now let us turn back to the expressions relating the density of zeros to the thermody-

namic functions. Using these, we would like to understand what happens near the YLE.
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Figure 3.6: Taking ¢t small and using the expression for the density of zeros g(f,t) =
(0 —0.)° with o = —% as in the 2D Ising model, one can integrate the expression in Egs.
(3.33,3.36) to obtain expressions for Re(M) and Im(M) for complex H. The plots for
decreasing but fixed Re(H) demonstrate the divergence of both Re(M) and Im(M) at
purely imaginary field H =i 6..

Firstly, let us derive the expression in Eq. (3.49). Let us start by naively expanding the

real and imaginary parts separately for H € C:

M(H) = ReM(H)+ilm M(H), (3.50)
: ORe M
= ReM(ib) + Ro ReHZOReH
. Olm M
+ (ImM(z b) + TReH |, e, ReH) . (3.51)

Using the exact expression for the ReM along the imaginary axis,

M(H) = 2r(b—0.)70(b—6,)

+ ReH ORe M +Z,81mM
ORe H |g, y—o ORe H |g, y—o
) Olm M
+ 1 (MC + oIm 7 i (Im H — 90)> (3.52)
where we have written
M, = Z/Wde 0,01 ! (3.53)
S Mt A Ny ‘
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Taking ¢(0,t) ~ (6 — 6.)7, we see that M, behaves roughly as

M, ~ 2/ do (0 — 0.7, (3.54)
Oc

™

~ (0-0.) (3.55)

Oc

which for ¢ > 0 is finite and given by M, « (7 — 0.)°. We also note that for purely
imaginary fields, Im(M) is still finite given by

T 1 1

from which one can infer that Im(M) increases from zero to M, on the interval b € [0, 6,].
Using g(6,t) ~ (6 — 6.)7, one can obtain an exact result for the magnetization, see Figs.
3.4, 3.5 and 3.6.

Returning to the full expression of M (H) for complex fields near H = i6,., one can

use the Cauchy-Riemann equations in Eq. (3.46) to obtain

M(H) = iM,+27x(b—6.)°0(b—6.)
Re H (Re x|, ;_o + 1 Tm X[, )

_|_
+ iRex|,_;, (ImH—6.) . (3.57)

Given the expressions for y in terms of complex H in Eqgs. (3.44-3.45), we can write

N T 0g(0,1) 1 1

c

For all values of b except the bounds of the integral, the result is finite. At H = 76., Rey

diverges as
Rexs o< (H—1i6,)""". (3.59)

Curiously, one also sees a divergence at Im(H) = 7w coming from the boundary terms,
though it could either be an artifact of the small h truncation or be cancelled the density
vanishing by as an appropriate power, see Fig. 3.8. We do not explore this further here.
A similar line leads to Imy having the same divergences. The analysis is a bit cleaner

here as one can see the simple appearance of §(6 — b) which picks out the divergence in
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Opg(0,t) when b = 6.

Re[x] Im[x]

. . \ 10 | , ,
Im[H]<6, Im[H]=6; Im[H]>8, Im[H]<6, Im[H]=6. Im[H]>6,

Figure 3.7: Taking ¢ small and using the expression for the density of zeros g(6,t) =
(0 —0.)° with o = % as in mean field and large N, one can integrate the expression in Egs.
(3.42,3.43) to obtain expressions for Re(y) and Im(y) for complex H. As the real part of
the field decreases, the critical point can be seen by the emergence of a true divergence at
Im(H) = 6..

One can also obtain an expression for the susceptibility as was done for the magne-
tization. See Fig. 3.7. Since Re(M) = 0 for purely imaginary fields below the edge, one
also expects that Re(x) = 0 here also. We do indeed recover this result with the rough
approximation of the density as g(6,t) = (0 — 6.)?. See Fig. 3.8 for the case of larger ¢
(and so larger 6.) and the full range of Im(H).

In summary, we do indeed obtain the expression in Eq. (3.49), as well as the expected
divergence in x as expected for an ordinary critical point. Further aspects of the Yang-Lee
edge near criticality are left to the relevant sections in Section 4.4.3, Chapter 5, and
Chapter 6.
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Figure 3.8: Using the expressions for y as in Fig. 3.7, one can take a larger ¢ to see both
the divergence at the edge and the suspected divergence at Im(M) = 7. However, we
cannot fully trust the existence of this divergence since we both expanded about small
h and € and only input the behavior of the density near the edge. The full expression
may be finite at § = 7 for finite g(m,t), or the divergence is still present yet density may
behave in a way to cancel this divergence.
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CHAPTER

4

THE RENORMALIZATION GROUP

4.1 Scalar and O(N) field theories

In Chapter 2 we discussed critical physics as derived from the van der Waals equation
which falls into a class of descriptions know as mean field. What wasn’t discussed was
the validity of the statements made, meaning, do the results actually describe the three
dimensional systems in which we are interested. The answer is no, but the description does
do a good job qualitatively. To understand the limitations of mean field approximations
and how to improve upon them, we need to discuss some concepts of the renormalization
group (RG). Through RG one can see there is an upper critical dimension d,., which for
¢* d, = 4, above which mean-field results are valid. However, below d, one cannot trust
mean-field and more work needs to be done to account for the fluctuations ignored by
mean field. Additionally, for ¢® theories the upper critical dimensions is d. = 6. The
difference of these upper critical dimensions is an important consideration for perturbative
approaches, see Chapter 5.

Let us start again with the Ising model and for ease of reading, we carry down the
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expression for the Hamiltonian
N
HN [{Sz}] = —ZJS,L Sj —ZHZ S; (41)
(i) =1

with the partition function given by

Zy = Y exp(—BHx[{si}]) . (4.2)
{s:}

Near the critical point (T'= T, and H = 0), one can map the partition function to a

scalar p? Euclidean field theory

z - / Doy exp (—Sal]) (4.3)

where the microscopic/bare action is given by

sildl = [ {3200007 + 3000 + Juoe') - Hodp} (0

2
and the integral is over d dimensional Fuclidean space. The theory has an underlying
cutoff A = (ll where a is the original lattice spacing at which the action is defined. The
path integral measure is then defined to only include fields which fluctuate on scales larger
than a, or equivalently have momentum p < A.

Let us review the object appearing in the action. The field ¢ is a continuous function
of space x. The coefficient Z of the kinetic energy term is the field renormalization (or
wave-function renormalization). The linear term, H is still the external magnetic field.
The quadratic coefficient r( is related to the squared mass of particle-like excitations.
Furthermore, rq carries the temperature dependence as 1o oc 7' — TMF where TMY is the
mean-field critical temperature obtained by equating the bare classical action with the
free energy. Whereas mean field theory predicts that the critical point lies at rg = h = 0,
properly taking fluctuations into account leads to criticality at a negative critical value of
ro given by r. < 0. The understanding behind this is that the bosonic fluctuations tend
to destroy order or, equivalently, drive the quadratic term towards more positive values.
In order to combat this, one needs a sufficiently negative r which is driven exactly to zero
by the fluctuations. For ry < r, the field takes on a non-zero expectation value M = ()

which we can interpret as the magnetization or the order parameter. The existence of this
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expectation value reflects the spontaneous breaking of the Ising Z; symmetry. Thus, we
refer to this as the symmetry broken phase. On the other hand, for ry > r. the expectation
value vanishes and the symmetry is still present in the ground state. Thus, we refer to
the phase with M = 0 as the symmetric phase.

If one had started instead with a system of N component spins, the resulting action
would take a similar form with the modification that the field ¢ is an N component
vector:

1 2 1 2 1 4
el = [ {32006 + g (0 + jue') - HE 000} (49
where bold denotes vector quantities. This modification extends the discrete Ising symme-
try Z, to continuous O(N) symmetries for N > 2. The notation in the action is slightly
abusive in that by ¢* we mean ¢* = (¢;¢')” where we have used summation notation
and sum over repeated indices.

The development of a non-zero expectation value for systems with continuous symme-
tries creates N — 1 massless excitations called Goldstone bosons. In the broken symmetry
phase, the Goldstone modes dominate the physics. Furthermore, they cause severe diver-
gences in three dimensional perturbation theory when one looks to large-scale/infrared
(IR) physics. On the other hand, the external field explicitly breaks this O(N) symmetry
by producing a non-zero expectation value. In this scenario, the Goldstone modes acquire

a mass which is controlled by h.

4.2 The effective action

Given the Euclidean action, Sy[g], of some N-component scalar field ¢ defined at
some microscopic scale a = A~!, we write the partition function in the presence of an

N-component external field J in the path integral formalism as
Z[J] = / D, e Salel+de (4.6)
where J-¢ = [ d?z J(x)-¢(z) and the integral measure is only over modes with variations

on scales larger than A=!. In the above, J takes on the notion of the external magnetic

field. Some basic physical quantities of interest would be the n-point functions which we
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can compute at zero J as

1 _ .
J=0
Z[J]
= L0y == . 4.

The above correlation functions are analogous to moments of the distribution e=Salel+Jd-¢
assuming it has such an interpretation. If one were interested instead in the cummulants,

the so-called connected correlation functions, we would use the following expression:

(Diy e Qi)e = dy,, -0z, In Z[J] (4.9)
J=0
The first few connected correlation functions are given as
(pide = (¥i), 4.10)
(pivj)e = (pivs) — (i) (@), (4.11)
(bivier)e = (pipier) — (i) (@5 or) — (05) (erpi) — (en) (5 01)
+ 2(@i) (@5) (on) - (4.12)

To characterize the connected correlation functions, it is useful to construct their

generating function, W[J]:
W] = InZ[J] (4.13)

which gives the definition of the connected correlation functions as

(@i Pin)e = Oy ... 05, WIJ] : (4.14)
J=0
In statistical mechanics, W[J] corresponds to the Helmholtz free energy. In the free energy
language, the action itself Sy[¢]| acquires the interpretation of the (Wilsonian) free energy
of the microscopic field modes capturing physics on length scales smaller the a.

For a free (non-interacting) theory, the partition function is simply

ZlJ] = 2n v e 57 (=0%+r0) T (4.15)
det (=02 + 19)
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since the integral is a product of N Gaussians. The term in the exponent yields the
free propagator as we have the general relation that the propagator is identical to the
connected two-point correlation function - the Green’s function. Using Eq. (4.14) we

obtain

Gc,o,ij(ﬂl?,y) = 5z‘j<902'90j>c,07 <4-16>
dig eta@=y)
]/(QW)d g%+ ro (4.17)

By translation invariance, we can write G, ;;(r) since it can only depend on the separation

r=lr—y

ddq eiqr
Gepij(r) = 5ij/—(27r>d R (4.18)

We can write the above in momentum space as well:
Geo,ij(a,p) = —QL%%VMQ+M (4.19)
c,U,1) b q2 + TO

where the delta function appears from translational invariance.
With some effort, one can perform the momentum integral to obtain an expression for

the real space Green’s function [12, 105]

e_‘x_yl/g
@ ">
Geoii(r) ~ (4.20)
1
7»d_—2 r <K< f

where £ = \/LFO is the correlation length - the range over which correlations are significant.
The above expression for the correlation function is known as the Ornstein-Zernicke form.
Importantly, wee see two things. A correlation length can be interpreted as an inverse
mass which implies m? = ry. Secondly, we see that tuning m? = ry — 0 yields a diverging
correlation length, for the free theory.

In certain regimes, the field may develop a non-zero expectation value (p). The
expectation value of ¢ is obtained via a simple relation to W[J]. Let us define ¢;(z) =

(p(x))3 where we make explicit that the expectation value depends on space and is to be
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taken in the presence of the external field J. Then,

1 —Salpl+J-»
Py(x) = m/DWP(X)@ el+Te
¢5(x) = (Z,V(E)] (4.21)

Another useful quantity is the effective action or Gibbs free energy, I'[¢p]. This quantity
is obtained by a Legendre transform of the free energy W[JJ:

Tl¢] = —WI+JT-é. (4.22)

Above, J is taken as a function of ¢ (assumed to be invertible) by equation (4.21). In
this way, I" remains as a function of only the expectation value ¢ which is now taken as
the independent variable - hence we dropped the J subscript. The utility in I'[¢] stems

from the following:

;iiEi]) - —‘;—Vf-g—;+§—;-¢+J<x>, (4.23)
= J(x). (4.24)

Thus, at vanishing external fields we need to minimize I'[¢] to find the full equations of
motion for ¢. This is just the same as one obtains the classical equations of motion by
minimizing the classical action.

Furthermore, while W[J] is the generating function of the connected correlations
functions, I'[¢p] turns out to be the generating function of the vertez functions. For
instance, the three-point correlator GP of a scalar theory N = 1 satisfies the relation
[106]

3

d’q;

GO (p1,pa,ps) = — / H(2W)dG§2)(plaQI)GS)(Z?%QZ)G?)@&Q3)F(3)(Q17QQ;(]3>
=1

(4.25)
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where

3) _ *T¢]
(@, 00) = 99(p1)0¢(p2)0¢(ps) (4.26)

For a free theory, only the first two vertex functions are non-zero.

rVgl = J, (4.27)
rYgl = %, (4.28)

_ (%’) o (4.29)

The first result we already had from the Legendre transform. For the two-point function,
W3]
a7,

we can realize ¢; as

oWt
(00l = (5557) —Ceba (4.30

and so we have the nice relation that I'® is simply the inverse propagator. In momentum

space we have

TCUdia,p] = 85 (9° +r0) (2m)%(q + p) - (4.31)

While the above holds for free theories, turning on interactions will not only turn on
higher order correlations, it will also modify the mass.

In closing off this section, let us briefly discuss some subtleties of the Legendre
transform. Firstly, the transform is well-defined only for convex functions. An alternate

definition of the transform is given by

Ilg] = Sup (=WHI+J-9) (4.32)
where the supremum of ¢ amounts to identifying ¢ = ¢;. But, this relation is only well-
defined if W[J] is convex, or else the equation W’'[J] = ¢ necessarily has multiple solutions
and hence ¢ = ¢; would not be invertible unless we restrict the domain. However, it can
be shown that W[J] is convex, see below.

One might ask though how W/[J] could be convex, especially considering spontaneous

symmetry breaking implies multiple ground states. The more natural quantity to realize
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as convex is the effective action I'[¢]. In the case of spontaneously broken symmetry, the
non-zero expectation value ¢ seems to imply a negative curvature in the region about the
origin, at least for the tree-level potential. This is reminiscent of the Maxwell construction
in statistical mechanics which corrects for an un-physical regime which develops in the
coexistence region and predicts a pressure which increases as the volume increases. The
reconciliation is that within the coexistence region (which is non-convex) the system is
equally likely to be in any combination of phases - say liquid/gas or negative and positive
magnetization which leads to a convex free energy, see [1, 107]. Furthermore, the full
effective action along with W[J] can be proven to be convex - see [108]. See also [109, 110,
111, 112] for related discussions.

4.3 The loop expansion

To motivate a technique for tackling the path integral, let us recourse to a scalar theory.
We start by using the relation between the effective action I'[¢] and the Helmholtz free
energy W[J] in Eq. (4.22) to obtain a path integral expression for I":

o Tlol+0o / D e~ Slel+ie.
Tl _ / Dy e~Slel+Ilo=0)

= /D(p e Slotel+Je (4.33)

where in the last line we have shifted the variable ¢. One could interpret this expression as
integrating out the fluctuations about the expectation value ¢. The above expression also
intuits an expansion about ¢ which we are tempted to identify with the so-called classical
field ¢ which minimizes the classical action S'[¢] = J. This amounts to appealing to
the saddle point method of solving integrals.

Say we have such a solution ¢ and want to expand the action to leading order. For our
purposes, ¢. will be taken to be spatially uniform. Firstly, the path integral is invariant
under shifts in the field ¢

Z = / Dy e SlelHTe (4.34)

— /Dgp e Slptoal+J (p+da) (4.35)
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We now expand the action about ¢ = ¢

Z =~ es[¢c1]+J'¢c1/’Dgp efs/[qscl}'(997¢cl)+]'(§07¢01)7%(Saf(bcl)'sn[d)cl]'(‘p*@scl) (436)

where we only include the leading order corrections. The term linear in ¢ cancels since
the classical field ¢ satisfies S'[¢] = J which leaves

2 = e Sialtea / Dip e~ blo—ba) 5" l6al (e=da) (4.37)

Lastly, recognizing the integral as Gaussian we can further write

2 = o-Slalteu et (S"Wcl])_m 7 (4.38)
27
_ e—S[¢Cl]+J¢Cl—%1ndet(%) | (439)
Using the definition of I'[¢], we have

T8 _ e—S[¢Cl}+J¢Cl—§lndet(%)' (4.40)

We then see that to this order in the approximation,
¢ = ¢a, (4.41)
Clg] = Slo|+ %lndet (%) : (4.42)

The above result for the effective action is commonly referred to as the one-loop
expression. So, where are the loops? We will see they are buried in the second term. One
could approximate the effective action by ignoring these loops. The resulting action is
referred to as tree-level, or more generally, the mean-field action. We will see in Section
5.1 that this action produces the same critical physics as the van der Waals equation in
Chapter 2.

52



4.3.1 Scalar ¢* theory

Taking the scalar ¢* theory action,

i = [ {50000+ 360 + 00} (4.43)

where we introduced the 4! for easier counting. Before tackling the loop contribution, first
let us write down the first few tree level vertices FgL) given by simple derivatives of the
bare action S[¢] evaluated on our classical background field ¢ which minimizes S[¢].

The background field is given by the solution to

1
0= rugaa -+ s (.41

The above yields different minimal solutions depending on the sign of rg

0 ro > 0

Gol = —6 : 4.45
1 + o ro <0 ( )

U

(1)

o = 0. The remaining non-zero

Given that we are computing at vanishing external field, I'

vertices are

1
T [pasp] = p*+1o+ 5%@%, (4.46)
F((j)) [¢cl;p17p2] = u0¢cla (447)
F((j)[%l;phpz,}?s] = U (4.48)

where the above are reduced vertices in that they have been stripped of their delta
functions and had their arguments reduced accordingly. From above, we identify the

tree-level mass as

1 0 ro >0
2 2
m° =1+ Uy = . 4.49
o+ gundh { o (4.49)

Thus, mean field predicts criticality at ro = r. = 0. Recalling that 7y = 7o(T — TMF), the

relation above can be rewritten as

m? oc || (4.50)
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where we have the mean field relation ¢ oc ' — TM¥. The above is the prediction at mean
field for the mass dependence on the temperature.

Now let us move on to the one-loop expression. We write
1
Tlp] = S[¢]+ 3 Indet (=9 + 1o + 3upd?) . (4.51)

Using the operator relation Indet A = Tr In A, we can rewrite the correction term as [106]

(4.52)

1 _62_|_ +l 2
In det (—82+r0+§u0) — Trin ((—82+r0) ro + 3U0¢ ) |

—0? + 79
—0% + 1o + Fupd®
—0? + 7o

= Trin(=8*+r) +Trln (4.53)
( )

The first term in the last line serves to normalize the partition function when uy = 0.

Furthermore, we can treat the log perturbatively in g [106]:

Tr In (_82 jazoii“w?) ~ Trln (1 + %) , (4.54)
— Ty (2 (—1)n+;(%u(>)" (_a‘i ro)n) . (4.55)
- nf:l (_1)n+;<%“°>n Tr ((%iro)s (4.57)

where we ignored the free theory contribution. If we are only interested in the momentum

independent portion, we can pull ¢? out of the trace:

Tr In (_a2+r°+ %u°¢2> ~ i EV™ Guo) ¢* Tr (<;>n) (4.58)

—0%2+ 1y n —0% + 1

n=1

Now here the loops arise. The first two terms of the above expansion yield

_ 1 5, fdq 1 (3uo)? , [ di 1
L] = Slel+ Juod /(2w)dq2+r0 YR /<2ﬂ)d (q2+r0>2+... (4.59)

where we have taken the field ¢ to be spatially uniform. Let us take for granted for the

moment that these integrals can be made finite, even at rq = 0, for dimensions d > 2.
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These so-called loop corrections modify the two-point and four-point functions I'?)
and I'®:

0°L'[¢]
)
[ ¢; p] 9o)00(—p) (4.60)
1 d? 1
I®[¢;pllp=0 = o+ 5o /A —(27T(§d—q2+7“0’ (4.61)
T
@4 _
193 P2 ) 9p(p1)0p(p2)0b(p3)0d(—(p1 + p2 +p3)) (462)
e B ~ 3ug diq 1
T%é;p1, p2: pallpi=0 = w0 — —— (4.63)

2 Ja 2m)4 (% 4 1o)”

where we have brought back out our cutoff A which sets an upper bound on the momentum
integrals. We now use a renormalization prescription to redefine the renormalized mass

and the four-point coupling:

TR [65pllpmo = m?, (4.64)
pi=0 — U. (465)

F%) [Qb; b1, P2, P3]

This entails a relation between the bare mass 7y and four-point coupling ug [106]:

1 d?q 1
2 = = — 4.66
m rot 2UO/A 2m)dq® 41y’ (4.66)
B 3ud diq 1

u o= Uy— —

N R (4.67)

Up to one-loop order precision, we are free to replace ro with m? inside the loops:

1 diq 1

2 _ 1 _ 4.68
3u? d? 1

u = up— ke a (4.69)

2 Jo@n (@ 4w

Whereas the tree-level action predicted a diverging correlation length at m? = ry = 0, the

one-loop prediction for m? = 0 is

1 diq 1
. = —= —. 4.70
' 20 /A (2m)d ¢? (4.70)
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Thus, provided the integral can be made finite, criticality occurs at a negative value of 7!
Given that we had ro = 7o(T — TM¥) where 7 is a proportionality constant and T the

mean-field critical temperature, we can see that from

1 dig 1
_ MF
Tc = Tc —éu()/A (27‘(‘)d? (471)

the fluctuations decrease the critical temperature. This also allows us to solve for TMF

and write

"= bR T), (172
= r.+t (4.73)

where t is the reduced temperature.
Analyzing the loop integrals, we see that dimension has a significant impact on the
importance of the corrections. One can derive the following result via I' functions using

the concepts of dimensional regularization where the cutoff is not needed, see [113]:

4 1 1 Q I(2)r(d
/ dq = = d md—Qn ( 2 ) (2) (474>
(2m)? (¢* + m?) 2 (2m)¢ I'(n)
Specifically, the correction for the two-point and four-point functions behaves
diq 1 d—3
- 4.75
[ )
d4 1

/ < - o mtt (4.76)

(2m)4 (¢ + m2)

To gauge the importance of these integrals, we should compare them to the predictions
of the bare theory (mean field/tree-level). Ultimately, we are interested in the small m?
behavior which takes us near criticality. Let us then massage Eq. (4.68) using Eq. (4.70)
20, 114] :

1 d’q 1
2
p— —_— 4'
m 7’0+2U0/A—(27T)d—q2+m2 s ( 77)
1 d’q 1 1
= —Tre+ = —— . 4.
o et 2UO/A (2m)¢ (q2 + m? qz) (478)
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For d > 4, the integrals are convergent and we can write
m? = t—#mi 2y, (4.79)

which still agrees with the tree-level result Eq (4.50) as m? — 0. Thus, for d > 4 the
fluctuations do not modify the critical behavior. For specifically d = 4, the tree-level
behavior will be modified by logarithmic corrections. Thus, for dimensions d > 4, mean
field offers an exact description of the critical theory (d = 4 suffers from logarithmic
corrections to mean field.). In Section 5.1, we will acquire a very solid understanding of
the Yang-Lee edge singularity using only mean field theory.

On the other hand, for d < 4 the integrals diverge as m — 0! However, this divergence
can be tamed and the m? dependence can be extracted as for the above except that now

as m? — 0 the leading order behavior is
#mi Py = t. (4.80)

Thus, for d < 4 one needs to account for the fluctuations and figure out how to manage
these divergent integrals. To do so, a common approach is the ¢ expansion. In this
approach, one expands the integrals by analytically continuing in dimension via a "small"
parameter € defined by d = 4 —e. The general notion is to expand about the given theory’s
upper critical dimension, where we've found for ¢*, d. = 4. The quotation marks on
"'small" are because one wants to look at d = 3, or € = 1, and even d = 2, where € = 2.
These are certainly not small numbers. For now we will leave further discussion of the ¢

expansion to Section 5.3.

4.3.2 ¢° theory

We mentioned in Section 3.3 that the Yang-Lee edge singularity corresponds to a ig¢®
theory. Let us repeat the above study for the YLE action (3.48). We can skip some steps
now though. The question is when can we ignore loops? The integrals we should look at

then are those which contribute to the two and three point functions. We find respectively

ddq 1 =
4.81
/ (2m) (q2 + 7“0)2 XTo™ ( )
diq 1 a6
2 4.82
/ CoI(E+r) (432)
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Repeating the arguments as for ¢*, we see that one can ignore fluctuations for a cubic
theory not for d > 4, but d > 6. Hence, the upper critical dimension for cubic theories is
d. = 6. Below d = 6, the fluctuations are necessary for capturing the physics at critical
points. This difference in upper critical dimensions will be important when discussing the

application of the € expansion to determine the location of YLE, see Section 5.3.

4.4 Conceptual RG and scaling

While the previous section was rooted in field theory and saw RG as a means by which
one can perturb about a theory’s upper critical dimension, this is not the only take on
RG. Unfortunately, there are many. Likely the most central approach to renormalization
dates back to the late 60s and early 70s and is attributed to Kadanoff [4] and Wilson
[5, 6, 7]. The concepts were derived not from high-energy physics, but critical physics of
models like the Ising model and resulted in much more intuitive pictures.

Emanating from a paper by Widom [8], a central idea was that at critical points
thermodynamic functions obey scaling laws. In other words, the functions are homogeneous
functions of their arguments which are typically the reduced temperature ¢t and external
(magnetic) field H. More specifically, it is the singular portions of the thermodynamics
that obey scaling laws. For example, near the critical point, the free energy f(t, H) can be
decomposed into a singular piece fs(t, H) and a regular piece f.(t, H) which is analytic
about the critical point. The expression of scaling is that by appropriately rescaling by ¢

and H by some length scale b, the free energy behaves as
fot, H) = b~ f(thv, Hb¥"). (4.83)

The exponents y; and y;, correspond to the RG eigenvalues about the critical point. From
these two numbers, all basic critical exponents can be derived.

This idea of scaling goes under another name - the scaling hypothesis; however, it
is not a hypothesis anymore since it can be derived from RG. We could have seen this
structure emerge from our loop expansion in Section 4.3 by deriving the § functions which
characterizes how the couplings flow as we vary the cutoff A. Finding the critical point
amounts to finding a point which exhibits scale invariance. At such points, the theory
must look the same no matter A. And so, zeros of the  function correspond to critical
points. Furthermore, zeros of the § functions are fixed points. So lastly, critical points

can be realized as fixed points of S functions. For an excellent and concise review, see

o8



Ref. [12] and also Ref. [115].

There is another subtle feature associated with the scale invariance that arises near
the critical points - universality. We got a taste of this from the universal van der Waals
equation from which was surmised to characterize all fluids. The Guggenheim plot [48], see
Fig. 2.3, furthered our suspicion that something of this sort must be going on. Historically,
this picture was not fully cleared up until the advent of RG. Near these critical points
or continuous phase transitions, the large scale fluctuations one encounters in whatever
the observable may be - magnetization, density, or what have you - can be described by
a field theory. Surprisingly, descriptions of this sort are very restrictive and one finds
the same theory characterizes many different physical systems. Here is a common phrase
for this phenomenon: The large scale/long wavelength fluctuations near critical points
are insensitive to the microscopic details of the theory which leads to many different
microscopic theories yielding the same macroscopic physics.

Once one has the field theory, one can compute the g functions. Linearizing the
[ functions about the fixed points then yields a stability analysis, a matrix eigenvalue
equation with vectors consisting of all the operators of the given theory with which one can
perturb about the fixed point. The eigenvectors denote directions emanating from the fixed
point which are either repulsive /unstable, attractive/stable, or have no effect /marginal.
These directions correspond, in general, to non-linear functions of the theory’s parameters.
They’re referred to as scaling fields, extensions of directions corresponding to thermal
t and magnetic h perturbations. The eigenvalues for a given scaling field are like the
exponents y; and yy,. For a given operator, if the eigenvalue is positive, turning on this
perturbation pushes one away from the fixed point - an unstable or relevant direction.
Others have negative eigenvalues and correspond to stable or irrelevant perturbations
which die out under successive rescalings. Lastly, there are marginal operators with zero
eigenvalues.

Near enough to the critical point, one can restrict attention to the relevant variables
t and H, though away from the critical point, the non-linearity of the scaling fields is

important. Here one should generalize to

uy = tot+t2gy + H’ga + O, H?, H'), (4.84)
u, = H(ho+tgiz+ H? g+ O, tH* HY)) , (4.85)
Uz = Gz +tges+ H>gos+ O, t H*, HY) (4.86)

where u; and u;, take the place of ¢t and h [116]. We also note that we included the
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non-universal proportionality constants ¢ty and hgy [12]. The new addition ug is the leading
irrelevant variable given by gi2(\) = ug to leading order. Including the effects of the
nonlinearties produces what are known as corrections to scaling.

In terms of the scaling fields above, the expression for f, is then
folug, up,us) = b~ fo(ug bY ) wp, b9 ug bY3) (4.87)

where y3 < 0. One can then chose the scaling parameter b such that |u, b¥"| = 1 or so

b = |uy| Y% where we account for the two possible signs of u,:

— d/ Yt Up us3
Funcun) = e g (1, e oY (453)
Alternatively, one could have set |up 0¥»| = 1. The expressions obtained from either route
will be of use in the following section to derive expressions between the RG eigenvalues
and the exponents and to introduce universal scaling functions which demonstrate the
universality of the YLE.

4.4.1 Critical Data - O(N) and YLE

Now to apply this formalism, let us introduce the suite of critical data we will be interested
in for O(N) universality classes. Before we begin, we need to motivate the occurrence of
some of these exponents and scaling forms that appear. What follows will be minimal
and brief.

Let us start by doing some dimensional analysis and inspect the action in Eq. (4.4).
We can set the units by either specifying the dimension of the quadratic term [ro] = 2 or
the coordinates [¢] = —1. Since the action must be dimensionless, the field must have
an engineering dimension of [¢] = % Likewise, one can determine the engineering
dimensions of the various couplings.

However, let us use the above result and naively determine the spatial dependence of
the Green’s function. In the following we reproduce an argument from Ref. [12]. Given
that

G(r) ~ (6(0)o(r)) (4.89)

we might expect that G(r) ~ 7~(@=2) However, there is another length scale hidden in the

system - the lattice spacing a ~ A~1. It would be perfectly acceptable for a to appear in
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appropriate dimensionless ratios which would alter the scaling of G(r) while maintaining
its engineering dimension:

a”
rd—24n "

G(r) ~ (4.90)
It is simple to check that G(r) has the correct engineering dimension since (a/r) is
dimensionless. However, now G(r) has a different scaling dimension given by [G] =
d — 2+ n. The correction 7 is somewhat appropriately named the anomalous dimension.
This exponent gauges the difference between the scaling dimension and the engineering
dimension. Lastly, we can backtrack the scaling dimension of G(r) to obtain the scaling
dimension of the field as [¢] = 5(d — 2+ 7).

Other quantities to inspect near the critical point include the static susceptibility xy =

oM
OH>

x and correlation length £ to diverge as some power of ¢ or H. On the other hand, the

the correlation length, and the magnetization M itself. We expect the susceptibility

magnetization M should scale about zero as powers of t and H. There are, of course,
other quantities though will we not be interested in them here. We introduce the relevant

items below:

M=B(-t)’ at H=0, t<0, Xx=C 7 |t| at H=0,
M =B.|H|'? at t=0, E=fC|H|™ att=0, (4.91)
G(r) ~r¥2 at H=0, t=0, E=fP1t7" at H=0.

The collection above consists of universal critical exponents (3, d, v, v,n and non-universal
critical amplitudes. In the above, x and ¢ take on different amplitudes above (+) and

below (-) the transition. The exponents satisfy the following scaling (and hyperscaling)

relations
v=p8(6-1), y=v(2-n),
_ v d+2—n
Ve = —2, =
55 5 pp (4.92)
f=5d=2+mn), A=p5.

The bottom right relation defines another exponent A. The relations between the exponents
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and the RG eigenvalues are given below.

1 Yn
= — 5: s

Yt I/’ d_yh
1 _

Y = —, 8= = yn : (4.93)
Ve

Un Yt

oA _ _

All other relations follow from the scaling relations.
Interestingly, the hyperscaling relations (those where the dimension d appears) are no
longer satisfied above the critical dimension d > 4 which implies n = 0. For d > 4, mean

field exponents apply, see Section 5.1:

1=l e
1 2

v=3, 5=3, n=0 (4.94)
1

Ve =3, A:§7
3 2

There is another set of exact exponents which can be obtained for O(NN) models by
considering the large N limit, see Ref. [20] and Section 5.2. The results below are valid
for 2 < d < 4. Note that they agree with mean-field at d = 4.

2 1
’y_d_27 6_6217 2
1 +
2 1 /d+2
_ A=_ (22
T dr2 2<d—2)’

While the amplitudes in Eq. (4.91) are by themselves non-universal, certain com-
binations of them are indeed universal, see Ref. [116] for more universal ratios as well
collections of results for the exponents and other critical data for O(N) models. For our

purposes, we define below the only standard universal ratio we will be interested in:

Cy B8

= (4.96)

Ry

At the level of mean field, R, = 1, which also agrees with large N for 2 < d < 4.

For completeness, we also introduce here the suite of exponents and universal amplitude
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ratios related to the edge singularity:

M.=iB,t’ att>0, M—M.=e 20" F ¢ (H—H.)" att>0,

(4.97)
H.=iD,t® at t>0, e=—pF(6c—1).

As usual, the amplitudes above are non-universal whereas the exponents are universal.
The exponents above are the O(N) exponents with the addition of the YLE exponent o.
The above expressions for M. and M — M, hold for ¢ > 0. For o < 0, M, diverges at the
YLE (see Figs. 3.5 and 3.6). We then have a reduced set for o < 0:

H.=iD,t* at t>0, M =20t Bt (H—-H,)” att>0. (4.98)
The phase e~ 20179 for o > 0 serves to yield M — M, € —i R* for H € iR with |H| < |H.|.
Similarly, the phase ¢’2(79) serves to produce M € iR* for H € iR with |H| < |H,|.
This feature corresponds to Eq. (3.33) and Im(M) increasing on the interval H € (0, H,.).
See Sections 3.2 and 3.3.

There is a similar set for the spinodal point which occurs in the low temperature
phase ¢t < 0. Here we only consider for o > 0. The expressions below can be obtained by
continuing ¢t — —t through the negative half-plane which takes one over the appropriate

branch cut. All forms below have ¢ < 0:

M, =e'"9) B, (—t)” M — M, = e "G0=) B (—t)° (H - H,)" ,

; 4.99
H,=¢"G2) D, (—t)* e=—B0c—1). (4.99)

Given that o is critical data of the YLE whose upper critical dimension is 6, the mean field
result of this exponent applies at d = 6. In spite of this, the large N result o = % holds
for all dimensions d < 6, see Ref. [95]. For a similar discussion of the relation between the
O(N) mean field result and o, see Ref. [13]. Other exact results for o are o3p = —¢ [34],
and o1p = —% which is obtained from the exact 1D Ising solution, see Ref. [15], Appendix
A, and Section 5.4. For a collection of results for o in dimensions 2 < d < 6 from various
methods, see Refs. [41, 42].

Although the amplitudes for the spinodal turn out to be equal to their YLE counter-
parts, we allow them to differ for the time being. Amongst these YLE related amplitudes,

we can define a set of universal ratios as in Section 2.2.3. Their universality along with
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the equality of spinodal and YLE amplitudes will be demonstrated in Section 4.4.3:

R - % Ey Béa—l
m T B 9 Re =,
Bl (4.100
B D, va o
Rh == F, ’ZC’ = Rh

where |z.| is related to the YLE as a singularity of the scaling function fg(z). There is an
identical set from the spinodal point. For later purposes, we introduce another universal

quantity

Zc

Cc = R>1</,y .

(4.101)
The calculation of the quantity z. (Ry) and/or (. for three dimensional O(N) models is
the main work of this thesis. See Chapter 6. We quote below the mean field and large N

results for these quantities:

1
R, =—, R _ 1
3 e 31/47
2 3 4.102
Rh_ﬁa ‘ZC| Wa ( )
szl, CC_ZC7
and for large N we have
d—2\? d+2)\ 7D
_ 2 1 5 -
n=— . c=4(d—2)3 (d+2)71 [ —= :
R <d—|—2> R (d—2)1 (d+2) < 1
1 2 d—2
d—2\?2 4 \ 12 4 20-2) (d+ 2\ 2
Rh_<d+2) <d+2) ’ 2] = 4772 (d +2) o (m> ’
R, =1, Ce= 2.
(4.103)

Note that z.(d — 2) = 1. See Section 6.2 for a plot of z. for 3 < d < 4.

4.4.2 Scaling: leading order and corrections

Now that we have introduced the notations and definitions of the critical data we are

interested in, let us review the application of the scaling forms and follow this with a
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discussion of the extended universality of the Yang-Lee edge singularity. Stating from Eq.

(4.88), the idea is that remaining function

Un s _ up, us3
F;l: (|ut‘yh/yt7 ’ut|y3/yt> - fS (j:17 |ut|yh/yt’ |'U/t’y3/yt) (4104)

is universal. Deriving the expression for f for u; < 0 by H yields a scaling form for the

magnetization

d—y a
Mt H) = | yt”F“vO)( h s ) U (4.105)

- |ut|yh/yt’ |ut|y3/yt oOH

where F? denotes a derivative with respect to the first argument. Let us expand uy to
next-to-leading order and u,; to leading order in Eq. (4.84). Now, Taylor expand about
FM about (0,0):

- d=vp 1 (1+n,m) Up, " Uus "
M(t,H) = ‘tot‘ Yt (1+t0t912)2 mF_ W W y

n,m

d=yp U
~ (—tgt) o (141t FE9 0,0y + F29(0,0) [ —2
(—tot) (1+ 1t g12)< 27(0,0) + F2(0,0) [to ]/

+ FD(0,0) (L» . (4.106)

|t0t‘y3/yt

Let us truncate u, — hg H and uz — ¢13 in the expansion. Since the irrelevant eigenvalue,
y3 is negative, we define the correction to scaling exponent w as y3 = —w. Lumping

together constant terms

d—y

M(t, H) = B (—t):vlith (1 —+ t612> (am + 920 H |t|_yh/yt + a11|t|w/yt) . (4107)

_ yh. Other relations between

From the above expression, we recognize that g =

¢
exponents and the RG eigenvalue follow from similar steps. Rewriting the above in terms

of the critical exponents and lumping the constant terms together gives
Mt H) = B ()" (1 + tgua) (1 + az H |t + an ") | (4.108)

The above expression illuminates a handful of features. The leading scaling as in Eq. (4.91)
only applies for ¢ sufficiently small. Stepping away from leading scaling, there are a few

notions of correction to scaling. The first term in parenthesis is due to the higher-order
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contribution of non-linear scaling field - it yields an analytic correction which can be
ignored for O(NN) models as its correction is typically smaller than others [12]. In the
second set of parenthesis, there are non-analytic corrections stemming from non-zero
H (and the nonlinearities of the scaling fields) as well as the presence of an irrelevant
variable.

Similar expressions for the corrections to scaling can be obtained for any scaling

expression. For instance, at ¢ = 0 and |H| < 1 one obtains
M(t, H) = B|H|Y® (1 + byy|H|*™) . (4.109)

In our work, we will find both of these corrections to be both important for precision
purposes, but also useful for optimizing procedures where computing at precisely H = 0
is computationally expensive. The exponents extracted from the corrections to scaling

also give a further check of the numerical accuracy.

4.4.3 Scaling functions and YLE /spinodal universality

Let us now look back to Eq. (4.88). The quantity on the RHS must reproduce all the
non-universal critical amplitudes in Section 4.4.1. Being that the function on the RHS is
universal, the model dependence must then come from the scaling variables wu;, uy, and
ug [12]. Similar to what was done to obtain the universal van der Waals equation, we
can rescale the thermal and magnetic variables ¢t and H to express the scaling forms in a
universal way. Doing so eliminates the appearance of these non-universal quantities and
makes the universal aspects apparent.

For instance, there is the Widom scaling form
h=M f(z=tM P (4.110)

where h = B® H and t = B'/#t. There are normalization conditions on the scaling function

f(@):

F0)=1, (4.111)
f(=1)=0 (4.112)

which ensure the forms M = h'/® and M = (—£)? are reproduced in appropriate limits.
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However, regardless of the rescaling, f(x) is universal. One could write
BSH = M f(x =t M~ YP) (4.113)
with the normalization conditions

f(0)=1, (4.114)
f(=B) =0 (4.115)

which is explicitly non-universal due to the appearance of the amplitude B. However, by
rescaling we are able to make apparent the universal behavior of f(x).

An alternate scaling form is the so called universal magnetic scaling equation of state:
M = W' fo(z = th™1/59) (4.116)

where ¢ and h have the same definitions as for the Widom scaling form. The normalization

conditions on fg(z) are

fa(0) =1, (4.117)
Jim {SS; =1 (4.118)

which again ensure the forms M = h'/% and M = (—t)? are reproduced in appropriate
limits.
Given these universal functions, we can readily see the universality of certain amplitude

ratios. For instance, after some algebra one finds that for large z behaves as
fa(z = o0) =~ R 277, (4.119)
thus demonstrating the universality of R,.

Universality of the YLE

More importantly for us, from the universality of the scaling functions, we can see the
universality of the quantities discussed in Section 2.2.3 and Section 4.4.1. Given that
near the YLE we expect M — M, « (H — H.)? where o < 1, and so the presence of a
branch point at H = +H,. with the cut along the imaginary H axis beyond +£H,.. The
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scaling function fg(2) must then have the information of this branch cut. The location of
the branch point is then automatically universal when expressed in terms of the scaling

variable z. Evaluating at ¢ > 0 and h = h, yields

fa(ze) = M h;Y? (4.120)
2o =th; /P (4.121)

where z,. is the universal location of the YLE. Furthermore, re-expressing in terms of the

basic amplitudes B, B,, and D, as in Eq. (4.97), one has after some algebra

Ze = 1—156 2B | (4122)
BC/ﬂDy/ﬁ
folze) = Do riz0-d) (4.123)
C - 5 .
B.D,/

where we used the scaling form of H,. as in Eq. (4.97). Thus, we have that the universal

location is indeed expressible as a universal ratio! So, one can either study this scaling

function or the scaling of the gap H, where one would compute R; as in Eq. (4.100).
From the above, we also have the universality of R,, as in Eq. (4.100) by noting that

B,

falze) = z§z5 : (4.124)
= iR, 2. (4.125)

Lastly, we have to show the universality of the ratio R, as defined in Eq. (4.100). First,

we note that in terms of the rescaled variables
M—-M, = e 209 R (h—h) . (4.126)

Let us both motivate the appearance of t¢ along with the universality of R.. To begin, let

us write

M—M,=E, (h—h) . (4.127)
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Using the definition of fs(2)

fa(z) = fa(ze) = E 2P 10770 (2770 — 7007 (4.128)

Bs\ 7
= E, zPf(7%9) jB6o-1) (1—(3) ) . (4.129)
ZC

Given that the above expression is universal and so should be independent of ¢, the

amplitude E, must contain a power of ¢:

E,= E t P01 (4.130)

which yields

8o\ 7
fa(2) = fa(ze) = Ecz2* (1—(3) > (4.131)

Ze

where e = —[3(do — 1). Here, we again have a trivial sort of proof that F. is universal since
it is specific value of fg(z). We also provide another expression obtained by expanding

about z.:

fa(2) — fa(z)

(z —2.)°

= R,z (—B5) . (4.132)

Universality of the spinodal

Now let us relate the above discussion to the spinodal point. The idea to motivate is that
the YLE branch point and the spinodal point are identical in the eyes of fg(z) - they are
the same branch point as seen from different Riemann sheets.

As an alternative object, one could see z. as determining the critical h as a function

of t, or so

ho = (i)w , (4.133)

Zec
¢! (FH00ATRL) | | =50 |40 (4.134)

where one can check that for ¢ > 0, one recovers h. = i #. To find the spinodal, we need to

analytically continue t — —t; however, we have two options. One could continue through

the lower half plane branch cut or the upper half plane branch cut. The question at hand
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then is which sheet corresponds to the metastable physics of M > 0 and H < 0 occurring
at t <07
If we take t < 0 and look for the spinodal, we find

hy = e m(EER0) 5 |~ 4P (4.135)

where we’ve allowed for both paths of continuation. Given mean field exponents 50 = %,
one can see that the proper choice is continuation through the lower half plane which
yields the mean field result ArgH = —im or so H < 0. Also, continuing through the lower
half complex ¢ plane takes one from h. along a clockwise circular arc through the branch
cut along the negative axis before ending at the spinodal point on the other sheet. Going
under the branch cut along the positive imaginary h axis would have apparently lead us
to the sheet describing the physics of M < 0 and ¢ < 0. (Ultimately, this point scales
with the same exponent and amplitude however with a different phase.)

Thus, in general
hy = e B |5 |80 g5 (4.136)

The above result allows for a handful of observations. First, beyond mean field the spinodal
point is shifted off the negative real axis by an angle A¢ = 7 (2 — 36), see Ref. [13] and
Fig. 6.3. Next, it makes clear the equality of the amplitudes D, and D, appearing in
Egs. (4.97) and (4.99) as well as the ¢ dependence of H,. Following this line of reasoning,
one also easily shows that B, = B, and Es = E, along with the appropriate phases and
identical exponents. Finally, due to their equivalence as a branch point of scaling functions,
the location of YLE and spinodal along with the associated universal amplitudes can
be described by the three universal amplitude ratios R,,, R, and R, as defined in Eq.
(4.100).
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CHAPTER

(SEMI-)ANALYTICAL RESULTS FOR
THE UNIVERSALITY OF THE
YANG-LEE EDGE SINGULARITY

In this chapter, we collect the analytic and semi-analytic results for the extended uni-
versality associated with the Yang-Lee edge singularity as discussed in Sections 4.4.1
and 4.4.3 and Chapter 2. For the Ising universality classes, one has access to enough
critical data to extract the universal YLE location |z.| for d =1, d = 2, and d = 4 (mean
field) while d = 3 offers no such analytic result. For the O(N) universality classes, there
are results for the large N limit (for 2 < d < 4) and via the e expansion about d = 4.
In the following sections, we overview these results for the location. We determine the
additional universal quantity R,, and R, only for mean field and large N, although they
are in principle calculable from the other results as well. Lastly, we utilize the mean
field approximation to motivate further aspects of the YLE and spinodal aside from the
location itself.

In Chapter 6, we formulate the FRG approach to locating the YLE singularity. As it
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is our primary objective, our truncation method in Ref. [44] was optimized to perform
simulations in the symmetric phase. Calculations in the broken phase are possible in a
different truncation scheme, such as in [45]; however, for Ref. [44] we want to extract all
required quantities within one scheme to avoid introducing systematic errors by mixing
different truncations in the simulations. We thus strive to avoid the broken phase. This

motivates us to introduce another universal quantity, as discussed in Section 4.4.1,

Z
(=2 (5.1)
R>1</ v
where the universal ratio R, is defined by Eq. (4.96). In terms of the critical amplitudes

and unscaled variables t and H, the expression for ( is seen to be

B\ ¢
¢= <C'_;) /A (5.2)

which is independent of the amplitude B, thus explicitly demonstrating that in order to
extract the location of the YLE singularity in ( we do not need to perform simulations in
the broken phase.

We stress that ¢ and z are related through a universal number R, and universal
critical exponent 7. On one hand, R, can be computed in the FRG approach but would
require probing the broken phase and thus switching the FRG truncation scheme used in
this thesis. The associated systematic error is difficult to assess. On the other hand, for
applications to lattice QCD, |z.| is often considered. We thus will provide a separate set

of results for |z.| using R, obtained in Ref. [117].

5.1 Mean field theory

A simple phenomenological approach to tackling the ¢* theory devised above is given the
Landau-Ginzburg action. The idea is to model the free energy on both the symmetry of
the theory and build in all relevant interactions. Thus, one is left with the expression for

the Landau-Ginzburg effective action I'L[¢] as

1

Mol = / {%Z((%(X))? L %ro 5(x) + g0 6'(x) - qu(x)} (5.3)
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where we have simplified to only include spatial uniform external fields. Note that the
above form also follows from ignoring the loop contributions in Eq. (4.42) equating the
effective action with the bare action. As discussed in Section 4.3, this is the mean field
approximation and is only valid for d > 4. Furthermore, for O(/N) models with d > 4 the
contribution of the Goldstone modes is also finite; thus, they produce no modification to
the mean field expression. The result is that the same mean field expressions applies for
all O(N) models in dimensions d > 4.

Given that the effective action I' is analogous to the Gibbs free energy, in what follows
we will reduce I" to a free energy density. Let us now take the approximation further in
noting that upon minimizing the free energy, one may restrict attention to uniform fields
¢(x) = M. This does correspond to the physics we are interested in as well. The result is

the expression for the mean field free energy density fuyr:

1
far = =T , (5.4)
Vol {4 a)=nr
1 1
= §tM2 + Zu0M4 — H¢ (5.5)

where M takes on the role of our order parameter. In the above, we have used that at the
level of mean field, we can identify 1o = ¢ since r. = 0. The equation of state (EOS) is

given by
1 2
with the effective mass or inverse susceptibility
—1 2 1 2
X = mi=t+ §u0M . (5.7)

Solving the EOS at H = 0 gives (see Eq. (4.45))
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Thus, from the above we have the following results:

5=3,

B = 27 BC:<£) : Cy=1.

Ug

(5.9)

Wl

To obtain a universal expression for the free energy, we rescale the thermal and magnetic

variables t — t and H — h so as to produce the scaling forms

M = (=0° at h=0, t<0, (5.10)
M = | at t=0. (5.11)

In terms of the rescaled variables, the free energy, EOS, and effective mass take the form

1. 1
f(M) = étM2+ZM4+hM, (5.12)

h = M(t+M?), (5.13)
X! = t43M? (5.14)

where y = %—Ag. All expressions obtained from the rescaled free energy will be universal.

For instance, the susceptibility in terms of the rescaled variables yields

C+ BB
)Z - QTYS_’Y, (515)
= Rt (5.16)

from which we recover the mean field prediction of R, = 1.
To find the YLE, we set ¢ > 0 and look for solutions to f" = f” = 0 for complez fields
h and M. We obtain M, from y~! = 0:

f2 (5.17)
which the EOS then yields

i (5.18)

The mean field expressions for M. and H,. do indeed recover the expectation of H, and
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M. being purely imaginary, the exponents § and A as given in Eq. (4.97), as well as the
mean field predictions for the universal amplitude ratios R,, and R}, as in Eq. (5.56).

Now to demonstrate the cubic theory associated with the YLE, we expand f(M)
about M.

FOMY = (h—he) (M = M)+ M, (M= M)+ 1 (M= M) (5.19)

where we dropped field independent terms. Thus we see that do to M. € ¢ R, the critical
theory for the YLE is indeed an i g > where ¢ = M — M, as in Eq. (3.48). The relevant

equation of state for this theory is given by
h—h, = 3M, (M —M,)*+ (M — M)’ (5.20)

which near to criticality (H = H,.) can be expanded as

1
M- M, = h—he)? , 5.21
— (h—h) (521)

e TT (h— hy)

NI

w

=
=

= 37 (5.22)
The above yields that standard mean field result o = %, the universal ratio R, = 3_i,
and the exponent e = —1 = —f3(do — 1).

Let us discuss the phase appearing above. Given the result of Eq. (3.33), we expect
the magnetization to be a purely imaginary number below M, for purely imaginary h
below h.. Thus, M — M, must be purely imaginary and negative. To produce this effect,
the difference h — h, yields a factor of (—i)'/? which combines with the overall phase to
yield e7#™ = —1. For general o, some algebra produces the general phase e~12(179) ag
in Eq. (4.97). Lastly, for the mean field prediction of universal location, |z.|, one easily
recovers the result quoted in Eq. (5.56).

Lastly, let us repeat the above discussion for the spinodal. Looking to xy~! as shown
Eq (5.12), we see that for ¢ < 0, there is a solution to ™' = 0 for real and positive M.
Explicitly,

M, =+— (-1)? (5.23)

which we note is smaller than the minimum M, = (—ﬂ%. Reasonably then, we expect
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this solution to correspond to a negative h. Upon using the EOS to solve for h yields

2 3
hy, = ﬁ(—QQ : (5.24)

Re-expanding the free energy now about M = M,
1
M — M, = (h — hy)(M — M,) + M, (M — M,)* + T (M- M,)* (5.25)

which shows that the spinodal is governed by a real cubic field theory since M, is real!
Lastly, the relevant EOS for the spinodal yields

1
M=M= (h— hy)? , (5.26)

= 370 ()"

=

N

(h— hy) . (5.27)

The above relations for Mg, hg, and M — M, o< (h — hy)? reproduce the expected results
detailed in Eq. (4.99). Furthermore, the above form recovers the expectation that for
h > hg, the magnetization satisfies M — M, > 0. In other words, the stable/metastable
magnetization is an increasing function of h (on the appropriate Riemann sheet).

On a final note, one can derive the mean field expression for the Widom scaling form
Eq. (4.110) by a simple re-writing of the EOS

h = MP(1+EM7?) . (5.28)

Using z = tM~'/# together with the mean field exponents yields the simple expression

for the Widom scaling function f:

fl@)=1+z. (5.29)

5.2 N — oo limit

The large N scaling equation of state can be readily computed; for a review, see Ref. [20],

where the Widom scaling relation and critical exponents were derived:

f=(1+2)¥2 (5.30)
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and
(5.31)

The function f defines the value of v = 2/(d — 2). Let us quote the result for the free
energy as well,
d—2

FOM) = W(M%rf)d% (5.32)

from which one can easily determine R, = 1. To find the position of the YLE singularity,

it is convenient to consider the inverse magnetic field susceptibility y ! = g—]\’} .- Its zeroes

define the values of x at the YLE, z.. In terms of the function f(x), we have

Bof(x.) —xef'(x.) =0. (5.33)
This leads to
d+ 2

Je= (ﬁ) - : (5.35)

Now we can proceed with finding z.. For this we express z. in terms of x and f:

le Ze

leading to
d _
ool = S (d— 2B (5.37)
pXEs)
Since at large N, R, = 1, thus |¢.| = |z.|]. To compare to the result of the next section,

we perform the expansion near four dimensions d =4 — e:

In 2
2| & [P (1 - %5) (5.38)

where we introduced 2MF as the value of z. at the upper critical dimension of the O(N')

universality classes d, = 4 and the corresponding absolute value |z} = 5.

7



Near the lower critical dimension d = 2 4 £, we obtain

] .
|z¢| zl—l—é—l <1—1n§>§. (5.39)

Lastly, we note that one repeats identical steps as for mean field theory to demonstrate

that large N predicts o = % and to furthermore compute R, and R, as in Eq. (4.103).

5.3 The epsilon expansion

Although the N — oo limit provides an analytic result for any d in the range 2 < d < 4, it
is not well suited to describe phenomenologically relevant universality classes. Specifically
for finite temperature QCD we are interested in the Ising universality class NV = 1 and the
Heisenberg model with N = 2 (due to lattice discretization artifacts, see e.g. Ref. [118])
and N = 4. There is another analytic limit in which one can perform the calculation —
near the upper critical dimension d = 4 —e. As we document below, as far as the position
of the YLE singularity is concerned, the utility of this approach is somewhat restricted
and it cannot be systematically improved to yield a reliable result in three dimensions.
However, it provides some useful information on the location of the YLE singularity near
four dimensions. It is also not limited to N — oco. Moreover, it serves an estimate of the
value of N at which one can apply a large N approximation for the purpose of locating
the YLE singularity.

In the conventional e expansion, see e.g. Ref. [106], near the upper critical dimension

d = 4 — ¢, the critical exponents are

N +2
Y= 1+2<N—+8)€+O(82> s (540)
3 1 9

The same method yields the universal amplitude ratio, see Ref. [119],

3 27 ,

Note that, in the large IV limit, this is consistent with the previous subsection, R, = 1.
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To the linear order in e [108], the scaling function f has the following form

fla)=1+a
(N=1)(z+ 1)In(z + 1) + 9(z + 3) In(z + 3) —9In3 + 3z In 5
2(N 1 8) *

O(e?).
(5.43)

+e

We now turn to the location of the YLE singularity. At the leading order e-expansion,
we obtain xgo) = —3 for the solution of Eq. (5.33). For our purpose, the exact expression
for (e) is of no importance as will be demonstrated below. Moreover the first correction
Z(g) to the leading order 2 is already non-perturbative (See Appendix D for details).

To the first order in ¢,

3

fc = f(ﬂ?c) = —2+m

3
—2(N —1)In(—2) 4+ 181In (5)] + z(e) . (5.44)
Here Z(¢) is the leading correction to € = 0 value of f.. It seems that the presence of the
non-perturbative contribution would prevent us from finding the € order correction to the
location of the YLE singularity. This is, however, not the case. Indeed, after expressing z

in terms of . and f.

te T,
we obtain
ME [ 27In (3) — (N — 1)(In2 — 5im) (5.46)
o % 9(N +8) ‘ '

where the terms proportional to Z(e) cancel. At higher orders of the ¢ expansion, this
cancellation does not happen. This prevents us from extracting corrections beyond the
linear order. For the special case of N =1, Eq. (5.46) was previously derived in Ref. [43].

For the absolute value of z., we get

1+

J2e] & [z

O(N +8) (5.47)

27In (2) — (N —1)In2 ]

Note that, the slope of the function |z.(¢)| is negative for N < 14 27 (% — ) ~ 16.8.

It demonstrates that, at least as long the slope of the d dependence is concerned, to
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reproduce the result of N — oo limit one has to consider rather large values of N > 17.
Note that the e-expansion at any given ¢ leads to a monotonic dependence of the location
on N. As we demonstrate in Section 6.3.8, for the physical point d = 3 or € = 1, this
dependence is non monotonic.

Using Eq. (5.42) for the universal ratio R, leads to

2(N—-1)In2+27In3
€
18(N +8)

|Cc| ~ |Z£AF| 11—

(5.48)

In N — oo limit, this results reproduces the leading order expansion near four dimension
of Section 5.2 in d = 4 — ¢, see Eq. (5.38).

5.4 1D Ising Model

Let us start with the expression for the free energy of the one dimensional Ising model as

derived in Appendix A,

1
F = —Bln (eﬁJcoshﬁH + \/625Jcosh25H — 2sinh 23 J) : (5.49)

Following Fisher [120] and Ref [43], we define the thermal scaling variable as z = e %%/,

Additionally, we take h = fH and f = —(F"

f = In (cosh h + v/sinh? h + x) (5.50)

where we have dropped terms independent of ¢t and h. Expanding the above about

xz = h = (0 we obtain

fo=a <1+§>. (5.51)

Comparing the above expression to Eq. (4.88), we can identify the ratio in parenthesis
Yn

with the argument of the scaling function. Thus, = = 3 or so 30 = % Furthermore,
Yt

1 1

=3 or so y; = 2. From the eigenvalues, we find v = % and, oddly enough, § = 0 and

Yt

0 = oo whose product equals S = %
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Looking to the magnetization at small x and h,

h
M~ —— 5.52
Vh2+ (5.52)
from which one can see the possible source of the odd results for 5 and §. One extracts
B = B.=1 where T'="T,. = 0 corresponds to z = 0.

We then find the susceptibility for small x and h

T

XN ——— 5.53
(h2 + x)*? (5.53)

from which one obtains Cf = 1. One can also see a divergence for h% +z = 0, or
he = tiz? . (5.54)

The above location of k. gives us the amplitude D, = 1. We see this divergence also for
M. Near the YLE h,, the magnetization M behaves as

N[

1 .x s
M~ ——é'i zi (h—h,)”

7 (5.55)

1
Thus, for the one dimensional YLE, o = —%. Also, E, = 7 and x has the appropriate

power. Lastly, the phase behaves as we expect by the discussion after Eq. (4.97).
All together, we have the following results for the universality of the YLE within the

one dimensional Ising model:

1

_ R, = —,
R,, = NA 7%
Ry=1,

(5.56)

|ze| = 1.

On a final note, the thermal scaling scaling has an ambiguity in its definition, see [2].
This ambiguity amounts to the exponents v, v and 2 — « being defined up to an overall

constant. However, this ambiguity does not effect the above results. See [43] as well.
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Figure 5.1: Argument and the absolute value of the Yang-Lee edge singularity at d = 2*;
the Ising model N = 1 is depicted by the dots. For —2 < N < 2, the argument of the YLE
singularity is defined by the critical exponents of the underlying universality class, which
are known exactly, see Ref. [121]. For N > 2, the non-linear sigma model predicts the
argument of the singularity. There are no exact results for the location of the singularity
in d =2. For N =1, Ref. [19] provides the location with high precision. For N > 2, we
conjecture that |(.| = 1. We expect to have a continuous connection between the start of

the dash-dotted line and |(.| for d = 2.

5.5 Behaviour near/at d =2

For the Ising universality class, N = 1, d = 2 is analytically treatable via Refs. [18, 19]
for d = 2 where in Ref. [43] the two-dimensional results were also presented in the same
normalization scheme as in this thesis. We quote the result for the YLE location of the

2D Ising model:

2| =3.95509(12) , (5.57)
IC.| =1.32504(4) . (5.58)

The case of d =2, N # 1 deserves a special attention.

e N > 2: The perturbative analysis of the non-linear sigma model concludes that
the theory near its lower critical dimension d = 2 has a stable ultra-violet fixed
point for N > 2 with N = 2 corresponding to Berezinskii-Kosterlitz-Thouless phase

transition [26, 27, 28]. Complemented by the scaling relations this analysis also
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reveals the full set of critical exponents near two dimensions d = 2 + & [122, 123]

n=~—s+ 0@, (5.59)
N -1 -

Using the scaling reltion between n and § Eq. (4.92), we can establish that to the

leading order in e

ANES (5.61)

[LTRIN )

and thus A is N-independent (and coincides with the N — oo result). This fixes
the argument of the Yang-Lee edge singularity to Argz, = mé/4 — 0 at d — 27.
By the analogy of the behaviour of the Ising model near its lower critical dimension
and the result of N — oo limit, see Eq. (5.38), we conjecture that for any N > 2,
|Cc| = |zc| = 1. We checked by direct analytic calculations that the location of the
singularity in the non-linear sigma model for the Heisenberg model (N = 3, see

Ref. [124] for the equation of state) follows our conjecture.

—2 < N < 2: For —2 < N < 2, the nonlinear sigma model does not have an
ultraviolet fixed point (at least perturbatively). This, however, does not exclude
the presence of the Ising-like fixed point. We expect that the behaviour of the
fractional N smoothly interpolates between N = 1 and N = 2%; for the location of
the singularity, it means that |z.| changes from about 4 at N =1to 1 at N =2".
This plausible assumption is indirectly supported by the analytic results on the
critical exponents, see Ref. [121], which behave smoothly as a function of N in the
range from —2 to 27. (See also FRG studies at fractional N and d = 2 in Refs. [125,
126, 127]) Specifically, the argument of the location for the singularity
0 A (2 —v)v

Argze = s = o D+ 3) (5.62)

where N = -2 cos%7r and 1 < v < 2, smoothly traverses through N = 1 (which
corresponds to v = 3/2), where it accepts the two-dimensional Ising model’s value
Arg z. = %. It then approaches 0 at N = 2~ (v = 2), making a continuous

connection to the result of the previous item, see Fig. 5.1.
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o N = —2n where n € Z": In the absence of the magnetic field, the theory with
negative even integer number of components is Gaussian for arbitrary d. Direct
calculations show that v = 1 and n = 0 and independent of N [128, 129]. Using
scaling relations, one thus finds that A = % and thus, in d = 2, Arg (. = 7.
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CHAPTER

UNIVERSALITY OF THE YANG-LEE
EDGE SINGULARITY FROM FRG

6.1 The Functional Renormalization Group

In this section, we give a basic review of the Function Renormalization Group. For reviews,
see [130, 131, 132, 133]. The Function Renormalization Group (FRG) (Nonperturbative
RG or also Exact RG) is a direct implementation of Wilson’s renormalization group
scheme applied to an scale dependent effective action, ['y, with the scale factor given
by k. FRG accomplishes the integration of momentum shells by the inclusion of a scale-
dependent mass-like regulator function Ry into the action. The effect is the suppression
of the low-momentum, long-wavelength modes below the given scale k£ and so entails an
implementation of Wilsonian RG whereby one integrates over momentum shells.

Given a microscopic Euclidean action Sy defined at at high energy (or ultraviolet
UV) scale A which can be interpreted as the inverse lattice spacing for an associated
lattice model, we take as an initial condition I'y_, = Sx. One can then chose R such

that the differential 0xI'y is supported on a finite momentum range around the scale k; i.e.
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a momentum-shell. Following through, we will arrive at an equation on our microscopic

theory under RG as a functional-integral differential equation:

8, Ti[¢] = %Tr{&tRk (r,@ + Rk> _ } . (6.1)

The above is referred to as the Wetterich equation [9, 10, 11], or simply just the flow
equation. It prescribes the behaviour of I'y, between the classical tree-level action at an
initial scale £ = A in the ultraviolet, I',—_, = S — an initial condition, and the desired full
quantum action at k = 0, I'r—o = I'. The FRG equation provides a versatile realization of
the Wilsonian RG and is as such well-suited to study critical physics. Both the scaling
function and the critical exponents have been computed in great detail for O(N) theories
for real external fields with the FRG, see, e.g., Refs. [134, 143, 149, 150, 151, 152, 153,
154, 155, 135, 136, 137, 138, 139, 126, 140, 125, 141, 142, 144, 145, 146, 147, 148]

While the flow equation is exact, it defines an infinite tower of coupled partial
differential equations for the effective action and its functional derivatives. With few
exceptions (like the O(NN) model in the large-N limit [156, 157]), truncations are therefore
necessary in practice. There is often no obvious small parameter which can be used to
define a systematic truncation scheme. Fortunately, this is not the case for critical physics,
where the diverging correlation length facilitates a systematic expansion about vanishing
momentum. Such a derivative expansion [158] has been shown to have a finite radius
of convergence and a systematic error estimate is possible [159, 160, 161]. The leading
order of the derivative expansion is referred to as the local potential approximation
(LPA) which offers a cheap extension denoted LPA’ whereby one additionally includes a
running field independent wave function renormalization. Beyond this, one moves into the
next-to-leading order of the derivative expansion including all possible momentum-squared
order terms.

In our original FRG study of the location of the Yang-Lee edge singularity [45], the
location of the YLE for O(N > 1) universality classes was computed at LPA’ using a
finite temperature formalism. To do so, we developed an extrapolation method whereby
one computes along lines in the complex-H plane parallel to the imaginary axis. Along
these lines one can track the peak of the susceptibility as the real part of H is decreased
thereby allowing for an extrapolation to purely imaginary H. This method sidesteps
numerical difficulties encountered in the method of Taylor expanding about the running
minimum for purely imaginary H.

An alternative method, denoted here the crossover flow, was developed in Refs. [43,

86



44] which allows one to avoid computations in the complex and instead follow purely real
and/or purely imaginary fields. Within this approach, one is able to tune the system such
that a crossover is seen between critical O(N) physics and critical YLE physics. A further
prospect of this approach is the elimination of error due to extrapolation allowing for more
precision of the results. These computations were pushed to a truncated next-to-leading
order scheme, denoted O (9?), in the derivative expansion for the location of the YLE for
O(N > 1) universality classes. To further our error analysis, we accounted for the residual
dependence on the regulator by performing a minimal sensitivity analysis [151] which
was motivated by minimizing the sensitivity to nonphysical parameters in conventional
perturbation theory with different renormalization schemes [162].

In the following sections, we give a discussion and derivation of the Wetterich equation
Eq. (6.1). The following two sections cover our LPA’ study via extrapolation (Section 6.2)

and our O (9?) study via the crossover flow.

6.1.1 The FRG Equation

Let us now derive the FRG equation [9, 10, 11]. For simplicity, let us start with a
single component scalar field theory. The generalization to a N component field is
straightforward. We begin by introducing to the action a mass-like term ASy[p] which

depends on a parameter k:

ASiel = 3 / 0 dy o(x) Ri(x, y) o(y) (6.2)

The function Ry is typically referred to as the regulator and is constructed to suppress
modes with momentum p < k. We choose R; to be invariant under rotations and

translations; hence,

ASilel = 5 [ drdiyeGoR(x ~ yi) ely). (63

In momentum space we have

1

asilel = 5 [ dael-aria@ @) (64

as we expect for a mass-like term. Furthermore, in order for R, to suppress the low
momentum modes, for |q| < k, Ri(q) ~ k. On the other hand, for modes with p > k

we want to have Ri(q) such that it tends to zero so as to not affect the high momentum
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modes.

lim Ry(q) ~ k*, (6.5)
‘%‘—m
lim Ri(q) = 0. (6.6)
lal o0

The second condition is consistent with the requirement that the original theory be
reproduced in the limit £ — 0 where we should have have Ry_o(q) = 0. From the above,
we also expect that Oy Rx(q) should be sharply peaked around |q| &~ k. The encoding of
the UV cutoff A into the regulator will be discussed in the next section.

By introducing the scale dependent regulator, the partition function itself depends on
the scale k:

ZlJ] = /DSOE—SARD]—AS;@MHM. (6.7)

We wish to understand the effect of integrating out more and more high momentum modes
which in effect corresponds to lowering the scale k. The goal is to find the differential
equation on T'y, in Eq. (6.1). After some work, we find the derivative of the scale dependent

action Wy[J] as follows using 0, = k0k:
L 1 —SA—ASg+J-p

We can massage this into a more useful form by replacing fields with derivatives with

respect to their conjugate variable J,

11 ) )
AWl = -55 / 570 B 7y B (6.9)
! W Wi Wi
- 2/ OeFie (w(x)w(y)*w(x)w(y))' (610

Next, we also have that ¢ = (), can also be taken as k dependent if we keep the external
field J independent of k. For the Legendre transform in the presence of the regulator, it

is useful to add an additional term in the transform:
Telp] = —WilJ]+J-¢— ASk. (6.11)

Note that the modifying term vanishes at £ = 0 yielding the standard Legendre transform.
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It is important to see that in the above expression for the scale dependent effective action

[y, whereas we originally kept J independent of k, it is natural to shift the & dependence

into J through the relation ¢ = (). For the differential of I'y, we then keep ¢ fixed.
oWy,

8trk[¢] = —ath[ ] - 5_ OpJ — atASk[¢] + 0 ¢, (6-12)

= —OWilJ] — §¢ “O Ry - 9. (6.13)

The second and fourth terms in the first line nicely cancel due to the definition of ¢.

Inserting now the expression for 0,W;[J]

- (5Wk (SWk (52Wk k (5Wk
OTkld] = / atR’“( %) 57(y) " 97(x) ) / atRkéJ 1570y

52W
_ / 3tRk k (6.14)
5J(x)3J(y)
The last step is to express the above right hand side in terms of I'.
Tilg] = —WilJ]+J-¢— Ay, (6.15)
ol
= J—-0¢R 6.16
7000 o (10
5T, 0J
—— = — —R 6.17
SGaely) a6 (047
which upon rearranging yields the familiar relation
2 -1
'V + Ry = ( 57 ) (6.18)
(2) _ &2y

where we have used the notation I'} Normally, the two point vertex is directly

= %4
related to the two point function, but the presence of the regulator adds an additional

mass to the propagator. Replacing Wy with the relation in terms of T’y yields [9, 10, 11]

OTuld] = % / o (T + 1) (6.19)
_ %Tr{@tRk< +Rk> 1}. (6.20)

The trace in position space is understood as contracting two ends of a propagator with an
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insertion of 9; Ry - a one loop type expression. Extending to N component fields amounts
to extending the trace to include all internal indices, and spinor indices if fermions are

also included.

6.1.2 Recovering the Saddle Point

We reproduce here a derivation from [131]. Further constraints are placed on the regulator
Ry, in order to yield I'y—, = S\, though these constraints are relaxed in practice. Given

the defining relation for the scale dependent effective action,

Celo] = —WilJ]+ 06— ASk (6.21)
we obtain the relation
ol B 0 AS},
E = J— 5o (6.22)
= J—Rp-0. (6.23)

With these two relations, we can now derive an expression relating the classical

(Wilsonian) action and effective action

e Thldl — /DQO €—5A+%,'(¢—¢)—%(W—¢)'Rk'(<ﬂ—¢) ' (6.24)

Now for k = A, we desire that I'y—, = S\. From the above we see that this relation only
holds for a divergent regulator which freezes all modes below the scale A, or the limit

Rj_,A — 00. This amounts to the effective replacement in the above expression:

e Taldl /Dap 6*5A+%'(¢’7¢) 5(p— o), (6.26)

= e, (6.27)

When studying critical phenomenon, relaxing the requirement that R diverge at k = A
offers no issues thanks to the occurrence of universality - independence from the features

of a particular microscopic theory within the larger universality class. See [132] for a

discussion.
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6.2 The universal YLE location at LPA’ via extrapo-

lation

In this section we discuss the details of our method and results for our FRG determination
of the universal location of the YLE at LPA’ in the derivative expansion [45]. An overview

of this study was given in the intro to this chapter.

6.2.1 FRG at LPA’ wtih finite temperature

In this study, we use the first order derivative expansion of the scale-dependent effective

action in Euclidean space,

Iy = / A {%Zk(p)(auéf?)Q + Uk(p) — ha} : (6.28)

where d is the number of spatial dimensions, the field p is defined as p = ¢?/2 = (02 +7?) /2,
Ui(p) is the scale dependent potential, and h is the external field explicitly breaking
the O(N) symmetry. o denotes the radial excitation, and 7 the Goldstone modes. The
extension to finite temperature is done by using the standard Matsubara formalism
‘12%9 — 1) and py — 2nnT. Accordingly, we use the optimized regulator function Ry
for the spatial momentum modes, Ry (p) = Z.(k*—p?)O(k*—p?), put forward in [163, 164]
and refer to [165, 151, 166, 167, 168] for detailed discussions regarding the regularization
scheme. Here we comment that the commonly applied local potential approximation (LPA)
which neglects the scale-dependence of the wavefunction renormalization, Z,.(p) = 1,
giving zero anomalous dimension 7, is not appropriate to study the location of the edge
singularity since n is expected to be of order one in its vicinity. This necessitates the
inclusion of scale-dependent wavefunction renormalization, which we assume to be field-
independent, Zi(p) = Z;. This approximation is referred to as LPA’. The anomalous
dimension is related to the wavefunction renormalization via 0,2y = —npZx, where we
introduced the RG time ¢t = In(k/A).
To describe critical phenomena, it is helpful to look at the renormalization flow of
dimensionless observables rather than the dimensionful counterparts as their magnitudes
can vary wildly. The flow for the dimensionless effective potential, Uy (p) = k= 1U(p)

where p = Z,k'~%p is the dimensionless renormalized field, can be obtained by evaluating
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(6.1) on uniform field configurations at fixed p which yields [169, 170]
OUx(p) = —(d + 1)Uy + (d — 1+ ni) U
a 1 N -1 1
— |1l - — — 1+ 2n, —(1+2n, )|, 2
+2(27T)d( d+2nk> ,/ng( - n)+ 1+m§,( i n)] (6:29)

where vy = Sy_1/d with Sg_1 = 27Y2/T(d/2), nor = Ny (T, k) are the standard Bose-

Einstein distribution functions, and the primes denote derivatives with respect to p. The

dimensionless renormalized masses, M., are given by m2 = U’ and m2 = U’ +2pU". See
Appendix B for the derivation of this expression.

To extract the anomalous dimension, one uses the projection

0? 52 (0:T1,)
=———lm—|——+— 6.30
ok 27, plg(lJ op? {57@-(}9)57?,;(—}9)] ’ (6.30)
where the choice of i is arbitrary. The result is
dvg _ =, ,_
ot = gyl (Po)’ (6:31)
T < P s - s -
xEn:Z_oo<ﬁ+mw+1 SR B

The above sum, see Appendix B for a derivation, is evaluated to a closed form in practice,
though its form its not insightful [171]. It is also important to note the occurrences of N
and the dimension d in Egs. (6.29) and (6.31). Clearly, one can easily change N with no
other considerations as long as N > 1. As for the dimension d, we can safely analytically
continue d to any non-integer value.

In order to numerically solve (6.29) we consider a sixth order Taylor expansion of
the dimensionless effective potential about the scale dependent minimum pgy: U, =
Z?:o C%(ﬁ — po.x)'. We explicitly checked that the expansion is converged at this order. In
terms of the Taylor expansion coefficients, one obtains a coupled set of ordinary differential
equations:

n

0
(9tan7k = (—d + Tl(d — 27]k)) Qn g + 8_5” (l()(mg) + (N — 1)10(77172T)> + an+1’katﬁ0,k , (632)
1

Oipor =— (d—2+m) — a% (lo(m2) + (N = 1)lo(m2)) (6.33)
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where we defined

lo(@:z(;}i)d (1_ dizn’“) \]/V1_+—1,(1+2”(“’)) (6.34)

with n(w) = (e™ — 1)_1.

6.2.2 The extrpolation scheme

To extract the scaling function fg(z) for a given N and d, we first compute the universal
critical exponents § and ¢ along with the non-universal critical amplitudes T and H,.
In the following, we equate the order parameter M with the radial expectation value
M = o. The amplitudes are defined via the replacements ¢t — ¢/T, and h — h/Hj so as
to reproduce the scaling forms M = (—t)® and M = h'/? at h = 0 and ¢ = 0, respectively.
In the ultraviolet (UV), which thanks to universality we can simply define as k = 1,

we start with the initial condition
1 _2
Ui=1(p) =570+ 3P (6.35)
where we fix 7 < ( sufficiently negative so as to have a finite magnetization at an arbitrary
reference temperature. The condition of pyj being an extrema, (U ! (gz_ﬁ) =H ), yields the

following relation for a Taylor expansion

\/2ﬁ0,k a1 k :Hk . (636)

The flow of Hj, is trivial since H = const. At vanishing H, this implies either por =0
or aj, = 0. Clearly, for T' < T, we must have pg ;o # 0. However, one expects that T,
corresponds to an ultraviolet (UV) theory with broken symmetry, 7 < 0. This is due to
the symmetry restoring property of ordinary bosonic fluctuations. Starting with pg 5 # 0,
one can have two possibilities for pg x—o. For T < T, the symmetry remains broken in the
IR implying pg x—o # 0. However, for 7" > T, the symmetry is restored in the IR implying
that at some point along the flow pg; = 0. Thus, we build in a algorithm which switches
between the parametrization for a;; = 0 once/if pyj = 0. Afterwards, the flows stays
within the parametrization for ppr = 0 and a; # 0. Given this notion, one can find
the critical temperature 7, using a bisection algorithm on py ;—¢. Once 7, is found, the
computation of g and Tj is straightforward via a linear fit of an appropriate log-log plot.

To find § and Hy, one needs to turn on an external field. From Eq. (6.36) this entails
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one can eliminate reference to the variable @, in favor of py; and H,. For the initial
condition of pg x—1, one simply picks the extrema which is continuously connected to the
H = 0 solution. Following this into the IR allows one to set T = T, and vary only H.
Thus, again one obtains ¢ and Hj via a linear fit of an appropriate log-log plot.

With the rescaled variables, we can ensure that the magnetic equation of state satisfies
the following normalization conditions fg(z = 0) = 1 and fg(z — —o00) = (—2)”. In
terms of the FRG variables,

fa(z =th™V/8) = p~1/° lim /2p0 1k 2, . (6.37)

We checked that our numerical calculations reproduce the O(4) magnetic equation of
state of Ref. [153, 172] for real values of the argument.

In contrast to lattice Monte-Carlo calculations, FRG does not have a sign problem:;
this enables us to evaluate fg(z) for any complex z. In practice, we fix a real value of ¢
and numerically find fs(z) at a complex value h = h(z).

Additional care needs to be taken when approaching the edge singularity using FRG
with the Taylor expansion method. This is due to the locality of the expansion and its failure
to capture first-order phase transitions. Furthermore, the edge occurs at purely imaginary
values of the external field, another case for which the FRG equations become numerically
challenging. To circumvent this issue, we note that the edge can be treated as an ordinary
second-order phase transition, and we can determine its location by studying the peak of
the magnetic susceptibility, y, oc 1/m2, at a complex external field with just a small real
part. Given that near the edge the order parameter o behaves as M — M, ~ (h? — h?)°vt
[17], the susceptibility for the sigma field behaves as x, ~ 2h oy, (h? — h?)°YL~1. From
this form, we see that for any sufficiently small Re(h), |x,| will have a peak at some
Im(h) = hpeax- Moreover, hpeax is a quadratic function of Re(h) for sufficiently small
values of Re(h). Thus, we can scan the complex h-plane at fixed reduced temperature ¢
along lines in the first quadrant parallel to the imaginary axis. Then h. can be determined
by incrementally decreasing Re(h), determining Aeqy for each increment, performing a
quadratic fit to the data, and extrapolating to purely imaginary external fields. From this,
we find the location of the edge as z. = the /A,

There are several sources of error in this work, presumably the largest being the
systematic error which results from working in LPA’. One manifestation of the systematic
error can be the violation of the hyperscaling relation between the exponents: 2 —n =
d(0 —1)/(6 + 1). For our work, we find this violation to be at the sub-permille level.

94



§ LpA

Figure 6.1: The magnitude of the location of the Yang-Lee edge singularity |z.| as a
function of N in three dimensions. The large N result is indicated by the solid line. There
is a non-monotonous behaviour in the approach to large N limit.

Regarding the critical exponents themselves, e.g. for d = 3 and N = 1(2), the disagreement
with well-known results from Ref. [173] for A is about 0.9% (1.9%). We note that a
potentially large anomalous dimension close to the edge singularity indicates nontrivial
momentum dependencies in the system. These can be captured by higher orders in the
derivative expansion. A systematic improvement of our truncation in this direction, which
will significantly reduce the systematic error, is deferred to future work.

Other error sources are the implementation of a finite infrared scale kg at which the
RG flows are terminated and the fits to obtain the exponents and the value of h.. One
can choose a kg such that the continued running of the flows below this value contributes
negligibly to the error. For this work, we chose a common kq for all N and d such that
the error is negligibly small. The error from the fits for the exponents and extrapolation
to purely imaginary values of h are much smaller than the truncation error and we do
not report them here. The error bars seen in Figs. 6.1 and 6.2 are then given by the
truncation error, which we measure as the difference between the result at 5 and 6"

order Taylor expansions of the effective potential.

6.2.3 Results and discussions

Our results for the location of the Yang-Lee edge singularity, 2., are shown in Figure 6.1 for
d = 3 and numerous NV, and in Figure 6.2 for N = 1,2,4,100 and various d. Analytically,
Z. is only known in two limiting cases: N — oo and the mean-field approximation. For

both, the magnetic equation of state can be written in the following form (see e.g. [174,
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Figure 6.2: The magnitude of the location of the Yang-Lee edge singularity |z.| for
N =1,2,4,100 as a function of the number of dimensions d. The solid line demonstrates
the mean-field value. The dashed lines display a fit motivated by the parametrization of
the equation of state for O(1) |z.| = |z2MF[{1 + (4 — d)?[p1 In(4 — d) + ps]}, see Ref. [13].
Note that the parameter py is non-perturbative and cannot be found using the e-expansion.
The dash-dotted line shows the analytical N — oo result of Eq. (6.39) with v = 2/(d —2).

20, 175])
fo(2) [+ f4(2)]" =1, (6.38)

where v =1 (y = $25) for mean-field (large N in d < 4 dimensions). Due to its nature
as a branch point, the location of the Yang-Lee edge singularity can be found from the

condition that the derivative of the inverse function is zero, 2’( fg) = 0. This leads to
2 = (29 + 1) (29) 5, Argz, = £m(2y + 1), (6.39)

Thus in mean-field approximation (in the large N limit, d = 3) one gets |2MF| ~ 1.8899
(|z°] =~ 1.6494).

The fact that our numerical calculations reproduce the analytical results for |z.| is
highly non-trivial in that it provides a direct test of our FRG approach and the method
of extracting the location of the singularity. Figure 6.1 demonstrates the converge of |z|
to the large N value. We note that |z.| displays some non-monotonous behavior as it dips
below its large NV value before approaching the limit from below. For the convergence of
|z¢| to its mean field result, see Figure 6.2. We also see here non-monotonous behavior
as the dimension is varied. Our numerical calculation for N = 100 faithfully reproduces
the infinite NV result in arbitrary number of dimensions 3 < d < 4. In three dimensions,
the values of |z.| are 2.452 4 0.025, 2.032 £ 0.021 and 1.665 + 1073 for N =1, 2, 4

correspondingly.
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To give an explicit example for importance of the edge singularity, we determine the
asymptotic form of the coefficients of the Taylor expansion of fg(z). This can be done
solely based on its analytic structure in the complex plane. For the sake of simplicity, we
consider the expansion near the origin. In this case, the theorem of Darboux states (see
e.g. Ref. [176]) that the n-th expansion coefficient for sufficiently large n is
oyL—1

n 7
é) ~ 2By|z| o)

cos (60 — %) : (6.40)
where By and 3y are defined as the value of the analytic part of the magnetization at the
singularity By exp(ify) = }1_{1;(1 —2/2¢) 7Y% (fa(2) — fa(ze)). This explicitly demonstrates
that the expansion coefficients are uniquely defined by |z.|, A and ovyy,.

Another immediate application of our results is to lattice QCD calculations [177]. As
we alluded to before, due to the sign problem, lattice calculations can not be effectively
performed at non-zero baryon chemical potential/density p # 0. Nevertheless, extrapo-
lations to finite 1 based on a Taylor series expansion of, e.g., the pressure about y =0
are used. In the crossover region, this series expansion has a finite radius of convergence

which is defined by z. and a non-universal map of T, p, and m to the scaling variable z,

_1 2
mua\ > |T-T7 B (M
Z(T7/.L):ZO(m ) 70 +K,2 T—CO + ...

S c

The non-universal parameters (70, k2, and z) for this map were computed in lattice QCD
see Refs. [178, 179, 180, 177]. This, complemented by our result, shows that the radius
of convergence R = |u.| defined by z(T', u.) = 2. is > 420 MeV for the O(4) universality
class and > 460 MeV for the O(2) universality class (which is of relevance for staggered
fermions). These numbers are consistent with the ratio test applied to the Taylor series
expansion in Refs. [178]. More importantly, they are well below the latest results for the
location of a critical endpoint in the QCD phase diagram [181, 182, 183]. This highlights
that the edge singularity, not the critical endpoint, is the crucial quantity for explorations
of the QCD phase structure by lattice QCD.
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6.3 The universal YLE location at O (82) via crossover

flow

In this section we discuss the details of our method and results for our FRG determination
of the universal location of the YLE at O (9?) in the derivative expansion from Ref. [44].

An overview of this study was given in the intro to this chapter.

6.3.1 First order derivative expansion

In order to solve the flow equation (6.1) numerically we will consider a constant field
configuration around small momentum. The latter is only required to extract equations
for the wave function renormalization. Specifically, we use the following anzatz for the

scale-dependent effective action
a |1 1% 1 1%
D= [ d |5 2(0) 060000 + Yi(p) 9 pOup + Uilp) | (6.41)

where p = %(ba(ﬁ“. The above expression contains all possible terms up to 9,0" in the
derivative expansion. This approximation is appropriate for describing long-wavelength
excitations in the critical region.

Consider small deviations around the homogeneous field background, chosen to be

non zero for the ¢ = 1 field component

¢i(x) = ¢di1 + pi(w) (6.42)

then the wave-function renormalization for transverse and radial modes are

Zi o) = 20 = 0 S toea ]|y (643
Z0(p) = Zilp) + pYilp) = lim a% 5o (p(s)fp"; ol (6.44)
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6.3.2 Flow equations for the next-to-leading order in the deriva-
tive expansion

The flow equations for the potential can be obtained by substituting the truncation

Eq. (6.41) to Eq. (6.1) evaluated for a constant field configuration

o) = 5 [ Fao () [Gl+ (v - 1G] (6.45)
where
Gy = ! = ! (6.46)
" ZHO)PE + U)o+ Rl Zi(p)a® + Uplp) + Ri(?)
Gl = ! ! (6.47)

Z1(0) + UL(@) + Re(@®)  Z) (o) + UL(p) + 20U (p) + Rula?®)

For the integral measure, here and below we use

/ dlg = / (;i:;d. (6.48)

Introducing the tilde differential operator (see Ref. [130])

~ 4]
O = | dLORy(I? 6.49
= [ Pron) (6.49)
allows us to write the equations in a succinct diagrammatic manner,
q
p —p P~ NP
ar@ley L [ g5 HO% _ 0 N\
(A (p) 5 q 0 \_/
__
q
q
gty p+q
Pl PN
+ AV — r\/ | , (650)
q
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and

q

1 — ~ > < e <«
atPI(CQ)VLQ?) = §/ddq 815 ,,,,,,,,,,,,,, —----- m,,,,

N

q
q
0 p+q
pLoJTP P TINTP
+o N — - U . (6.51)
N
q

In the diagrams, the internal lines represent the scale-dependent Green functions for the
transverse (solid line) and radial (dashed line) modes. The vertices describing interaction

relevant for the above flow equations are

/

)= |—F P4
p
AN
R R L U®) 6.52
(" +q +p-9)Z, (¢) + U7 (9), (6.52)
j—q
I (p, —p,q) =
qu —p
124
=+ )7} (0) + U (9), (6.53)
M) =| = /
q "
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Il 7l .
— (p+ 2% ﬂ(@—p~qz¢<¢>+<%zf4<¢>>'> 55 (650)
|-
T (p, —p,q) = H%
PqT: —p
| ZV 7zt 1, 101
) 2 . k — 7l S
@) [, A5 g o )] e
|-
Ffﬁ;(p,—p,fn: —
PqT: —p
| , 1
— (2" (0) + 1 %Z,J (¢) — 2%k qf’“ +<%U,;<¢>>") 5. (6.56)

Using these vertices and applying the tilde derivative on the resulting expressions one can

easily derive the flow equations for Fg)’”(p) and Ff)’L(p):

atrl(f)"'(p) :/ddqatRk(q2) X [

G (500 + 0.0 G+ ) ) +

(N = DG (@) (—%F“ﬁ(p, —p,q>+[r<?<—<p+q>,q>]2ei<p+q>) . (657)
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and

[Gl(q))? (—%F(?(p, —p,q) + [ (0, (0 + O)PG*(p + C])) +
(O (—%(N = )P (p.—p.0) + O (~ (0 +0). PG (o + q>) .

(6.58)

Finally by taking the derivative of 8t1“,(€2)’H(p) and @I‘,(f)’L(p) with respect to p? and

evaluating at zero p? we arrive to the flow equations for the wave-function renormalizations:

2 2

&Zn(@ = /ddqatRk(QQ){Gﬁ ['}/ﬁ (Gh + QGIHI%) + 2”yHZﬁ(¢) (GH + QGh%)

HEOPGE - 5216)]

LV =16 [ (E 201 D) a2 (06 L+ (2L e, L
Z)(¢) — Z.(9) 171, 2

+2 5 1.G1L — 5 (52(@ - E(le - ZJ_)) } } (6.59)

2

_ 2
i)~ [ B {5 20 2,z 20 )

@z oret - 1z10)

d 2
2 Zy—Z 2
+ 6176+ 261D) + s (22 - 200))
7y — 7 S
+(2 ” P L—Zl(czﬁ)> Gn%
Z||_ZJ-— /q2 Z||_ZJ— 1 L,
RS (6 e ) - TS S D2 Zie)]  660)
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where we introduced short-hand notations for

= 4aZj(6) +UP(9), (6.61)
6 1
L =qZ () (5U/ ) (6.62)
W2 — 21
i ==+ U), (6.63)
Zy—Z 0
= 24 1 /
Vo=0C—— =+ ( Ulo ) 6.64
LT T gV (6:64)
as well as to simplify the expression we denoted G’ = g% and G" = (gjgz. In order to

obtain Egs. (6.59) and (6.60) we applied the identity

/ddq(p 9 fd*) = %Z/ddqcff(f) (6.65)
and used the expansion
flo+a)?) = f(@®) + 0" +2p- ) f'(¢*) +2(p - 0)*f"(¢*) + O°) - (6.66)

In this study, we consider the so-called strict derivative expansion. The logic behind this
approximation is straightforward, see Ref. [184]. Below we rephrase it for the truncation of
interest. At the 9?-order, the momentum-dependent contributions of order ¢* to T'¥) (p,q,q)

are neglected; this justifies neglecting similar terms originating from the square of three-
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field vertex, (I'®(p, q))2. Dropping the corresponding terms we end up with

2

02)(9) = /qu(?tRk(qz){Gﬁ h@n =D (G +2615) + 240 Z)(0) (G + 261 )

g

520

FOV - DG [~ (e + 261 L) vz () ©

#2206, L (2700 - 2z - 2)] } (6.67)
a7t = | ddqatRk<q2>{Gﬁ 323 - ) (@ + 261 ) + 250206 + 20, L)

5710

+ G2 3270 -0 (G) + 26 %2) +491 (% - Zi(¢)) G’%

+ 2¥7§(G| + 2G1|%2) - % - %(N - 1)%2;(@] } (6.68)

where 0 = 7,(g = 0).

The final form of equations used for the flows of the expansion functions Uy, Zi, and
Z IU in (6.45) and (6.67)-(6.68), while written above in terms of the fields ¢, are re-expressed
in terms of p when probing the Wilson-Fisher point. In this form, the regularity of the
flows at p = 0 becomes apparent. With that said, the expressions in terms of ¢ are also

necessary to probe the Yang-Lee edge singularity, as will be discussed.

6.3.3 Regulator and wave function renormalization
There are many different choices for the function Ry(p). In this work, we consider Litim
regulator [164]

Ri(q?) = aZ)(k* — ¢)0(k* — ¢). (6.69)

Here a is a parameter to be varied and optimized under the principle of minimal sen-
sitivity [151], we come back to it in Sect. 6.3.5. We note that we included the radial
wave function renormalization at a given field background ¢q, Z ,! =7 ,ﬂ(qﬁ = ¢p), in the

regulator. In this, we deviate from the conventional way when Z (k) is introduced in the
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Figure 6.3: Analytic structure of the universal phase diagram for N = 1. Only branch
points are displayed; the cuts are omitted for the clarity of the figure. To draw this
figure, we used h = (t/z.)?° with the realistic critical exponents and the location of the
singularity obtained |z.| from Ref. [43] complemented by the value of R, = 1.72 from
Ref. [185] For the mean-field equation of state and for the large N limit in d = 3, the
spinodals are located on the real h axis due to integer values of 234. Only positive values
for real values of h are shown.

regulator. Our choice is shaped by the problem we are solving: at the YLE, it is expected
that the transverse degrees of freedom decouple (the YLE is at a finite imaginary value of
the magnetic field, see Fig. 6.3) while the radial mode is massless and thus dominant. It
is convenient to explicitly separate Z ,! from the field-dependent Z,!(gb). Moreover, we also

normalize Z;-(¢) by the same factor, that is
Zi(6) = Zi2(0) (6.70)

where i =1, ||. From the definition of Z,!, it follows that z,!(qbo) = 1. At the same time,

2 (¢o) # 1 in general.
To simplify the equation, it is also convenient to introduce the “renormalized” field

by = \/;Q¢. (6.71)

This enables us to rewrite the Green functions in the following form

G U(e®) = Za(6) 8 + U (60) + a(k? — )0k — ¢)] (6.72)
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and

GTS) = 25008 + U'(00) /60 + alk® = )0k — )] . (6.73)

At the fixed points, the anomalous dimension is related to the wave-function normal-
ization through
8,7 = —np2) . (6.74)

The anomalous dimension for the transverse component can be defined analogously, but
it is not required for our needs.
Note that
2

Z(9) = Z4(0) = 5 Yi(0) (6.75)

and by analogy to Eq. (6.70), it is convenient to introduce

Yi(¢) .

yk(¢) = Z]!

(6.76)

6.3.4 Truncation: notation and methodology

Equation (6.1) is a differential (in k) and functional-differential (in the field space) equation.
Its solution is not known. Without introducing a truncation scheme, this equation cannot
be treated numerically.

We thus perform a Taylor series expansion of the functions zﬁn)(gb) yﬁn)(gb) and U(¢)
about a scale-dependent expansion point. In the vicinity of the Wilson-Fisher point, it
is convenient to perform an expansion in terms of the “renormalized” field p, = ¢?2/2,
see Eq. (6.71). To simplify the notation, we omit the subscript and imply p, — p unless

indicated explicitly. We have

1
Ap) =1+ Z ﬁzn(p —pok)", (6.77)
n=1 :
Ny
=> ,yn p—por)" (6.78)
n=0
Ny
1
Ulp) = Q_ —yun(p = pox)". (6.79)
n=0
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In order to find the location of the YLE singularity, we also will perform the expansion in
¢, that is

Nz
Ad@) =1+ %zn(qﬁ — o), (6.80)
& n=1
Z (6 — o) (6.81)
&
= %un (¢ — dor)" (6.82)

We also omitted the subscript k, but emphasize that all parameters are running here. In
this paper, we require the truncation orders to satisfy the requirement (Ny, V. 7 Ny) =
2(Nu, Nz, Ny). This guarantees that the truncations are consistent and one can perform
switching between the variables without losing information about the corresponding
function.

The FRG flow equations for the coefficients can be readily derived starting from

Egs. (6.45), (6.67) and (6.68). For renormalized quantities, we get a set of equations

n

. . d
Uy, — Un100 = 1) (Un+1p0 + NUR) + o (0.U) , (6.83)
P p=po
Zpn T MRn — Ppt1P0 = n\\(znﬂﬂo +nz ) + 7(1_ (@Z ) (684)
| ap™ pP=p0

where we introduced the polarization index ¢ = (||, L). The coefficients 2" are related to

(n_l) — poy(n) .

In order to find the fixed point solutions, we also need to determine the flow equations

y™ through 27 = Z —ny

for the dimensionless renormalized coefficients. They can be obtained by computing
the expansion coefficient of dimensionless quantities, e.g. U/k? and zl, as functions of

dimensionless p = p,/k¢2:

Uy = k"M==, (6.85)
7 = a2 (6.86)
(6.87)
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We have

- S . L . 1 d
Uy, — Up4+1P0 — —dun + (d -2+ 77H)(un+1,00 + nun) + ﬁd_ﬁn (8tU) . s (688)
=po
Zi 0 0 < 0 ~ 1) L d" 7
Zn — MZn — Zpg1P0 = (d -2+ UH)(Zn_H,OO + nzn) + 7ﬁ (@Z ) ‘~ e (689)
| ap p=po

These equations can be rewritten in terms of the expansion coefficients of the series of
¢ without many modifications. It amounts to replacing 2!, u, and py with z¢ u, and ¢
and 7 with 7/2 in the right hand sides of Eqgs. (6.83), (6.84), (6.88), (6.89).

The equations above are to be supplemented by a choice of the expansion point.

In this work we choose the expansion point ¢y by fixing the radial excitation mass,

mgr = /U'(p) +2pU"(p), to a constant, dymg = 0. The conventional expansion scheme,
which is used in the majority of applications, follows the physical point defined by the
minimum of the effective potential. Since the YLE singularity is located at the (imaginary)
magnetic field H. where the radial mass at vanishes, finding it requires numerically
expensive fine-tuning with this scheme to find the value of H..

The advantage of our expansion scheme is that we can directly follow the flow of
the edge singularity by simply following the field value corresponding to vanishing mass.
Within this setup, the magnetic field is then a function of the renormalized mass and
the temperature defined through the relation Hy = U’(¢¢) = u,. For computations in the
symmetric phase, the renormalized mass at the origin (at zero field) obtains a finite value
in the IR. Expanding about fixed renormalized mass greater than this value corresponds
to real fields away from the origin. Importantly, if one expands about fixed renormalized
mass less than the value at the origin, the solution is necessarily pushed into the complex
plane at a finite value of k. Thanks to the Lee-Yang theorem, the solution is pushed
specifically along the imaginary ¢ axis which corresponds to p < 0. If one further takes ¢
sufficiently small, the flow plateaus about the Wilson-Fisher point before being kicked off
towards the YLE.

Thus, within this "crossover flow" scheme, computing at mgz = 0 in the symmetric phase
the expansion point py experiences the Wilson-Fisher plateau and before eventually being
kicked off to negative values where it flows towards the YLE. Although the parametrization
in terms of p naturally probes the Wilson-Fisher point and crosses through to negative
values, in order to capture the criticality near the YLE, one needs to transform to a
truncation in terms of ¢. We perform this switch at small negatives values of 7, and check

that the results are insensitive to the exact value of the switching point.
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Figure 6.4: Regulator parameter dependence of the gap critical exponent A (normalized
by its value at the maximum) and the anomalous dimension n(a) for a set of N at the
Wilson-Fisher fixed point. The maxima of A define the minimal sensitivity point, an. The
dashed lines in the right panel show aa. The figure demonstrates that the location of the
minima of 7(a) is fairly close to an.

A downside of our expansion scheme is that numerical computations in the broken
phase are more challenging. The reason is that in this case at any finite £ our expansion
point ¢q lies on the real axis below the physical point. The FRG flow flattens the potential
in this region since it has to be convex in the deep IR. This convexity-restoring flow is
driven by near-singular propagators and therefore numerically challenging to resolve, see,
e.g., Refs. [186, 171], as we have argued in the intro to Chapter 5, we do not need to

compute in the broken phase.

6.3.5 O(N) fixed point and Minimal Sensitivity Analysis

The Wilson-Fisher fixed point can be found by solving the set of algebraic equations
Un, z = po = 0. There are several ways how we are going to use this solution. First, it
defines the O(N) anomalous dimension; we use this critical exponent to apply the minimal
sensitivity analysis via the regulator parameter a; see below. Second, we can use a slightly
perturbed fixed point solution as the initial condition for the FRG evolution towards the
IR to extract the metric factors, critical exponents, and finally the location of the YLE
singularity.

The critical exponent 1 fully defines § through the scaling relation in Eq. (4.92).
Moreover, calculating the stability matrix at the fixed point solution allows one to find the
critical exponent v and thus the gap critical exponent through the relation A = £(d+2—1n).

This motivates our strategy in defining the parameter a as the extremum of the function
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Figure 6.5: The results of the minimal sensitivity analysis at the Wilson-Fisher fixed
point for the gap critical exponent A = A(aa). The corresponding anomalous dimension
is shown on the right panel n = n(aa).

A(a) where a enters to the regulator through Eq. (6.69). This fixes the regulator parameter
a = aa that we use for calculating the metric factors (B, and Cy), critical exponents (&
and ), and the location of the YLE singularity. By choosing the extremum as a function
of a, it is guaranteed that among the family of regulators defined in Eq. (6.69), we use
the one where the regulator dependence, and hence the systematic error, is minimal at
least for A.

We show the dependence of the gap critical exponent and the anomalous dimen-
sion on the regulator parameter a in Fig. 6.4 for a few values of N. These calcula-
tions were performed using the strict derivative expansion and the truncation scheme
(Nu, Nz, Ny) = (6,3,2). As can be seen in the figure, for N of phenomenological interest,
the location of the extrema of A(a) and n(a) are fairly close at this truncation.

We obtained reasonable values of the anomalous dimension critical exponent displayed
in Fig. 6.5. The non-monotonic dependence of 1 on the number of components N is
expected from the e-expansion.

The minimal sensitivity analysis for different quantities does not necessarily result
in the same regulator parameter a. In order to estimate the corresponding systematic
uncertainty we also performed the analysis for the value of the magnetic field at the YLE

singularity, see Table 6.1.
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6.3.6 Yang-Lee edge singularity fixed point solution

Near and at the YLE fixed point, due to explicit symmetry breaking h # 0, there is only
one light degree of freedom — the radial mode. Therefore we expect our result for the
critical exponent nypg (or oyrg) to trivially reproduce those of the one component theory.
This also serves as a cross-check on our calculations as it provides a powerful constraint
on all our equations for N # 1.

There is one subtle point related to how one approaches this fixed point. We remind
the reader that at the Wilson-Fisher fixed point, the FRG equations are k-independent
for properly scaled variables as we introduced in Sec. 6.3.4. The k independence implies
that the fixed point can be reached at a finite value of k. To the contrary, when we
start from the general equations for the multi-component field theory, one cannot expect
k-independence for the YLE fixed point, as the complete separation of the transverse
degrees of freedom is only possible at asymptotically small k. Thus, when finding the
algebraic equation for the YLE fixed point, one additionally has to take the limit £k — 0
for the terms that involve transverse degrees of freedom. In effect, this amounts to taking
the limit of the dimensionless renormalized Goldstone mass to infinity. By computing this
limit, we were able to show explicitly that the fixed point equations of our theory reduced
to those of the single component theory, that is, the N-dependent terms originating from

Egs. (6.59) and (6.45) drop out.

6.3.7 Ciritical exponents and amplitudes

The scaling variable ¢, defined in Eq. (6.94), requires the determination of the critical
exponents and metric factors. They can be found by performing calculations near the
critical point. Thus appropriate perturbations of the initial conditions near the Wilson-
Fisher fixed point allow us to extract the required quantities. The numerical procedure,
common for arbitrary N, essentially coincides with that performed in Ref. [43].

In order to solve the flows, one starts with an initial condition for the effective action.
An easy set of initial conditions, and likely the most familiar, amount to a UV potential

with a non-zero minima

Uuv(p) =rp + p? (6.90)
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Figure 6.6: Location of the YLE singularity |(.| = |z¢|/ RY" as a function of N. The
estimated uncertainty is withing the marker size. The infinite N limit (|¢.| ~ 1.649) is
approached from below. As was demonstrated in Ref. [45], this approach is parametrically
slow.

where r = r. 4+ t. The expansion point initial condition is defined via
mp =1+ 6povv - (6.91)

In this setup, Zjuv(p) = 1 and Yj(p) = 0. This amounts to setting u, = 0 for n > 3,
2z, = 0 for n > 1, and gy, = 0 for all n. However, there are two setbacks to this approach.
One has to numerically determine r.. On top of this, one has to compute the portion of
the RG flows from the UV to the fixed point for all IR flows.

One can avoid both of these computational expenses by instead using thermal pertur-
bations about the O(N) fixed point solution as the initial condition for the flows. The
fixed point potential naturally yields a value of r.; however, now all the higher order
Taylor coefficients will be generically non-zero. One still defines a thermal perturbation
of the fixed point solution by adding a term ¢ p to the fixed point potential, U.(p). Let
us denote this perturbed potential as dU, which is defined as 6U.(p) = U.(p) + tp. The
initial condition for the expansion point is determined by solving for p in the expression
SUL(p) + 2p U (p) = m%. Lastly, the initial conditions for all of the Taylor coefficients
are found by evaluating appropriate derivatives of the fixed point solutions U.(p), Zj .(p),
and Y, (p) (as given by their truncated Taylor series approximations) at the expansion
point as defined above.

Once the fixed point solutions are obtained, one can begin computing the critical data.

Let us begin with computing ¢ and B. as in Eq. (4.91). When computing at ¢ = 0 the
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Table 6.1: The regulator parameter as determined by minimal sensitivity analysis applied
to the gap critical exponent, aa, and the anomalous dimension, a,, at the Wilson-Fisher
fixed point as well as to the value of the magnetic field at YLE singularity, a,. The
numbers are quoted to the fourth digit.

(vt [ 2 [ 3 ] 4]
aa | 0.5108 | 05069 | 0.5026 | 0.5044

a, | 0.5044 | 0.5075 | 0.5064 | 0.4906
ap | 0.6299 | 0.5921 | 0.5724 | 0.5617

mass at the origin is in theory zero, so fixing the mass to positive values pushes one to
positive magnetization and magnetic field. In this regime, the magnetic field scales as m%
to some power of the critical exponents. (At ¢t = 0, the scaling of the correlation length
¢ o |H| ™ implies m% oc |[H|*/3. A simple rewriting yields the relation H o (m%)'%/y.)
Thus, to obtain § and B,, we simply take ¢ = 0 and vary m% within some sufficiently
small range. To the data, we fit corrections to scaling similar to Eq. (4.109) to increase

the precision of our predictions:
M =B.HY? (1 + by H*"* + by H***) (6.92)

where the additional correction b5 is fitted if there is sufficient precision. In practice, the
combination wr, is fitted as a single quantity.

Next, we move to the symmetric phase with H = 0 to compute v and Cy as in Eq.
(4.91). For ¢ > 0, the mass at the origin is positive and so one must tune m% to match
the renormalized mass at the origin in order to reproduce H = 0 in the IR. To do so, we
implement a root finding algorithm on the output of the flow to tune H — 0. This is a
large computational expense not present in the conventional Taylor expansion scheme
about the running minimum. In practice to minimize this cost, it is easier to compute to

some sufficiently small H and fit the relevant corrections to scaling
X =C5t77" (1+ agH*t % + a,t*”) (6.93)

where we fit the combinations f6 = A and wr as a single quantity. In the above, we
used that for ¢ > 0, the magnetization is an odd function of H. It follows then that the
non-zero H corrections to scaling for y with ¢ > 0 begins with H2. As an aside, note that

taking a derivative of Eq. (4.108) reproduces the relation v = 5(§ — 1).
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Table 6.2: The location of the YLE singularity, |(.| = |z.|/ RY" for a representative num-
ber of components N. The numbers in the parentheses (A;), (Areg) show the truncation
error and the error due to residual regulator dependence. The uncertainty quoted in the
text corresponds to the maximum of Ay and A,,. In all considered cases, Ay, is the
largest. For the three-dimensional Ising universality class N = 1, the result of the current
work is consistent with the previous study of Ref. [43].

'y [ 2 | 03 [ 4 | 5 |
| [¢] | 1.621(4)(1) | 1.612(9)(0) | 1.604(7)(0) | 1.597(3)(0) | 1.5925(2)(1) |

As a check on the consistency of the method, we checked that the corrections to

scaling reproduce the scaling relations A = 36 and o= B6 = %.

6.3.8 Location of Yang-Lee edge singularity

To locate the YLE singularity, we compute in the symmetric phase ¢ > 0 and at vanishing
renormalized mass of the radial excitations. Practically we use small but nonzero values
mpg = 04. As we are interested in extracting the universal location, we have to consider
rather small positive ¢ to minimize non-universal contributions. As described in Sect.
6.3.4, we perform the switch of the parametrization of the solution from p to ¢ at some
small but non-zero negative value of pj. We checked that our results are insensitive to the
variation of the value of p§.

Solving the flow numerically yields the determination of H. = U’(¢) in the infrared.
The result for (. is then given by

B\t
Ce = (C_;) —Hi/A : (6.94)
We obtained the results presented in Table 6.2 and illustrated in Fig. 6.6. The error
was computed as follows. First, to estimate the error due to the truncation of the field
dependence, Ay, we compare the results in the (5, 2, 1) and (5, 3, 2) truncation schemes
to the ones obtained for (6,3,2). We use the result of the highest truncation (6,3,2) for

central points and maximal of the absolute values of the two differences |(.|(63% — | |32

and |¢.|©632) — |¢.|®2Y for the error estimate due to truncation. Second, to evaluate the
uncertainty associated with the regulator dependence A,¢,, we perform calculations of
|¢.| at two values of a: an determined by the minimal sensitivity analysis applied to the

critical exponent A at the Wilson-Fisher fixed point (see Sect. 6.3.5) and a;, determined
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by the dependence of the magnetic field at the YLE singularity H.. The difference between
the corresponding values of |(.| determines A,¢,. The numerical values for the regulators
determined by both schemes are listed in Table 6.1. Both our errors are measures for the
convergence of our truncation within the next-to-leading order of the derivative expansion.
A meaningful estimate for the systematic error of the derivative expansion itself requires
us to go to next-to-next-to-leading order [159, 184].(Since the anomalous dimension is
always zero in the leading order derivative expansion, it is not a suitable truncation
to describe the YLE singularity and therefore also not suitable for a meaningful error
estimate.) While this is required for a precision calculation, this is beyond the scope of
the present work.

The next step is to perform the transformation from |(.| to |z.|. This step requires the
determination of I,. Our current set up does not allow us to compute this quantity as it
necessitates solving the FRG equation in the broken phase which cannot be done using
an expansion point defined by equation d;mg = 0 at finite k. Fortunately, high precision
calculations of R, were performed recently in Ref. [117] for N = 2,3,4 and 5. We will use
these results together with the value of R, computed for N =1 in Ref. [187]. Reference
[187] does not provide systematic uncertainty on the value of R,; we estimated it by
comparing to earlier calculations of R, in the LPA’ FRG of Ref. [134]. We list the results
in Table 6.3, where to find Ry” the value of v was taken from Ref. [184]. With this we
can perform the transformation to |z.|. The result is presented in Table 6.4. Within the
systematic uncertainty the values are consistent to our previous calculations in LPA’, see
Ref. [45].

Tables 6.2 and 6.4 constitute the main results of this study. Combining the input
from our FRG results with the semi-exact two-dimensional Ising model result of Ref. [19],
the epsilon expansion about d = 4 (see Sect. 5.3), and the behavior of O(N > 2) systems
near two dimensions (see Sect. 5.5), we perform a Pade approximation to capture the
dependence of the YLE singularity location, |z.|, on the number of spatial dimensions, d,
for N =1 —5, see Fig. 6.7. Qualitatively this result is similar to our earlier calculation of
Ref. [45].
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Table 6.3: The combination required to map (. to z.. Critical amplitude R, and critical
exponent vy are obtained from Ref. [134, 187] and precision calculations of Refs. [184,
117].

'~y 1 [ 2 | 3 [ 4 | 5 |
| RY7 | 1.497(22) | 1.26(5) | 1.140(34) | 1.058(21) | 0.974(26) |

Table 6.4: Location of the YLE singularity, z., at different N. The uncertainty is domi-
nated by the uncertainty in determination of R, .

N[ [ 2 |03 [ 4 [ 5 ]
| [zc] | 2.43(4) | 2.04(8) | 1.83(6) | 1.69(3) | 1.55(4) |

Uk Wb =

| zdl

2.0 2.5 3.0 3.5 4.0

Figure 6.7: Four-parameter Padé approximation for the dependence of the YLE location
on the number of spatial dimension, see text for details. The result for the location of the
YLE singularity in two-dimensional Ising model is taken from Ref. [19], see also Ref. [43]
for reparametrization to |z.|. We expect that, at d = 2, going to fractional values of N
would fill in the gap from N =1 to N = 2. The line corresponding to N = 1 reaches
maximum at some value of d in the range 1 < d < 2 and then drops to 1 at the lower
critical dimension d = 1.
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CHAPTER

7

CONCLUSIONS AND OUTLOOK

In the high temperature regime of the O(N) universality classes, we have seen the
emergence of this protocritical point [120], the Yang-Lee edge singularity (YLE), whose
origin is related to the scaling of the density of zeros, g(H,t). More specifically, above the
critical temperature a gap forms in the density of zeros resulting in a vanishing density,
g(H,t) = 0, within the gap, |H| < H.. About the edge of this gap, H,, the density of
zeros scales as g(H,t > 0) o (0 — 6.)7 where —1 < o < ;. The magnetization inherits
this structure as a branch point: M — M, < (H — H.)?. This in turn implies that the
susceptibility diverges as y oc (H — H.)~1'=°l  thus, the telltale sign of a critical point.
Albeit, it is a complex conjugate pair of critical points occurring at purely imaginary
values of the external field +i|H.|.

Within the critical region of the O(N) fixed points, one may re-express the branch
point of the magnetization corresponding to the YLE as a branch point of the universal
scaling function fg(z). The universal function fg(2) is given by the universal magnetic
equation of state M = h'/? fo(z). To define the scaling variable z, we use rescaled reduced
temperature £ and external field h, see Section 4.4.3: z = th™'/5%_In terms of fg(z), the
YLE appears as complex conjugate branch points z, and 2. As such, z. is the universal

location of the Yang-Lee edge singularity.
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Furthermore, the YLE is the nearest singularity to the origin. Thus, the YLE has
a powerful effect on the thermodynamics for ordinary real parameters. For example,
it controls the radius of convergence and also determines the functional form of large
order Taylor coefficients. This can be applied to the QCD phase diagram whereby from
a combination of universal and non-universal input allows one to infer the radius of
convergence of Taylor expansions about vanishing chemical potential and/or reconstruct
the equation of state, see [51, 177, 49, 176, 188, 189].

Being that the location of the YLE z. is such an important quantity, it is somewhat
surprising that its value for any 3D O(NN) universality class was never computed before.
We can understand why by analyzing the main tools used to study critical phenomenon
- the e-expansion and Monte Carlo simulations. For the e-expansion, we discussed in
Section 5.3 how the location of the YLE is non-perturbative beyond leading order in e.
Thus, this method is of little hope to characterize the value of z. is three dimensions. This
non-perturbative feature can be reasoned to occur due to the mismatch of the critical
dimensions of ¢* theories (d. = 4) and ¢* theories (d. = 6). As for approaching the
problem via Monte Carlo, the imaginary values of the magnetic field prohibit conventional
applications of the sampling algorithm due to the sign problem. However, there has been
work done in regards to studying the Lee-Yang zeros on the lattice, see e.g. [190, 191, 192,
193, 194, 195].

By using the functional renormalization group (FRG), we are not affected by either of
these obstacles. FRG is inherently non-perturbative and naturally extends to the complex
parameter plane. In our first study [45], we produced the first results of the YLE location
2. for three dimensional O(N) universality classes, see Section 6.2. These results were
obtained at low orders of the derivative expansion (LPA’) via an extrapolation scheme.
By expanding upon the approach of Ref. [43], we significantly improved upon these LPA’
results in Ref. [44]. The scheme captures the criticality of both the O(N) fixed point and
the YLE. We denoted this scheme for this thesis as the crossover flow. These O(N) results
were accompanied with an error analysis utilizing the principle of minimal sensitivity
alongside the truncation error due to the Taylor expansion. See Tables 6.2 and 6.4 and
Section 6.3 for discussions. Complemented by recent ideas and methods of Refs. [177,
49, 188, 196, 194, 197, 189, 198] our findings might help to establish the existence and
potentially the location of the QCD critical point.

Aside from our three dimensional results for z. (and (.), we have given an overview in
Chapter 5 of the results for various N and dimensions. The two dimensional results of

that Chapter, which were obtained from the literature, range from standard applications

118



of the e-expansion, large N techniques, analytic continuation in N, to conformal field
theory approaches. At a more basic level, it was shown in Chapter 2 that the van der
Waals equation rather amazingly captures all the qualitative features associated with the
Yang-Lee edge singularity and its universal aspects. This discussion can easily be adapted
to a textbook chapter on phase transitions.

Going further, there is a fascinating aspect of the branch point nature of the YLE which
we mentioned a few times in this thesis. The branch points imply a Riemann structure to
the equation of state where the different sheets correspond to different physical regions of
parameter space. The principle sheet can be identified with the high temperature region
which has two branch points at +i|H,|. By analytically continuing over these branch
cuts, one can access the low temperature region. Recall that at low temperature and
vanishing fields there are two solutions for the magnetization M = +#. There are then
at least two sheets for low temperature physics corresponding to the full analytic domain
of these solutions obtained by continuing H. At mean field, the universal equation of
state, h = M (t + M?), yields a cubic polynomial for M, and so there are three sheets.
However, beyond mean field other sheets appear due to the more complicated nature of
the equation of state, see e.g. [13].

A basic result of this thesis is illuminated by the above discussion - the equivalence
of the universality of the YLE with the universality of the spinodal point. (This feature
was essentially also observed in Ref. [13].) Being that this mapping can be seen as a
high-low temperature duality, it is interesting to wonder if there is anything deeper to
this equivalence.

From the discussion of the literature in Section 3.1, we can infer that this picture occurs
for anti-ferromagnetic spin systems as well as generalizations of the Ising model exhibiting
multicritical points. Generalizing this Riemann sheet picture to more complicated phase
structures offers a very rich playground. Let us elaborate on the discussion and literature
review of Section 3.1. For instance, due to the triple well nature of a tricritical point,
one can reason that for a certain parameter region there should be two Yang-Lee edge
singularities (most likely off the imaginary axis), see for instance [38]. In Suzuki’s extension
of the Lee-Yang theorem to these types of models [199], the theorem only holds under
certain conditions, beyond which a bifurcation in the density of zeros likely occurs. A
similar generalization is seen nicely in [101], a multicritical point of the YLE! There is
reason to believe this multicritical YLE point is an ig¢® theory, see [42, 100, 200]. It is a
fundamental question to ask how the features of multicriticality are understood via the

Lee-Yang theory and behaviors of the density of zeros.
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Another basic question to ask is how the addition of fermions changes things. One can
reason that since the edge singularity of these systems should occur at some finite external
field value (though probably complex), the fermions will be massive and thus decouple
from the physics about the critical point. This reasoning leads one to believe that the
edge singularity for systems with fermions is still the Yang-Lee edge singularity. This
idea is also supported by the large N result for the Gross-Neveu-Yakawa model computed
in Ref. [20]. It is reasonable to then suppose that the YLE is a sort of superuniversal
protocritical point characterizing all bi-critical points.

In summary, the study of critical phenomenon in the complex plane provides many
powerful and fascinating results from basic yet abstract properties of the zeros of the
partition function to applications in determining the features of the QCD phase diagram.
As we have described the location of the Yang-Lee edge singularity as an important
universal quantity, we expect to see studies which obtain the locations at levels of
precision eventually comparable to the precision enjoyed by the critical exponents and
amplitude ratios. Even further off, since the ideas described in this thesis are conceptually
basic yet powerful, it is exciting to wonder when these results may show up in a textbook

chapter on phase transitions.
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APPENDIX

A

THE ONE DIMENSIONAL ISING MODEL

We can characterize the one dimensionsional classical Ising model by placing NV classical
spins s; on a periodic lattice which take values of +1. While it is possible to study this
theory with very general interactions between the spins, we will take the simplest approach
of using the nearest neighbor interaction. We furthermore place the system in an external
magnetic field oriented along the direction corresponding to s; = +1. The Hamiltonian

for this system of N spins is written as

N-1 N-1
HN[{Sl}] = —J S; Si+1 — Z HSZ', (Al)
=0 =0
N-1 H
= — JSZ' Si+1 + 5( S; + Si+1) . (A2>
1=0
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where we made explicit that the Hamiltonian is a function of the configuration of spins

{s;}. The partition follows as

2 = T
{si}
N-1

_ Z Z 1—_[ 65<J8i8i+1+ %(8i+8i+1)) .

so==%1 sny—1=x1 i=0

The trick we use to solve the above is by introducing the transfer matrix:

1
TSi’sj J— 66 (JSZ Sj+§H (si—Q—Sj)) .

See Ref. [54]. With this notation, let’s look to Z;:

2
Zl — Zeﬁ(Js —l—Hs)7
s==1
= eBJ(eBH—i-e_ﬂH),

= 2¢°7coshBH.

After some algebra, for N = 2 one would find

ZQ - Z Z Z 553,81 TS1,S2TS2783'

s3==%1s9==41s1==%1

This is likely enough to see the trend:

Zy = T, T T T 5

52,83 """ T SN—-1,SN T SN,SN+1
Alternatively, we can realize T as a matrix which gives
Zy = TrTv

where

T =
e Pl efIBH

BIHBH =BT ]
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(A.5)

(A.9)

(A.10)

(A.11)

(A.12)



The matrix above is obtained by evaluating T, ;. with s; ; = +1. From a simple fact of

iS5

operators
Zy = Eigen (TV) , (A.13)
= EBigen (T)V, (A.14)
= M+ V. (A.15)

The characteristic equation for the given eigenvalue problem is

det (I'— A1) = (P77 PH_X) (P THPH —X) —e 2P/ (A.16)
= )\z—eﬁj)\(e*BH—l—eﬁH)—1—626‘]—6725‘], (A.17)
= X —2)xe?7 coshf H +2sinh 3 J . (A.18)

Further algebra yields the following solutions for the eigenvalues:

A = €’ coshpH+ \/leBJcosh?ﬁH — 2sinh 25 J. (A.19)

We note that the system in the thermodynamic limit N — oo, one can recognize that the

larger of the two eigenvalues will dominate, A,.

Z = lim Zy, (A.20)
N—oo
= M+ Y, (A.21)
A\
= A (1+ (—) ) : (A.22)
N
~ AL (A.23)
From here we have the free energy, F = —BLNIH zZ
1
F = —Bln)ur, (A.24)
1 8J 2 .
= —Bln e’ cosh B H + \/626JCOSh BH—2sinh23J ) . (A.25)
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and the spontaneous magnetization from M = —j g—g,
BJ i
o e’ sinh(p H) ‘ (A.26)

V€277 cosh®(8 H) — 2sinh(2 J)
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APPENDIX

B

LPA’” FLOWS AT FINITE TEMPERATURE

B.1 Scalar Theory

For LPA’, we work with a truncation of the form

ol = [ {ouo) + 30002} (B.1)
where the wave function renormalization 7, is allowed to run. From the above ansatz we
have

r206, 0.0, = {azggﬁp ) 4 2, qz} (27)46%(q + p), (B.2)
= {Ulﬁ(p) + 20U} (p) + Zi q2} (2m)*6%(q + p)- (B.3)
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To project the flow onto the effective potential, simply note that T'[¢] } $muni = V Ur(p).

Evaluating Eq. (6.1) on a uniform field then gives

9 Uk(p)

11 [ di 9L (q) iedl
Vé/ (2m)d Ui(p) +2pU] (p) + Ziq* + Ri(q) (2m)%0% (¢ — q), (B.4)
L[ d 9 Ri(q)

2 / (2m)d Ul (p) + 2pU}(p) + Zrq® + Ri(q)’ (B.5)

where we have used that (27)%6%(0) = V. We can take this further by using the Litum
regulator Ry(q) = Zp (k* — ¢*)O(k? — ¢*). Applying d; to Ry and using 0,72y = —ny, Zy,

O (Zk (K = ¢*)O(K* — ¢%))

(= (K — ¢*) +2k*) Z:0(K2 — ¢*),  (B.6)
= (ma’ + 2 —m)k*) ZO(K* — o) (B.7)

where we dropped a term ~ z §(x).

d _ 2 2 2 2_ 42
iy - [ S OO
2 ) (2m) Ui(p) + 20U (p) + Zik?
_ 12841 /k gt e+ 2=k (B.9)
2 2m) Jy Ui (p) + 200U (p) + Zk?” |
kd+25d71 Nk Zk
B , B.1
KWilp) = T ( d+ 2) Ur(p) +2pUy (p) + Zik? B

In the above, Sy is the volume of the d — 1 dimension hyper-sphere. To include finite

temperature, imagine that we left out the sum over the discrete time-like momentum

po = 2mnT’, the Matsubara frequencies.

O:Uk(p)

k(;:;ic)ldl ( N dTZ) Tnioo Zypt + Ul (p) +lecp(]g(p) Y72 (B.11)
kjizi;ldl ( dT 2) Tnz_:oo (27mT;2 + E2’ (B.12)
k:lzic)ld_l (1 o 2) Q}Ek COth(f_;) ’ (B.13)
k:l;i)ld (1 - 2) i (% + eﬁE;_l) > (B.14)
k:(r;igld—l (1 - dzlj 2) 21Ek (1 + 2np (Ek> ) (B.15)
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where the Bose-Einstein distribution,ng has emerged,

np(x) = eﬂxl_ | (B.16)

and we introduced the renormalized energy EZ(p) = Z, ' (U (p) + 2pUl (p)) + k2.

B.2 O(N) models

For LPA’, we work with a truncation of the form

ol = [ {vuto) + 320000 (B.17)

where ¢ is an N component field and the wave function renormalization Zj is allowed
to run. Much of the results of the previous section carry through here. From the above

ansatz we have
IRAERY — {U;Q(p) + 0i02pUy (p) + Zi q2} 5;; (2m)%6%(q + p). (B.18)

The flow for the effective potential is found to be

1 dq 0i Rk (q)
OUi(p) = 5 / (2m)¢ {U,;(p) + 2pU]'(p) + Zrq> + Ri(q)

atRk(Q>
N =) e R } (B.19)

Using the Litum regulator Ri(q) = Z (k* — ¢*)O(k?* — ¢*), we have a similar result from

the last section:

k2544 Mk Zy, Z,
= 1— N—-1)————— ; (B2
atUk(p> d(27r)d ( d + 2) miyk T Zk.k’z + ( ) m?ﬂk + Zk:kg ( O)
Adding back in the Matsubara sums,
k25,4 Mk 1 .
U = ——(1— = 142 E,
,Uk(p) d(2m)d ( d+ 2) 2E, +(p) ( np < 7k> )

+ (N -1) 21:?1 (1 + 2np (Eﬂk> ) } , (B.21)

7,k
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where again Bose-Einstein distribution,ng is defined as

np(x) = eﬂxl_ | (B.22)

and we introduced the renormalized energies E?, = Z, 'm?, + k2.

B.3 Expression for anomalous dimension

In what follows, we identify the running anomalous dimensions from the flow of the

transverse wavefunction renormalization:

1 02 9%0,T
Zpy = lim=— Lok : (B.23)
p—020p? | Omi(p) Omi(—p)
— it (atP@“) . (B.24)
p—0 2 Op? b
Define the anomalous dimension as 0,7, = —n; Z;. In what follows, we will use

J

0, = [ d10,Ry(I? . B.25
= [ o) (B.25)
Given the diagrammatic expression
q
D —p P NP
1 — ~ > < R -«
atF’(CQLL(p) = §/ddq 3t 77777777777777 — === m****
N
q
q
N p+q
pLoJTP P TINTP
+ TS - U (B.26)
N
q

and the observation that at LPA and LPA’, we have 8pF,(€3) = apF,(f) = 0, things drastically

simplify. At these orders the only momentum dependence lies in the propagators and
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then the only contribution to the wavefunction renormalization’s flow is due to loops with

external momenta flowing through the loops. In other words,

1= 0
GtZk = Il;ll}(l)iat/a_}ﬂ( 2G Fﬂ.o.ﬂ.G Fwwo) y (B27>
1 5
_ - (3) : ) 2
- —law,) &Laqg(@aﬂpwyo. (5.25)

Following through with the properties we have derived

)
0.2, = —(T¥)% im0, — /G”<Go—<q2)+(P2+2p~Q)G;(q2)+2(p-q)20"(‘12))’
p—0 8p
2
_ ! 2~
= (Fm);g%atap (/GG+p/GG d qu>, (B.29)

= —(TB) )29, </G G+ /q G G”) (B.30)
q d q

= —Z(oU}!)? 4cgk™ 0, (/ i G (y) Gl (y) +§/ngn(y)Gf§(y)> (B.31)

using [ (;l?fd = 4c¢y4. In the above we moved to a dimensionless variable y = Z—z and defined

Git) = (vl v +m2) (B.32)

where Ry, = Z, k*yr(y) for general regulators. Performing integration by parts on the G

term gives (the boundary term vanishes)

_ ~ d d 2 d
02y, = —dcgls ﬁ(U,’g/)Qat(/y2lGﬂG; — /y21GﬂG; — a/y2G;G;) (B.33)
Yy Yy Yy
8cq I N\2 A a ~r
= 7Zk (Uk:p) at yzGﬂGa‘ (B34)
Yy
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We can obtain a more explicit expression given the following relations:

Gity) = (w14 r() +m2) (B.35)

Gily) = —Gi(y) (1 +r yr’) , (B.36)

0,G(y) = —G*(y) x —(mer +2yr")y, (B.37)
0,G"(y) = ny(mr + 2y )G (y), (B.38)

0,(r') = (9yr) = —(nr +2yr")', (B.39)

(L +r+uyr) = —(mer +y(d+n)r +20%"). (B.40)

Using the above expressions,

oz 8 _ .
W %ﬁ(U;g(ﬁ))Q /yQGiGi(l trayr) ((G” + Go) (1 + 7+ yr')2y(ner + 2yr’)
Y

Z

— 20 4 (e +4)yr’ + 2y2r”)) : (B.41)
= SO [vERGA ) (G G + 207
= (wr + (e + 4y’ + 2y2r")) : (B.42)

n = O [ GG+ ) (G o)1 oyt + 200
—(ner + (i + 4)yr’ + 2y2r”)) , (B.43)
= 02 mis (B.44

where
myy = — /ngiGZ(l +r+yr') <(Gw + Go)(L+ 7+ yr)y(mer + 2yr)
y

—(ner + (e + Dyr' + 2y2r”)) . (B.45)
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Using the optimized theta regulator r(y) = (i —1)O(1 — y), we have

o, 1
Rl S— : . B.46
T d 7 (Ui (7)) (1+Ui(p)” 1+ UL(p)+2pUL (D)) B

(B.47)

(1+m2)> (1 +m2)*

To obtain the result for finite temperature, we again add in by hand the Matsubara sum

and po frequency to the masses (po since we are dimensionless):

no= S T Y 1 (B.18)

1+ 52+m2)? (1+ 52 +m2)?

n=—0oo
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APPENDIX

C

DERIVATION OF O (9%) FLOWS

C.1 Vertex Functions in Momentum Space

Starting from the O(9?) expansion of the effective action,

Mol = [ {Uhlo) + 501007 + {1i(p) @0,
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we can begin deriving the expressions for the vertex functions needed to evaluate the

diagrammatic expressions:

M6 = 6:UL0) — 50:Z40) (06) — Zu()0%6,

—%@ Yi(p) (8p)* — 1Yk(p) " i0up — lYk(p)qﬁi@Qp, (C.2)

2 2
1 1
niil®l = 05UL(p) + 0t Uy (p) — 55@'21@(/)) (00) — §¢i¢jzzg(ﬂ) (09)*
SO P),0"5(x — ) — Zy(p)P5(x
1 1 1
—Z@jYé(p)(ap)Q - Z@%YIQ'(P)@P)Q = 7 9i¢i0up0"0(z — ')

1 ! 1 / 1 /
SOV (p00 6,00 — SYA(P)08(w — )0up — S0, Vi(p)00:0,0(w — &)

SO Yi0)0 — SO0V (0)0p — S Yil)6i6, 00w — ), (C3)
0200000l = (Uhl0) + 2000022 ) 200+ ), (C.4)

T2 0P sy = <U;2(p) +2p U} (p) + (Zk(p) + pYi(p)) p* ) (2m)*0%(qg+p). (C.5)

We can drop the delta functions and write the reduced vertex functions. Below we also
introduce Z |, = Zy and Zy, = Z, ; + pYi(p):

', (p) éUzwnmw)p& (C.6)
sz?\(p) = Ui (o) + Zip*. (C.7)
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For the three and four point functions, we first define

F’E‘?]Z;(q:LJ q2, Q3) =1 ----- w// /Q3 9 (C8>

Fz(';ll)cl<q17 42,43, q4) = | --o--_-__ e o e . (Cg)

With the above convention, the general three-point function for a uniform field is found

to be

03U,
Fsgjk((h,(h,%) = {m
iUPj

—Z(p) (0i0kq2 - @3 + G0kiqh - g3 + K011 - G2)

1
—3 L(p)pihitn (1 G+ q1 - g3 + Q2+ @3)

—%Yk(P) (q1 - g2 (0i0jk + 0ik) + @2 - g3 (041 + ki)

+aq1 - q3 (i1 + i) }(QW)d5(Q1 +q+4q3). (C.10)

For the reduced three-point function and taking g3 = —(q1 + ¢2),

U,
i0Q;j

+Z1(p) (901 (1 - @2 + @) + 050u (67 + @1 - 42) — Drbijaqn - @2)

1
+5Yi(0)didion (4 + @2 + 01 - o)

1

+§Yk(P) (0664t + 0j0kiq3 + 8"6i; (41 + 65 + 2¢1 - @2)) } (C.11)

The expressions for the four point function are much more cumbersome. We will split

the contributions from Uy, Z;, and Y. The U, is somewhat trivial. For Z; on a uniform
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field, we obtain

T ~ —%{2 (5uZ4(p) + xnZ(p)) dijan - o
(Jle( )"‘ijﬁblzk( )) ikq1 -
+2 (66 Z5(p) + 050k 21 (P)) dirgr -
+2(0uZ;(p) + b0 Z (p)) 6
+2 (0 Z1,(p) + G100 Zi (p)) 602 -

ikq2

+2 (05521 (p) + 019521 (p)) O1ags - Q4} : (C.12)

The contribution from Y} on a uniform field yields

4 1
Fz(jl)cl ~ _§{Yk{,(p)¢i¢j¢k¢l (G@+q G+q - -qu+aq g+q g+ q)

+
=

P)0ikbi (1 Q2+ q1-qs+q2- g+ qs - qa)

_I_
=

(p)
(P)oirdj (g1 Ga+q1-qa+ G2 g3+ G2+ qu)
(P)0ij0m (q1-q3+q1-qa+ G2 3+ G2~ Qu)
+Y5 (p) (0ijPrtr + i1 + 0udjdr + Ojudihy + 0j10ik + S didy)
X @ta - a+a- -Gt g+ gtaa-q)
— Y (p) (a1 @0i0r01 + @1 - 430D D1 + Q1 - Qa0 Py,

_l’_
=

@2 @300 + G2 - QO didk + 3+ qadri i) } : (C.13)
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All together for the four-point function on a uniform field, we obtain

@ * U,

TR 090600100,

—{ (0121, (p) + G Zy (p)) Oijan - o
Jle( )+¢j¢lzk( )) ikq1 -
5Jerk( )+ ¢J¢ka (p)) i -

(
(
(0aZi(p) + din Z; (p)) O
(OiZi(p) + di9:Z; (p)

jkq2

+
+
+
+ ) Gj1q2 -

+ (6,23, (p) + 050 2}, (p)) Orags - Q4}

1
—§{Yk"(p)¢z¢j¢k¢z G+ @ - GB+q -u+q -+ -autag-qu)

)0k (q1- @2+ q1-q3 + G2 - @1 + q3 - qa)
P)0irdji (q1 -2+ q1 -+ q2- g3+ q2 - qa)
)00k (@1 g3+ @1 qa + G2 g3 + 42 - Q)
+Y,(p) (0:1;0r 1 + Oir b1 + 0udjdr + Ojupicdr + 050idr + O ;)
X(@ @+ @+q-qut+ag g+a: gt q)
— Y (p) (q1 - @20i0k01 + q1 - 430D D1 + Q1+ Q10

Q2 - @30;k0i01 + G2 - Q1610iPk + @3 - QK DiD;) }}(QW)d5(Q1 + g+ qs+qq).

(C.14)
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In summary, evaluating the vertices on uniform fields ¢; = ¢d;1:

F(fl”(p,q)=(p+q)2%<bYk(¢)—p-qu,k(qzﬁ) (¢Uk(¢) ¢2Uk(¢)>, (C.15)

) (p.q) —Z, (&) (0 0+ &) + S oVild)p? + ( SUk©) - ¢2Uk(¢)), (C.16)

2
TP (p,q) =0 +¢* +p-9) Z) 1(0) + U (9), (C.17)
I (0 —p.a) =(0° + ) Z{ 1(6) + U (9) (C.18)

(Zik(qﬁ) + %¢2 Y,;(gb)) n (1

T (0. —p. @) =¢* Z 1(6) + >~ U,;(qs)) . (C.19)

) )
D55, —p, @) =(p + ) ((N - )2 Z00)+ Yk<¢>) +i2 [}bv'(as)] (C.20)

where in the last line k£ # 1 and we summed over the index ¢ # 1. Lastly, the propagators

are given by

G = (%lew 20 +Rk) , (C.21)
Gi(¢) = (UL(®) + Zyu(e) i+ Re) . (C.22)

C.2 Flow of Z, ;
The flow of Z, j is given as
0
OZ1 =0 lim = 5,2 /{GL( AT (0 —p @, —q) + Gy T (9, =P, 0, —q)
26T, (g~ (@+1) G ((a+p)°) T (~pp+4q —q)} (C.23)
LL[ A 1L g J

where k,i # 1 and we sum over i.
The first two terms are the simplest since the momentum derivative only hits the

four-point functions. The result is
aitim -2 [ {a (@ T, —p.q,—a) + Gy @) T, —prq, -
; lim —— )T (P, =g, =) + G(a) T (p, —p. g, —4)
q

~ 5, /q {GL ((N ~1) glbz;,k(gz)) + Yk) ewi k(@} . (C.24)
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For the last term, we use some symmetries of the full three-point function to write

F(f\)u (=p,(p+4q),—q) = F(f’lu (=p,—¢,p+4q) , (C.25)
= Ff)u\ (p,g,—(p+4q)) - (C.26)

This allows us to rewrite the last term to have a factor of the form

Gy ((q —|—p)2) <F(E))LH(Z77 Q))2 . (C-Q7>

Using

G(lg+p)?) = G@)+ @ +2p-9)G () +20p-0)°G"(¢*) +OK*), (C.28)

F(fiu(p,Q) = T+ Z(p)o(p* +p - q) (C.29)

) = GULe) + Vi) 30
we can write
G- ((a+p) (T q>)2 =’ <2G¢Z;2(p)¢F83) + G (rﬁ;”f)
(a-p)° (2&212(@%2 +4G Zi(p)o T + 26, (rg?»)?)
+0 (q-p, p(q-p), p") - (C.31)

In the above, we can ignore terms odd in ¢ as they will vanish under the integral. Using

the further relation

oz i) = 5 [ e, (©32)

q

we can simplify the expression to

G, ((a+9)) (rﬂ o q)>2 _p (QGLZ;;(p)ng((]:”) +Gl (Pg3>>2)

p2q2 2,92 (3) (3) 2
PL (62000 + 46, 2ot +261 (18))
+0(q-p. p*(a-p), p') - (C.33)
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All together we then have

8 2 , , 2
},E%%/GIIGL ((a+p)?) (F(fl”(p,q)) :/qG||{2GLZk(p>¢F((]3)+GJ_ (Fé?’))

2

2
< (Glz,xp)%? +46" Z(por + 267 (1)) ) }
(C.34)

and the total flow is given by
3 1 / 1"
VAR / {GL ((N —1) g—bZL,k(Cb) + Yk) + G2 (9)
1 1 2
- 26 {%ﬂz,;(p)as (6vi0) + 33it0pen?) + G (60210) + Si(olon?)

2
T (62244070 + 46,2400 (00L10) + Jritolon?)

+2G" (¢>U1’!(p) + %Yk(p)qﬁqQ) ) }}

C.3 Flow of ZHJC

(C.35)

The flow of Z) . is given as

)
02y =0, 5 /{G||(q2)F|(|4)(p, —p,¢,—q) + (N = )G (") T\ (p, =P, 0, —0)

~ G T (0.0, — (a+p) Gy ((a+p)°) T (=p,p + ¢, —q)

— (N=1GLAT, (0.~ (a+9) Go ((a+0)) T (-p.p+a.-a)}
(C.36)

Again, the tadpole contributions are the simplest, giving

hmai/{G(qQ)Ffﬁ)(p, —p,0,—q) + (N = )G (") T (p,—p, 4, _q>}

p—0 p

Z/{G(qQ) (Z) 1(p) +20Z[ () + (N = 1)G L(¢*) (Z1(p) + 20Y{(p)) } :
(C.37)
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Now for the third term. Let us use another place holder I'y and I'y

I () =Co+T1 (P +pq) (C.38)
Lo =+/2p BUL (p) + 20Ut (p)) + /20 (Z4(p) + pY’ (p) +Yi(p)g®,  (C.39)
=20 (3U{(p) + 20U (p)) + \/20Z| 1(p)a (C.40)

Ty =v/2p(Zi(p) + pYi(p) + Yilp)) | (C.41)
_\/_ZHk p). (C.42)

Again, using symmetries of the three-point function, we can write and expand the factor

) (Poa) = (s cm)

22 (G (I))” + 4G To Ty + 267 (T)°)
+0(q-p, p*(q¢-p), p") , (C.43)

or so

hmi/G|(q2)G (g +p)*) (Fl(lg)(p’ q>>2

p—0 Op?

-/ G||{4PG|| ((BUL(P) +20U'(p)) Z11(0) + 2 u)*0")
+ 206 ((3U1(p) + 20U} ()" +2 (38U} (0) + 20U7'(0)) Z{ 4(p) a* + Zf(p)a*)

+ % (20G) Zi2%(p) + 8pG Z] 1 (p) ((BUK () + 20U (p)) + Zj 1(p)a?))
+ L0 (BUL(0) + 2007/ (9))? + 2(801(0) + 20U () Zhul0) ¢+ Zf(0) ') } .
(C.44)

Now for the fourth term, we do the same as for the third term. Let us use the place
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holders 7, 71,1, and 7 ,:

3
Iy ﬁu(p, q) =0 +MpP”° + V140D
VL) + VL
g =V 20Z;(p)

» =5 VIVil)

We then have the expression for the fourth term

2
G.((¢+p)°) <FﬁL( P, q)) =p* (G127, + G'17%)
+Z% (Gl7iq + 4G/J_'70'71,q + QG’J/_’V(%)
+0O (q-p, P*(¢-p), p*) .

or so

nm—/qu(qQ)GL ((g+p)°) <F\(\3ﬁﬂ M))Q

GJ_{QPGJ_ (UL (p) + Zi(p)a®) Yilp) + 20G" (UL (p) + Zi(p)a®)"

I
&le Q\
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(C.49)

(2/)GLZ;’3(0) +8pG" Z,(p) (Ui (p) + Z1.(p)q?) + 4pG'L (UF (p) + Z;i;(p)q2)2> } :

(C.50)



All together then, the flow of Z| is given by

02k = O, / {G(qz) (Z)1(p) + 2021, (p)) + (N = 1)G 1(¢°) (Z},(p) + 2pY(p))
- Gi{ 406G (BUL(6) + 2007 0) Z14(0) + 245 P)
+2pG| ((3U;2'(p) + 2007 (p))* + 2 (3T (p) + 20U1 (p)) Zi 1 (p) 4* + Zﬁ(ﬂ)q“)
+ % (20G)1 ZiE(p) + 8pG Z] 1 (p) ((BUE () + 20U () + Z| 1(p)?))
+ %24/)@’ ((3U/!(p) + 2001 (p))" + 2 (38U (p) + 20U (p)) Z{ 1(p) 4 + Z {24 (p) q4) }
— (N - 1)GL{2pGL (UL (p) + Zi(p)a®) Yelp) + 290G, (UF(p) + Z(p)?)®
+ % (2/)&2122(/)) +80G" Z1(p) (Ui (p) + Z1(p)g?) + 4pG' (U (p) + Z:Q(p)(f)z) }}

(C.51)
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APPENDIX

D

ON THE NON-PERTURBATIVE NATURE
OF THE e-EXPANSION

For the sake of simplicity, in this section we consider a special case of N = 1. Our
conclusions trivially extend to an arbitrary V.
Consider the Widom equation of state (see e.g. Ref. [437]):

flx)=1+z

+ ée (—xln (%) 4 (x4 3)In(z+3) 3111(3))

1
+ @62 (9(z + 9)In*(z + 3) + 50(z + 3) In(z + 3) +...)
In?(x + 3)(675 + 246z + 2522)
5 D.1
e ( 1944(z + 3) N ) (D-1)

where in the two and three loop contributions we explicitly displayed only a few principal
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terms. We also need the derivative

fl(z) =1+ ée (m (Zl(x——i—S)) n 1) L (4(17x+78) In(z + 3) +>

27 648 x+3
5 ((25z(x + 6) + 63) In*(x + 3)

R D.2
‘ ( 1944(z + 3)? * (D-2)

For the location of the singularity at one-loop order we then have

3 27
Bof(xe) — xef'(xe) = x;— + % ((az‘ +9)log(x +3) —z <2 + log Z) — 910g3> =0

(D.3)
with the approximate solution x, = —3+¢ (ln % + .. ) where the ellipses include a constant

term, nested logarithms and their ratios.

Evaluating f'(z) at . = -3+ eln% reveals the problem. In Eq. (D.2) let us separately
consider the two loop
e _ €log (log (7))

= ~6loale) +... (D.4)

1 o (0754 T8)In(r +3)
648 r+3

z——3+€ln i

and the three-loop terms

€ elog (log (%))
——E—W+... (D.5)

5 ((252(x + 6) + 63) In*(x + 3)
( 1944(z + 3)2 T )

r——34€ln %

We see that despite the loop counting, both contributions are of order e (that is the same
as the one loop term)! Higher order loop terms also contaminate €' order and similar
terms involving nested logarithms. This necessitates all loop order resummation and thus
brings us to the main conclusion of this appendix that the corrections to the location
of YLE singularity are not perturbative in €. Note that this does not prevent us from
extracting the leading order correction to z.. This correction is of order of €; higher order

contributions suffer from the non-perturbative contribution.
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