Abstract

MISHCHENKO, YURIY. Applications of Canonical Transformations and Nontrivial
Vacuum Solutions to flavor mixing and critical phenomena in Quantum Field Theory.
(Under the direction of Chueng-Ryong Ji.)

In this dissertation we consider two recent applications of Bogoliubov Transforma-
tion to the phenomenology of quantum mixing and the theory of critical phenomena.
In recent years quantum mixing got in the focus of the searches for New Physics due
to its unparalleled sensitivity to SM parameters and indications of neutrino mixing. It
was recently suggested that Bogoliubov Transformation may be important in proper
definition of the flavor states that otherwise results in problems in perturbative treat-
ment. As first part of this dissertation we investigate this conjecture and develop a
complete formulation of such a mixing field theory involving introduction of general
formalism, analysis of space-time conversion and phenomenological implications.

As second part of this dissertation we focus our attention on Oscillator Repre-
sentation Method relevant to the study of degrees-of-freedom rearrangement during
phase transitions in which vacuum condensation and mass change are analyzed using
Bogoliubov Transformation. Given parallels with the duality between quarks and
hadrons as well as constituent and current quarks, this method presents attractive
and interesting idea. We review this method and consider its applications to nonlinear
sigma model and other models. We also discuss possible schemes for its improvement.

We further introduce a novel approach in QFT - method of Symmetric Decom-
position Problem. Here, we attempt to substitute variational problem in terms of
complicated Fock space with a constrained minimization problem in terms of expec-
tation values of only the relevant operators. Application of this principle to quadratic
operators and the exact constraints on their expectation values are discussed along

with an example of study of the ground state in a variant of nonlinear sigma model.
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Preface

This thesis deals with recent applications of Bogoliubov Transformation to the field-
theoretic formulation of flavor mixing and to the study of critical behavior of field
theories within Oscillator Representation Method. The dissertation contains a brief
review of Canonical Transformations, with a special emphasis on quantum linear
Canonical Transformation (or Bogoliubov Transformation), as they appear in Classi-
cal and Quantum Physics and their applications in superfluidity and low-energy QCD.
The field theory of flavor oscillations is formulated with Bogoliubov Transformation
and the Oscillator Representation Method in QFT is fully introduced and illustrated.
Original contributions are presented. A novel variational approach in QFT, method
of Symmetric Decomposition Problem, originally motivated by the Oscillator Repre-
sentation Method is also fully introduced and illustrated via explicit application to

the analysis of the ground state in a variant of nonlinear sigma model.
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Introduction

With continuing progress in both understanding the low-energy QCD properties such
as duality relations, sum-rules, etc and unraveling experimental investigation of the
parton distribution functions, hadron structures and nuclear matter properties, non-
perturbative aspects of Quantum Field Theory (QFT) gain an increasing importance
in the particle physics. While perturbative approach not only provided the founda-
tion for our understanding of the elementary particles and quantum processes but also
served well in solving the puzzles of electromagnetic and weak interactions, these days
physics phenomenology puts forward new demands to theoretical methods in order
to understand the low-energy and high-density behavior of QCD, critical phenomena
and phase transitions in condensed matter physics and even cosmology. A number
of successful approaches to deal with these applications have been developed in the
past, most general stemming from Feynman Path Integration formalism which lately
evolved into an extensive field of lattice QCD. Numerous accomplishments in lattice
QCD have been already scored. Examples are the calculation of quark-quark poten-
tial in quenched lattice QCD, the observation of string formation and breakdown in
unquenched formulation, calculation of strong coupling constant and the quark-gluon
deconfinement at high temperatures/densities known as Quark Gluon Plasma (QGP).
Due to the ab initio nature of lattice calculations, this approach is deemed to be most
promising for the fundamental inquiries in nonperturbative QCD.

Despite a number of successes, lattice QCD is essentially an experimental approach

due to its nature and lacks important physical insight. Even though the results in



lattice QCD are not obtained by direct experimentation, still it requires to an ex-
tensive numerical simulations of certain experimental configurations. Lattice also
requires unparalleled amount of computational resources in order to achieve accept-
able reliability in the results. Nonetheless, with a proper use of lattice in field theory
a substantial theoretical advance can be made by obtaining and combining pivotal
numerical results, e.g. the QCD equation of state, the quark-quark potential and
the parton distribution functions, with more general phenomenological approaches.
Indeed, this can be seen as one of the most promising directions in understanding the
features of strongly interacting QCD.

Yet, due to the lack of clear physical intuition as well as serious numerical demands
and severe limitations in choosing possible problems, which are inherent to current
state of lattice calculations, the simpler analytical approaches capable of dealing with
nonperturbative issues in QFT are of great interest and importance. One of the ma-
jor hints for this direction is offered by the Nature in the phenomenon of duality. In
general sense, duality reveals itself in QCD as the presence of distinct regimes where
properties of QCD can be viewed as originated from different, yet related, fundamen-
tal particles or fundamental degrees of freedom. Particle scattering, hadron resonance
spectra, etc can be remarkably well understood in terms of massive constituent quarks
at low energies and in terms of practically massless current quarks at high energies.
One can see from this duality a quantum manifestation of the feature which has long
been known in Classical Mechanics - namely the possibility to describe a physical sys-
tem in different generalized coordinates and the existence of great simplifications with
the appropriate choice of the latter. Dramatic transformation from the fundamental
properties in physical theories to the observable features, characteristic to quantum
physics, leads to our perception of such ”optimal” coordinates as the "real” particles.

The importance of the proper choice of the degrees of freedom can be hardly
underestimated in physics. Taking the form of Canonical Transformations and gen-
eralized coordinates formalism in Classical Mechanics, the transformations of degrees

of freedom had been taken to a qualitatively different level in Quantum Physics and



are responsible for such dramatic phenomena as phase-transitions, superconductivity
and quark-hadron duality. Representations of physical theory in terms of different
generalized coordinates in Classical Mechanics was emphasized and elaborated in the
theory of Canonical Transformations (CT) using Hamiltonian dynamics and Jacobi
Equation. Canonical Transformations play a central role in Classical Mechanics both
by providing a powerful tool for solving dynamics and by setting up a conceptual
framework to establish bridges between various physical models.

Unfortunately, the general theory of CT fails in Quantum Mechanics due to the
operator nature of the generalized coordinates that leads to the ordering ambigui-
ties in generating functions. Although some conjectures existed that identified CT
in Quantum Mechanics with unitary transformations and even some classes of non-
unitary transformations, the true relevance of CT in Quantum Physics is yet to be
established. Out of a large body of C'T known in Classical Mechanics, the only trans-
formation that survived the quantum transition is what is known today as Bogoliubov
Transformation (BT). This is regretful because the phenomenon of duality is likely
the most unambiguous hint for the importance of the degrees of freedom change and
transformation in Quantum Physics.

BT is a linear CT usually formulated in terms of creation and annihilation op-
erators. It introduces quasi-particle objects, described as coherent superposition of
the original particles and holes (absence of particle). It was originally suggested by
Russian physicist N. Bogoliubov as a base for microscopic theory of superfluidity. In
superfluidity, BT helps to obtain a concise answer to otherwise intractable problem
and yields its full solution, e.g. energy spectrum and vacuum state structure. In the
recent time BT found growing applications in many areas of field theory. Among
these, perhaps one of the most prominent areas may be the QCD. Appearing under
the name of BCS or RPA, modifications of BT had long been used to obtain answers
about the structure of QCD vacuum, in particular, its superconducting and conden-
sation properties. In the recent years, applications of BT had been extended to new

areas including QFT of the critical phenomena and the vacuum structure in quantum



mixing of flavors.

As was shown in the literature, serious difficulties exist with definition of the
flavor states in field theory of flavor mixing. This provided a serious blow to the
usual wave-packet treatment in Field Theory and Quantum Mechanics. Recently it
was suggested by some authors that a version of BT can be used to diagonalize the
mixing Hamiltonian and thus to define a Fock space for the flavor states. An extensive
research program into this approach had been carried out over the past 10 years and
it was shown that such treatment introduces new nontrivial effects into the flavor
oscillation formulas due to the interactions with the nontrivial flavor condensation in
the vacuum.

Another approach, dealing with quite different topic in QF'T, is the Oscillator Rep-
resentation Method (ORM) which is concerned with the degrees-of-freedom change
and rearrangement in critical phenomena and the phase transitions in field-theoretic
models. The ORM uses BT as a central ingredient to define a set of alternative
degrees-of-freedom in terms of which the phase transition can be considered and de-
scribed in detail. Nontrivial vacuum condensation and dynamic mass generation had
been successfully described using this approach. Also, the phenomenon of duality
had been observed. In these settings, a strong-interacting field-theory with light ele-
mentary particles can be related by duality to a weak-interacting theory with heavy
particles with dynamically generated mass. These features of the ORM are promising
with respect to the dynamic generation of mass for constituent quarks and the duality
between current and constituent quarks in QCD.

In this dissertation, we concentrate on the above two recent applications of BT
and nontrivial vacuum in QFT. We consider the role of BT in the field theory of mix-
ing and the definition of the flavor quantum states and make an attempt toward a
complete formulation of such a field theory of mixing. This involves an introduction
of general formalism, a study of space-to-time conversion and an analysis of phe-

nomenological implications. We also discuss the general application of BT in study



of critical phenomena and the role of nontrivial vacuum in the ORM. We pay spe-
cial attention to the specific application of the ORM in the nonlinear sigma model.
We test the extent, reliability and conclusions of the ORM from the example of the
phase transition in the 141 dimensional scalar ¢* model for which properties of exact
solution is better known. Finally, we concentrate on the analysis of the ORM as a
general field-theoretic technique and seek the possibilities for its improvement. As a
part of this study, we focus on the nonperturbative aspects of the ORM and discuss
the prospects for its systematic improvement via variational and Quantum Effective
Action (QEA) extensions.

As a final part of this dissertation, we will present and discuss a novel variational
technique, initially inspired by the ORM, which we call Symmetric Decomposition
Problem. In this approach, we attempt to substitute the variational problem in terms
of complicated Fock space by a constrained minimization problem in terms of only
relevant quantum expectation values. The application of this principle to quadratic
operators and the full derivation of the exact constraints on the expectation values
in this case are considered along with an example of study of the ground state in a

variant of nonlinear sigma model.



Chapter 1

Canonical Transformations in Quantum

Physics

The Canonical Transformation (CT) is a powerful tool of Classical Mechanics. Yet,
the strength of CT is yet to be fully realized in Quantum Mechanics [1,2]. The ground
for CT in classical mechanics is laid down by the Hamilton formalism in which the

Lagrangian function and the dynamics in terms of generalized coordinates

0 L(q,4,t) =0 (1.1)

0
L(q,q,t) —
(QQ) G

9q;
is translated into dynamics in terms of twice as many coordinates and momenta and

the Hamiltonian function

¢4 = %H(%pa t), (1.2)

pi = —%H(q,p, t).

Hamiltonian formalism is advantageous over Lagrangian formalism in that it reduces
the system’s dynamics to solution of a set of first order differential equations. On
the other hand, one has to deal with twice as many variables. The main advantage
of the Hamiltonian formalism is, however, in the conceptual framework. Note that
in Lagrangian formalism the only ”"fundamental” degrees of freedom are the gener-
alized coordinates and the momenta are merely derivatives p = ‘3—';7. In Hamiltonian

formalism both coordinates and momenta are treated on equal footing and are in-

dependent except for the dynamical link established by Hamilton’s equations (1.2).
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Chapter 1. Canonical Transformations in Quantum Physics 7

Such independence provides most important piece of the foundation for the theory of
Canonical Transformations.
Thus, in classical mechanics CT is such a change of the phase space variables

(¢,p) — (Q, P) that preserves the Poisson bracket

lg.p] =1=1Q, P]. (1.3)

The Poisson bracket is defined as usual,

[f.9] = 079 _ 019 (1.4)

Main property of CT is the way the action is transformed

[twi -0 = [arran+ [apo-rnran. 09
where the full differential is given by
dF =p-dg— P-dQ. (1.6)

As long as Eq.(1.5) holds, the dynamics of the system in new coordinates is described
with Hamilton formalism and, in this sense, is similar to that of the original descrip-
tion. F(P,Q,t) is often used to characterize classical CT and is typically called a
generating function [3]. CTs are extremely helpful tools that allow to change the
system’s Hamiltonian to a simpler form thus leading to great simplifications in the
equations of motion. A textbook example in this respect is the oscillator dynamics

which can be transformed to a trivial problem with decoupled variables with [3]

P = Z5(ip + )

1.7
Q= %(_ip"i_x)v ( )

conventionally denoted as a and af. CT can be also used to generate families of exactly
solvable Hamiltonians out of a single Hamiltonian where the dynamics is known, thus,
providing a set of "toy” models whose properties can be studied exactly. Finally, CT

plays a central role in the Jacobi theory where a special transformation is sought that



Chapter 1. Canonical Transformations in Quantum Physics 8

reduces the dynamics to a trivial one H — H’ = 0 and thus provides immediately
the full solution to the classical equations of motion [3].

In Quantum Mechanics, however, the use of CTs is practically completely lost.
Three major problems exist in the translation of the formalism of C'T's to the Quantum
Mechanics [4,5]: the ordering of operators must be specified, the inverse and fractional
powers of operators that may appear in the transformation must be handled and the
possibility of non-unitary CT must be addressed. While in Classical Mechanics three
major roles of canonical transformations (evolution, physical equivalence and solving
theory) are blurred together, in Quantum Mechanics they are distinct. In Quantum
Mechanics the evolution is produced by unitary transformations, while the physical
equivalence is proved with isometric transformations (norm preserving isomorphisms
between different Hilbert spaces) and the solution of a theory is achieved by general
transformations which may involve non-unitary transformations [6].

A number of approaches had been pursued in a general attempt to resolve these
issues [1,2,5,7-10]. The conjecture that CTs in Quantum Mechanics are one and the
same with the unitary transformations is one of the oldest such attempts [7]. Non-
hermitian linear transformations [9] and general form integral transformations [8]
had been also considered in this respect. Such approaches typically experience the
problem that the procedure necessary to build and apply a CT is not at all simpler
than finding the solution of the original Schrodinger equation itself, thus undermining
the very first idea of the use of CT for simplification of original problem [7,8].

Rather different approach embraces Path Integral as the base for further devel-
opment of CT in the quantum theory [10]. Feynman Path Integral (PI) written in
the phase space of p and ¢ provides one of the most startling paradoxes in the break-
down between classical and quantum CTs. Conventionally, one writes the PI in the

Euclidean space as

Ua.s0) = [ Daft)Dp(t)el -0, (18)

Similarity between Eq.(1.8) and Eq.(1.5) may tempt one to use this relation as the
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basis for the program of quantization of CT [10]. Nonetheless it had been noted in
the literature that the main obstacle along this line consists in the discretized nature
of the expression (1.8) [2]. Specifically, one need to remember that Eq.(1.8) is only a
formal representation in which the time derivatives, e.g., should be properly defined.
In this sense Eq.(1.5) can not hold if p-dg — P - dQ # dF (P, Q) in a finite-difference
form. Also, an explicit application of canonical transformation to formal expression
(1.8) to derive, e.g., analog of Jacobi equation for the propagator U(q, ¢') immediately
yields an inconsistent answer.

Breakdown of Eq.(1.6) in quantum case can be seen as the primary source of the
lack of correspondence between quantum and classical CTs. It may be of interest to
examine this point more closely. Consider, e.g. the point transformation ¢ — Q(q)

in the usual Lagrangian form of the Path Integral

U(g, q;t) = fDq(t)e*fdt(qz/%V(q)) N

UQ.Q'5t) = [ DQ(t)J(Q)e | M@ /24V(Q), (1.9)

This transformation is widely applied in the field theory and generally known to work
well even though Eq.(1.9) is only a formal representation of a properly discretized
expression. One reason for this is that the contributions to the PI in Lagrangian
form come only from the trajectories which are continuous, thus, justifying the use
of transformation (1.9). Really, one considers a trajectory which has a discontinuity
q(t) — q(t+0) = ¢(1) + A at some time 7. If sampled with time step d¢, such

trajectory would contribute to the integral a quantity

— [ dt(¢®/2+V(a))
e~/ 2t s . (1.10)
As dt — 0, this contribution becomes exponentially suppressed relative to the con-
tributions coming from the comparable continuous trajectories. Then, it can be said
that the support of the integral in Eq.(1.9) consists only from the continuous tra-
jectories ¢(t) and this is why the formal operation with the integrand in Eq.(1.9)

works.
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In the case of the phase space form of PI (1.8), one may immediately observe that
integration over discontinuous trajectories (q(t), p(t)) is not suppressed. Really, the
contribution of such a trajectory would come with merely a factor of eP? where Aq
is the discontinuity in ¢(¢). Moreover, to derive the Lagrangian PI from Eq.(1.9),
one needs to integrate each p(x) from —oo to 400 regardless of the values of p(z)
at the neighboring points. Thus, in Eq.(1.8) the discretized nature of the integral is
important and Eq.(1.6), infinitesimally correct, cannot be generally used. It is useful
to note, however, that Eq.(1.6) will retain its general validity in finite-differenced form
if the canonical transformation is linear. Indeed, it had been known for quite some
time that linear canonical transformation can be applied successfully in Quantum
Mechanics (most typical example is, again, quantum oscillator) [1].

Despite such severe limitations of the apparatus of CTs in Quantum Mechanics,
the use of linear CT had proved to be of a great advantage in the study of nonpertur-
bative features of quantum systems. The quantum linear CT was first put forward
in 1947 by Russian physicist N. Bogoliubov in order to build a microscopic theory of
superconductivity and often bears his name [11]. Bogoliubov Transformation (BT)
is usually formulated in terms of creation/annihilation operators of quantum many-
body problem. Two forms of BT (one for fermions and another for bosons) are known.

For bosons BT reads
A = u(k)ar — v(k)b'
k= u(k)ar —v(k)bl, (111)
BY, = v(k)ar — u(k)b'
where u(k) and v(k) are transformation amplitudes such that v?(k) — v?(k) = 1. For

fermions
A = u(k)ay, + v(k)bl, (1.12)
Bl = —v(k)ar + u(k)b
and v?(k) + v*(k) = 1.
Bogoliubov Transformation can be viewed mathematically as a rotation of basis in

the linear space of quantum fields built on (ay, bg, h.c.). BT is a unitary transformation
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and can be represented in the form

> p(k)(afbl , —arb_y)
e .

U= (1.13)

Physically, due to the manifestation of fundamental physical properties as observ-
able effects inherent to Quantum Physics, this transformation describes an alternative
set of degrees of freedom of field-theoretic model that appear as quasi-particles with
different properties than those of the original particles.

Over the years, BT found wide range of applications in various areas of quantum
physics from condensed matter theory [12] to strongly interacting QCD [13,14]. Tt
provided a powerful nonperturbative tool that helps to understand many central
features of macroscopic behavior of field-theoretic models. To illustrate the power
of BT, let us consider its first success in the theory of superconductivity in greater
details.

Superfluidity is the phenomenon of loss of viscous friction in a flowing fluid at
superlow temperatures. Superfluidity was discovered by Petr Kapitza and Arno Allen
Penzias and Robert Woodrow Wilson in 1938 [15]. P. Kapitza later received Nobel
prize for this discovery. The theoretical explanation of superfluidity was obtained
in the works of L. Landau and N. Bogoliubov [11,16,17]. According to Landau,
viscous friction is due to the transfer of momentum between neighboring fluid elements
toward the walls of the fluid container via the gradient in the fluid velocity. At low
temperature, the viscous drag is transfered to the fluid from the stationary walls by
means of elementary excitations. If such elementary excitation is created at the wall
with momentum p, it will transfer to the fluid a momentum F, = p and an energy

Ey = €(p) so that the momentum and energy of the fluid become

P=Mv+ F

E:%MUQ‘FE()"‘PO’U.

(1.14)

The central point of this argument is the notion that the viscous drag excitations can

be created at the walls only if there is free energy to do so, i.e. if the energy of the
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fluid will decrease when such excitation is created. That means that if

v <ep)/p (1.15)

then none such elementary excitation can be created. For any fluid in which elemen-

tary excitations at low temperature are phonons with speed

u = lim @, (1.16)
T—0 D

such condition occurs when v < w.

In our argument, we intentionally dismissed the role of momentum transfer by the
population of thermal elementary phonons that always exist in the liquid and that is
capable of carrying momentum from one point to another and thus provide a source of
viscous friction. The momentum, that thermal elementary excitations may support,
is finite and decrease with the temperature. It may be shown that such momentum

is proportional to fluid velocity and is
P = M. (1.17)

Whenever M., < M the momentum capacity of thermal phonons becomes insuffi-
cient to decelerate the fluid, i.e. superfluidity is observed. In these conditions, one
component of mass M., acts like an ordinary fluid being subject to viscous forces and
the remainder experiences zero viscous effect and forms the superfluid component.
The amount of viscous component at given temperature can be calculated in the mi-
croscopic theory of superfluidity, which we will describe below, and can be shown to
fall as T* as the temperature decreases.

The microscopic theory of superfluidity had been suggested originally by N. Bo-
goliubov [11,12] and made use of three fundamental points which are thought to be
valid for low-temperature real fluid. The three fundamental assumptions of Bogoli-
ubov’s treatment are that at low temperature a macroscopic number N, of particles
in the fluid occupies one single-particle state, e.g. k = 0, the interaction between

particles is essentially short range and its main effect consists in scattering particles
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in/out of the Bose condensate, thus making pairs of particles with momenta k and —k
as the second largest population in the system. With these assumptions the original

many-body Hamiltonian

1
H= E Egal];ak + W E , Vk1*k3azl a112ak3ak46k1+k2,k3+k4 (1'18)
k

k1,k2,k3,ka
can be transformed into

gN?

H_QV

+ = Z [ (e + ng)(aka;€ +a 'a_g)+ ng(aka p +aga_ k)] (1.19)
k;éO
where we also neglected ”"small” commutator [ag, ag] relative to Ny. Here, g is the
strength of effective short range interaction between the particles in the superfluid
fluid and n = N/V is the particle density.
It was further observed by N. Bogoliubov that Hamiltonian (1.19) can be exactly

diagonalized with the linear canonical transformation of the form (1.11) where

1 /€Y +ng
vg:ui—1:§<kEk —1> (1.20)
and
E, = \/(€2 +ng)? — (ng)? = \/(62)2 + 2nged. (1.21)

After BT, the Hamiltonian becomes

1, 1 ;
H—Egnv—§l§0(€k+ng Ey) + kZﬂ)EkAAkJrA AL, (1.22)

Eq.(1.22) solves the original problem in its entirety yielding the energy spectrum of
the elementary excitations, ground state energy and vacuum structure. In particular,
all elementary excitations correspond to coherent superpositions of particles aL and
holes a_; in the Bose condensate with the wave vector k and energy Ej. In long-
wavelength limit (k — 0) the elementary excitations represent sound waves with the
propagation speed

§= /2. (1.23)
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For short wavelength, the spectrum is that of a free particle shifted upward by a
constant gn arising from the interaction with the Bose condensate.

From Eq.(1.21), the thermal spectrum of the excitations can be easily derived and
shown to be that of a Bose gas and all other thermodynamic properties of superfluid
can be found [12]. In particular, one can easily show that the momentum, that can
be carried by thermal excitations, at low temperatures is proportional to 7%

d’p 4
P:—/W]mn(e—pv)va, (1.24)

where n(e) is the Bose-Einstein distribution. In this brief example, the power of the
application of CT can be vividly seen because an exact solution to a highly non-
trivial problem is obtained with ease and full information about the system becomes
available.

Even when BT does not lead to a full diagonalization of the model Hamilto-
nian, the reduction gained by its use may be beneficial. In QCD, BT has been used
continuously to describe nontrivial structure of QCD vacuum, its superconducting
properties and values of quark and glue condensations [13,14,18]. In a number of
variational and field-theoretic works, it was suggested that the quantum configura-
tions with quark pairs may have a lower free energy than perturbative QCD vacuum
and thus be energetically preferred leading to existence of nontrivial color conden-
sation in QCD vacuum. Such models had been also extended to describe properties
of dressed constituent quarks and to derive from fundamental QCD hadron struc-
ture and mass spectrum [18]. In BT treatment, the QCD vacuum |Q2) is modeled
as the BT vacuum annihilated by quasi-particle operators obtained from the original

current-quark ladder operators with a rotation

Ax(k) = cos Opax(k) — Asin 6;b! (k),

o (1.25)
By(k) = cos 0;by(k) + Asinbial (k).

Here, X is the helicity of the quark. Such vacuum can be explicitly related to the
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perturbative vacuum by

Q) = exp [—Z

where the gap angle 0y is free parameter used to minimize the energy of the trial QCD

A(R)BA(R) | 10), (1.26)

vacuum. The condition of the energy minimization typically results in a nonlinear
integral gap equation which needs to be solved in order for the explicit structure
of vacuum to become transparent. Such approach is able to describe the vacuum
condensations in QCD as well as superconducting BCS features of QCD vacuum.
Operators A, (k) can be seen to describe the dressed quarks and may be further used
to model dynamical mass generation of the constituent quarks in Constituent Quark
Model (CQM) and to produce a CQM-like description of the hadrons starting from
the current quarks and fundamental QCD Hamiltonian [18].

Along this line, one employs the above QCD vacuum to construct meson states

as produced on top of |2) by means of meson creation operator

dk

P (k) Al (k) B (—k). (1.27)

nJP

Application of variational principle, or Tamm-Dancoff truncation, to
[nJP) = QLJP|Q> (1.28)

leads to Schrodinger type equation which can be solved for the spectrum and wave-
functions of the mesons [18]. Further improvements of this approach, which relies on
QCD vacuum improved by an introduction of two and four quasi-particle correlations,
is known in QCD as Random Phase Approximation (RPA) [18,19]. RPA, based on
taking into account particle-particle and particle-hole correlations in mean field, also
applied in many other areas of Quantum Physics.

In all of these applications, BT serves as a powerful tool to help gain nonper-
turbative knowledge about quantum-mechanical and field-theoretical properties of

physical systems. BT, stemming from the classical apparatus of CTs, is more an
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exception rather than a rule given that the systematic translation of classical CTs
into quantum framework experiences detrimental difficulties. Nonetheless, since its
introduction in 1947, BT found a wide area of applications ranging from problems of
condensed matter physics to strong interacting QCD as well as meson physics. It is
repeatedly employed to describe nontrivial correlations in physical systems respon-
sible for some dramatic physical behavior such as superfluidity, superconductivity,
phase transitions, nontrivial vacuum condensations. In this dissertation we will focus
our attention on two rather recent areas of application of BT that appeared in the
field theory of flavor oscillations and in the field theory of critical phenomena. In the

upcoming sections, we will examine these developments in greater details.



Chapter 2

Quantum Field Theory of Flavor Mixing

2.1 Introduction

Quantum mixing of particles is among the most interesting and important topics in
Particle Physics [20-29]. First discovered in 1963, mixing of K° and K° provided an
evidence of CP-violation in weak interactions [30] and till today meson mixing is used
immensely to experimentally determine the precise profile of CKM unitarity triangle
21,29, 31,32]. The Standard Model of particle physics involves quantum mixing in
the form of Kobayashi-Maskawa (CKM) mixing matrix [31], a generalization of the
original Cabibbo mixing between d and s quarks [32]. In the boson sector, the mixing
of K with K° via weak currents provided the first evidence of C'P violation [30] and
the BB mixing plays important role in determining the parameters of CKM quark
mixing in Wolfenstein parameter space [21,29,33]. The -’ mixing in the SU(3)
flavor group provides a unique opportunity for testing QCD and the Constituent
Quark Model (CQM). It is believed that the condensate structure of QCD vacuum
is tightly related to the oscillations in 7-n' system [21]. The non-trivial nature of
the vacuum is expected to hold the answer to many of the most salient questions
regarding confinement and the symmetry breaking mechanism in QCD. Recently, in
lepton sector convincing evidences have been provided by Super-Kamiokande and

SNO experiments [24-28] that neutrino mix, thus suggesting neutrino oscillations as

17
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the most likely resolution for the solar neutrino puzzle [20] and evidence of neutrino
masses [34].

Since the middle of the century, when the quantum mixing was first observed in
meson systems, this phenomenon has played significant role in the phenomenology of
particle physics and till today mixing phenomenology is thought to be important for
possible searches of new physics beyond the Standard Model. Upgraded high-precision
B-meson experiments would be vital to search for deviations from the unitarity in
CKM matrix which can put important constraints on the physics beyond the Standard
Model [29]. At the same time, in the fermion sector, the discovery of neutrino mixing
and neutrino masses challenged our fundamental understanding of P-violation and,
thus, of the Standard Model itself. A number of experiments are underway to improve
our understanding of both long-base and short-base neutrino mixing [24-29].

Regarding the vanishing magnitudes of the expected new physics effects (such
as the unitarity violation in CKM matrix and/or neutrino masses), it is imperative
that the theoretical aspects of the quantum mixing are precisely understood. In this
respect, it was noticed recently that the conventional treatment of flavor mixing,
where the flavor states are defined in the Fock space of the energy-eigenstates, suffers
from the problem with the probability conservation [35]. This suggested that the
mixed states should be treated rather independently from the energy-eigenstates. It
was found, indeed, that the flavor mixing in QFT introduces very non-trivial rela-
tionships between the flavor and the energy quantum states which lead to unitary
nonequivalence between the Fock space of the interacting fields and that of the free
fields [36-39]. This is quite different from the conventional perturbation theory where
one expects the vacuum of the interacting theory to be essentially the same with one
of the free theory (up to a phase factor e [40,41]).

The importance of mixing transformations has prompted their fundamental ex-
amination from a field-theoretical perspective. The investigation of two-field unitary
mixing in the fermion sector by Blasone and Vitiello [35, 39,42, 43] demonstrated a

rich structure of the interacting-field vacuum as SU(2) coherent state and altered the
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oscillation formula to include the antiparticle degrees of freedom. Subsequent analysis
of the boson case revealed a similar but much richer structure of the vacuum of the
interacting fields [44,45]. Especially, the pole structure in the inner product between
the vacuum of the free theory and the vacuum of the interacting theory was found and
related to the convergence radius of the perturbation series [45]. Simpler quantum
mechanical result is only reproduced in the relativistic limit of the field theory so that
one may wonder about the magnitude of the field-theoretical effects and their signif-
icance for the new physics in mixing phenomena. Mathematically rigorous study of
2-flavor quantum field mixing in the framework of Axiomatic Field Theory has been
carried out by Hannabuss and Latimer [46]. Attempts to look at the mixing of more
than two flavors have also been carried out [47,48]. Mixing of three and more flavors
can be considered in full analogy with the calculations of SU(2) mixing. Due to
growing complexity of SU(N) general parameterization for larger N, it makes better
sense to consider such cases in numerical form, applying formalism of Ref.citeJM011
to explicitly given mixing matrix. Nonetheless, some results for mixing in SU(3) are
known in the literature in Standard [31] and Wolfenstein parameterization [33]. Due
to the size of the relevant formulas, we do not find it possible to explicitly list these
results here. Interested reader should look at the relevant publications [47,48]. When
treating such problem in general, it may be useful to keep in mind few comments
following from the discussion we will later present. In particular, mixing of N-flavors
have similar structure for any spin with spin-information being encoded implicitly in
@, B mixing matrices [47]. Once the result is written, immediate generalization to
other spins can be obtained. Furthermore, there exist close parallels between mixing
of bosons and fermions. If one goes from fermion to boson case, the sign of 3? terms
shall be changed and «, 3 parameters should be reinterpreted according to the spin
change (see also Section 2.5). For these reasons, in fact, it is sufficient to know only
one case of mixing, say fermions, in given SU(N) parameterization to extract the
general result. In particular, [48] presents SU(3) calculations in Standard parame-

terization which can be appropriately generalized to describe boson case. Ref. [47]
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considers both boson and fermion case in Wolfenstein parameterization of SU(3),
although one shall keep in mind that this is only approximate parameterization.

A significant research effort had been further undertaken in the quantum field
theory of mixing [35,39,44,45,47-50]. Still, the general theoretical results obtained
therein cannot be immediately applied to the phenomenologically interesting cases.
Specifically, previously the mixing was considered for fields that are charged, for which
the particles and the antiparticles can be distinguished and are different. This may
seem feasible for dirac neutrinos, however, in the meson sector the mixing particles and
antiparticles are not totally independent (e.g. Ko — Ko, By — By), thus necessitating
specific adjustments to the results obtained previously. Moreover, except neutrinos,
all known mixed systems are subject to decay and thus the effect of particle’s final
life-time should be also taken into account.

In this chapter we are going to concentrate on these and other issues regarding

flavor oscillations in QFT.

2.2 Flavor Oscillations in Quantum Mechanics

Quantum mixing is a fascinating phenomenon first observed in weak interactions
where the interacting states of a particle turned out to be dramatically different from
the free-propagation states. During mixing the particle, say, produced in a weak decay
evolves over time into a drastically different weak-interaction state with very different
weak decay signature. One usually thinks of this phenomenon in terms of weak-
interaction (or flavor A, B,...) and free-propagation (or energy a,b, ...) eigenstates.
The flavor state produced in weak interaction shall be treated as a superposition
of energy-eigenstates which then propagate independently from each other. Should
weak decay happen once more, the evolved superposition of energy-eigenstates should
be thought again in terms of flavor-eigenstates to find the appropriate weak-decay

signatures [Fig.(2.1)].



Chapter 2. Quantum Field Theory of Flavor Mixing 21

A=a+b—> a’+b’:A’+B’<

B

X

Figure 2.1: Mixing illustration: flavor eigenstates, produced in weak interaction,
propagate as superposition of energy eigenstates which then decay as different flavor
eigenstates

In particle phenomenology quantum oscillations are possible because of the flavor-

changing term of the Standard Model Lagrangian

d
£ = %(ﬂ, 5, E)LVCKM’Y/J, S W‘u + h.c. (21)
b

L

This interaction results in box diagram involving internal loop with two W bosons
producing transition matrix element between B® — BY and BY — B? and, thus, in-
troducing their mixing. Here Vog s is the CKM mixing matrix [31]. Along with the
parameterization originally suggested by Kobayashi and Maskawa [31], which now is
often regarded as the Standard, a popular parameterization of this matrix is that of
Wolfenstein [33] which expands each term in powers if the Cabibbo angle A ~ 0.22
and is valid up to O(A\?)

Vud Vus Vub - %2 A A)\g (p — 27”])
Ve Vs Vi | = | —M1+iA2\) 1-4 AN? : (2.2)
Via Vis Va AN(1 —p—in) —AN? 1

In Quantum Mechanics weak B-states can be described as quantum states |B)
and |B). The time evolution of, say, a pure |B) state is easily calculated using
standard perturbation theory and in general the contribution develops both for |B)

and continuum (decay) components. We can think of this process as if the time
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evolution of states is governed by Hamiltonian

+0FE Wi +0F ] I' T
H— mo 12 12 _ 3 12 ' (2.3)
Wi, +6E, my+6FE 2\, T

Diagonalization of this Hamiltonian gives eigenvectors and eigenvalues [51]

|BL) =p|B) +q|B)

s (2.4)
|Bu) = p|B) — q|B)
A= M+ Am/2 — i(I + AT'/2)
Am/2 = Rey/| Myf? — T2 i Re(MyT,) (2.5)
AT/2 = 20my/|Miaf2 — 22— iRe(MoT,)

Eigenvalues of Eq.(2.3) correspond to energy eigenstates, or free-propagating states.
They are conventionally denoted as H(eavy) and L(ight) in B-mixing or S(hort) and

L(ong) in K-mixing. Eigenvalues Ay, correspond to the energies of Heavy and Light

q_ My — %Hz ~ o2 (2.6)
p My — §F12

The time evolution of the flavor states |B), |B) can be found by re-expressing them

states and

in terms of the energy eigenstates and results in [51]

[B(t)) = C(IBe(t)) + |Bu(t)))
%efthe—gt((e%lHiA?mt + 6—%t—iATmt)|B>
(e%tﬂ'%’bt B e—%t—iATmt)’B > )’

[B(t) = C(IBL(t) = [Bu(t))
_ %e—thefgt(%(e%z‘%iATmt _ ef%tfi%t)’3>

—i—(e%t”ATmt + e_%t_iATthB > )

(2.7)

This yields the following probabilities for original B-meson to oscillate into meson B

and decay,
_ AT
Py(t) ~ |(B|B(t)))* ~ e (cosh Tt — cos Amt) (2.8)
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Similarly the probability for the original meson B to retain its flavor after time ¢ is
given by
—Tt Al
Pi(t) ~ e *(cosh Tt + cos Amt). (2.9)

These are the formulas for particle oscillations in the presence of decay and are known
as Gell-Mann-Pais formulas.

This treatment straightforwardly generalizes to mixing of more than two flavors.
If we denote flavor state p by |u) = af,|0)!, where af, is creation operator for flavor

particle p, the mixing of flavors can be described by the interaction Hamiltonian

Z > hlal anx+ he), (2.10)

k upv=A,B,..

-----

full Hamiltonian

H= Z Z Eu,kalkau,k + H; (2.11)

k u=AB,..

can be straightforwardly diagonalized by introducing energy states |i, k)

k) =3 Usilis k) (2.12)

so that
H=> > ¢ kal 1 @i kF-const
k i=ab,.. T (2.13)
ik = U CL# k-
u=A,B,...

Here UZ-TM is appropriately chosen mixing matrix. This simple transformation allows
one to immediately solve the time dynamics of the flavor states and arrive at the
oscillation formulas. In general, the transition probability between initial state of
flavor p at time t = 0 and position = 0 and a final state of flavor v at time ¢ and

position z is given by

Ay (6, 2)[2 = [ (V] exp(—iHt + iP2) )2 = | 3 Ul e (2.14)

"'We use the Latin indexes 4, j, k, . .. and small Latin letters a, b, ... to label the mass-eigenstates
and the Greek indexes pu,v, p,... and capital Latin letters A, B, ... to label the flavor-eigenstates.
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where ¢; = €kt — k;x. The factors k;x are often dropped in derivation either
because the reference frame is assumed to be that of the flavor particle rest frame or
because momenta of the energy-eigenstates are assumed to be the same. Although
neither of these assumptions can be justified, they serve as a good approximation for
phenomenologically important cases. In the case of two flavors with no decay one

recovers from (2.14) so called Pontecorvo oscillation formula

[(A]A;8)]> = 1 — sin?(26) sin®(ZegEer),

2.15
[(B|A;t)|* = sin®(20) sin®(ZeBet). (215)

Here 6 is a SU(2) mixing angle.

The flavor mixing treatment outlined above is known as the plain wave ap-
proach [52]. Although simple and illustrative, it has a number of conceptual difficul-
ties when considered with respect to the measurable quantities. Specifically, certain
controversy exist in the way these results should be converted into space oscillations,
rather than time oscillations. In fact, such conversion cannot be satisfactorily carried
out because a perfectly known energy-momentum and an infinite uncertainty on the
space-time localization of the oscillating particles was implied in which case quantum
oscillations are, in fact, destroyed [52,53]. A correct oscillation formula should in-
clude observability conditions in such a way that oscillation terms vanish whenever
the energy-momentum uncertainty is less than the mass difference between energy
eigenstates or the oscillation length is smaller than the uncertainty in the position of

the source or of the detector.

These problems are resolved by quantum mechanical wave-packets approach. With
out going through detailed calculations and referring an interested reader to extensive
literature on the subject [53-59], we note that wave-packet method considers the fla-
vor particle as superposition of energy-eigenstates existed originally as an extended
wavefunction, e.g. a narrow gaussian, with finite uncertainty in momentum and po-
sition. The evolution of the flavor particle is described via interference between these
wave-packets and the final oscillation formulas can be obtained as the convolution of

the plain-wave oscillation amplitude with the wavefunctions of the energy-eigenstate
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wave-packets
P(t,x) = [(D(x)[U(t)|A(Ap, Ax))[*. (2.16)

Here | D(x)) is the wavefunction representing the detector at position x, U(t) is propa-
gation operator for the flavor state like A, (f, z) in Eq.(2.14) and |A) is the original
flavor state - a coherent superposition of energy-eigenstate wavefunctions with finite
uncertainty in momentum and position. This approach successfully describes such
features of quantum oscillations as vanishing due to decoherence caused by too ex-
tended a wave-packet (uncertainty in position is larger than the oscillation length) or
due to decoherence caused by separation of the mass eigenstates moving with different
group velocities (uncertainty in energy-momentum is less than difference in mass).

Although description of flavor oscillations in quantum mechanical plain-wave or
wave-packet approach provides a concise and phenomenologically successful descrip-
tion of quantum oscillations, few authors would deny that the most rigorous treat-
ment of oscillations should be done in the QFT framework. However, although the
quantum field computations in the literature all reproduce in some limit the quantum-
mechanical formulas, there exist not yet an agreement in which respect they differ
from these formulas.

The field-theoretical approach to particle oscillations is quite old. Already in 1963
Sachs [60,61] applied S-matrix method to neutral kaon interference. This approach
is also known as Jacob-Sachs model or external wave packet method. The particle
here is represented by its propagator and propagates between a source and a detector
where it interacts with the wave packets representing ”detectable” particles. Similar
simplified model using propagator description of the flavor particles with account for
external wave packets had been suggested by Beuthe, Lopez Castro and Pestieau
[62]. In regard to neutrinos, Kobzarev, Martemyanov, Okun and Shchepkin [63]
analyzed neutrino oscillations with a field-theoretical model in which the source and
the detector are both represented by heavy nuclei. Giunti, Kim, Lee and Lee [64]
studied neutrino oscillations within a Gaussian external wave packet model. They

derive a localization condition and a coherence length beyond which the oscillations
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must vanish. These results agree with those obtained in Quantum Mechanics [53-55].
Later, the same authors presented essentially identical result to Ref. [64] but with
more generality [65]. Attempts along the same line with different modifications and
improvements had been undertaken also by many other authors [67-79].

Another approach (source-propagator model) had been suggested by Srivastave,
Widom and Sassaroli [80,81] where the neutrino propagator is coupled to a source,
but not a detector. Since external wave-packets are absent, time-space conversion
problem cannot be avoided here and lead to nonstandard correlation lengths or recoil
oscillations. Shtanov [82] used the source-propagator model to claim strong depen-
dence of the oscillation formula on the neutrino masses if the source and the detector
are very well localized in space-time.

In 1991 important article by Giunti, Kim and Lee [66] stroke a blow to the
quantum-mechanical wave-packet approach and its generalizations to QFT by show-
ing that it is impossible to build a Fock space for flavor states because the mixing of
the ladder operators for mass eigenstates does not yield canonical flavor ladder op-
erators for flavor eigenstates (i.e. commutation relations cannot be satisfied). Along
this line in a completely different line of thoughts, Blasone and Vitiello (BV) have
attempted to define a Fock space of flavor eigenstates to derive nonperturbative oscil-
lation formula using Bogoliubov transformation [35,39,83]. In oscillation formulas of
BV theory the oscillation frequency depends surprisingly not only on the difference
but also on the sum of the energies of the different mass eigenstates. Although this
study is very interesting from a fundamental point of view, it is not obvious whether
new features put forward in BV theory may produce effect observable in practice.
Also, BV theory was shown to suffer from parametrization ambiguity, which has not
yet been completely resolved.

These observations do not detract from the theoretical worth of this investiga-
tion. In the following sections we will concentrate specifically on BV field theory of
flavor oscillations and on our contribution to generalization and phenomenological

applications of this theory.
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2.3 Quantum Field Theory of Mixing of Blasone
and Vitiello

Difficulty encountered in QFT of flavor oscillations with proper definition of flavor
states demonstrated much more complicated structure of the field theory of mix-
ing than previously thought. Intrinsic possibility of antiparticle admixture in field-
theoretical mixing is capable of introducing dramatic new effects in flavors dynamics:
the flavor vacuum state may acquire rich coherent structure and oscillation formulas
may change significantly with additional high-frequency terms [84,85]. Whenever
description of classical (or quantum-mechanical) mixing involves one unitary matrix
U,j, in QFT in general one needs two matrices o,; and [3,;, representing particle-
particle and particle-antiparticle mixing sectors, to describe the same mixing trans-
formation [84]. In field theory these matrices should be consistently related to their
classical analog U,;. A way to establish such relationship was proposed by quantum
field theory of mixing of Blasone and Vitiello [39].

Blasone and Vitiello based their theory on the observation that an explicit quan-
tum transformation A(U,t) in the linear space of quantum fields can be constructed
out of fields ¢ and their canonical momenta 7 that provides representation of the

mixing relations (2.12),
dat) =Y Unipilt) = AU, ) 0a(t)A(U, 1), ete. (2.17)

In the case of two-scalar mixing, e.g., such transformation can be explicitly found as

A(Q’ t) — it S/ dX(WI(X,t)‘Pb(X,t)—ﬂ'Z(X,t)gpa(x7t)+h.c_)‘

This generates SU(2) mixing relations, as can be found by straightforward calculation,

da = cos(0)p, + sin(0)p,
¢p = —sin(0)p, + cos(0)py

and diagonalizes the field-theoretical Hamiltonian. In the associate Fock-space A(U, t)
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acts similarly,
|A) = A(U,0)|a), etc, (2.18)
so that the ladder operators are transformed as in

as(t) = AU, ) a, (t)A(U,t), etc. (2.19)

Obviously, these definitions are consistent in the sense that

A+ 1) = al(O)14) = AU Ol OACOAT )l = o
A(U,0)af(0)|a) = A(U,0)|a + 1)
and the flavor vacuum state satisfies
a4(0)]2) = A(U,0)"aq(0)A(U,0)A(U,0)']0) = 0. (2.21)

In their approach BV concentrated explicitly on finding the structure of the uni-
tary transformation A(U,t) and on applying A(U,t) to the Fock space of the free-
propagation states to define flavor states and obtain nonperturbative oscillation for-
mulas. SU(2) mixing and SU(3) mixing (where explicit building of A(U,t) is a
much more difficult task) for both spin-1/2 fermions and scalar bosons had been an-
alyzed along this line in the literature. The explicit mixing relations and oscillation
formulas for flavor charge, Q(t), and number, N(t), operators had been presented
in [39,42-45,47,48] and elsewhere. We note that particle number oscillations N (t)
as well as charge oscillations Q(¢) in general depend on the choice of so called mass
parameters used to define the free-field Fock space, which was used as the base for the
flavor Fock space. One may explicitly see this on the example of the charge operator
Eq.(2.129) which does not depend on the choice of mass parameters m,, only for real
mixing matrix U,;. Otherwise, as in the case of CP-violating CKM matrix, there will
be a nontrivial mass dependence from the imaginary part of U,;. Blasone and Vitiello
maintained that the set of the free-field masses m;—q,.. shall be chosen as such mass
parameter m,,.

Alternative view consider BV procedure Eq.(2.19) as result of expanding the flavor

fields ¢, (x) in the free-fields basis parametrized with masses m, where BV choice
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corresponds to setting m, to free-field masses observed in experiment for energy-

eigenstates,

dk .
o = /W <uakaak(t) + an7—kbl7,k(t)> e (2.22)

On the other hand, one may as well expand the flavor fields in a basis with the flavor

mass parameters m, left free,

—

dk - E
o it i)

corresponding to choosing ﬂgg, ot - as different free-field amplitudes with the flavor

mass m, in Eqgs.(2.136)-(2.139) [3;,38]. This ambiguity can be understood in terms
of the original BV idea as follows. For any A(U,t) that is a valid representation
of the classical mixing transformation, A’'(U,t) = I(t)A(U,t), that can be obtained
by means of a similarity transformation mixing am(t) and b\ _, (t) but leaving their
covariant combination ¢(k) unchanged (i.e. ¢a(k,t) = I(t) da(k,t)I(t)), is a valid
representation of the mixing transformation (2.12). The ladder operators, defined in
Eq.(2.19), therefore, depend additionally on the choice of I(t) or, equivalently, the

choice of the mass parameters m,, associated with the base free-fields Fock space.
Although there are different opinions about whether or not the measurable quanti-
ties in the theory shall depend on the mass parameters [38,43-45,83], we note that the
mass parametrization problem, indeed, is not at all specific to quantum mixing but
exists in almost any instance of QFT. Consider a free field theory with Hamiltonian
: Ho = Z (ek‘agaa% + EEb,T;UbEa) : (2.24)

ko

one may change the mass parametrization m — m,, similarly to Ref. [37];

AN g [ ) r= e ) a0 )
bT(t) bT efz(elfre}g)t)\% efz(eEfeE)tpE b‘[(o)
(2.25)
where &, = \/k?+m,? and ¢, = Vk? +m?. When we compare directly Eq.(2.22)
and Eq.(2.23), we observe that

(T —i€g, it ~f T deg, it _ —ieg, it T i€, it
a; = (U jups)apie” 5" + (U U-gi)bly € F" = prage” " + AL, et (2.26)
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where we follow the notations of Refs. [37]. The number operator (for the free fields)

in such transformation is not conserved, e.g. for fermions
(N) = [{a,a ()} = [loulPe + nfe ], (2:27)

that may lead to obviously wrong assertion that the number of particles in the free
field case is not an observable quantity [45].
Mathematically this is understood once we note that the above transformation is

equivalent to the splitting of the initial Hamiltonian into

Ho = Hy + M = / 2 ({(50) () — m 20t} + (m,? —m?)le) . (2.28)

Thus, additional self-interaction term is responsible for driving oscillation of (N (t)).
Physically, the transformation given by Eq.(2.25) shall be viewed as a redefinition
of one-particle physical states. The tilde quantities thus correspond to a new quasi-
particle objects so that the tilde number operator describes a different type of particles
and does not have to be invariant under such transformation, although the particle-
antiparticle difference is conserved in the transformation (2.25). The situation here
may be analogous to dependence of physical observables upon the choice of coordinate
system. Although the Casimir operator (e.g. 52 for spin observables) is independent
from the coordinate system, other physical quantities (e.g. S, S, and S,) depend
on the coordinate system. To compare the value of S,, say, between theory and
experiment, one should first fix the coordinate system. Similarly, we think specific
mass parameters should be selected from the physical reasons to compare theoretical
results (e.g. the occupation number expectation values) with the experiment.

From the above example it is clear that the mass parametrization problem is
present in any regular perturbation theory as well once one attempts to redefine one-
particle states as in Eq.(2.25). In the free theory and the perturbation theory this
issue is resolved by the presence of the mass scale of well defined asymptotic physical
states, which therefore fix the mass parameters. In this sense we agree with Blasone
and Vitiello in that the mass scale of the energy-eigenstates is the most feasible option

for setting m,, in the field theory of flavor mixing.
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While one may find the above analogy with coordinate systems crude and still
deem mass parameters in Blasone and Vitiello theory "unphysical” or ”arbitrary”
and thus conclude that the measured quantities should not depend on such an arbi-
trary parameter, we must emphasize once again that as we demonstrate above such
“unphysical” mass parameters are present in any and every instance of quantum field
theory and most of the observables, that we are used to in field theory, do depend on
the choice of such parameters. While in a free field case we know a physical ground to
uniquely fix such parameters, in flavor mixing we are not yet aware of such unambigu-
ous way. However, one cannot simply dismiss the very same observables and declare
them unphysical in flavor mixing. Unless a lucky coincidence, the measured quantities
(a|Ola) will depend on arbitrary parameters relevant to the choice of quantum state
la), i.e. 1-flavor-particle state in mixing theory. The resolution to this problem lies
neither on the way of restricting observables only to those that do not depend on the
choice of |a) [38] nor in artificially modifying observables to fit such requirement [43].
Rather, the resolution comes in specifying properly what state |a) should actually be

to describe relevant experimental setup.

2.4 Blasone and Vitiello Theory in Mixing of Two

Bosons

This section shall help us exemplify and illustrate the applications of BV theory on
a simpler example of SU(2) scalar mixing where we will follow closely the original
BV paper [39]. At the same time, scalar mixing introduces new interesting features
into BV theory due to bosonic nature of mixed fields, such as large particle numbers
contribution in mixing and divergence of perturbation theory which we will be able

to investigate in details. We start our analysis by considering the Pontecorvo mixing
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relationship for two fields [86]

pa = cosbp; + sinfps (2.20)

¢op = —sinfy; + cosbp,,

where ;o are the free fields with definite masses m 2 and ¢4 p are the interacting
fields with definite flavors A, B respectively. The above mentioned relations naturally
arise by considering the mixing problem for two quantum fields with the Lagrangian

of the form
L="Loa+Los— 9005+ dhda), (2.30)

where Ly a(p) are the free flavor-field Lagrangian (i.e. Lo ) = %(8¢T4(B)8¢A(B) —
mi( B)‘ﬂ;( B)PA( B))) and g is the coupling constant responsible for mixing. It is straight-
forward to show that the above Lagrangian can be immediately diagonalized by the
transformation (2.29) with appropriate choice of mixing angle . The parameters of
diagonalized Lagrangian can be expressed in terms of the flavor-field masses (m4, mp)

and the interaction constant (g) as

4g

tan(20) = ———— 2.31
an(26) m? —m% (2:31)
and 2 2 2 2
+ — 2+ 16¢2
m?, = (m% +msp) \/(Z‘A mp)? + 16g ' (2.32)
We write the free fields ¢, o as usual in terms of Fourier transform
1 ik bk
i = 5 ——(ugz.az.e” " + vz bl ™), 2.33
@ - /—ZEZ(IC) ( ki"ki ki kg ) ( )

where aj, and by, are respectively the particle and the anti-particle ladder operators

that satisfy standard equal-time commutation relations

05> 4y, ] = O 0 (2.34)
[bg, OL, ] = 0 o0

Here, kx = koxog — k- i and €i(k) = ko(k) = \/EQ +m?. For spin-0 the free-field

amplitudes up, and vy, are just numbers, i.e. up = vg, = 1. The interacting fields
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introduced by Eq.(2.29) are the solutions of the Euler-Lagrange equation for Eq.(2.30)
and are completely determined in terms of two free-fields (2.33) and the mixing angle
6.

Such rather simple correspondence, however, gives rise to highly nontrivial rela-
tionship between the Fock-space of free-fields and that of interacting fields. To build
the Fock space for the flavor-eigenstates we consider the representation of the trans-
formation (2.29) in the linear space of quantum fields. Using the Baker-Hausdorff

lemma [87], we can check that the generator of this transformation has following

form
S= [ du(l()ds(x) + Oh(x)da() = f()pa(x) — 6l (x)ds(z)), (2.35)
= [ du(@l()pa(x) + @b (@)1 (x) — @h(@)e1(z) — o] (2)ga(@)),
so that
ba = e—iéewleiée’
o = e Ve’ (2.36)
and
G(0) = &, (2.37)

The similarity transformation (2.36) relates free-field operators ¢ 5 to the interacting

fields ¢, 5. It also acts in the associated Fock space as
|A) = e|a) ete (2.38)

and relates the Hilbert spaces of the mass-eigenstates H; o with the flavor-eigenstates
Has = G71(0)Hi 2 and also can be viewed as the "rotation” of the basis in the Hilbert
space of quantum states diagonalizing the bilinear Lagrangian given by Eq.(2.30), i.e.
a generalization of Bogoliubov Transformation.
The operator S also can be written in terms of ladder operators aj, and by, as
follows
S = Z 3 {’y+(a,;1a£2 + beIbT,EQ - a;TglalZz - bT,;‘glblez)"‘

—

k
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+ v-(agb_ gy +apb i a%le P bikla;%z)} (2.39)

where we denote v, = 52 + 4/ ZE: and v_ = 52 — /2 El and 7+ v = 4.

We shall note that Eq.(2.36) makes each cluster Q deﬁned by hnear superposmon

bJr ) and QL transform into itself, i.e. e*’SGQEe = Q.

of operators (aEpaEva n
This means that we can COHSlder the transformation given by Eq.(2.36) restricted to

such cluster with a specific momentum k and concentrate on

_ i T T
Sp= 3 {%r a’kzla +b /’516 A Rt

+ y-(apb gy +apb i — a;*lbi;;z (2.40)

kl k2 )}
The total transformation is e H eSit.

It is convenient to express Sk as Sk = ﬁ(fg + T,;) with the operator T,; defined
by

A

—b

-

E 7121171,;2) + ’Yf(a%lbi,gz - aEQbflgl))a (2.41)

’ i
ﬁ(%(a,ﬁa;&
where the commutation relation [TE, Tg] = 1 is satisfied between T}, and T,I just the
same way as the particle creation and annihilation operators satisfy the commutation

relations (2.34). With the operators T}, and T,I , we can directly apply Eq.(2.37) to

the mass-eigenstate vacuum to obtain

=3 CEES (Moo, (2.42)

n=0 =

where (') (6) are the generalized binomial coefficients that can be found after appro-

priate orderings of T and 17 are carried out. In the expression given by Eq.(2.42),
one can treat the operators T} (Tg) as the annihilation (creation) operator of the vac-
uum fluctuations. Let us directly estimate the norm of the flavor vacuum state using
the perturbative expansion in powers of 6 (2.42). Truncating the series for (2.42) to
first N terms, we have the term with the largest number of particles coming from

AN
= (aIbT_Q + aJ{bT_Q) in the (—05) . Thus, the truncated series of G'y' (9)]0) can be
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written as?
. N N
G (0)10) = X + 37 (~75°) " (albly +alp!y) [0)

—x ot (<507 ) (o) ()" () () o)

n=0

(2.43)

where X denotes all terms with the total number of particles and antiparticles less
than 2N. For the norm of above expression we get
-1 2 2 y-_0 2N 1 N 11 | | N2
|63 @10 = IXI+ (52) 5 X2 nlnl (N =)/ (N = n)l sz
(N—n)
n=0 N (2.44)
= IXIP + (N +1) (%52)

Thus, when v_6 > 2 the norm of the |Q(6))x = [G}' (0) |0)]x is growing as the num-
ber of terms kept in the expansion of the G (6) grows and therefore the transformation
operator Gy (6) is not well defined operator in the mass-eigenstates Fock space.

One may also try to check directly the identity G (6) G™! (0) = 1. Here we define

G (6) = lim G (6)

= lim % (zen_?)" (245)

N—oo 2

~

Then, we shall show that A}im |Gn () GY (6) — 1

lim_[[(G(8)Gx!(6) = D] =0

N—oo
for any mass-eigenstate |x). When multiplying Gy (6) and G' () one typically gets
all coefficients vanish till the power of N and then have a "tail” up to the order
SN If G () is well defined, this tail is expected to vanish when N is taken to
infinity. However, this does not happen in our perturbative expansion. Consider the
last term of the "tail” given exactly by ]f,,Q—x, Recalling that S generator contains

= (a‘ibT_Q + agbL) combination, we can write the state (GyGy' — 1) [0) as

(GNval _ 1) |0> =Y + (26;?\[_]3[2‘: ij; (2?7) (ai)t (bT2>t <a;)2N_t <bT1)2N—t ]0>7
(2.46)

2here we suppress momentum indexes for brevity, i.e. a; = ap,and b2 =b_p,
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where Y denotes all states with less then 4N number of particles and antiparticles.

The norm of this state is
[(GnGR = 1) 0)]° =

V]2 + (W—Q")QN S (M) 1t (2N — 1)) (2N — 1) (2.47)
> (2N +1) (%)

t=0
2N

Again, when y_6 > 2 the above expression is not convergent and the G (6) G~ (0) is
not well defined. For small values of §, however, the perturbative expansions (2.42)
does make sense. The radius of convergence can be related to the pole of Z = (0|2(0))
on the complex plane of 6 and is given by ~_ sinh(0.iticar) = 2 (see below). It can
be seen from here that a direct computation of the vacuum structure in perturbation
series fails, unlike in the case of fermions [39], due to infinite number of states present
in each bosonic mode.
To approach this problem from somewhat different side, we try to consider the
flavor vacuum state in the most general form
) = 3 Lm0 a6 o) (2.9

n!l!
n,l,m,k

Applying the flavor annihilation operators to Eq.(2.48), one can obtain an infinite

system of coupled linear equations for the coefficients C,;,,.,.(6)

asp  |Q0))
boa—p |20))

0;
0, (2.49)
and using explicit form of the ladder operators (2.69),

Ccln+1,lmk + S+C/n,l+1,mk + S—C,nlm,k—l - 07
CCvis1mk — S+C it imk +S—-Cotm—1% = 0, (2.50)
n,l,m,k=0,1,2,3,...

To solve this infinite set of equations, we express C’, 11 imk, C'nit1km 10 terms of

Crtm—1.k, C'nim k—1 so that step by step we can reduce the L = n +1 total number of
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particles in C7, . down to zero. Denoting
Zis 7 ¢ S
R N (2.51)

! ! /
Crsiime = Z12C nmp—1 + Z1C nim—1.k
! ! !
Crgrimk = Z22C nimp—1 + Z221C i m—1,k- (2.52)

we write Eq.(2.50) as

One also can write this in a symbolic manner introducing shifting operators k and m

]%C/nlmk - Clnlm,k—la
mclnlmk - Clnl,m—Lk (253)

as
Crsiime = (Z12]AC + Z1m)C iy = (Zml;? + Z1um)*C otk = - -
Civrmk = (Zosk 4+ Zoyi)C o = (Zook + Zoyinn)>Cl oty = - .. (2.54)
so that finally we get
C' vt = (Zrok + Zyiin)"(Zask + Zoyin)'C'oomi =

n l R
( > X () () Zn Z?;’"'Zé’lzé;t’k”+l—<m/+f’>mm’+t') C’ bom-

m/=0t'=0

(2.55)

One should note that, since the total momentum of vacuum state should be zero,
C'oomk = 0 unless m = k = 0. Therefore, in Eq.(2.55) only terms with (m’ + ¢ =
m,n + 1 — (m' +t) = k) must survive. Also from Eq.(2.51) we can get Z;; =
— o9, L1 = Zo1 to write
00 n+l
Oy =2 > Dt (a})" (@) (b1 (bLo)™ = 0), (2.56)

nll!

n,l=0 m=0

where

n l m! —t rn—m/ At g
Bum = > <m/> (t’) Zlkm' =t o=/t ()=t (2.57)
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By a direct expansion one can verify that this cumbersome expression is equivalent
to

1
Q00)) = 2 W(Znaibil + Z1al bl )" (= Zyyadbl , + Zipalbl )H0).  (2.58)

n,l

Here Z = (0|©2(0)) is the normalization factor to be fixed by (€2(6)|Q2(0)) = 1 and the

coefficients Z1; and Z;, are given by

Zi - Y4y_ sin? @ - sin? 6
- 2 - 2
4(cos?0 + Lt sin?0)  4(1+ L-sin0)
—7y_ sin 26 —~y_ sin 26
21y — v sin _ v_ sin | (2.59)

4(cos? 0 + % sin?0)  4(1+ % sin? )

We must note that coefficients Z;; and Z;5 can be also written in this form
Zin=X"1,212=X"Y, (2.60)

where

~v_sin@

X = / 2 2
9 1+'yis;n€

Y4 sin 6

2 in2
v% sin® 0
2\/(:0s2 0+ —+—5—

y = —cosf (2.61)

2 i 2p
v4 sin” 6
\/cos2<9++T

Thus, the flavor vacuum state (2.58) shall be rewritten in a more concise form as

Q@) =23 X

n+l n 1
T (xaibil + yaibg) (—xa;biQ + yagbil) 0). (2.62)

n

This result can be further reduced to

00)) = 23 2 (ale})"(ale})'|0) (2.63)
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by defining

¢ = zb_i+yb_s,
ce = —xb_s+yb_q. (2.64)

Note that [c1,cl] = [e2,é}] = 22 + 42 = 1, |1, ¢}] = 0. Thus, it becomes possible to
compute directly the value of Z because
n+l)

2 2 2
(QO)|20) = 22 ’;W nl21? = 2? <Z X%) - (1—Z—Xz’)2 (2.65)

We find

1
1+92sin?60/4°

We see that, despite divergence of the perturbation series, the flavor vacuum state

Z=1-\*= (2.66)

exists and the normalization factor Z(0) is finite. The same expression was obtained
in Ref. [44] by solving a differential equation of (0|2(f)) = (0|G(#)]0). While such
method of derivation using a differential equation has been known for some time
[39,44,88], our algebraic method is a new development which also yields the complete
structure of the flavor vacuum and not just Z(#) as in [39,44, 88]. We observe that
expression (2.66) has singularity on the complex plane at y_sinf = 2i. Thus, the
flavor vacuum [Q2(6)) in terms of series in @ shall have a finite convergence radius and
this would result in the divergence of the Taylor expansion for (0|€2()) in powers
of 0, as we have previously observed. This is in a remarkable difference from the
fermion case where the corresponding result Z¢ermion = 1 — 72 sin? 0/4 doesn’t have
any singularity on the complex plane.

The above result proves also the unitary nonequivalence between the Fock spaces
of the energy and the flavor eigenstates in the infinite volume limit, following the
procedure discussed in Ref. [39],

lim (0]2(0)) = lim exp (QL/d?’kan) = 0. (2.67)

V—oo —00 7T3
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Now, that we have built the representation of the mixing transformation (2.29) in
the space of ¢y 9, let us further investigate these representations to obtain oscillation
formulas for physically measurable quantities.

Using Eqs.(2.33) and (2.36), one can immediately obtain ladder operators for the

mixed (flavor) fields that are consistent with the Pontecorvo mixing relations;

oy = G '(0)a12G(0),
o

bas = L(0)by2G(0). (2.68)

Straightforward application of Baker-Hausdorff lemma to Eq.(2.68) yields

sin 6
o = aycost+ T(ﬁag +y.b'),
sin 6
ag = ascosf+ T(—’y+a1 + fy_bT_l),
sin 0
b = b_jcosf+ T(’y+b_2 +y_ad),

in
b_g = b_gcosf+ i (=v1b_1 + y_al). (2.69)

It is also not difficult to reverse Eq.(2.69) in order to obtain the mass-eigenstate ladder
operators in terms of the flavor ones. Using the above relations we can find the time
dependence of the flavor-eigenstate ladder operators in the Heisenberg picture since

the time evolution of mass-eigenstate ladder operators is known,

aiao(t) = eM0lay et = e 20q, 5,

) )

b172(t) = eiHOtb1726_iH°t :6_i€1’2tb172. (270)

In particular, after introducing a more compact notation,

in 6 in6vy_
C =cosf: S, = 270+ g _ SY- (2.71)
2 2
we find
ap = (CQG—ielt + SiG_iEQt . Szeiegt) ax + CS+ (6—i62t o e_ielt)aB—l—

S+S, (eiegt _ efiegt) bT,A + cS._ (eiezt . efielt) b.i;B’
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apr = (CPe™ 4+ STe7" " — 2" M ap + CSy (e — e aat
SyS_(e7t — e )bl + CS_ (e — e )bl
boar = (CPe™ ' 4 STe7' — 52" by + OS5y (e — e b_p+
S5 (eim — 6_i€2t) aL +CS_ (eie?t — e_“lt) a;,
bopi— (P 4 S2emint _ §2et)b g 4 O, (e — et h_ it
SpS_(e7" 1t — et al, +CS_ (e" 1t — et al,, (2.72)

from which we can obtain nonequal-time commutation relations:

anal) = Bonbl ] = Gt Sheiot — 52wt — A,
apaf] = b, bl ) = OS2t _ 52t = Ay
la, aLt] = [aa CLBt] b5, biAt]
= [b_a, b ] = CSL ("% — ") = Apa,
[b—B, aAt] = [a’Bvb At] = [b—A7aBt]*
= —laa,b_p" = CS_(e"*" — e7"") = Ap,,
b_a,an)] = laa,boa) =5.5_(e" — ") = Az,
b_p,ap] = lap,b_p] =S S_(e7" " — ") = App. (2.73)

All other commutators are either zero or can be expressed in terms of Eq.(2.73).
Eqgs.(2.69), (2.72), (2.73) define all dynamics of mixing for two scalar quantum fields.
To show how these relations can be used to calculate the dynamical quantities, we
can consider the time evolution of cluster (), as defined above. To calculate the
number of particles with a definite mass condensed in the flavor vacuum state |(2) let
us consider the condensation of the particle with a definite mass, e.g. Z; = (Q|N;|Q).

Using the inverse relation of Eq.(2.69):

in ¢
a; = apcosf — %(’}/4_(13 +b ), (2.74)
we get
; sin? 2 ;
7y = (Qlaja|Q) = 1 (Qb_pb" 5|S2). (2.75)

One can show that the same result is true for Zy = (2| N2|Q2). Thus, the condensate
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density of particles with a definite mass in the flavor vacuum is

sin? 2

21:Z2:Szz 4

(2.76)

Apparently, the condensate densities for particles with definite flavor in the mass
vacuum, i.e. (0| Ny(g)|0), are also given by S2.
Let us now consider the number of particles with a definite flavor in the flavor

vacuum, for example Z4(t) = ([ Na(t)|2). Using Eq.(2.72), one can easily show that

Za(t) = (Q (S5 (e — eiiEZt)bT,A +CS_(e"" — e’“lt)bT,B)T~

(SS_ (et — e )bl | + CS_ (e — e )bl 1) |Q) (2.77)
and thus

Za(t) = 4525 sin®(eat) + 452 C? sin?( 224, (2.78)
Similarly, we get for B-particles

Zp(t) = 48253 sin®(e1t) + 452C? sinz(mt). (2.79)

We see that the number of particles with a definite flavor in the flavor vacuum is not
zero. This is due to the fact that the flavor vacuum is not an energy eigenstate of
the Hamiltonian H(6) and changes with time producing and destroying coherently
virtual flavor particle/antiparticle pairs. It shows a significant difference from the
ordinary quantum mechanical treatment without account for the flavor vacuum effect
which yields apparently Z4p) = 0 at any time. We emphasize that here the flavor
vacuum is not perturbative but exact. This is different from the approach of Sachs
and others [60,61,89] where the energy-eigenstates vacuum |0) was used in place of
the flavor vacuum to define flavor eigenstates, e.g. |A) = a',|0). If the flavor vacuum
|©2) was replaced by the mass vacuum |0), then we would have obtained Z; = Zy = 0
instead of Eq.(2.76). As we will discuss in the next section, such definition of the
flavor states results in a number of anomalies and normalization problems for flavor
states and oscillation formulas (see also [84]). In fact the energy-eigenstates vacuum

|0) is not annihilated by a4 p operators up to the terms proportional to O(y-) so
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that the error of the order of O(7?) should be expected from the results of such
perturbative vacuum treatment.

We now consider the flavor oscillations of a single particle with flavor A and
momentum k. In Heisenberg picture, the average number of particles with flavor A

or B in the beam can be related to
(NA(t)) = (AIN4(t)|A) = (Qlaaal, (t)aa(t)al,|2). (2.80)

In Eq.(2.80) we note that we use the flavor vacuum to obtain nonperturbative flavor
oscillation formula.

Using Eqgs.(2.69), (2.72), (2.73) we directly apply the standard QFT method -
since the flavor vacuum is annihilated by a4 g, we move a4 in Eq.(2.80) to the most
right position and aL to the most left position to annihilate the flavor vacuum. What

is left is uniquely determined by nonequal time commutation relations (2.73) and we
find

(A[N|A
(AIN_z,|A

(A[Np, A
(AIN_p5,|A

) (Qlalyal) + |aa, aly]* = Za + [Aaal*

) QU 4 b- el ) + |[aa, boadl | = Za+ | Azal’;

) = <Q|aBta’Bt|Q> +laa, aly)|* = Zp + |Apal’;

) Qb g gl + llan,b-pil* = Zs + |Apal®.  (281)

Using the notation of C', Sy, our results are summarized as:

(A|Ny|A) = 1+80283sin2(¥

t) + 85252 sin®(ept) — 4C*S? Sin?(el%

€1+ €2 €1 — €9

(A|Np|A) = 4C*S? sin’( t) + 452 8% sin®(ert) + 4C*S7 sin’(
ate t) + 85252 sin’(ext),

€1+€2

)
)

(AIN_z]A) = 4C*S? sin®(
)

(A|N_g,|A) = 8C2S? sin*( t) + 45252 sin(egt). (2.82)

As shown in Eq.(2.82),the time dependence of the average number of particles with
a definite flavor is rather complicate. It contains oscillating contributions both from

the A — B conversion and from the virtual pair creation in a dynamically ”rotating”
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flavor vacuum. As discussed in Ref. [36], the A — B conversion process generates
the term proportional to SinQ(%t). The terms involving €; + €9, €1, €o-frequencies in
Eq.(2.82) are, however, related to the creation of virtual pairs. For example, virtual
pair creation violates energy conservation within the uncertainty time, i.e. AEAt ~ 1
(in our units i = 1) and thus both creation and annihilation of, say, (1 + 2) virtual
pair must occur within 7 ~ ﬁ time interval. Thus, the terms in Eq.(2.82) involving
€1 + €9, €1, ea-frequencies can be related to the creation of different types of virtual
pairs, while the terms involving €; — €5 is related to the actual A — B conversion.

Using Eq.(2.82), we can also calculate the expectation value of the flavor charge

operator defined by Q) = Na) — N_i—p),

() €1 + €9

(Qa) = 1-4C*S3 sin2(61 ; t) +4CS? sin?(

61—|—€2

t),
), (2.83)

€2

t) — 4C%S? sin®(

(Qs) = 40°S%sin’(=

or with 4 parameters,

(Qa) = 1—~7sin*(20) sin%%t) + 7% sin?(26) sin%w

€1 + €

t),

(Qp) = 2 sin2(20)sin?(—21) — 42 sin?(26) sin?( ). (2.84)

From this result, one can see that there is term proportional to sin%%t) in the
flavor charge oscillations in addition to usual Pontecorvo formula. As discussed above,
the origin of this term is understood as contribution from virtual pair creation in
"rotating” flavor vacuum.
We also calculate the time evolution of a coherent state [90] in field-theoretic
SU(2) flavor mixing,
ICA) = @4 |Q). (2.85)

Extending the above calculation, it is not difficult to verify that for the state contain-

ing n particles with flavor A

1
(n|Nag|n) = E(Q!aﬁNAt(aL)”lm = (Nae) +nlAaal*. (2.86)
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Besides n|A44|?, which is simply n times the probability of A — A transition, we see
in Eq.(2.86) that the condensate contribution is present. Applying this result directly

to the coherent state, we obtain

(CA|N|CAY = Z4 + |C]*|Asal?,
(CAINg|CA) = Zp + [C]2| Apal?. (2.87)

Thus, the expectation values of the flavor charge operator Qa,5) = Na,B) — N(—A,—B)

turns out to be
(CA|QaICA) = |C1*(Qa)
(CA|Qp|CA) = |CP(Q5)

In Eq.(2.88), the vacuum contributions Z(4 p) are removed from the flavor charge

(2.88)

and the result for the coherent state is simply |C|? times the expectation value of the
flavor charge for a single particle initial state.

We now apply these results to oscillations in nn’. The masses are known to be 549
MeV and 958 MeV, respectively [91]. The phenomenologically allowed mixing angle
(Osu(s)) range of the 1’ system is found to be between —10° and —23° [91], where
the mixing angle gy (3) is defined by Eq.(36) of Ref. [92]. This angle represents the
breaking of the SU(3) symmetry, the eigenstates of which are already rotated —35.26°
from u@ + dd and s5 to o = uii + dd — 255 and 3 = uti + dd + s5. Thus, our mixing
angle should be defined by 6 = gy 3) — 35.26°. Recent analysis of the 77" mixing
angle using a CQM based on the Fock states quantized on the light-front can be found
in Ref. [92] and the references therein. The value found for Osy 3y was =~ —19° and
thus § ~ —54°. We use these values in Eqs.(2.82) and (2.83) (or equivalently (2.84))
to determine the evolution of definite flavor particle number and flavor charge.

In Fig.(2.2), we present both (A|N4|A) (thick solid line) and (Q4) (dotted line)
as a function of time when the particle momentum is low (k = 0.1GeV). For com-
parison, we also show the previous approximate result (thin solid line) based on the
perturbative vacuum [36] ((A|Na¢|A) and (Q4) coincide in this approximation). As
we show in Fig.(2.2), the population density (A|N4|A) (thick solid line) is distorted
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(deviation up to 40%) due to interaction with flavor vacuum while only renormal-
ized Pontecorvo result (thin solid line) is obtained for the approximate perturbative
vacuum treatment of Ref. [36]. However, one cannot see the same amount of devi-
ation in (Q4) and the previous result [36] based on the perturbative vacuum is in
a good agreement with the flavor charge oscillations modulo the accuracy of order
O(7?). More details of our results on the time evolution of the particle number with
the momentum k£ = 0.1 GeV are shown in Fig.(2.3), where thick solid and dashed
lines are (A|Na¢|A) and (A|Np;|A), respectively, and thin solid and dotted lines are
respectively the antiparticle contributions (A|N|A) and (A|Ng,|A).

The nn' is one of the most severely mixed systems due to the great difference in
masses of mixed particles and large mixing angle. As we have stated earlier, the sim-
ple harmonic structure of particle number usually obtained in Quantum Mechanics
or in an approximate QFT treatment is completely altered as the result of nontrivial
interaction with the flavor vacuum. What we see is the superposition of two different
modes as described in Eq.(2.82). From the initial moment of time the population
of both A-particles (thick solid line) and B-particles (thick dashed line) increases.
Although the increase in number of B-particles is well understood due to A — B
conversion, the initial increase of A-population is quite unexpected and caused by
virtual pairs production from the vacuum. The contribution from this process is
rather fast so that the general tendency of exchanging between A and B particles can
be seen quite well. In Fig.(2.3), we see the oscillations of the number of antiparticles.
This effect is given in the order of 42 and is absent in perturbative vacuum models or
Quantum Mechanics. Besides the beams of A and B particles moving in k direction,
we necessarily have antiparticle beam traveling in the opposite direction. The popu-
lation density in this beam is correlated with particle-beam so that the total flavor is
preserved. The existence of beam is caused by disturbance of flavor vacuum at the
time when A-particle was created. Thus, the mixed particle of definite flavor not only
produces the ordinary flavor oscillations but also is accompanied with the beam of

flavor antiparticles traveling in the direction opposite to the beam of particles.
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In Fig.(2.4), we plot oscillations of flavor charge for the same momentum k =
0.1GeV. The thick solid and dashed lines are (Q4) and (@ p), respectively. One can
see that these are the simple oscillations similar to Quantum Mechanical result [22,51].
Distortions due to interaction with vacuum are of the order of v2, i.e. about 10%
in this example. Interesting feature is presence of regions where the flavor charge is
overwhelmed by antiparticle presence and changes sign. This feature is understood
as result of virtual pair production at the times when the number of, e.g., A-particles
is small due to A — B conversion.

It is also interesting that the efficiency of the conversion processes and the flavor-
vacuum contribution depends on the energy of the original particle. The dependence
is proportional to the difference in the relativistic masses of the energy-eigenstates
and is decreasing with the energy growth. The effect is given by the amplitudes
v, (k) and ~y_(k), which determine the contribution from ay and b, terms in a4 (See
Eq.(2.69)). In Fig.(2.5), we plot dependence of v, and 7_ on the momentum. As
we see in Fig.(2.5), v, amplitude falls as k increases and goes to 2 for £ — oo. In
this limit, v, defines mixing due to a simple rotation between a; and as states, it
gives quantum-mechanical Pontecorvo formula. On the other hand, v_ appears with
an antiparticle creation operator and describe Bogoliubov rotation between a; and
bil. This term is responsible for % high frequency contributions and antiparticle
beams. As we see in Fig.(2.5), it decreases as k — oo and the mass difference becomes
washed out by the relativistic gain of mass. This also means that at ultra-relativistic
limit the QFT-mixing effects vanish so that the simple Pontecorvo formula is restored
for flavor-oscillation.

To demonstrate the energy dependence of mixing in BV theory, we show in
Fig.(2.6) the plot of population densities evolving with time for the larger momentum
k = 0.5GeV. The line assignments are same as in Fig.(2.3). As easily seen in Fig.(2.6),
the intensity of antiparticle beam decreases dramatically to about 10% [in contrast
to 20-40% in Fig.(2.3)] of initial intensity. The initial increase in the population den-

sity fluctuation in particle beams also reduces even though the quantum mechanical
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oscillations with <952 frequency are still visibly distorted. Two beams demonstrate
strong correlation of the same kind as EPR-correlation in Quantum Mechanics so

that the total flavor charge is conserved as it should be.

2.5 General Quantum Field Theory of Flavor Mix-
ing

We now concentrate our attention on generalization of the above treatment to under-
stand general physical background behind BV theory and to obtain a formulation of
BV theory applicable in general to SU(N) mixing with N > 2.

In QFT mixing is described with interaction Hamiltonian density
1
Hi(o(x) = 5 > muel(x)éu(x) + hec. (2.89)
w,v=A,B,...

so that full classical Hamiltonian can be diagonalized similarly with appropriately

chosen linear transformation from the flavor-fields ¢,, to the mass-fields ¢;

—ei= > U (2.90)
n=A,B,...
Ho(o(x)) + Hi(d(x)) — Hy(p()). (2.91)

Here Hj is a free-theory Hamiltonian and the free-fields ¢; are written in terms of

their Fourier transform as usual

Z/ N ukaazka () €™ + vp bl (1) _’kx). (2.92)

Uiko () = e gy, and by, (1) = e *ithy, with the standard equal time commu-
tation/anticommutation relations. In Eq.(2.92), uj, and vy, are free particle and

antiparticle amplitudes, respectively, and o is the helicity quantum number

(0 8) Uy = TUigy, (0 8) ey = TV, (2.93)
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Here s is the spin operator and n = k/|k|.

Main difference from Quantum Mechanics is that in QFT the transformation
(2.90) does not immediately imply a specific form for the mixing relations between the
flavor and the energy eigenstates. In fact, the intrinsic presence of antiparticle degrees
of freedom introduces a dramatic difference. As is known, in field theory any operators
with the same conserved quantum numbers can mix. This means that in general in
Eq.(2.12) not only the flavor particle annihilation operators with momentum k and
helicity o will mix, but also the flavor antiparticle creation operators with momentum

—k and helicity —o may enter. Thus, the most general linear mixing relation in QFT

becomes
e = Y (@u(K)aie + B8], )
. i=ab . (2.94)
byr—o = Z; (O‘m’(k)bz‘—k—g + Uﬁm(k)aikg) ;

where a,(a;) stands for flavor-eigenstate (mass-eigenstate) particle annihilation oper-
ator and b, (b;) stands for flavor-eigenstate (mass-eigenstate) antiparticle annihilation
operator. In these relations we explicitly imply that antiparticles and ” particle-holes”
are treated on equal footing, as they enter covariant field ¢(z). Factor n = (—1)%9
with S being the spin of the mixed fields (n is +1 for bosons and -1 for fermions) has
the quantum-statistics related origin and is required to guarantee [auxy, by—k—o|+ =
0. Consequently, we have introduced two mixing matrices, o, and 3,;, describing
particle-particle mixing and particle-antiparticle cross-mixing. For brevity, we will
suppress momentum notation implying that all quantities are taken at given momen-
tum k and helicity o or —k, —o as indicated by the sign in front of the flavor /mass-
eigenstate index (i.e. a; stands for a;, and b_; for b;_x_,).

Few simple properties of quantum mixing transformation are in place. For Eq.(2.94)

to preserve commutation/anticommutation relations it should hold

2 2 2 .
il "+ Bul” = Ul ;
{ |au | WM | | w | fermions (2.95)

|l® = 18l = |Usi|* bosons,

so that one can relate o,; and 3,; to cos and sin for fermions or cosh and sinh for
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bosons, respectively;
)

0,;) fermi
o = U { cos(,;) fermions

cosh(6,;) bosons (2.96)

sin(6,,;) fermions
ﬁui =Uy . .
sinh(6,;) bosons
Eqgs.(2.94) must also furnish a representation of the classical mixing transformation
(2.90) in the linear space of quantum fields. Then, it follows that following relation
should hold
O — O = O (2.97)

independent of .

The possibility of antiparticle admixture in (2.94) has important consequences.
In particular, it is clear that the vacuum |0), associated with the free fields ;, is not
annihilated by a,,. In fact, use of |0) to define flavor quantum states introduces various

normalization problems. If one proceeds to define the flavor states as in Ref. [36], e.g.
[4) = a}0),
then as follows from Eq.(2.95)

(A]4) = > laail # 1.

This forces one to introduce much artificial normalization factors as in, e.g., Ref. [35,
36]. In a more general form a similar normalization problem had been demonstrated
in regular perturbation theory in the mixing of two fermions of spin 1/2 in Ref. [35].

Following Ref. [35], QFT of 2-flavor mixing is a theory simple enough for the
perturbation series to be summed exactly. For example, one may obtain for a time-

ordered two-point function Sy4 = (0|T[)4104][0)

Saa :SA(l‘f‘mE;BSBSA+ijSBSASBSA+-~-)
= Sa(1 —m?4zSpSa)~ "t = (:082(0)/&2}7/i + sin? ()

—m2+id k2—mZ2+id

(2.98)
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where the "bare” propagators are Sy g = (k—ma, p+10)~L. The transition amplitude
for a fermion A created at time ¢t = 0 to go into the same particle at time ¢ then is
given by

Pralt) = iug et sy  (k, Dy0u,

(2.99)
= cos?(6) + sin? (0)| Uy |2e i(ea=€p)t,

where S7,(t) is forward (¢ > 0) propagation function, u,; are bi-spinors used to

expand mass-eigenstate fields and

Ui |* = Z|ukbuka

Upon computing |Uy|* one can explicitly observe that |Uy|*> < 1 and thus Paa(t —
+0) # 1 [35]. These results indicate that a special care needs to be taken in QFT
to properly define flavor states. In particular, the flavor vacuum state |€2) shall be
properly defined as the state annihilated by flavor particle/antiparticle annihilation
operators and flavor quantum states shall be built on top of |(2).

The explicit structure of flavor vacuum state can be obtained in general by solving
the set of equations

a4, Q) = 0,b,]Q) = 0. (2.100)

Let us express the flavor vacuum state as a linear combination of the mass eigenstates,

i.e. in the most general form,

)= mBm)m (Cﬁ)nlm @)nk (le)h--. (bik)lk 0),  (2.101)

(n),(1)

with (n) = (ninang...). To explicitly solve flavor vacuum structure we first consider
boson case. After applying Eq.(2.100) to Eq.(2.101) we get an infinite set of coupled
equations. The part of Eq.(2.100) involving antiparticle annihilation operators results
in a dependent set of equations and thus can be omitted. Expanding Eq.(2.100), we
find,

> (i B+ + BiyBuwya,—n) = 0,all (n), (1) (2.102)

J
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where (n;+1) stands for (ny,ne,...,n;%1,...n;) and k is the number of flavor fields.
To solve Eq.(2.102) we introduce symbolic operators which decrease the subscript
index of B, i.e. d_jBmya = Bny@,-1)- Then solving each set of equations in
(2.102) with respect to B, 1)) we find

Bn,+1)0) = (Z Z;jd_;) By and consequently

(2.103)
B(nxz H(ZZUd—])”Z O

with matrix Z = —a~!- B . Considering the momentum conservation and the original
Eq.(2.102), it can be shown that only B g);=¢) must be non-zero among all (I). Thus,
applying symbolic operators d_; and leaving only term B in the expansion, we

get
B = 2. H 7 Zh . Z Boyo, (2.104)
(7p)
Zj;i; =",
p
20y =1

It is possible to re-express this complicated equation in a more compact form;
Tyt k
ZHW ZZ albl ko), (2.105)

that can be shown by noticing that to obtain B,y from Eq.(2.105) one needs to
leave only those terms in the expansion that give the correct power of particle and
antiparticle creation operators, i.e. the total powers of all aT’s are n;’s and bj’s are
l;. This is the same procedure to extract By, from Eq.(2.103). Or Eq.(2.105) can
be shown by directly expanding the above expressions. The constant Z is introduced

instead of By and serves as a normalization factor determined by (Q[€2) = 1.
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Eq.(2.105) can be further simplified to

Q) =3 (Zk; I1 ,%i!(Z Zizalol ;)*0) =

= %Hk_O%(Z Zijalbl)M[0) = (2.106)
L ] Aol
- gexp( Zl zbfj)|0>‘
1,j=

Let us now proceed to the fermion case. We employ the same idea with the
symbolic shifting operators. One needs to be careful about the sign convention here.

If Cyp) stands for creation operator for fermion state |(n), (1)), we want then

aiB(m+1)(l)é(ni+l)(l)|O> = £ B0 Ciny|0) = di By yCim0)|0)

i A A . (2.107)
b Bny(t:-1) Cmy t:-1)10) = £Bwyt:-1) Cm10) = d-iBmyy Cimyy|0)
with the correct sign. Eq.(2.102) then can be written in the form
Z(a@-jdﬂ- + Bijd_j) Bnyay = 0 (2.108)

J
which binds together the shifting operators that increase and decrease the index. This

set can be solved as
d.i[B Z Zd_;|B (2.109)

with the same matrix Z as in the boson case. From the definition of shifting operators
it can be inferred that they obey anticommutation property (i.e. dy;dy; = —dy;dy;)

and thus it can be shown further that for iy > iy > ... > i,

Ayindyip_y - - d+ilB(0)(l) = B(i)(l)

(2.110)
d—iyd—i, ... d—, Bauya) = B

so that the solution can be written again as

H Z 00); (2.111)

where only B(g)() survives. Here, n; can be only 0 or 1 and the anticommutation rules

for the ordering are applied. It is remarkable that Eq.(2.105) can still be used for
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the fermion vacuum. This can be verified by a direct expansion keeping in mind the
anticommutation nature of the ladder operators. Thus, for either boson or fermion

case the flavor vacuum state is

N
1
Q) = Eexp(z Zi;alb’ ,)|0). (2.112)

i.j=1

We now proceed to find the normalization constant Z. For this, we consider

119)]% = | exp( Z Zijalb' ,)|0))? Z B Z Zijalb' )F|0) 2, (2.113)

1,j=1 1,j=1

N
where we use the fact that the states of ( 3. Z;;alb’ ;1)710) are orthogonal for different
ij=1
L’s. 'We then employ the fact that any matrix Z can be transformed to a diagonal

form with two unitary transformations, i.e.

T 0
Z'=|1 o . 0o |=UzV. (2.114)

0 N

We can now introduce additional unitary transformations a'f = Ufaf, v/ = VT

N
to make > ZijaZbT_ ZZ’ ato'l,

4a; b, where aj, b satisfy the standard commuta-
1,j=1

tion/anticommutation relations. Then, using binomial formula to expand (Z ZLav ),

1 Z
i=1
we find

ZLI#I(Z Za07)10)?
N

= ;ﬁ > LT el(Zyafol o)) = (2.115)

n1+...+nN:L 7=1

ZELZ 2 Hn,z\Zm]F 2. A AV

ni+..+ny=L j= ni,....,nN
where \;’s are eigenvalues of ZZT. The summation limits in Eq.(2.115) are different

for fermions and bosons. For bosons n; run from 0 to oo, while for fermions they only
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can be 0 or 1. In either case the sum can be evaluated to give

o H (14 ;) fermions det(1 + 221
| exp( Z Zijalb’ ) |0)? = = (2.116)
Py H 5, bosons det™'(1 — Z21).
Thus, for the flavor vacuum state we find explicitly
Q) = —exp Z Zi;alb' )|0 (2.117)

,j=1

where Z;; is an (i, j) element of the matrix Z = —a™!- 3. and Z is fixed by (Q|Q) = 1:
Z = det!/? <1 + ZZT) for fermions and Z = det™/? (1 - 22T> for bosons. We
see that the flavor vacuum state has a rich coherent structure. This situation is
different from the perturbative QFT, where the adiabatic enabling of interaction
ensures |0)interacting ~ |0) free- Rich nontrivial vacuum renders additional effects in
the flavor dynamics. In particular, the normalization constant Z is always greater
than 1 so that in the infinite volume limit, when the density of states is going to
infinity, we have

Ziot = €xp (@%/dlgln(&;)) — 00. (2.118)
Thus, any possible state for the flavor vacuum shall have an infinite norm in the
free-field Fock space and therefore the flavor vacuum state cannot be found in the
original Fock space. The unitary nonequivalence of the flavor Fock space and the
original Fock space is, therefore, established in general case, i.e. (Q]0) = K — 0,
V — 0.

The time dynamics of quantum theory can be entirely described in terms of its non-
equal time commutation/anticommutation relations. We note that in quantum field
theory of mixing only a;, and bl_k_g operators and their conjugates mix together. We
denote the set of quantum fields formed by all linear combinations of these operators

b

particular momentum k and helicity o. It follows then that Q(k,o)’s are invariant

and their products (algebra on a ;- and h.c.) as a cluster Q(k,o) with a

iko? “i—k—o

under mixing transformation (2.94) and we can analyze each cluster independently

from the others.
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The non-equal time commutators/anticommutators for flavor fields with given k
and o can be derived from (2.94) using the standard commutation/anticommutation
relations for the mass-eigenstate ladder operators;

Fo(t) = [a,(t), a]s = 3 (auk@;k, [ake_“’“t, aH |+ BB [b*_ et bk/]i>
kK

= Ekf(%kaike‘“’“t — N0k );
[b—u(t)v biu]i = Fvu(t)§
Guy(t) = [b_,u(t), al,]i = Z (Oz;kﬁyk/ [b_ke*iekt’ bT—k’] . + nﬁ;kal/k’ [aleiekty ak’} i)

ke k!
= Z(O‘Zkﬁuke_iekt - ﬁ;kaukeiekt)a

' (2.119)
where + in []+ corresponds to commutation/anticommutation. The two matrices F’
and G represent the only nontrivial commutators/anticommutators in the sense that
all others are either zero or can be written in terms of the elements of these matrices.
It is useful to note that, for t — 40, Eq.(2.119) shall be reduced to F,,(0) = d,, and
G, (0) = 0. We also note that

Fuw ()" = Fu(=1),

* (2.120)
Gru(t) = —Clulh).

Eq.(2.119) allows one to compute many mixing quantities directly. For example,
the time dynamics of ladder operators for flavor fields can be solved by writing them
as a, (t) = S (fua,(0) 4+ guwb',(0) + ...). Then, one can get, straightforwardly,
[, = [a,(0), Z,L (1)« = F,u(—t) and g, = [b_,(0),a, (t)]+ = G,,(—t) while all other
coeflicients are zeros

@ (1) = 5 (Fuw(Da, + Gua(=t)0l,)

(2.121)
b (t) = 32 (Fou(®)boy +0Gu(t)al) .

We now consider various dynamical quantities in field theory of mixing such

as the condensate densities of the mass-eigenstate particles in the flavor vacuum



Chapter 2. Quantum Field Theory of Flavor Mixing o7

(Z = (Qal (t) a; (t)]Q)), the number of flavor-eigenstate particles in the flavor vac-
uum (Z, = (Qlal (t)a, (t)|2)) and the particle number expectation for a single
flavor-particle initial state, which is related in the Heisenberg picture to N,,, =
(plal, (8) @y () 19y Ny = (plbL, (£) -, () ).

The free-field particle condensates in the flavor vacuum state are computed di-

rectly from Eq.(2.94);

Zi =" 184" (2.122)
J

In the following, the particle-antiparticle symmetry should be taken into account, so
that a corresponding antiparticle quantity can be found from the particle expression
after a necessary substitution (particles—antiparticles and vice versa). It means that
the antiparticle condensate is also given by Eq.(2.122). Similarly, the flavor particle
condensates in the free-field vacuum are given by Eq.(2.122) as well. Using Eq.(2.121),

we can get the flavor-particle condensates in the flavor vacuum,;
= [Guu(—t). (2.123)
o

It is remarkable that this number is not zero but oscillates with time.

The evolution of the particle (N,,,) and antiparticle (N,,,) expectation number
with flavor v can be found using the standard technique of normal ordering, i.e.
moving annihilation operators to the right side and creation operators to the left side

of the expression. With this technique, in general, we obtain

Nowo(t) = lay, al, (t)]£[ay (t) al]+ + 6,0(0]al,(t)a, ()]0) =
= F},(t)Fyo(t) + 6502, (2),
Nowo(t) = nlap, b_y ()] 07, (£), al]s + 6,4 (0]b],(£)b,(£)]0) =
)"

( (2.124)
= NG yp(1)Gro (1) + 0 Z,(—1).

For a specific case of the number evolution in the beam with a fixed 3-momentum,

we find
Ny = (Olayal, (t) a, (t) ab|0) = |F,,(t)] + Z,(t),

_ , (2.125)
Novp = Olabt, ()b, (£ aJ0) = |Gy (DI + Z,(~1).
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We emphasize that no general reason can be found in the above theory for Z,(t) to be
equal to Z,(—t). In fact, explicit computation shows that if the mixing matrix U, is
not real, e.g. CP violating CKM matrix, Z, (t)—Z,(—t) will have nonzero contribution
proportional to the imaginary part of U,;. We must understand this quite unexpected
result as manifestation of T-violation in the presence of CP-violating mixing, which s
required by the CPT-theorem. Interestingly, Eq.(2.120) demonstrates that T-violation
can occur only in "particle-antiparticle” cross-mixing, described by G, and not in
"particle-particle” mixing described by F),, .

The flavor charge Q,,, can be defined by [42,43,93]
qup = |Fzzp(t)|2 -7 |G1/p(t)’2 . (2126)

Explicitly we get

Quun = ) (aupag e’ — Uﬁukﬁ;keﬂlekt}(a:lk'auk’efiek/t - nﬁ,ik/ﬁuk/e“k”)—

kK’
-1 Z(aikﬁuke_iekt - ﬂ;k@ukeiekt)(QVk/ﬁZkfeiE’“’t - 5uk/04;tk/€_i€k't)
& (2.127)
= > (awway, — nﬁvk’ﬁ:k)(e_z(ekl_%)ta:k/auk - ﬁez(gk'_gk)tﬁuk :k/>_

kK’

(B cww — a;kﬁvk’)(e_i(e’“'Jrek)tﬁukO‘Zk' - ei(e’“'+ek)taﬂkﬁ:k/)~

Taking into account Eq.(2.97), we can write, e.g. for fermions (S=1/2),

Oz,/k/()é;k + ﬁyk’ﬁik = Uyk/U:k(COS(HVk/) COS(QVk) + Sin(eyk/) Sin(ka))
= ,,k/U:k COS(el,k/ — Guk) = Uyk/U:k COS(@kk/),
6:k0zyk/ — Ozzkﬁyk/ = Uyk/U:k(COS(ka/) sin(@l,k) — COS(ka/) sin(@uk))

= l/k/Ujk; sin(el,k — ka/) = Uyk/U:k sin(@k/k).
Thus, we find

Quyu = Z Uuk’U:kUukU:k/(COS2(0kk’) COS(u}k/kt) +1 COS(ek/k) COS(Quk + Quk/) sin(wkk/t)—f—
kK
Sin2(0k/k) COS(Qk/kt) — isin(@k/k) sin(@uk + Huk/) sin(Qkk/t));
(2.128)
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where Qij =€+ €} and Wij = € — €5, and ﬁnally

Quun = 2 Re(Up U Uy Usy ) (c08? (B ) cos(wiit) — msin®(Opr,) cos(Qrt))+

k,k'

+ 2 (Ui U UpUy ) (€08 (Oar ) co8(Opun, =+ 0,pr) sin(wprnt) —
Je k!

- sin(@k/k) sin(ﬁﬂk -+ Guk/) sin(Qk/kt)).
(2.129)

These formulas are valid also for bosons with the substitution cos — cosh, sin — sinh,
n— +1.

Finally, we note that Eq.(2.125) may be viewed as a superposition of two terms:
p — v propagation and background contribution Z,. Thus, one may introduce the

particle-particle and particle-antiparticle oscillations amplitudes, respectively,
Ap—v(k,t) = [ay (1), a}(0)]e = F,(t)
Api(k; 1) = [b-(t), ap(0)] = Gu,(t).
Such propagation amplitudes would also appear from the flavor-field Green functions

defined on the flavor vacuum [Q2) as (Q|T[¢, (k, )¢} (k,0)]Q) [35].

In the general theory presented above, as we discussed earlier, a specific model

(2.130)

shall be used to connect field-theoretical mixing matrices «,; and f3,; with classical
mixing matrix U,;. Here we will use BV theory to establish such a connection.
To develop our general formulation we shall pursue a bit different strategy from that
employed originally by BV. We shall avoid the step of explicitly building the quantum
representation A(U, t) by directly employing Eq.(2.90) and an observation, pioneered
in [37], that the ladder operators can be directly extracted from the covariant fields

with a linear operation. For example, for spin-1/2 fermions

Giko () = Y wd 0ix(0),

. 4 (2.131)
brcalt) = [0t
where H and h parameters are defined as follows
H“jdag _ u“Tu _ UuT v .,
ko ) ko “ko’ —k—0"Y—k—0o (2132)

Hi 7 |
hkU(SU:U ukov k—o’
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Since the Fourier component @ (t) = > \/;T (ufmaikg(t) + Uikgbj,ka(t» is obviously
g

a linear combination of ;(x,t), one expressed the ladder operators as a linear combi-

nations of the original covariant fields. Using linearity of the mixing transformation

(2.17), we can find the structure of a,x.(t) without explicitly building A(U, t);

Quae(t) = Yl (AU @i DA(U. 1)), =

ko

\/ 2€,
Z H““k o Um%k( ), (2.133)

For the bosons the ladder operators do not separate as in the fermion case, e.g.

¢ 1 i
ukTa(pik(t) = Tk(aika(t) + kgbsz,o(t)) (2134)

and in general h{ # 0. Eq.(2.134) implies that particles and antiparticles in boson
case can not be dlstmgulshed unless time dynamics is considered. To deal with this

problem we define ladder operators for bosons by

ane = 1il, (/Foult) + g onld))

T h 5 o (2.135)
bl = e (VD) = Al
With Egs.(2.131) and (2.135), we then derive for fermions
\/ 2€u Uy,
Ap = “Fon Z,(ukauka/aa +Uﬁ2 e o"bT )\/Z =
jo (2.136)

=3 (|2 800+ [ EUBL, )
J

(( Vg auka>a+<—k O'Uka') b‘j)%:
€j

Z
2.137)
feu (H9)" feu (B9)” (
E( 5-( T U* bj— . L U,,a )
- ; H J ; H i 4
and for bosons:

\/26“ utej wt g [ Al Uyj
- Z( kauka T 4 +ukav k—o’ b —J -

g0 i v \/Z
”HW%% ”MWbT'

I
=M
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26}14 . . . )
_ VN ) Jooenw—¢ T ] J euteip
b_, = Y5 Z (vfkfgukg, ay ol vl b

=, (2.139)
— Z <\/ Gu H;U U* b,J + \/ eu h“]) U*CLT) )

13
By defining
Qg :’Yw wis Bui = VUi (2.140)
where
L \/? g[fu fermions,
E H*i \/W = bosons
\/:hw fermions (24
B Hw ;
" h# \/GHT\/TJ‘ bosons,

this can be put in the form (2.94).
Using the formulas presented in Appendix A, one can explicitly verify for S =
0,1/2,1 that the conditions (2.95) and (2.97) are satisfied and Eqs.(2.136-2.139) pro-

vide a valid representation for the classical mixing transformation. As an exam-

. 0, . .
ple, consider a—;ﬂ for spin-1/2 fermions. One notices that Jui can be reduced to
i My

O .
L —
s = Vuj f(m,), e.g. for fermions

8sin(0m/) 8SIH(GHJ)
aeuj’ B 89W- _ omy, _ Omy

Omy,  Om, a cos(0,;)  cos(6,) = f(mu) — f(my) =0

so that 6,; = 6, — 0;, where cos(,) = ﬁa(\/eu +m, + /€, —m,) and sin(§,) =

#a(\/eu +m,, — /€, —m,). Thus Eq.(2.97) is trivially satisfied. One may use then
our general results to analyze the flavor dynamics in BV formulation.

Up to this point our discussion was concerned with time dynamics of flavor fields,
let us now concentrate on flavor vacuum effect on flavor oscillations in space dimen-
sions. We begin our study with a simple example. Let us consider a particle created
initially in a quantum state |i) that propagates in space and time. The number of

particles of sort p expected at space-time position z = (¢,x) may be introduced via

N,(z) = <i|a2($)ap(x)]i>, (2.142)
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where af (z)(a,(x)) is creation (annihilation) operator for particles of sort p at space-
time position z. This can be defined via creation (annihilation) operators for given
momentum k

X) = —e "al | (t). (2.143)
zk: v/ 2Wpk i
Substituting the definition (2.143) into Eq.(2.142), we obtain

ei(k’fk)x

. 21 /W ok Wpk!

We thus find that the number of particles expected at the space-time position x can
be found using Eq.(2.144) once <@'|a;7k(t)ap,k/ (t)|z> is known for all k and k’. In the

above example, it is instructive to recognize a more general problem. First of all,

N,(z) = <i|aj)7k(t)ap,k/ (t)|¢> . (2.144)

note that Eq.(2.144) is analogous to the conventional probability density |¥(z)|? - in

case of free fields it yields the square of the Feynman propagation amplitude

6( T 2.145
P |/W .

K
Unlike the Feynman propagation amplitude, however, Eq.(2.144) generalizes naturally

kz—wy 20

[Ar(2)]* =

to the case when the total number of particles of a given sort is not conserved, as is,
essentially, in any flavor oscillation theory.
For a system with N flavors of particles we define the initial flavor state |i) by

N
i) = > (gpxca) s + hoxbl ) Q) (2.146)

p=1k
Eq.(2.146) represents a single flavor particle initially created in a state such that the
probability to observe it as sort p-particle (antiparticle) is simply |g,x|* (|7, —x/|*)-

2N functions g, x, h,x shall be understood as the form-factors of the initial state |2).

3In Eq.(2.146) we assumed that particles and antiparticles are distinguishable. Although this
is feasible in the case of, e.g., neutrinos, for many cases of meson mixing the field operators are
self-adjoint and thus particles may not be distinguished from antiparticles. However, Eq.(2.146)
can still be used by redefining b' = a' and g, x = h, _k. Given this remark, we will continue with
general formulation keeping in mind that the meson-mixing can be obtained with straightforward
adjustments from our final results.
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For notation convenience we shall adopt following convention. We will let a be both
positive and negative (& = —N, ..., N, excluding o = 0) with negative & enumerating

antiparticles and positive a enumerating particles, respectively. In this notation
N
> faxal, Q) (2.147)

where, for convenience, we have introduced a; ok = —a wx Jor a >0 and al ok = b_a K
for a < 0. Analogously, fox := gax for @ > 0 and fox := h_qx for a < 0. Also,
from now on, in summations over a we imply « # 0.

From Eq.(2.147), we may further introduce the creation operator for form-factor

F={fuxa=-N---—11...N}

N
> faxaly (2.148)

a=—N;k

so that, concisely, |i) = a'(F)|Q). It is straightforward to obtain non-equal time

commutation /anticommutation relations for a(F) and a'(G)

N
[CL(F), aT(G)]:I:,equal time — ZN . f;,kgak = (fa g)Ia

N
[a:(F), a’(G)]+ = ﬁ:Z_N'kf;,kfaﬁ;k(wgﬂ,k = (f.9), (2.149)
[a:(F),a(G)]+ = BZZ_N_kf;,kgaﬁ;k@)gg,k = (f,9%)g;

where the inner product is defined by

Z faxAasx(t)gs k-

a,f=—N:k

Fopx(t), Gapx(t) are the non-equal time commutators/anticommutators for momen-

tum k analogous to Eq.(2.119),

[a0x(1), aly o]+ = Fasac(t)d(k — k)

(2.150)
[aax(t), asxle = Gapx(t)d(k — K').
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Explicitly,
G_op(t),a<0,6>0;
8() s 0 Gt
Gap(t) = nG _gu(—t),a>0,8<0; = o ;

0, otherwise.

Fap(t) = FFaﬁ(t)t’ODO’oﬁm;o- _(F®w 0
ap(t) = L g-a(t), 0 <0,68<0; = 0 FT()

0, otherwise.

(2.151)

Similarly to external wave-packet models, our primary interest in this discussion
is the process in which a ”flavor” particle is created in some initial state |i) with form-
factor given by G = {gax} and is detected at time t as state |f) with form-factor
F = {fox}. In that case the object of interest is the expectation value of the number

operator Np(t) = a} (F)a,(F)
(INF()i) = (Qla(@)af (Fa(F)a'(@)2). (2.152)

Using the machinery we just have introduced and after simple algebra, we find

(Ne@) = 1lae(F),a' @l +1lla( @) al PP + (al(FladF)) o
= |(fvg).7'—|2 +77|(f79*)g|2 + (fa f)Za
where the last term is related to the flavor condensation in the vacuum,
N
(f’ f)Z - <(II(F)G,,5(F)> = Z fa,kZa,k(t)fa,ka
a=—Nik (2.154)

Zox(t) = (Qlaf  (DaaxD]Q)
Generally this term is not zero for ¢ # 0, in fact, for many choices of F' it is infinite.
On the other hand, one may notice that this contribution is independent from the
initial state |¢). Furthermore, in case of a point like detector this contribution also
is x-independent and thus may be interpreted as the background due to the vacuum

condensation picked up by the detector itself. In this case we can remove it by defining
(i|Np(0)]i), = (i[Nrp(t)|i) — (QUNF()[2) =

N N
=1 X faxFesxasxl? +n0l 0 3 fixGasx(t)ghal*
a,f=—N:k a,f=—N:k

(2.155)
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Oscillations of flavor charge can be obtained from Eq.(2.155). For the case of detection

of a single particle with flavor 5 and form-factor f(k)

(Qs(t))r = (Nig(t))r — (N-g (1)), (2.156)

where form-factors [3] = {fax = f(k)da s} and [—0] = {fox = f(—k)0_0 s}
It is straightforward to derive from Eqs.(2.155) and (2.156) the oscillation formulas

in space, in which case the detector shall be characterized by the form-factor [5] =

—1kx 1kx

{fax = \/—— da,p} for a single particle of sort 5 or [—f] = {fax = \/_5_a3} for
Wi

a single anti-particle of the same sort. Up to a constant background contribution we

have

(i Na(t,x)li), = |Z a7 Fra(t) 9ol +77|Z

(2wp1) 1/2 Gpak(t )g;,k|2’

2ka

—ikx

. . —1kx
<Z|N—ﬁ(tax)|@>r = |Z Qwp) 172 F_pak(l )gak| +7I|Z Qwﬁk)l/Zg Bak(t )gak|

(2wgk)

(1|Qa(t, x)]i), = (i |Nﬁ(t,X)| i), — (i[N-g(t,x)]i >r-
(2.157)

Our final result depends on the form of the initial state assumed for the flavor particle,
e.g., one may consider the initial state as a state with definite momentum k and

definite flavor (3,

(BK| No(t,%)[8k), = (2warwpr) " | Fasa()® + 1(2wakwsm) " Gapa()]?. (2.158)

This, however, has no dependence on x and thus one can not see any space oscillations.
One also might consider a particle of sort [ created at position x’ and observed at
position x at time ¢ as a particle of sort a. If 3 > 0, one finds

el(x—x )k

(Bx'[Na(t, x)[BX'), = \Z 5 o) ok (D)|* = ["Fap(X' = x, 1),

ei(x—x "k

(2.159)
<5X/|N—a(tax)|ﬁxl> = 77| Z ngaﬁ k( )|2 = n|*gaﬁ(xl - th)|27

where *F(z) is the Fourier transform of (2, /Wawgk) ' F (k) and *§ is defined similarly.
In practice we are interested in the case when a flavor particle was produced

originally in a small (but finite) region of space with (nonzero) momentum k. This
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can be represented by a well-peaked initial state |i) with form-factor g(k) such that
a single particle of sort 3 appears as a narrow wave-packet of momentum ky. Taking

now the explicit form of F and G from Eq.(2.119) and leaving the detector point-like,

we obtain
(Bg|Na(t,x)|B9), = |3 (aagne™ e (02 4 g eiite = (—Vvat=)%/2) 2 +
Y
N Z<Caﬁ;’ye_iw7t€_a2(Vvt_x)Q/Q + daﬁ;yeiwwte_‘ﬂ(—th—X)Z/Q) 2 ;
7 7= "5 -
(2.160)

In the above derivation we used the following identity, which can be proved using the
stationary phase approximation for the function g(k) sharply peaked around k = kg

and the slow-varying functions f(k) and S(k),

i dkg(k) f(k)e®®ekx ~ (2m52)3/2g(ko) f (ko) e’ ko) TkoX) exp(—o?(x + @S(ko))2/2),
o

2 _ _ gko)
- g//(ko) .
(2.161)
The explicit form of F and G is parametrized as
N ‘ ‘
(v 2wak)_1‘7:aﬁ,k(t) = (aaﬁ;v(k)e_zw"’kt + baﬁ;v(k)ezw”kt)7
N (2.162)

N ‘ |
(V20ak) ' Gapi(t) = 3 (Capy(K)e™ ™ + o (k) e xt),

ki
L

and all amplitudes in Eq.(2.160) are taken at momentum k = kq. Eq.(2.160) physi-
cally represents the expectation value for the number of a-sort particles observed at
position x at time ¢ when a single particle of sort § and form-factor g(k) had been
emitted. What we observe, hence, is a single wave-packet propagating through the
space: one can see that (Gg|NV;(ax)|B¢g) reaches maximum only when the ”center” of

the wave-packet passes over the observation point x, i.e.
(V)it ~x or (—v)t = X. (2.163)

To explicitly observe space oscillations one should take an average over time in



Chapter 2. Quantum Field Theory of Flavor Mixing 67

Eq.(2.157) which would correspond to an observation continuous in time [58,59,94],

Wolax) ~ Jim [ dt{g|Na(t,x)lg),

ikx

. eikx e *
~ Jim [ dt <| > e Foon(Dganl 01 2 G G Dl |
T ) 5
(2.164)
Using Eq.(2.162), we may rewrite this as

S J [ k5 (w55 — wyne) [ (s (6t (K) + by (KB (K))
v

n(caﬁ;'y (k)CZﬁ;y/ (k/) + daﬁ§7<k)d2¢ﬁ;'y/ (k/>>]gﬁ7kgg,k’ ei(k_k/)x‘

2

When the mass difference mz — mi, is small, the functional

(W — Wy ) [(aapn (K)ag ., (K') 4 bagiy (K)0G 5., (K')) £

Y (2.165)
(CCYB?’Y(k)C:;ﬁ;'y’ (k/) + daﬁ;'y (k)d:;ﬁ;'y’ (k/)>]gﬁ,kgz,k’€l(k_k M

has its maximum at k =~ k' = kq. Then for the initial single flavor particle 5 with

sharply-peaked ggx we can use the stationary phase approximation again to find

Wi(x) ~ Z/ [(aa,@w(k)a:ﬁ;y'(k) + baﬁ;v(k)bZﬁ;7'<k>)

+ 1 (Capny (K) g (K) + g (K) g, (K))] e o0 o
(2.166)

Am?2 , ~ m2—m?, ~ L.
where k = k¢, Ak, = 2\k?| ko = ;\kolﬂ{ ky. For the mixing of two flavors we recover

the oscillation length as
2k
L~ —.
Am2,

We should point out here that the field-theoretical corrections are generally found

(2.167)

only to change the amplitude of the oscillations while no major distortion in the
structure of the oscillations is found. This is quite different from the case of the flavor
oscillations in time where the additional high-frequency term was prominent. Indeed,
we found that only one mode of space oscillations, with the wave-length related to

Amiv, by Eq.(2.167), survives average over time. While this result may be in part
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attributed to the approximation we used, one may also notice that in Eq.(2.164)

/dtei(kaiw’ylk,)t#o

only when w.x + wyw = 0 and for that the frequencies must come in with the oppo-
site signs. Thus, no high-frequency terms may survive in the integration over time.
However, the field-theoretical effect is still noticeable in the shape of the oscillations
as one may see in Section 2.6.3. Finally, we note that the decoherence factor e x?/2
in Eq.(2.166) leads eventually to the separation of the mass-eigenstates so that they

propagate independently.

2.6 Applications of General Quantum Field The-

ory of Flavor Mixing

2.6.1 Vector meson mixing (S=1) for two flavors

We now consider the unitary mixing of 2 fields with spin 1 (vector mesons). U(2)
parametrization consists of 4 parameters: 3 phases that can be absorbed in the phase

redefinition of fields and there is one essential real angle that is left, so that

7= < cos(f) sin(6) ) . (2.168)
—sin(#) cos(f)

Using Appendix A, we define ﬁfi =1 < 2 4 3) for 0 = +1 and

euei—k? € €;
=it (24 2),
(2.169)
— 1 k“tene; [ €
Vl“ T2 mymy (\/ € u)
for ¢ = 0. For the free-field mass parameters m, v = 75 = V4, V12 = —Va1 = V-

(note 3 convention difference from Section 2.4).
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The mixing matrices o and 3 are then

o < cos(f)  ~ysin(0) >
—vysin (@)  cos(0) ’

B 0 v sin ()
- ( —y_sin(0) 0 )

For the flavor charge oscillation we then obtain the result that is independent from

(2.170)

the mass parametrization,

Q111 = 1 +sin® (20) (2 sin® (Q§2t) — 7% sin® (2221)) |
Q121 = sin® (20) (73 sin” (wngt) —~2 sin® (%)) :

We see that this result, with an exception of greater complexity of ., is identical to

(2.171)

the case of spin 0 [44,45]. According to the general theory, in fact, this should be
expected for the two-flavor mixing with any integer spin. For S = 1 we see that an
essential difference from the scalar/pseudoscalar meson mixing, such as the compli-
cation of momentum dependence of vy, occurs only for the mixing of longitudinally
polarized particles. The mixing of transverse components is essentially the same as
in the case of spin-zero particles.

The details of non-equal time commutators are given by

et cog2 § + sin? 0 (e‘“”’yi — eie?tﬁ) , Vi sinfcosf (et — e~iat)

F =
V4 sinf cosf (et — e at) | el cos? § + sin® 0 (e i3 — efriqg? )
(2.172)
_sin? 0 (e7'2t — e*2t) | ~_sinfcosf (et — eiezt
a— | ™ ( | ‘) gt (' ‘) @1
y_sinf cosf (e72t — ef1t) 4 y_sin? 6 (et — e~iat)
The condensates of free-field particles are
7y = Zj = ~* sin? (0) (2.174)
and the condensates of the flavor particles in the vacuum are
Zy = 4742 sin® (0) (cos? (A) sin® (424) +~2 sin® (0) sin” (£22£)) , (2.175)
D11t ’

Zy = 4% sin? (0) (cos? (0) sin? (42L) + ~2 sin® (0) sin® (4
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The flavor vacuum structure is defined by the matrix Z (note different index conven-

tion from Section 2.4):

b -1 ( —y4v-sin? (#)  ~_ cos (6) sin (0) > (2.176)

(cos? (0) +~3 sin® (0)) \ ~_ cos (0)sin (6)  ~,y_sin®(0)

2 sin? .
with the normalization constant 2 = (1 — — = (®) ) =1+ sin(#). One

cos?(6)-+~2 sin?
can see that < as function of 2 sin®(#) has a pole at imaginary ~_ sin() = 4, so that
the perturbative expansion in 72 sin®(f) has a finite convergence radius.

The time evolution of the flavor particle number (if #1 was emitted) is given by:

Nipy = 1+ sin® (8) {872 cos? (6) sin (Q?t) 472 cos? () sin? (22) +
—|-8fy+”y sin® (6) sin® (£22£)}, (2.177)

2
Q";Qt) + cos? (6) sin® (Ql?t)) ,

Nipp = 442 sin® () (27+ sin? () sin (

Nigy = sin? (6) {472 cos? (0) sin® (“424) + 472 cos? (0) sin® (£42¢) +
+472~2 sin® (0) sin® (41) (2.178)

Nigi = 442 sin® () (2 cos? () cos? (£42L) +~2 sin® (0) sin® (41)) .
Also we note that the scalar and pseudoscalar case follows immediately from
the above presentation when 'yffi = % (\/% + E—H) In this respect, the spin-zero
mixing is equivalent to the mixing of transverse components of vector fields, described

by Eqgs.(2.171), (2.172), (2.176) and (2.177). These results are in accord with [44,45].

2.6.2 Fermion mixing (S=1/2) for two flavors

We also present here the calculations for S = 1/2 case. For the consistent notation

with the previous works [39,83]*, we define

U — \/61+m1)(62+m2 +\/ (e1—m1)(e2—m2)

2veres : (2.179)
V= \/(51 m1)(e2+ma) \/(61+m1)(62 mg)

2\/€1€2

4In our notation U =y, V = ~v_
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The charge fluctuations are given by

Q111 = 1 — sin® (20) (U2 sin? “’12t) + V2sin? (9127&)) 7
Q

Q121 = sin® (20) (U? sin® (“172?) + VZsin® ( 5”2)) (2.180)
and the mixing matrices are
o ( cos (@)  Usin(0) )
—Usin (0) cos (0; (2.181)

which are the same with [39,83].
We can give more details on the fermion mixing dynamics. The non-equal time

anticommutators are given by

et cos? ) + sin? 0 (e 72U + €¥2tV2) | Usinf cosf (e7"2t — e~iat)

F =
Usinfcos @ (e7"2t — e7i1t) | g7 cos? § 4 sin? O (et U? + ei1tV/2)
(2.182)
UV sin? 0 (e7%2t — e'2t) | Vsinfcos @ (e~ 1t — eie2t)
G = , 4 , , : (2.183)
Vsinfcos@ (et — ei1t) UV sin? 0 (e1t — e~tart)

The condensates of the free-field particles are
7, = Zj = V?sin? (0) (2.184)

and the condensates of the flavor particles are
Zy = 4V?%sin® (0) (cos® (0) sin® (2L) + U2 sin? (0) sin® (222)) (2.185)

Zy = 4V?sin® (0) (cos? (0) sin® (22t) + U?sin® (0) sin® (L '

The vacuum structure is defined by the matrix Z:

-1 < ~UVsin?(0) V cos(f)sin() )

7= |
cos?(0) + U?sin*(0) \ v cos(f)sin(f) UV sin?(0)

1 _ 1
cos2(0)+U2sin?(9) ~ 1-V2sin?()"

with the normalization constant being Z =
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The time evolution of the flavor particle number (if #1 was emitted) is given by:

Ny =1 — 4U%sin® (9) cos? (6) sin® (#224)

2

V (2.186)
Ny = 4V%sin® (6) cos? (9) sin® (22L)

Nizy = 4sin® (0) {0 cos? (6) sin® (242) + V? cos? (0) sin® (%) +

+U?V?sin® (0) sin® (414) }, (2.187)

2
Nigy = 4U%V?sin* (6) sin? (%) )

2.6.3 Space-oscillations in two flavors mixing

In this section we shall investigate in greater details the effect of the field-theoretical
corrections on the shape of the oscillations of flavor charge in space. For that, we will
apply the formalism developed in Section 2.5 to the mixing of two scalar particles
created originally in a state with given flavor and a gaussian form-factor. We will
consider the time evolution of a single particle born in flavor o = 1 with a sharp
gaussian form-factor centered at the average momentum ky. Making use of Eq.(2.160),
we notice that for given « and [ either F,5 (e.g. 8 > 0 — a > 0) or G,5 (e.g.
B >0 — a < 0) is not equal to zero but never both of them are zero together. Then,
using Eq.(2.162) and Eq.(2.172) and Eq.(2.173), we shall set (up to not essential
normalization factor 1/4/2wax,)

aiin = COSQ(Q); aile = ’)/er sinz(ﬁ); bll;l = 0, bll;g = —’}/z sin2(€),
121 = A12.0 = —Y4 sin(0) cos(0); bya.1 = bia.o = 0,

12;1 12;2 Y+ ( )2 ( ) 12;1 12;2 . (2.188)
ciin = 05 crrp = Y47 sin®(0); diig = 05 diye = —y4y- sin®(6),

C121 = Y- sin(f) cos(0); c12.2 = 0; d12.1 = 0; dy2.0 = —7y_ sin(6) cos(8).

Here we imply that a,g and b,s are nonzero only for the particle-particle sector while
cap and d,p are nonzero only for the particle-antiparticle sector (i.e. ¢1; actually is
C1—_1).

In our study we’ve chosen specific values of m; and my close to the parameters

of n-n' system, i.e. my = 540MeV, my = 930MeV and 6 = 7/4. We simulated
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the time evolution of the initial gaussian wave-packet according to Eq.(2.160) for a
range of incident particle energies. As can be seen in Fig.(2.9), a typical wave-packet
propagates in the right direction oscillating at the same time into the other flavor.
After a certain time, o = 1 particle is almost completely converted into o = 2 flavor
after which the reverse process takes place. With time evolution, the original gaus-
sian wave-packet deforms so that two separate gaussians eventually emerge. This
corresponds to two mass-eigenstates completely separated in space: no flavor oscilla-
tions occur after that point in agreement with the concept of coherence length. In
particular, if o is large (or almost point source) and kg # 0, the two mass-eigenstates
separate almost immediately and propagate independently producing no flavor os-
cillations at all [see Fig.(2.10)]. The additional effect due to the nontrivial flavor
vacuum is rather small and is most noticeable only at the moments when one of the
flavors has almost completely disappeared due to the flavor conversion, as shown in
Fig.(2.9). More remarkable is the presence of the traces of negative charge propagat-
ing in the opposite direction to that of the main wave-packet. This coherent beam of
"recoil” anti-particles is due to the terms of the form exp[(—vt — x)?] in Eq.(2.160);
it is correlated with the positive wing at all times via the mechanism similar to the
EPR-effect, [see Fig.(2.10)]. The contribution from the high-frequency term, promi-
nent in time-evolution, translates in space as an interference between these parts of
the wave-packet, propagating to the right and to the left respectively, and dies out
almost immediately.

So far, we have studied the propagation of a single flavor particle through the
space. The space oscillations of flavor in conventional sense can be seen through
the change in the amplitude of the wave-packet as the particle flies through the
space. To observe space oscillations explicitly, we numerically traced the position of
the maximum of the wave-packet (2.160) with time. We found that the maximum

propagates at approximately constant speed consistent with

2k
v = .
VRS +mi + kG +m3

(2.189)
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With that in mind, we reproduced the plot of the maximum amplitude of the wave-

packet vs. distance. In Fig.(2.11), indeed, we observe the space oscillations with the

2ko
Am? "

wave-length L ~ We also observed that, when the momentum of the particle
is sufficiently low, the form of the space-oscillations is noticeably distorted from the
quantum-mechanical prescription; for example, at certain points the flavor charge
becomes negative. However, the field-theoretical corrections decrease as the energy

increases and also die out with the distance.

2.7 Phenomenological Aspects of the Field-Theo-

retical Oscillation Formula

In this section we are going to examine consequences of the BV theory of flavor
oscillations for phenomenologically important systems. While general theory of BV
oscillations had been introduced and in details considered above, for systems like
Ky — K, some more care needs to be taken in applying this formalism. Specifically,
in K — K° mixing K° is not truly neutral since K° # K° This is neither the
case of mixing of two different charged particles, rather here particle is mixed with
its antiparticle. To establish connection with our general theory, it is important to
identify properly the mixed degrees of freedom. Note that in K° — K° mixing there
are three distinct modes, namely the strong-interaction eigenstates K°— K, the mass
eigenstates K, — K¢ and the CP eigenstates K; — K. Each pair can be written as

a linear combination of the other ones, e.g.

Ki= (K + K%, K= %5(K0 ~ K°);
K° =% (KL+ Ks), K°= 7 (KL — Kg); (2.190)
K1 = 1 (KS"‘EKL), K2 = 1 (KL+€K5),

:

with e being a complex phase and € = i§ being the imaginary CP-violation param-

1+

eter. In a sense, K® — K are produced as strong-interaction eigenstates, propagate

as mass eigenstates K, Kg and decay as CP-eigenstates K, K.
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The mass eigenstates K and Kg are defined as the +1 and -1 CPT eigenstates,
respectively, so that they can be represented in terms of self-adjoint scalar fields ¢, ¢
as

K, =61, Kg=ip. (2.191)

Therefore the mixing in this system is similar to the case of neutral fields with complex
mixing matrix. Since the complex mixing matrix in SU(2) can be always transformed
into the real one by suitable redefinition of the field phases, which would not affect
the expectation values, the mixing in this case is still equivalent to the mixing of two
neutral fields.

The oscillating observables may be that of the strange charge (in the system K°
and K taken as flavor A and B, respectively) with the trivial mixing angle § = /4,
as follows from Eq.(2.190). Phenomenologically relevant is the oscillation of CP-
eigenvalue which determines the ratio of experimentally measured 77w to mrm decay
rates. CP-oscillations are given in terms of K; and K5 flavors with small mixing angle
cos(f) = 1/4/1 + |e|2. With these reservations in Figs.(2.7) we compare the Quantum
Mechanical result and the BV result for the oscillations of strange charge.

Important to phenomenology, we shall also include the effect of the particle decay
into our oscillation formulas. We follow rather common approach often used in quan-
tum mechanics to introduce decays: we account for particle decay by appropriately
inserting the factor e™* in our final formulas. This can be formally accomplished by
making the following substitution in the annihilation operators (which also can be
justified via introduction of imaginary decay width into position of the pole m? +I')

ax; — ak,ie_%t. Then, the oscillation formulas for decaying particles in SU(2) mixing
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can be written as

Qralt) = HakA(t) akA ” H akA<O)”2
— (cos?fe=7 t 4 sin? fe~ 22)

— sin (20) E |:|U |281n (ka w’”t) — |Vk|2sin2 <Wk,2+UJk,1t>:|

2 2

Qxp(t) = ‘ [ak,B(t)y CLL,A 0)] ‘2 B ‘ [atkﬁ(t), aL,A(O)] ‘2
s

_Jitre . - .
+ et [|Uk!2 sin’ (—w’“’22w’“’lt) — | Vk|? sin? <—w’“’2;w’“’1tﬂ>

(2.192)

We note the difference between these oscillation formulas and the quantum mechanical

Gell-Mann—Pais formulas. The field-theoretic corrections appear as the additional
high-frequency oscillation terms.

As we have opportunity to observe in Eq.(2.192), the field-theoretical effect is

|2

proportional to |Vi|?. In estimating the maximal magnitude of this term it is use-

2[k|?

ful to write |Vi|? in terms of the dimensionless momentum p = e and the
1 2
dimensionless parameter a = Z;;Z;
1 2
2
+1 1
V(p,a)] = D - (2.193)
NS i

(m1—m2)?

A ) and goes to zero for large momenta

[Vi|? is maximal at p = 0 (|Viae|®> =
(ie. for |k*> > m1+m2). The optimal observation scale for field-theoretical effect
in meson mixing, therefore, is k = 0 and the maximal correction is of the order of
V|2 ~ Am—"f. It is straightforward to find that field-theoretical effect in K°-K° D°-
D° B°%-B° and B%-BY is very small and generally does not exceed 10726, For n-n/
and w-¢, however, field-theoretical corrections may be as large as 5 — 20% and thus
one needs to be careful about taking them into account should these systems be used
in mixing experiments of some sort.

Similarly, in the fermion sector we can employ similar method. Neutrinos are

known to be stable so that no additional adjustments are necessary to our previous
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results. We can write the field-theoretical correction amplitude |Vi|* as a function of

the dimensionless momentum p = Lz and dimensionless parameter a = ”f;:f,
as follows,
1 241
Vil = 50— — (2:194)
20 VP ap?

From Fig.(2.8) we see that the effect is maximal when p = 1 (|Vjpae|* & %) and

Am?
4k2

|V'|? goes to zero for large momenta (i.e. for |k|? > M) as |V]? ~

Since we do not know yet the values of neutrino masses, we cannot properly spec-
ify the optimal scale for observation of field-theoretical effect in this sector. However,
certainly this scale cannot be much larger than a fraction of eV. So far the experimen-
tally observed neutrinos are always extremely relativistic and, therefore, the value of
[V|? may be estimated as [V|? ~ 42 ~ 107'8. Only for extremely low energies (like
those in neutrino cosmological background) the field-theoretical corrections may be

large and account for few percents.

2.8 Summary

The quantum field mixing effects may be understood by considering interplay between
the two Fock-spaces of the free-fields and the flavor fields. As we demonstrate, this
interplay is highly non-trivial and gives rise to deviations from the simple quantum
mechanical approach due to antiparticle content in the mixing. Starting from original
work of BV, we have now extended nontrivial flavor vacuum approach to obtain
full solution of the field-theoretical mixing problem with arbitrary number of fields
with boson or fermion statistics. Our results fall into the same scheme and can
be easily unified. We investigated the time dynamics by calculating non-equal time
commutators for such theory. We found an explicit solution for the Fock space of the
interacting fields and the corresponding vacuum structure that turned out to be a
generalized coherent state. We then showed the unitary nonequivalence between the

mixed-field Fock space and the free-field Fock space in the infinite volume limit. After
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we built a formal framework, we applied it to solve mixing dynamics of 2 vector mesons
(S = 1) and fermions (S = 1/2). We found that the scalar/pseudoscalar (S = 0)
boson mixing is the same as the mixing of transverse components of the vector fields,
while for the longitudinal component of the vector field we found richer momentum
dependence than in the spin-zero case. We presented a new algebraic method which
is distinct from the conventional method of using a differential equation for Z. While
the unitary nonequivalence occurs only in the infinite volume limit for the boson case,
we find an intrinsic difference between the fermion and boson cases. As shown in this
work, the normalization factor Z for the boson given by Eq.(2.66) has a singularity
on the complex plane while the corresponding result for the fermion doesn’t have any
singularity. This singularity corresponds to the divergence of the Taylor expansion in
powers of mixing angle 6. We also addressed the problem of time-to-space conversion
in quantum field theory of mixing and explicitly considered the effect from nontrivial
flavor vacuum on oscillations of flavor in space.

The general field theory of mixing introduces following differences, relative to
quantum mechanics, into oscillating quantities. Oscillation formulas typically involve
all possible low-frequency and high-frequency energy combinations. The amplitudes
of the oscillation terms are essentially momentum dependent. We have also observed
the coherent antiparticle beam generated from the starting definite-flavor particle
state and presented its dynamics.

Our general approach does not use any specific continuous parametrization of
the mixing group but directly takes the values of the matrix elements. This allows
an analysis to be carried out in a unified closed form. In our formalism it may
be preferable to solve the mixing problems without going through the intermediate
parametrization step for the mixing matrix. Even if one wants to use a specific
parametrization scheme, it is rather straightforward to formulate our general frame-
work into a symbolic calculation system, like maple or mathematica, and carry out
calculations involving mixing parameters in relatively short period of time.

We also considered phenomenological aspects of the quantum field theoretical
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mixing formalism. We have estimated the magnitude of the field-theoretical effect in
known mixed systems. We found that for most of known mixed systems both in meson
and neutrino sectors this effect is very negligible. Only in strongly mixed systems,
such as 7 — 1’ or w — ¢, or for very low-energy neutrino effects the corrections may
be as large as 10% and thus may need additional attention should these systems be
used in experiment of some sort. The nontrivial vacuum effect is the most prominent

when the particles are produced at low momentum.
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Figure 2.2: Population density in SU(2) scalar mixing at k¥ = 0.1GeV in QFT and
QM
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Figure 2.3: Population densities in SU(2) scalar mixing at & = 0.1GeV in QFT
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Figure 2.4: Flavor charge oscillations in SU(2) scalar mixing in QFT
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Figure 2.5: Mixing amplitudes for SU(2) scalar mixing
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Figure 2.6: Population densities in SU(2) scalar mixing at & = 0.5GeV in QFT

Figure 2.7: Strange charge Qx 4(t) oscillations in time for ”n—n'" like mixing. Solid
line - BV prescription, dashed line - QM prescription.



Chapter 2. Quantum Field Theory of Flavor Mixing 83

0.2 0.4 0.6 0.8 1 1.2 P 0.5 1 1.5 2 2.5 3 3.5 e

Figure 2.8: The bosonic (left) and fermionic (right) condensation density |V (p, a)|*
as a function of momentum p for a = 0.98 (solid line) and a = 0.8 (a = 0.5 for

fermions) (dashed line).
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Figure 2.9: Example of propagation of gaussian wave-packet for particle of flavor
a =1 at kg =~ 0.35GeV, (upper row, time flow left-to-right) and example of QFT
fluctuation at the time when flavor @ = 1 has almost disappeared. In here and in
what follows the distance scale is GeV 1.
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Figure 2.10: A snapshot of the flavor charge space distribution for a wave-packet
originally well localized in space: an example of the coherence loss by a point-like
flavor source and of EPR-correlated antiparticle wave-packet traveling in the opposite

direction.
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Figure 2.11: Space oscillations for particle (left) and antiparticle (right) populations

(for flavor a = 1). (k =~ 0.35GeV)
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Critical Phenomena and Oscillator

Representation Method

3.1 Introduction

With the current advances of Relativistic Heavy Ion Collision (RHIC) physics, it be-
comes increasingly interesting to discuss the nonperturbative methods in relativistic
quantum field theories. In particular, study of phase transitions in QFT is highly non-
trivial problem. The conventional approach is based on the Renormalization Group
Equations (RGEs) which are calculated using the perturbation theory. Significant
success had been achieved on this way using RGE formulated for the massless theory
at the phase transition point. This is also known as e-expansion. However, one essen-
tial drawback of RGE is that the e-expansion is formulated at the critical point and
provides no detailed information on dynamics of the system away from the critical
region. RGE approaches using calculations in massive phase, or off the critical point,
demonstrated that the phase transition itself is highly nonperturbative phenomenon
so that the perturbation theory quickly looses its reliability in the near-critical re-
gion and it becomes difficult to extend such calculations close toward the critical
point. Many other nonperturbative techniques have been developed to resolve this

drawback including the large N expansions, Hartree-Fock approximation, Gaussian

85



Chapter 3. Critical Phenomena and Oscillator Representation Method 86

Effective Potential Method, lattice simulations, etc.

The Oscillator Representation Method (ORM), that we are investigating in this
chapter, is one of the nonperturbative approaches to study the critical properties of
the quantum systems. The ORM is based on the comparison of alternative canonical
representations of the commutation relations. It was explicitly formulated by G. Efi-
mov [95] and is at length described in a monograph [96]. In this monograph [96],
the ORM had been successfully applied to a range of field-theoretic models including
d-dimensional ¢* theory, O(N) invariant ¢* theory and others. Although the results
of the ORM are essentially consistent with the results of the other nonperturbative
approaches, it was noted more recently that the mass of the quasi-particle in the ambi-
ent nontrivial vacuum is in detail different from the one obtained in the Hartree-Fock
approximation [97,98] or the Gaussian Effective Potential (GEP) Method [99-101].
Also, the bifurcated vacuum solution obtained by the ORM had been discussed in
depth in that analysis [102].

The basic idea of the ORM is to introduce a shift in the quantization point of
the interacting fields and simultaneously redefine their masses in a self-consistent
manner so that the system is effectively described in the new degrees of freedom with
nontrivial vacuum condensate and different dynamical mass. This effect is realized in
the nature by spontaneous symmetry breaking mechanism and thus one can expect
that it may be a general feature of quantum field systems with interaction. Formally,
the ORM is settled by requiring that the Hamiltonian should be written in terms of
creation and annihilation operators of a free-field basis with an appropriate mass and

in the correct form defined by the following requirements:

1. the total Hamiltonian H = Hy + H; is written in normal ordered form,
2. the Hamiltonian H, is quadratic in the field operators,

3. the interaction Hamiltonian H; contains field operators in powers higher than

two.
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Description of a quantum system requires choosing the Hilbert space of states in
which the canonical variables are defined as operators. In Quantum Mechanics all such
possible choices are equivalent (Stone-Von Neumann Theorem [103]). Contrary, in
QFT unitary inequivalent representations may exist due to infinite number of degrees
of freedom. Each such representation corresponds to a specific physical picture that
is characterized, in particular, by symmetry properties. From a physical viewpoint,
unitary inequivalent representations correspond to a set of distinct vacua of the system
among which the internal dynamics of the system chooses one with the minimal
free energy as a true physical ground state. One conjectures, therefore, that the
possible phases in a field-theoretic model are relevant to its unitary inequivalent
representations [88,95,102, 104].

Conventionally in QFT the Hilbert space of the free particles of certain mass, i.e.
Lo = (0,p0"p —m2p?)/2, is used to define the canonical variables in the theory. If

in the full Hamiltonian

H = [ dola@) + @ota))? + mipla)? + Halo(@). 0up(@) o) (3)

the interaction is weak, this choice can be physically justified by the notion that
the interacting particles can be with a good accuracy described as free after the
self-interaction is properly taken into account (i.e. renormalization procedure). As
discovered in the early years of Quantum Electro-Dynamics (QED), calculations of
the scattering amplitudes involving self-interactions led to diverging expressions. To
extract meaningful results from QED one needs to regularize it by introducing a
cutoff av for the diverging integrals and render them finite, i.e. [ — [ . In general
this procedure would result in scattering amplitudes that depend on the value of the
cutoff a=!. One then postulates the notion of the bare parameters, which are, in a
sense, true parameters of the theory but which cannot be observed themselves due
to self-interaction effects. One can adjust the bare parameter for each given value
of cutoff to fit the observables of the theory, i.e. observed electron charge and mass

in QED. This procedure is known as renormalization and it expresses the scattering
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Figure 3.1: Divergent loop diagram in 1+1 ¢* theory.

amplitudes as limit o~ — oo with the bare parameters e,(a) — oo, mZ(a) — oo in

such a manner that the observables, or renormalized parameters, are held as constants
e, = const, m? = const.
Consider, for simplicity, 141 dimensional scalar ¢* theory [105, 106]

1 A
L= 5((9“@8“@ —m?p?) — Zg04. (3.2)
Calculations of the particle mass including 1-loop is divergent here, e.g. Fig.(3.1).

One can regularize it by introducing momentum cutoff [ — [ . For the observed
|k|<1/a
mass, one then obtains

3
m2 =mj — ﬁ In(a?m3), (3.3)

where m? is renormalized mass and m? is the bare mass entering the Lagrangian
(3.2). Ome can see that, when the cutoff is implemented, one must start with the

Lagrangian with the bare mass

3
my =m? + ﬁ In(a’m?), (3.4)

in order to get the correct observable mass. This can be also represented by adding
to the original Lagrangian an additional local term depending on the cutoff which
would guarantee the correct renormalized mass

om?(a-m,)
2

As one can see, the classical expression for the Lagrangian L£(m,,g.) alone is

Ly = L[o,me, N\| + (3.5)

meaningless in QFT context. Indeed, it shall be supplemented with regulariza-

tion procedure, characterized by cutoff parameter o, and a-dependent counter-terms
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SL(my, gr-; ). A quantum field theory is called renormalizable if two requirements
are met:
e for any a and up to any order in perturbation theory only a finite number
of different kinds of counter-terms is required to properly reproduce the
observables (usually particle mass and interaction constants as defined by
scattering processes at fixed momentum scale p* — p?);

I 0o with

e the observables of the theory are well-defined in the limit o~
m, and g, kept constant, i.e. all physical observables are approaching
certain values as this limit is implemented.

Sometimes a field theory is called renormalizable if renormalization of the masses,
coupling constants and fields is sufficient to render theory finite, i.e. no counter-
terms of the structure different from L(¢) are needed. In these settings the bare

Lagrangian can be written by

Lo(dr, My, gr) = L(0o(My, gy @)y mp (M, gry @), gy (M, G @)). (3.6)

Once infinite self-interaction contributions are taken into account and if interac-
tion is weak, the particles in the theory can be well described as almost free with
interactions appearing as small corrections to otherwise free motion. If coupling con-
stants begin to grow, however, the legitimacy of such reasoning becomes questionable.
Indeed, a phase transition may occur rearranging the dynamics of the system in such
a way that other degrees of freedom become more appropriate. QCD is, likely, most
vivid phenomenological example of such scenario.

In Oscillator Representation Method, one tries to investigate the effect of such
alternative degrees of freedom generated by a unitary transformation U(b,t) of field
shift {¢ — b+ ®, 7 — II} followed by unitary transformation of mass change m —
t -m. Consider, again, 1+1 dimensional ¢* scalar theory. For the quantum fields, we
shall postulate that field ¢ and its conjugate momentum 7 are operators that satisfy

canonical equal time commutation relations

[925(3:)7 7-‘-(y>]ﬂﬁo=yo = Zé(x - }’); (37)
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and then should attempt to solve Hamilton’s equations

¢=LH,

(3.8)
= —aH,

with the boundary conditions given by Eq.(3.7). Since it is typically impossible to
solve explicitly Eq.(3.8) whenever interaction is nonlinear, the conventional approach
in interacting fields is to start with the free field which dynamics is known. Then ¢

and 7w operators are represented as Fourier transform,

(3.9)

where k = (w,, k), w, = Vk? +m? and the operators of creation and annihilation

of the particle of mass m and momentum k satisfy commutation relations

[ax, afe] = d(k — K,

[ak, ak/] = [CLL, CLL/] =0.

(3.10)

With these definitions state alt|0) is an eigenstate of both free Hamiltonian and mo-
mentum operators with corresponding eigenvalues w,, and k.

In the case of interacting fields the states aL\O} are no longer eigenstates of the full
Hamiltonian. Nevertheless, one still uses the above representation of the interacting
fields as a good starting point for perturbation theory. The Hamiltonian density

operator is then written in terms of the free-field basis as
1 1 1
H = Ho = 572+ 5(Von)? + Sm?6}, + %gb;. (3.11)

Here we emphasize that it is based on the free-field operators (3.9).

Since quantum interactions commonly introduce dynamical mass different from
the bare mass m?, the free field representation Eq.(3.11) may not be unique. This is
related to renormalization group transformation when a special simultaneous varia-

tion of mass, coupling constant and field normalization is performed in such a way
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that all physical quantities remains the same. The RG transformation changes the
renormalization point of a quantum theory, although the physical contents of the
theory is preserved. Yet, there exists another possibility to change parameters of the
theory.

Let us consider the essential point of these parameterizations, i.e the change of
mass and field quantization point shift. For the free field operators the change of

mass m — M is described by Bogoliubov-Valatin transformation:

ax = cosh (xax — sinh Ckaik,

al = cosh Gaf. — sinh Gea_y, (3.12)
— wm (k)
Gk =1In wa (k)?

i.e. the free field operators with mass M can be expressed in terms of the free field
operators with mass m.

A consequence of the ambiguity in the mass definition due to interactions comes
from the ambiguity in the choice of the initial representation of the interacting fields
(3.9). This was emphasized in Coleman’s paper [107]. He also proposed a useful tech-
nique on how to redefine a normal ordered product of any number of field operators

with respect to a new value of mass in (1+1) scalar field theory [107,108],

1 2 1 2\ 1 2 1 2 i 2 2
NG+ 5(Vou)’) = Nu(Gmi + 5 (Vou)?) + (M = m?),  (3.13)
M2 ﬁ2/87f
Ny (e"99m) = (W) Nag(ePon), (3.14)

where (3 is some arbitrary c-number, N,,(/N)s) stands for the normal ordering with
respect to the vacuum of the free-fields with initial mass m (new mass M), ¢y, is the
free quantum field defined by Eq.(3.9) and ¢y, is the quantum field of independent
quasi-particles for which representation (3.9) is valid after the mass change. The

expression (3.14) can be manipulated to produce set of equalities as in

Gl

]

Np(on) =n! 0 (8%111(%)) ﬁNM( 7;4*%)7 (3.15)
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where [%} is the integer part of .

According to the ORM [96], normal ordering corresponds to incorporating most
important quantum contributions into the vacuum state. Also, 141 ¢* scalar theory
is fully regularized with normal ordering. Using Eq.(3.13-3.15), after the particle
mass is changed and the vacuum condensation is introduced, ¢y (x) — én(z) + b,

the Hamiltonian density can be written as,
Ny (H) = Ny (H37™) + Hi + ewr, (3.16)

where H7 " is the Hamiltonian in the ”correct” form

1

1 M?
H?\?TTeCt _ 57_‘,]2\4 + §(v¢M)2 + T(b?\/l + %(lf}w + gb(ﬂjs\/[’ (317)

en is energy density of the new vacuum,

m*0® gb'  m’In(t)  3¢b’In(t) 3gln(t)®  M>—m?

= 1
M= 8 87 I (3.18)
and
Lo 2y 3 1o, 39 2 2 5 3gbln(?)
Hy = {5(7” - M?) + 595 t— 8—7Tln(t)}¢M +{m”b + gb” — TMM (3.19)

The ORM maintains that proper dynamical description of the system corresponds to

the quadratic part Hy having ”correct” form, i.e. H; = 0,

(3.20)

{ b(m? + gb® — 32 1n(t)) = 0,
£

(1—t)+ 3gb> — 2 1n(t) = 0.

Eq.(3.20) is the ORM equation of state for ¢* theory. It has one symmetric (S) b = 0
(s0) and two broken-symmetry (BS) b # 0 (s, s_) solutions,

b2 = 3 tin(¢) _ 27m? 24t (3.21)
=i 2rt 0 9T T3 -

BS-solution has lower energy than S-solution for large g and also has small effective

coupling G ~ ﬁ, thus, introducing duality relation between S-solution with large g
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and BS-solution with small coupling [Fig.(3.10) and Fig.(3.11)], i.e. large g ¢* scalar
theory can be treated fully perturbatively using Hamiltonian (3.17) in BS-phase. In
the following sections, we will concentrate on more detailed discussion of this approach

and its applications.

3.2 Formulating Oscillator Representation Method

Two key points of the ORM are presented in Ref. [104]:
e different phases of a quantum field system are revealed as nonequivalent
representations of the canonical (anti)commutation relations;
e normal ordered structure of a quantum field theory contains the informa-
tion about its phases.
The problem of unitary inequivalent representations was first encountered in QFT in

the Van Hove model

H = /dkwkalak —I—g/dk‘J(k:)[ak +al) (3.22)

with J(k) being c-function external source. a,t, ay, are defined as creation and anni-

hilation operators for the Fock space of the free field with mass m

o(z) = Zk: lek [are™ ™ + ale=ike],

W = V k)2 + m2, [ak, CLJIL/] = 5k,k/.

One can see that each mode k has structure of the harmonic oscillator so that for

(3.23)

each mode we can associate its oscillator Hilbert space

_ (a})" _
Hy, = span{ N 0,k),n=0,1,2,...}. (3.24)

The Hilbert space is the direct product of Hy. Let us denote a state vector of the
Hilbert space as |[{n})

Ny [{ne}) = alay, [{ni}) = ne[{ni}) - (3.25)
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Since each mode Hj, contains a countable number of states w and for volume V there
exist a countable number of modes w, the dimension of the Hilbert space is C' = w",
i.e. continuum, and the set {|{ng})} is uncountable and cannot be used as a basis
for separable Hilbert space. This problem is avoided by postulating that we are only

interested in the states with finite number of particles so that
Nl{ne}) =Y Nel{n}) =D g < . (3.26)
k k

This set is countable and forms a basis for a separable Hilbert space also known as
0-set, or the Fock space. Remarkably, however, one may choose also other countable
subset of {|{nx})} to build a different Fock space. In fact, there is an infinite number
of such possibilities. If two subsets provide basis for representations of canonical com-
mutation relations, then these representations are unitary inequivalent in the sense
that a vector from one of them is not a finite-norm superposition of the vectors from
the other. When the number of particles is conserved, i.e. for free fields, one Fock
space suffice to develop a field theory. For interacting fields the situation is more com-
plicated, which is reflected in the well-known Haag’s theorem - under conditions of
Poincare covariance of the theory, positive definiteness of the norm, locality, positive
definiteness of the spectrum, equal time canonical relations, completeness of the set
of canonical variables, existence of unique invariant and normalizable vacuum state
there exist no quantum field theory different from the free field theory [109]. Re-
markable consequence of this is the statement that the interaction representation is
mathematically unfounded in QFT.

A simplified argument for the Haag’s theorem helps clarify this statement. Note
that for a translation invariant state |¥)

0,HV =0,

HOJ? = /dxdy (U, H(2) H(y)¥) = { s (3.27)

Thus in Euclidean quantum field theory, based on the Fock representation, the Hamil-

tonian is only a well-defined operator if it annihilates translation invariant states. In
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the Fock space only |0) is translation invariant so that it must be
Hy|0) =0& H|0) = (Hy+ gH)) |0) = 0. (3.28)

These relations obviously cannot be satisfied simultaneously for any g # 0, thus one
can see that the operator
V(t) = et iHot (3.29)

is ill-defined on the Fock space. As was first observed in Van Hove model, the practical
consequence of this is that the true ground state of the theory H|Q2) = 0 does not
belong to the Fock space (i.e. have infinite norm in the Fock space).

The crucial point of the Haag’s theorem is uniqueness of the vacuum. If one weaken
this condition and accepts possibility of existence of a set of normalized and invariant
vectors, which are necessarily unitary inequivalent, then the usual identification of
the vacuum and ground state will be no longer correct. The true ground state should
be defined by the internal dynamics of the system as a state with lowest free energy.

To consider this point, one should start with the classical Hamiltonian H (7, ¢) =
Ho.m(m, ) + Hi(m, ). To render theory finite one should introduce normal ordering
of the Hamiltonian with respect to the Fock space vacuum state |0) and also introduce
all necessary counter-terms 6 H, (7, ¢). For given cutoff the bare Hamiltonian will be
defined by

H(m, ) = Nioy [Houm(m, @) + Hi(m, ) + 0Ha(m, ©)] . (3.30)

To analyze the system in different unitary inequivalent representation, the ORM
suggests to rewrite Eq.(3.30) in new degrees of freedom given by ® = ¢ — b, [l = 7
and normal order the resulting Hamiltonian with respect to the new Fock space

vacuum state with mass ¢ - m |0;¢,b) using [107]

in/2) ;
Nenl) = Z:; (n —n2!j)!j! (Nmé tm)) Nonl"2), (3:31)

where

(3.32)

A(m, tm) / d’k [ 1 1 ] / dk 1
m,tm) = - =
o CT)UVEZ+2m2 VR4 m? m 2T)VE? + £2m?
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and [ means that the integral has been regularized by condition A(g, m)|u=m = 0.

One may also think about H(II, @) after such transformation as

HL®) = H(r =1, = D+ b) =

! / (333)
= Nioapy (Hogm (I, @) + H (I, ®) + SH, (I, ®)) + Hey (11, D),

where H/ is transformed classical interaction Hamiltonian, 57{; is the proper counter-
term generated by H/I and H.,; is polynomial of no higher than 2nd degree in ¢ given
by

Heat(II, @) = Nigy[H(r =1, = O +b)]— (3.34)
Niost. [Hoom (IL, @) + H;(IL, @) + 6H,, (1L, @)].
According to [104] for (II, ®) to provide an appropriate dynamical variables for the

model H(m =11, p = ® + b) should have the ”correct” form, i.e. exactly equal
Ny [Hom(I1, ®) + (11, ®) + 51, (1T, @)
so that one arrives at the requirement of the ”correct” form for the Hamiltonian
Heat (I, @) = 0. (3.35)

Solution of Eq.(3.35) defines possible stable phases of the system among which the
vacuum energy density (0;t,b|H;,|0,t,b) and the effective coupling constant G =
g/t*m? define the ground state.

As a practical illustration of this approach consider 2+1 scalar ¢* theory following
Ref. [104]. Here the classical Hamiltonian is given by

1 1 A
M= [l @)+ gmi + o, (3.36)

with Ho = [ dz[3(9,9)? + tm2¢?] and H; = [dar¢?. When normal ordering is
implemented, the only divergent primitive diagram is Fig.(3.2) so that the counter-

term is given by dH, = [ dz[3\2Z(m,)¢?*(z) + E(m,, A\.)] and

Salmy) = [ deD*(x,m,),

3 —ikx —mrr
D(x,ms) = [ G iogme = 1w

(3.37)
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Figure 3.2: Divergent loop diagram in 2+1 ¢* theory.

For the bare Hamiltonian we obtain, therefore,

H(m,¢) = Npoy| [ dz[3(0u0)? + mPp? + 220+

(3.38)
[ dz[33s a<mr>w (2) + Eal(my. M),

Once change of variables is performed in Eq.(3.38) the Hamiltonian takes the form

H(IL®) = N[ [ dz[3(5,8)*+
(m2b+ AB)® + (bm2 + 3 52)3? + A 0% + 4]+ (3.39)
[ dz[3N25,(m,)®? + 6AZE,(m, )P + EL(m,, A,)]].

After normal ordering to the new vacuum state we get

Hip (IL, @) = Njo,tm) fda: (0,@)% + (m2b + \b* 4+ 3NA(m, tm)) P+
L(m? + 3002 4 3NA (m, tm) ) B? + A b3 + 224+ (3.40)
[ dx[3N2E,(m,) D% + 6A2DE, (M, )P + E' (m, )]

On the other side one may view Eq.(3.40) as

Hout(IL, ®) = Njoye.my (f dz[3(0,P)? + $12m2P* + X, bD3 + 2204+

, (3.41)
[ dx[3BA2E, (tm, ) D2 + 6A2DE,, (tm,)D + E, (tm,, \,)]),
where the counter-terms are generated by interaction parts ¢* and ¢*. Then
Hin(IL, ®) — Ho(IL, @) = [ dz{i(m2 — *m? + 3\, (b* + A, (m, tm))+ (3.42)

6AZ(Za(my) = Sa(tm,)))®? + (A:b + 6/\35(2a(m7») — Yo (tm,)))®} = 0.

Eq.(3.42) gives conditions on ¢ and b for which the final Hamiltonian would in the
"correct” form. Solution of Eq.(3.42) along with the difference in the vacuum energy

densities E(m, A) defines the phase structure of the theory according to the ORM.
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We must point out that applications of the ORM in no way should be limited to
the canonical transformation of field shift. Let us consider 141 dimensional Yukawa

model,

£ = 0(a)i o) + 5(00() — mP0(@) — yo(e) P @)ins () — §6t(a). (349

Here we use : : symbol to denote normal ordering. In canonical variables the Hamil-

tonian is given by

H="Ho+ H;+ He

Ho = [dxy : L [(72 4 (010)* + m?¢?) + Yim O] -
Hr = [doy : ydinse + 46* -

He = [ dxy : 50m2¢?

(3.44)

The dirac matrices in 141 dimensions are vy = o3, 71 = 02, V5 = 01. This theory
is super-renormalizable and there is only one diagram in self-energy which needs to
be renormalized (not counting divergent vacuum energy bubble). In [104], authors

consider canonical transformation of the form

[t 9} — {igte 5, e1570y)

(3.45)
{m, ¢} — {11, ® + b}

accompanied with fermion and boson fields mass change M2 = fm? and M3 = tm?.

After the transformation the Hamiltonian is

My = [day s LI 4 (0,®)? + MED?) + U(imd; + Mp)W) :
7 = [dz : U(sina — iyscos )V + 4(P* + 4bD?)
H, = [dz,50ME: *:
Hy = [dxy: 5(m? — M3 — 3gA(t) + 3gb* + om? — dME) D2+
(m2b — 3gbA(t) + gb® 4+ dm2b — ysin aA(f)) D+
(ybsina — Myp)UW — ybcos aWiysW : .

(3.46)
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The correct form of the Hamiltonian requires that H| = 0 and, thus,

ybsina — Mp =0 (V2Ybsina — /f = 0),

ybcosa =0 (V2Ybcosa = 0),

m? — M3 — 3gA(t) 4+ 3gb* + om?* — M} = 0,
(1—t—3Cnt L YInf+Y(1-45)F(L) +6GH =0),
m2b — 3gbA(t) + gb® — ysin aA(f) + om?b = 0,
(b[1—3¢2t 4+ Yn f +2Gb*] = 0).

(3.47)

2 . . .
Here Y = =25 and G = 5=L5 are dimensionless couplings and
2Tm 2mm

F(z) = / #. (3.48)

The vacuum energy density can be obtained in the following form

E= Z{4p?+t—1—Int+

2fIn f+ G4b' — 662 Int + 3In’t) — YHEL v J(4)) (3.49)
1
(1—x2)(ﬁlnm—ln(1—z))
J(’Z) = 2{6133’ z((1—z)%+2zx)

The phase structure of the theory can be investigated starting from the above equa-
tions of state. Particularly, it was found that as long as ¢ = 0 for any values of y
no dynamical generation of the fermion mass can be obtained in this way. Generally,
however, if g # 0 symmetry breaking in ¢-sector may lead to P-violation and fermion
mass generation [96]. Also, notably, requirements of the correct form (3.47) are not
minimization conditions for Eq.(3.49).

In the form outlined above, the ORM can be applied only in d < 4 since A(m, tm)
defined by

. ddk 1 1 —
A(m,tm) = fa (2m)d [\/k2+t2m2 B \/k;2+m2] o (3 50)
ma—2 f dk [ S | ] ‘
a 2milVk2e Vel

contains singular contribution proportional to the mass for d > 4. Also, other den-

sities, e.g. (Xn(m,) — Xa(tm,.)), (Eq(tm,) — E,(m,.)) acquire infinite contributions
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O D b

i

Figure 3.3: Daisy loop diagrams in polynomial field theories

proportional to mass as well, so that the ORM in the form, presented above, looses
its applicability.

It may be noted that normal ordering in polynomial field theories is equivalent to
regularization of the ”daisy” loop diagrams Fig.(3.3). E.g., in the discussed above ¢!
theory the normal ordering is equivalent to regularizing the diagram Fig.(3.1). Thus,
instead of requiring from the Hamiltonian to be normal ordered one may require from
it to contain proper counter-terms for all divergent diagrams including the ”daisy”

loop diagrams, e.g.

H(m,¢) = Ny | [ dz[3(8,0)* + mZp? + 20+
[ dz[3BN*E 0 (m, )@ (x) + Eo(my, A)]] =
[ dx[3(8up)® + 3mle® + 2 o*]+
[ dz[2(6X2Z0(m,) + 3\ An(m,)@?(x) + EL(m,, A,

(3.51)

where counter-term 3/2\,.A,(m,)p?(x) appears from the renormalization of the di-
agram Fig.(3.1), while 3\2X,(m,)©*(x) comes from the loop diagram Fig.(3.2). In
this form the ORM can be reformulated with no reference to normal ordering [104].
Advantage of this formulation is that it can be extended beyond d = 3 limit. If certain
theory is given by its Hamiltonian H(w, ) = Ho(m, ¢) + H (7, @) with counter-terms

6H, (7, ¢) in given regularization procedure characterized by cutoff parameter o~
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and renormalization point p (e.g. physical mass for on-shell renormalization), then

the bare Hamiltonian is

H(777 ®, m%7 )\r> - H0<7T7 ()0) + HI(Wa 90) + 5Ha,u(7r7 30) =

_ (3.52)
= H(Zy ' (a, ), Zo(a, po) o, m (1) + 0mi(ev, 1), Za(v, o) Ar ().
We should perform change of variables
o — zta(@ +b), ™ — (I (3.53)

accompanied by change of the renormalization point p — tu corresponding to scaling
of the renormalized mass by factor t.

Suppose one works in on-shell renormalization y = m,.. After the transformation
to (®,1I) degrees of freedom one should assume different renormalized mass for -
field M? = t>*m?. New counter-terms then should be calculated with this new mass

so that

2
T

mZ(tm,) = m? + dm*(m,) — om*(tm,) = *m
and dm?(tm,) (or equivalently m?(tm,)) can be evaluated from the perturbation
theory or from renormalization group equations Eq.(3.58).

After the transformation the Hamiltonian takes form

H'[,®) = H(r=(,p=(Y(D+b) = (3.54)
= H(Zy (o, )¢ L, Zo(ev, p)G(® + b),m (1) + 6m2(a, 1), Zi(ov, p) A (1):
This is also
H'(IL, ®) = H'(Zy" (v, tp)L, Zo(cr, )@, 2m2 (tp)+ (3.55)

omi (e, te), Zi(a, tu) A (te); b)
so that we obtain
H(ZQ(O[, M)ilcilnﬂ ZQ(a7 M)C(q} + b)7 mz + 5m3(a7 ILL)’ Zl(a7 #))‘T)_

—H'(Zo (o, tp) 7ML, Zo(a, tp) @, 82mi (tp) + omi (e, ta), Za (e, tpa) A (t); b) = 0.
(3.56)
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Choosing ¢ = Zy(a, tp) ' Zo(cr, i) one obtains

H(Zy(a, tp) T, Zy (o, tp) (@ + b), m2 + om2 (o, 1), Z1 (v, i) A)—
—HY(Zao, t) T, Za( ) ®, m2 (tp2) + 2 (v, 1), Zs (v )\ (0); ) = 0

(3.57)

and Z;(«, tp), dm?(o,tp) and A.(tm) are governed by the Renormalization Group
Equations (RGE)

t59-(th) = B(g:(tn)),
— oty am () = pg-(tp).
We note that in this form the ORM relies on the RGE and is correct perturbatively

(3.58)

up to the order to which the RG functions are known.
To illustrate this point, consider a general case of the ORM transformation with

b = 0. In this case the problem reduces to

=% 3.59
T 359
With RGE
1dt _ —1
L Blar) ™, 3 (3.60)
mzag = —P9r)B(gr) ",
this can be integrated regardless of the explicit form of RG functions
gy _ T 1
In o = J 4955 o
? 3.61
w2g)) _ ' ao0le)
In (o) = gf 9 5(5)
Eq.(3.59) then reads
g1 1 g1 ( )
plg
2 [ dg—— = —/dg— (3.62)
B(g) (9)
9o go
or for initial renormalized coupling gy possible alternative phases as defined by
g9(g0) 9 ()
+plg
dg———== = 0. 3.63
/ &) (363)

Yo
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Since the energy density differences for different phases in d > 4 are typically infinite
and cannot be compared directly, the phase with the smallest effective coupling is
assumed to be the true ground state in this case.

The typical behavior of F(g) = jg‘dg’zy(';g(,g)/) is given in Fig.(3.7). Intersection of
F(g) with any horizontal line gives the set of alternative vacua amongst which one
with the lowest effective coupling is chosen as the ground state. Easy to see that
whenever £(g) = 0 and 2 + p(g) # 0 F(g) typically has a pole so that two distinct
phases ¢ > ¢* and g < ¢* appear at (3(¢*) = 0. This conclusion (zero of ((g) is
relevant to critical point), however, is no different from RG conclusion, even though
some more information on relation between different phases can be obtained within

the ORM.

3.3 Nonlinear Sigma Model

3.3.1 Physical instances of nonlinear c-model

o-model was originally formulated as an effective theory for low-energy physics of
strong interactions [110-116]. Two primary points were taken into account when
constructing this model. One is that the fundamental theory of the strong interaction,
QCD, is formulated in terms of the "wrong” degrees of freedom. It is therefore of
interest for description of the low-energy phenomena to consider effective field theories
that are formulated in terms of the hadronic degrees of freedom and possess the same
symmetries as QCD.

Another observation is that in the limit of massless quarks an exact symmetry
of the QCD Lagrangian is chiral symmetry, i.e. left-handed and right-handed fields

Vir= H;")\If are decoupled and propagate independently,

U D,V =V "D,V + Ve D, Vg, (3.64)

In QCD the masses of u and d current quarks are small relative to the QCD energy

scale so that it appears feasible that chiral symmetry is approximate symmetry of, at
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least, u-d sector of QCD. Since quarks are massive, one shall assume that the chiral
symmetry in nuclear physics is spontaneously broken, i.e. the vacuum state of the
theory is not chiral invariant [110].

o-model was originally introduced as such an effective chiral field theory for u-d

physics. It is described with effective Lagrangian

L= (D, — g U)W + 1—16 PTe@,U0M) — GTH(UTT)),  (3.65)

where U = ( b

) is fermion isospin doublet and U(z) = M so that
n

2
L=V, U — g¥(o +iysTT)V — %[(@0)2 + (0,7)%] — G(o® + 7). (3.66)

Lagrangian (3.65) is manifestly invariant under vector SU(2)y transformation U =
¢=% and conforms with SU(2) symmetry of the strong interactions. It is also invari-
ant under axial SU(2)4 transformation U = e=%7 and as such is chiral symmetric.
Note also that the mass term for fermions is forbidden since it would violate the

invariance under the chiral transformation SU(2) 4

S(UW) = —i2 (U570 + Uiy ). (3.67)

DO [y

To generate fermion masses the chiral symmetry should be broken. One can achieve
this by introducing appropriate self-interaction for U(x) so that G(Tr(UTU)) has a

minimum when Tr(UTU) # 0. The minimal such interaction can be constructed by
1 A
G(Tr(UTD)) = ETr(UTU) — ZTr(UTU)2 (3.68)

in which case chiral-symmetric state (U) = 0 corresponds to the local maximum of

the potential and is unstable. The true ground state is given by

(m) =0;(0) = f = \/? (3.69)

Therefore we now have vacuum which is not itself invariant under SU(2)4 transfor-

mation so that the chiral symmetry is said to be broken in the ground state and thus
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realized in the Goldstone mode. The massless Goldstone bosons associated with this
spontaneous symmetry breakdown are 7(x) fields and can be identified from the par-
ticle spectrum of the Lagrangian (3.65) if expanded around the new vacuum (3.69).
After appropriate transformation o’ = o — f is carried out, one finds that the fermion
has acquires mass m = g/ f, the o-meson acquires mass m, = \/ﬁ and the pion
appears as the Goldstone boson with mass zero.
In the model considered so far the pions are massless because of an exact SU(2)®SU(2)

symmetry. The experimentally observed small, but non zero, mass of the pion re-
quires explicit breaking of the chiral symmetry in the original Lagrangian. This can

be done, e.g., by introducing chiral symmetry breaking term [113]
L = fo. (3.70)

With this term the axial vector current is no longer conserved and the true ground

state is shifted to

(™) =0, () = " oy
B=Nf(f*= 1)
with particle spectrum given by
ma = N(f? = f?) =B/ f,
mj = N(3f? — f?), (3.72)

my = gf'
Note that with symmetry breaking term (3.70) the divergence of the axial current
Ay = U7,V + (00,7 — 70,0) is given by

AN = —Br = — f'm2n (3.73)

so that f" = f. can be associated with the pion decay constant.

The o-field that appears in the Lagrangian Eq.(3.66) describes a scalar meson
with the mass of the order of a few 100 MeV. Such scalar particle has not un-
equivocally been identified. Omne possibility then was to observe that for large A

in Eq.(3.66) the fields o and 7 are more and more forced to live on the ”chiral circle”
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fATe(UT(2)U(x)) = o*(x)+7%(z) = f2 and the mass of the o-meson is simultaneously
increased. In the limit A — oo, the Lagrangian of the so called "nonlinear o-model”

is recovered

L =00, — gf-U)¥ + % f2Te(0, U0 U), (3.74)

with the subsidiary condition
Ul(x)U(z) = 1. (3.75)

Since o-field no longer appears explicitly in the Lagrangian it is evident that the
chiral symmetry is realized in the Goldstone mode in this model; this can be also
seen by noting that the pion is massless and that the o-field o = \/W has a
non-vanishing value.

In the recent years the nonlinear o-model found its growing applications in a
variety of fields dealing with critical phenomena ranging from spin-waves description
in magnetic and paramagnetic materials [117], numerous effective theory treatments
of low-energy QCD phenomenology and even high-density QCD phase transition [110,
118], QGP and hybrid stars [119]. o-model also is widely used in the super-symmetric
theories to introduce super-symmetry breaking present in the real world [120].

In this form the Lagrangian for the super-symmetric model may be given by

Lp = 55 (=0"n"9n® + i)*y,0,0" + F*F*),
nn® —1=0,
Yn® =0,
nafpa _ %&aw —0.

(3.76)

In Eq.(3.76) n®, F* ¢* are vectors with respect to O(NN) transformation while n, F’
are scalar and v is Majorana spinor with respect to Lorentz O(3,1) transformation.

Lagrangian Eq.(3.76) is invariant under the super-symmetry transformation
on® = e,
0 = —iyFed,n® + Fl,
OF* = —ieyt 0,7,
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with € being anticommuting Majorana spinor. After F'* field is algebraically elimi-

nated, one obtains

Lp= ﬁ(—@#naﬁun“ + i&a”ﬂlauwa + }192(1;%#1)2)’
nana _ 1 — O’

Pt = 0.

As shown in [120], this model exhibit spontaneous symmetry breaking in large N

limit so that the breakdown of the super-symmetry can be naturally introduced.

3.3.2 Properties of nonlinear c-model

Non-linear o-model is defined as a model with O(N) symmetry and the field being a N-
vector of fixed length 52(95) = f?[121,122]. The field can be identified with an element
of a homogeneous space O(N)/O(N-1) by ¢(z) = D|g(z)]@, where @ = (1,0,...,0)
- a vector in the fundamental representation of O(N)/O(N-1) and g(x) €O(N) with
O(N-1) the little group (stabilizer) of .

The perturbative analysis of non-linear o-model typically starts with the generat-

ing functional

- —

Z00) = A / 3 (@)]16(8 — 1) exp (% It / d20,80" G + i / dxf(x)gb(x)) 3

—
—

o component of the field ¢(x) = (o(z),7(z)) can be trivially integrated out using J-
function. For that and for proper definition of the perturbation expansion the O(N)
symmetry should be broken and certain direction @ should be picked up. This can
be done, e.g., by introducing explicit symmetry breaking in the Lagrangian, £’ = ho,

and eliminating o field locally by
¢(x) = (0(x) = £/ 1 —m*(z), 7 (x)). (3.78)

This also generates mass scale for 7 field and removes infrared divergences if present.



Chapter 3. Critical Phenomena and Oscillator Representation Method 108

One then obtain the following form for the generating functional:

=

Z[J = A [ldn(z)(1 —72(z))~ V3
exp (% fd:v [ 0, TOMT + ﬂa#w) ] + (3.79)
i [ dad(z)7(x) —i [ dehy/T— 72).

If f is large, the main contribution in the functional integral Eq.(3.80) comes from
field |7(z)| ~ f~2 in which case the restriction 7*(z) < 1 is irrelevant and one can
integrate freely over 7(z) from —oo to +o0 [121]. Therefore, after introducing the
coupling constant ¢ = f~2 and rescaling the field to = — /97, the Lagrangian takes

the form

-

Z[J] = A [ldr(z)]exp(: [dx [ 0,77 +g(W8“ﬂ) } _
0) [ dzln(1 — gr*(x))+ (3.80)
iv/g [ deJ(2)7(x) —i [ deh\/T— g72).

An infinite contribution $6(0) [ dzIn(1 — g*7*(x)) from the measure can be dropped

according to the rules of dimensional regularization 6(0) ~ 0. Strictly speaking, it
cancels with the counter-terms arising because of the symmetry breaking procedure
we have used. The perturbation theory for the o-model is formulated using Eq.(3.80)

or, equivalently, Lagrangian

1 (RO*T)?
= - (9,70"7 — h/1 - g7 81
L 2(8u7787r+91_g7?2) h gm2, (3.81)

and relies on functional gaussian integral expansion order by order in g [121]. We
note that, with further transformation of the integration variables, the Lagrangian

can be written in alternative form [122]

L= ; <6M7T6M7T(1 + = 4 ) ha/1 — g2 (3.82)

Power counting shows that the theory defined by Eq.(3.80) is renormalizable in
d = 2 and non-renormalizable for d > 2. In d = 2 renormalization can be studied

with help of the generalized Ward-Takahashi identities which allow to conclude that
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the theory can be renormalized by rescaling of the field, redefinition of the coupling

constant and rescaling of the external ”magnetic” field h [121,122]:

wi—2z7 > g d—2h
L, = 2 7, (0,7, 0", + 0,0,0"0,) — 1 PRYS

gr = Zg(N/ 11, 91) g, o =Ad‘2Zl/2(A/u 9r)Z (A/u gr)h, (3.83)
T = 272N, g0)T 00 =/ Z7H (N 1, gr)

where A is a cutoff parameter and p is the renormalization scale.

Dependence of the renormalized parameters on p is determined by the renormal-
ization group equations
pnisgr = B(gr),
2 n(Z) = —C(g.), (3.84)
pas nh, = p(gy).
To the leading order in ¢ RG-functions are known to be [121]

plgr) =2 —d+Sg) 4 2o) — 52N,

B(g) =eg — Nzﬁg2, (3.85)
(lg) = %52y,

where e = d — 2.

As one can see, there is non-trivial zero of the S-function which means that there

27ra

exist fixed point of RG-flow given by g = , which in turn implies presence of the
phase transition at this value of g Whenever d > 2. It also implies that nonlinear o
model in 2 dimensions exhibit asymptotic freedom when N > 2. The RG functions

to the order presently available, i.e. four loops, are given by [121]
NaB(g) =g — (N = 2)g* [1+ g+ ¥325% + b3°] |
(o) = (N =g {1+ (N =2)3° |3+ (552 + H22¢(3)) g |
b=—3 (N? — 22N + 34) + 2((3)(N — 3),
g = nga Nd =

(3.86)

2
)21 (d/2)

and ((3) = 1.2020569. .. is Riemann (-function. Note that even though to this order
[-function has the same qualitative behavior, the fixed point of RG flow is significantly

shifted toward g = 0 [see Fig.(3.4)].
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1-loop \

Figure 3.4: ( function for nonlinear o-model in 1- and 4-loop approximations.

Attempts to study non-perturbative properties of nonlinear o-model are motivated
by the conjecture that behavior of the theory in the near-critical regime is essentially
non-perturbative. Besides Monte-Carlo simulations [123], this is usually done in the
form of large N expansion. In this approach one re-sums the perturbation theory
in the orders of N=!. As shown in [122] such re-summation can be done when N is
taken to infinity by keeping Ng fixed and produces in the leading order equation of

state
((0,m)%), (1 — %gzl/2 <7r2>8) = 0. (3.87)

This equation has two solutions ((9,7)?)_ = (r?)_ = 0 and (7?)_ = gZle which implies

o[t 1
= [owrtem) .

mass of the 7 field as

Although (7?)_ < 0 in dimensional regularization, used in [122], and m? is negative,
Eq.(3.87) is interpreted as evidence of the phase transition occurring at the critical

€

point of the RG-equation g. ~ 2me/N. Considering g = ¢,Z,p ¢ where p is mass
scale that renders g, dimensionless, one can find that m? ~ p?(1 — g./g.)?/¢ when

gr > ge so that Eq.( 3.87) actually describes 2nd order phase transition. Note that
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since p? is arbitrary scaling parameter the physical mass m?(j, g,) should not depend

on it and
d 9 9
LN D—m?) =0, 3.89
e = (g + Blan) oo (389
which is consistent with 3(g,) =~ g, (¢ — 957]:[ ) as obtained above.

In functional form one can consider the representation of o-model in the Lagrange

multipliers form, i.e. [121]

i
2= [Ho@ara ety [ dol(@0F +AF - D). (390
Since the action is quadratic in ¢ one can explicitly integrate over N — 1 components
of the field to obtain

N AA@)]). (3.91)

7= / o ()N (x)] exp( - / dz](8,0)*+ Mo? —1)]—
g
The saddle point of the effective action is given by

Ao =0,

N-1
o?=1- ((27r)‘39 J
A

(3.92)

dp
A

One again recovers equation of state (3.87) with two phases. In the phase g > g.

o = 0 while when g < g.

N—1)g dp
02:1—<—/ =1-g/g.. 3.93

At small coupling 02 # 0 and thus A = m? = 0 so that the mass of the 7-field vanish.
dep o vanish thus yielding A\, which is also the square of the
(Nfl) fA,,u p2+)\
mass for o and 7 fields,

11 L(N-1) dp
D)\ / 3.94
P CoT Ry (3.94)

Above g, =

resulting in the critical behavior A ~ (1 — g./¢)%¢ [121].
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3.4 The ORM in Nonlinear Sigma Model

3.4.1 The ORM in nonlinear c-model with Lagrange multi-

pliers

We now proceed to discussion of the results of our study of the ORM in the nonlinear
o-model. We should start from analyzing o-model with the constraint enforced via

Lagrange multipliers so that the Lagrangian of the model under consideration is

1 B ~ B 2
L=350.87 = N& —97) = 5F+ 2 Lana (3.95)

where L4 = [(0,M)? — A?]/2 is added with Z — oo to provide correct form for the
A field and “72952 is used to introduce mass scale into the theory. In the limit Z — oo
nonlinear o-model with Lagrange multiplier would be recovered.

We are specifically interested in the case d = 2, 3 where model defined by Eq.(3.95)
can be renormalized by normal ordering and thus no counter-terms are explicitly
needed in the ORM. The bare Lagrangian is given by

H = /de NG —g )+ %362 + Z7(0,0)% + AN%/2]. (3.96)

According to the ORM, we want to investigate other degrees of freedom that the

theory can be represented with introduced by the transformation
g= (0,5) — (U—l—c,gg),
A— A+ b, (3.97)
Hr — (mm m¢>>'
After the change of variables the Hamiltonian becomes
H = [dzN,,[5(0,0)* + 5(0,0)% + A(0® + 20¢ + ¢ + ¢* — g7 ')+

+b(02 4+ 20c+ A+ ¢ — g7 ) + %(]52 %a + ploc+ “TT—i— (3.98)
ZH(0uA) + N]/2],
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which, after normal ordering to the new vacuum, gives

H = [ de{Ny[2(0,0)* + 1(8,0)% + M0 + ¢*)+
+0?(b + %%) + Qb+ %’2”) + 2cAo + (pZ + 2b)co+
FAA(r, ms) + (N = DA(r, mg) + ¢ — g7t + 0271+
Z7H0MN)2 + N?]/2] + 0E}.

(3.99)

Here

0E = ((5(,“1% Me) + (N = 1)0(pr, mg) + (A, mo) + (N = 1) A(pr, mg) + )+
+0(A(pr, ms) + (N — DA(pr, my) + 2 — g1 + Z716(1,my) + AL, my) + b%]/2,

(3.100)
and
A1k rw, (k)2 +k2 w (k)2 +k2
5(m,m') = Noal(0,9)%] = Narl(00)7] = [, et [Py — “usiy )
d
A(m,m') = Nm[SOQ] — N [902 f (gﬂ ;kl 2w 1,(k) 2wi(k)]’ (3.101)
wm (k)? = k? + m?.
Eq.(3.101) can be also written as
d —,
5(m7 m/) = f (2i7rl)€d<<k0> + kQ)[k2jm/2 - kQEmQ]’ (3 102)
. .
A(m,m') = fa (gw])cd[kQ—lm’z - k2—1m2]'

On the other hand, we treat Eq.(3.99) as Hamiltonian in ”correct” form, i.e.

H = [deNy[L(0,8)? + 1(0,0)% + Mo? + %) + 2co) (3.103)
HIEG 4 50?1 Z7 (O + miN /2 + O], |

so that identifying corresponding terms we find following ORM equations,

mg =mj =m?*=2b+ puZ,m3 =1,
(42 4 2b)c = m?c =0, (3.104)
NA(pp,m) +c*— g1 =0.

Eq.(3.104) formally has two solutions

m? =0,¢® = g (1 — Ng: Ay, 0));

(3.105)
c=0, A(,ur, m) = (Ngr>71
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Eq.(3.105) closely parallels results of the large N limit discussed above in Eq.(3.87)
and (3.88). It is interpreted as the phase transition of second kind.
To comply with the notation used in the discussion of the large N limit we recog-
nize in A(pu, m)
Apal(m) = Dpa(0;m) = / L (3.106)
’ ’ ap (2m)4 K2 —m?
p-field propagator renormalized at scale u. We therefore understand g, term in

Eq.(3.105) as the renormalization scale for field ¢. Eq.(3.105) describes phase transi-

tion at critical coupling
1

o= 3.107

NA, (0) ( )
At small coupling (g, < g.) m = 0 and & = (¢)* = ¢g7'(1 — g,/g.). Above g, (o)
vanishes and m? is given by

k1 1 11
Nd‘Q/————_——— 1
" a (QW)d(kQ—l k‘Q) 9 e (3-108)

so that one recovers
m? ~ g (1 — g/ g, )7 D) = g2 (1 - g./g,) Y5 (3.109)

In d = 2 dimensions the critical temperature vanishes and b has the form

b~ m?~ e Vs (3.110)
so that the mass of the field is invisible in all orders of perturbation theory in the
coupling constant g.

We see that for d > 2 the critical value for the coupling constant depends on the

renormalization scale p, i.e.

1 = ,,—€
= = gc:u )
N [ o L~ ) (3.111)

2_
m? = (1 — ge/(g,115))?/".

ge = —2/(Nmese(dn/2)) = e/(mN),e — 0. (3.112)

Ge
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This is consistent with dimensional regularization results described in Section 3.3.2 in
which dimensionless coupling is introduced by g, = g,u°, and is relevant to fixing the
mass scale in the theory. For small €, g. =~ ¢/(nN) which is qualitatively consistent
with 1-loop RG result

2me

iy 3.113
9e ™ ( )

In special case d = 2 4 1 this gives g, = 2—”

In regular perturbation theory for o-model it is common to break O(N) symmetry

by external magnetic field, so that the Hamiltonian under question becomes

H— /de PANE — g )+ g+ 2 @A+ V] (3.114)

2 7"
In here we assume w.l.o.g. @ = (0,¢) and h = (h,0). After shifting 0 — o + ¢ and
A — A+ b we obtain

H = [dzN,,[1(8,0)* + ( o)+ M@+ 0*+2c0+ 2 — g, M)+
+b(F? + o —|—200—|—c )+ he+ ho + Z7H(0,0)2 + N%/2] =
= [da{Nu[1(0,0)> + ( 0)2 4+ Mo? 4 ¢%) + 2cAo+

+bo? + bg? + (h + 2bc)o+

FAMA (e, ms) + (N = DA(r, mg) + & — g7t + 0271+

32 1(00)? + V] + 0B}

(3.115)

0E = %(5(:“7“7 mg) + (N = 1)6(pr, mg )+
B(A(tiry ) + (N = DAy, mg) + @ — g7+ (3.116)
+he+ 2 Z7H0(1,my) + A(L,my) + V7).
From the ”correct” form requirements we obtain ORM equation of state
m? = mj =m7 = 2b,m3 = 1,
h + 2bc = 0, (3.117)
NA,(m)+ 2 =gt =0.
Solving Eq.(3.117) we obtain

= T=NorBap(m) (3.118)
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10 20 30 40 50

Figure 3.5: Solution for Eq.(3.118) for a choice of h # 0 and pu.

Indeed, as can be seen from simple analysis, this equation has single continuous
solution m?2(h, g,; u) for all g, so that no phase transition is observed in this case
for any values of h # 0. This is also entirely consistent with our general argument
about phase transition disappearance due to introduction of external perturbation in
a system undergoing phase transition of the second kind as we will present in Section

3.5.

3.4.2 The ORM in nonlinear o-model in perturbative form

We now attempt to discuss more controversial, and perhaps more interesting, results
or the ORM application in o-model. In this section we shall investigate nonlinear

o-model in perturbative form, where the constraint is locally resolved in terms of

O(N) generators ¢
o =+\/1— g2 (3.119)

Locally Lagrangian is given by

(69,0 d0r3),

1 — —
= — H

(3.120)
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In canonical variables the Hamiltonian can be obtained in this form

B B %6+ 99 1¢85$2’ . (3.121)
H = 700f — %(aoqb)? - %“’*8“‘;; + 31(06)* + 9122,
Relation between 7 and 805 can be explicitly inverted
Qo = 7 — gb(o7), (3.122)
to produce o
H = %[ﬁQ — g(¢7)? + (89) + gw]. (3.123)

1— gg?
In the ORM this form is equivalent to

—

1 v (009)° = (600d)?
H=3510.0) +9 . J

According to the general theory, Lagrangian (3.120) can be renormalized by renor-

(3.124)

malization of the field and coupling constant, so that

1, iip - - L (00 (1)8, 0, (1)) (D (1) D" D1 (12))
L= ~7110.8(1)0", 700771 SO (3125
5 Zan 019 ()0 r (1) + g7 (1) | ()28 2 ) J, (3.125)

In further we assume that normalization scheme and cutoff scale are fixed so that

we have to work with Hamiltonian in the form Eq.(3.124) with Z2*g, +— g and
gg =Z, ng;; The Hamiltonian Eq.(3.124) is naturally understood in the sense of its

power series expansion, i.e.
1
H =527 [(0u0r)? Zg"“ 6r0i60)*(07)"], (3.126)

where by (@@@)2 we shall understand (@&@)(@W@), here summation is only over
space indexes.

Since in this form O(N) symmetry is explicitly broken, we shall not consider here
field shift as one of the degrees of freedom in the ORM. Indeed, if we wished to do
so, we would have to keep the measure term in Eq.(3.124). Any shift (E — ¢+ Cthen,

due to the symmetry, would produce no change in the energy density of the state.
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The only degree of freedom that we may employ in the ORM is, thus, the change
of mass. This is, of course, consistent with the large IV analysis as well that the phase
transition in the nonlinear o-model is related to generators 5 acquiring mass.

According to the ORM, we should consider Lagrangian Eq.(3.125) renormalized
with respect to a different scale v and require then that the renormalized Lagrangian

has the correct form

(04507 + 9.V )EEEE + 20 ()er] =
(0u0)? + 9 (1) Zy 11, 0) 1 0 4 200 (1) Za( ) )

1—gr (1) Zg(11,v) P2

(3.127)

where Z,(p, v) and Z,(p, v) are finite multiplicative renormalizations governed by RG
flow. Eq.(3.127) leads to the RGORM problem considered in Section 3.4.3.
Alternatively, we can take first into account the main quantum contributions by

performing normal ordering in which case we work with the Hamiltonian
H= —Z 'NL[(0,00)2 + Zg”“ Gr0,0,)2 (92" + 6B, (3.128)

where Z,,, g, = 9,242, !, 0F, are understood as contributions due to the diagrams
not regularized by normal ordering (loop diagrams etc). After the change of scale

1 — v the Hamiltonian becomes
H= —Z 'N,[(8,0,) +Z 9 (Gr 05y )H(G2) + 0B, + AE (1, )] +0H (1, v), (3.129)

where AE(u,v) = 60En(p,v) + 0E, — dE), is the vacuum energy difference consisting
from the contributions due to normal ordering 0 Ex and all other diagrams 0 E, —0E,,.

Let us have a closer look at d Ey. After some algebra we find
(VIN(G, 016 (@2)"lv ) = (VIN(@:0207 )b (6565)"Iv) =
S { a # b, (vIN[(0,600' )N (07} (6505)" ) (3.130)
ab | a=0b, (V|[N'[(9:¢70'¢7)] + du(v)IN[(¢7)*(6505)" V)
where N’ represents normal ordering with respect to |v) state and N is N, normal

ordering and we take into account that under normal ordering the order of operators
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is not important. For a # b we obtain
(WIN [(9:670'¢7) b (d567)" | lv) =
D , (3.131)
v N[00 T aNge .6 v ) = 0.

(¢),m<n+2
Since the lowest in fields number term is (v|N'[(0,¢20"¢!)]a()|v) = 0, terms with

a # b do not contribute in the vacuum energy density.

For a = b we find

(VIN[(0:070"07) b7 (d7.07) " |v) =

. (3.132)
= (W[(N'[(0id70"¢0)IN[(¢7)* (65:65)"]|v) + du(v) (wIN[(7)* (8565)"]|v)

and we used notation
» 5, — uPA
du = (1019, 0'6,)|v) = F—F=".

First term in Eq.(3.132) equals zero for the reasons discussed above. Therefore we

<y

Note that if | = N — 1 is the dimension of (E vector then

i)

NI (O o (91 ()

now need only to compute

NI(68)2 (Y (95)%)"]

C

V> . (3.133)

V>:

(3.134)

NI(67)*(32(67))"]

]

Since ¢¢ commute for different a Eq.(3.134) can be rewritten as

Nl(g7)? (2)3 R (007 (81)%]

WIN (o) 2(@0))"]lv) =

(5

> (3.135)

(% ra V(0™ ] N{(¢f)* 2] . N{(¢,)]



Chapter 3. Critical Phenomena and Oscillator Representation Method 120

k J .
For each a N[(¢2)*] = 'Zo (2(22_?)!)”! (A“Q(”)> N'[(¢2)**727] and since we are only in-
]:

k
terested in the term with no N'[¢] at all, the only contribution is (2:,)' (A“T(V)) ,

u|N[<¢z>2<;<¢$>2>"]|u> _

nl (2k1)! (Au(u1)>k1 | Chat)! (A#(ua))k‘“rl - (2ka)! (Au(yl)>kl

L.kl kr! 2 * (kD) 2 en)! 2 v
(3.136)
For the total energy we obtain
220By = L2 (Gu(va) + du(va) 1§ Buva) %
nl (2k1)! ) 2%kq+2)! . 2kn)!
> kl!..'.kl!(kf!) AVICZ) A (<ka++1))! Aulwa)te... ((kn>)! D)), (3.137)
kl + ... k)l =n
(k) =0..n

where Z = Z,,/Z), is finite field renormalization and g = g, is bare coupling constant

at v-scale.

o132

e = 0. We also can obtain the mass

Mass of the ¢, fields comes out from
directly as coefficient at N'[¢?]. Using the same idea as when calculating 6 E, we are

only interested in terms in Eq.(3.135) containing one N'[¢7] and N'[¢})..] fields. In
that case we get

ki
n! (2k1)! v 2ka 2 (2kn)! [ Ap(y
a=c, Zkll..{kl' L < it 1>> + ( ) kn)) ( i n)
—1
n! (2k1)! v (2k. A
a 7& C, Z kl[__'.kll k11) < ul 1)> kc—i)' ( u(a )>
(2kq+2)! (A (ua))k““ (@) (A#(ul)>kl

\ " (ka+1)! 2 (Fn)! 2
(3.138)
so that for aj ., one obtains
n+1 k1)!
QZG//QC Z on+1 E k1!---/€z [Z d (Va) ( a) (lel!) Au(Vl)kl oo X
ke ka fen)! 3.139
x éi_i)!Au( vt Gty N W ALE (3.139)

du(ve) Du(ve) SR A )P BN ()b BN ()],
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O, W, %

Figure 3.6: Daisy loop-diagrams summation

where summation over index (k) = (ki ...k;) is in the limits from 0 to n and k; +
-++ 4+ k; = n and [ is, again, the number of generators in gg This is consistent with
0E: v} = 75-(2Z5Ey).

Let us now consider specific example when (E field has single-component. In that
case the above formulas can be substantially simplified and for the vacuum energy

0 FE N we obtain

226y = 8,(v) + du(1) S ((QSLQ))!! (gAMQ(V)) . (3.140)

In Eq.(3.140) we should emphasize that ¢, Z, ,, A, are finite bare parameters
calculated for fixed renormalization scheme with fixed finite cutoff.
It is easy to see, nonetheless, that summation in Eq.(3.140) p(z) = 5. Gxien

n!
n=1

diverges as n — oo for all z # 0. We should emphasize that this type of divergence
does not come from the UV singularities of the renormalization theory. In terms of
perturbation theory normal ordering in Eq.(3.126) equivalent to renormalizing daisy
loop diagrams Fig(3.6). Higher n correspond to more loops attached to the vertex in
Fig.(3.6), each next loop comes with its own g factor thus making each next loop next
order in perturbation theory. From Eq.(3.140) it follows, therefore, that contribution
to the vacuum energy of the daisy-loop diagrams in all orders of perturbation theory
is infinite for any finite cutoff a and finite bare coupling constant g. This shows that
such perturbation series is ill-defined in any finite regularization of the theory. This
is rather not surprising result since almost in all field theories the perturbation series
are only asymptotically converging, in the best case. Still, this presents substantial

difficulty in application of the ORM to nonlinear o-model in this form since one have
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to deal with all orders of perturbation theory at once. One, however, may still assume
some validity of the perturbation theory in every finite order, so that we will now try
to make sense of our result in perturbation sense and investigate o-model in the lowest
order in g approximation

In this approximation Eq.(3.137) reads

2Z6EN =Y [6,(Ma) — gd,(Ma) A, (M,))]. (3.141)

a

If we plot the vacuum energy density vs t = M/ pu,
2Z5EN(t) = Nusy(t) + g 2dy (1) A (t), (3.142)

for d = 3 we obtain

-1
3

270 OEN(t) ~ 1 (t* — 1) + u'g ( —(1— t)) (1—1). (3.143)

It can be observed that solution to the ORM equations in this case describe unstable
point of the maximum energy; moreover, energy E(t) decreases to —oo as t — 0o [see
Fig.(3.9)]. It can be see that this situation holds for any dimension d since large ¢

behavior of Eq.(3.142) is
2Z5EN ~ ,udtd o ugd_2t2d_2.

This conclusion is confusing once one realizes that the ORM can be related to vari-
ational principle. In fact, if JEN(t) is viewed as (t|H|t), Eq.(3.142) implies that for
any —M < 0 there exist a state |t) such that (t|H|t) < —M so that the spectrum
of the theory is unbounded from below. One, however, should be careful about UV-
divergences, infinite volume of the field theory and other QFT-effects which may

render these implications meaningless in strict variational treatment!.

!Note that this question can be also possibly related to instabilities discovered in RG S-function
in [124-127]
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3.4.3 The RGORM in the nonlinear o-model

Regarding the kind of infinities we have encountered in the above treatment with the
standard formulation of the ORM, we now would like to use RG form of the ORM
(RGORM) to investigate the phase structure of nonlinear o-model. Since the only
degree of freedom that is left for the ORM in nonlinear o-model is mass rescaling, we
are confined to the case of RGORM already discussed in the Section 3.2, i.e. solution

of the equation
ngp,) _ m2gy)
. v (3.144)
d m?
ng = B9), k=% = r(9)-

As was discussed in Section 3.2, two phases are related to nontrivial solution of
2 —p(z)
F(g) — F(g —/dx——O. 3.145
(9) ~ Flgo) = (3.145)

g0

In 1-loop RG functions for nonlinear o-model are known to be, see Section 3.3.2,

B(z) = ex — (N — 2)Nyz?,

Y ; (3.146)
pr) = 5" Naw, Na = yaprary-
so that after integration in Eq.(3.145) we obtain
2lng N -1 e+2
F(g) = — In((N — 2)Nqg — ). 3.147
@ =220+ (g~ T ) Y = 2)Vag o (3.147)

Typical behavior of F'(g) is shown in Fig.(3.7). As is expected from the general case,
F(g) has pole at g = g, - fixed point of RG flow which is also the critical point. For
go < g the only other solution is on the right branch of the graph, so that g(go),
satisfying Eq.(3.145), is always greater than go. Once go < g., the corresponding phase
has smaller coupling and therefore is physically preferred. We conclude therefore that
for go < g. no alternative physical solution exist and only trivial solution ¢ = 1 should
be selected. Once gy > g. the system exists in the phase g(go) < go with ¢ # 0 and
thus (¢?) ~ A(t) # 0.
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Figure 3.7: F(g) function for RGORM in nonlinear o-model.

Phase in strong coupling regime is duality related with weakly coupled phase by

e(N —3)

—_— N : 14
4(N—2)<0’ >3 (3.148)

g~ (90/9:)", 7= —

For N = 3 we recover interesting effect, namely F(g) — Const, g — o0, so that
g = oo is projected to ¢* ~ 5.861 in d = 3 and ¢* ~ 5.056 in d = 4 [see Fig.(3.7)].
For g < g* no second solution ever exists for Eq.(3.145).

When the best known approximation for RG functions is taken into account,
however, we observe that the answer for N = 3 changes. In particular F'(g) — —o0
rather slowly, but yet two solution exists for all values of g. Furthermore, v is also

somewhat different from 1-loop calculations. We found

—0.326, N =3
v(d=3) = (3.149)
—0.445, N =4
and
—0.652, N =3
v(d=4)= (3.150)
—0.990,N =4

approximately 2 times large than (d = 3) in consistency with proportionality to

e =d—2 as in Eq.(3.148). The fixed point of the RG flow is also moved significantly
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to its smaller value. Qualitatively, however, the phase relations is the same with the

lowest order RG functions.

3.5 The ORM in Scalar ¢* Theory with Magnetic
Field

In this section we examine capability of the ORM to properly describe critical phe-
nomena by considering ¢* theory with magnetic field defined by
L, 1 2, L 99, 94
H=_-m"4+=(Vo)"+ -m°¢~+ =¢" + B¢ (3.151)
2 2 2 4
in 141 dimension for which many exact results are known [41,128].
As was discussed in Section 3.1, in the case B = 0 the ORM equations of state
describe S- and BS-phases. As can be seen from Fig.(3.10) two critical points are

present in ORM solution: g./m? = 2Z= t, = exp(1+ W (2/e))?, such that BS solution

does not exist for g/m? < g./m?, and g*/m? ~ 10.2108. .., such that the energy of
the BS phase Epg > Eg for g./m? < g/m* < g*/m?. We shall also note that, as
can be seen from Fig.(3.11), the effective dimensionless coupling G = g/M? after the
transformation to the new mass M and new quantization point b is small whenever the
original coupling was large. Therefore BS-phase obtained with the ORM represents
the strong coupling regime of the original theory as a weak coupling regime of the new
theory such that the ordinary perturbation theory would still be successful. According
to the ORM, we observe that for weak coupling g/m? < g./m? ~ 9.0459 only S-phase
(p) = 0 exists. When coupling becomes sufficiently strong ( g/m? > g./m?) the
BS-phase develops with (p) # 0 but not until g/m? > g¢*/m? that BS-phase is
energetically favorable and is physically realized as the ground state. Thus, at g*/m?
the phase transition occurs between S and BS-phases. There exists no continuous
connection between the phases and the order parameter b(g) = () is discontinuous

at g* so that the phase transition is of the first kind according to the ORM.

2W () is the product log function W (z)e () = z
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For the purposes of the upcoming discussion let us mention also that one may
use somewhat different interpretation of the ORM equation of state. Consider the
vacuum energy density (3.18) treating it as a free energy of a system described with
two generalized coordinates b and ¢. Note that (in energy units m?) Eq.(3.18) can be

written in a more familiar form as
e(b,t) =gU -8 (3.152)
with ”potential” and ”entropy” defined by

_ In(®)+1-t _ 2.
S(b, t)b4— 3b827§n(t> - 351;12@ (3.153)
U(bat):Z_ Sr T 6an? -

It is easy to check that S(b,t) is monotonous for b > 0 and ¢ > 1, symmetric with
respect to b — —b and have maximum at (b = 0,¢ = 1). Potential U(b,t) is not
monotonous in either of its arguments but is symmetric with respect to b — —b. For
a quasi-stable state (b*,t*) the stationary condition on £(b, t) results in

3gb* 11 352 3¢ln(t)
de = (b + gb® — 22 () ) ob+ (- . 5t =0
© ( T e )) +( s T 8r  &er? T 3ome ’
(3.154)

which is equivalent to Eq.(3.21). The phase diagram of the system, plotting quasi-

stable states vs. one of the parameters, e.g. b, has the form as in Fig.(3.17a).

Note that the energy of the quasi-stable states, plotted along the stability curve,
looks like in Fig.(3.17b) so that the states along this curve are energetically not
favored as long as g < g*. At g = g* a sudden jump from the trivial branch b = 0 to
the nontrivial branch b # 0 occurs representing 1st order phase transition as we have
said previously. The phase transition proceeds through the spontaneous symmetry
breaking mechanism.

We now consider how the presence of the magnetic field in Eq.(3.151) affects the
equation of state Eq.(3.20). Along the line of the previous discussion, the free energy

density (in units m?) is given by

(3.155)
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This leads to the following equation of state derived from the stationary conditions
on £(b,t):
b+ gb® — 3% 1n(t)+ B =0,
{ S 3<g) (3.156)
5 + §gb - 8—71_111(15) =0.
It can be further transformed to 3%-order equation for vacuum condensation density
b:

oS t—1

{ 7 s Ty (3.157)
Z(t+2)b* — tIn(t)b + B(4wb* — In(t)) = 0.

Analytical solution to Eq.(3.157), although possible, is rather cumbersome and is not
particularly illuminating. For that reason we studied Eq.(3.157) numerically.

If the external magnetic field is strong, we no longer observe any phase transition.
The trivial solution sy in this case does not exist and two nontrivial solutions st are
completely decoupled and deformed by the external perturbation (Fig.(3.12)). When
the external perturbation decreases, however, an interesting phenomenon occurs. One
can clearly observe in that case that the "trivial” solution sg for weak perturbation
emerges and gets continuously connected with one of the nontrivial solutions (e.g.
s_), while the nontrivial branches s, and s_ get decoupled slightly. As the external
field B gets weaker, the nontrivial solutions s approach their non-perturbed analogs
closer and closer and eventually a loop is formed in g—¢ plane Fig.(3.13). At point g*,
where the loop is formed, we eyewitness phase transition of the first kind in which both
vacuum condensation b and effective heat capacity ¢, = j—; are discontinuous. Note,
however, that this phase transition occurs entirely within Broken Symmetry phase
without any symmetry rearrangement. This result of the ORM is in contradiction
with Grifith-Simon theorem [128] claiming the absence of the phase transition in ¢*-
theory with external field B # 0. We attribute this to approximate nature of the
ORM.

In fact, in the phase transition region the coupling constant is quite large both in
Symmetric and Broken Symmetry phases so that the perturbative corrections may

substantially affect the phase transition region in the ORM. To study the significance
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Figure 3.8: The diagrams that contribute to O(g?) and O(g*) orders perturbative
corrections to vacuum energy in BS phase of 1+1 ¢* theory.

of these effects we calculated perturbative corrections to the vacuum energy in S and
BS phases up to ¢ order. We take the Hamiltonian in the most general form as

1 2 m? 2 3,9 4
H—§(8g0) —i—?ga + ap + by —i—Zgo. (3.158)

Then the diagrams that contribute to O(g*) and O(g?®) orders are Fig.(3.8). After
performing calculation we obtain

0E = —;L—T; — 0.04452:;—22 — 0.0031851—22 + 0.019981;;—3 + 0.000650751—34 +... (3.159)
The perturbative corrections are indeed large for S-phase once g/m? > 5 and in BS-
phase in the near-critical region, so that the ORM conclusion about the nature and
the point of the phase transition may be, indeed, approximate [see Fig.(3.15)]. We
observe, though, that the corrections in S-phase for small g and in BS phase for large
g are small, that is consistent with the transformation of the strong-coupled regime
into the weak-coupled BS-phase. Away from the transition point the conclusions of

the ORM are increasingly reliable. To improve our perturbative series Eq.(3.159) we

further perform a Borel summation,

1+£gt
1+ Lgt + 2(gt)?

—ag® + B¢ — /e_t -1, (3.160)
0

in which case for the vacuum energy density we observe Fig.(3.10). Perturbative

corrections to the vacuum energy indeed are significant and shift the transition point
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from g/m?* ~ 10 to g/m? ~ 12. The phase transition is still of the first kind since the
energy of the ground state has a cusp at this point. On the other side, as one can
see in Fig.(3.10), the magnitude of the jump at ¢g* is decreased after accounting for
first few perturbative corrections. In this sense the perturbative corrections decrease
discontinuity and make the phase transition, in a sense, closer to second kind.

The calculations of the vacuum energy density for B # 0 leads to similar picture.
S-phase and BS-phase are yet continuously connected, although through a quite re-
mote section of the graph [not shown in Figs.(3.10) and (3.16)]. The loop, mentioned
in the original ORM, still exists and indicates first order phase transition in the region
of small perturbations B/m? < 0.1 Fig.(3.16).

As we shall show now, the observed persistence of the 1st order phase transition
in the region of small perturbation has its roots in much more general properties of
the systems undergoing 1st order phase transition and, thus, is originating from the
transition kind itself obtained by the ORM in B = 0 case. For that we shall use
our analogy with thermodynamics to demonstrate that the sort of phenomenon we
observed above is typical for systems undergoing 1st order phase transition.

We consider a 1-dimensional effective system that can be obtained from the initial
ORM equation of state Eq.(3.20) by eliminating ¢-variable from % = 0. We are
looking therefore at an effective system described by a single generalized coordinate b
with the free energy given by Eq.(3.152). According to thermodynamical viewpoint,
possible stable states may exist whenever variation de = 0. If the external field B is
absent, this results in the following

be=0=—-05+goU =

__ 48
gfﬁa

where we denoted with 6.5, dU derivatives dS/db and dU/db respectively.
Some general properties of equation Eq.(3.161) are appropriate to note. S(b) and
U(b) are even functions of b so that 65 = 0U = 0 if b = 0. b = 0, therefore, is

(3.161)

always a solution of Eq.(3.161) and apparently represents the trivial solution true for

all couplings g. For all other (b, g) the diagram of possible stable states qualitatively
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looks like in Fig.(3.17a). All points in this diagram are quasi-stable states and their
stability is defined by whether (g,b(g)) < €(g,0). Furthermore, the energy of the
quasi-stable states, plotted along the curve in Fig.(3.17a), qualitatively behaves like
in Fig.(3.17b) so that all states g < ¢g* are only quasi-stable. Actual phase transition
occurs at g = g* for which £(g*,b(¢*)) = (g%, 0).

In the presence of the external field B the free energy is modified by perturbation
term of the form B(b), notice that the perturbation is odd function in b: B(b) =
—B(—b). In this case the condition for stability of state looks like

0= gdoU — §S + 6B,
9= (3) - ()

The diagram at Fig.(3.17a) therefore should be modified by adding —%2 term due

(3.162)

to the perturbation. Since B(b) is odd, this contribution has 1/b-type singular be-
havior as shown Fig.(3.18a). The result qualitatively looks like in the right panel of
Fig.(3.18b). As was already observed, the nontrivial solutions are now separated by
the perturbation and the trivial solution got shifted and continuously connected with
one of the nontrivial solutions. For example, the left branch in Fig.(3.18b) consists
essentially from two regions: one part approaching the original trivial solution € ~ 0
and the other part approaching the negative branch of the original nontrivial solution
e =¢(g,b(g))-

To make an inference about how the transition point is affected, we should notice
first that, if B is small enough, the energy of the states (g, b) is modified just slightly so
that Fig.(3.17b) would be altered very little. In turn that means that for sufficiently
small perturbation, when branches of the perturbed solution are sufficiently close to
nonperturbed solutions, there yet exists such g*(B) that (¢*(B),b1) = e(¢g*(B), ba).
Therefore, first order phase transition still persists close to ¢g* for sufficiently small
perturbations.

We should emphasize that in the above discussion we didn’t use the knowledge of
the specific form of £(b). Instead, our reasoning was based on fairly general assump-

tions and properties of £(b). Essentially, our conclusions depend only on the following
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points:
1. system itself is b — —b invariant and U(b) and S(b) are even functions of b;
2. nontrivial solution of Eq.(3.161) exists for all b;

3. nonperturbed system is in its trivial phase for ¢ < ¢* and in nontrivial phase for
g > g* so that the energy of the nontrivial solutions is greater than the energy

of the original phase for g < g*.

Under these quite general assumptions the phase transition of the first kind should
persist even when small asymmetric perturbation is added to the system.

For comparison let us consider in a similar fashion a system that undergoes 2nd
order phase transition. We still assume that the free energy of the system is written
as Eq.(3.152) and the system is invariant under b — —b transformation. In this case
the stability diagram qualitatively looks like in Fig.(3.19a), with nontrivial phase
continuously connected with the trivial phase b = 0 at some g* (e.g. the Ising Model
and nonlinear o-model). Also, the energy of the states, plotted along the stability
curve, should be always smaller than the corresponding energy of the trivial phase.
In the presence of the external perturbation this diagram shall be modified in the
same manner as we did for Fig.(3.17a).

Because for ¢ > g* the energy of the trivial solution was always greater than
the energy of the nontrivial solution, differently from Fig.(3.18b) now there may not
exist two points on the curve with the energy®. Since also now the trivial and the
nontrivial solutions are connected smoothly due to the perturbation, we shall conclude
that there is no phase transition in this case consistent with our earlier experience in
nonlinear o-model.

From a fairly general viewpoint we have shown therefore that 1st order phase

transition still remains when a sufficiently small perturbation is added into the system.

3We also imply that the perturbation as function of b is monotonous as is for Bb case. In general,
if this is not true, the conclusion may change.
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This is different from 2nd order phase transition which is completely destroyed by

whatever small external perturbations.

3.6 ORM as a General Field-Theoretic Technique

3.6.1 Nonperturbative interpretation of ORM

As we have seen in the previous sections, applications of ORM lead to interesting and
beneficial results including inference about the phase structure of models as well as
duality and explicit form of the BS effective Hamiltonian. At the same time in the
form ORM is originally formulated by G.Efimov [96] the method leads to upsetting
inconsistency even in the simplest case of ¢* scalar field theory in 141 dimension and
is most obviously is an approximate method. If one was to improve the ORM, the
question needs to be answered what underlying nonperturbative principle behind the
ORM shall be?

Before attempting discussion of this question, let us emphasize that the ORM
as presented in Ref. [96] is formulated in the settings of low-dimensional super-
renormalizable field theories and has Hamiltonian formulation and normal ordering
as its central ingredients. In that sense the ORM, as suggested in Ref. [96], is lim-
ited to the cases considered therein and does not contain an explicit directions as to
how these examples can be extended, generalized or improved. It is essentially our
task now to gain some insight into possible nonperturbative significance of the ORM
and to suggest a feasible improvement or extension of this approach. Such extension
is thought to reproduce the ORM as a partial case and to allow introduction of a
systematic procedure with which the ORM results can be consistently improved.

In fact, two such ideas had been presented already in Ref. [96]. One such prin-
ciple was put forward when the authors introduced, along with a number of super-
renormalizable theories, the treatment of ¢* in 3+1 dimension and defined RGORM

which consists in the following prescription:
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e perform canonical transformation on the original renormalized Hamilto-
nian, e.g. field shift;
e change the renormalization scale y — v using RG flow;
e require correct form from this new Hamiltonian, i.e. renormalized coeffi-
cient of ¢! is zero and renormalized coefficient of ¢? is tm?/2 accompanied
with OR-scale change condition v/u = t.
In this formulation ORM equations for ¢* theory read, e.g.

m?(ut) + 3g(ut)o? — p(p)t* = 0,
b(m?(ut) + g(ut)b*) = 0.

This formulation is easily generalizable to nonperturbative and higher dimensional

(3.163)

examples by assuming that one uses full RG equations and RG functions can be
found with sufficient accuracy. At the same time this formulation has few problems
of conceptual and practical character.

One conceptual problem is that the authors of Ref. [96] did not specify what
exactly is meant by Renormalization Group in the context of the ORM. If what is
usually refereed to as Renormalization Group, i.e. change of mass and coupling with
the change of the external momentum scale at which these parameters are observed,
is used in the ORM, one encounters upsetting incompatibility. Going back to the
examples of 2-dimensional ¢* field theory, considered in Ref. [96], in 1-loop order
it is known that the self-energy diagram Fig.(3.1) does not depend on the external
momentum and exactly cancels by the counter-term. In fact very often this diagram
is not even present in the perturbative treatments for the above reason. Thus, at this
level there is no contribution to RG equations and to RGORM. At the same time
diagram Fig.(3.1) plays central role in the original treatment carried out in [96].

Furthermore, it was not made clear in Ref. [96] whether RGORM should take into
account only infinite renormalizations or also finite renormalizations. In the examples
considered by the authors typically only infinite renormalizations had been kept in
which case m?(u) corresponds to a finite bare mass parameter of the theory and

2

m?2 # m?2. In this case, however, the significance of ORM ”correct” form condition



Chapter 3. Critical Phenomena and Oscillator Representation Method 134

becomes obscure since there are many ways to define such finite bare mass parameter
in practically any QFT.

It is also not clear whether the RG of the original theory or of the transformed
theory should be used in the ORM-change of scale t — v. While the infinite pieces of
RG equations are identical, as follows from general requirements of renormalizability,
the finite pieces are different and introduce additional ambiguity in the ORM proce-
dure. In their original work, the authors of Ref. [96] have avoided this ambiguity by
concentrating only on the infinite renormalizations.

The significance of the ORM-scale change ;1 — v also is not clear. The original
argumentation of the authors that the same renormalization scheme should be re-
tained can be accepted for order-by-order perturbative calculations, in which case it
is equivalent to using the same prescription in computing each next order approxi-
mation. However, in the case of calculations in two different theories related only via
a variable change this condition - that the same renormalization prescription should
be used in either of them - lacks such ”obvious” justification.

In the spirit of Section 3.2 we may understand the above ambiguities in the sense
of the canonical transformation performed on the bare Hamiltonian with following

requirement that the transformed Hamiltonian has correct form, i.e.

H(d 1)+ 6H(d, 1)  —  H(D,T1) + 6H(®, 1)

P (3.164)

with the counter-terms §dH’ correctly corresponding to the transformed interaction
Hamiltonian and new value of the mass, as used in the perturbative propagator. On

the example of ¢* theory the condition of invariability of the Hamiltonian and of the
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correct form of the Hamiltonian results in

CZ(m,g;\)=2Z'(M,H,G;\)

¢oar(m, g; A) + ¢*(m? + om>(m, g; A) + ¢*(g + dg(m, g; A)))0* = da; (M, H,G; A)
C2(m? + dm2(m, g; N)) + 3¢*(g + dg(m, g; A))b> = M? + SM*(M, H, G; A)
C4g+6g(m,g;A\))b=H+H(M,H,G; \)

¢*g+dg(m,g;N)) = G +0G(M, H,G; A).
(3.165)

where field rescaling (, field shift b, final mass M and final couplings H and G are
all parameters of the new Hamiltonian to be found. Eq.(3.165) defines one extension
of the ORM equations. It also gives meaning to the Renormalization Group as used
in the RGORM. Allegedly, change of the mass in the perturbative propagator results
in the change of the counter-terms which is described by a RG-like transformation
(3.165). We have observed that this transformation coincides with RG-equations
for dimensional on-shell regularization where mass scale u is identified with the on-
shell particle mass m (and not the renormalization momentum scale). However, the
question whether this correspondence will hold in other renormalization prescriptions
(e.g. Pauli-Villars renormalization with subtraction at p = 0 as we commonly used)
is of course an open question.

Still, extension of the ORM along this line runs into practical difficulties. In
Eq.(3.165) it should be remembered that the infinite and the finite terms should be
distinguished. Specifically, requirement that the cut-off scale A consistently cancels
in (3.165) leads to condition (*9 = G, H = b@G and leaves us with three equations

and two unknowns

(dar(m, g; A) + C2(m* + om?(m, g; A) + ¢*(g + dg(m, g; N)))b* = 6a; (M, bG, G; )
C2(m? 4+ 0m*(m, g; A)) + 3¢*(g + dg(m, g; \))b* = M? + 6M*(M, H, G; A)

¢*g +dg(m, g;N)) = G+ 0G(M,bG, G; A).
(3.166)

Note that ¢ is uniquely fixed by M and field renormalization condition (Z(m, g; A) =
Z'(M,bG, G; A). This system is overloaded and is likely to not have a solution different
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from the trivial one. The problem arises from different structure of the RG-flow in S-
and BS-phases of the theory when the finite pieces are accounted for. If only infinite
renormalizations were retained, no such problem would have appeared. Finally, even
if Eq.(3.163) are faithfully taken without regard to the above issues, then the ORM
relies completely on the knowledge of the RG functions. The only advantage in its
use would come from the ability to have the BS Hamiltonian in an explicit form.
Another extension of the ORM had also been discussed in Ref. [96] in the language

of Path Integrals (PI). Consider, e.g., PI expression for the generating functional
Zlg] = / Dee™ | #wE 000w, (3.167)
This integral is often understood as an integral with Gaussian measure by writing

Zlg) = / dpufle 1 sty (3.168)

where the gaussian measure is defined as the "kinetic” term of the Lagrangian nor-
malized so as [ du[¢] =1,

auld] = ———

Vdet D

and the integrand is written in so called form normal-ordered with respect to gaussian

e 200719, (3.169)

measure dul¢]. Here D is quadratic differential operator that defines measure in the
PI and usually is associated with kinetic term in the Lagrangian. It is conjectured
in Ref. [96] that by writing PI in normal-ordered form one takes into account main
quantum contributions to the vacuum state. Then, for small values of coupling con-
stant the integral (3.168) can be computed perturbatively order by order in g. Using
observations of duality, characteristic to the ORM solutions, one suggests that the
ORM can be used to redefine the PI for large values of ¢ in a different form with dif-
ferent gaussian measure dp’[¢] which would absorb main contributions and represent
large g functional Z[.J] in a perturbative form.

For that Eq.(3.168) can be rewritten using transformation of the field shift and

different gaussian measure defined by differential operator D'~*,

Zlg) =" / dy [@]e Aot (@), (3.170)
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As Ref. [96] claims, the system under consideration should be near its equilibrium
point so that any linear terms for variable ¢ should be absent and the quadratic
configuration ~ ¢?, which determines the Gaussian character of the equilibrium point,
should be all concentrated in the gaussian measure dy’[¢]. By this the requirement
of the ”correct” form is introduced which imposes constraints on b and D’ such that

no linear or quadratic terms are left in £'(®) after the transformation. Then

1 D1 1 D
Ey=—Indet — — =bD b+ = (1 — =— L:(b). 3.171
0= glndet 7 — 20D+ S (1= ) + 9L (D) (3.171)

It was also shown in Ref. [96] that the ORM ”correct” form requirement corresponds
to minimization of the 0-order vacuum energy density (3.171). This argument, how-
ever, has difficulty of including nontrivial renormalizations. Specifically, if infinite
self-energy terms are present after normal ordering, then definition of the gaussian
measure is ambiguous - should it be the bare mass, mass used in perturbative prop-
agator or renormalized mass - that defines the "correct” du[¢]? The situation is
worsen since, formally, one can use any bare mass for the gaussian measure as long as
proper counter-term is introduced. The above argumentation to define the ”correct”
form for PI therefore is generally not applicable except for a few theories completely
renormalized by normal ordering.

In this form, nonetheless, the ORM is seen conceptually as the search for canoni-
cal transformation related, yet equivalent, representations of the original model. One
views ORM-phases as equivalent ways to represent the original theory in terms of
quasi-particle degrees of freedom. Duality provides second ingredient to this in-
terpretation - whenever quasi-particle representation is weakly-interacting it gives
possibility to describe strong-interacting regime of the original model in terms of a
quasi-particle perturbation theory. Even if the Hamiltonian is not completely diag-
onalized in this transformation, one can account for perturbative corrections to the
vacuum energy in the original or the quasi-particle representations of the theory, as
we did in Section 3.5, and in principle can obtain exact an answer.

One may extend the requirement of the correct form of the Hamiltonian after
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the canonical transformation is applied to the bare Hamiltonian as in Eq.(3.165).
As we have already seen, an extension of the ORM along this way may encounter
difficulty at higher orders due to inconsistencies between finite peaces of RG in the
original and canonically transformed theories leading to impossibility to balance all
couplings in the Hamiltonian with only two adjustable parameters. The other way
is to abandon the ”correct” form requirement altogether, since if two representations
of the theory are canonical transformation related, the calculations carried out in
any one of them should be completely equivalent, thus, undermining significance of
having Hamiltonian in any special form. In this sense one should just account for
higher perturbative contributions to the vacuum energy on top of any ORM solution
and require that the solution with the lowest energy, after higher order corrections are
accounted for, wins. In principle, such procedure can be systematically implemented
by accounting for higher and higher perturbative corrections to the vacuum energy.
This leads to the following problem. If exactly calculated, the vacuum energy
should not change after the canonical transformation. Really, the ORM-transformation
is merely an attempt to describe the original theory using different mass and a shifted
field variable and, strictly speaking, should produce exactly the same final answers
for all quantities in the theory. This point is most vividly seen in PI formalism where

the vacuum energy is given by
W =iln / Dot dz(Lo(@)=L1(9)), (3.172)

The ORM transformation is relevant to change of variable ¢ — b+ ¢ and splitting of
the Lagrangian £ = Ly + £L; into different parts

W =iln / Dot | du(La(o+0)=L(@+0) (3.173)

Obviously such transformation produces no change in the final answer W. Even if
we view the ORM in the sense of a "better canonical representation” of the theory,
one need to provide a good definition of what such better representation actually is

in order to suggest extensions of the ORM to higher orders. As we have seen above,
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original ”correct” form requirements loose much of applicability if more complex
renormalizations are needed to render field theory finite. One may suggest that the
ORM is the choice of the best approximation to the true theory vacuum |©2) in terms
of the vacua for field with mass M and condensation b. The original ORM is just
a zeroth order approximation in that sense: it gives the best variant of the true
vacuum in terms of "free-field” vacuum when the vacuum energy is given in zeroth
order (3.171). One can as well consider best "free-field” approximation with the
vacuum energy computed in the first order of perturbation theory etc.

To express this condition in nonperturbative form, let us turn our attention back
to the path integral formulation. We look at

E=Ey= [z In / Deet/ dmﬁ} . (3.174)
N—order

We need to consider change in this energy under infinitesimal transformation of field
shift and perturbative propagator mass change,

L£(¢) — L(¢+0b)

m? — m? + om?

(3.175)

It can be verified order by order that field shift in £, enters perturbatively at orders
up to N — 1 as a counter-term, while field shift in £; appears in the interaction part

with the opposite sign at orders up to N. Thus,

07 07
SEn ~ i =) —i=Z 1
10EN {z <5J> { <5J>N1} ob (3.176)

The first equation in this extension of the ORM becomes

al™ — o™ =0, (3.177)

Similar variation of the mass change of the perturbative propagator mass yields

0EN

om?

= % (Gn(0) = Gn-1(0)) = 0. (3.178)

Here G(0) is A(m?) function used before in our applications of the original ORM.
Eqs.(3.177,3.178) define the ”free-field” representation in terms of field condensate b
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and field mass m that most closely describe the true vacuum |Q2) within Nth order
perturbation theory. If particles in the theory are close to massive particles of some
mass M, such solutions would definitely be preferred in this context as giving nearly
exact answer to the vacuum energy at the first few orders of perturbation theory.
While such extension of the ORM is transparent and generally consistent, it clearly
looses some of the original attractive features of the ORM as a "nonperturbative”
method and its relation to phases or critical behavior of the theory. In the next two
sections we are going to focus our attention on the interpretation of the ORM as
a variational approach or as QEA method which retains one or the other of these

features.

3.6.2 ORM as variational method

It could be noted from the previous sections that solutions of the ORM ”correct”
form equations often minimize the energy density dE(b,c,m). Although this is not
always the case (e.g. see Section 3.2), similar phenomena we observed in ¢* and
nonlinear o-model, so that it can be hypothesized that the ”correct” form equations
may be deemed equivalent to minimization of the d ' function. Here we are going to
investigate this hypothesis more carefully.

Let us consider a field theoretical model with single scalar field ¢(x) and Hamil-

tonian
H=Ho(0p) + %* + V(p),

HO(aSD) = %(0“90)2.

After appropriate renormalization, the normal ordered bare Hamiltonian is given by

(3.179)

H=N,[Ho(0¢) + 5= + V() + Vi " (). (3.180)

Here and in the following discussion we assume that there is no field renormalization.
The normal ordering is equivalent to accounting for major quantum corrections, i.e.

renormalization of all daisy-loop diagrams Fig.(3.6), and V;"*(¢) includes all other
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counter-terms. We further assume that V' (¢) and V;"(¢) have form

V() + Vit (e) = Y anp(a)". (3.181)
so that
H = Nu[Ho(9p) + ) anp(x)"] (3.182)

and agp — 6E, a; = 0, a9 = m2/2
After shift and normal reordering is done in Eq.(3.182) one obtains
H=N\ [Ho(agp) + Z Z ml(n— m)'ancn—m(p($)m] -
[n/2]
= Nu[Hol0) + (10 + 5 32 sty (422) o)™ 52 am e ™) =

m>n
J .
N8 + 5+ T 5 A (2) > mﬁm] -
k 7=0 m>k+2j
= Nt,u[HO(ago) + Z a;go(x)”],
(3.183)
where
S(m) = 811, m) = N, [(0,60] = Nol(8,)" st
Ay(m) = A(u,m) = Nu[‘PQ] - Nm[‘ﬂz]
Note that
0 J )
0F = %98t = 200 + 57 & (A_‘Léw)> > gy,
=0 m>2j
) J A
di =2 7 (242) S angtigyen Y = 28, (3.185)
7=0 m>1+42j
11 (A’ m m-2-
al2 B %JZ:%% ( #2 ’ m>;|—2] tm (m*Q*ZJ)'C o

1osmp 1.0 19~ 1 Ault) ) ! m!_ m—2j 9 _
E&(SE = g 0u(ti) + 5 Z G- ( et > > Um —2jy1 € QJBWA (tp) =

g m>2j
a Aultw) )’ m! m—
=12 5,(tm) + 530 5 (2 m) > anGraam " Y amultn) =
=0 m>2j5+2
= 5 (om0 (th) + 2a 5 A ().

(3.186)
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If we require that after normal reordering @} = 0 and ay, = M?/2, then we obtain

25E =0,
Lo Ly ) (3.187)
ﬁ&éE - 5%(%(’5#) + M*A,(tp) = 0.
Where we’ve taken into account that
%(@(m) + M?*A,(m)) =0 <= m* = M? (3.188)

that follows from considering a free field Hamiltonian [106]

H= [(0u) + M)

The same conclusion can be derived from a more general argument. For that we should
notice that transformation from the initial representation |c = 0,t = 1) to |, ) (' =
M/m) can be done as well in two steps |c=0,t=1) — |c,t) — |c+ de,t + dt).
Suppose now that after |c =0, = 1) — |¢,t) transformation the Hamiltonian takes

the form

H = Nu[Ho(09) + D anp(2)"] = Nut[Ho(00) + Y _ ayp()"] (3.189)

where @) = 0 and a, = M?/2. We shall show now that (c,t) is a local minimum
of 0FE = (¢, t|Ny[H]|e,t) = aj. For that we consider small perturbation of the final
point (¢+ dc,t+ dt). Due to the note made above we may treat this problem as small
perturbations of |¢ = 0,¢ = 1) point with Hamiltonian given by H = Ny [Ho(d¢p) +
> alp(x)"]. Then, noting that

(0c, t|Np]|dc, ot) = dc,

(8¢, 6t|N[?]|dc, t) = 6c* + A, (M + Mot), (3.190)
(dc, 6t N[ip"]|dc, bt) = [é] ey (22U -2 — o, o),
we find
5(0F) |50 = ay0c + li(5M(]\/[) + 2a5A,(M)) Mot + o(de, ot) (3.191)

2dm
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so that a minimum of §E(c, M) is equivalent to a} = 0 and ay), = M?/2. We point

out a useful formula

(e, MIN,[H(p)]|e, M)
(c, Mle, M)

Let us give a brief example of use of formula (3.192). As was already consid-

SE(c, M) = (3.192)

ered in the previous section, the Hamiltonian for the nonlinear o-model in Lagrange

multipliers form is given by

1, , _ 2, _
H=N, [0 +NF =) + 5@+ 271002+ X/ (3.199)

Assuming (0'|A[0") = b, (0'|F]0") = ¢ (0/|F2|0) = & + NA,L(M),{0'[(0,8)%|0)) =
N6, (M) and assuming fields A and ¢ are not correlated, it is easy to find 0F, i.e.

SE = (0'[H|0') = L[NG, (M) + 2b(& + NA,(M) — g)+

KA(@ + NAL(M)) +O(Z7h)] = (3.194)
[N (8, (M) + (2 + k2 A, (M) + (2 + p2)& — 2097 + O(Z7)],

N[ —=

from where we immediately conclude

st O BN (5,(M) + (2b + p2) Ay (M) = 0 = M? = (2b+ pi2);
D5F =2(2b+4 p2)|c] =0 = &= 0 or M? = 0; (3.195)

20E =@+ NA,(M)— g, ' =0.

Eq.(3.195) is equivalent to Eq.(3.104) derived by straightforward use of the ORM.

We shall note, however, that the above discussion has the limitation that we
assumed that the normal reordering of the Hamiltonian is sufficient after the canonical
variables transformation to make it finite. This is not generally true. As was discussed
above, in this case the ORM procedure can be formulated as follows,

e Hamiltonian should be written as H=N,, [Ho(8¢)+m72g02+V(g0)+V§’“(90)],

e canonical variables should be changed to ¢ — ¢ + ¢, m — M and new

counter-terms should be written so that

H=Nur[Ho(0p) + L20% +- V() + V() + Hoga(p)] =
=Nu[Ho(0p) + Z20* + V() + Vit () + miep + ™ 4 A (M),
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where we used V() to denote the potential obtained in the result of the
canonical variables transformation V(¢ + ¢) and by V."*() we denoted
the counter-terms as required by the transformed potential.
e the correct form requirements then are V'(¢) = V(p), with no terms
proportional to ¢ and p?, and H,q(p) = 0.
Therefore the ORM ”correct” form requirements read: after the Hamiltonian Eq.(3.182)
is transformed as in Eq.(3.183) and mass renormalization is subtracted a5, = M?/2,
and after the linear renormalization term is subtracted a;, = 0.
Parallels between the ORM and the variational principle should be read in the

following manner: the ORM ”correct” form is equivalent to

_ oma(c, M)? ,

St {1 ()]~ 222 200) — e Mol 3 ) =0, (3190

where the counter-terms are computed at the mass scale which is the solution of
Eq.(3.196), i.e. ¢ =¢, M = M. Note that adding/subtracting higher order ¢™ renor-
malizations to/from the Hamiltonian have no effect on Eq.(3.196) and that normal
ordering itself can be seen equivalent to renormalization of specific subset of dia-
grams. In that case Eq.(3.196) can be equivalently rewritten as minimization of the

renormalized energy density

0z.51 (€ M|H,(c, M)[p(x)]|c, M) = 0, (3.197)

M
where renormalization in H,.(c, M) is done at the point (¢, M), which is the solution
of Eq.(3.197)
(e, M) = (c", M™). (3.198)

By this we have proved following two statements.

VORM Theorem I The ORM method in scalar QFT with analytic potential
V() and which is renormalizable with normal ordering is equivalent to minimization

- H[p,V

of E(e, M) = Vlgr;o(c,]\/[]%k, M).
Corollary In particular, all theories in d=1+1 with analytic potential V(p) are
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renormalizable with normal ordering alone so that the ORM in d=1+1 almost always
is equivalent to minimization of the above energy density.

VORM Theorem II In general, the ORM in scalar field theories with no field
renormalization is equivalent to variational method formulated for renormalized en-
ergy density Eq.(3.197) on the set of quantum states {|c, M) : (¢, M|(8,)?|c, M) =
8 (M) & (¢, M|ple, M) = ¢ & (¢, M|p*|c, M) = ¢* + A, (M) ete.} and condition that
the energy density is renormalized at the mass scale M* and vacuum condensation c*
at which the variational minimum is reached.

The above discussion of variational meaning of the ORM can be used further
to suggest a fully variational analog of the ORM. For that we introduce the ORM

inspired trial quantum state in the form

a) = exp{Zkiln V1—aj— Zakak L 10,

(3.199)
A = .
First let us obtain some useful averages.
ava ) (alal ym
(ala) = [[(1—a2) 3 an+m< v (elaly) ) _
Yoo . (3.200)
[[(1-a2) 3 aptmined =101 - ad) zoﬂn — 1
k n,m=0
n Tt ym
<Oé|CLLCLk‘Oé> = (1 — ai) Z Oén-ﬁ—m <(aka k) (:Lk':”:'(aka k) > —
n,m=0
antt Tym+1(4t o (alal ym
(- { 5 ol iR L 5 e el
n,m=0 n,m=0
1 -ad) (Sadto 1) - Sapt) = (- a2 S2nad -
n n -
(1 - ai)%ﬁl_lai = I_Zi;
(3.201)
(alara_g|a) = (1 —a2) i oﬂl+m<(ak“*’v)"“zj‘nf;(a£aik)m> =
n,m=0
oS n+1 a m
(1—a}) 35 apmiledeey)m) = (1= a}) o n= (3.202)

n,m=0

*
(1-— a%)%ﬁl_lai = 13‘_2% = <a|aka_k|oz> .
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For quantum state |a) we obtain, therefore,

2
(ala) = 1, {alafara) = 1L,

x (3.203)
(o]aga_gla) = <a]&LaT_k]a> = 7.
For field’s expectation values we get
062
(@IN0,00 + w267a) = (al2 % $ralanla ) = T %%,
(a|N[¢?]]or) = <a! > ﬁ[az}ak +alap+alal, + akak|oz> = (3.204)
k

1 o _ 1
; 2w,V (21—Z§ + 21?&%) - ; wi V. 153,3

We also note that the same expectation values could be calculated in a slightly dif-

ferent way. One may note that |«) state is annihilated by operator

T
- ap — ORa_y
ap = ————. 3.205
— (3.205)
Moreover, as is easy to check, [ay, d;] = O 4 so that a; and &L define a creation and

annihilation operators with vacuum being quantum state |a). We call such state a
Quantum Gaussian Packet (QGP) and consider some of its properties also in Chapter
4. Here let us only note that QGPs have important applications in many different
problems of Quantum Physics and, in particular, in theory of thermo-fields [88].

It is possible to rewrite, e.g. ( | > wyalax|a ), in terms of G and a). and hence
k

only term <oz|dde|oz> would contribute into the average. Explicitly

<a| > wk(az+aka7k)<ak+akaik>|a>
k

<a| Zwkalak|a> = o =
k

= 5wk
kl—ai'
k

(3.206)

It is also not difficult to check that this approach works as well for the second formula
in Eq.(3.204). We should remember this useful trick when calculating expectation
values for the interaction term in the Hamiltonian, where direct computation is com-

plicated.
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The ORM procedure corresponds to specific form-factor in state |a),

= tanh _ VR wk = wp /K
Qg al (Ck) \/ko/wk—i-\/wk/ko, (3207)
= VIZ T m K = R+ 422

In this case one obtains

o 1 VR wp = Jwp /K~ 1 1
<N[¢]>—§k:w0 N —%:QV(\/kqu N (3.208)

consistent with the ORM formula for A, (m) with Z — d r [ in large V' limit. To
calculate (N|[(0¢)?]) we should note from Eq.(3. 204) that

(N[(00)%]) = <N£(a¢)2 + 112¢%) — p* (N[¢?]) =
2 s — 2 poy ) = (3.209)

K0)?—p? _af -3 w2 _ay,
l—ai A KOV 1—-a2 "

ko

=[]
N
<
z

Then for (N[(0¢)?]) with oy given by Eq.(3.207) we obtain

(N1(09)7]) = 5= M9 it = 5 by i =
=3 2 Ginh ()2 — > 42 sinh(Cy) cosh(¢) =
> A (VR T = 32 sty (VI = R (R + i R0) =
] 22 (10 sy + wy /KO — 2) — ; A2 (kO Jwy, — wy /K0) =
i (K7 + 0] — 20k” — S (K)? = wp)) =
Zki e (R0)2 (2K + 2 — p2) + wi (2K2 + 2 + p?) — 2(2k2 + p2)wih) =

ZL(E ka 221_52’:5”2) _ Z%(2E2+m2 o 2E2+”2>‘
k k

4V W 2wy, 2k0

(3.210)
That is, again, in agreement with the ORM formula for §,,(m). We now can establish
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connections between expectation values on |«) and the ORM formulas, i.e.
() = (N[(000)]) = = 2t 128 — 32 g p2
Ay(e) = (N[gG]) = 2 Y Tk
26u() = du(a) + p*Au(a) = 2 A
Al@) = (N[s]) = %mu(a»l.

These relations can be used to define a variational extension of the ORM using general

(3.211)

QGP |a). As an example of such application let us consider computation of the energy
density on states |a) for nonlinear o model in the lowest order in g - (N[H;]). The
direct calculation of (N[H;]) is complicated, instead it is useful to use the main
property of QGP that they are annihilated by a linear combination of the original
ladder operators and try to rewrite H; in terms of the ladder operators a, associated
with the state |«). For that we shall find difference between N,[H;] and N,[H;]. Here
N, [-] means expression normal-ordered in terms of ay.

Let us first arrive into general expression for N[H;] in terms of the field itself. We

will use following notations for ¢(z) = Z e (ar +al ) = ¢t (x) + ¢~ (2):

V2KOV
Z 1+ ak ~ —zkac ¢+ Z 1+ ak —zk:z
\/2Vk0 Vi—a” \/2Vk0 Vi—a”
(3.212)

and 9yé(z) = z“j’%“(ak— p) = 0o () + Qoo (2):

l—«
—zkzx ) + k _ka
Z \/2Vk;0 1+ kake b ( Z \/2Vk;0 V 1+ Oék
3 213

[6(2), 6+ ()] = 3 ik b2
0,67 (@), 06" (@)] = 3 (557 itzz + S Lz:) =2 2, (3.214)
6 (0), 00" ()] = 2 gt 1 R = o = U =
To compute N[¢?(0¢)?] we are going to start from

¢*(0:9)* = (N[6"] + Du(a))(N[(0:0)°] + dy(ar)) (3.215)




Chapter 3. Critical Phenomena and Oscillator Representation Method 149

and note that
N[¢*IN[(0;0)°] = (¢ ¢ +20" ¢~ 40~ ¢ )(0i0" 0,0 +20i0" 0,0~ +0;0~ 8;¢7) (3.216)

can be rewritten as N[¢*|N[(0;¢)?] = N[¢?(0;0)%] + 4%; N[pd;p] + 2%; X7 after all
¢~ are moved to the right. Here

0,v=1,23
¥, = [0 (x),0,0% ()] = { :3 . (3.217)
5 V= 0
Therefore, we obtain
¢*(0:0)* = N[6°(0,0)°] + A N[(8:0)°] + . N[¢*] + Aydy, (3.218)

where 7 is space index, while u is the renormalization scale, i.e. the mass of the field.
Taking into account
N[(0:9)?] = (0:¢)* — dy(cv),
N{¢?] = ¢ = Au(a), (3.219)
N[90;¢9] = ¢0i¢ — X7

we arrive at our final formula

N[¢2 : (3i¢)2]:

(3.220)
¢2(ai¢)2 - Au<04)(8i¢)2 - du<a)¢2 + Au@‘)du(&)'
We can write, therefore,
(o INJ62(@i6)]a) = o)

(@|¢?(0:0)* — 8,,(0)(0:0)* — dp(0)6 + A (0)d,(0)]ax) -

On the other side, taking into account Eq.(3.219,3.220), we rewrite Eq.(3.221) in

terms of the N,[-] and after some manipulations obtain

(af Nu[¢*(0:0)%]]a) =
Au(e)d,(a) = Au(0)du(a) — du(0)Au(a) + Au(0)d,(0) =

)
(@ Nu[¢?(0:9)?]]) = (Apua) = Au(0))(dyu(a) — du(0)) = Ap(e)dyu(r).
(3.222)
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Hence, we obtain for the energy of the trial state |«) in first order in g

<H0 + H1> = % [Z¢5u(a) + ZuNAu<O‘) + ZggAu(‘)‘)du(O‘)] =

(3.223)
By = % [Zs0u(a) + Zupd (o) + ZggAu(a)dy ()] .

3.6.3 The ORM as Quantum Effective Potential

Above we considered possible nonperturbative interpretation of the ORM. While
these equations can be obtained in closed form in nonperturbative context, e.g. as
optimization of the accuracy of a given order perturbative expressions for the vacuum
energy, they loose some of the initial conceptual points of the ORM - its connection
with critical phenomena and phase transitions. In that respect another interpretation
of the ORM may be beneficial if one notes similarity between the ORM and Quantum
Effective Action method [101,129-131].

Quantum Effective Action may be introduced in QFT as the energy of a configu-
ration such that the expectation value of the quantum field ¢(z) is given by a classical

field () [129,130,132,133]

+{0l¢(2)[0)yy = P(2)

(3.224)
I'() =y (01H]0)y.

Consider, for example, field theory described by Lagrangian £(¢) in the presence of

external source J(x). Then

eMMV—ZU}i/Dm”“w”@ (3.225)
and e
($)[J] =:-7;§-l- (3.226)

In the presence of external source J(z) the field assumes configuration (¢(x)) =

(¢(x))[J]. The energy, associated with this configuration, can be found by

mﬂzwm—/mmmmmm. (3.227)
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The effective action is defined by Eq.(3.227) if Eq.(3.226) can be solved for J({¢))
and, thus, to rewrite Eq.(3.227) as

Pl(é) = W — / dxJ[(6))(8). (3.228)

['[¢)] can be viewed as Legendre transform of the vacuum energy W[.J] and is analogous
to Gibbs potential in thermodynamics. For Quantum Effective Action (QEA) it is
true that

oI'y]
— =—J 3.229
S = =), (3.220)
so that for a configuration of field that can exist in the absence of any external support
oL y]
—0. 2
5 0 (3.230)

Eq.(3.230) may be regarded as the equation of motion of the field 1 taking into
account the quantum corrections. Not only I'[¢)] provide the quantum-corrected field
equations, it is also an effective action in the sense that W[J] may be calculated as
sum of connected tree graphs where the vertexes are obtained from I'[¢] instead of
[ dzL [134] - all the loop diagrams are taken into account by I'[¢)]. The derivatives of
the effective action 0I'/d1)y . .. 1, are the 1PI n-point functions of the original theory,
thus I'[¢)] is also regarded as generating functional for 1PI amplitudes. Finally, QEA
can be calculated by summing all 1PI diagrams for a field theory obtained from the
original Lagrangian by field shift £(¢) — L(¢ = + 7).

While quantum effective action can be seen in many respects analogous to the
vacuum energy W, its important distinction is possibility of multiple solutions in
Eq.(3.230) which stimulated its use in investigation of phase transitions in field the-
ories. Investigation of phase transition in ¢* theory has become such a classical
example [129, 132].

In the study of phase transitions instead of QEA we usually deal with so called
Quantum Effective Potential (QEP) obtained from I'[¢] in the special case of a con-
stant classical field ¢ (z) = 9. For 141 dimensional ¢* theory in 1-loop QEP can be
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computed straightforwardly,

Vg =Vo+ W1

Vo = m?? /2 + Myt /4l 2 (3.231)
m24 A

vl:h{(AJré)(m?JrA—f)—é(m?Jﬂzﬁ)ln " }

where A is a divergent constant and m?, X are bare mass and coupling of the theory.
p? is regularization scale, i.e. cut-off parameter A in Pauli-Villars or sliding scale
in dimensional regularization. This expression is similar to the ORM vacuum energy

density, in particular both ORM equations can be obtained from one loop QEA either

using
M =0 M =0 (3.232)
o S om?2 .
or using
OVl V] (3.23)
o o |

Eq.(3.232) and (3.233) can be seen to provide another interpretation for systematic
extension of the ORM either as a stationary point of QEA with respect to variation
of both field shift and mass, or with mass self-consistency condition (3.233).

We shall note that in the original QEA approach the bare mass of the particle
m? is not subject to variation but is fixed. The physical mass, in fact, is defined by
m?2 = 9°T'[1p, m?]/Ov? but it is not necessary to have m? = m?. It is implied, of course,
that the mass in the perturbative propagator can be chosen quite freely in accord with
the other parameters and counter-terms as long as the renormalized mass stays the
same. In a sense, one can always redistribute contributions between the perturbative
propagator mass and the counter-terms and end up with the same result. The ORM-
motivated self-consistency condition m? = m? is, in a sense, optimization requirement
when the mass used in the perturbative propagator coincides with the exact position
of the pole in the physical propagator.

Stationary conditions (3.232) can be also deemed legitimate and viewed as a sim-
plified form of approach in which both 1-point function (¢) and two-point (¢¢) func-

tion G(z,y) are allowed to vary. Indeed, such formulations had been known [135].
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Here one assumes a-priory form of the propagation function G(x,y) and field config-
uration ¢ (x) in the computing QEA T'[¢), G] with two source terms J(x) and K (z,y)
for 1- and 2-point functions respectively. One can show then that J(z) = 0 and

K(z,y) = 0 is equivalent to stationary conditions

0,
o (3.234)
oG —p

While such full functional problem is practically intractable due to complexity of
the calculations, one can imagine its simplified version where the propagator G(z,y)
is parametrized with a single mass parameter M? so that Eq.(3.234b) reduces to
stationary condition with respect to M?2.

Eq.(3.232) is also similar to so called Gaussian Effective Potential (GEP) method
where the vacuum energy is estimated on a set of "gaussian” quantum states with
dispersion parameter 2 as V(¢,Q) [99-101]. GEP is defined as V (i, Q*(¢)) for
such Q*(¢) for which V (¢, ) is minimal for given 1. Alternative vacuum solutions

correspond to the stationary conditions of V*(¢) with respect to v,

dV (4, ()

0 =0 (3.235)

with the physical mass given by

2V (1, Q* (1
i = VW)

For ¢* scalar theory all of these methods produce the same equations of state that

(3.236)

coincide with 1-loop QEP. However, they are different in the ways solution is inter-
preted [102].

Both interpretations of the ORM, in principle, allow for systematic improvement
by taking into account higher order perturbative corrections to the Effective Potential.

In higher orders QEP can be found to have contributions from 2 and 3 loops as follows,

2
Vo= —R23(32)" 4+ m235A%(M),
2 2 4
Vi= —R5(3) 3+ 5% (3) 4 - P (30) s (3.237)
: 2 vV 2 M
h3324! (%) AQ( >A5 +h33§’ (/\1{]) A'A( )A_62’

M
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n M4

where M = m? + M\?/2, A(M) = 2A — = and constants A; ... Ag are related to
corresponding loop integrals and are A; = 0.01484, A, = 0.00424, A3z = 0.0007404,
Ay =0.000332, A5 = 1/4m, Ag = 0.004948 = A, /3.

Investigation with QEP up to 3-loops of the critical behavior of ¢* theory can be

promptly carried out with Eq.(3.237). In 1-loop one recovers result essentially iden-
tical to that of the ORM or the GEP [102]. 1st order phase transition is observed at
the coupling constant well consistent with lattice calculations [136]. In 2-loops QEP
shows second order phase transition at the value of coupling constant much reduced
(by a factor of 2) relative to 1-loop result. This conclusion is identical to 2-loop
Generalized GEP known in the literature [137,138]. One may consider this step as
a progress since the order of the phase transition is now correct and in agreement
with all universality arguments, lattice simulations and constructive field theory im-
plications [128]. In 3-loop level, however, the picture changes dramatically with no
phase transition being observed at all. QEP has a deep minimum at ¢ = 0 and then
behaves quite flat till fast ¢! ascend is established [see Fig.(3.20). This result can be
viewed both optimistically and pessimistically. Optimistically we may see improve-
ment with regard to convexity problem. Specifically, since second derivative of V(1)
is associated with the square of the physical mass, QEP is bound to be convex. Most
perturbative calculations, however, typically result in QEP which convexity is vio-
lated at some points, which is inevitable if one hopes to see nontrivial critical behavior
in the theory. It is conjectured normally that the fix for this problem is that, if QEP
has two nontrivial minima at +¢*, QEP in between these minima should be given
with a flat straight line representing mixing of £+ vacua [129,132,139]. Approaching
of the flat regime by QEP in 3-loop approximation can be seen as a sign of such
improvement in the perturbatively calculated expression. On the other hand, such
dramatic change of conclusions about the critical nature of ¢* theory in 1-, 2- and
3-loop approximations in QEP tells us that the perturbative approach is ultimately
unreliable in trying to answer this question of the critical behavior.

One can hope to improve the situation here by merging together ideas of the ORM
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and QEA and using Eq.(3.237) as input in the ORM extension followed Eq.(3.232).
In 1-loop the original ORM equations are recovered, however at higher orders certain
inconsistencies develop which do not allow to safely follow this direction of improve-
ment of the ORM. In 3-loop approximation, specifically, the structure of the mass
counter-term turns out to be such that the trivial point M? = m? ¢ = 0 cease to be
the solution of Eq.(3.232). Such setback is quite serious since we want the original
vacuum to be one of the phases in the theory. We see the reason for this problem in
that, as was mentioned previously, this line of extension can be seen as an approxi-
mation to a more complex functional relation (3.234). In lower orders of perturbation
theory, specifically in 1-loop order, the effect of perturbative corrections is essentially
to renormalize the mass by a constant self-energy contribution. At higher orders,
however, momentum dependence of the counter-terms and, therefore, of the renor-
malized mass becomes important and simple parametrization of G(p?) by p*— M? fails
to accommodate this feature. We believe our problems in defining ORM equations in
3-loops are essentially related to this failure of a simple mass shift to accommodate
increasingly complicated m?(p?).

Second generalization of the ORM using Eq.(3.233) and Eq.(3.237) had been also
attempted recently [140]. In this approach one uses Borel summed version of the QEP
(3.237) supplemented with the ORM-motivated mass self-consistent condition m? =
d*V/dy?, resolved for simplicity not for the Borel-Summed QEP, but for 3rd order
perturbative expression for QEP. In [140] perturbation series in coupling constant
g (3.159) was used rather than loop expansion (3.237). It was found that Borel
Summation of QEP improves situation by yielding second order phase transition
with 3rd order of perturbation theory. Critical exponents were also found in this
work and it was shown that nontrivial values can be obtained, i.e. 5 # 1/2 etc. This
can be definitely seen as a step forward, although in the light of the above discussion
about poor applicability of perturbation series to critical region, significantly more
analysis of this result must be performed to insure its reliability. Most importantly,

given that 3rd order is the first order in which 2nd kind of the phase transition is
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restored, it is desirable to extend the analysis to 4th and 5th orders of perturbation
series and confirm that the primary conclusion doesn’t change. Also, the final result
should not, strictly speaking, depend on the way the mass in the propagator is chosen
so that it should be examined by how much conclusions of study in Ref. [140] change
if self-consistency relation m? = m? is omitted or substituted, e.g., with standard

prescription m? — m? + M\ /2.

3.7 Summary

The degrees of freedom change and rearrangement in critical phenomena in field the-
ories gain increasing importance given new advances in theoretical and experimental
understanding of low-energy and high-density QCD phenomenology. Critical phe-
nomena in QFT reveal themselves as an abrupt change in observables of a model
with the continuous change of the parameters and are likely to be responsible for
such fundamental issues as the hadronization in QGP, baryon-antibaryon asymmetry
in the universe and many others. Unfortunately, critical behavior in field theories
proved to be highly nonperturbative phenomenon and the most successful, and up
to day most elaborated, tools of QFT such as perturbation theory and RGE can-
not be reliably applied here. Significant efforts and many hopes are being put into
developing and maintaining lattice calculations in QFT which are seen as the most
reliable ab initio way for studying strongly interacting field theories. Nonetheless,
search for simpler analytical techniques capable of providing the ways for qualitative
and quantitative analysis of these issues had never ceased to be a high priority.

In this chapter we have investigated applications of a particular such approach
known as the Oscillator Representation Method. Though simple in applications and
transparent in the results, this method enjoyed little attention relative to comparable
techniques such as Hartree approximation or GEP. The ORM relies on utilization of
canonical transformation of field variables to introduce a set of unitary nonequiva-

lent representations of the original theory. Duality, observed in the ORM solutions
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in ¢* ¢° and nonlinear o models, allows to use such representations to introduce
perturbative description of strong-interaction regimes of the original model. Different
unitary nonequivalent representations of the canonical commutation relations can be
also thought to relate to different phases of the theory in which case they may be
relevant to describe sudden changes of physical properties of the model occurring as
the result of a phase transition.

In our investigation we fully reviewed the ORM and furthermore considered its
applications in phase transition in nonlinear c-model and other field-theoretic models.
In nonlinear o-model we found that the ORM gives results coinciding with large N
approximation if applied in the formulation with Lagrange multipliers to enforce
¢* = R? constraint. Second order phase transition is recovered in this case with
critical parameters reproducing those of large N treatment. In case a magnetic field
is added to the Lagrangian, the second order phase transition is completely destroyed
in agreement with our general argument.

In the form in which the constraint is algebraically resolved and the symmetry is
broken the ORM ran into terminal difficulties with its estimate of the ground state
energy being a divergent series. In this form we could not apply the ORM other
than using RGE. Here, the ORM relies completely on the use of RG functions known
from the literature and gives only some additional insight into the dynamics of the
phase transition. Such study does depend significantly on the quality with which RG
functions were given and changes appreciably from order to order of perturbation
theory.

We also considered applications of the ORM in ¢* in 1+1 dimensions in the
presence of magnetic field and found that, although qualitatively correct in the case
without magnetic field [96], the ORM in this case contradicts to strict theorems of
Constructive Quantum Field Theory that claim disappearance of the phase transition
for whatever small external perturbations [128]. In fact we found that, according to
the ORM, the phase transition of the first kind persists even when small perturbation

is added. We found that such peculiar behavior is direct consequence of the 1st order
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phase transition given by the ORM in 1+1 ¢* theory in the absence of magnetic
field. We attribute this result to approximate nature of the ORM. To check this
conclusion we further computed first perturbative corrections to the vacuum energy in
Symmetric and Broken Symmetry phases. We found that, although these corrections
are small in S-phase for small g and in BS-phase for large g, in the region of the phase
transition perturbative effects are significant and substantially affect the nature and
location of the phase transition point. Remarkably, for large g after the main quantum
contributions to the vacuum are accounted for by going to BS representation the BS-
phase is weakly coupled and perturbative approach can be successful for increasingly
large g. This feature of the ORM may be beneficial for other field theories.

We considered different possibilities for further improvement of the ORM. For
that a nonperturbative meaning behind the ORM should be uncovered. While no
such principle had been provided by the authors who originally formulated the ORM,
we investigated various possibilities including extension of the ”correct” form require-
ment to higher orders or RGE, taking into account finite pieces of RGE, interpreting
the "correct” form as the "best” perturbative representation of the original theory,
variational analogs and QEA analogs. Unfortunately, no reliable and unquestionably
successful such extension was found in our attempts have been hindered by numerous
inconsistencies in higher orders of perturbation theory or loss of original conceptual
content.

In this respect, variational analog where the trial state ”parameterization” is ex-
tended from single "mass” parameter, such as in the ORM or GEP, to a form-factor
may present a clear advantage both in the sense of nonperturbative character and
selection of appropriate degrees of freedom. Additional flexibility of such extension
may be important when accounting for higher order renormalizations of the theory
where simple "mass” parametrization fails to grasp the nature of the true ground
state.

Another interesting extension may be in QEA analogs of the ORM where study

had shown improvement when higher order corrections were taken into account using
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Borel Summation. While such improvements are certainly welcomed, one should be
cautious about them given low reliability of perturbative expansion in the massive
phase in the near critical region. Still, investigation along this direction deserve on

further attention.
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Figure 3.9: The ORM vacuum energy E(t) in nonlinear o-model at the lowest order
in g.
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Figure 3.10: Energy density (left panel) and vacuum condensates (right panel) for
the solutions of Eq.(3.20). Here sy solution coincides with g-axis.
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Figure 3.11: Effective dimensionless coupling G = g/M? for solutions of Eq.(3.20).
The straight line corresponds to sy, s+ solutions are equal and correspond to the
lower curve.
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Figure 3.12: The ORM vacuum energy density and vacuum condensates for 141 ¢*

theory in strong magnetic field (B/m? > 1).
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Figure 3.13: The ORM vacuum energy density in 1+1 ¢* theory in weak magnetic
field (B/m? ~ 0.01).
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Figure 3.14: Vacuum condensates (left) and the effective dimensionless coupling
(right) for 14+1 ¢* theory in weak magnetic field (B/m? ~ 0.01.



Chapter 3. Critical Phenomena and Oscillator Representation Method 163

Figure 3.15: The ORM vacuum energy perturbatively corrected (B = 0 case, left):
S-phase is thick line, dashed and solid lines are 0-order and perturbatively corrected
vacuum energies for BS-phase, respectively. Also shown the ORM vacuum energy
after Borel summation in S- (dashed line) and BS-phase (solid line) (right).

Figure 3.16: The ORM vacuum energy density in S- and BS-phase with
B/m? = 0.05. Perturbation series Eq.(3.159) on the left panel and Borel summed
perturbation series on the right panel. Dashed line corresponds to B = 0 while thick
line is B/m? ~ 0.05.
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Figure 3.17: Qualitative diagram of possible stable states for a system undergoing
Ist order phase transition (left) and free energy of quasi-stable states as traced along
the curve. Here t=1 corresponds to b — 0. Increasing t corresponds to moving away
from b = 0 in either direction (right).
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Figure 3.18: % (original) and g—g (perturbation) contributions to the equation of
state (left panel) and the resulting diagram for quasi-stable states in the presence of
a small asymmetric perturbation (right panel).
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Figure 3.19: Qualitative diagram for quasi-stable states in a system undergoing 2nd
order phase transition (left) and qualitative diagram for quasi-stable states in the
presence of small perturbation (right).
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Figure 3.20: Quantum Effective Potential in 141 scalar ¢* theory up to 3-loops.
Thin line corresponds to 0-loop, dashed and dot-dashed lines are 1- and 2-loop ap-

proximations respectively, thick line is 3-loops.



Chapter 4

Quantum Gaussian Packets and

Symmetric Decomposition Problem

We would like to present now different interesting approach to the phase transition
in nonlinear o-model. This approach is based on the observation that o-model may
be formulated in the form that involves only operators quadratic in fields and a
hypothesis that there exists a unique correspondence between quantum states and
the expectations values of the form (¢¢). For example, as we will show latter, there
exists a map between g(k, k") = <77]a,tak]77> and the Fock space |n). Knowing this
correspondence one could reformulate the original problem in terms of the above
mentioned expectation values and attempt to solve it at this level.

We shall formulate a variant of nonlinear o-model with the constraint imposed
softly "on average” on the quantum states, similar to the way gauge constraint may
be enforced in gauge field theories,

H =14 [dxY (7 + (09)? + 1¢?),
z (4.1)

(#)-r
Analogously to gauge field theories, we shall call the subspace of the Fock space,
introduced via quantization of the Hamiltonian Hy = %[(Q,,gz?)z + 41247, on which
<$2> = f? the physical subspace. In the light of the above comment we would like to

investigate the physical subspace of the model described in terms of the expectation

166
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values f, = (N [(09)?]) and gy = (N [#?]) and, in particular, we will be interested in
its ground state as function of f, i.e.
)+ minf, + pg,),
— 72

(4.2)

Our main goal, therefore, is to derive the constraints on f, = ([ dzN[(0¢(z))*])
following from g, (x) = (N[¢?(z)]) = f>.

In terms of the quantized degrees of freedom (ay, b_j) this reads
fo = (31 $lafou + 81 -

(4.3)
z(k PO
gn<x) = <77| kz 2V kO k0 (akak, + b k’bk + b- kQk! + ak k')|77>

Therefore, we will be interested in the following expectation values and relations

amongst them

gu(k, k') = <77|a1tak'|"7> 922k, K') = <n‘bik’bk|77> )

(4.4)
Gia(k, k') = g5, (K', k) = (n]b_raw|n),

computed on the quantum states from the symmetrized Fock space

Z / (k)" [dE el (R K )al, - bl 10) (4.5)

4.1 Symmetric Decomposition Problem

Let us begin with somewhat simpler case, i.e. let us show that the image of the Fock
space F cast by transformation T : |n) — <n|a£ak/|n> = g11(k, k') is the space of all

hermitian positive definite linear integral operators with finite trace,
g (k, k') = g7, (K, k) and

A=< [ [dkdk g1, (k, k:’)f*( Vf(K') > 0,Vf(k) and . (4.6)
[ dkgii(k, k) < oo
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Let us first show that T(F) C A. Since the Fock space is defined by <n| > alak|77> <
s

00, obviously for any |n) € F g11(k, k) exists and has finite trace. By trivial properties

of the inner product and taking into account that g,(k,%’) can be also written as

(arn, apn),

g (K, k) = (arpnlarn) = (axnlawn)” = gi1(k, k') and

[ [ dkdk gu(k, k") f*(k)f(K') = [ [ dkdk f*(k)f(K) {axnlawn) = {a(f)nla(f)n) >0,
(4.7)

where we denoted by a(f) = [ dkf(k)ay. This shows that at least T(F) C A. We
now shall prove Symmetric Decomposition Theorem I.

Symmetric Decomposition Theorem I: Let g(x,y) be a kernel of a hermitian

positive-definite linear integral operator, then for any n > 2 there exist f,(z1,...,x,),
totally symmetric under permutations of (z1,...x,), such that
g(z,y) = /dxl oo dxpy fo(zyxy, Tt (Y, X1y e T (4.8)

Proof: Under the conditions of the theorem, there exist a set of orthonormal

functions g¢,,(x) such that
9. 9) =Y Angm (@) g5 (). (4.9)
m=0

Then choose f,(x1,...,2,) = > aﬁff)gm(xl) e gm(xy,). Trivially

m=0

fdl’l Ce d.%n,lfn(l’,l'l, RN ,.%n,l)f:;(y, L1,y .. ,Infl) =
) (s . . 4.10
[day .. de,—y Y ozgn)afn,) G () oo g (Tn1) gl (Y) - g (1) (4.10)

m,m’=0

Due to orthonormality, [ dzgm(2)gm () = Omm, all n — 1 integrations in Eq.(4.10)

produce 0y, ,,» and we are left with

- 2
/dxl HE dxn—lfn(x7x1a s 7xn—1)f;(ya L1y 7mn—1) = Z ‘agrzl)’ gm(x)g;kn’<y>
m=0
(4.11)
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Due to positive-definiteness, the eigenvalues of operator g(z,y) A, are positive for
2
all m so that it is enough to choose ‘a%)‘ = A\, in Eq.(4.11) to complete the proof.
Then, if f,({k}) is a series of functions from Eq.(4.8), we define

Z

with 3, chosen in such a way that

(k)" £z (s - . o)l .- al, |0) (4.12)

(nlafain) = Sn AR fu(F. . R)FF. . F) = Sna(k. ) = gk k),

(nln) = 52f (AR f(By, - Kn) iy, ) = Trlg(k, k)] S0 52 = 1.
! (4.13)

Some obvious properties of this representation are in place. For f, to be integrable

1all? = / AR (R R (R ) = / dkg(k. k) = Trig(k, k)] (4.14)

we should require that the operator associated with the kernel g(k, k') has finite trace.

This is equivalent to <7)\N \n> < 00, thus, T(F) = A. We obtain interesting result

that for g,(k, k") = <77] Zalak/|n> there are no other restrictions aside from those
following from its deﬁnitii)n - i.e. inner product properties.

Further implications can be derived from the Symmetric Decomposition Theorem.
It is possible to extend our proof to g(k, k") with infinite trace A’. In this case, the
states defined by Eq.(4.12) are no longer in the Fock space, but still are in the Hilbert
space of the field theory. If definition of <n|a2ak/|n> is modified by

< alan ) <n|a2awln>N
napag ’I’]> = l1m
F N—oo N <77|77>N

(4.15)

with |n)y being state |n) truncated to first N terms, then unitary inequivalent rep-
resentations can be naturally incorporated as T—!(A’). <n\a£ak/\n> therefore is a
convenient way to describe states from extension of the Fock space including all of
the conventional Fock space as g(k, k') with finite trace, but also including unitary

inequivalent representations in the generalized sense defined by Eq.(4.15). The states
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of the total Hilbert space, that are not included in T=(A’), are those having infinite

(nlajar|n)
(nln)

These states correspond to infinite concentration of energy in finite volume of co-

contributions at single modes, e.g. = 00 in some region of nonzero volume.
ordinate or momentum space and thus violate finite volume properties of QFT. We
conjecture that T!(A’) may be relevant extension of the conventional Fock space for
the QFT operators.

The Symmetric Decomposition Theorem may be further generalized to include
both particle and antiparticle operators.

Symmetric Decomposition Theorem II: If functions ¢11(z,v), ¢12(x,y), g21(x, y),

g22(x,y) are such that

§(z,y) = ( gu(z,y) gi2(x,y) ) (4.16)

is kernel of a hermitian, positive definite linear integral operator G : ( h —
f2

/

< ? >, then there exist a quantum state |n) in the symmetrized Hilbert space of
2

quantum field theory such that

. ala, albl
glay)={(n| 7" T " n). (4.17)
ayb s b b,

Proof:As before we are going to prove this statement by construction. We con-

sider first an arbitrary quantum state

|77> = Z % Z /[dx]nanlxla <o ,jnxn)all (]1) ce a:]::n (]n) ’0> ) (418>
no ()
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T 5=

al,7=0

where af (j) = { bTI ], , Ji = {0,1} and f,,(j1x1, ..., jnxy) is completely sym-
—er] =1

metric function with respect to permutation of particles. We note that

<77|a:][cay|77> = Z ﬁ % f[dx]"_lf;(Ox, s 7jn—1xn—l>fn(0y7 s 7jn—1xn—1)7
n J
<77’bT—ybf:r‘77> = Z ﬁ (z; f[dl']n_lf;(ly, s 7jnflxnfl)fn(1x7 s >jn7133n71)7
n J

<77|albiy|77> = Z % % f[dx]n :+2(0$, 1y7 s 7jnxn)fn(j1x1> s 7jn—1xn—1)~
n J
(4.19)

Now we can use the same idea as we used in the proof of the first theorem. Under the

0l
conditions of the theorem there exist set of orthonormal w;(x) = < 90.(%) ) such

gu(x)
that
g(a,y) = 3 Nwy(2)w] (y),
n (4.20)
[ daw] (x)wy(x) = 84
Then
gu(r,y) = ; )‘tgg,t(x)go,t(y)a go(r,y) = ; )\tgl,t(x)git(y)y
(4.21)
g12(x,y) = g51(y, 2) = ; Ao ()91, (y)-
Set now
fn(jlxla oo 7Jnxn) - Z O‘n(t>gj1,t(x1> e gjn,t<xn)7 (422)
t
then

(nal ayln) =3 5

% Jlda]! %: oy (t)an(t)go (@) - g7, 1(Tn-1)90,t(Y) - - - Gjo1,t(Tn1).
| (4.23)

Due to orthogonality all summations and integrations give d,, so that

(latayln) =3 ﬁ S Jon(®) P54 ()0 (9). (4.24)
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Analogously

(a0l peln) = 5 etay S len (D61 (1)),
n (4.25)
(nlatel,n) = zniz ol (2151, )

no ot
One can always choose a,(t) such that = 1 o Z an(t)? = & ZO‘;H( Jan(t) = N
whenever \; are positive due to positive definiteness of the operator G. Then, taking
into account Eq.(4.21) theorem is proved.

By this we have proved that as long as g(k, k') defines a positive definite hermitian
operator, there are no other constraints on gi1(k, k'), goo(k, k'), g12(k, k’). Then the
problem given by Eq.(4.2) reads as

min > %[911(/% k) + g22(k, k)],
. / 59117912,922} k (4 26)
kzk:’ 26\2/(3% (g11(k, k') + goa(k, k') + 2Re[g12(k, K')]) = f*

Unfortunately, Symmetric Decomposition Theorem II is not sufficient to solve this

problem. The reason is that, as opposed to the case with a single particle,

ala, a;fch_y
n n
ayb_, b,

cannot be shown to be positive definite for all states |n). As a matter of fact, consid-
ering states |aj), introduced in Section 3.6.2, demonstrates that (ay |g| ay) violates
positive definiteness, so that more work is needed to establish better boundaries on
T(F). Most definitely, the space of all positive-definite hermitian ¢ is contained in
T (F), but more states may be also present thus violating restrictions between g1, gao

and ¢ following only from positive definiteness of ¢.

4.2 Quantum Gaussian Packets

To advance our study of the symmetric decomposition problem, we will have to take

a side road and look at, important in its own, Quantum Gaussian Packets (QGPs).
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We say that a quantum state |a) = U|0) is a QGP iff

UCLtUVJr = Z(att/at/ + ﬁtt/al,), (427)
tl
where a; is ladder operator generalized to incorporate both ax, and by, as needed, via
multi-index ¢ and ) is the generalized sum over multi-index, i.e. sum over discrete
t/
indexes and integration over continuous ones.

Let us clarify our definition and its relation to word ”gaussians”. Define

Uy = exp (_% > Gu [aia:{, + aﬂt’]) )
' ) (4.28)

Vi=-exp|—%> kw [alay + ayal]
tt!

Here gy is symmetric real and k4 is hermitian (e.g. kw = kj,) and the above

convention for the ladder operators is adopted. Obviously Uy, V,, are unitary and

UgaiU;r = cosh(g)ia; + isinh(g)itaz,
Viea; VI = exp(ir)gay, VnaIVJ = exp(—i/@)tiaz (4.29)

summation over .
For Ut = VIU gT V)\T , we, consequently, find

Ua,Ut = V\U,V,a; VUV

4.30
= [e* - cosh(g) - €*ia; + i[e™ - sinh(g) - e ] (4:30)

M

whereby means matrix multiplication. Eq.(4.30) has the same form as our defini-
tion Eq.(4.27) with a = €™ - cosh(g) - ¢ and § = € - sinh(g) - e=™", so that indeed
QGP can be generated by an exponential of a quadratic in quantum fields operator,
which we shall analogously call Quantum Gaussian Operator.

From the explicit expressions for o and 3 we conclude that

aal = 86" =1, ap” = pa’. (4.31)
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It is easy to see, however, that these constraints are nothing special to the gaussian
operators but have more general roots in unitary conditions, i.e.

Ulai, a]UT = [ (iwar + Bival,), S (afmaly + Buam)] = (aat = B61); = 6y,

t/ t
Ulas, a;]JUT = > (aivay + Bwal), 2_(agray + Biwral)] = (afT — pal); = 0.
t t (4.32)
We shall show now that in general for any («, ) that satisfy unitary conditions
there exists an appropriate operator Eq.(4.30), identified by (g, k, A), such that
o = e cosh(g)e™, § = e sinh(g)e " .
First of all, we shall elaborate on the dependencies that exist between o and (.

It is not difficult to show that the most general form satisfying Eq.(4.31) is

_ iaT —ibT
b =¢e% Be ™,

a = e \/1+ B2eiZe®, (4.33)

where B is real diagonal, €', e and ¢ are unitary matrices (consider e.g. 331 =

ei@” B2e~10" ig a unitary positive definite matrix). From a7 = Ba” we conclude that
" \/1+ B2e'Z Be'® = ¢*" Be'?" /1 + B2e™. (4.34)

Introducing real diagonal matrix X = B/+/1 4+ B? this can be cast into

X 12X — eiZT’ ' 4
{ = X? = X% %, (4.35)

Xe 2 X1 = g—i2"

from which it follows, except perhaps some pathological cases, that ¢“ and B com-

mute and €2 = ¢Z". We choose k and \ in such a way that

iy o 4 a7
e 22)\26 zbe zZe ib 7

e (4.36)
et — pla ezzezbefz)\.

In that case
. T T . . . .
e—mﬁeQz)\ e—z)\ _ €Z>\€_ZbB€Zb€_M, (4 37)
efilﬁaefﬂ)\ei)\ — ei)\ef’ib /1 + B2€ib€7i>\.
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One can explicitly check that e~ 8e*" and e *ae™ are symmetric and hermitian,
therefore they can be simultaneously represented as sinh(g) and cosh(g) respectively
for some real symmetric g. This completes our proof that for any «, ( satisfying
unitary conditions, there exists a quantum gaussian operator such that Eq.(4.27)
holds, so that the following statement holds.

QGP Theorem Quantum states introduced by definition Eq.(4.27) are equivalent
to quantum states generated by operators Eq.(4.30).

This theorem motivates an following trick: whenever an expectation value is to be
evaluated over a QGP, one can find it by changing the ladder operators according to
Eq.(4.27) and computing the vacuum expectation of the result. Moreover, any QGP
can be equivalently specified by respective a and (.

Let us illustrate application of these principles on the following problem. Denote
<a1at/> = g1 and (aap) = gou, Where the expectation value is taken on a QGP.
What kinds of g; and g, can be obtained in this way? Using the above theorem we
immediately conclude that

91=(ala) =50 (4.38)
go = (aa) = B-ar.
We see, hence, that the necessary conditions on g; and gy are that g, is symmetric
and g; is positive definite hermitian. Surprisingly, these conditions are not specific to

QGP but follow rather immediately from the definition of g, o, e.g.

(f.91f) = (a'(f)a(f)) = (@(f)n),a(f)In)) = 0. (4.39)

aa’ — BB = 1 introduces stronger constraint which can be cast in the following form:
99192 =1+ 91. (4.40)

QGP-generated g, » necessarily satisfy the above conditions. Is the converse true, i.e.
any ¢gi o that satisfy (4.40) can be generated with a QGP? Indeed, it is true for which

we may choose

a=+1+g,8=g1+g)" (4.41)
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We've found therefore that all (aa) and (a'a) that can be represented by QGP are
equivalent to go and g; such that

g1 positive definite hermitian;
g2 symmetric; (4.42)
991 92 =1+ g7
Finally, in principle one can solve Eq.(4.42) for go for given g; which yet has to be
symmetric. One may wonder, therefore, are there any additional constraints on g,
from this condition? After simple substitution, g, = gi/QV(l + g2 we find that V
must be unitary - VIV = 1. Thus the pair (g1, g2) may be uniquely specified with a
hermitian positive definite g; and a unitary V.
We note that if g; is written as g; = UDU' for some positive real diagonal D and
unitary U, then
g» = UDY2UTVU*(1+ D)V2U7, (4.43)
g5 =U(Q+ D)V2UtvTu*DV2UT.
Thus, UTVU* = UTVTU* which means that, besides some possible pathological cases,
VT = V is symmetric unitary matrix. Since we can always choose V = UUT, for
any ¢; there exists at least one gy that satisfies Eq.(4.42). Therefore, there are no
additional restrictions on g; - it can be chosen arbitrarily with g, = gi/ 2V(l + g)1/2
with some symmetric unitary V' so that Eq.(4.43) is satisfied.
QGPs are closely related to many important methods in QFT. Eq.(4.27) defines
generalized Bogoliubov transformation, which was used to solve quantum field theory

of flavor oscillations. The QGP of the form

) = g e (- > (e mwaibu) 0) (4.44)

tt
is used in this theory. QGP also is closely related to the ORM method, in particular
the ORM trial state |c,t) corresponds to

ap, — cd(k) + cosh(C)ax + sinh(G)b!

4.45
b_y — dé(k) + cosh(Ge)b—y. + sinh(¢y)a] e
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and (see Eq.(4.49))

Akk’ = [(02 + d2)(5k0 + (COSh(QCk) — 1)] 6kk’,

(4.46)
By = [QCd(Sko + sinh(QCk)] Opk.
() is specific mixing angle defined by
1 Enew
G = 5 In(Zo7 ), (4.47)
2 ekld
where ezld’"ew energies of the state k for old and new phases respectively. Easy to

verify that all ORM relations hold when represented by QGP of this form. Finally,
QGP is intrinsically embedded in GEP method [99].

Besides importance of QGP in QFT of flavor mixing, the ORM and GEP, we will
also find one other application of QGP in the discussion of symmetric decomposition

problem that will follow.

4.3 Symmetric Decomposition Problem: Solution

We will now consider expectation value

T Al
naa/n 77(1/ b_/n k7k, k,kJ
< ‘ k k‘ > < | f k| > - (911( ) 912( ) ) :§<k,kl) (4.48)
(n|arb_g|n) <7]|b7k,bk|n> g (k, k') gaa(k, K')

on a quantum state from the symmetrized Fock space, where index k£ spans both
momentum and spin degrees of freedom as needed and —k refers to negation of the
momentum. In the Symmetric Decomposition Problem, we are interested in what are
the possible values for g;;7 From Symmetric Decomposition Theorems I, we know
that g;; and geo can be set separately and independently to define kernels of any
positive definite hermitian linear integral operators. g¢;o however is not independent
of g11, goo and the constraint between components of ¢ is of special interest. In the
case ¢ is a positive definite operator C(R) x C'(R) — C(R) x C(R) we know that there

always exists a suitable quantum state that yields (4.48). A counterexample can be
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constructed to show that § must not be positive definite, so that this condition on g
is too weak. In this section we will provide the arguments which make us believe in a
specific solution to this problem and formulate and prove Symmetric Decomposition
Theorem III.

Let us introduce linear integral operators with kernels

A,k E') = 7]|a,tak/+bik,b_k|7] ,

/ s (4.49)
B, (k. k) = {nlalbl,, + awb_iln

We will be interested in what domain of A, and B, can be represented with the
quantum states from the symmetrized Fock space.

Let us note first that A, and B, are hermitian, A, is positive definite and

1+ A, + B, = {nl(al, +b_1)(aw + 0" )|n) =0,

; : (4.50)
1+ A, — By = (nl(ay, —b_g)(aw —bL;,)[n) =0,
positive definite linear integral operators so that
1+ A, > |B,l. (4.51)

This constraint is necessary but not sufficient condition since 1 + A, = B, can be
never realized on a quantum state with finite norm. We shall now show that QGPs
provide a "better” estimate for (A,, B,) and that, in fact, QGP provides boundaries
for (A,, B,) that are exact.

Consider QGP of the form

16) = exp [ [ dkdk' O (aw_k, - akb_k/ﬂ 10)

(4.52)
0 real symmetric.
By the QGP Theorem it is easy to find o = cosh(6), § = sinh(f) and
a cosh(0)grrar + sinh(0) b’ s
E— ( )kk k ( )kk —k (4'53>

by — cosh(0) gk b_i + Sinh(@)kk/azl,
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so that
(blatanlo) = (6161 1b-410) = [(sinh(6)) s (4.54)
(Olagb_y|0) = [sinh(0) cosh(0)]p.
Then we obtain
Ay = 2sinh(6)* = cosh(20) — 1, (4.55)

By = 2sinh() cosh(f) = sinh(20).

Ag=/1+B2—1. (4.56)

Eq.(4.56) is the relation between A, and B, for the states of the form Eq.(4.52).

So that

To take our study one step further we need to make a simple observation. If the

trial state is chosen in the form
IT) = (fla'] + g[b'] + £[a'd])|0), (4.57)

where by [a'b’] we understand a superposition of terms involving equal number of
a’ and b' (QGP in Eq.(4.52) is such an example), then with simple manipulations we
find

(Tlafar + b b T') = (0| lalafar f[a"]|0) + (0lgbb! b 4glb1]]0) +
<O|/€[ab](a£ak/ + b1 by k[albl] yo> : (4.58)
<T|bkak/ + azbik,|T> = <0|/{[ab](bkakz + azbik,)m[aTbT]|O> :

By Symmetric Decomposition Theorem I, <0\f[a]a£akff[a7] |0> and <O|g[b] bt b rg[bT] ]O>
can be independently set to any positive definite hermitian linear integral operators

so that

<T|a£ak/ ot k,b_k|T> = M+ <0|H[ab](a;ak, bt k,b_k)m[aTbT]]0> :

(4.59)
<T]b,kak/ +afbl k,|T> - <0|/@[ab](b,kak/ +afbl k,)/@[aTbT]]0> .

GP is sufficient to reproduce any B = ( n|brar + ald' by setting 6 = sinh™'(B/2),
n KO-k 17
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then we find that Eq.(4.52) and Eq.(4.57) are sufficient to generate any pair of her-
mitian (A,, B,) such that

Ay=M+ TFB-1, w60,
M = 0. '

In principle, this constraint is sufficient condition stating that, if Eq.(4.60) is satisfied,
there exist an appropriate quantum state to generate (A,, B,). The question arises if
this relation is also necessary?

One way to provide the answer would be to show that QGP is the minimum of
A,[By] in the sense that for any |n): A, = Ay = \/1+ B2 — 1, as is indicated by
Eq.(4.60). While we will concentrate on rigorous treatment of this statement later,
let us now give some arguments that made us believe in that Eq.(4.60) is, indeed, an

exact constraint. For that we shall prove following points:

1. QGP is an extremum of A, with fixed B,, although we cannot show that it is

a global minimum;
2. Eq.(4.60) has correct asymptotic behavior for small and large B,,.

That Eq.(4.60) has correct asymptotic behavior plus that QGP is an extremal
point of A,[B,] gives a strong hint that form of Eq.(4.60) is correct. We will start
with finding asymptotic solutions of symmetric decomposition problem.

If B, is large, Eq.(4.60) reduces to Eq.(4.51) since

Ay =1+ B2—1~|B,| - 1. (4.61)

Thus, in this limit Eq.(4.60) gives the necessary condition Eq.(4.51). In the limit of
small B, the best way to represent B, is by a state with the lowest possible excitation,
i.e.

1
1) = 10)+ 5 [ kb’ B ol ). (4.62)

note that B2 = (n|B|n)(n|B|n) # (n|B*|n), where B = a'b' + ab
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In the case of small B we may forget about proper normalization of state, which
would contribute only in the next order, so that

(T|b_pway|T) = <T|a;,bf_ k|T> — Buy/2, o)
<T|b_kak/ + albik,|T> = Bkk’- '

Furthermore,
<T|aLakIIT> = <T|b*_k,b_k|T> =1 [dtB*(t,k)B(t. k') = (B, o)
(Tlafaw + b b [T ) = (B)uw /2

in agreement with v/1+ B2 — 1 ~ B?/2 for small B. We see, thus, that Eq.(4.60)
gives correct asymptotic behavior for the necessary constraint A,[B,].

Let us now see if QGP is also an extremum of A, [B,]. For simplicity we work in
the basis in which B is diagonal. We also use the QGP Theorem and treat QGP-
expectations as expectations over the vacuum state for modified ladder operators.

Note that in this case
A= <n|(cosh(9)ka2 + sinh(0)b_)(cosh(8)par + Sinh(@)k/bik,)|n> +

4.65
<n|(cosh(9)k,bi o+ sinh(8)wag ) (cosh(8)b_y + sinh(e)ka;)yn> : (465)

B = <17\(cosh(9)kak + sinh()b" ) (cosh(8)pb_p + sinh(@)k/a,i,)|77> +
<n[(cosh(0)k/a,t, + sinh(0) b_ ) (cosh(8)b! , + sinh(@)kak)]n> .

We will consider trial state in the form |T) = /1 — {(a]a)|0) + |a), (0]a) = 0. Note

that in this form |0) stands for QGP |6). After certain algebraic manipulations we

(4.66)

can find that in this transformation

A=A+ /1—(aa) <<0|b_kakl|a> + <a|a;b*_k,|o>) sinh(6y + O )+
<a|a£bik, + ak/b_k|a> sinh(0y + Oy) + <a\a£ak/ + bT_k,b_k|a> cosh(0y + Ox),
(4.67)

and
B—B+\/1I—(ala) ((O|b_kak/|oz> + <a\a,1bik,|o>) cosh(6), + O )+

<Oé|CLLbJ£k, + ak/b_k.|oz> cosh(é’k + 0k’> + <o¢|a£ak/ + bik/b_k|04> smh(Qk + 0k’)-
(4.68)
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From 0B = 0 in this transformation it follows that

T— {ala)({0|b_raw|a) + <a\a;zﬁ_k,yo>) + @m;zﬁ_k, + ak,b,k|a> -

) (4.69)
sinh (0 +6,/
= — <Oé’alt:a,k/ + bT_k./bfk|Oé> —COSh((QI;iQIZ/))’
so that we can obtain for A
<a\a£ak/ + bT_k,b_k]a>
0A — (4.70)

cosh(0y + Oxr)

Note that this is quadratic in |o) so that QGP is indeed an extremum for A,[B,].
However, even though denominator of Eq.(4.70) is a positive definite operator, we
yet cannot guarantee positive definiteness of the whole expression. Note also that |a)
is still subject to constraint Eq.(4.69) so that we equally cannot show the converse.
Nonetheless, we've shown that QGP is an extremum for A,,, which along with correct
asymptotic behavior gives strong support to that Eq.(4.60) is the exact constraints on
(A,, B,). Given that, let us finish our discussion by proving the following proposition.
Symmetric Decomposition Theorem III: Set of all possible pairs (4,, B,),
defined by Eq.(4.49), is equal to that of hermitian linear integral operator pairs (A, B)

subject to

A= V1+B?-1. (4.71)

From the particle-antiparticle symmetry this also may be extended to:
Corollary: Set of all possible operators g, specified by Eq.(4.48), is equal to that of

operators g subject to

g2 = ggl; g11 and goo hermitian, positive definite;

(4.72)
911, 922 = (V1 + (12 + g21)2 — 1) /2.

Proof: To prove this statement we reformulate the problem in a different way,

i.e. we will show that, if B, is fixed B, = By, then for any function f = f(k) = fi:
(f,A,f) > (f.(\/1+ B3 —1)f). Here inner product stands for

(f, Ag) = / didk’ [ (k) A, k) g (K').
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We will work in the basis in which By is diagonal. Let f;(k) be orthonormal basis
of eigenfunctions of By = BS and B; = (f, Bof;) is the set of the real eigenvalues of
By. Any function f(k) can be represented as f(k) = > «a; f;(k), where ) stands for
summation over all discrete and integration over COIltiIiIUOUS parts of the Z'spectrum of

By. Then we need to show that, as long as (n|n) =1 and (f;, B, f;) = B is fixed for

> aai(fi Afy) = ) lealP(y/1+ B = 1), (4.73)
4,3 i

We will look for the solution of this constrained minimization problem using the

all 4,

method of Lagrange multipliers.
Let \;; be Lagrange multipliers. Then for any variation |dn) such that (dn|n) = 0,
i.e. the norm (n|n) is conserved, it should hold

(Onl > aia; {(fis A fy) — Nij(fi, By fy)} Im) =0
(fi» By fj) = 0i; B;.

Eq.(4.74) should be read as equation for |n)[\;;] such that Eq.(4.74a) is true for any

(4.74)

norm-preserving variation |6n). Then Eq.(4.74b) should be read as the equation for

Ai;j such that the constraint is satisfied.

Note that
(fi, Ayf) = (nlala; + blbiln), (4.75)
(fir Bofi) = (nlaldl + a;bi|n),
where
a; = [ dkfi(k)a; an -

bi = [ dkfi(k)b_y.
Thus, the problem defined by Eq.(4.74) can be restated in this form: find |n) such

that for any norm-preserving variation |dn)

> aja{dlafa; + bibi — Ay (ald] +a;bi)l) =0,

(4.77)
(nlaldl + a;b;|n) = 6;; B;.

Eq.(4.77) alone can be considered as a point that Eq.(4.60), indeed, is the exact
constraint since the solution of Eq.(4.77a) is obviously a QGP. Still, let us prove this
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statement explicitly and, if |n) and \;; is the solution of Eq.(4.77), introduce a new
basis (¢;,d;) such that
a; = cosh 6;¢; + sinh Hl-clj
(4.78)
b; = cosh 6;d; + sinh 6;¢!,

where sinh 20; = \;;. After straightforward calculations one can show that

A, - cosh(6; — 0,)(cle; + d}di) + sinh(6; + Qj)(cjd} + ¢jd;) + 20, sinh 6; sinh 6,
B, : cosh(6; — 0;)(cld} + c;d;) + sinh(60; — 0;)(clc; + dld;) + 26,5 cosh 6; sinh §;
(4.79)

so that conditions (4.77) are rewritten in this basis as

St (on| cosh(B; — 6;)(cle; + d;di) + sinh(6; + Qj)(cjd;r- + ¢;d;)
—\;j [ cosh(6; — Gj)(cjd} + ¢;d;) + sinh(6; — 6;)(cle; + d}di)} In) =0
(n| cosh(6; — 0;)(cld! + ¢;d;) + sinh(0; — 0;)(clc; + did;)+
+20;; cosh 0; sinh 6;|n) = 6;; B;,

(4.80)
where we explicitly had taken into account that (dn|n) = 0 and thus the terms of the
form 0, sinh 6; sinh 6; had dropped out from Eq.(4.80a).

Since Eq.(4.80) is meant to hold for any values of «a;, choosing a; = 0, i # [ and

a; = 1 for some [ yields
(On|(cfe; + didy) + sinh 20y (c]d} + eidy) — Mu(cld] + edy)|n) = 0, (4.81)

from which it follows, given the above condition sinh 26; = \;;, that necessarily ¢|n) =

0 and d;|n) = 0 for all [. Using this result we reduce Eq.(4.80) to

> afa;(dn] [sinh(ﬁi +0;) — \ij cosh(6; — Gj)}czd}hﬁ =0,

sinh(0;46; .

(4.82)

Finally, from the constraint B, = B, we derive

<’I7|2 cosh 91 sinh GJ(SZ] |7]> = 61]Bz (483)
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so that sinh260; = B;. We, therefore, obtained here the complete solution of the
problem defined by Eq.(4.77)

|n) and \;; such that:
ciln) = 0 and d;|n) = 0 for all 4

Ao = sinh(0;+6;)
tJ " cosh(0;—6;)"

(4.84)

This state is a QGP and elementary calculation yields

(fis Ay f;) = 2sinh? 0;6;; = (V1 +sinh®20; — 1)8;; = (/1 + B? —1)8;;.  (4.85)

This completes the proof.

4.4 Application of Symmetric Decomposition Prob-

lem in a Variant of Nonlinear Sigma Model

We now are in position to answer the question formulated in the beginning of this
chapter. In our terms the ground state of the variant of nonlinear o-model where

constraint is enforced on average is defined by

B = (N 47 (e + ()] ) — i,
<M;ﬁO:A. (4.86)

If we denote with € = {e;} and e7* = {¢; '}, then this can be recast in the terms of
Symmetric Decomposition Problem:
E =tr[> e-A;;] — min,

v (4.87)
tr[y et (Ai,n + Bi,n)] =24,

where tr stands for integration over momentum [ dk. We further will solve this

problem within the Symmetric Decomposition Theorem III.
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Instead of (A, ,, B;,) we shall introduce new variables (Q; = A;,+ B, Bi = Bi,)

(/B

which are constrained accordingly by

Qi = \/1+ B2+ B —1. (4.88)

In these variables, the problem can be formulated as follows:

Sttr(e- Q; — e+ B;) — min, Y tr(e” - Q;) = 2A
Qi >+\/1+B>+B;— 1.

Since () and B appear in Eq.(4.89) independently for given @), to minimize the energy

(4.89)

clearly one shall try to maximize B. This leave us with the following problem
Sotrfe- (/14 B? —1)] — min, Y tr[e ! - (/14 B>+ B, — 1)] = 2A. (4.90)
Note that N[p?(x)] = A? also requires

trfe /2D, e V2. (\/1+ B?+ B;—1)] =0 &

4.91
> [ dh—— [T+ B + B, — 1)(k, k+q) = 0 (491)

for all ¢ # 0 and D, = {044}, however, as we shall show below, this condition is
superficial since solution to Eq.(4.90) is diagonal, for which the constraint is satisfied
automatically.

Let us now show that solution must be diagonal. Assume that solution B is not

diagonal. Note that we effectively are left with problem

tr(e- A) — min

(4.92)
tr(e™t- (A+ B)) =2A

where A = /14 B? — 1. Let us vary B — B + 0B so that §B is off-diagonal. Then
dtr(e 'B) = 0 and we have

ofind tr(e - A),

Str(e !+ A) = 0,04 = L 5B,

(4.93)
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Choose off-diagonal entry p # ¢ such that ( W)pq # 0 and let only 0B, and 4B,

(required since B is hermitian) be real nonzero. Then Eq.(4.93) reads

Str(e- A) =€ (m)pq(Squ + eq(m) 20 Bypq (4.94)

Egl(m)pq‘Squ + Eil(m)qpéqu = 0.

Excluding not essential degeneration in p, ¢ due to rotational symmetry, we choose

( Jap
6B,y = ——P—VHBQ 6By,
v “ (\/1+BQ) e (4.95)
)éql HBz)qp(Squ

S 1,

otr(e- A) = (1—

™
Q)

Thus, 6E = dtr(e - A) can be made negative with appropriate sign of dB,,. We've
shown that non-diagonal B cannot be solution of the problem Eq.(4.93).

We will show later that, if B; are diagonal, there exist minimizing solution so that
for any 0 B,, diagonal or off-diagonal, dtr(e- A) = 0 as needed. From now on we shall
assume that (); and B; are diagonal. Then we can solve explicitly constraint for B;,

which gives us the problem formulated in terms of () only:

- i 5 i 71:2A. 496
33 e 0w 90

With the method of Lagrange multipliers this can be solved from

5Q. Z 1 Qi Gk—éQkE_l =0 (497)
L\ 214 Qs 9 ¥k

which leads to following results. If N is the number of components in 5,

k= e 1,
T (4.98)
93 o _
Nf 271. d 1 25k |: /—ei—)\(A) 1:| — A
In d=241 the integral can be calculated explicitly yielding
dk 1 €k Nu

N — -1l =—0-=+v1-=-XAQ)) =A. 4.99
/ (2m)? 2ey, [ e2 — AA) v ( (8)) (4.99)
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We see that solution to Eq.(4.99) exists only as long as %’f > A, once A exceeds

A, = % solution cannot be entirely cast into the above form indicating presence of

the 2nd order phase transition or higher in the theory.
To clarify physics behind this statement it is instructive to consider Bose conden-
sation in this problem. For that we separate explicitly (dropping not essential here

factors of 2m) 0-mode contribution

Qo=p(2A — [ dk),

k0 4.100)
o Q3[Qx] Q3 ( ’
E = paioan T kio dker 556,

so that

S0 E = _Qo[Qk](2+Qo[Qk])M_2+ Qu(Z+Qr) (4.101)

200+ QolQi])? & 21+ Qu2 "
Suppose at initial time the system created in the condensed state Q. = 0, Qo = 2uA.

From Eq.(4.101) we see that in that case dg, E < 0 for all k so that system begins
to ”evaporate” from O-condensate to higher energy levels k # 0. In this process Qg
grows and (o decreases. This process goes on until equilibrium is reached, i.e.

QolQr)(2 + QO[Qk])MQ _ Qu(2+ Q)
(1 + QolQx))? (1+Qx)?

Note, however, that since integral in Eq.(4.100) is finite, the ”vapor” phase can only

e =\ (4.102)

accommodate finite amount of the states so that, once A\ = p? is reached, vapor-
ization stops and further injection of states into the system (increased A) leads to
their condensation in 0-mode, density of which becomes infinite indicating the pres-
ence of Bose-condensation. The order parameter, which in this case related to Bose-
condensation, changes continuously from zero for small A to nonzero for large A so
that the phase transition is at least of the second type.

Given Symmetric Decomposition Theorems, our solution is exact for the formu-
lation of the nonlinear o-model stated in the beginning of this chapter. We see
that the result closely parallels the ORM result, which is not surprising since QGPs

represent in this case relevantly all of the dynamical domain of the theory. Besides
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recovering the critical point, Symmetric Decomposition also helped to gain better un-
derstanding of the physics behind the phase transition, i.e. generation of nontrivial
Bose-condensation at 0-mode caused by finite ”capacity” of the stable )-distribution.
Since in this variant of nonlinear sigma model the constraint is enforced softly (on
average), our formulation is not identical to the conventional nonlinear sigma model
in which ¢?(x)|n) = R?*|n) exactly and thus our result, although exact solution for
this ”soft” variant of nonlinear sigma model, may be considered only as an approx-
imation for the conventional form. This explains why our answer coincides with an
approximate large N expansion result.

We also shall comment on the trivial case p strictly equal to zero, in which case
symmetric phase in our solution is absent. This, at first glance surprising result, is
not totally unexpected since p = 0 means that the theory is formulated for massless
bosons. In this case it cost system no energy to condense arbitrary number of bosons
in 0-mode and, thus, satisfy the constraint (¢?) = R?. The ground state, in this case,
is degenerate and all constant solutions ¢(x) = R have, in fact, the same energy 0.

We point out that our method, although exact here, has all limitation of a varia-
tional calculation. In particular, the integral expressions are sensible only in 1+1 and
2+1 dimensions, where no renormalization beyond normal ordering is needed. In the
other cases renormalization effects have to be incorporated either in x2?, A or in the

Fock space treatment, which is yet an open question.

4.5 Summary

In this chapter we introduced and considered in details method of Symmetric Decom-
position Problem. In this problem, one tries to answer the following question: given
quantum operators {A, B, C, ...}, what may be the expectation values of these oper-

ators {(A), (B),(C),...} and what are the relations among these on a symmetrized
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Fock space F? We obtained a complete solution for Symmetric Decomposition Prob-

lem for quadratic operators

Ak, k) = alap + b by,
Bk, k') = alb , 4+ apb_y, ete.

We found that any pair of kernels for hermitian linear integral operators that satisfy

a specific constraint,

1+A>V1+ B2,

can be represented on a symmetrized Fock space and vice versa. We then applied
the Symmetric Decomposition Problem to a variational study of the ground state in
a variant of nonlinear ¢ model. In this model the free scalar quantum field theory is
constrained to the subset of the symmetrized Fock space on which nonlinear ¢ model

constraint is enforced on average,

(¢%) = R®.

The advantage of this model for our theory is in that it can be completely formulated
in terms of the expectation values of quadratic quantum operators. Our complete
knowledge of the Fock space image in terms of these expectation values then allows
to straightforwardly obtain the ground state of such problem. As we have shown,
although extremely simple in formulation, this model exhibit very nontrivial behavior
and, in particular, has a critical point at which a phase transition of at least second
kind occurs.

Symmetric Decomposition Problem can be seen as a novel variational approach
and a curious mathematical result. One may try to formulate variational problem
not in terms of the trial states from the Fock space, which may take extremely com-
plicated form in QFT, but directly in terms of the expectation values of the relevant
operators and relations between them. One then obtains a constrained minimization
problem which can be solved entirely in terms of the relevant expectation values. Even

without exact boundaries for expectation values of quantum operators, the method
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of Symmetric Decomposition Problem is capable of providing a variational estimate
without referring to underlying Fock space. Extension of our knowledge of the Fock
space in terms of the relations between the expectation values of different quantum
operators appears to be interesting from mathematical point of view. While we realize
that it may not be an easy task to extend such relations to higher order polynomial
quantum operators, this work definitely presents the first step toward the theoretical

development of significant mathematical and applied interest.



Chapter 5

Conclusions

It is hard to underestimate the importance of the apparatus of Canonical Transfor-
mations in fundamental and applied problems of Classical Mechanics. In Quantum
Physics, however, this tool appears to be severely impaired. Yet, the machinery of CTs
remains to be of great advantage and of great importance in study of nonperturbative
phenomena in field theories. Particularly, quantum linear canonical transformation,
more commonly referred as Bogoliubov Transformation, claimed many important con-
tributions in condensed matter physics as well as in particle physics and QCD. In this
dissertation, we considered two recent applications of Bogoliubov Transformation in
field theory of critical phenomena and quantum mixing phenomenology.

In particle phenomenology the phenomenon of quantum mixing takes by right one
of the central places due to its sensitivity to the Standard Model parameters and New
Physics. Even though few would object that the ultimate theory of mixing should be
field-theoretic, the conventional treatment of quantum mixing usually have dealt with
quantum-mechanical ideas. The extension from Quantum Mechanics to QFT turned
out to be not trivial and offered a few surprises. As was shown in the literature, in
field theory serious difficulties exist with the definition of the flavor states. This pro-
vided a serious blow to simple wave-packet approach in Field Theory and Quantum
Mechanics. It was suggested by some authors that a version of Bogoliubov Transfor-

mation can be used to diagonalize the mixing Hamiltonian and, thus, to introduce a

192
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Fock space for flavor eigenstates. Such theory was first introduced by Blasone and
Vitiello in 1995 and further researched by other authors.

As part of this dissertation, we described our contribution along this direction.
Following the review of the original idea of Blasone and Vitiello, we presented the
application of BV theory to the field-theoretical mixing in the system of two scalar
mesons and demonstrated some dramatic deviations from Quantum Mechanics due
to nontrivial interactions with flavor condensate in the vacuum. We furthermore
improved and generalized our understanding of field-theoretic mixing by introducing
a general formulation of the field theory of mixing in which we have shown from
general principles that mixing in QFT involves two sectors - particle-particle mixing
and particle-antiparticle cross-mixing. Using this formulation, we have obtained a
number of explicit results for the flavor Fock space, quantum fields time dynamics
and observables oscillations. Particularly, we have obtained full solution of the field-
theoretical mixing problem with arbitrary number of fields and boson or fermion
statistics. We investigated the time dynamics of quantum fields by calculating non-
equal time commutators. We found an explicit solution for the Fock space of the
interacting fields and the corresponding vacuum structure that turned out to be a
generalized coherent state. We showed unitary nonequivalence between the flavor
Fock space and the free-field Fock space in the infinite volume limit. We considered
applications of this approach to mixing of 2 and 3 scalar or vector mesons (S = 0,
S = 1) and fermions (S = 1/2). We found that the scalar/pseudoscalar (S = 0)
boson mixing is the same as the mixing of transverse components of the vector fields,
while for the longitudinal component of the vector fields we found richer momentum
dependence than in the spin-zero case. We presented a new algebraic method for
finding flavor vacuum state which is distinct from the conventional method of using
a differential equation for Z. We found an intrinsic difference between the fermion
and boson cases in that the normalization factor Z for the bosons has a singularity
on the complex plane while the corresponding result for the fermions doesn’t have

any singularity. This results in divergence of the perturbative expansions in powers
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of the mixing angle . We also addressed the problem of time-to-space conversion in
field theory of mixing using canonical quantization generalization of the wave-packet
method in QFT. That allowed us to retain explicitly the effect from nontrivial flavor
vacuum which otherwise is lost in quantum-mechanical or perturbative treatment.
We also considered phenomenological aspects of the field theoretical mixing formalism
and estimated the magnitude of the field-theoretical effect in known mixed systems.
We found that in many systems both for mesons and neutrinos this effect is very
negligible. Only in strongly mixed systems, such as n — 1’ or w — ¢, or for very low-
energy neutrinos the corrections may be as large as 10% and thus may need additional
attention should these systems be used in oscillation experiment.

As another application of Bogoliubov Transformation in QFT, we considered its
use in the Oscillator Representation Method which is concerned with the study of
critical phenomena and phase transitions in field-theoretic models. The ORM uses
Bogoliubov Transformation as an integral part to define a set of alternative degrees
of freedom in terms of which the phase transition can be considered and described
in details. Nontrivial vacuum condensation and dynamical mass generation had been
successfully described using this approach as well as phenomenon of duality had been
observed. In these settings a strong-interacting field-theory with light elementary
particles can be converted into a weak-interacting model with heavy particles which
mass is dynamically generated. These features of the ORM are encouraging for the
application to the dynamical mass generation of constituent quarks and the duality
between current and constituent quarks in QCD. Although simple in the applications
and transparent in the results, this method enjoyed little attention in the literature
relative to other comparable techniques as Hartree approximation or GEP method.

In this dissertation we fully reviewed the ORM and considered its applications
to the phase transition in nonlinear o-model and other field-theoretic models. In
nonlinear o-model, we found that the ORM gives results reproducing large N limit.
Second order phase transition is recovered. In the case that a magnetic field is added,

the second order phase transition is completely destroyed in agreement with general
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arguments. In the form of nonlinear o model, in which the constraint is algebraically
resolved and the symmetry is broken, the ORM ran into terminal difficulties with its
estimate of the ground state energy being a divergent series. In this situation, the
ORM could not be applied other than using RGE. Here, however, the ORM relies
entirely on the use of RG functions and gives only some additional insight into the
dynamics of the phase transition. Its conclusions also depend significantly on the
quality with which RG functions are known and change appreciably from order to
order.

We also applied the ORM to ¢* in 141 dimensions with magnetic field and found
that, although qualitatively correct in the case without magnetic field, the ORM in
this case contradicts to the strict theorems of the Constructive QFT that claim disap-
pearance of the phase transition in 1+1 ¢* theory for whatever small perturbations.
In fact, we found that, according to the ORM, the phase transition of the first kind
should persist when a small perturbation is added. We found that such peculiar be-
havior was a general result of the 1st order phase transition obtained in the ORM in
the absence of magnetic field. We also computed first perturbative corrections to the
vacuum energies in Symmetric and Broken Symmetry phases of ¢* theory. We found
that, although these corrections were small in S-phase for g small and in BS-phase
for g large, in the region of the phase transition perturbative effects were significant
and substantially affected the nature and location of the phase transition point. For
large g, after the main quantum contributions to the vacuum energy were accounted
for by going to BS representation, the BS-phase became weakly coupled and hence
the perturbative approach could be successful for increasingly large g.

We also considered different possibilities to improve the ORM. We investigated
various extensions including reformulation of the ”correct” form to higher orders of
RGE, taking into account finite pieces of RGE, interpreting the ”correct” form as
the "best” perturbative representation, variational extensions and QEA extensions.

Unfortunately, no reliable and unambiguously successful extension was found as such
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attempts have been hindered by inconsistencies in higher orders of perturbation the-
ory and the loss of the original conceptual content of the ORM. In this respect,
variational extension where the trial state description is extended from single "mass”
parameter, such as in the ORM or GEP, to a form-factor presents clear advantage
both in the sense of nonperturbative character and in representation of appropriate
degrees of freedom. This additional flexibility may be crucial to account for higher
order renormalizations of the theory where simple "mass” parametrization fails to
grasp the nature of the true ground state. Another interesting approach may be that
of QEA extension of the ORM where study had shown certain improvements when
higher order corrections were taken into account using Borel Summation. While such
improvements are certainly welcomed, one should be cautious about them given low
reliability of perturbative expansion in the massive phase in the near critical region
of a field-theory.

In Chapter 4, we introduced and considered in details the ORM inspired approach
of Symmetric Decomposition Problem. In this problem, one tries to answer the follow-
ing question: given quantum operators {A, B, C, ...}, what may be the expectation
values of these operators {(A), (B), (C),...} and what are the relations among these
on a symmetrized Fock space F? In Chapter 4, we obtained a complete solution
for Symmetric Decomposition Problem for quadratic operators A = aLak/ + bik,b_k,
B = a,th_,c, + awb_j etc which allowed us to apply the Symmetric Decomposition
Problem to a variational study of the ground state in nonlinear o model. Symmetric
Decomposition Problem can be seen as a novel variational approach and a curious
mathematical result. Here one tries to formulate variational problem not in terms
of the trial states, which may take extremely complicated form in QFT, but directly
in terms of the expectation values of the relevant operators and relations between
them. One then obtains a constrained minimization problem in terms of the relevant
expectation values.

The topics investigated in this dissertation are quite diverse. Still they share the

same underlying idea of Canonical Transformation and degrees of freedom change.
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Even though significant progress has been achieved here both in field theory of Flavor
Oscillations and the Oscillator Representation Method, many interesting problems
remain unanswered.

In Blasone-Vitiello theory of flavor oscillations, in particular, one of the major
drawbacks is explicit breakdown of Lorentz invariance since the theory is formulated
in terms of canonical quantization. Research aiming at giving BV theory a covariant
formulation may be important for better understanding of the fundamental physics
involved in this theory. Even more puzzling is the problem of mass parametrization.
While this problem is more of a conceptual rather than mathematical character, it
does need to be resolved in order to establish the proper place of BV theory in QFT.

In the method of Oscillator Representation, many directions remain open for fur-
ther exploration as well. As we have shown in this dissertation, the ORM is essentially
zeroth order approach which gives erroneous results in, e.g., ¢* theory in 1+1 dimen-
sion. Contrary to the simplicity in formulation and applications, the ORM proved
to be quite difficult to be generalized and improved. While we considered such ex-
tensions of the ORM as "best” perturbative representation, variational and QEA
analogs, these may need a significant further attention. Especially, our variational
extension of the ORM offers greater flexibility through momentum dependence of
the |a) state form-factors and may be crucial in order to accommodate higher order
mass renormalizations, which otherwise lead to the ORM breakdown. Method of
QEA, supplemented with the ORM mass self-consistency condition and nonpertur-
bative resummation technique such as Borel Summation, also has shown some signs
of promise. Still, more work is needed to firmly establish this progress by going to
higher orders to which the QEA is being computed.

Finally, the method of Symmetric Decomposition Problem appears to be rather
interesting and new undertaking in the realm of variational principle. Even without
exact boundaries for expectation values of quantum operators, this method is capa-
ble of providing a variational estimate without referring to underlying Fock space.

Extension of our knowledge of the Fock space in terms of the relations between the
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expectation values of different quantum operators appears to be interesting from
mathematical point of view. While we realize that it may not be an easy task to ex-
tend such relations to higher order polynomial quantum operators, this work definitely
presents the first step toward the theoretical development of significant mathematical

and applied interest.
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Appendix A

Essential Cases of Mixing Parameters

Here, we list H and h parameters for the most essential cases in modern particle
physics (scalar /pseudoscalar spin 0, vector spin 1 bosons and spin 1/2 fermions). For
these cases mixing theory parameters are explicitly derived from QFT [31,41]. We

have for scalar/pseudoscalar fields (spin 0):
URO = UE,O = 1, (Al)

for vector fields (spin 1):

_ _ [k eh) ~)
Upy =Vpy = |—=,1——=1 ),
k,0 k,0 <m m (A2>

where 77 =

El Bl

=¢, and 1y = $\/L§(5x +ie,) form a spherical basis. For bi-spinor fields

(spin 1/2), we use the standard representation of the y-matrices

I 0 . 0 &
A0 = )= } 7 (A.3)
0 —I —a 0

and the corresponding representations of spinors:

where w, is spinor satisfying (7i - &) w, = 0 - w, and o takes values +1.
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The H and h parameters are then for scalar case:

HM = i =1, (A.5)
for spin 1:
HMY — en(k)e; (k) —k?
x0 ey o =0
i = oG (A.6)

M pRI _ .
HE,i_hE,i_l’U_il’

and for spin 1/2:

HE, = /e T ) (& () ) + /(6 (B =, (5 () — ),

. (A7)
! = (VTG B = m) & (0 ) = /(e (0 ) (6 () = 7))




Appendix B

The ORM functions reference formulas

In this section we present reference formulas for 6 and A functions in the ORM.
6,(m) = 8(u,m) is defined as d,,,(m) = Np[(0,0)?] — Nu[(0,¢)?*]. In dimensions
2 <d < 4itis given by

P
504,H(m) = d = 37 %a (B]')
— 4 (m2—p?)In 2A—3/4(m*—p*)—m* Inm—p* Inp

’ 167

A,(m) = A(p,m) is defined as A, ,(m) = Ny [¢?] — N,[¢?] and in dimensions
2 < d <4 is given by

_ 9 In(p/m)
d =2, =60
Aau“(m) - d - 37 N;ij (B2>
d=4 (2 —m?2) In 2A+(m?—p2) /2+m? In m—p? lnu‘

8w

du(m) = d(p,m) is defined as 1[6,(m) — A,(m)] and can be obtained easily from
the above expressions.

As one can see in d = 4 cutoff parameter A = a~! did not entirely disappear.
Moreover, the power form of the §,(m) = udd;(m/u), Au(m) = p4=2A;(m/u), pre-
scribed by the power counting, is also violated. This indicates that N, should be
renormalized by additional counter-terms beyond simple subtraction at point p. This

is where the original formulation of the ORM fails.
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Appendix C

Unitary nonequivalence of the ORM

states

In this appendix we explicitly show that the transformations of the mass change and
field shift generate a family of unitary inequivalent vacua. As discussed in the text,

the change of mass m — M transformation is given by

wm (k) + wpy (k) wm(k) _ [wp(k)
~ wpy (k) wm (k) wpy (k) wm(k) ¢
= ax — a

ax 2 2 —k>
\/wm((l;))+\/wkl((11:)) \/Wmillz))_\/wMé:; (C.1)
d'fl'( — M - m aii-( - M - m i
and the quantization point shift is given by
¢(x) — ¢(x) + b, ©2)

ax — ax — 2mmbo (k).

The transformation Eq.(C.1,C.2) can be generated with following operators

Uy = exp {—27Tmb(a0 - a%)}
U; = exp {% [ dkA(k)(a_xax — aLaT_k)}

with A(k) = 11n oty and w(k) = vk 4 2m?.
Despite operators Eq.(C.3) are apparently unitary, their action on the Fock space

of the free field with mass m is not unitary. In fact, two vacua associated with (b, ;)
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and (by, t9) are orthogonal. To show that we use transformation given by Egs.(C.3)
with b = by —b; and A(k) = % 5 In wk(?g to explicitly relate these states. Straightforward
algebraic manipulation ylelds

U = 6_%(2ﬂmb)2[“°’a2’]Nm[U1]7

V[ dkIn(cos (C4)
Uy = ¢ s | AIncoshDOID 1771
where [ag.af] = 63)(0) = # Note also that transformation U; affects only k = 0

mode and therefore
Np[Us 0 Uy = (HN [Us(k ) n[Us(0) o U1 (0)]. (C.5)

For the inner product of the vacuum associated with (by,t;) and the vacuum associ-

ated with (by, t2) one obtains

1 <0|0> H1k<0|0>2k < Hkyé() Lk <0|0>2,k =
)3 [ dk In(cosh[A(k)]) (C6)

(2
— 0, V — 0.

Two vacua are said to be unitary inequivalent in the infinite volume limit if their ¢

parameters are different. Analogously, if t; = t, but b; # by then as well

—1(2rmb)2 Y.
1000), = T 1 (010)55 = 110 010y, o = € 2™ &7 0,V —0, (C.7)

so that the transformation given by Eq.(C.1,C.2) produces a family of unitary inequiv-

alent vacua which can be associated with possible distinct phases of the system [88,95].



