
ABSTRACT 

REAMER, AMY CRAIG. Characterizing the Progression of Performance in Mathematics 
over Time: The Application of Markovian Models to an Education System. (Under the 
direction of Dr. Julie Simmons Ivy (co-chair) and Dr. Robert E. Young (co-chair)). 
 

Transforming Science, Technology, Engineering, and Mathematics (STEM) 

education in the United States K-12 system is a topic of national concern. Many reports have 

documented the deficiencies in the vertical alignment of STEM learning in the K-12 

education system, citing the need for young students to build a solid foundation in 

mathematics. Currently, many students fail to master essential mathematics concepts before 

advancing to more complex applications, leaving them ill-prepared to succeed in higher level 

STEM coursework.  

In this study, we use Markovian models to characterize the evolution of students’ 

performance in mathematics in the elementary and middle grades. This research constitutes a 

first step in developing a Markovian framework for modeling a large-scale, learning system 

as a stochastic process.  

We first present a longitudinal analysis of student performance on the standardized 

North Carolina End-of-Grade (EOG) mathematics exam and use Markov chain models to 

probabilistically characterize the movement of students’ scores from one grade level to the 

next. We conduct a descriptive statistical analysis of one cohort of students to identify 

demographic factors that affect performance. We use the Markov chain model to forecast a 

student’s level of proficiency in mathematics by the eighth grade given their level of 

achievement in the third grade.  

Next, to examine a method for optimizing the vertical alignment of STEM learning, 

we model the sequential process of learning mathematics over time using a Markov Decision 



Process (MDP) and identify optimal learning intervention strategies. Specifically, we 

formulate an MDP model of EOG test performance to determine an optimal control policy 

for the administration of retests of the exam and conduct a numerical experiment. Many of 

the numerical cases suggest that it is optimal to retest students within the lowest level of 

mathematical proficiency, contradicting the state of North Carolina’s current policy on 

retesting. As a result of the numerical experiment, we hypothesize that a control-limit policy 

can be proven given sufficient conditions. 

The Markovian models described in this research demonstrate a progression of 

complexity in modeling an uncertain environment, an education system. The Markov chain 

describes the natural progression of a student’s performance on a standardized test over time, 

while the MDP allows the educator to dynamically alter a student’s performance trajectory 

by their selection of a learning intervention. Future work will characterize a student’s 

accumulation of mathematical knowledge over time; assuring the development of a solid 

foundation in mathematics. These models offer a structure for the application of optimization 

modeling techniques in the K-12 STEM education system.   
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Chapter 1 - Understanding the Evolution of Mathematics Performance in Primary 

Education and the Implications for STEM Learning: A Markovian Approach 

1. Introduction 

Many reports have documented the growing concern that the United States education 

system is not adequately preparing our students to succeed in the technology-driven 

workforce of the 21st century (National Science Board 2007, National Academy of Science et 

al. 2007, National Center for Education Statistics 2006, U.S. Department of Education 2008). 

In 2007, the National Science Board drafted an action plan for the STEM education system. 

According to the report, “Almost 30% of students in their first year of college are forced to 

take remedial science and math classes because they are not prepared to take college-level 

courses” (National Science Board 2007). The National Academies Press’ 2007 Rising Above 

the Gathering Storm report cites the following statistics to motivate this research, “Fewer 

than one-third of US eighth grade students performed at or above a level called ‘proficient’ in 

mathematics…Alarmingly, about one-fifth of the fourth graders and one-third of the eighth 

graders lacked the competence to perform even basic mathematical computations” (National 

Center for Education Statistics 2006). The National Research Council presents another 

discouraging statistic citing Schmidt (2011) stating that “three-quarters of eighth graders still 

enter high school not having reached the proficient level” (National Research Council 2011, 

pg. 19). Although mathematics is one pillar of STEM education, it is arguably the most 

important because its concepts and methodologies pervade all science, technology, and 

engineering disciplines (National Research Council 2001). 
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The National Science Board argues that there are two primary deficiencies in the K-

12 STEM education system that need to be addressed (2007). First, STEM education is not 

aligned “horizontally,” i.e., mathematics standards and course sequences vary greatly from 

state to state (see also Common Core Standards 2010). Second, there is little or no “vertical” 

alignment of STEM learning at the elementary and middle school levels, suggesting that 

students do not master critical concepts before moving on to more complex ideas in high 

school (National Science Board 2007, pg. 5). The National Council of Teachers of 

Mathematics (NCTM) published a report in 2006 to address the issue of vertical alignment. 

The report identified curriculum focal points and important mathematical topics for 

prekindergarten through eighth grade (NCTM 2006). These topics along with standards 

adopted by the states provide a framework for curriculum development at each grade level, 

reinforcing the creation of a STEM pipeline.  

A solid foundation in mathematics in early education is critical to a student’s success 

in higher level science and mathematics coursework in high school (Common Core Standards 

2010). This is essential for college-bound students, particularly those interested in majoring 

in STEM disciplines (Tyson 2011, Nicholls et al. 2010). Some studies suggest that students 

that take Algebra I in middle school (typically in eighth grade) are more likely to transition to 

higher education and potentially enroll in STEM degree programs (U.S. Department of 

Education 2008, President’s Council of Advisors on Science and Technology 2010, Loveless 

2008). In North Carolina, students are assessed on their preparation to transition into Pre-

Algebra or Algebra I as early as the sixth grade. A number of studies have reported the 

importance of “algebra-readiness” and the difficulties some students have in transitioning 
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from general arithmetic to algebraic thinking (National Research Council 2001, Pearson 

School 2008, Loveless 2008). In fact, in the second largest school district in North Carolina, 

enrollment in Algebra I in middle school has doubled since 2009; however the question 

remains, are these students truly prepared to succeed in algebra (Hui & Goldsmith 2012)? In 

this study we consider preparation for higher level mathematics courses, starting with 

Algebra I, as a function of performance on the North Carolina End-of-Grade (EOG) 

mathematics tests. 

Our research is motivated by the need for quantitative methods to represent how 

students perform in mathematics over time. As a result of the No Child Left Behind (NCLB) 

Act of 2001, statistical models of K-12 education based on standardized testing data have 

been developed to assess individual student’s academic progress over time (Sanders 2006, 

U.S. Department of Education 2012). This work is the first step in developing a Markovian 

framework to forecast students’ development of mathematical knowledge, as assessed by the 

standardized EOG mathematics tests administered annually to students in grades 3-8. Future 

work will focus on the development of an optimal control system to maximize a student’s 

level of proficiency by the eighth grade, but in order to achieve this; we first establish the 

Markov chain models and validate them against results reported by the state.  

In this chapter, we model elementary and middle school students’ performance in 

mathematics as a stochastic process to evaluate their proficiency, as measured by EOG 

results. We consider performance on the EOG mathematics test to be an informative measure 

of student learning. We develop a Markov chain model of student performance on the EOG 

mathematics test and evaluate the overall utility of the model in the context of education. The 
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Markov chain is used to improve the understanding of the progression of a student’s 

performance in mathematics over time and forecast a student’s future success in the 

discipline. The transition probability matrices of the Markov chain provide a novel 

longitudinal analysis of EOG assessment data. Further, we are interested in analyzing 

differences in performance by various demographic factors such as gender and ethnicity.  

This chapter is organized as follows. In the remainder of Section 1 we present 

background information on the North Carolina public school system, a review of relevant 

literature, and a discussion of the data source. We present the descriptive statistical analysis 

of the demographic variables of interest and a Markov chain model of the problem in Section 

2. In Section 3, we discuss the results of the aggregate Markov chain model followed by the 

Markov chains based on the demographic factors. We discuss conclusions, the limitations of 

the model, and areas of future research in Section 4.  

1.1 Background 

The North Carolina public school system consists of 115 school districts serving 

nearly 1.4 million students per year and is home to the 16th and 18th largest public school 

districts in the country (Public Schools of North Carolina 2009a, Wake County Public School 

System 2011, Proximity 2011). In the 1996-1997 academic year, the North Carolina State 

Board of Education introduced the ABCs of Accountability System as a statewide school 

improvement program initiative to assess the performance of North Carolina public schools 

(Public Schools of North Carolina 2011a, 2011b). The assessment program sets growth and 

performance standards for all public schools in the state of North Carolina. It was expanded 

in 2002-2003 to accommodate the requirements of the No Child Left Behind Act of 2001 
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(Public Schools of North Carolina 2011b). Integral to the Accountability System are the 

state-mandated End-of-Grade (EOG) tests in mathematics and reading comprehension 

administered to students in grades 3-8 during the last three weeks of each academic year. In 

the 2009-10 academic year over 655,000 students took the EOG mathematics test (Public 

Schools of North Carolina 2011c). Wide scale EOG testing was introduced in 1995 and these 

multiple choice, standardized exams “are designed to measure student performance on the 

goals, objectives and grade-level competencies specified in the Standard Course of Study,” 

the statewide K-12 curriculum (Public Schools of North Carolina 2011d, 2011e). A student’s 

raw score on the EOG test is converted into a scale score which falls into one of four 

categories known as achievement levels. “Achievement levels are used to provide an 

interpretation of student performance relative to pre-determined standards based on ranges of 

scale scores” (Public Schools of North Carolina 2006a). A descriptor for each respective 

achievement level is shown in Table 1-1. A student whose scale score falls within 

achievement levels III or IV is considered “proficient” by the state and consistently performs 

at or above grade-level expectations (Public Schools of North Carolina 2006c). 
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Table 1-1: Description of North Carolina End-of-Grade (EOG) test achievement levels (Public Schools of North 

Carolina 2006b) 

Achievement 

Level 

Descriptor North Carolina  

Proficiency Status 

I Students performing at this level do not have 
sufficient mastery of knowledge and skills in this 
subject area to be successful at the next grade level. 

Non-Proficient in 
Mathematics 

II Students performing at this level demonstrate 
inconsistent mastery of knowledge and skills in this 
subject area and are minimally prepared to be 
successful at the next grade level. 

Non-Proficient in 
Mathematics 

III Students performing at this level consistently 
demonstrate mastery of grade level subject matter 
and skills and are well prepared for the next grade 
level. 

Proficient in  
Mathematics 

IV Students performing at this level consistently 
perform in a superior manner clearly beyond that 
required to be proficient at grade level work. 

Proficient in  
Mathematics 

 

 
 

Although the ranges of scale scores corresponding to each achievement level may 

vary from year to year, the definitions of the respective achievement levels remain consistent. 

Achievement levels are specifically defined for each grade level and correspond to the 

competencies and goals outlined for that grade level in the Standard Course of Study. 

“Unlike percentiles, which yield only relative comparisons, the achievement levels give 

common meaning throughout the state as to what is expected at various levels of competence 

in each subject area” (Public Schools of North Carolina 1999). The achievement levels 

provide a metric for comparing the relative performance of students. According to testing 

protocol, students at higher achievement levels are assumed to have mastered the 

competencies and goals associated with the lower achievement levels (Public Schools of 

North Carolina 2006b). We refer the reader to the following resources for additional 
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information on the EOG test development process and data on the test’s reliability and 

validity: Sanford (1996), Public Schools of North Carolina (1999), Public Schools of North 

Carolina (2006a), Public Schools of North Carolina (2011f), and Public Schools of North 

Carolina (2011g).  

For this study, EOG testing data was obtained from the North Carolina Education 

Research Data Center (NCERDC) at Duke University (NCERDC 2012). The NCERDC 

stores and manages data on public school districts, schools, students, and teachers collected 

by the North Carolina Department of Public Instruction (DPI). We refer the reader to the 

following examples of research efforts using NCERDC data: Muschkin et al. (2009), 

NCERDC (2008), Goldhaber and Anthony (2007), Miranda et al. (2007), Cook et al. (2008), 

and Bifulco and Ladd (2004). In contrast to these studies, we use NCERDC EOG assessment 

data to perform a longitudinal analysis by building a Markov chain model of student 

performance on the EOG mathematics test. To the best of our knowledge this is the first 

study to model the data in this way.  

1.2 Objectives 

The objectives of the research conducted in this chapter are to:  

• Longitudinally track EOG mathematics test achievement level scores of various 

cohorts of students from third grade to eighth grade and probabilistically characterize 

the movement of students’ achievement level scores from one grade level to the next.  

• Conduct a statistical analysis of one representative cohort of students to compare test 

performance of various student populations and identify demographic factors that are 

related to performance. 
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• Develop a first-order Markovian model of student performance in the context of 

primary mathematics education. Create a Markov chain of EOG mathematics test 

achievement level scores to represent the progression of performance of a ‘typical’ 

student. Based on the results of the statistical analysis, develop additional Markov 

chains to examine the performance of specific student populations.  

• Use the Markov chain to estimate the probability that a student will be “proficient” in 

mathematics by eighth grade.  

This work is our first step in developing a framework to forecast students’ development of 

mathematical knowledge in primary education in North Carolina. The model has the 

potential to provide educators with a quantitative measure of a student’s preparation for 

higher level STEM course work. 

1.3 The Benefits of a Markovian Model 

 Markovian models have been applied in a number of fields including machine 

learning, medical decision making, and behavioral ecology, but to a limited extent in 

education systems (Monahan 1982). A Markov chain is a discrete-time, stochastic process 

that can be described by a series of finite states and a set of probabilities that characterize the 

transitions between states (Howard 1960). With regard to the probabilistic nature of the 

learning process, learning trajectory literature asserts that the process of learning is sequential 

and dynamic and that a student faces obstacles along their learning trajectory (Confrey et al. 

2009). These obstacles depict the inherent randomness in the learning pathway, suggesting 

that the process is stochastic in nature. We hypothesize that the process of learning can be 

broken down into a set of sequenced events that can be effectively modeled as a Markov 
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process. In this study we associate a student’s cognition with their performance on the EOG 

test. Markov chains satisfy the Markov property, which states that the probability of 

occupying a future state is conditional on being in the present state, and does not depend on 

past states (Howard 1960). According to learning theory literature, a student’s current state of 

cognition can be considered as independent of their collection of past knowledge (Smallwood 

1971, Simon & Tzur 2004, Confrey & Maloney 2010). We submit that the “memoryless” 

property of the Markov chain is beneficial for modeling the sequential process of 

accumulating knowledge over time. As true in many time series analyses, the most recent 

data point collected often provides the best fit for the selected forecast model. This provides 

justification for using a Markovian model that uses a student’s most recent state of 

knowledge to forecast their future knowledge; explicitly representing the dependent 

relationship between the present and the future. 

Regression models are commonly used in the social sciences; however, Markovian 

models offer additional benefits in this context. Multinomial logistic regression models 

provide short-term predictions of the probabilities of various outcomes of a categorical 

dependent variable. In contrast, the one-step transition probabilities of the Markov chain can 

easily be used to forecast model behavior several steps or periods into the future. In this 

study we are interested in determining a student’s level of proficiency by eighth grade based 

upon their level of achievement in third grade. Such questions cannot be answered as simply 

or as elegantly with regression analyses as their ability to forecast beyond the next immediate 

time period is limited. In addition, regression analyses offer a static representation of student 
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performance. The Markov chain model lays the foundation for a control infrastructure where 

we can dynamically optimize sequential decisions about a student’s education. 

1.4 Relevant Literature 

1.4.1 Value-Added Models in K-12 Education 

 In the past decade, assessment models known as value-added models have been 

developed for K-12 education to quantitatively measure an individual student’s year-to-year 

gain in knowledge as well as to produce a measure of teacher effectiveness (i.e., to quantify 

the “value” teachers “add” to a student’s education). One of the most widely used value-

added models, is the Education Value-Added Assessment System (EVAAS) developed by 

Dr. William Sanders and his colleagues at the University of Tennessee at Knoxville, and is 

available as a commercial software package from SAS (SAS EVAAS 2012). Several states, 

including North Carolina, have made EVAAS available to school districts in an effort to 

evaluate the effectiveness of a student’s education (Public Schools of North Carolina 2012a). 

In North Carolina, EVAAS is populated with EOG and End-of-Course (EOC) test data and 

the model longitudinally tracks student performance over time. The software provides 

diagnostic reports, identifies at-risk students, and predicts student success on future academic 

milestones such as future EOG tests and the SAT (SAS EVAAS 2012).   

EVAAS uses two types of statistical models: a multivariate response model (MRM) 

and a univariate response model (URM) (Sanders et al. 1997, Wright et al. 2010). The MRM 

is a longitudinal, linear mixed model that incorporates a student’s entire history of 

performance on the EOG test. It is “essentially a multivariate repeated-measures ANOVA 

model,” where “the entire set of observed test scores are fitted simultaneously” (Wright et al. 
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2010, pg. 1). By considering the entire testing history, the MRM places weight on past 

performance. In comparison, we use a first-order Markovian model where a student’s most 

recent score on the EOG mathematics test is used to forecast their score on the next 

installment of the exam. In other words, the path to the current state is not deemed as 

important as the current state itself for making predictions about the future. The URM is 

similar to an ANCOVA and is used when the MRM is not appropriate, such as with EOC 

tests where a mean gain in performance does not make sense (Wright et al. 2010). A 

traditional ANCOVA is used to calculate student success probabilities on future tests (Wright 

et al. 2010). Since an ANCOVA is essentially a regression analysis, as previously mentioned, 

we advocate that a Markovian model can more effectively forecast performance several 

periods into the future.  

There is controversy surrounding the practical use of value-added models, such as 

EVAAS, in assessing teacher effectiveness and due to the overall complexity of the statistical 

methods employed (Amrein-Beardsley 2008, Sanders et al. 2009). It is not our intention to 

engage in the debate surrounding the measurement of teacher quality or effectiveness, but 

rather we tout the benefits of longitudinally tracking individual student performance on 

standardized tests. In fact, our model could serve to address the concerns of Amrein-

Beardsley (2008) regarding the validity of EVAAS by verifying the model’s student success 

probabilities. Many school districts in North Carolina use these probabilities to make Algebra 

I placement decisions, such as in Wake County where students are placed into Algebra I in 

middle school if EVAAS indicates that the student has a “70 percent probability of passing 

Algebra I by eighth grade” (Hui & Goldsmith 2012). A Markovian model can be used to 
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evaluate the optimality of this 70 percent benchmark, as it is a control system. EVAAS, on 

the other hand, cannot be used as a responsive, control model; it is a descriptive statistical 

model based on regression techniques. As evidenced by McCaffrey et al. (2004), 

Raudenbush and Byrk (2002), Tekwe et al. (2004), and Ballou et al. (2004), rigorous 

statistical models can be used to assess student performance. In this context, we propose the 

use of a Markovian model for its relative transparency as compared to some of the other 

statistical methods employed in value-added modeling. The Markov chain maps a sequential 

pathway from one exam score to the next. Further research in this area is required and we 

aim to offer a new approach to forecasting student performance using standardized test data.  

1.4.2 Markov Chains in Education Modeling 

 Markov chains have been used to model some aspects of teaching and learning theory 

related to mathematics and engineering education. McFarland (2006) used a Markov model 

to analyze the “structure and dynamics of participant flows across math courses in two high 

schools” (pg. 177). McFarland (2006) calculated a transition probability matrix of students 

moving from one mathematics course to another in a rural high school and in a magnet high 

school. McFarland (2006) used logistic regression models to explain curricular moves such 

as leaving school, repeating a course, or jumping to another career path. McFarland (2006) 

presented a robust model of the sequence of mathematics courses taken by students at two 

high schools; however, he did not consider a student’s mathematical knowledge collected 

prior to entering high school. In this study, we use test performance in early education to 

forecast a student’s preparation for high school STEM courses.  
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Perdikaris (1992) used a Markov chain to model mathematics teachers’ decision 

making and their process of inquiry in the classroom. The focus of Perdikaris (1992) was 

modeling teacher behavior whereas our objective is to model student performance. Per 

Howard (1960), the state space of a Markov chain is assumed to be mutually exclusive and 

collectively exhaustive, representing all possible outcomes. The states in Perdikaris (1992) 

did not appear to be mutually exclusive and it was difficult to understand how the underlying 

process moved through time. Furthermore, with a sample size of two teachers, the model 

lacked predictive power (Young & Sweet 1982a, 1982b).  

Voskoglou used Markov chains to model problem solving (1996), the process of 

learning (2009), and the process of mathematically modeling real world problems (2007). 

The state space of the model in Voskoglou (2009) appeared to be contiguous where learning 

occurred along a continuum of conceptual phases or ‘steps.’ A limitation of this study was 

that the state transitions and decision epochs of the model were unclear. In our study, we 

examine transitions over time where the decision epochs for the finite horizon Markov chain 

are represented by grade levels. Pinar-Yildirim et al. (2007) used direct observation and a 

work sampling methodology to observe teamwork on student design projects in a capstone 

engineering course. The state space of the Markov chain was divided into nine subtasks (e.g., 

project management, research, group discussion) representing the engineering design 

process. Again, the authors acknowledged that it was difficult to discern whether or not the 

states were mutually exclusive.  

Markov chains have been used to model other aspects of education systems. Shah and 

Burke (1999) used a Markov chain to model the higher education system in Australia. 
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Kuravsky and Malykh (2004) developed a continuous time, discrete state Markov process of 

longitudinal IQ data of Russian school children ages 6-14. Fam et al. (2006) presented a 

Markov chain model of academic dishonesty in an undergraduate course. However, to the 

best of our knowledge, Markovian models of the primary mathematics education system 

have not been developed. The Markovian model presented herein will improve our 

understanding of a student’s acquisition of mathematical knowledge by eighth grade.    

In summary, as demonstrated by McFarland (2006), Markov chains have the potential 

to be used to improve the understanding of a student’s progression through mathematics. 

However, many of the existing models appear to lack rigor. Three challenges persist: 

defining mutually exclusive states, describing how the states change over time according to 

time-dependent probability distributions, and securing access to statistically significant 

sample sizes. As indicated by Perdikaris (1992) and Voskoglou (2009), much of the research 

in this area relies on anecdotal evidence based on one or two classrooms, making it difficult 

to generalize the results to a larger population. While models of the undergraduate 

engineering education system have emerged in the past decade (Klingbeil et al. 2005, Shah & 

Burke 1999, Pinar-Yildirim et al. 2007), it appears that longitudinal Markovian models of the 

K-8 mathematics education system have not been developed. In our review of prior research, 

we have found no evidence of Markov chains for modeling consecutive years of elementary 

and middle school students’ performance in mathematics. Our objective is to develop a 

Markovian model of student performance in mathematics and to use the model to assess a 

student’s mathematical preparation by the eighth grade. 
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1.4.3 The Development of a STEM Pipeline 

 The development of a STEM pipeline is a topic of national interest that is well 

documented in the literature (National Academy of Science et al. 2007, U.S. Department of 

Education 2007). The purpose of this study is not to evaluate existing STEM pipeline 

research or K-12 engineering outreach curricula, but rather we offer a method for modeling 

performance in mathematics in early education as a potential measure of preparation for 

pathways to STEM fields. Many studies have mapped success in algebra to taking advanced 

courses in high school and future interest in STEM disciplines. Burkam and Lee (2003) used 

multivariate regression models to investigate “mathematics pipeline” measures by examining 

high school coursework, taking into account students’ gender, ethnicity, and socioeconomic 

status. Nicholls et al. (2010) used various statistical techniques to predict the probability of 

obtaining a STEM degree based on student variables available as early as the eighth grade. 

Tyson et al. (2007) studied the connection between high school science and mathematics 

coursework and enrollment in STEM majors at Florida universities, with particular emphasis 

on gender and racial disparities. Tyson (2011) used multinomial logistic regression analyses 

to determine the effects of taking advanced physics and calculus courses in high school on 

engineering degree attainment.  

These analyses of the STEM pipeline consider longitudinal student performance just 

as Markovian models consider probabilistic movements over time. The Markov chain models 

student performance as a stochastic process. In this study we consider preparation for higher 

level mathematics courses, starting with Algebra I, as a function of performance on the EOG 

mathematics tests. By focusing on standardized assessments administered in the third through 
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eighth grade, we can objectively assess a critical window of mathematical preparation and 

learning. This, in turn, will improve the understanding of a student’s foundation of 

knowledge acquired in early education and will allow educators to forecast a student’s future 

success in STEM disciplines. We propose that the results of the Markov chain model could 

inform existing models that link high school course taking to STEM degree attainment. 

2. Methods 

2.1 Data 

All procedures for acquiring, storing, and analyzing the NCERDC data used in this 

study were approved by the Duke University Institutional Review Board (IRB) as well as the 

NC State University IRB (Miranda et al. 2007). Each year, the NCERDC creates a database 

containing students’ EOG mathematics and reading test scale scores and achievement level 

scores with select demographic and socioeconomic data. All student data is encrypted and 

de-identified; names and other recognizable identifiers are replaced by a unique master 

identification number. These identification numbers are created by the NCERDC to identify 

individual test scores and cannot be traced to specific students, thus meeting state and federal 

human subjects research requirements. In this study, key demographic data of interest 

included gender, ethnicity, participation in a free/reduced price school lunch program, 

exceptionality status, i.e., their status as academically/intellectually gifted and/or learning 

disabled, and English proficiency. Statewide test results were obtained from 1995 to 2009, 

the most recent year of data available at the time of this study. 
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2.1.1 Characteristics of the Data 

 The EOG tests change from one academic year to the next. Thus, not only the 

condition of the student changes from year to year, but the assessment instrument itself 

changes. To account for this in our analysis, we rely on the state’s annual classification of 

scale scores into the achievement levels. Although the test and scaling of the scores vary each 

year, the definitions of the achievement levels remain consistent. As is the case in any public 

school system, various state and local policies and procedures may change from one 

academic year to the next impacting the structure of the data the NCERDC receives from 

DPI. In 2006, the scaling of the EOG mathematics test scores was changed significantly to 

align with the 2003 Standard Course of Study and the new growth formulas and performance 

standards associated with the North Carolina ABCs of Accountability System. According to 

a background report, “The current ABCs formulas are different enough from the original 

ones that comparisons between the performance of schools from 2006 forward and prior 

years should be avoided” (Public Schools of North Carolina 2011b). Although achievement 

level descriptors were not changed, upon review of the data, achievement level scores were 

impacted considerably in the year of the changeover. Thus, in creating the aggregate Markov 

chains, we conducted two separate analyses, one prior to 2006 and another from 2006 and 

beyond, to ensure consistency in the longitudinal comparisons. 

2.1.2 Creating Longitudinal Datasets of Cohorts of Third Grade Students 

 The NCERDC maintains separate EOG test score databases for each grade level for 

each academic year. Student records were linked longitudinally by the student’s unique 

master identification number. We longitudinally tracked ten different cohorts of third grade 



 

18 

students through eighth grade from 1995 to 2009. For example, the 1995-2000 cohort 

included third grade students that took the EOG tests in the 1994-1995 academic year and 

subsequently took the eighth grade EOG tests in the 1999-2000 academic year. Based on 

information obtained from the NCERDC, we expected to track approximately 60-70% of 

third grade students through eighth grade due to attrition (i.e., if a student was retained in a 

grade or moved out of the state). These percentages have increased over time, as data 

management tools have improved since the mid-1990s. These results were validated in our 

analysis and the percentage of students tracked for each cohort is shown in Table 1-2. The 

sample sizes are quite large, indicating statistical strength. A list of variable descriptions 

created by the NCERDC is provided in Appendix A. An example of the data mining 

procedures followed for a cohort is shown in Appendix B. 

 

Table 1-2: Sample sizes of longitudinal datasets and the percentage of North Carolina students tracked from third to 

eighth grade (before exclusions, see Appendix B) 
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2.1.3 Data Analysis Assumptions 

We made the following assumptions in our analysis of the NCERDC data. 

1) We excluded records with duplicate identification numbers and records missing EOG 

test scores from each raw dataset for each grade level for each academic year (fewer 

than 5% of total records on average). 

2) If separate records were included to indicate that a student took a retest, in this 

analysis we only considered a student’s score on the original administration of the 

test, thus excluding all retest scores. We refer the reader to Appendix A and Chapter 2 

for a description of the state of North Carolina’s policy on retesting.  

3) Although there appear to be inconsistencies in the coding of the Limited English 

Proficiency (LEP) status variables, we found that excluding the LEP students 

adversely impacted our ethnicity distribution counts, thus these records were included 

in the analyses. We acknowledge that using standardized test scores may less 

accurately reflect mathematical proficiency for LEP students; however, the 

percentage of LEP students in each cohort is small (fewer than 4.5% of each dataset), 

and given the large sample sizes of the longitudinal datasets, their inclusion did not 

skew our results. 

4) In creating the longitudinal datasets, we excluded students who were retained in a 

grade. We evaluated students that moved with their respective cohort from third to 

eighth grade. Students retained in a grade may follow a different Markov chain and 

will be studied in future analyses. Further discussion of this model limitation is 

provided in Section 3.  
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5) After creating a longitudinal dataset for each cohort of students, we reviewed the 

sample sizes of each variable category within each cohort to determine if any 

additional exclusion was required. Due to small sample sizes, we excluded all 

learning disabled (LD) students and otherwise exceptional students. However, 

students identified as academically/intellectually gifted (AIG) were not excluded 

from subsequent analyses. Many of the other exceptional student variable categories 

had small sample sizes (n < 100 students), which could compromise the 

confidentiality requirements of the IRB and the NCERDC data use agreement.  

2.2 Descriptive Statistical Analysis 

 We hypothesize that performance on the EOG mathematics test may vary as a 

function of gender, ethnicity, socioeconomic status, and exceptionality status. To assess 

potential differences in the student attributes of interest, we conducted statistical hypothesis 

testing on select covariates to identify statistical differences in EOG mathematics 

achievement level scores among the various student populations. We calculated confidence 

intervals based on the Student’s t-distribution and conducted standard t-tests to compare 

population means. A full discussion of the statistical methods employed and the results from 

one cohort of students (2000-2005) on the gender, ethnicity, school lunch program, and AIG 

mathematics variables are presented in Appendix C. We chose this cohort because it was the 

last cohort that was unaffected by the changes made to the scale scores in 2006. We also 

calculated the correlation between the mathematics and reading comprehension test scores 

for this cohort.  
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 Select key results from the statistical hypothesis testing follow. We found that true 

statistical and practical differences exist between AIG and non-AIG students, where AIG 

students scored significantly higher than non-AIG students on the EOG mathematics test. 

Students that participate in a school lunch program scored significantly lower than those that 

do not. These findings for the AIG and school lunch program variables were consistent 

across all ten cohorts of students studied. As a result, separate Markov chains need to be 

developed for each of these types of students to further examine the differences in student 

performance on the EOG mathematics test over time.  

With regard to ethnicity and using the NCERDC variable names defined in Appendix 

A, Asian and White students scored significantly higher than all other ethnicities considered 

in this study, while Black students consistently scored lower. Given the smaller sample sizes 

of the Hispanic, American Indian, and Multi-Racial populations, it is difficult to accurately 

determine if differences amongst students of these ethnicities are statistically significant. 

However, of these three ethnic groups, Multi-Racial students scored the highest. Although 

statistically significant differences in mean achievement level scores were found amongst the 

ethnic groups, these differences did not necessarily translate into true differences in 

achievement level scores. For example, by eighth grade, the average achievement level score 

of students of all ethnicities exceeded 3.0, indicating proficiency. In contrast, in third grade, 

Black, Hispanic, and American Indian students scored less than 3.0, on average, indicating 

non-proficiency in third grade. Separate Markov chains of the ethnic groups will provide a 

more comprehensive perspective of the ethnicity differences.  
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Upon review of the gender differences, male students scored higher than female 

students across all grade levels. Although statistical differences were found, practically the 

population means were nearly equivalent. Specifically by the eighth grade the difference 

between average male and female achievement levels scores was nominal. Nevertheless, 

given the gender disparities in STEM interest and enrollment, it is interesting to review 

separate Markov chains of male and female performance to identify potential trends. As 

suspected, there is significant correlation between EOG mathematics test scale scores and 

EOG reading comprehension test scale scores. 

2.3 Markov Chain Formulation 

 Based on the findings from this statistical analysis, we present several Markov chains, 

one where we consider all types or categories of students to represent the trajectory of a 

‘typical’ student, and others where we examine the effects of gender, ethnicity, 

socioeconomic status, and AIG mathematics status on EOG mathematics test performance. 

Recall, a Markov chain is a discrete-time stochastic process that satisfies the Markov 

property. A stochastic process with the Markov property implies that a future state depends 

only on the present state of the system and not on past states (Howard 1960). This is 

consistent with the assumptions about the process of learning outlined in the learning theory 

literature that says that a student’s current state of cognition is independent of their collection 

of past knowledge (Smallwood 1971, Simon & Tzur 2004, Confrey & Maloney 2010). This 

is also consistent with North Carolina DPI testing protocol that states that students at higher 

achievement levels are assumed to have mastered the competencies and goals associated with 

the lower achievement levels (Public Schools of North Carolina 2006b). Further, a student’s 
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past performance on the EOG tests prior to the previous grade level is not used to evaluate 

their proficiency at the current grade level. Consequently, we assume the model satisfies the 

Markov property and we assume a Markovian order of one.  

 A state-transition diagram associated with a student’s movement between EOG 

achievement level scores is shown in Figure 1-1. This diagram shows the probabilities of the 

various movements between scores from the third to fourth grade for the pre-2006 aggregate 

cohort (full results are presented in Figure 1-2). In this context, we define the “state,” St, as a 

student’s EOG mathematics test achievement level score at the end of grade t. In the 

diagram, the nodes represent the states of the system and the arrows represent the possible 

movements in scores from one grade level to the next. For example, referring to Figure 1-1, a 

student that scores within achievement level I (state 1) in third grade will score within 

achievement level II (state 2) in fourth grade with probability 0.56. There is evidence of 

movement between all states in the data; therefore, we consider all possible movements 

without constraint. The objective is to calculate the probability that a student will score 

within achievement levels III or IV by eighth grade. North Carolina students that score 

within levels III or IV are classified as “proficient” in mathematics and we associate a 

student’s proficiency with their preparation for higher level STEM coursework in high school 

and beyond.  
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Figure 1-1: Markov chain state-transition diagram (As an example, the one-step transition probabilities from the 

third to fourth grade are labeled) 

 

The structure and notation of the model is defined as follows. As mentioned 

previously, the states correspond to a student’s EOG mathematics test achievement level 

score at the end of grade t, where St: {I, II, III, IV} ~ {1, 2, 3, 4}. The set of discrete time 

intervals are defined by T: {0, 1, 2, 3, 4, 5} and represent the grade levels in which the EOG 

mathematics tests are administered, where elements of T are denoted by t and t = 0 represents 

the third grade. The one-step transition probabilities, Pt = [pij(t)], are the set of conditional 

probabilities that specify the likelihood of a transition from state i to state j from time period t 

to t + 1, where ∑ ������ = 1 ∀ ���
� . In other words, given that a student performs at 

achievement level i at time t, the student will perform at achievement level j at time t +1 with 
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probability pij(t). Longitudinal EOG mathematics test achievement level scores were used to 

calculate the various probabilities of movement from one achievement level to another. Let  

pij(t) = nij(t)/ni(t) 

where nij(t) = the number of students in state i at grade level t and state j at grade level t + 1, 

and ni(t) = the total number of students in state i in grade level t. Using the Chapman-

Kolmogorov equations, we calculate the multi-step transition probabilities to forecast student 

performance in eighth grade given a specific level of achievement in third grade (i.e., five 

“steps”/grades into the future). 

There are several model assumptions. First, we assume classification into an 

achievement level is sufficient to represent a student’s mathematical performance. Second, as 

discussed previously, we assume this stochastic process satisfies the Markov property. A 

student’s achievement level in period t + 1 is assumed to be related to their current 

achievement level in period t, but is independent of past levels. Third, we assume period t = 0 

corresponds to the third grade. Students are not pre-classified into an achievement level prior 

to third grade, thus the first EOG mathematics test data point is collected in third grade. 

According to the Markov property, the time between transitions is constant.  

For the Markov chain of a typical student, we calculated the one-step transition 

probability matrices for each grade level for each of the ten cohorts of students (see 

Appendix D). Due to the changes in the scale scores implemented in 2006, we performed two 

separate analyses: one prior to 2006 and another from 2006 to 2009.  
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1.) Pre-2006 Analysis 

Six cohorts were considered in the pre-2006 analysis: the 1995-2000, 1996-2001, 1997-2002, 

1998-2003, 1999-2004, and 2000-2005 cohorts. First, for each of the aforementioned cohorts, 

we calculated the one-step transition probability matrices for each grade level (see Appendix 

D). Next, we created an aggregate cohort in an effort to create one transition probability 

matrix per grade level for use in the Markov chain. We combined the six longitudinal 

datasets from the cohorts to create one large sample (n = 338,080 student records) and 

recalculated the one-step transition probability matrices for each grade level. In this analysis, 

we seek to represent the performance of a typical student on the EOG mathematics test, thus, 

we created the aggregate cohort to minimize any potential cohort effects.  

2.) 2006-2009 Analysis (Post-2006 Analysis) 

Four cohorts were considered in the post-2006 analysis: the 2001-2006, 2002-2007, 2003-

2008, and 2004-2009 cohorts. As in the previous analysis, for each cohort we calculated the 

one-step transition probability matrices for each grade level (see Appendix D). The changes 

to the scale scores on the EOG mathematics test occurred during the 2005-2006 academic 

year. In that year, the transition probability matrices are inconsistent and may not be 

representative of actual transitions in test performance. Per the North Carolina DPI, 

longitudinal comparisons before 2006 and afterward are not advised (Public Schools of North 

Carolina 2011b). As a result, we had to omit various matrices from the aggregate cohort. Due 

to the stepwise nature of the longitudinal data and given that the 2009 scores were the most 

recent year of data available at the time of this study; we were unable to calculate transition 
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probability matrices for the transition from third grade to fourth grade and the transition from 

fourth grade to fifth grade.  

3. Results and Discussion 

3.1 Markov Chain of a Typical Student 

 The one-step transition probability matrices for a typical student from the aggregate 

cohorts are shown in Figure 1-2. For example, in the first matrix of the pre-2006 cohort, a 

typical student that scores within achievement level I in third grade will advance to 

achievement level II in fourth grade with probability 0.56 as shown in the shaded cell.  
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Figure 1-2: Pre-2006 and post-2006 one-step transition probability matrices for a typical student 

  

By the Chapman-Kolmogorov equations, the five-step transition probabilities for the 

pre-2006 cohort are shown in Figure 1-3. These could not be computed for the post-2006 

cohort due to the missing third to fourth grade and fourth to fifth grade one-step transition 

probability matrices. Instead, we compared the three-step transition probabilities for fifth to 

eighth grade from the pre-2006 cohort to the post-2006 cohort and these results are shown in 

Figure 1-4.  
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Figure 1-3: Pre-2006 five-step transition probabilities for a typical student 

 
 

 

Figure 1-4: Pre-2006 and post-2006 three-step transition probability matrices for a typical student 

 

3.1.1 Classification of States 

 Referring to Figure 1-2, for each grade level in the pre-2006 aggregate cohort, all 

one-step transition probabilities are non-zero. Thus, the states of the Markov process all 

communicate with each other. The states of the communicating class are all positive 

recurrent and aperiodic, thus the Markov chain is ergodic. The same can be said for the fifth 

to sixth grade and seventh to eighth grade Markov processes in the post-2006 cohort. In the 

post-2006 sixth to seventh grade Markov process, no students made the transition from 
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achievement level IV to achievement level I in one step; however, state 1 is accessible from 

state 4 via states 2 or 3.  

3.1.2 Discussion of a Typical Student’s Performance Trajectory 

 For the pre-2006 cohort, the one-step transition probabilities are non-stationary, in 

that the probability of a transition depends on time period t. This finding provides evidence 

that the acquisition of knowledge is a cumulative process, and that falling behind in 

mathematics will affect a student’s future level of proficiency. As shown in the pre-2006 

cohort matrices in Figure 1-2, although the transition probability matrices differ statistically 

by grade level, they have some similar characteristics. For all grade level transitions, there is 

only a 1% chance that a student that scores within achievement level I will score within 

achievement level IV in the following grade. The likelihood improves for a transition from 

achievement level I to III in all grade levels, with the highest probability occurring in the 

seventh to eighth grade transition (24.5%) and the lowest occurring in the fourth to fifth 

grade transition (14.6%). Students who score within achievement level II have a significant 

chance of improving their score to a level III within one grade level, but are unlikely to score 

a level IV (~3%). Across all grade level transitions, students who score a level III are likely 

to score a level III in the following grade level, ranging from 57.1% in the fourth to fifth 

grade transition to 68.6% in the fifth to sixth. Students who score a level III may improve to a 

level IV, with the highest chance occurring in the fourth to fifth grade transition at 34.6%. It 

is possible for a student who scores a level III to regress to a level II in the next grade and 

this probability increases over time, where 12.8% of eighth grade students will fall out of the 

“proficient” zone. Students who score within achievement level IV in any grade level are 
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most likely to remain in achievement level IV in the next grade, thus demonstrating the 

highest level of proficiency in mathematics. There is a 16.5% chance that a fourth grade 

student who scores within achievement level IV in third grade will regress to a level III and 

this probability fluctuates between 9% and 14% for subsequent grade level transitions. It is 

unlikely (< 1%) that a student who scores a level IV will regress to a level I or II within one 

grade level. 

Referring to Figure 1-2, as is the case in the pre-2006 cohort, the post-2006 cohort 

one-step transition probability matrices are non-stationary and share some similar 

characteristics. Students that score a I are most likely to remain within achievement level I in 

the sixth to seventh grade transition (43.2%). Students that score a II are likely to score a II in 

the next grade or may advance to achievement level III, with the highest probability of 

occurrence in eighth grade at 41%. For all grade level transitions, students that score a III are 

almost equally likely to advance to a IV or regress to a II (12.1%-16.5%), but approximately 

70% of the time they will remain at achievement level III in the next grade level. Students 

that score within achievement level IV in all grade levels are likely to remain in achievement 

level IV (77.4%-81.6% of the time) but will regress to a III approximately 20% of the time. It 

is most unlikely (< 1%) that a student who scores a IV will regress to a I or II within one 

grade level. 

The one-step transition probability matrices of the pre-2006 cohort are significantly 

different from those of the post-2006 cohort for all grade levels. This suggests that the 

changes made to the scale scores in 2006 had a significant impact on how students were 

labeled within the North Carolina Accountability System. Upon review of the fifth to sixth 
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grade transition probability matrices in Figure 1-2, a student that scores within achievement 

level I in fifth grade will stay within achievement level I in sixth grade with a greater 

probability in the post-2006 cohort (35.2%) than in the pre-2006 cohort (20.1%); however, 

both cohorts have a similar probability that a student will advance to achievement level II in 

sixth grade, with probabilities of 56.0% in the pre-2006 cohort and 56.8% in the post-2006 

cohort. In the post-2006 cohort, there is only an 8% chance that a fifth grade student that 

scores a I will improve their score to a III in sixth grade as opposed to a 23.3% chance of that 

occurring in the pre-2006 cohort. In the post-2006 cohort, for fifth grade students that score 

within achievement level II, over half of them will score a II in sixth grade (53.9%), but 

fewer will advance to a III than in the pre-2006 cohort (34.8% vs. 53.0%). The transition 

probabilities for fifth grade students that score within achievement level III are similar pre- 

and post-2006, with a slight increase in the probability of regressing to achievement level II 

found in the post-2006 cohort (14% vs. 9.3%). Fifth grade students who score a IV are 

unlikely to transition to a I or II in both the pre- and post-2006 cohorts, with a combined 

probability of such an event at less than 1% for both analyses. Similar trend statements can 

be made upon comparing the sixth to seventh grade transitions and the seventh to eighth 

grade transitions from the pre- and post-2006 cohorts.   

3.1.3 Proficiency of a Typical Student by the Eighth Grade 

 Recall that the state of North Carolina classifies students that score within 

achievement levels III or IV on the EOG mathematics test as “proficient” in mathematics. 

The probabilities that a typical student will end up as “proficient” by eighth grade as 

classified by their initial third grade score is shown in the grey shaded column of Figure 1-3 
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for the pre-2006 cohort. For example, prior to 2006 a third grade student that scored within 

achievement level I had an 81.2% chance of advancing to achievement levels III or IV by 

eighth grade. As shown in Figure 1-4, the changes to the scale scores in 2006 had an impact 

on the percentage of “proficient” students by eighth grade. A fifth grade student that scores 

within achievement level I has a 68.3% chance of advancing to achievement levels III or IV 

by eighth grade in the pre-2006 cohort, but only a 48.6% chance of advancing in the post-

2006 cohort. This likelihood increases to 76.1% for pre-2006 fifth grade students that score 

within achievement level II, and to 61.3% for students in the post-2006 cohort. In both the 

pre- and post-2006 cohorts, fifth grade students that score within the “proficiency” threshold 

are unlikely to regress to a I or II by eighth grade. The division between “proficient” and 

“non-proficient” students is more pronounced in the post-2006 cohort than in the pre-2006 

cohort. In the post-2006 cohort, students that start in achievement levels I or II have more 

difficulty advancing into the “proficient” zone and this difficulty may propagate over time.  

To validate these results, Figure 1-5 shows the percentage of “proficient” students on 

the eighth grade EOG mathematics test for all ten cohorts studied. Note the effects of the 

changes to the EOG scale scores in 2006. These results are in line with the probabilities of 

proficiency calculated in Figure 1-3 and Figure 1-4. Table 1-3 shows the state-wide EOG 

proficiency results reported by the North Carolina DPI for the years included in this study 

(Public Schools of North Carolina 2011h). 
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Figure 1-5: Percentage of “proficient” students on the eighth grade EOG mathematics test in the longitudinal 

datasets created from NCERDC data 

 

Table 1-3: 1995-2010 percentage of “proficient” students on the original administration of the EOG mathematics test 

by grade level reported by the North Carolina DPI, no retests (Public Schools of North Carolina 2011h) 
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We present a few theories regarding why these results, in general, appear to be 

favorable. First, the longitudinal datasets we created from the NCERDC data contain students 

that could be tracked from third grade to eighth grade. Students retained in a grade were 

dropped as their respective identification numbers would not appear in the subsequent grade 

level (i.e., a student retained in third grade in 2000 would not appear in the fourth grade 

dataset from 2001). As a result, our longitudinal datasets could exclude a batch of potentially 

poor scores and admittedly only the “best of the best” students would appear in the eighth 

grade dataset. Upon review of the “Difference” column in Table 1-3, the effect of this 

limitation of our model can be assessed. The largest difference in the percentage of eighth 

grade proficiency between our longitudinal datasets and the state reported results occurs in 

2005-06, with a delta of 6.1%. This could be related to the change in the test that occurred in 

that year. In total, the average potential overstatement of proficiency by our datasets is 

4.98%. In relation to the preceding discussion regarding the exclusion of retained students, 

we argue that 4.98% is within a margin of error that is sufficient for us to conclude that the 

longitudinal datasets and subsequent model can produce meaningful results.  

Another theory to explain the favorability of these results is with regard to the 

assessment instrument itself, the EOG test. In reference to Figure 1-5, notice how the total 

percentage of proficient eighth grade students increases over time prior to the 2006 changes 

to the EOG scale scores and again after the 2006 change. This could be a result of “exam 

creep” in that the EOG test is overstating the number of students that are proficient in 

mathematics. Incidentally, it may be that the state of North Carolina’s definition of 

“proficiency” overestimates the actual capabilities of students in the public school system 
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with respect to preparation for more advanced mathematics. These results contrast with 

national reports of eighth grade proficiency in mathematics (National Center for Education 

Statistics 2006, National Research Council 2011). Or perhaps, compared to other states, 

North Carolina is doing a better job of teaching mathematics. 

3.2 Markov Chains Based on Demographic Factors 

 The descriptive statistical analysis previously discussed was performed on the 2000-

2005 cohort, thus the following Markov chains were calculated using the longitudinal dataset 

from that cohort. 

3.2.1 Gender 

 The one-step transition probability matrices by gender for the 2000-2005 cohort are 

shown in Appendix E. The five-step transition probabilities are shown in Figure 1-6. 

 

Figure 1-6: 2000-2005 cohort – Five-step transition probability matrices by gender 

 

From a practical standpoint, the female and male one-step transition probability matrices are 

similar. A few differences worth noting occur in the one-step transitions from achievement 

level I. Female students that score within achievement level I in sixth grade are more likely 

to advance to achievement level II in seventh grade than their male counterparts (57.7% vs. 

50.0%), but are less likely to advance to achievement level III (18.3% vs. 30.5%). The 
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opposite is true for the transition from achievement level I in the seventh to eighth grade. In 

seventh grade, female students that score within achievement level I are less likely to 

advance to a II in eighth grade than male students (40.7% vs. 51.5%), but are more inclined 

to advance to a III (30.9% vs. 22.9%). The five-step transition probabilities in Figure 1-6 

reveal that female and male students are practically equally likely to end up as “proficient” 

by eighth grade given each initial third grade score. 

3.2.2 Ethnicity 

 The one-step transition probability matrices by ethnicity for the 2000-2005 cohort are 

shown in Appendix E. The five-step transition probabilities are shown in Figure 1-7.  

 

Figure 1-7: 2000-2005 cohort – Five-step transition probability matrices by ethnicity 

 

Upon review of the one-step transition probabilities, a number of conclusions can be made 

about the differences in the probabilistic movements of students from the various ethnic 

groups. We present a few results here. With a few exceptions, Black students that score 

within achievement levels I or II are more likely to stay within these respective achievement 

levels in the following grade than all other ethnicities. Although the sample sizes are 
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somewhat small, Multi-Racial students have the highest probability of advancing from a II to 

a III in middle school (60.5% in sixth to seventh grade and 60.0% in seventh to eighth grade). 

For all ethnicities, the highest probability of regressing from a III to a II occurs in the sixth to 

seventh grade transition, where Black students have the highest probability at 19.4% and 

Asian students have the lowest probability at 7.8%. Regressing from a III or IV to a I is a rare 

occurrence (< 1.5%) for all ethnic groups, but is higher than the “typical student” results. 

Across all grade level transitions, Asian students that score a IV are most likely to remain a 

IV in the following grade. The five-step transition probabilities in Figure 1-7 show that Black 

and American Indian students that score within achievement level I in third grade have the 

lowest probabilities of advancing to levels III or IV by eighth grade at 77.9% and 83.7%, 

respectively. Asian and White students that score within achievement levels I or II in third 

grade have the highest probabilities of advancing to “proficiency” by eighth grade. For all 

third grade scores, Asian and White students have practically the same probabilities of 

advancing to “proficiency” by eighth grade. There is also parity between Multi-Racial and 

Hispanic students. 

3.2.3 Participation in a School Lunch Program 

 The one-step transition probability matrices by participation in a school lunch 

assistance program for the 2000-2005 cohort are shown in Appendix E. The five-step 

transition probabilities are shown in Figure 1-8.  
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Figure 1-8: 2000-2005 cohort – Five-step transition probability matrices by participation in a school lunch program 

 

From the statistical analysis, we know that students in the 2000-2005 cohort that participated 

in the free or reduced price lunch program scored lower on average than those students that 

did not participate in a school lunch assistance program. These results are confirmed by the 

one-step transition probability matrices. For example, in the third to fourth grade transition, 

31.2% of free lunch students score within achievement levels I or II in third grade as opposed 

to only 11.1% of full pay students. Across all grade level transitions, free lunch students that 

score within achievement level II are the most likely to stay in achievement level II in the 

following grade. Free lunch students that score a III are less likely to advance to a IV than 

full pay students, and are more likely to regress to a II. The likelihood of a free lunch student 

regressing from a III to a II roughly increases over time, with the highest instances occurring 

at the sixth to seventh (18.0%) and seventh to eighth grade transitions (16.7%). 

Comparatively, full pay students are nearly half as likely to regress from a III to a II in the 

transition from sixth to seventh grade, at 9.5%. The five-step transition probabilities in Figure 

1-8 also reveal that free lunch students are less likely to be “proficient” by eighth grade. Note 

that these are pre-2006 scores so these disparities are likely to be worse following the scoring 

changes made in 2006. 
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3.2.4 AIG Mathematics Students 

 The one-step transition probability matrices by AIG mathematics status for the 2000-

2005 cohort are shown in Appendix E. The five-step transition probabilities for non-AIG 

mathematics students are shown in Figure 1-9. Note, we were unable to calculate the five-

step transition probabilities for the AIG mathematics students. As shown in Figure E-4, no 

AIG mathematics students scored within achievement level I in grades 4-7 and no AIG 

mathematics students scored within achievement level II in grades 5-6. As a result, 

transitions from these levels could not be tracked and subsequent calculations of the n-step 

transition probabilities could not be computed.  

 

Figure 1-9: 2000-2005 cohort – Five-step transition probability matrices by AIG mathematics status 

 

Although it is difficult to draw conclusions from the results of the AIG mathematics students, 

it is safe to assume that very few students that are classified as AIG in mathematics will score 

a I or a II on the EOG mathematics test beyond third grade. In fact, upon inspection of the 

frequency counts, the majority of AIG students score within achievement level IV on the test 

each year. For each grade level transition in the one-step transition probability matrices, AIG 
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students that score a IV never regress to a I or II. They regress to a III approximately 1% of 

the time, with the exception of the third to fourth grade transition where a retreat to 

achievement level III occurs for 6.4% of AIG students. Non-AIG students from the 2000-

2005 cohort follow similar trends to those students included in the pre-2006 aggregate 

cohort. Figure 1-9 confirms that most non-AIG students will be “proficient” by the eighth 

grade. 

4. Conclusions 

4.1 Summary 

 In summary, to represent student performance in mathematics over time, we: (1) 

longitudinally track EOG mathematics test achievement level scores of various cohorts of 

students from third to eighth grade and probabilistically characterize the movement of 

students’ scores from one grade level to the next; (2) conduct a descriptive statistical analysis 

of one cohort of students to identify demographic factors that affect performance; and (3) 

develop Markovian models of student performance and use these models to estimate a 

student’s proficiency in mathematics by eighth grade.  

From the statistical analysis we find that performance on the EOG mathematics test 

differs significantly by a student’s ethnicity, AIG mathematics classification, and 

socioeconomic status, as indicated by their participation in a school lunch assistance 

program. Although statistical differences in female and male achievement level scores exist, 

practically their assessment outcomes are the same. This is confirmed by the gender specific 

transition probability matrices of female and male students. 
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The aggregate Markov chains offer a broad viewpoint of a typical student’s 

performance on the EOG mathematics test. The transition probability matrices of the pre- and 

post-2006 cohorts are significantly different, highlighting the impacts of the changes made to 

the EOG mathematics test scale scores in 2006. For both the pre- and post-2006 aggregate 

cohorts, the one-step transition probabilities are non-stationary indicating that performance in 

mathematics depends on the grade level. This result supports the belief that the acquisition of 

mathematical knowledge is a cumulative and sequential process. A solid foundation in 

mathematics in early education is critical to a student’s success in higher level science and 

mathematics coursework. The Markov chains based on the demographic factors provide a 

more in depth view of the performance of one cohort of students, but exhibit similar overall 

trends to those of the aggregate model. For all demographic factors considered, we observe 

that the probability of falling out of the “proficiency” threshold is the highest in the sixth to 

seventh and seventh to eighth grade transitions. This result emphasizes the importance of a 

student’s transition from general arithmetic to algebraic thinking in middle school. 

Surmounting this gateway is critical to a student’s successful trajectory along the STEM 

pipeline (Loveless 2008). 

The Markov chains presented herein provide new insights into modeling student 

performance that existing quantitative and qualitative models do not. In this paper, we model 

elementary and middle school students’ performance in mathematics as a stochastic process 

to evaluate their proficiency in the discipline. Previous studies involving North Carolina 

EOG assessment data have not examined transitions between achievement level scores in this 

way. Value-added models provide a static representation of student performance based on 
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regression techniques, whereas the Markov chain model lays the foundation for future work 

where we can dynamically optimize decisions about an individual student’s education. 

Education policy makers can use the transition probability matrices of the Markov chain to 

further their understanding of a student’s progression of performance in mathematics over 

time, enabling them to forecast individual elementary students’ success in higher level 

mathematics coursework. Many research studies link high school performance to STEM 

enrollment in college; we characterize the evolution of performance in mathematics in 

primary education, a critical time period where a student’s foundation of mathematical 

understanding is developed. We propose that the results of the Markov chain model could 

inform existing models that link high school course taking to STEM degree attainment. 

4.2 Limitations and Future Work 

 This research has raised a number of questions that warrant further study. Using the 

NCERDC EOC exam scores, we plan to link students’ scores in Algebra I, Algebra II, and 

Geometry to their EOG results to evaluate if EOG “proficiency” equates to success in higher 

level mathematics courses. This could serve to validate the state of North Carolina’s 

definition of “proficiency.” We acknowledge that excluding students that were retained in a 

grade could bias the results. By tracking students that were retained in a grade separately, we 

will assess how retention impacts future performance on the EOG mathematics test.  

The Markov chain models presented here describe a student’s performance in 

mathematics over time as measured by the standardized EOG mathematics test in North 

Carolina. Although standardized testing is used across the country to establish accountability 

standards for public education, critics admonish the propensity for educators to have to 
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“teach to the test” without the flexibility to cover select topics in greater depth (K12 

Academics 2011). We have assumed that performance on a standardized test is an indicator 

of a student’s cognition and learning. In reality, a student’s internal intellectual condition can 

never be known with certainty and a standardized test may not be the best method for 

ascertaining information about a student’s true state of knowledge. We plan to extend this 

work by introducing control features to develop Markov decision process models where the 

states are completely observable and partially observable (Howard 1960, Monahan 1982). 

We recommend that these types of models be used as a baseline by which to measure the 

effectiveness of various curricular and teaching interventions in North Carolina. In addition, 

they can be used to compare the results of EVAAS decisions (i.e., enrolling students in 

Algebra I with a 70 percent EVAAS calculated probability of passing) to the optimal 

decision strategy (Hui & Goldsmith 2012). 
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Chapter 2 - Characterizing Student Performance in Mathematics: An Application of a 

Markov Decision Process to an Education System 

1. Introduction 

Transforming Science, Technology, Engineering, and Mathematics (STEM) 

education in the United States K-12 system is at the forefront of the education reform 

conversation (National Research Council 2011). In the United States, occupations in STEM 

fields are expected to increase by 17.0% from 2008 to 2018, as compared to 9.8 percent in 

non-STEM professions (Economics & Statistics Administration 2011). Education reformers 

cite the importance of “constructing a strong, coordinated STEM education system” to 

prepare students for STEM careers (National Science Board 2007, pg. 1). Of particular 

emphasis is the need to ‘vertically’ align STEM learning such that young students build a 

solid foundation of mathematical knowledge (National Science Board 2007, Common Core 

Standards 2010). 

To examine a method for optimizing the vertical alignment of STEM learning, we 

model the sequential process of learning mathematics over time and use a Markov Decision 

Process (MDP) to identify optimal intervention strategies. Specifically, we model student 

performance on the North Carolina End-of-Grade (EOG) mathematics test, administered 

annually to public school students in grades 3-8, and evaluate the utility of administering 

retests of the exam. The underlying Markov chain of the MDP characterizes the evolution of 

performance in mathematics in primary education when a student’s foundation of 

mathematical understanding is developed. The control features of the MDP offer an optimal 

decision policy for administering the retests. The model provides a framework for making 
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sequential decisions about an individual student’s education and has the potential to assist 

education administrators in optimally allocating valuable resources, such as teacher labor. 

Although the purpose of this study is to recommend an optimal decision structure for the 

administration of retests on a standardized exam, the framework presented can be used to 

assess other educational interventions, such as curriculum changes or the impacts of remedial 

efforts.  

1.1 Background 

1.1.1 United States STEM Education System 

Many reports have documented deficiencies in the current United States K-12 STEM 

education system. The National Academies Press’ 2007 Rising Above the Gathering Storm 

report cites the following statistics to motivate this research, “Fewer than one-third of US 

eighth grade students performed at or above a level called ‘proficient’ in 

mathematics…Alarmingly, about one-fifth of the fourth graders and one-third of the eighth 

graders lacked the competence to perform even basic mathematical computations” (National 

Center for Education Statistics 2006). Citing Schmidt (2011), the National Research Council 

states that “three quarters of eighth graders still enter high school not having reached the 

proficient level” (National Research Council 2011, pg. 19). In an effort to advance students’ 

proficiency in STEM disciplines, the federal government spent over $3.4 billion in STEM 

education initiatives in 2010, which does not account for state and local STEM education 

expenditures (National Science and Technology Council 2011). Although mathematics is one 

pillar of STEM education, it is arguably the most important because its concepts and 
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methodologies pervade all science, technology, and engineering disciplines (National 

Research Council 2001).  

In the National Science Board’s 2007 action plan for STEM education, the Board 

identified two specific challenges that need to be addressed (National Science Board 2007). 

First, STEM education is not aligned “horizontally,” i.e., mathematics standards and course 

sequences vary from state to state. In this regard, North Carolina recently adopted the 

Common Core State Standards, a set of mathematics standards that emphasize a consistent 

progression of learning across grade levels (Common Core Standards 2010). Second, there is 

“little or no (vertical) alignment of STEM learning during students’ progression through 

school. Students do not always obtain a mastery of key concepts at the elementary and 

middle school levels, thus limiting academic success at the high school level” (National 

Science Board 2007, pg. 5). Mathematics, in particular, is learned incrementally and concepts 

are highly sequential in nature (President’s Council of Advisors on Science and Technology 

2010, pg. 17). As many mathematics educators will attest, learning interventions in high 

school are far too late to impact a student’s mathematics performance trajectory (National 

Research Council 2001). As a result, the focus of this paper is on mathematics competency in 

the elementary and middle grades. 

1.1.2 The North Carolina Public School System 

The North Carolina public school system consists of 115 school districts serving 

nearly 1.4 million students per year and is home to the 16th and 18th largest public school 

districts in the country (Public Schools of North Carolina 2009a, Wake County Public School 

System 2011, Proximity 2011). Integral to the state’s assessment and accountability system 
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are the state-mandated EOG tests in mathematics and reading comprehension. These 

standardized, multiple choice exams are administered annually in grades 3-8 and “are 

designed to measure student performance on the goals, objectives and grade-level 

competencies” outlined in the statewide K-12 curriculum (Public Schools of North Carolina 

2011b, 2011g). A student’s raw score on an EOG test is converted into a scale score which 

falls into one of four categories known as achievement levels. A description of the respective 

achievement levels was presented in Table 1-1. The achievement levels provide a metric for 

comparing the relative performance of North Carolina public school students. A student 

whose scale score falls within achievement levels III or IV is defined as “proficient” by the 

state, which means that the student consistently performs at or above grade-level 

expectations (Public Schools of North Carolina 2006a). We refer the reader to the following 

resources for additional information on the EOG test development process and data on the 

test’s reliability and validity: Sanford (1996), Public Schools of North Carolina (1999), 

Public Schools of North Carolina (2011f), and Public Schools of North Carolina (2011g).  

Since 2001 the North Carolina Department of Public Instruction (DPI) has considered 

grades 3, 5, and 8 as “gateways” for promotion decisions (Public Schools of North Carolina 

2006d). Students in these grade levels were required to score at or above achievement level 

III on the EOG mathematics test to demonstrate grade level proficiency. If they failed to do 

so, various “safeguards” including retesting and/or other formal evaluation procedures were 

implemented (Public Schools of North Carolina 2006a). In 2009, the State Board of 

Education implemented a new policy on retesting. All public school students in grades 3-8 

that score within achievement level II on the EOG mathematics test must be administered a 
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retest, and those students that score within achievement level I may opt-in to retest (Public 

Schools of North Carolina 2009b). As a result, over 24,000 third grade students (~22%) were 

administered at least one mathematics retest in 2009 compared to only 13,000 (~13%) in 

2008. In this study we consider the administration of a retest as a control action in the MDP; 

allowing us to evaluate the policy change enacted in 2009.  

1.2 Objectives 

The objectives of the research conducted in this chapter are to: 

• Introduce an optimal control system, an MDP, in the context of primary education 

and describe the benefits of this approach relative to other modeling techniques. 

• Develop an MDP model of student performance on the EOG mathematics test to 

determine an optimal policy for the administration of retests and investigate the 

structural properties of the model. 

• Conduct a preliminary sensitivity analysis to explore the impacts of modifications to 

the cost structure of the MDP model. 

The remainder of this paper is organized as follows. In the rest of Section 1 we present a 

review of relevant literature. We describe the formulation of the MDP model in Section 2 and 

present a numerical example of the model using data from the North Carolina public school 

system in Section 3. In Section 4 we provide a set of optimal decision policies, a preliminary 

examination of the structural properties of the model, and the results of the sensitivity 

analysis on the cost estimates. We discuss conclusions, the limitations of the model, and 

areas of future work in Section 5. 
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1.3 Relevant Literature 

Much of the literature on learning theory and learning models comes from research 

conducted in psychology and education. Many of these models are conceptual (Simon 1995, 

Simon & Tzur 2004, Confrey et al. 2009) or statistical and thus purely descriptive (Tyson et 

al. 2007, McCaffrey et al. 2004, Tekwe et al. 2004, Ballou et al. 2004). Many of the findings 

rely on anecdotal evidence based on small sample sizes, making it difficult to generalize the 

results to a larger population (Perdikaris 1992, Voskoglou 2009). In this review, we explore 

the application of Markovian models to education systems. 

1.3.1 Statistical Models of Education Systems 

As a result of the No Child Left Behind (NCLB) Act of 2001, states are required to 

administer annual standardized tests to show that students are making ‘Adequate Yearly 

Progress’ toward the state’s performance goals (US Department of Education 2012). In 

response to NCLB and given the increased availability of longitudinal test data, researchers 

have developed statistical models to track student progress on standardized tests 

(Raudenbush & Byrk 2002, McCaffrey et al. 2004, Tekwe et al. 2004, Ballou et al. 2004). 

The North Carolina DPI has adopted the Education Value-Added Assessment System 

(EVAAS), a statistical modeling package available from SAS, to measure the impacts of a 

student’s education on their performance outcomes (SAS EVAAS 2012, Public Schools of 

North Carolina 2012a). EVAAS longitudinally tracks individual student performance on 

EOG tests and measures the student’s year-to-year gain in knowledge (Wright et al. 2010). 

EVAAS uses several statistical modeling techniques; the one most relevant to this research is 

the Analysis of Covariance (ANCOVA) model used to predict student success probabilities 
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on future academic milestones, such as future EOG tests or the SAT (Wright et al. 2010). In 

comparison, in Chapter 1 we used Markov chain models to forecast a student’s likelihood of 

success on the EOG test in eighth grade given their level of achievement on the exam in the 

third grade. An ANCOVA is essentially a regression analysis, thus, the model’s ability to 

forecast behavior beyond the next immediate time period is limited. The MDP model, in 

contrast, will provide long-term estimates of performance probabilities. The model can also 

serve to evaluate standards set as a result of EVAAS predictions, such as Wake County’s 

decision to place students in Algebra I in middle school if EVAAS indicates a 70% 

probability of their success, and identify optimal intervention strategies (Hui & Goldsmith 

2012). In general, EVAAS and other value-added models provide a static representation of 

student performance based on regression techniques, whereas the MDP will potentially allow 

us to dynamically optimize decisions regarding a student’s education.   

1.3.2 Markov Chains in Education Modeling 

Upon review of the existing literature, we found few examples of the use of Markov 

chains to model teaching and learning in K-12 education. Perdikaris (1992) used a Markov 

chain to model mathematics teachers’ decision making and their process of inquiry in the 

classroom. The focus of Perdikaris (1992) was modeling the behavior of two teachers 

whereas our objective is to model student performance. McFarland (2006) used a Markov 

model to analyze the flow patterns of mathematics course taking in two high schools; he did 

not consider a student’s mathematical knowledge collected prior to entering high school, 

which is the focus of this paper. Markov chains have been used to model various aspects of 

teaching and learning theory at the undergraduate level. Some examples include Shah & 
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Burke (1999), Klingbeil et al. (2005), Fam et al. (2006), Pinar-Yildirim et al. (2007), and 

Voskoglou (2009).  

To the best of our knowledge, Markov chain models of the primary education system 

(K-8) do not exist. Three challenges persist upon review of existing Markov chain literature 

as applied to education systems: defining mutually exclusive states, describing how the states 

change over time according to the time-dependent probability distributions, and ensuring 

access to statistically significant sample sizes. Furthermore, Markov chains do not offer 

decision makers the control features inherent to MDPs. We aim to extend this stream of 

research by not only creating a Markov chain model of the primary education system, but 

also by incorporating actions and rewards into the model.  

1.3.3 Applications of Markov Decision Process Models 

MDP models have been applied in a variety of research areas such as machine 

maintenance, machine learning, behavioral ecology, marketing, and medical decision making 

(Smallwood & Sondik 1973, Rosenfeld 1976, Jaakkola et al. 1995, Littman et al. 1995, 

Cassandra et al. 1996, Hu et al. 1996, Hauskrecht & Fraser 2000, Alagoz et al. 2004, Maillart 

et al. 2008, Chhatwal et al. 2010). Chhatwal et al. (2010) used an MDP to determine an 

optimal policy for making breast biopsy decisions, where the states of the model were 

described by a patient’s breast cancer risk score. Although the context is different, we 

similarly map a student’s test score in one time period to their score in the next and overlay 

control. The aforementioned papers provide examples of sequential decision making models 

in uncertain environments; however their state space is tied to a physical process (a machine) 

or a human system in the case of medical decision making models. Our model will introduce 
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an added layer of complexity by capturing human cognition in the state space, namely how a 

student performs in mathematics over time. To the best of our knowledge MDPs have not 

been applied to K-12 education systems.  

1.3.4 Summary of Relevant Literature Reviewed 

Models of the undergraduate engineering education system have emerged in the past 

decade (Shah & Burke 1999, Klingbeil et al. 2005, Pinar-Yildirim et al. 2007); however it 

appears that Markovian models of the K-12 education system do not exist. In our review of 

prior research, we have found no evidence of MDP models in modeling consecutive years of 

a child’s learning process. Prior works have used Markov chains to describe the progression 

of learning but have not tried to control this progression optimally (Stevens et al. 2005, 

Voskoglou 2009). Although rigorous formulations of MDP models exist in the domains of 

machine maintenance, machine learning, and medical decision making, none of these involve 

an analysis of human cognition. We acknowledge the inherent challenges in applying this 

class of models to the complex issues found in education systems, but advocate that 

quantitative models for measuring student performance are necessary and lacking. To the 

best of our knowledge, this is one of the first large-scale stochastic optimization models 

employed in K-12 education research.  

2. Methods 

2.1 Markov Decision Process Formulation 

We formulate a discrete-time, finite horizon MDP to characterize student 

performance on the EOG mathematics test over time. The underlying Markov chain is a 

discrete-time stochastic process that satisfies the Markov property. A stochastic process with 
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the Markov property implies that a future state depends only on the present state of the 

system and not on past states (Howard 1960). This is consistent with the assumptions about 

the process of learning outlined in the learning theory literature that says that a student’s 

current state of cognition is independent of their collection of past knowledge (Smallwood 

1971, Simon & Tzur 2004, Confrey & Maloney 2010). This is also consistent with North 

Carolina DPI testing protocol that states that students at higher achievement levels are 

assumed to have mastered the competencies and goals associated with the lower achievement 

levels (Public Schools of North Carolina 2006b). Further, a student’s past performances on 

the EOG tests beyond the previous grade level are not used to evaluate their proficiency at 

the current grade level. Consequently, we assume the model satisfies the Markov property 

and we assume a Markovian order of one.  

The state-transition diagram of the MDP model is shown in Figure 2-1. A description 

of the model notation follows.  

Decision Epochs - The decision maker (the educator) makes a decision to either retest the 

student or to forgo an intervention after the original administration of the EOG mathematics 

test in grade level t, where � ∈ � = {0, 1, 2, 3, 4} and t = 0 represents the third grade. 

State Space - The states of the system correspond to a student’s EOG mathematics test 

achievement level score at the end of grade t. Define st as the state of the system at the end of 

grade t and the state space S = {I, II, III, IV} ~ {1, 2, 3, 4}, where �� ∈ �. 

Actions - The actions represent the possible decisions available when the state of the system 

is �� ∈ �. In states st = 1 and st = 2 for all t, the decision maker may select a control action 

from the set ���  = {a = 1 (Do Nothing), a = 2 (Retest)}. 
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Transition Probabilities - The transition probabilities, ����� = [�������|��, ��], are the set of 

conditional probabilities that specify the likelihood of a transition from state st to state st+1 for 

action a, where ∑ �������|��, ������∈ = 1 ∀ �, ∀ �. Longitudinal EOG mathematics test 

achievement level scores were used to calculate the various probabilities of movement from 

one achievement level to another for each action alternative. In general, let �������|��� =
 !����,  �����/!�����, where !����,  ����� represents the number of students in state st at grade 

level t and state st+1 at grade level t + 1, and !�����, represents the total number of students in 

state st in grade level t. There is evidence of movement between all states in the data for each 

action alternative; therefore, we consider all possible movements without constraint. 

Rewards - The decision maker receives a reward as a result of choosing action � ∈ ���  in 

state st. Rewards can take on a positive value to represent an actual reward/gain or a negative 

value to symbolize a cost incurred to the system. There are two types of rewards considered 

in this analysis. Define x as the cost of retaining a student in a grade level for one year, and 

define y as the fixed cost of administering a retest to a student. Instead of using these costs to 

calculate individual rewards earned by the system for each transition from state st to state st+1 

for each action a (i.e., #���� = [$����, �, �����]), let %����, �� represent the expected 

immediate reward earned in state st for action a. The calculations of %����, �� are described in 

Section 2.2.  

The optimal decision policy can be found by solving the set of recursive equations 

that represent the maximum total expected reward (Howard 1960, Puterman 1994): 

&������� = max*∈+,�
{%����, �� + / �������|��, �� ∙ &�������

����∈ 
} 
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The objective function of this model seeks to maximize the expected benefit to the 

education system whilst considering individual student’s advancement to higher achievement 

levels on the EOG mathematics test. In this basic framework, we consider the rewards 

associated with the control actions (in this case negative rewards) and not the rewards 

associated with a state. Future work will examine both, adapting the framework such that 

interventions can be selected to advance an individual student’s level of achievement.  

 

 

Figure 2-1: MDP state-transition diagram for each action (Although all transition arcs are shown, as an example, 

only transition probabilities out of state 1 are labeled in the figure) 

 

The following additional model assumptions are made. The probability of a transition 

depends on time period t. Thus, the one-step transition probabilities are, by definition, non-

stationary with respect to grade level. This result supports the belief that the acquisition of 
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mathematical knowledge is a sequential process and that falling behind in mathematics will 

affect a student’s future level of proficiency (President’s Council of Advisors on Science and 

Technology 2010). We assume that the actions are state dependent since it would not be 

reasonable to administer a retest to a ‘proficient’ student that scores within achievement 

levels III or IV on the EOG test. 

2.2 Derivation of the Expected Immediate Rewards 

To calculate the expected costs, %����, �� for �� = 1, 2 ∀ �, ∀ �, we first calculated the 

percentages of students that score within achievement levels I or II on the original 

administration of the EOG mathematics test in each grade level. These ‘non-proficient’ 

students could potentially be at risk of being retained in their current grade and would 

certainly be candidates for intervention. For the sake of subsequent calculations, let ot 

represent a student’s score on the original administration of the EOG mathematics test in 

grade level t. For example, ��3� = 4� represents the probability of scoring within 

achievement level I on the original administration of the EOG mathematics test in grade t. 

 The aggregate rates of non-promotion for each grade level are reported annually by 

DPI; however, they are not classified by EOG test achievement level performance. Thus, we 

estimate a percentage of level I students that are not promoted to the next grade level and a 

percentage of level II students that are not promoted. For example, suppose that 90% of level 

I students and 20% of level II students are not promoted to the next grade. Let 5 represent the 

event that a student is retained in their current grade level for one year. For the ‘do nothing’ 

action (a = 1), we define ��5|3� = 4�) and ��5|3� = 44� to represent the respective 

probabilities that a student is retained in their current grade level given they score a I or II, 
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respectively, on the original administration of the EOG mathematics test. For the ‘retest’ 

action (a = 2), we first define rt as a student’s score on the first retest of the EOG 

mathematics test in grade level t. We define ��5|$� = 4� and ��5|$� = 44� to represent the 

respective probabilities that a student is retained in their current grade level given they score 

a level I or II, respectively, on the retest of the EOG exam. We assume these probabilities are 

consistent across all grade levels. 

 The expected cost for states �� = 1 and �� = 2 for the ‘do nothing’ action (a = 1) are 

comprised of the expected cost of retaining a student in a grade level and are calculated as 

follows (Recall, x represents the cost of retaining a student in a grade level for one year): 

 %��1, 1� = �6�[���5|3� = 4� ∙ ��3� = 4�] ∀ � 

 %��2, 1� = �6�[���5|3� = 44� ∙ ��3� = 44�] ∀ � 

Essentially, these values represent the opportunity cost or loss for deciding to forgo an 

intervention and not promote specified percentages of students that score a level I or II on the 

original administration of the EOG mathematics test. We let %��3, 1� = 0 and %��4, 1� = 0 

since we assume that ‘proficient’ students are always promoted to the next grade level.  

The expected costs for states �� = 1 and �� = 2 for the ‘retest’ action (a = 2) are a 

function of the cost of retaining a student in a grade level plus the fixed cost of administering 

a retest to a student. To calculate these values, we first computed a set of conditional 

probabilities to represent a student’s transition from their original score on the EOG 

mathematics test (ot) to their score on the first retest (rt) administered within their current 

grade level. The retest scores are essentially a set of observations collected within one time 

period that can update our belief about a student’s level of cognition. In essence, the state of 
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the system changes because of the action to retest then the time period transition occurs. We 

use these intermediary probabilities to estimate the percentage of retested students that 

remain ‘non-proficient’ after the retest intervention. For state �� = 1, we consider students 

that score within achievement level I on the retest. This includes students that regress from a 

level II on their first attempt of the exam to level I on the retest, i.e., ��$� = 4|3� = 44�, as 

well as students that fail to progress from level I on the retest, i.e., ��$� = 4|3� = 4�. As a 

result, from the law of total probability, the expected cost for state �� = 1 for the ‘retest’ 

action (a = 2) is:  

%��1,2� = �6�:;��$� = 4|3� = 4� ∙ ��3� = 4� +  ��$� = 4|3� = 44� ∙ ��3� = 44�< ∙

��5|$� = 4�= +  �>�[��3� = 4�] ∀ �  

With regard to ‘retest’ alternative state �� = 2, in terms of non-promotion, we not 

only consider those students that stay within achievement level II on the retest, but also those 

that improve from a level I to a level II on the retest. The expected cost for state �� = 2 under 

the ‘retest’ action (a = 2) is calculated as follows: 

%��2,2� = �6�:;��$� = 44|3� = 44� ∙ ��3� = 44� +  ��$� = 44|3� = 4� ∙ ��3� = 4�< ∙

��5|$� = 44�= + �>�[��3� = 44�] ∀ �  

Again, we let %��3, 2� = 0 and %��4, 2� = 0 since we assumed that ‘proficient’ students 

would not take a retest and are not at risk of being retained.  
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3. Numerical Example 

3.1 Source & Characteristics of the Data 

 For this study, EOG testing data was obtained from the North Carolina Education 

Research Data Center (NCERDC) at Duke University (NCERDC 2012). Established in 2000, 

the NCERDC stores and manages data collected by the North Carolina DPI. All procedures 

for acquiring, storing, and analyzing the NCERDC data used in this study were approved by 

the Duke University Institutional Review Board and the Institutional Review Board of our 

university (Miranda et al. 2007). Each year, the NCERDC creates separate databases 

organized by grade level containing students’ EOG mathematics test and reading 

comprehension test scale scores and achievement level scores with select demographic and 

socioeconomic data. All student data is encrypted and de-identified; names and other 

recognizable identifiers are replaced by a unique master identification number. These 

identification numbers are created by the NCERDC to identify individual test scores and 

cannot be traced to specific students, thus meeting state and federal human subjects research 

requirements. Statewide test results were obtained from 1995 to 2010, the most recent year of 

data available at the time of this study. 

Using the student’s master identification number, we longitudinally tracked EOG test 

performance of eleven different cohorts of third grade students through the eighth grade. For 

example, the 2005-2010 cohort included third grade students that took the EOG tests in the 

2004-2005 academic year and subsequently took the eighth grade EOG tests in 2009-2010. 

We excluded all records with erroneous duplicate master identification numbers and all 

records with blank entries for the test administration variable (i.e., ADMINIST = 0 [regular 
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administration]; = 1 [retest #1]; = 2 [retest #2]). Due to small sample sizes, we excluded all 

learning disabled and otherwise exceptional students. After these exclusions (on average 

fewer than 5% of the total records in a dataset), each of the longitudinal datasets contained at 

least 50,000 student records, indicating statistical strength.  

In 2006 the scaling of the EOG mathematics test scores was changed significantly to 

align with the revised mathematics curriculum. According to a background report, 

“…comparisons between the performance of schools from 2006 forward and prior years 

should be avoided” (Public Schools of North Carolina 2011b). In this analysis we consider 

student performance after 2006 to ensure consistency amongst our comparisons.  

With regard to the retest data, the NCERDC creates separate records for a student’s 

score on the original administration of the EOG test and any subsequent retest scores. 

Although a student can be administered a maximum of two retests, the higher of the original 

administration and first retest score are considered in DPI summary reports, therefore we 

only consider the first retest score in this analysis. Students may be retested in mathematics 

and/or reading comprehension. Given that the focus of this study is on mathematics 

education, we excluded records indicating that a student took a retest in reading 

comprehension. As mentioned in Section 1.1.2, the state modified their policy on retesting in 

2009 requiring students in all grade levels to be retested if they scored within achievement 

level II on the EOG test. As a result, we only considered retest data from 2009 and 2010.  
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3.2 Parameter Estimates 

3.2.1 Transition Probability Calculations 

The results of the one-step transition probability computations are shown in Figure 

2-2. The transition probabilities for the ‘do nothing’ action represent the natural progression 

of a student’s performance on the EOG test without intervention, in this case, without 

considering performance on a retest. Due to the changes made to the scale scores of the EOG 

mathematics test in 2006, the transition probabilities for the ‘do nothing’ action consider 

performance of students in the post-2006 cohorts. We combined the corresponding 

longitudinal datasets from the post-2006 cohorts to create aggregate cohorts and calculated 

the one-step transition probability matrices for each grade level. The cohorts used to calculate 

each grade level matrix are indicated in Figure 2-2. 

 To calculate the transition probabilities for the ‘retest’ action, we linked a student’s 

2009 retest score to their score on the original administration of the EOG mathematics test in 

the subsequent grade level in 2010. Due to the policy change in 2009, retests were 

administered in grades 3-8; therefore we can calculate a transition probability matrix for each 

grade level transition.  

We made two additional assumptions in calculating the one-step transition 

probabilities. For the ‘do nothing’ action, due to the stepwise nature of the longitudinal data 

and given that 2010 was the most recent year of data available from the NCERDC at the time 

of this study, we were unable to compute the one-step transition probability matrix for the 

transition from third grade to fourth grade. We assume that the third to fourth grade transition 

is equivalent to the fourth to fifth grade transition. In addition, very few students who take a 
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retest score within achievement level IV (n < 34 students). We assume that transitions from 

achievement level IV on the retest are not possible as these may be recording errors. 

 

 

Figure 2-2: One-step transition probabilities for each action (Note due to lack of available data, we assume that the 

third to fourth grade transition is equivalent to the fourth to fifth grade transition for a = 1 [shaded in gray on left]. 

Also, due to small sample sizes, for a = 2, we assume that transitions out of achievement level IV are not possible 

[shaded in gray on right]) 

 

The set of conditional probabilities that represent a student’s transition from their 

original score on the EOG mathematics test (ot) to their score on the first retest (rt) 
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administered within their current grade level are shown in Figure 2-3. As discussed in 

Section 2.2, we use these intermediary probabilities to estimate the percentage of retested 

students that remain ‘non-proficient’ after the retest intervention and are, therefore, at risk of 

not being promoted to the next grade level. 

 

 

Figure 2-3: Intermediary probabilities representing movement from the original administration of the EOG 

mathematics test to the first retest of the exam within time period t (Note the small sample sized associated with the 

movements from states 3 and 4 shaded in gray. ‘Proficient’ students are typically not administered a retest, thus we 

assume that these are recording errors and disregard them from further analyses).  
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3.2.2 Cost Estimates 

There are two types of costs considered in this analysis. The first is a fixed cost of 

administering a retest to a student. The second is the cost of retaining a student in a grade as a 

function of their level of achievement on the EOG test. We discuss each in turn in the 

following sections. 

Fixed Cost of a Retest 

The total fixed cost of a retest is a combination of administrative costs and the cost of 

teacher labor. The administrative costs include the test materials (i.e., the test booklet and 

multiple choice scan sheet) and the cost of processing or scoring the exam. We estimate these 

costs to be approximately $2 per student. With regard to teacher labor, the US Bureau of 

Labor Statistics reported that the 2010 mean annual salary of elementary school teachers in 

North Carolina was $43,200 and $42,670 for middle school teachers (Bureau of Labor 

Statistics 2011). For simplicity, we assume the average teacher salary is $43,000 per year and 

we approximate fringe benefits at roughly 30% of the annual teacher salary (NC State 2012). 

North Carolina teachers are employed ten months out of the year, equating to approximately 

200 days. We assume the administration of a retest requires one day (i.e., 8 hours) of teacher 

labor. This accounts for the four hour time period students have to complete the exam plus 

time for the teacher to read the instructions, take scheduled breaks, and perform other 

administrative tasks (Public Schools of North Carolina 2008). Class size restrictions in North 

Carolina vary by grade level (Public Schools of North Carolina 2011i). For simplicity, we 

assume that 25 students are administered a retest per classroom. Given the preceding 

assumptions, we calculate that the administration of a retest costs $11.18 per student in 
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teacher labor. The total fixed cost of a retest per student is the summation of the 

administrative cost plus teacher labor, $13.18 per student. 

Cost of Retaining a Student in a Grade 

In the latest edition of the North Carolina Public Schools Statistical Profile, DPI 

reports that the total expenditure per pupil excluding child nutrition programs was $8,045.00 

per student in 2007-08, the most recent year of data available (Public Schools of North 

Carolina 2009a, Table 23). We assume that this value can represent the total cost of 

educating a student for one year and would thus translate into the cost of retaining a student 

in a grade level for one year.  

3.3 Model Validation 

To validate the rates of non-promotion we calculated, we compared them to the actual 

aggregate rates of non-promotion available from DPI. The rates of non-promotion for the 

2007-08 academic year, the most recent year of data available at the time of this study, are 

shown in Table 2-1, column B. We observe that more students were retained in grades 3, 5, 

and 8 than in the other grades. This was a function of the pre-2009 policy that identified 

grades 3, 5, and 8 as “gateways” for promotion decisions (Public Schools of North Carolina 

2006d). Retests were the primary “safeguard” implemented in the “gateway” grade levels; 

very few retests were administered in grades 4, 6, and 7 (fewer than 1% of students were 

retested). As a result of the policy change in 2009, all students that score within achievement 

level II in all grade levels must be administered a retest (Public Schools of North Carolina 

2009b). To more accurately represent the impact retesting has on promotion decisions, we 

used the NCERDC datasets to calculate the percentages of non-promoted students in 2009. 
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Using the student’s master identification number, we tracked students that appeared in the 

same grade level in 2009 and 2010, indicating that they were not promoted to the next grade 

in the subsequent year. These results are shown in Table 2-1, column C. These rates are 

lower than those of 2008, which we assume in part is a byproduct of the policy change 

enforced in 2009. In general, the non-promotion rates presented in Table 2-1 represent the 

percentages of students retained in their current grade after intervention, such as retesting on 

the EOG exam. In Section 4, we use the values in Table 2-1, column C to validate the total 

calculated rates of non-promotion for the ‘retest’ alternative derived numerically. For the 

sake of the numerical example, we define: 

��5|� = 1� = [���5|3� = 4� ∙ ��3� = 4�] + [���5|3� = 44� ∙ ��3� = 44�] ∀ � 

as the total calculated probability of non-promotion for grade level t for the ‘do nothing’ 

action. In the numerical example, we found this value to be comparable across all grade 

levels, thus, we suppress t in the notation for this parameter. For the ‘retest’ alternative, 

define: 

 ��5|� = 2� = :;��$� = 4|3� = 4� ∙ ��3� = 4� +  ��$� = 4|3� = 44� ∙ ��3� = 44�< ∙

��5|$� = 4�= +  :;��$� = 44|3� = 44� ∙ ��3� = 44� +  ��$� = 44|3� = 4� ∙ ��3� = 4�< ∙

��5|$� = 44�= ∀ �  

as the total calculated rate of non-promotion for grade level t for the ‘retest’ action and, as 

discussed previously, we suppress t from the notation. 
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Table 2-1: Actual rates of non-promotion by grade level for the 2007-08 academic year (Public Schools of North 

Carolina 2009a, Table 7) and calculated rates of non-promotion by grade level for the 2008-09 academic year 

(A) Grade 

Level 

(B) Actual Rate of Non-

Promotion (2007-08) 

(C) Calculated Current Rate 

of Non-Promotion (2008-09) 

3 3.3% 2.9% 

4 1.5% 1.3% 

5 3.2% 1.0% 

6 2.1% 1.1% 

7 2.4% 1.1% 

8 3.3% 1.1% 

 

 
4. Results and Discussion 

4.1 Characteristics of the Population & Associated Assumptions 

Figure 2-4 shows the distribution of ‘non-proficient’ students after the original 

administration of the EOG mathematics test for all grade levels in 2009 (i.e., ��3� = 4� and 

��3� = 44� ∀ �).  

 

Figure 2-4: Distribution of non-proficient students in the 2008-09 academic year by grade level 
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Given that ��3� = 44� > ��3� = 4� for all grade levels and that the aggregate rates of 

non-promotion provided in Table 2-1 are small, we hypothesize that large percentages of 

students that score within achievement level II on the EOG mathematics test are promoted 

each year. In an effort to validate the model, we originally assume that the respective 

percentages of level II students that are not promoted (i.e., ��5|3� = 44� or ��5|$� = 44�) are 

also small. This ensures that the total calculated probability of non-promotion for a given 

grade level is comparable to the actual value for that grade. 

In general, we assume that a larger proportion of level I students are not promoted to 

the next grade level, regardless of the action. We consider the relative estimates of non-

promoted level I and level II students in two ways:  

Scenario 1: We assume that more ‘non-proficient’ students are retained in their current grade 

level under the ‘do nothing’ action since an intervention to their learning does not take place 

and promotion decisions are judged on their original test score (i.e., ��5|� = 1� > ��5|� =
2�); or  

Scenario 2: We assume that more ‘non-proficient’ students are withheld after the retest since 

they failed to progress to ‘proficiency’ after the intervention (i.e., ��5|� = 2� > ��5|� =
1�).  

Given the restrictions on the actions available in each state discussed in Section 2.1, 

our primary emphasis is on procuring optimal decision policies for ‘non-proficient’ students.  

4.2 Optimal Decision Policies 

We used Howard’s (1960) value iteration method and Matlab to solve the MDP. 

Preliminary numerical results indicated that the model is highly sensitive to estimates of the 
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percentages of students retained, given the large cost associated with retaining a student in a 

grade level. As a result, in Figure 2-5 we present a subset of optimal decision policies as a 

function of five different configurations of the percentages of ‘non-proficient’ students that 

are not promoted. For example, in Case 1, we assumed that ��5|3� = 4� = 0.80 and 

��5|3� = 44� = 0.10, meaning that 80% of those students that scored within level I on the 

original administration of the EOG test and 10% of those students that scored within level II  

were not promoted to the next grade level. For the ‘do nothing’ action (a = 1), this 

combination of retention assumptions by achievement level yielded a total calculated rate of 

non-promotion, ��5|� = 1�, of approximately 6% for each grade. Similar logic can be 

followed for the ‘retest’ action (a = 2). Relationships between the various rates of non-

promotion are indicated in Figure 2-5 under the respective case numbers. Note the total 

calculated rates of non-promotion for the ‘retest’ action in some cases are slightly greater 

than those presented in Table 2-1. Given that the actual 2009 rates were not available at the 

time of this study, we contend that the calculated rates are reasonable but require further 

validation.  
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Figure 2-5: Optimal decision policy for five possible cases (*The calculated rate represents the total rate of non-

promotion given the percentages of level I and level II students assumed to have been retained. These values vary by 

grade level, but were typically within 1% of each other; thus, we present an approximate rate for each action here) 

 

It is clear that the model is sensitive to small changes in the retention level 

assumptions. Cases 1, 2, and 5 represent the situation described in Scenario #1 where more 

students, in total, are retained in the absence of an intervention. In these cases, it is optimal to 

retest all level I students in all grade levels. In Case 2 where 5% fewer level II students are 

assumed to be retained for the ‘retest’ action than for the ‘do nothing’ alternative, it is 

optimal to retest all level II students as well. Referencing Cases 1 and 5, when the 

percentages of level II students retained under each action are equivalent, the decision to 

retest depends on the grade level. For Case 5, upon further examination of the transition 
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probabilities in Figure 2-2, retested level II students are twice as likely to regress to a level I 

than non-retested students in the third to fourth and fourth to fifth grade transitions, hence the 

decision to forgo the retest intervention in the third and fourth grades, respectively. 

Additionally, as the difference between the respective total calculated rates of non-promotion 

increases from ~2% (Cases 1 and 5) to 3% (Case 2), the retest action becomes more attractive 

for level I and level II students in all grade levels.  

Case 4 corresponds to the situation described in Scenario #2 where a larger 

percentage of ‘non-proficient’ students are retained after the retest intervention. Given the 

3% difference between the total calculated rates of non-promotion for this case, it is optimal 

to forgo a retest intervention for all students in all grade levels. Per the preceding discussion 

of Cases 1, 2, and 5, if the total calculated rates of non-promotion differ by more than 3%, we 

may conclude that the action associated with the lower rate of non-promotion will always be 

optimal. Additional numerical cases can validate this conclusion. 

Case 3 represents the situation where the total calculated rates of non-promotion for 

each action are nearly equivalent and we vary the individual levels of achievement level I 

and level II students retained. For Case 3, it is optimal to retest level I students in all grade 

levels except the third grade, while all level II students should forgo an intervention. Even 

though 5% more level I students are assumed to be retained after a retest, given that the total 

calculated probability of non-promotion for this action is slightly lower (with a difference of 

less than 1%), it is still optimal to retest level I students in grades 4-7. This case shows that 

the model may be more sensitive to the relationship between the total calculated rates of non-

promotion amongst the actions as opposed to the relationship between the assumed 
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individual levels of ‘non-proficient’ students retained. From the preceding discussion, it is 

clear that there is a complex interaction between the assumed rates of non-promotion, and 

this interaction warrants further study. Ideally, actual values obtained from DPI would serve 

to validate the model. 

As discussed previously, if we assume that large percentages of students that score 

within achievement level II on the EOG mathematics retest are promoted each year, many of 

the policies in Figure 2-5 suggest administering a retest to all level I students with the 

expectation that they would advance to level II on the retest, and would therefore be 

promoted to the next grade level. Further, given that level I students are at a higher risk of 

being retained and that there is a lower likelihood of a student scoring within level I in the 

first place, the decision to retest all level I students in some cases seems reasonable. These 

policies differ from North Carolina’s decision in 2009 to allocate retesting resources to all 

level II students and to optionally retest level I students.  

There are a few interesting results to note regarding the one-step transitions 

probabilities in relation to the intermediary transition probabilities (i.e., the set of 

observations). Referencing Figure 2-3, although it is unlikely for students that score within 

achievement level I on the original administration of the exam to score within level III on the 

retest (fewer than ~5% for all grade levels), level II students advance to ‘proficiency’ on the 

retest at least 35% of the time. This value is consistent across all grade levels. More 

importantly, of those students that score within achievement level III on the retest, more than 

50% will remain ‘proficient’ in the next grade level. Thus, there is utility in administering 

retests to a subset of level II students that show promise in advancing to ‘proficiency.’ 
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Approximately half of the students that score within level I on the original administration of 

the exam will advance to level II on the retest and about half of level II students will stay 

within level II after being retested. Of these students that score within level II on the retest, at 

least 24% will advance to level III, and thus ‘proficiency,’ in the next grade level.  

4.3 Preliminary Investigation of Structural Properties 

In this study, the numerical example offers a reality based exploration into the 

structural properties of the model. The numerical insights suggest that an optimal control-

limit type policy may exist given the appropriate conditions (Barlow & Proschan 1965, 

Chhatwal et al. 2010). As demonstrated by Case 2, if ��5|� = 1� is sufficiently larger than 

��5|� = 2�, then a control-limit policy may exist where it is optimal to administer a retest to 

any student that performs below level III, and to forgo an intervention otherwise. Conversely, 

if ��5|� = 2� is sufficiently larger than ��5|� = 1�, such as in Case 4, a threshold is not 

reached and it is optimal to forgo an intervention in all states. Cases 1 and 3 show some 

evidence of a control-limit policy where students scoring lower than level II should be 

administered a retest. Here we are speaking generally across all grade levels, but obviously 

thresholds can be defined for each grade level. A thorough investigation of the structural 

properties and sufficient conditions required to prove them is an area of future work.  

4.4 Sensitivity Analysis on Cost 

The model is not sensitive to small changes in the fixed cost of administering the 

retest given the large disparity between it and the total cost of retaining a student in one grade 

level. With regard to the retention cost, the model does not appear to be sensitive to small 

changes within ±10% of the original estimate. We did notice various changes to the optimal 
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policies as a function of large increases or decreases in the retention cost; however, the 

practicality of such drastic differences may not make sense in the context of this problem.  

5. Conclusions 

5.1 Summary 

In this study we develop an MDP model of student performance on the North 

Carolina EOG mathematics test to determine an optimal control policy for the administration 

of retests. The model offers a basic structure for making sequential decisions about a 

student’s education. A model, by definition, is a representation of reality and we 

acknowledge the challenges in applying MDP models to the complex social issues found in 

education systems, but suggest that this study serve as a starting point for discussion. This 

work is the first step in developing a Markovian framework for optimizing the vertical 

alignment of mathematics education. Supplementary to the educator’s judgment, the model 

provides a prescription for systematically reviewing a student’s performance and determining 

an appropriate course of action. In the context of EOG mathematics test performance, a key 

result of this study is that given sufficient conditions, it is optimal to retest students that score 

within achievement level I on the original administration of the exam. This result contradicts 

the current policy to optionally retest level I students.  

5.2 Model Limitations and Future Work 

The reward structure of this MDP model considers costs in isolation of any benefit 

earned by the system for students that advance to a state of ‘proficiency.’ An area of future 

work is to incorporate a reward structure into the model to maximize an individual student’s 

total expected reward, and thus their proficiency, by the eighth grade. 
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It is clear that promotion decisions are not based on EOG mathematics test scores 

alone. Further investigation may warrant expansion of the state space to include performance 

on the EOG reading comprehension test. 

Similar to medical decision making models where the progression of disease may not 

behave as expected, human cognition may not evolve as we expect. As a result, future work 

will examine potential structural properties of the model to offer educators more efficient 

optimal policy solutions. 

The MDP model in this study considers one possible learning intervention that may 

impact promotion decisions, but can be expanded to include other interventions that affect a 

student’s performance trajectory. We plan to extend this work by creating other models to 

measure the effectiveness of various curricular and teaching interventions in North Carolina.  
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Chapter 3 - Summary of Contributions 

In this chapter we present a summary of the contributions of this research study. In 

general, the Markovian models described in this research demonstrate a progression of 

complexity in modeling an uncertain environment, an education system. The Markov chain 

describes the natural progression of a student’s performance on a standardized test over time, 

while the MDP allows the educator to dynamically alter a student’s performance trajectory 

by their selection of a learning intervention.  

1. Contributions of the Markov Chain Model 

In Chapter 1 we presented a longitudinal analysis of student performance on the 

standardized North Carolina EOG mathematics exam and developed Markov chain models to 

probabilistically characterize the movement of students’ scores from one grade level to the 

next. In doing so, this research was the first study to model the NCERDC EOG test data in 

this way. The Markov chain model effectively described the evolution of North Carolina 

students’ EOG performance in mathematics in the elementary and middle grades. The model 

was used to forecast a student’s level of proficiency in mathematics in the eighth grade given 

their level of achievement in the third grade. The results of the model can also inform 

existing STEM pipeline models linking high school course taking to STEM degree 

attainment. 

2. Contributions of the Markov Decision Process Model 

In Chapter 2 we examined a method for optimizing the vertical alignment of STEM 

learning by modeling the sequential process of learning mathematics over time using an 

MDP. Specifically, we formulated an MDP model of EOG test performance to determine an 
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optimal control policy for the administration of retests of the exam and conducted a 

numerical experiment. The MDP model offers a framework for making sequential decisions 

about an individual student’s education. More explicitly, it allows the educator to 

dynamically alter a student’s performance trajectory by their selection of a learning 

intervention. Although the MDP in this study considered one control action and associated 

costs, the model structure can be used to assess other learning interventions and can be used 

to optimally allocate resources for a large-scale education system. Contrary to many MDP 

application studies, the numerical example in this research offers a reality based exploration 

into the structural properties of our model.  

3. Future Work 

The models presented in this research offer a framework for making sequential 

decisions about an individual student’s education in an effort to optimize their level of 

mathematical proficiency attained by the eighth grade. Future research will focus on 

extending these models and applying similar techniques to other aspects of the K-12 STEM 

education system. In the short-term, we plan to investigate the structural properties of the 

MDP model and conduct further numerical experimentation. Another area for future work 

will be to model a student’s accumulation of mathematical knowledge over time by allowing 

for state uncertainty.  
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Appendix A: NCERDC Variable Descriptions and Coding 

In the longitudinal dataset for each cohort, we included the following variables from 

the respective eighth grade datasets. Note that the coding of some variables changes from 

year to year; these are provided as an example. 

• MASTID = Student’s master identification number (and a count variable to double 
check for duplication) 

• BDATE = Birth date set to the 15th of the student’s birth month (ex: 1/15/1992) 

• SEX = Student’s gender (F = Female, M = Male) 

• ETHNIC = Student’s ethnicity (A = Asian, B = Black, H = Hispanic, I = American 
Indian, M = Multi-Racial, W = White) 

• LEP = Limited English Proficiency status (a variety of codes identifying LEP status 
and when a student exited the LEP program) 

• EXCEPT = Exceptionality (a variety of codes identifying students with special needs, 
i.e. hearing impaired, visually impaired, autistic, multi-handicapped, etc.) 

• SCHLUNCH = Participation in a school lunch program (2 = Free lunch, 3 = Reduced 
price lunch, 4 = Full pay, school not participating, student not eligible) 

• LDMATH = Learning disabled in mathematics (1 = Yes, 0 = No) 

• LDREAD = Learning disabled in reading (1 = Yes, 0 = No) 

• LDWRITE = Learning disabled in writing (1 = Yes, 0 = No) 

• LDOTH = Learning disabled other (1 = Yes, 0 = No) [Note: 5 new LD variables were 
introduced in 2009]. 

• AIGMATH = Academically/Intellectually Gifted in mathematics (1 = Yes, 0 = No) 

• AIGREAD = Academically/Intellectually Gifted in reading (1 = Yes, 0 = No) 

• ADMINIST = Test administration (0 = Regular administration, 1 = Retest #1, 2 = 
Retest #2) 

 
After joining the tables from the respective grades 3-8 in the span of years included in a 

cohort, we included the following variables for each grade: 

• TESTNAME = Grade level and year test was administered (ex: G32004) 

• MATHSCAL = EOG mathematics test scale score 

• MATHACH = EOG mathematics test achievement level (1-4) 

• READSCAL = EOG reading comprehension test scale score 

• READACH = EOG reading comprehension test achievement level (1-4) 
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Note on Retest Scores 

Starting in 2001, public school students in grades 3, 5, and 8 were required to meet 

specific statewide standards or gateways for promotion and the EOG mathematics test was 

used as an indicator of proficiency at each gateway. Students must score at or above 

achievement level III on the EOG mathematics test to demonstrate grade-level proficiency 

and if they failed to do so, various safeguards including retesting and/or other formal 

evaluation procedures were implemented (Public Schools of North Carolina 2006). 

Beginning in 2001, the NCERDC included a variable to indicate if a student took a retest. 

Prior to the 2007-08 academic year, the NCERDC received raw data from DPI that included 

retests in the dataset. Separate records for a student’s original attempt at an EOG test and 

their retest score were not included. It is hypothesized that some original test scores were 

overwritten by the retest score without changing the variable used to indicate the type of 

administration of the test. Due to a change in the structure of the data received from DPI in 

2008, the NCERDC began receiving retest scores as separate records. Thus, the NCERDC 

was able to include separate records for the original administration of an EOG test, the first 

retest score, and the second retest score if applicable. We acknowledge the potential bias and 

inflation in test scores prior to 2008, due to the recording of the retest scores. A new policy 

on retesting was instituted by the state in the 2008-09 academic year. All public school 

students in grades 3-8 who score within achievement level II on the first administration of the 

EOG mathematics and/or reading test are required take a retest. Those who score within 

achievement level I may opt-in to retest. The higher of the two scores are considered in DPI 

summary reports.  
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Appendix B: Example Data Mining Procedure (2000-2005 Cohort) 

 



 

94 

 

Figure B-1: Flow chart of the procedure followed for analyzing the NCERDC databases and creating the longitudinal 

datasets 

Remove records with duplicate Master 
ID numbers, missing scores, and those 

indicating a retest from each raw 
dataset from each grade level 3-8

Join the raw datasets to create a 
longitudinal dataset, linked by Master 

ID number

Remove records with blank entries for 
the sex, ethnicity, LEP, exceptionality, 
LD, school lunch, and/or AIG variables

Remove records indicating 
exceptionality (other than AIG) and LD 
to create the longitudinal dataset with 

"exclusions"
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Appendix C: Descriptive Statistical Analysis Methods & Results (2000-2005 Cohort) 

 The results from one cohort of students (2000-2005) on the gender, ethnicity, school 

lunch program, and AIG mathematics variables are presented here. We also calculated the 

correlation between mathematics and reading comprehension test scores for this cohort. All 

statistical analyses were conducted using SAS Enterprise Guide 4.2 and Microsoft Excel.   

 

Note on Normality and Confidence Interval Calculations 

 The scaling of the EOG mathematics raw test scores may change from year to year, 

thus we restrict our review to the achievement level scores. The distribution of the 

achievement level scores is not normally distributed. This discrete distribution on the integer 

set {1, 2, 3, 4} is from a truncated normal since it is bounded below by achievement level I 

and bounded above by achievement level IV. In this case, for comparison of population 

means, standard t-tests are not exact because the sampling population is not normally 

distributed (Willink 2005). To evaluate the statistical differences in population means, we 

calculated confidence intervals for the means as described by the following example.  

Consider the achievement level scores of a random sample of third grade students of 

Asian ethnicity from the 2000-2005 cohort and let {Ai: i = 1, …, nA}, where nA = 1,080 

students. We aim to construct a 100(1 – α)% confidence interval for the population mean, 

where the population from which the sample was selected has the following theoretical 

characteristics: mean @+, variance A+B, and skewness, �C+ ≡ E FG+HIJ
KJ

LMN (Wilson 2011). 
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For asymmetric distributions such as this one, Willink (2005) presented a skewness-adjusted 

confidence interval based on the Student’s t-distribution when population skewness |SkA| ≤ 

4.0. For sample skewness �C+O = 0, the skewness-adjusted confidence interval reduces to the 

standard Student’s t-distribution confidence interval (Wilson 2011). We calculated the 

sample mean, sample variance, and sample skewness, for each level of each variable under 

consideration and the results are shown in the next section. Given that our sample sizes are 

quite large, we are sampling from a bounded distribution, and the sample skewness values 

are close to 0, we assume normality and calculate the confidence intervals based on the 

standard Student’s t-distribution,  

P�̅ − ��JS�,TJ/U
 J

√�J
, �̅ + ��JS�,TJ/U

 J
√�J

W. 

For example, for the Asian student population, we calculated the 99.98% (α = 0.0002) 

confidence interval for µA and compared it to the 99.98% confidence intervals of the Black, 

Hispanic, American Indian, Multi-Racial, and White populations to identify true differences 

in mean performance among third grade students in the 2000-2005 cohort. By the Bonferroni 

inequality, the probability that all six confidence intervals are valid and simultaneously cover 

their respective population means is at least 100(1 – 6α)% = 99.84% (Wilson 2011). For 

confidence intervals that do not overlap, we conclude that the population means are 

significantly different. For cases where the confidence intervals of two or more populations 

do in fact overlap, we examine the degree of overlap to draw conclusions about significant 

differences with regard to the practicality of such differences. Given our assumption of 

normality, we also conducted standard t-tests to compare population means. 
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Results and Discussion of Statistical Hypothesis Testing 

 Only the summaries of the third grade and eighth grade scores are shown for each 

variable. 

1.) Gender 

Male and female scores were statistically different at α = 0.05 across all grade levels 

(p < 0.0001 in grades 3-7, p = 0.0131 in grade 8). Males scored higher than females across all 

grades; however in eighth grade this difference is not statistically significant at α = 0.0002 as 

evidenced by the overlapping 99.98% confidence intervals highlighted in Table C-1. 

Although statistical differences in female and male achievement level scores exist, practically 

the assessment outcomes are the same. In third grade, males’ average achievement level 

scores were only 0.0882 higher than their female counterparts. Given the large width of the 

achievement level score ranges; it is impractical to assume that male students outperform 

female students on the EOG mathematics test. The gap between male and female 

achievement level scores decreased as students progressed to eighth grade (difference of 

0.0134). 

Table C-1: 2000-2005 cohort – Descriptive statistics by gender 
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2.) Ethnicity 

A one-way ANOVA on the EOG mathematics test achievement level scores shows 

that the means of all levels of the ethnicity variable are not equal at α = 0.05 across all grade 

levels (p < 0.0001). However, various pairings of ethnicities were found to be non-significant 

at α = 0.05. As shown in Table C-2, the third grade scores of Hispanic and American Indian 

students were not statistically different at α = 0.05 (p = 0.3889). Taking a more narrow view 

and inspecting the 99.98% confidence intervals in eighth grade, we find that the Hispanic and 

American Indian confidence intervals overlap as do the Hispanic and Multi-Racial 

confidence intervals (despite non-significance of these groups at α = 0.05 (p < 0.001 and p = 

0.0127, respectively)). Across all grade levels, Asian and White students consistently scored 

higher than all other ethnicities, while Black students scored lower.  
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Table C-2: 2000-2005 cohort – Descriptive statistics by ethnicity 
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3.) Participation in a School Lunch Program 

The school lunch variable is used as an indicator of socioeconomic status and the 

coding of this variable changed between 2000 and 2005. Upon inspection of the eighth grade 

results in Table C-3, a one-way ANOVA on EOG mathematics test achievement level scores 

shows that the three sample distributions are statistically different at α = 0.05 (p < 0.0001). 

On average, students that participated in the reduced price lunch program scored lower than 

those students that did not participate in the program, and students that participated in the 

free lunch program scored lower than both of these populations. These findings were 

consistent across all grade levels despite the changes made to the coding of the school lunch 

variable. In third grade, on average, students that participated in a free lunch program were 

non-proficient in mathematics, however, by eighth grade these students advanced to 

proficiency. 

 

Table C-3: 2000-2005 cohort – Descriptive statistics by school lunch program participation 
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4.) Academically/Intellectually Gifted (AIG) in Mathematics Students 

According to the North Carolina General Statues, “AIG students perform or show the 

potential to perform at substantially high levels of accomplishment when compared with 

others of their age, experiences, or environment” (Public Schools of North Carolina 2012b). 

Initial identification of a student as AIG occurs in third grade upon review of the student’s 

test scores and other informal indicators. Students are classified as AIG in mathematics 

and/or reading. As shown in Table C-4, the two sample t-tests on EOG mathematics test 

achievement level scores indicate that the population means of AIG mathematics and non-

AIG mathematics students are statistically different at α = 0.05 with p < 0.0001 in third grade 

and eighth grade. AIG students scored significantly higher than non-AIG students across all 

grade levels, although the gap progressively decreased by eighth grade for this cohort of 

students. This may be an artifact of the nature of the bounded distribution, in that students 

cannot score higher than an achievement level IV.  

 

Table C-4: 2000-2005 cohort – Descriptive statistics by AIG mathematics status 
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Correlation Analysis 

There is significant correlation between EOG mathematics test scale scores and EOG 

reading comprehension test scale scores. As shown in Table C-5, correlation coefficients 

were consistent across grade levels. This indicates that students with low mathematics test 

scores are likely to have low reading test scores. 

 

Table C-5: 2000-2005 cohort – Correlation between EOG mathematics and reading test scale scores 
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Appendix D: One-Step Transition Probablity Matrices for Each Cohort 

 The one-step transition probability matrices for each cohort studied in Chapter 1 are 

shown in Figure D-1. Yellow shading indicates the 2006 change to the EOG mathematics test 

scale scores. Grey shading indicates matrices that were included in the post-2006 analysis. 
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Figure D-1: One-step transition probability matrices for each cohort considered 
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Appendix E: Results of Markov Chains Based on Demographic Factors 

 The one-step transition probability matrices for each of the demographic factors 

considered are presented in Figures E-1 through E-4. Note, in these figures, the frequencies 

of each transition are shown for each level of each variable (nx). 

 

 

Figure E-1: 2000-2005 cohort – One-step transition probability matrices by gender 
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Figure E-2: 2000-2005 cohort – One-step transition probability matrices by ethnicity 



 

107 

 

Figure E-3: 2000-2005 cohort – One-step transition probability matrices by participation in a school lunch program 
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Figure E-4: 2000-2005 cohort – One-step transition probability matrices by AIG mathematics status 

 

 

 

 

 


