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ABSTRACT 

In order to consider dynamic soil–structure interaction and non-linear behavior of the structure in dynamic response analyses, 
it is necessary to calculate the ground resisting force accounting for the frequency dependent of ground impedance. In this 
paper, a time-domain difference calculation approach of resisting force is proposed by combining lumped-parameter model 
and time-domain recursive model, which can take into account the singular and regular component of foundation impedance 
completely. Results from numerical example demonstrate that the proposed procedure can represent the property of foundation 
impedance vary with frequency. 
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1. INTRODUCTION 

Along with the development of aseismic theory, the shortage of traditional structural dynamic response analysis method 
with rigid base premise has been universally recognized. To calculate seismic response integrally and accuracy, soil-structure 
interaction (SSI) effect is significant under certain conditions in the seismic analysis of momentous construction such as high 
dam, nuclear power plant, grand bridge etc. Research of SSI effect in structure aseismic analysis gradually has developed into 
an important subject of earthquake engineering. Currently there are basically two methods (Wolf.1985 [1], Du Xiuli et al. [2]) 
dealing with structure nonlinear dynamic analysis accounting for SSI: the direct integrity analysis approach also referred to 
as the “complete finite element” approach, and the Substructure method such as the “flexible volume method”. In the direct 
integrity approach, the region of the soil containing the structure is modeled up to the artificial boundary. Artificial boundary 
must be introduced as it is impossible to cover the unbounded soil domain with a finite number of elements with bounded 
dimensions. The direct integrity approach can take into account the nonlinearity of soil and structure along with the nonlinear 
dynamic interaction. But it is difficult to be used in engineering due to the high computational cost and the constitution of 
accurate artificial boundary. The substructure method treats the soil as linear elastic material and ignores the nonlinear effect 
of dynamic interaction between soil and structure. At the same time, far less computational cost is needed than the former. 
Frequency domain substructure method has the merit in dealing with the frequency-dependent of impedance but can not take 
into account the nonlinearity of structure. Hybrid-frequency-time domain procedure (Darbre.1990 [3], Darbre.1992 [4]) and 
hybrid-time-frequency domain procedure (Bernal et al.1998 [5]) need repetitious Fourier transform and iterative fitting at 
every step, which greatly increases the computing time. An undesirable feature of the hybrid-frequency-time-domain 
approach, however, is the fact that the pseudo-forces depend on the degree of non-linearity in the structure and can become 
very large during iterations, causing divergence. Similarly the calculations of pseudo-forces introduced in 
hybrid-time-frequency domain procedure depend on the degree of frequency dependent of impedance. The calculation of 
time-domain foundation resisting force is a key problem in time-domain substructure approach. Time-domain foundation 
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resisting force can be expressed by foundation impedance convolution with the frequency-domain function of corresponding 
input. When the frequency dependent of impedance functions is weak, they can be easily and accurately be transformed to the 
time domain using the Voigt model (parallel of spring and dashpot). Usually impedance functions vary quite complicatedly 
and show strong frequency dependent, which makes the calculation of time-domain foundation resisting force complicated 
and time-consuming. Then it is essential to investigate for a practical computation of time-domain foundation resisting force 
accounting for impedance frequency dependent.  

Currently research on frequency dependent impedance time-domain transform mainly focused on two main 
subjects([6-8]): the first is lumped parameter models approximately fitting to impedance functions, and the other is proposing 
fast integral algorithms based on the properties of Fourier inverse transform([9-15]). Such as Lysmer and Richart (1969, [6]) 
proposed a lumped parameter model consisting of mass, spring and dashpot. Wolf and Somaini (1986, [7]) introduced a 
double DOF model consisting of 5 lumped parameters: 2 masses, 2 dashpots and one spring for embedded foundation. 
Similarly Wu WH et al (2002, [8]) developed a lumped parameters model to availably substitute infinite soil based on 
polynomial-fraction. As a whole, the common problems these lumped parameters models had were that they can only 
represent actual impedance at part frequencies and have difficulty to fit the actual impedance functions in broad frequency 
band accurately. In fact, lumped parameters models can only reflect the singular component of foundation impedance which 
corresponding to simultaneous effect. Nevertheless the regular component, which corresponding to time-delay effect, can’t be 
reflected. Based on the properties of Fourier inverse transform, Wolf et al. (1985,[9])proposed a method for performing 
response analyses in the time domain by using the impulse response obtained from the inverse Fourier transform of the soil 
impedance. Furthermore, Wolf et al.(1989,[10,11]) developed a method for obtaining a recursive representation of the 
convolution integral from the soil impedance; Nakamura N.(2006,[12,13]) proposed a method to transform the frequency 
dependent impedance to the impulse response in the time domain. To increasing the fitting accuracy, Yan Junyi (2003,[14]) 
advanced a formulation to represent the interaction force by acceleration impulse response. The time-domain representation 
of impedance functions proposed by Safak(2006, [15]) used for calculate time-domain foundation resisting force can simulate 
the regular component of foundation impedance. But the corresponding filter function has intrinsically limitation at Nyquist 
frequency, namely the imaginary part of filter must be zero at Nyquist frequency.  

In this paper, a time-domain difference calculation approach of foundation resisting force is proposed by combining 
lumped-parameter model and time-domain recursive model, which can take into account the singular and regular component 
of foundation impedance completely.  

2. FOUNDATION DYNAMIC IMPEDANCE FUNCTIONS 

In frequency domain, the interactive force-displacement relationship between soil and structure can be described as 

)()()( ωωω uSF =                                                  (1) 

( )ωS  is foundation impedance function, ( )ωF  and ( )ωu  are the interactive force and the displacement, respectively. By 

using inverse Fourier transforms, we can obtain the interactive force and the displacement relationship in time-domain 

( ) ( ) ( )∫ −=
t
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Where ( )tS  is the impulse response function. Foundation impedance function ( )ωS  and impulse response ( )tS  constitute a 

function Fourier transform pair 
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Due to the fact that foundation impedance function )(ωS  is not square integrable, the previous equation can not be 
used to compute the resisting force directly. Generally foundation impedance function )(ωS can be decomposed into the 

singular and the regular components 

)()()( ωωω rs SSS +=                                                    (4) 

Where, CiKSs ωω +=)(  is the singular component; the regular component )(ωrS  is square integrable. 

Based on linearity of FFT, the relationship between interaction force and displacement can be expressed as 

( ) ( ) ( ) ( ) ( )∫ −++=
t

r dutStuCtKutF
0

τττ&                                          (5) 

In which, the first two terms on the right-hand side of previous equation correspond to the simultaneous effect and the third 
term corresponds to time-delay effect. In fact if displacement be taken as input signal and the interaction force as output 
signal, then SSI system can be taken as a linear time-invariant (LTI) system and the foundation impedance function as the 
system function.  

3 FREQUENCY DOMAIN REPRESENTATIONS OF IMPEDANCE FUNCTIONS 

Usually LTI system can be represented as linear constant-coefficient difference equation.The input and the output 
satisfy an Nth-order linear constant-coefficient difference equation 
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Where )(tx  and )(ty  are the input and output signals, respectively; 
ia  and 

jb  denote the filter factors, m  and n  are the 
filter orders, the parameter t  is used to denote time, t∆  is the sampling interval. 

Due to the fact that the parameters 
ja and 

jb  are constants, the difference equation can be used to compute the output 
recursively. If the auxiliary conditions correspond to initial relax, the system will be causal, linear, and time-invariant. 

By using the definitions of Z transforms for discrete signals, we can show that 
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Where )(zH denotes the complex transfer function of the filter. From the knowledge of digital signal processing (DSP), the 
region of converge (ROC) of )(zH  include unit circle is the necessary and sufficient condition for the LTI system stability. 

Alternatively, if we want to have a stable discrete-time recursive filter (ie. bounded filter output for bounded input), all the 
roots of the denominator polynomial 01 2

2
1

1 =++++ −−− m
m papapa L should be inside in the complex plane. That is 

 mkpk ,,2,11 L=<                                                  (8) 

Consider the discrete time sampling interval ( ) NyquistNyquistft ωπ==∆ 21 , then Nyquistiez ωπω /= . When frequency ω  tends to 
Nyquist frequency 

Nyquistω  the imaginary part of the system function )(zH  of Eq.(7) must tend to zero. Obviously, t∆  is 
the artificial sampling interval, however the value of foundation impedance functions at all frequency is invariant. This makes 
it difficult to match foundation impedance functions by discrete-time recursive filter near Nyquist frequency, and thereby 
affects the fitting accuracy. Safak(2006) introduced a Gaussian weighting function to increase the fitting accuracy in low 
frequency and ignore the difference in high frequency. Furthermore structure response being sensitive to filter parameters due 
to the recursive algorithm adopted to calculate the resisting force makes computational error accumulated. In this paper the 
frequency response of time-domain recursive filters be advised to represent only the regular part )(ωrS of foundation 
impedance function )(ωS , the irregular part represented by spring and dashpot CiKSs ωω +=)( . On account that the regular 
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part corresponds to time-delay effect and is foreign to the simultaneous effect, let the filter parameter 00 =b . 
From forgoing discussions, foundation impedance functions can be transformed to a spring-dashpot model paralleled 

by a discrete-time recursive filter. In time-history analysis, the foundation resisting force at the currently step can be 
computed by the sum of two items which have clearly physics concepts: one is the simultaneous effect showed by 
spring-dashpot model, and the other is the time-delay effect showed by pseudo-force which is expressed by the past several 
displacements and the pseudo-forces.  

If we let 

)()()()()( ωωωωωω UHCiKUSF ⎥⎦
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⎡ ++==                                        (9) 

Similarly, foundation resisting force can be divided to two parts 
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Then the determination of parameters K ,C ,
ja ,

jb  is the key problem to transform frequency-dependent impedance 
function to time domain. This can be transferred to a error minimization by selecting best parameters K ,C ,

ja ,
jb  to 

approximate the impedance function )(ωS . The error function minimization can be solved by many optimization algorithms 
such as Genetic Algorithm, Simplex Method and hybrid-method etc. We have developed the programs to determine the 
parameters by hybrid optimization method.  

4 TIME DOMAIN ANALYSIS PROCEDURE ACCOUNTING OF SSI 

Thus the calculation of foundation resisting force )(tF  can be completed in time-domain after determining the 

parameters. The key of its application in dynamic time-history analysis turns to pseudo-force calculation by the time-delay 
coefficients and the past displacement and the past pseudo-force. So it is necessary to save former m steps pseudo-force 

)(tF  and former n  steps displacement )(tu . This makes it essential to modify the general dynamic history programs. 

Dynamic equilibrium equation in time-domain accounting for soil-structure dynamic interaction is 
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Subscript s  denotes structure and b  denotes rigid foundation, )(tx&& denotes earthquake acceleration. 
The parameters in equation (13) can get from the former fitting results: Cc =0

， Kk =0
 and the pseudo-force )(tFd

 
from Eq.(12). 

5 NUMERICAL EXAMPLES 

In order to simplify the calculation simplify the model as follows: 1).Suppose that the construction be concentrated in 
the mass; 2).Suppose the ground be homogenous flexible half space; 3).Neglect rotation interaction in the pile group. The 
single pile static stiffness can be obtained in reference [16], and the relationship between the dimensionless frequency and the 
dimensionless impedance can be obtained in reference [17,18]. 

This example is impedance function of a 3×3 pile group with rigid cap. The pile group model, simplified structure 
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model and the computing model are shown in Fig 1. The model parameter as: damping ratio of soil 05.0=sβ , Poisson’s ratio 
of soil 4.0=ν , ratio of pile spacing and diameter 5/ =dS , Young Modules ratio of pile-soil 1000/ =sp EE , mass density 
ratio of pile-soil 42.1/ =sp ρρ , ratio of pile length and diameter 15/ =dL . 

Normalized by single pile static stiffness, impedance function along can be expressed as: 
[ ]
[ ])()(9)(

)()(9)(
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00
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Where,
sVda ω=0

is dimensionless frequency， ]1[
SHK 、 ]1[

SVK  is single pile horizontal and vertical static stiffness, 
sV is 

shear wave velocity of soil, d is pile diameter. 
 

      

M

      
  (a) Pile group model           (b) Structure system         (b) Computing model 

Fig.1 Example system and computing model 
 

Stiffness factors )( 0aki
and damping factors )( 0aci

vs. dimensionless frequency showed in Fig 2 (solid line). Adopting 

the computing program written by MATLAB in this paper, we can obtain a series of sixth-order fitting parameter showing in 
Table 1. The corresponding fitting results show as the dash line in the Fig 2. From the figure we can see that the fitting 
function (dash line) agrees well with analytical result (solid line). 

 
Table 1. Sixth-order fitting parameter 

 

* Normalized by N times of single pile static stiffness 

 Horizontal direction Vertical direction 

K  0.659072626 1.337524234 
C  0.010732572 0.003216525 

1a  1.198059803 1.523321109 

2a  -0.01274662 0.718074419 

3a  -0.41469954 0.029270635 

4a  -0.12733547 -0.20512546 

5a  0.019850609 -0.04850812 

6a  0.004431511 0.017795586 

1b  -0.68098178 -1.58850492 

2b  -0.20512100 -2.06295210 

3b  0.432842593 0.051571334 

4b  0.027620621 0.548314362 

5b  -0.02910144 -0.00761641 

6b  -0.00292069 -0.02380203 
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(a) Horizontal direction                              (b) Vertical direction 
Fig.2 Dimensionless pile group impedance and fitting result 

 

 

The displacement histories of the rigid pile cap and the lumped mass under vertical 12.5Hz simple harmonic load are 
calculated by the proposed procedure and lumped parameter model. Stiffness and damping factors of lumped parameter 
model of low frequency domain (Lumped Parameter 1 in Fig 3) and 12.5 Hz (Lumped Parameter 2 in Fig 3) are shown in 
Tab2. The numerical results are shown in Fig 3. The rigorous result is obtained by frequency result Fourier transforms to time 
domain.  

 
 

Table 2. Stiffness and damping factors low frequency domain 
 

 low frequency domain 12.5Hz 

Stiffness 0.3225517 0.2739727 
Damping 0.0156635 0.0269800 

* Normalized by N times of single pile static stiffness 
 
 

From the figure, neither the lumped-parameter model 1 of low frequency domain nor lumped-parameter model 2 of 
12.5Hz can simulate the response very well. There is a distinct error between the result of lumped-parameter model 1 and the 
rigorous result for both the instantaneous response and the time-delay response，especially for the former. The result of 
lumped-parameter model 2 match rigorous result for the instantaneous response, but there is a distinct error for the 
time-delay response. But the result of procedure proposed in this paper match the rigorous result well not only for the 
instantaneous response but also for the time-delay response, which demonstrate that the procedure proposed in this paper 
reflect the property of foundation impedance vary with frequency. 
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(b) Lumped mass 

Fig.3 Displacement history under simple harmonic load 

 

6 CONCLUSION 

In this paper, combining lumped-parameter model and time-domain recursive model, a time-domain difference 
approach of foundation resisting force is proposed, which can take into account the singular and regular component of 
foundation impedance completely. In this approach, decompose the foundation resisting force in time domain into two parts 
with clearly physics concepts: one is the simultaneous effect showed by spring-dashpot model, and the other is the time-delay 
effect expressed by the terms concerning both the past several displacements and the pseudo-forces. From the results of the 
numerical examples, the efficiency of the procedure is verified.  
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