
ABSTRACT

JOHNSON, JOSEPH WILLIAM NORMAN. Problems in Dynamical Algebraic Combinatorics
and Algebraic Statistics. (Under the direction of Ricky Liu and Seth Sullivant).

In dynamical algebraic combinatorics, we study group actions on combinatorial struc-

tures and the orbit structure of these actions. The main group action considered in this

thesis is generated by iterative applications of birational rowmotion, an analogue of the

classical permutation of order ideals.

We begin by proving the birational rowmotion formula on the product of two chains (or

rectangle poset), originally proved by Musiker and Roby. We give a new proof which avoids

the technical bijection of Musiker and Roby by using the Lindström-Gessel-Viennot lemma.

We use the birational rowmotion formula to keep track of how certain chain statistics

change as we iteratively apply birational rowmotion. Results about chain statistics give rise

to a birational analogue of Greene’s theorem.

We then study piecewise-linear rowmotion on the rectangle and its relationship with a

piecewise-linearization of promotion of tableaux. We describe how certain chain statistics

change as we apply piecewise-linear promotion and evacuation to a labeling of a rectangle.

We use results about chain statistics to define an Ehrhart equivalence of polytopes associ-

ated to moon polyominoes related by permutations of rows and columns. We show that

the Ehrhart equivalences we define form commuting diagrams with each other.

Additionally we study plane partitions of the trapezoid poset, a poset which is closedly

related to the rectangle. We give a bijective proof that the number of plane partitions of

the rectangle of each height is the same as the number of plane partitions of the trapezoid

of each height. Our bijection differs from the bijection of Hamaker, Patrias, Pechenik,

and Williams in that ours is piecewise-linear and continuous on the order polytope. We

conjecture that our map intertwines with rowmotion on the rectangle and trapezoid posets.

Lastly, we consider problems in algebraic statistics, a field that uses algebra, geometry,

and combinatorics to study statistical models. We define a new operation on ideals we

call quasi-independence gluings (QIGs). Our operation generalizes the toric fiber product,

a commonly used tool for computing a Gröbner basis in algebraic statistics. We show

that under combinatorial homogeneity conditions, one can use QIGs to algorithmically

compute a Gröbner basis for a toric ideal. We use QIGs to compute a Gröbner basis of the

toric ideal associated to the characteristic imset polytope arising in causal inference.
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CHAPTER

1

INTRODUCTION

1.1 Polytopes and Ehrhart Theory

In this section we give background on polyhedral geometry. The contents of this section

are relevant for all chapters that follow. For more information on polyhedral geometry we

refer readers to [BR07, Zie95].

Definition 1.1.1. A set P ⊆Rd is convex if whenever x , y ∈ P we have t x + (1− t )y ∈ P for

all t ∈ [0, 1]. Given a set S ⊆Rd , the convex hull of S , denoted conv(S ), is the smallest convex

set containing S .

We can represent all points in conv(S ) as convex combinations of elements in S . That is

conv(S ) =

¨

k
∑

i=1

λi xi : xi ∈ S ,λi ≥ 0,
k
∑

i=1

λi = 1

«

.

We are particularly interested in convex polytopes.

Definition 1.1.2. A polytope is the convex hull of fintely many points.
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Let a ∈ (Rd )∗ and a0 ∈R. We say the linear inequality a x ≤ a0 is valid on a polytope P if

a x ≤ a0 for all x ∈ P . Valid inequalities define faces of the polytope.

Definition 1.1.3. Let a x ≤ a0 be valid on P . The face defined by a x ≤ a0 is P ∩ {x ∈ Rd :

a x = a0}.

A vertex is a 0-dimensional face, an edge is a 1-dimensional face, and a facet is a codi-

mension 1 face. We say a polytope P ⊆Rd is a lattice polytope if every vertex lies in Zd . We

say a polytope P ⊆Rd is a rational polytope if every vertex lies inQd .

We have the follow theorem giving two ways to represent a polytope.

Theorem 1.1.4. A polytope is the convex hull of its vertices. Equivalently, a polytope is the

intersection of finitely many half spaces.

The minimal set of half spaces defining a convex polytope is the set of facet defining

inequalities.

1.1.1 Ehrhart Theory

Given a convex polytope P ⊆ Rd and k ∈ Z≥0, the k th dilate of P is k P = {k x : x ∈
P }, where the multiplication is the usual scalar multiplication for vectors. Often times

combinatorial objects can be embedded in Rd as lattice points of a convex polytope. In

such cases, generating function counting lattice points in the dilates of P satisfies special

properties.

The Ehrhart function of P is the function iP : Z≥0→Z≥0 defined by

iP (k ) = |{Zd ∩k P }|.

The generating function of iP , denoted EhrP (t ), is called the Ehrhart series of P . A quasi-

polynomial is a function of the form

ad (k )k
d +ad−1(k )k

d−1+ · · ·+a0(k )

where each ai (k ) :Z≥0→Z is a periodic function. We have the following theorem regarding

the structure of the Ehrhart function.

Theorem 1.1.5. Let P ⊂Rd be a convex polytope of dimension d .
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1. If P is a rational polytope, then iP is a quasi-polynomial.

2. If P is a lattice polytope, then iP is a polynomial. In this case the Ehrhart series has the

form

EhrP (t ) =
h ∗(t )
(1− t )d+1

for some polynomial h ∗(t ).

In such cases we refer to iP as the Ehrhart quasi-polynomial and Ehrhart polynomial

respectively. We refer readers to [BSW08, HM08] for more information on Ehrhart quasi-

polynomials. It is often difficult to compute the Ehrhart function of a polytope, but some-

times the computation simplifies after applying a bijective map to the polytope. Ehrhart

functions interact well with affine and piecewise-linear maps in the following sense.

Theorem 1.1.6. Let P,Q ⊂ Rd be convex polytopes and let ψ : Rd → Rd be an affine or

piecewise-linear and continuous bijection such thatψ(k P ) = kQ for all k ∈Z≥0 andψ(Zd ) =

Zd . Then iP = iQ .

Such a map is called an Ehrhart equivalence. We illustrate this technique in the following

example.

Example 1.1.7. Consider the leftmost polygon in Figure 1.1. To transform this polytope into

a lattice polytope, informally we must bend the top two edges until they are straightened

into one edge and (0,0.5) is no longer a vertex. In the process we bend the bottom edge

into two edges. This transformation is achieved by the following piecewise-linear and

continuous map

(x , y ) 7→







(x , y ) if x ≥ 0

(x , y − x ) if x < 0
.

Since this map and its inverse clearly send lattice points to lattice points, we have an Ehrhart

equivalence between a rational polytope and a lattice polytope. A linear isomorphism

relates the last two polytopes in Figure 1.1, and so we may compute the Ehrhart series of

our original rational polytope by computing the Ehrhart series of the standard simplex. The

Ehrhart series is given by
1

(1− t )3
=
∞
∑

k=0

�

k +2

2

�

t k .

3



(-1,0) (1,0)

(0,0.5)

(0,0)

(-1,1)

(1,0)

(0,0.5)

(0,0) (0,0) (1,0)

(0,1)

Figure 1.1: Three Ehrhart equivalent polytopes. The first two are related by a shear trans-
formation and the last two are related by a linear isomorphism.

The period of the Ehrhart quasi-polynomial of a rational polytope P always divides

D(P ) =min{n ∈ Z≥0 : nP is a lattice polytope}. In Example 1.1.7, we see that sometimes

rational polytopes experience period collapse, the phenomenon where the coefficients of the

Ehrhart quasi-polynomial of a rational polytope have lower period thanD(P ). In the most

extreme case, period collapse of a rational polytope may result in an Ehrhart polynomial

instead of a quasi-polynomial. Period collapse remains mysterious in polyhedral geometry,

though combinatorics has proven useful for finding examples. Arguments showing period

collapse tend to make use of Ehrhart equivalences to lattice polytopes. Not every Ehrhart

polynomial of a rational polytope arises as the Ehrhart polynomial of a lattice polytope,

and so Ehrhart equivalences cannot fully explain period collapse [HM08].

1.1.2 Posets, Order Polytopes, and Chain Polytopes

In this section we discuss an important Ehrhart equivalence between two lattice poly-

topes associated to partially ordered sets. We first review some basic terminology about

posets.

Let P = (P,⪯) be a finite poset and let p , q ∈ P with p ≺ q . We say that q covers p (and p

is covered by q ) if whenever p ⪯ r ⪯ q , either p = r or q = r . We denote such cover relations

by p ⋖q . Typically we represent P by its Hasse diagram, a directed graph with vertex set P

and edges x → y for x ⋖ y . Since all edges are directed upward in the Hasse diagram, we

omit the direction in figures.

Definition 1.1.8. Let P be a poset. A chain in P is a sequence p1 ≺ p2 ≺ · · · ≺ pk . A maximal

chain in P is a chain that is not strictly contained in any other of P . An antichain in P is a

set A ⊆ P such that for any distinct p , q ∈ A, neither p ⪯ q nor q ⪯ p .

The antichains are related to the order ideals (and order filters) of a poset.
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Definition 1.1.9. Let P be a finite poset.

1. An order ideal of P is a set I ⊆ P such that if p , q ∈ P with p ⪯ q and q ∈ I , then p ∈ I .

2. An order filter of P is a set F ⊆ P such that if p , q ∈ P with p ⪯ q and p ∈ F , then

q ∈ F .

3. An interval of P is a subset of the form [p , q ] = {x | p ⪯ x ⪯ q }.

4. A minimal element of P is an element p such that for all q ∈ P , we do not have q ⪯ p .

5. A maximal element of P is an element p such that for all q ∈ P , we do not have p ⪯ q .

In [Sta86], Stanley defines two polytopes associated to a finite poset.

Definition 1.1.10. Let P be a finite poset. To each order filter F associate an indicator

vectorYF ∈R|P |, whose p -coordinate is 1 if p ∈ F and 0 otherwise. The order polytope is

O (P ) = conv{YF : F is an order filter of P } .

To each antichain A of P , we associate an indicator vectorXA whose p -coordinate is 1 if

p ∈ A and 0 otherwise. The chain polytope is

C (P ) = conv{XA : A is an antichain of P } .

Since O (P ) andC (P ) are 0/1-polytopes, eachYF is a vertex of the order polytope and

eachXA is a vertex of the chain polytope. The coordinates of the order and chain polytopes

are associated to the nodes of the poset, and so we frequently represent points in the

order polytope as vertex labelings and condense the notation R|P | to just RP . See Figure 1.2

for instances of vertices of the order and chain polytopes. We have the following facet

description of O (P ) andC (P ).

Theorem 1.1.11. The facet defining inequalities of O (P ) are the inequalities of the form

1. yp ≥ 0 for all minimal elements p ∈ P .

2. yp ≤ 1 for all maximal elements p ∈ P .

3. yp ≤ yq for all p , q ∈ P such that p ⋖q .
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1

1

1

1

1

1

1

0

0

1

1

0

0

0

0

0

Figure 1.2: The point on the left is a vertex of the order polytope and the point on the right
is a vertex of the chain polytope.

The facet defining inequalities ofC (P ) are the inequalities of the form

1. xp ≥ 0 for all p ∈ P .

2.
∑

p∈C
xp ≤ 1 for all maximal chains C of P .

As in Theorem 1.1.11, throughout the first four chapters of this thesis we use y to denote

points in the order polytope and x to denote points in the chain polytope.

Returning to Figure 1.2, we see that as we travel up cover relations in the left labeling,

the vertex labels weakly increase. In the right labeling, the sum along any chain from the

bottom to the top is at most 1.

Recall that there is a simple bijection between order filters of P and antichains of P . To

obtain an antichain from an order filter, we take the minimal elements of the order filter.

To map back to the set of order filters, we take the upward closure of the antichain. This

bijection is encoded by the following piecewise-linear map.

Definition 1.1.12. Let P be a finite poset and let y ∈RP . The transfer mapφ :RP →RP is

defined to have p -coordinate

φ(y )p = yp −max
q⋖p

yq

for all p ∈ P .

One can check that in fact φ(y ) ∈ C (P ) whenever y ∈ O (P ). Additionally this map is

continuous and volume-preserving — for each subset of the domain on whichφ is linear,

the determinant of the matrix of the linear map is 1.
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0.1
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0.32

0.05

0.4
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0.16

0.11

0.04

0.1

0.25

0.57

0.15

0.65

0.78

0.31

0.76

0.82

Figure 1.3: A point in the chain polytope (left) and its image under the inverse transfer
map (right). The red chain is the chain of maximum weight from the bottom of the poset to
the top.

Theorem 1.1.13. Let P be a finite poset and let x ∈RP . Then the p -coordinate of the inverse

of the transfer mapφ−1 is given by

φ−1(x )p =max
C

∑

q∈C

xq

where the maximum is taken over all chains C of the form q1 ⋖ q2 ⋖ · · ·⋖ qk = p with q1

minimal in P .

Definition 1.1.14. Let P be a finite poset and let C be a chain of P . If x ∈RP , then we say

that the weight of C is
∑

p∈C
xp .

Example 1.1.15. Consider the poset R in Figure 1.3 and the left hand labeling x ∈RR . The

chain of maximum weight is colored red. When we apply the inverse transfer map, the new

label of the maximum element M ∈R is

φ−1(x )M = 0.1+0.15+0.4+0.13+0.04= 0.82.

When we applyφ to the right labeling in Figure 1.3, we obtain the M -coordinate by sub-

tracting the M -coordinate of the right labeling by the maximum label M covers. That is, we

obtain x =φ(φ−1(x )) = 0.82−0.78= 0.04,

Since the formulas for φ and φ−1 are fraction-free, φ and φ−1 map lattice points to

lattice points. Consequently the transfer map restricts to a bijection between the lattice

points of O (P ) andC (P ). Moreover,φ restricts to a bijection between the lattice points of

the k th dilates of O (P ) andC (P ). It follows that the Ehrhart polynomials of O (P ) andC (P )
are the same and thatφ :O (P )→C (P ) is an Ehrhart equivalence.
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(1,1)

(1,2)

(1,3)

(2,1)

(2,2)

(2,3)

Figure 1.4: The rectangle [2]× [3].

1.2 Rowmotion

Let [r ] be the chain with r elements 1< 2< · · ·< r . Of particular interest is the rectangle

poset given by the Cartesian product of two chains R = [r ]× [s ], i.e. the poset on the set

[r ]× [s ] with (i , j ) ⪯ (k ,ℓ) if and only if both i ≤ k and j ≤ ℓ. We distinguish between a

rectangle poset and general posets by using R exclusively for the rectangle.

Definition 1.2.1. Let R = [r ]× [s ] be a rectangle poset.

• For fixed i , the i th up-diagonal of R is the set of all elements in R of the form (i , j ).

• For fixed j , the j th down-diagonal of R is the set of all elements in R of the form (i , j ).

• The k th rank of R is the set of all elements (i , j ) such that i + j = k .

• The k th file of R is the set of all elements (i , j ) such that j − i = k .

• We say an element (i1, j1) is weakly left of (i2, j2) if i1− j1 ≥ i2− j2.

• We say (i1, j1) is strictly left of (i2, j2) if i1− j1 > i2− j2.

We similarly define weakly right and strictly right. We will typically draw rectangles

oriented as in Figure 1.4, so that up-diagonals run southwest to northeast, down-diagonals

run southeast to northwest, ranks are aligned horizontally, and files are aligned vertically.

The definitions of left and right align with the intuitive notions of left and right displayed in

Figure 1.4. As a word of caution, note that the minimum element has rank 2.

1.2.1 Rowmotion

An important object of study in dynamical algebraic combinatorics is a certain dynami-

cal process on order ideals called combinatorial rowmotion.
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Figure 1.5: Order rowmotion by toggling. We toggle elements from the top rank to the
bottom rank. Elements within a given rank are toggled in any order.

Definition 1.2.2. Let I be an order ideal of P . Combinatorial order rowmotion is the map ρ

that sends I to the order ideal generated by the minimal elements of P \ I .

Though we discuss another analogue of rowmotion, we are primarily concerned with

the order version. Therefore we frequently refer to order rowmotion as just rowmotion.

Cameron and Fon-der-Flaass [CFDF95] give another description of rowmotion in terms

of combinatorial toggles. Let J (P ) denote the set of order ideals of P . For each p ∈ P , we

associate a toggle map tp : J (P )→ J (P ) by

tp (I ) =















I ∪{p} if p ̸∈ I and I ∪{p} ∈ J (P ),

I \ {p} if p ∈ I and I \ {p} ∈ J (P ),

I otherwise.

Combinatorial rowmotion can then be defined as the composition of toggles on P in the

order of a linear extensionL : P → [n ] (where n = |P |) from top to bottom, that is,

ρ = tL −1(1) ◦ · · · ◦ tL −1(n ).

We note that tp ◦ tq = tq ◦ tp if and only if p and q do not form a cover relation. Consequently

this description is independent of the choice of linear extension. See Figure 1.5 for an

example.

Rowmotion exhibits the following dynamical behavior.

Theorem 1.2.3 (Fon-Der-Flaass). The order of ρ on R = [r ]× [s ] is r + s .

Note that r + s is one more than the number of ranks of R . This is the smallest possible

order that rowmotion can have on a graded poset: iteratively applying rowmotion to the

9



Figure 1.6: Antichain rowmotion. We toggle elements from the bottom rank to the top
rank. Elements within a given rank are toggled in any order.

empty order ideal simply adds one rank of elements at a time to the order ideal until arriving

at the entire poset, which is then mapped back to the empty order ideal.

There is also a notion of rowmotion on the antichains of a poset studied in [Jos19, Str18].

Definition 1.2.4. Let P be a finite poset and let A(P ) denote set the antichains of P . For

each p ∈ A(P )we associate an antichain toggle map etp : A(P )→ A(P ) defined by

etp (A) =















A ∪{p} if p ̸∈ A and A ∪{p} ∈ A(P )

A \ {p} if p ∈ A

P otherwise.

LetL : P → [n ] be a linear extension (where n = |P |). Then antichain rowmotion is the map

eρ given by applying toggles in the order given byL from bottom to top, that is,

ρ = tL −1(n ) ◦ · · · ◦ tL −1(1).

A key difference between order and antichain rowmotion is that we toggle from bottom

to top for antichain rowmotion and top to bottom for the order version. See Figure 1.6 for

an example.

Order rowmotion and antichain rowmotion are related in the following way. We define

a mapφ : J (P )→ A(P ) that sends an order ideal I to the minimal elements of P \ I . We note

that φ has an inverse which takes an antichain A and maps it to the complement of the

order filter generated by A. This corresponds to the transfer mapφ we discussed previously

which maps indicator vectors of order filters to indicator vectors of antichains.

Let G be a group acting on two sets X and Y . A map f : X → Y is equivariant with

respect to the actions of G on X and Y if the group action and the map intertwine with

10



(0, 0, 1, 0, 1) (1, 0, 0, 1, 0) (0, 1, 0, 0, 1) (1, 0, 1, 0, 0) (0, 1, 0, 1, 0)

Figure 1.7: Orbits of order rowmotion, antichain rowmotion, and cyclic shifting of the
Stanley-Thomas word. The group actions form a commuting diagram with rowmotion and
cyclic shifting.

each other, that is

f (g · x ) = g · f (x )

for all g ∈G and x ∈ X . We have the following theorem.

Theorem 1.2.5. Let Z act on J (P ) and A(P ) by their respective rowmotions. Thenφ : J (P )→
A(P ) is an equivariant map.

See Figure 1.7 for an example.

In [Sta09], Stanley gives a bijection (also discovered independently by Thomas) between

the antichains of R = [r ]× [s ] and 0/1-sequences with r 0’s and s 1’s.

Definition 1.2.6. Let A be an antichain of R = [r ]× [s ]. The Stanley-Thomas word of A is

w (A) = (w1, . . . , wr+s ), where

11



wi =















1 if 1≤ i ≤ r and A has an element in up-diagonal i ,

1 if r +1≤ i ≤ r + s and A has no element in down-diagonal i − r,

0 otherwise.

Rowmotion performs a cyclic shift of the Stanley-Thomas word [PR15]. Since the map

w is a bijection, this gives a simple proof that rowmotion on [r ]× [s ] has order r + s . See

Figure 1.7 for an example.

1.2.2 Piecewise-Linear Rowmotion

Recall the order polytope O (P ) from Section 1.1.2. Combinatorial rowmotion permutes

order ideals and so can also be thought of as a permutation of the vertices of O (P ). As is

the case with the transfer map, there is a natural piecewise-linearization of this bijection

[EP21].

Definition 1.2.7. The piecewise-linear toggle on the order polytope O (P ) corresponding to

an element p ∈ P is the map tp : O (P )→O (P ) that changes the p th coordinate by

xp 7→min
q⋗p

xq +max
q⋖p

xq − xp .

(We abuse notation and use the same symbol for combinatorial toggles and piecewise-

linear toggles.) Note that tp only depends on the coordinates in the neighborhood of p ∈ P

in the Hasse diagram. Consequently for p , q ∈ P , tp ◦ tq = tq ◦ tp if and only if neither p ⋖q

nor p ⋗q as in the combinatorial realm.

We then define piecewise-linear rowmotion ρ : O (P ) → O (P ) using piecewise-linear

toggles by

ρ = tL −1(1) ◦ · · · ◦ tL −1(|P |),

whereL is any linear extension of P .

Antichain toggles also lift to the piecewise-linear realm. In the case of antichains, toggles

act on the chain polytope. Let M C (P ) denote the maximal chains of P .

Definition 1.2.8. The piecewise-linear antichain toggle on the chain polytopeC (P ) corre-

sponding to an element p ∈ P is the map etp :C (P )→C (P ) that changes the p th coordinate

12



by

xp 7→ 1− max
C ∈M C (P )

C ∋p

∑

q∈C

xq

and fixes all other coordinates, where we interpret an empty min as 1 and an empty max as

0.

In this setting, the transfer map plays a similar role to the map between order ideals

and antichains we defined in the combinatorial realm.

Theorem 1.2.9 ([Jos19]). The transfer map φ : O (P )→ C (P ) is equivariant with respect

to the actions of piecewise-linear order and antichain rowmotion on the order and chain

polytopes respectively.

1.2.3 Birational Rowmotion

Piecewise-linear rowmotion can be lifted even further to a birational analogue that

uses addition, multiplication, and division in place of max, addition, and subtraction,

respectively. This lifting process is called detropicalization. (See [EP14, EP21, NY04] for

more detailed discussion.) The functions resulting from detropicalization are generally

subtraction-free and therefore well-defined on positive labelings of P .

As an example, the birational transfer map φ acts on positive labelings x ∈ RP
>0 via

coordinate functions

φ(x )p =
xp
∑

q⋖p
xq

where we interpret an empty sum as 1.

Since min(a , b ) =−max(−a ,−b ), detropicalizing min yields the parallel sum ∥ defined

by

a ∥ b =
1

1
a +

1
b

=
a b

a + b
.

Note that the parallel sum is associative and commutative. For a finite multiset S ⊆R>0, we

denote the parallel sum of all elements in S by
∑∥

s∈S

s .

Definition 1.2.10. The birational toggle on RP
>0 corresponding to an element p ∈ P is the

13



birational map tp : RP
>0→R

P
>0 that changes the p th coordinate by

xp 7→

�

∑∥

q⋗p

xq

��

∑

q⋖p

xq

�

·
1

xp

and fixes all other coordinates, where we interpret an empty sum or empty parallel sum as

1.

(We again abuse notation by using the same notation for birational toggles as piecewise-

linear toggles.) Similarly to piecewise-linear rowmotion, we define birational rowmotion

as

ρ = tL −1(1) ◦ · · · ◦ tL −1(|P |)

for any linear extensionL of P . From the birational setting, we can obtain the piecewise

linear analogue via a valuation; see, for instance, [EP14, EP21].

We note that antichain rowmotion also lifts to the birational realm.

Definition 1.2.11. The birational antichain toggle on RP
>0 corresponding to an element

p ∈ P is the birational map etp : RP
>0→R

P
>0 that changes the p th coordinate by

xp 7→
1

∑

C ∈M C (P )
C ∋p

∏

q∈C
xq

.

Birational rowmotion is the composition of antichain toggles in the order of a linear exten-

sion from the bottom of P to the top.

For any poset, one can compute birational order rowmotion in terms of the dual transfer

map. Again, the transfer map is equivariant with respect to our two notions of rowmotion.

Definition 1.2.12. Let P be a poset and x ∈RP
>0 be a labeling. The dual transfer map is the

birational functionφ∗ : RP
>0→R

P
>0 with coordinate functions

φ∗(x )p =
xp
∑

q⋗p
xq

for all p ∈ P , where we interpret an empty sum as 1.

In other words,φ∗ acts on labelings of P in the same way thatφ acts on the associated

labeling of the dual of P .

14



The following lemma is due to Einstein and Propp (see for instance [EP14, JR20]). We

include a short proof for completeness.

Lemma 1.2.13. Let P be a finite poset. Then for any x ∈RP
>0 and p ∈ P ,

ρ ◦φ−1(x )p =
1

�

φ∗
�−1
(x )p

.

Proof. Let y =φ−1(x ) and z = (φ∗)−1(x ). For any p ∈ P , suppose thatρ(y )q =
1

zq
for all q > p .

When applying the toggle at p in the computation of ρ(y ), the elements at or below p are

labeled as in y while those above p are labeled as in ρ(y ). Hence by the definition of tp ,

ρ(y )p =

�

∑∥

q⋗p

1

zq

��

∑

q⋖p

yq

�

·
1

yp
=

1
∑

q⋗p
zq
·

1

xp
=

1

zp
.

The result follows easily by induction starting at the top of P .

Computing iterated applications of rowmotion is more difficult. However, one can

sometimes prove results about rowmotion using as associated combinatorial construction

instead. As mentioned previously, one such example is the Stanley-Thomas word, which

lifts to the birational level.

Definition 1.2.14. Let R = [r ]× [s ]. The birational Stanley-Thomas word w is the word of

length r + s defined by

wi =











s
∏

j=1
xi j if 1≤ i ≤ r,

r
∏

j=1
x−1

j ,i−r if r +1≤ i ≤ r + s .

In [JR21] it is shown thatφ ◦ρ ◦φ−1 cyclically shifts the birational Stanley-Thomas word.

Though this is not sufficient to show that the order of birational rowmotion on the product

of two chains has finite order, it can be used to extend other results (such as instances

of homomesy) to the birational level. In Section 2.3 we define a collection of generalized

Stanley-Thomas words, and in Section 2.4 we show that the cyclic rotation of these words

uniquely determines rowmotion.
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1.3 RSK and Promotion

In this section we discuss RSK and promotion. We realize these maps as functions that

change labelings of posets of square shape. For simplicity we restrict our discussion to

permutations and standard Young tableaux. However, in Chapters 2 and 3 we describe a

birational analogue of RSK and promotion for real positive labelings and a piecewise-linear

analogue for all real labelings.

Let n ∈Z>0. A permutation is a bijection w : [n ]→ [n ]. We write w in one line notation,

defined as the sequence
�

w (1), w (2), . . . , w (n )
�

. When n < 10, so that all entries are one

digit, we suppress the parentheses and commas from the notation. For instance, we write

w = 31524 to mean (3, 1, 5, 2, 4).

A partition of n (denoted λ ⊢ n) is an integer sequence λ = (λ1,λ2, . . . ,λk ) such that

λ1 ≥ λ2 ≥ · · · ≥ λk > 0 and
∑

i λi = n . We represent a partition of n by a grid of n upward

and left justified boxes such that the i th row contains λi boxes. A standard Young tableau

of shape λ is a labeling of the boxes of λwith numbers 1, . . . , n such that each number is

used exactly once and labels are increasing along rows and columns. See Figure 1.8 for an

example.

We now describe a method for building a standard Young tableau from a permutation.

Let k be a positive integer and P a standard Young tableau of shape λ. We insert k into P by

1. Let i = 1 and let ℓ1 = k .

2. While ℓi is not larger than every label in row i , let ℓi+1 be the smallest label of row i

that is bigger than ℓi . Let ℓi replace ℓi+1 in row i and then increment i .

3. When ℓi is greater than every label in row i , add an extra box to row i and label it with

ℓi .

We obtain a tableaux from a permutation via the previous Schensted insertion algorithm as

follows. If P0 is the empty tableau, we iteratively form Pi+1 from Pi by inserting w (i ) into Pi .

The resulting tableau is called the insertion tableau or P -tableau.

As we insert the sequence w to form the P -tableau, we also form a second tableau as

follows. If Q0 is the empty tableau, we iteratively form Qi+1 from Qi by adding the unique box

in Pi+1 that is not in Pi and labeling it with i +1. We refer to this tableau Q as the recording

tableau or Q -tableau.
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1 3 4 6

2 7

5

Figure 1.8: A standard Young tableau of shape λ= (4, 2, 1).

The Robinson-Schested-Knuth correspondence (RSK) is the map which sends w to its

pair RSK := (P,Q ) of insertion and recording tableaux. Note that by construction, the P - and

Q -tableaux have the same shape. We have the following theorem.

Theorem 1.3.1. RSK is a bijection between the permutations of [n ] and pairs of standard

Young tableaux with n boxes of the same shape.

We refer readers to [Sag01] for more information about classical RSK. RSK is relevant

in many problems regarding permutations and tableaux. For instance, if fλ denotes the

number of standard Young tableaux of shape λ, then RSK gives a bijective proof of the

following formula:

n !=
∑

λ⊢n

�

fλ
�2

.

This formula encodes algebraic information in representation theory, namely the decompo-

sition of the regular representation of the symmetric group into irreducible representations.

See [Sag01] for details. We also have the following result.

Proposition 1.3.2. If RSK(w ) = (P,Q ), then RSK(w −1) = (Q , P ).

Taking the reverse word and other operations on permutations also admit simple de-

scriptions in terms of their images under RSK. We now translate RSK into a map between

square matrices.

Definition 1.3.3. Let w be a permutation of [n ]. The permutation matrix associated to w

is the matrix Pw ∈Rn×n given by

(Pw )i j =







1 if w (i ) = j

0 otherwise
.
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We wish to express RSK as a map Rn×n →Rn×n . Using permutations matrices, we have

Pw 7→w 7→RSK(w )

where RSK(w ) is a pair of standard Young tableaux of the same shape. We map RSK(w ) to a

matrix using the Gelfand-Tsetlin patterns of the two tableaux.

Definition 1.3.4. A Gelfand-Tsetlin pattern is a triangular array of nonnegative integers

g1,1

g2,1

g3,1

...

gn ,1

g2,2

g3,2

...

...

g3,3

...

gn ,n−2 ...

gn ,n−1

gn ,n

such that g i , j ≥ g i , j−1 and g i , j ≥ g i−1, j for all i , j .

Let P be a standard Young tableau with maximum label n and let P |[ℓ] denote the

subtableau of P on elements labeled with elements of [ℓ] for each ℓ ∈ [n ]. We form a

Gelfand-Tsetlin pattern G T (P ) with G T (P )i j given by the length of row n − i + 1 in the

shape of P |n−i+ j . Then the k th file of G T (P ) is the shape of P |n−k .

Since RSK(w ) = (P,Q ) yields P and Q of the same shape, we know that the Gelfand-

Tsetlin patterns of P and Q have the same largest file. Consequently we may glue two

triangular Gelfand-Tsetlin patterns along their common largest file to obtain a square

matrix. Thus RSK performs the following sequence of maps

Pw 7→w 7→RSK(w ) = (P,Q ) 7→
�

G T (P ),G T (Q )
�

.

See Figure 1.9 for an example. In [Hop14] a description of RSK in terms of toggles is

given. We discuss this further in Chapter 2 and Chapter 3. Some maps on tableaux also

admit a toggle description. We describe one such case here.

18



0
1

0
0

0
1

1
0

0
�

1 2 3
2 3 1

�

RSK 1 3
2

1 2
3

0
0

1
1

1
2

1
1

2

Figure 1.9: RSK on matrices computed via the combinatorial version. In the last image,
the left triangle is the Gelfand-Tsetlin pattern for the P -tableau.

Definition 1.3.5. Let k ∈Z>0 and let T be a standard Young tableau. We say instances of k

and k +1 are free in T if k and k +1 do not appear in the same row or column of T . The k th

Bender-Knuth involution B Kk maps T to the standard Young tableau obtained by replacing

free k labels with k +1 and free k +1 labels with k . Promotion on a standard Young tableau

with n boxes is

Pro= B Kn−1 ◦ · · · ◦B K1.

Bender-Knuth involutions admit a toggle description. Recall that the k th file of [r ]× [s ]
is the set of elements (i , j ) such that i − j = k . We have the following result from [Kir01].

Lemma 1.3.6. The i th Bender-Knuth involution is the composition of all order toggles in the

n − i th file of a Gelfand-Tsetlin pattern.

The toggles involved in the description of Bender-Knuth involutions commute with

each other since elements of a file do not form cover relations with each other. Conse-

quently these toggles may be applied in any order. Since Bender-Knuth involutions admit a

piecewise-linear description, promotion does as well.

Definition 1.3.7. Let S be the subposet of elements weakly left of (r, r ) in [r ]× [r ] and let Tk

denote the composition of all toggles in the k th file of S in any order. Then piecewise-linear

promotion Pro: RS →RS is given by

Pro= T1 ◦T2 ◦ · · · ◦Tr−1.

We write ProP : R[r ]×[r ]→ R[r ]×[r ] for the map that applies Pro to S and keeps the labels of

R \S fixed. (We define ProQ analogously by transposition.)

Visually, promotion on a Gelfand-Tsetlin pattern is given by toggling in each file from

left to right. See Figure 1.10 for an example.
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1 3

2

B K1 1 3

2

B K2 1 2

3

0

1

1 1

1

2

B K1

0

1

1 1

1

2

B K2

0

0

1 1

2

2

Figure 1.10: Tableaux related by Bender-Knuth involutions and their Gelfand-Tsetlin pat-
terns. Composing both Bender-Knuth involutions yields promotion.

1.4 Gröbner Theory and Toric Ideals

In this section we some discuss background on Gröbner bases of polynomial ideals

and the particular case of toric ideals. In Chapter 5 we use the results in this section to

compute a Gröbner basis of the preimage of an ideal under a monomial homomorphism

in some special cases. We refer readers to [Has07, CLO07] for a more thorough treatment of

the subject. Throughout this section we fix a fieldK.

Definition 1.4.1. Let K[x1, . . . , xn ] denote the polynomial ring over K in n commuting

variables. An ideal I ⊆K[x1, . . . , xn ] is a set such that

1. If f , g ∈ I , then f + g ∈ I .

2. If f ∈ I and r ∈K[x1, . . . , xn ], then r f ∈ I .

We say a set { f1, . . . , fk} ⊆ I generates I if for all h ∈ I , there exist g1, . . . , gk ∈ K[x1, . . . , xn ]

such that h =
k
∑

i=1
g i fi . If { f1, . . . , fk} generates I , we write I = 〈 f1, . . . , fk 〉.

Definition 1.4.2. A term order < onK[x1, . . . , xn ] is a total ordering on the monomials such

that

1. every set of monomials {x α}α∈A has a least element and

2. for all α,β ,γ, if x α < x β , then x α+γ < x β+γ.
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Let f =
∑

α
cαx α ∈K[x1, . . . , xn ]. The leading monomial of f , denoted LM( f ), is the greatest

monomial with nonzero coefficient in f . If LM( f ) = x β , then the leading term of f is

LT( f ) = cβ x β .

We are especially concerned with the following case. Fixω ∈Rn and letωT denote the

transpose. The weight order <ω onK[x1, . . . , xn ] is the partial ordering on monomials such

that for all exponent vectors α,β , ifωTα<ωTβ , then x α < x β . To obtain a term order from

a weight order, we must fix another term order <. Whenever ωTα = ωTβ , we have that

x α < x β implies x α <ω x β . In short, we break the tie with <.

Example 1.4.3. Let f = x1 x5− x2 x4 and g = x2 x5− x3 x4 be inK[x1, x2, x3, x4, x5, x6] and fix

ωT = (1000000,2,3,4,5,6) where ωi is the weight of xi . Then ω selects the leading term

LT ( f ) = x1 x5. However, the weight of both monomials of g is 7, and soω does not select a

leading term of g .

Using term orders, we can define the division algorithm as follows. Fix a term order <

onK[x1, . . . , xn ]. Let I = 〈 f1, . . . , fk 〉 ⊆K[x1, . . . , xn ] and let g ∈K[x1, . . . , xn ].

1. Let g0 = g .

2. Suppose g i =
∑

α
ci ,αx α. While there exists some fℓ whose leading term divides a

monomial of ci ,αx α of g i , let g i+1 = g i −
LT( fℓ)
ci ,αxα fℓi

.

This algorithm terminates whenever there do not exist α and fℓi
such that LT( fℓi

) | ci ,αx α.

At each step we replace a monomial ci ,αx α of g i with a finite sum of monomials
∑

β

dβ x β

such that dβ x β < ci ,αx α for allβ . Since there are only finitely many x β < x α and only finitely

many terms of g , the division algorithm must eventually terminate. As a consequence, we

have expressed g as a sum

g =
∑

i

ci ,αx α

LT( fℓi
)

fℓi
+ r

for some remainder r . If r = 0, then clearly g ∈ I . However, for most generating sets of I ,

the converse is not true.

Definition 1.4.4. Let I ⊆K[x1, . . . , xn ] and let< be a term order. The leading term ideal LT(I )

is the ideal generated by the leading terms of all polynomials in I . A Gröbner basis is a set of

polynomials { f1, . . . , fk} such that LT(I ) = 〈LT( f1), . . . , LT( fk )〉.
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Let I ⊆K[x1, . . . , xn ] be an ideal. We have the following two results regarding Gröbner

bases.

Proposition 1.4.5. A Gröbner basis for I generates I .

Theorem 1.4.6. Let { f1, . . . , fk} be a Gröbner basis for I with respect to some term order <.

Then for any g ∈K[x1, . . . , xn ], the division algorithm terminates in a unique remainder.

As a consequence of Theorem 1.4.6, the division algorithm terminates in a remainder

of 0 if and only if g ∈ I . Hence we may use Theorem 1.4.6 to test ideal membership. We now

focus on how to compute a Gröbner basis.

Definition 1.4.7. Let f , g ∈ K[x1, . . . , xn ] and for any monomials x α, x β , let LCM(x α, x β )

denote their least common multiple. The S-polynomial of f and g is

S ( f , g ) =
LCM(LM( f ), LM(g ))

LT( f )
f −

LCM(LM( f ), LM(g ))
LT(g )

g .

We may compute a Gröbner basis from a generating set via the following procedure,

known as Buchberger’s algorithm. Let I = 〈 f1, . . . fr 〉 ⊆K[x1, . . . , xn ].

1. SetF = { f1, . . . , fr }.

2. For each i , j , apply the division algorithm to S ( fi , f j ) to obtain a remainder ri j .

3. If each ri j = 0, stop.

4. If some ri j ̸= 0, setF = { f1, . . . , fk}∪ {ri j : ri j ̸= 0} and return to Step 1.

It is known that Buchberger’s algorithm terminates in finite time (see [Has07]), and so

we may employ Buchberger’s algorithm to compute a Gröbner basis if we have a generating

set. However, if a generating set for the ideal is not given, it can be very difficult to find one.

The following problem is a key problem we study in Chapter 5.

Problem 1.4.8. Let φ : K[z1, . . . , zr ]→ K[x±1
1 , . . . , x±1

k ] be a homomorphism. Find a finite

generating set for ker(φ).

The following theorem guarantees a solution to Problem 1.4.8 exists.

Theorem 1.4.9 (Hilbert Basis Theorem). Every polynomial ideal is finitely generated.
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Since we know ker(φ) is an ideal, Theorem 1.4.9 guarantees that the finite generating set

in Problem 1.4.8 exists. For most homomorphisms, there exists a solution to Problem 1.4.8

using Buchberger’s algorithm. However, this algorithm is computationally expensive, and

so it is useful to develop algorithms that perform better than those using Buchberger’s

algorithm for special families of ideals. For a family of ideals called toric ideals we often

employ combinatorial methods to solve such algebraic problems.

Definition 1.4.10. Let A ∈ Zd×n be a matrix with columns a1, . . . , an . The toric ideal IA

associated to A is the kernel of the homomorphism φA :K[z1, . . . , zn ]→K[x±1
1 , . . . , x±1

d ] of

the form

zi 7→ x αi .

We call a homomorphism φA of this form a monomial map and A is the matrix of the

monomial map.

Toric ideals may be alternatively characterized as the prime ideals that are generated by

binomials. Toric ideals are particularly well-behaved because they may be studied using

linear algebra. The binomials lying in a toric ideal are described in terms of the matrix A.

Lemma 1.4.11. Let A ∈ Zd×n . Then a binomial z u − z v ∈K[z1, . . . , zd ] belongs to IA if and

only if Au = Av .

In Chapter 5 we study a toric ideal associated to a polytope arising in causal inference.

We do this using an ideal in algebraic statistics that generalizes the notion of independence

of random variables.

Definition 1.4.12. Let r, s ∈ Z>0 and let [r ] and [s ] be the sets with r and s elements

respectively. Let Q ⊆ [r ]× [s ]. The quasi-independence map associated to Q is the map

φQ :K[zi j : (i , j ) ∈Q ]→K[xi , yj : i ∈ [r ], j ∈ [s ]] defined by

zi j 7→ xi yj .

The quasi-independence ideal IQ is the kernel of the quasi-independence map.

In the case where Q = [r ]× [s ], consider the mapKr+s →Kr s given by

(x , y ) 7→ (xi yj : i ∈ [r ], j ∈ [s ]). (1.4.1)
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If X and Y are random variables with probability mass functions P (X = i ) = xi and P (Y =

j ) = yj , then the image coordinates of the map in (1.4.1) yield the (i , j )-coordinate

P (X = i , Y = j ) = P (X = i )P (Y = j )

and we recover independence of random variables. The quasi-independence mapφQ is

the pullback of the map in (1.4.1). Quasi-independence then is the phenomenon where

some pairs of states of X and Y (those pairs in the complement of Q ) are forbidden from

occurring together, but X and Y are otherwise independent. A Gröbner basis for the quasi-

independence ideal can be described in terms of a graph.

Definition 1.4.13. Let [n ] = {1, . . . , n}.

• An undirected graph G = ([n ], E ) is a vertex set [n ] together with an edge set E con-

sisting of unordered pairs of distinct elements in [n ]. We denote the edges {i , j } by

i − j .

• We say G is bipartite if there does not exist a cycle i1 − i2, i2 − i3, . . . , i2k+1 − i2k = i1.

containing an odd number of vertices.

We now describe a Gröbner basis for the quasi-independence ideal in terms of a bipartite

graph. We form a graph GQ with disjoint vertex sets [r ] and [s ] and edges given by Q . Every

induced cycle of GQ has the form j1 − k1, j2 − k1, j2 − k2, . . . , jk − kℓ, j1 − kℓ. We have the

following theorem which appears in [GRV10].

Theorem 1.4.14. Let Q ⊆ [r ]× [s ] and let j1−k1, j2−k1, j2−k2, . . . , jℓ− jℓ, j1−kℓ be the edges

of an induced cycle of GQ . Then

ℓ
∏

i=1

z ji ,ki
−

ℓ
∏

i=1

z ji+1,ki

(where i is taken modulo ℓ) is a binomial of IQ . Moreover, the set of all such binomials form a

Gröbner basis for IQ with respect to every term order.

We give another proof of Theorem 1.4.14 in Chapter 5 using only Buchberger’s algorithm.

Example 1.4.15. Let r = 3 and s = 4 and consider the set

Q = {(1, 1′), (1, 2′), (2, 1′), (2, 3′), (2, 4′), (3, 2′), (3, 3′), (3, 4′)} ⊂ [3]× [4].
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Figure 1.11: The graph GQ (pictured twice) associated to the set Q ⊂ [3]× [4] in Exam-
ple 1.4.15. The two cycles of GQ correspond to two binomials in a Gröbner basis for IQ .

Here we have added primes on elements of [s ] to distinguish them from elements of [r ].

The graph GQ is pictured in Figure 1.11. These cycles result in the following generators of

IQ :

IQ = 〈x23′x34′ − x24′x33′ , x11′x23′x32′ − x12′x33′x21′〉.

In Chapter 5 we take preimages of ideals under quasi-independence maps. We use the

Gröbner basis of binomials arising from cycles to build a Gröbner basis for the preimage of

an ideal.

1.5 Characteristic Imsets

In this section, we discuss relevant background about characteristic imsets and causal

discovery that will be used in Chapter 5. Though the statistical background involving

the characteristic imset polytope will not be necessary for the proofs of Chapter 5, we

briefly discuss graphical models for motivation purposes. For a more thorough treatment

of graphical models see [Lau96]. We follow the notation of [Sul18].

Let [n ] = {1, . . . , n} and consider a set of random variables X i for i ∈ [n ] with state

spacesXi . A random vector is a vector X = (X1, . . . , Xn ) of random variables which takes

on states in the state spaceX =
n
∏

i=1
Xi . We consider the density f (x1, . . . , xn ) of the joint

distribution X1, . . . , Xn . Given a subset A ⊆ [n ], we let XA = (Xa )a∈A,XA =
∏

i∈A
Xi and group

the corresponding variables in the density together using the notation xA.
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Definition 1.5.1. Let A ⊆ [n ]. The marginal density fA(xA) is

fA(xA) =

∫

X[n ]\A

f (xA, x[n ]\A)d x[n ]\A.

Let A, B ⊆ [n ] be disjoint subsets and fix xB ∈ XB . The conditional density of XA given

XB = xB is

fA | B (xA | xB ) =







fA∪B (xA ,xB )
fB (xB )

if fB (xB )> 0

0 otherwise.

Definition 1.5.2. Let X = (X1, . . . , Xn ) be a random vector and let A, B , C ⊆ [n ] be pairwise

disjoint. We say XA is conditionally independent of XB given XC if for all xA ∈XA, xB ∈XB

and xC ∈XC such that f (xC )> 0, the density f of X factorizes in the following way:

fA∪B | C (xA, xB | xC ) = fA | C (xA | xC ) fB | C (xB | xC ).

We frequently omit the subscript on f , writing f (xA | xC ) in place of fA | C (xA | xC ). It is

often useful to associate the entries of a random vector to the vertices of a graph. In this

setting, edges typically encode dependence relationships between random variables.

Definition 1.5.3. Let [n ] = {1, . . . , n}.

• A directed graph G = ([n ], E ) is a vertex set [n ] together with an edge set E consisting

of ordered pairs of distinct elements in [n ]. We denote the edges (i , j ) by i → j .

• A directed acyclic graph (or DAG for short) is a directed graph G = ([n ], E ) such that if

i1→ i2→ ·· ·→ ik , then i1 ̸= ik .

To avoid confusion, we use G to denote undirected graphs and G to denote directed

graphs.

Definition 1.5.4. Let G = ([n ], E ) be a DAG. The graphical modelM (G ) associated to G is

the set of all densities f (x1, . . . , xn ) of jointly distributed random variables (X1, . . . , Xn ) such

that

f (x1, . . . , xn ) =
n
∏

i=1

f (xi |xpaG (i )),

where paG (i ) = { j ∈ [n ] : j → i ∈ E } is the set of parents of i inG . Any density f that satisfies

the above equation is said to be Markov to the graph G .

26



Graphical models can be equivalently described in terms of conditional independence.

Theorem 1.5.5. Let X = (X1, . . . , Xn ) be a vector of random variables. For each i ∈ [n ], let Ai

be the set of all vertices k ofG such that there exists a directed path k → ·· ·→ i and k ̸∈ paG (i ).

Then f (x1, . . . , xn ) is Markov to the DAGG if and only if X i is independent of XAi
given XpaG (i )

for all i .

In statistics we have the following problem.

Problem 1.5.6. Given data sampled from a joint distribution of random variables (X1, . . . , Xn )

learn the DAG that best explains the data.

Problem 1.5.6 is a model selection problem. When random variables have a causal

effect on each other, we may interpret the edges of a DAG as direct causal structure. This

makes intuitive sense on Bernoulli random variables (whose distribution represents the

probability of an event happening or not). For instance, consider the following Bernoulli

random variables.

X1 =







1 if it is raining

0 otherwise
, X2 =







1 the roads are slippery

0 otherwise
, X3 =







1 a car crashes

0 otherwise
.

We know that we have the following causal structure:

X1→ X2→ X3

Here the absence of the arrow X1→ X3 indicates that rain does not directly cause car crashes,

only indirectly by making the roads slippery. From this perspective, a density f is Markov to

a DAGG if for each vertex i , X i is independent of all other random variables given its direct

causes. Hence graphical models naturally encode information about causal structure.

Many classic methods for causal discovery are based on the combinatorics of DAGs

[Chi02, SGS93, VP90]. Recent work has shown that it can instead be seen as a linear program

by encoding DAGs as 0/1-vectors in real-Euclidean space in the following way [SHL10].
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1 2 3

G1

1 2 3

G2

1 2 3

G3

12 13 23 123
cG1
= cG2

= (1, 0, 1, 0)
12 13 23 123

cG3
= (1, 0, 1, 1)

Figure 1.12: Three DAGs with the same skeleton. G1 and G2 are Markov equivalent but G3

is not Markov equivalent to either G1 or G2.

Definition 1.5.7. Given a DAG G = ([n ], E ), the characteristic imset of G is

cG : {S ⊆ [n ] : |S | ≥ 2} −→ {0, 1};

cG : S 7−→







1 if there exists i ∈ S such that S \ {i } ⊆ paG (i ),

0 otherwise.

Note that for a DAGG with n vertices we can realize cG as a 0/1-vector inR2n−n−1. We then

define the characteristic imset polytope to be CIMn = conv(cG :G a DAG with nodes [n ]). As

an example, consider the DAGs in Figure 1.12. The characteristic imset vectors of G1, G2,

and G3 are listed in the figure.

An important feature of modeling with DAGs is that two different DAGs can encode the

same set of densities: we say that G andH are Markov equivalent ifM (G ) =M (H ). The

phenomenon of Markov equivalence plays a key role in the problem of causal discovery

when one wishes to learn a DAG representation based on observational data alone since,

in this case, one can only hope to learn the DAG up to Markov equivalence.

Example 1.5.8. Consider the DAGs pictured in Figure 1.12. We claim that G1 and G2 are

Markov equivalent. Indeed, if f (x1, x2, x3) is Markov to the DAGG1, then by Bayes’ Theorem

f (x1, x2, x3) = f (x1) f (x2 | x1) f (x3 | x2) = f (x2) f (x1 | x2) f (x3 | x2)

and so f is also Markov to G2. Bayes’ Theorem characterizes when a single edge flip results

in a Markov equivalent DAG. In the previous equation, if we divide both sides by f (x2)we

obtain

f (x1, x3 | x2) =
f (x1, x2, x3)

f (x2)
= f (x1 | x2) f (x3 | x2)
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and we see that a density f is Markov to G2 if and only if X1 and X3 are conditionally

independent given X2. If instead f is Markov to the DAG G3, then

f (x1, x2, x3) = f (x1) f (x3) f (x2 | x1, x3) =
f (x1) f (x3) f (x1, x2, x3)

f (x1, x3)
.

Solving this equation for f (x1, x3) yields

f (x1, x3) = f (x1) f (x3)

and so we see that a density f is Markov to the DAGG3 if and only if X1 and X3 are indepen-

dent. It is known that independence of random variables and conditional independence of

random variables are not the same, and so G1 and G3 are not Markov equivalent.

A variety of characterizations of Markov equivalence have been given, which include

the following:

Theorem 1.5.9. The following are equivalent:

1. G = ([n ], E ) andH = ([n ], E ′) are Markov equivalent,

2. [SHL10] cG = cH , and

3. [VP22] G andH have the same skeleton and v-structures.

Here, the skeleton of a DAG G = ([n ], E ) refers to its underlying undirected graph, and

a v-structure refers to a triple of vertices i , j , k for which i → j , k → j ∈ E but i and k not

adjacent in G . We refer to the graph PG given by undirecting all edges in G that are not

edges of a v-structure as the pattern of G . An alternative graphical representation of the

Markov equivalence class of G is its so-called essential graph, denoted EG , which is a graph

with both directed and undirected edges and the same skeleton as G in which the directed

edges are exactly those edges that are oriented in the same direction in all members of the

Markov equivalence class of G . Hence, Theorem 1.5.9 states that two DAGs are Markov

equivalent if and only if they have the same characteristic imsets and the same pattern

(or essential graph). See Figure 1.13 for an example of the distinction between patterns

and essential graphs. Given an undirected graph G = ([n ], E )we let Pat(G ) denote the set of

patterns of all DAGs that have skeleton G .

The polyhedral geometry of CIMn has been studied to develop methods for solving the

problem of causal discovery. In [SC17, SCK21, XY15] families of facets of CIMn and certain
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1

2

3 4

5

6G PG EG

Figure 1.13: A DAG G and the associated pattern PG and essential graph EG . The edge
4→ 6 is part of no v-structures, so it is undirected in the pattern. Since 3→ 4← 5 forms
a v-structure, all DAGs in the Markov equivalence class of this DAG must have the same
orientation 4→ 6, which appears in the essential graph.

subpolytopes of CIMn are identified. Similar results have also been found for families of

edges of CIMn in [LRS22a, LRS22b]. In [LRS22b], a complete characterization of the edges

of CIMG for G a tree is also given. In this thesis, the following face of CIMn is of interest.

Proposition 1.5.10. [LRS22a, Proposition 2.5] Let G = ([n ], E ) be an undirected graph. Then

CIMG = conv(cG :G has skeleton G )

is a face of CIMn .

Proof. It suffices to give a linear functional that defines this face. We do this by penalizing

edges that do not appear in G and weighting positively edges that appear in G . Define a

weight vector a ∈
�

R2n−n−1
�∗

(with weights indexed by sets S with #S ≥ 2) such that for each

S

aS =















1 if #S = 2 and S is an edge of G

−1 if #S = 2 and S is not an edge of G

0 otherwise

.

Clearly a · cG attains the maximum possible value across all characteristic imset vectors if

and only if G has skeleton G .

For some graphs, the structure of CIMG admits an easy description.

Lemma 1.5.11. [LRS22b, Proposition 1.9] If G = ([n ], E ) is the star graph; i.e., E = { j − i ∗ :

j ∈ [n ] \ {i ∗}} for some i ∗ ∈ [n ], then CIMG is a simplex.

It is also not difficult to see that CIMG is a simplex when G is the path graph on four

vertices. However, when G contains cycles or cliques the interactions of v-structures become

complicated and this is reflected in the geometry of CIMG .
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1.6 Summary of Results

In this section we outline the main results in the remaining chapters of this thesis.

1.6.1 Birational Rowmotion and the Octahedron Recurrence

In Chapter 2 we study birational rowmotion on the rectangle poset and the formula for

iterated applications of rowmotion on the rectangle. In particular we prove the following

theorem, which originally appeared in [MR19].

Theorem (Theorem 2.2.4). Letρ andφ be birational rowmotion and the transfer map acting

on labelings of the rectangle poset [r ]× [s ]. Then for all k ∈Z and any labeling x ∈R[r ]×[s ]>0 ,

each coordinate ρk ◦φ−1(x )i j can be expressed as a quotient of weights of nonintersecting

lattice paths.

Our proof differs significantly from the original. Musiker and Roby’s proof involves an

intricate and difficult bijection of lattice paths. We construct an auxilliary graph such that

certain nonintersecting paths in the rectangle correspond to nonintersecting paths in the

graph. This bijection enables us to simplify the statement of the rowmotion formula. Our

path bijection also simplifies the proof by allowing us to use the Lindström-Gessel-Viennot

lemma to perform algebraic computations in place of Musiker and Roby’s path bijection.

Our proof of the rowmotion formula gives rise to a shifting action of certain chain

statistics in the rectangle poset under rowmotion. Throughout Chapters 2, 3, and 4 we refer

to results of the following form as chain shifting lemmas.

Lemma (Lemma 2.3.1). Let r, s > 1, let I = [u , v ]× [1, s ] for some 1 < u ≤ v ≤ r and let

I ′ = [u −1, v −1]× [1, s ]. If M C (I ) denotes the set of maximal chains of I , then

∑

C ∈M C (I ′)

∏

p∈C

φ ◦ρ−1 ◦φ−1(x )p =
∑

C ∈M C (I )

∏

p∈C

xp .

Note that the intervals in which we take maximal chains (I and I ′) differ by a shift in

the rectangle. In [JR21], Joseph and Roby lift the Stanley-Thomas word to the birational

realm and show that birational rowmotion is not the only map that cyclically rotates the

Stanley-Thomas word. We use Lemma 2.3.1 to define r + s −1 generalized Stanley-Thomas

words whose cyclic rotation uniquely determines birational rowmotion (Proposition 2.3.4).

Additionally, the chain shifting lemma helps us to prove a birational analogue of Greene’s
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Figure 1.14: An example of a moon polyomino.

theorem (Theorem 2.4.3), which classically describes the shape of the tableaux resulting

from RSK in terms of increasing and decreasing subsequences.

1.6.2 Piecewise-Linear Promotion in Maximal Rectangles of Moon Poly-

ominoes

In Chapter 3 we study labelings of moon polyominoes, which are a row and column

convex diagrams that can be obtained by permuting the rows and columns of a partition.

We use RSK and Pro to define a map between real labelings of moon polyominoes. We

frequently draw moon polyominoes as in Figure 1.14, so that their up-diagonals and down-

diagonals are convex.

A combinatorial analogue of the map we describe in Chapter 3 was previously discovered

by Rubey [Rub11]. Rubey’s bijection concerned nonnegative integer labelings of moon

polyominoes. We give piecewise-linear proofs of Rubey’s results, which we show extend to

all real labelings of moon polyominoes.

In Chapter 3 we study promotion in the rectangle poset and an extension of promo-

tion and rowmotion on the rectangle to labelings of moon polyominoes. We associate to

each moon polyominoM a clique-constraint stable set polytope QSTAB(M ). We prove the

following.

Theorem (Theorem 3.3.4). LetM and N be moon polyominoes related by a cyclic per-

mutation of rows or columns. There exists an Ehrhart equivalence ΩM→N : QSTAB(M )→
QSTAB(N ).

Our map is described in terms of the piecewise-linear promotion on Young tableaux.

The key result we use in our proof of Theorem 3.3.4 is a chain shifting lemma we prove

regarding the action of promotion on labelings of the rectangle. We additionally prove
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Figure 1.15: R = [5]× [3] (right) and its associated trapezoid poset (left).

chain shifting lemmas for the piecewise-linearization of evacuation and a map appearing

in dynamical algebraic combinatorics called Striker-Williams promotion.

If two moon polyominoes are related by a (not necessarily cyclic) permutation of rows

and columns, we may compose instances ofΩM→N to obtain a map between their labelings.

We use chain shifting lemmas for promotion and evacuation to prove the following.

Theorem (Theorem 3.4.11). LetM1 →M2 →M3 andM1 →M ′
2 →M3 be sequences of

moon polyominoes with adjacent shapes related by a cyclic permutation of rows or columns.

Then

ΩM2→M3
◦ΩM1→M2

=ΩM ′
2→M3

◦ΩM1→M ′
2
.

In other words, any composition of ΩM→N resulting in a bijection of the labelings of

M1 andM3 is independent of the order in which permute rows and columns.

1.6.3 Plane Partitions of Trapezoid Shape

In Chapter 4 we study nonnegative integer labelings of the trapezoid poset that are

increasing along cover relations, called P -partitions or plane partitions. One can informally

obtain a trapezoid poset from a rectangle poset by cutting off the bottom corner of the

rectangle and gluing it to one of the rectangle’s sides (see Figure 1.15).

The rectangle and its associated trapezoid have the same number of elements, maximal

chains, and plane partitions with maximum label k for each k ∈Z≥0 [HPPW20, Pro83]. We

prove the following.

Theorem (Theorem 4.3.6). There exists an Ehrhart equivalenceψ between the chain poly-

topes of the rectangle and the trapezoid posets. This map restricts to a bijection on lattice
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points.

After conjugating by the transfer map, we obtain a map between plane partitions of

rectangle and trapezoid shape. The main tool used to prove Theorem 4.3.6 is a new chain

shifting lemma for posets of skew shape (Lemma 4.2.9). We give a bijective proof of this

generalization of the chain shifting lemma from Chapter 2

Our bijection differs from the previously known bijection in [HPPW20] in that ours is

continuous on the chain polytope of the trapezoid. Moreover, we conjecture the following.

Conjecture (Conjecture 4.4.3). The mapψ from Theorem 4.3.6 is equivariant with respect

to rowmotion on the rectangle and trapezoid.

1.6.4 Toric Ideals of Characteristic Imsets Via Quasi-Independence Glu-

ing

In Chapter 5 we study a toric ideal associated to the characteristic imset polytope. Given

a polytope P , we may form a matrix A whose columns are the integer points of P . The toric

ideal associated to P is the ideal IA. Given a tree T , we denote the toric ideal associated to

CIMT by IT .

Corollary (Corollary 5.3.7). Let T be a tree. Then there exists a weight vectorω such that the

reduced Gröbner basis of IT with respect toω consists of square-free quadratic binomials.

The main tool involved in the proof of Corollary 5.3.7 is a new operation we call a

quasi-independence gluing, which generalizes the toric fiber product of [Sul07]. In algebraic

statistics, the toric fiber product is a commonly used tool for iteratively computing a Gröbner

basis of an ideal associated to combinatorial structures that are built by iterated gluing.

Examples of such structures include chordal graphs and trees. Algebraically, both toric

fiber products and quasi-independence gluings are defined as the preimage φ−1(I + J )

of two ideals I and J in disjoint variables under a certain monomial homomorphism.

Under certain combinatorial homogeneity conditions we prove that a Gröbner basis can be

constructed via a lifting operation on Gröbner bases for I and J together with an explicit

description of the universal Gröbner basis of ker(φ).
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CHAPTER

2

BIRATIONAL ROWMOTION AND THE

OCTAHEDRON RECURRENCE

This chapter follows joint work with Ricky Liu in [JL22a]. In this chapter we study bira-

tional rowmotion on the product of two chains (the rectangle poset). In [GR15], Grinberg

and Roby show that birational rowmotion on the r × s rectangle has the same order as com-

binatorial rowmotion, r + s . Musiker and Roby [MR19] then give an explicit combinatorial

formula for all powers of birational rowmotion on rectangles in terms of nonintersecting

lattice paths. However, their impressive formula is notationally dense, and their proof

requires a rather intricate bijection on lattice paths. The main result of this chapter is a

simplified statement and proof of Musiker and Roby’s iterated birational rowmotion for-

mula for rectangles. Our proof relies mainly on the connections between rowmotion, the

octahedron recurrence, the solid minors of a matrix, and nonintersecting lattice paths via

the Lindström-Gessel-Viennot Lemma.

We also touch upon a number of topics related to this work. For instance, associated to

any antichain of the r × s rectangle poset is a certain 0/1-sequence of length r + s called the
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Stanley-Thomas word. Rowmotion on order ideals equivariantly induces a rowmotion action

on antichains, which cyclically shifts the Stanley-Thomas word [PR15, Sta09]. Previously,

the Stanley-Thomas word has been defined in the birational realm to prove homomesy

and cyclic sieving results [JR21], but this word alone is not enough to uniquely define a

general labeling of a rectangle. In this chapter, we define generalized Stanley-Thomas words

in terms of certain sums of weights of chains and show that birational rowmotion is the

unique function that cyclically shifts all of them.

Finally, we discuss the relationship between the birational version of the Robinson-

Schensted-Knuth (RSK) correspondence [DK07, NY04] and rowmotion by defining birational

RSK in terms of toggles. We use the iterated birational rowmotion formula to show that this

definition satisfies a birational version of Greene’s Theorem and also compare it to existing

constructions in the literature.

2.1 Dodgson Condensation and the Octahedron Recurrence

Given a matrix A = (ai j )ni , j=1, let A(k )i j denote the k × k submatrix of A formed by the

intersection of rows i through i +k −1 and columns j through j +k −1 whenever 1≤ i , j ≤
n−k+1. These minors satisfy the following algebraic relation known as the Desnanot-Jacobi

identity, which forms the basis of a recursive algorithm for computing the determinant of a

matrix called Dodgson condensation.

Proposition 2.1.1. For k ≥ 0,

det(A(k+1)
i j )det(A(k−1)

i+1, j+1) = det(A(k )i j )det(A(k )i+1, j+1)−det(A(k )i , j+1)det(A(k )i+1, j ).

(By convention, we set det(A(0)i j ) = 1 and det(A(−1)
i j ) = 0 for all integers i and j .)

We visualize this relation by placing the values det(A(k )i j ) into a three-dimensional array.

In all figures containing such an array, we place the entries det(A(k )i j ) at height k so that, for

k > 1, det(A(k )i j ) lies directly above the center of the submatrix at height 1 for which it is the

determinant. See Figure 2.1.

Proposition 2.1.1 then implies that the entries M (k )
i j = det(A(k )i j ) satisfy the following

octahedron recurrence:

M (k )
i j M (k )

i+1, j+1 =M (k )
i , j+1M (k )

i+1, j +M (k+1)
i j M (k−1)

i+1, j+1.
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ij
k

Figure 2.1: The coordinate system that we will use for all figures depicting three-
dimensional arrays (M (k )

i j ). The octahedron recurrence involves the vertices of translations
of the octahedron shown.

The elements in this relation lie at the vertices of an octahedron that is a translation of the

one shown in Figure 2.1. By convention, we extend the array M = (M (k )
i j ) to all integers i , j ,

and k by setting any undefined values equal to 0, which does not violate the octahedron

recurrence.

We now demonstrate the known relationship between toggles and the octahedron

recurrence appearing in [GR15]. A visualization of this lemma is shown in Figure 2.2. If part

of the rectangle poset is labeled via the quotients z (k )i j as shown, then Lemma 2.1.2 shows

that a toggle at (i , j ) transforms z (k )i j to z (k+1)
i j .

Lemma 2.1.2. Suppose M = (M (k )
i j ) is an array of indeterminates satisfying the octahedron

recurrence, and let z (k )i j =
M ( j−1)

k+2,i+k+1

M ( j )
k+1,i+k+1

. Then

z (k )i j =
(z (k )i , j−1+ z (k )i−1, j )(z

(k−1)
i+1, j ∥ z (k−1)

i , j+1 )

z (k−1)
i j

.

Proof. For ease of notation, we relabel the relevant part of the array as in Figure 2.2. (For

instance, x =M ( j−1)
k+1,i+k and y =M ( j )

k ,i+k , so z (k−1)
i j = x

y .) Applying the octahedron recurrence

to the two octahedra shown and dividing gives

x x ′

y y ′
=

a d + b c

c f +d e
=

a
c +

b
d

f
d +

e
c

=
�

a

c
+

b

d

��

d

f
∥

c

e

�

.
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x
x ′

y

y ′

a

bc

de

f

z (k )i , j−1 =
a
c z (k )i−1, j =

b
d

z (k−1)
i , j = x

y → z (k )i , j =
x ′

y ′

z (k−1)
i+1, j =

c
e z (k−1)

i , j+1 =
d
f

Figure 2.2: The relationship between the octahedron recurrence and birational toggles
as described in Lemma 2.1.2. Two labelings of the poset by quotients of entries in the
octahedron recurrence are related by a birational toggle at the central element.

where d
f ∥

c
e denotes the parallel sum. Solving for x ′

y ′ yields the desired identity

x ′

y ′
=

�

a
c +

b
d

�

�

c
e ∥

d
f

�

x
y

.

In the proof above, if we set e =M ( j )
k ,i+k+1 = 0 (which would make c

e = z (k−1)
i+1, j undefined),

then we instead have

x x ′

y y ′
=

a d + b c

c f
=

a
c +

b
d

f
d

=
�

a

c
+

b

d

��

d

f

�

,

which yields the same result but with the undefined term z (k−1)
i+1, j removed from the parallel

sum. A similar result holds if we instead set f =M ( j+1)
k ,i+k = 0 (which would make d

f = z (k−1)
i , j+1

undefined).

Lemma 2.1.2 suggests that toggling/rowmotion should be thought of as a translation in

the octahedron recurrence. In the next section, we will see how this relationship can be

used to prove the iterated birational rowmotion formula for rectangles.
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2.2 Birational Rowmotion in the Rectangle Poset

In this section, we use the relationship between the octahedron recurrence and toggles

to prove a formula for any power of birational rowmotion on a rectangle similar to one

given by Musiker-Roby [MR19]. This formula is described in terms of nonintersecting paths

inside a certain graph GR . We begin by proving a lemma that relates nonintersecting paths

in GR to nonintersecting paths in R .

2.2.1 Nonintersecting paths

Let R = [r ]× [s ], and let the element (i , j ) have weight xi j . For 1 ≤ k ≤ s , define P (k )
R

to be the set of all collectionsL of k nonintersecting (i.e., vertex disjoint) paths traveling

up along the edges of the Hasse diagram of R , starting at {(1, 1), (1, 2), . . . , (1, k )} and ending

at {(r, s −k +1), . . . , (r, s )}. The weight w (L ) is the product of the weights of the elements

in the paths ofL . We write w (k )
R = w (k )

R (x ) for the sum of the weights of all collections of

paths inP (k )
R . We also write wR =w (s )

R for the product of all weights in R . Similarly, if I is

any interval in R , then we defineP (k )
I , w (k )

I (x ), and wI in an analogous manner.

Note that while the definition ofP (k )
R is asymmetric in r and s , if k ≤min{r, s }, then

the paths in anyL ∈P (k )
R must pass through all k elements at rank k +1 as well as those at

rank r + s −k +1. Thus in this case w (k )
R remains unchanged if we transpose R . We generally

assume that k ≤min{r, s }when consideringP (k )
R .

DefineGR to be the graph with vertex set [r +1]×[s ], directed edges from (i , j ) to (i +1, j )

of weight x−1
i j , and directed edges from (i , j ) to (i +1, j −1) of weight 1. (The vertices of R

are in bijection with the edges of GR whose weights are not 1.) As an example, Figure 2.3

shows R = [2]× [3] and the corresponding graph GR .

We label the vertices on the boundary ofGR as follows: for 1≤ i ≤ r and 1≤ j ≤ s , define

Pj = (1, j ), Ps+i = (i +1, s ), Qi = (i , 1), Qr+ j = (r +1, j ).

We then defineS (k )
i j to be the set of all collectionsL ′ of k nonintersecting paths starting

from {Pi , . . . , Pi+k−1} and ending at {Q j , . . . ,Q j+k−1}. The weight w (L ′) ofL ′ is the product

of the weights of the edges in the paths ofL ′. Let W (k )
i j =W (k )

i j (x ) be the total weight of all

L ′ ∈S (k )
i j .

The following result relates paths in R to paths in GR .
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Figure 2.3: The poset R and graph GR for r = 2 and s = 3. Edges are directed up and to the
left in GR , and unlabeled edges have weight 1. The highlighted paths correspond via the
bijection in Lemma 2.2.3.

Lemma 2.2.1. There exists a bijection fromP (k )
R toS (s−k )

k+1,r+1 that divides weight by wR .

Proof. In the drawing ofL ∈ P (k )
R , extend the start and end of each path by a half-edge

from northwest to southeast. Such a drawing can be built by piecing together square tiles

centered at each vertex showing the five ways in which the paths can pass through that

vertex in such a way that the tiles match along sides—see Figure 2.4. We can replace each

tile with a new tile containing edges/half-edges parallel to the edges of GR in a way that

preserves the exits along the southwest and northeast sides but inverts the exits along the

southeast and northwest sides as shown in Figure 2.4. Placing vertices on the southeast

and northwest edges of these new tiles, the resulting drawing will then depict a collection

of pathsL ′ in GR that forms an element ofS (s−k )
k+1,r+1.

(This bijection also has the following alternate description: when the two drawings are

overlaid, each of the k horizontal steps in the i th path inL ′ crosses the i th northeast step

in one of the k paths inL .)

The weighted edges inL ′ correspond to elements of R not lying in any path ofL . It

follows that w (L ′) is the inverse of the weight of the complement ofL in R , which is exactly
w (L )

wR
.

Let A = (ai j )r+s
i , j=1 be the square matrix such that ai j =W (1)

i j , the total weight of all paths

from Pi to Q j in GR . By the Lindström-Gessel-Viennot Lemma [GV89, Lin73], each minor

det(A(k )i j ) is equal to W (k )
i j , the total weight ofS (k )

i j , the set of all collections of nonintersecting

paths from {Pi , Pi+1, . . . , Pi+k−1} to {Q j ,Q j+1, . . . ,Q j+k−1}. By the discussion in Section 2.1,
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Figure 2.4: Bijection between P (k )
R and S (s−k )

k+1,r+1 as in Lemma 2.2.1. Tiles on the left are
replaced with the corresponding tiles on the right.

the three-dimensional array W = (W (k )
i j ) formed by these minors satisfies the octahedron

recurrence. See Figure 2.6 for a depiction of W when R = [2]× [3].
We first need a few simple properties of the array W .

Proposition 2.2.2. Let R = [r ]×[s ], and let W = (W (k )
i j )be the corresponding three-dimensional

array. Assume k > 0 and 0≤ i , j ≤ r + s +1−k .

(a) If W (k )
i j ̸= 0, then i ≤ j ≤ i + r .

(b) If i = j , then W (k )
i j = 1.

(c) If i < j and k > s , then W (k )
i j = 0.

Proof. All of these follow from the description of W (k )
i j as the total weight of S (k )

i j . For (a),

there are no paths from Pi to Q j if i > j or j − i > r . For (b), if i = j , thenS (k )
i j has only one

element consisting only of horizontal steps of weight 1.

For (c), if i < j and k > s , then the first s +1 starting points Pi , . . . , Pi+s all lie at or below

row i +1, while the ending points for these paths lie at or above row j ≥ i +1. But row i +1

only has s vertices, so it is impossible for s +1 nonintersecting paths to pass through it.

We can translate Lemma 2.2.1 into a statement expressing weights of certain collections

of nonintersecting paths in R in terms of the array of minors W = (W (k )
i j ). In fact, we can

41



formulate a similar result for paths inside certain intervals I ⊆ R , specifically those for

which the leftmost point of I lies on the left boundary of R and the rightmost point of I lies

on the right boundary of R .

Corollary 2.2.3. Let R = [r ]× [s ], and let I = [i1, i2]× [ j1, j2] be an interval in R such that

i1 = 1 or j2 = s , and j1 = 1 or i2 = r .

(a) There exists a bijection fromP (k )
I toS ( j2− j1−k+1)

i1+ j1+k−1,i2+ j1
that divides weight by wI , so that

W ( j2− j1−k+1)
i1+ j1+k−1,i2+ j1

=
w (k )

I

wI
.

(b) The following equality holds:

w (k )
I =

W ( j2− j1−k+1)
i1+ j1+k−1,i2+ j1

W ( j2− j1+1)
i1+ j1−1,i2+ j1

.

Proof. Any nonintersecting paths in GR starting at Pi1+ j1+k−1, . . . , Pi1+ j2−1 must begin with

horizontal steps until reaching row i1 at points (i1, j1+k ), . . . , (i1, j2). See Figure 2.5. (This

statement is trivial if i1 = 1.) Similarly, any nonintersecting paths ending at Qi2+ j1
, . . . ,Qi2+ j2−k

must pass through row i2+1 at (i2+1, j1), . . . , (i2+1, j2−k ) and end with horizontal steps.

(This is trivial if i2 = r .) The remaining parts of the paths lie inside the subgraph of GR from

rows i1 through i2+1 and columns j1 through j2, which is isomorphic as a weighted graph

to GI . Part (a) follows by applying Lemma 2.2.1 to I and summing over all paths.

For part (b), setting k = 0 in part (a) gives W ( j2− j1+1)
i1+ j1−1,i2+ j1

= 1
wI

. Combining with part (a)

gives the result.

In particular, note that the conditions of Corollary 2.2.3 hold whenever I is any order

ideal (when i1 = j1 = 1) or order filter (when i2 = r and j2 = s ) of R .

2.2.2 Birational rowmotion formula

Using the relation between the octahedron recurrence and toggles, we prove the follow-

ing birational rowmotion formula.

Theorem 2.2.4. Let R = [r ]× [s ], x ∈RR
>0, and y =φ−1(x ). Fix (i , j ) ∈R .
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P6

P7

P8

P9

Q7

Q8

Q9

Q10

Figure 2.5: Illustration of GR and GI (dotted) for R = [5]× [7] and I = [3,5]× [2,7] with
k = 2 as in Corollary 2.2.3 (note j2 = s and i2 = r ). Nonintersecting paths from {P6, . . . P9} to
{Q7, . . . ,Q10} in GR must contain the horizontal steps shown.

(a) If 0≤ k ≤ r + s − i − j , then

ρ−k (y )i j =
W ( j−1)

k+2,i+k+1

W ( j )
k+1,i+k+1

.

(b) For all k ∈Z,

ρk (y )i j =
1

ρk−i− j+1(y )r+1−i ,s+1− j
.

In particular, if 0< k < i + j , then the right hand side can be computed using part (a).

(c) For all k ∈Z, ρk+r+s (y ) =ρk (y ). In other words, the action of rowmotion on R has order

r + s .

Theorem 2.2.4 can be used to find an explicit formula for the entries of any power of ρ

applied to y . (Using parts (a) and (b) one can compute ρk (y )i j whenever i + j − r − s ≤ k <

i + j , and part (c) can be used to bring k into this range.) While the birational rowmotion

formulas given in [MR19] are stated in terms of complements of paths in R , the formulation

given here can be seen to be equivalent using Corollary 2.2.3.

Geometrically, Theorem 2.2.4(a) states that one can find the values of ρ−k (y )i j as quo-

tients of nearby entries inside the array W , and increasing the value of k corresponds to

a translation in the direction (1,1,0) as long as these entries remain inside the defined
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0
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0
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0
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a b c d

0

0
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c d e f

0
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1
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0
0

0
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1
a c e

a b c d e f
0

1
b d f

0
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1

1
0 0
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1
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Figure 2.6: R = [2]× [3], GR , and the corresponding array W =W (k )
i j for 1≤ k ≤ 5, where a

denotes a−1 for readability. (All entries at height 0 equal 1, and all other entries not shown
are 0.) Red and blue lines indicate quotients used to computeρ0(y ) = y =φ−1(x ) andρ−1(y )
(apart from the topmost label), respectively.
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pyramidal region of W . Upon passing outside this region, one needs to use part (b) to

relocate inside the pyramid to the entries corresponding to the antipodal point of R . See

Figure 2.6.

Example 2.2.5. Let R = [2]× [3]. Let x be the labeling of R as in Figure 2.6 with the array

(W (k )
i j ) as previously described. When (i , j ) = (2, 2), Theorem 2.2.4(a) gives

ρ0(y )22 =
W (1)

23

W (2)
13

=
b −1+ c −1

(a b c d )−1
= a c d +a b d ,

ρ−1(y )22 =
W (1)

34

W (2)
24

=
d −1+ e −1

(c d e f )−1
= c e f + c d f .

To compute ρ−2(y )22, r + s − i − j = 1< 2, so part (a) does not apply. Instead, we apply

part (c) and then part (b) to obtain

ρ−2(y )22 =ρ
3(y )22 =

1

ρ0(y )12
=

W (2)
12

W (1)
22

= (a c )−1,

ρ−3(y )22 =ρ
2(y )22 =

1

ρ−1(y )12
=

W (2)
23

W (1)
33

= (b d )−1+ (b e )−1+ (c e )−1,

ρ−4(y )22 =ρ(y )22 =
1

ρ−2(y )12
=

W (2)
34

W (1)
44

= (d f )−1.

We prove each part of Theorem 2.2.4 separately. Part (a) follows primarily from Lemma 2.1.2,

though some care is needed along the boundary of R .

Proof of Theorem 2.2.4(a). Let z (k )i j =
W
( j−1)

k+2,i+k+1

W
( j )

k+1,i+k+1

, which we wish to equal ρ−k (y )i j for 0≤ k ≤

r + s − i − j . We proceed by induction on k . When k = 0, ρ0(y )i j = yi j =φ−1(x )i j is the total

weight of all maximal chains in [i ]× [ j ] (with respect to the labeling x ). By Corollary 2.2.3(b),

this is
W
( j−1)

2,i+1

W
( j )

1,i+1

= z (0)i j , as desired.

For the inductive step, assume k > 0 and suppose that the claim is true for ρ−k+1(y ) as

well as for ρ−k (y )(i ′, j ′) if (i ′, j ′)≺ (i , j ). The value of ρ−k (y ) is obtained by applying toggles
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from bottom to top on ρ−k+1(y ), so the toggle at (i , j ) gives

ρ−k (y )i j =

 

∑

(i ′, j ′)⋖(i , j )

ρ−k (y )i ′ j ′

! 

∑∥

(i ′, j ′)⋗(i , j )

ρ−k+1(y )i ′ j ′

!

·
1

ρ−k+1(y )i j
, (∗)

where an empty sum is replaced with 1.

We claim that we can replace the first sum in (∗) with z (k )i , j−1+ z (k )i−1, j . If i > 1 and j > 1,

then this is immediate by induction. Otherwise note that

z (k )i 0 =
W (−1)

k+2,i+k+1

W (0)
k+1,i+k+1

=
0

1
= 0, z (k )0 j =

W ( j−1)
k+2,k+1

W ( j )
k+1,k+1

=
δ j 1

1
=δ j 1

by Proposition 2.2.2(a) and (b). Thus if exactly one of i and j is 1, then one of z (k )i , j−1 and

z (k )i−1, j equals 0 while the other is the only term in the first sum in (∗) by induction. If instead

i = j = 1, then the empty sum in (∗) is replaced with 1= 0+δ11 = z (k 1)
10 + z (k )01 as needed.

Similarly, we claim that we can replace the second (parallel) sum in (∗) with either

z (k−1)
i , j+1 ∥ z (k−1)

i+1, j , or just one of these terms if the other is undefined. If i < r and j < s , then this

is again immediate by induction (since the inequality k −1≤ r + s − (i + j +1) holds). If i = r

and j < s , then z (k−1)
r+1, j is undefined since W ( j )

k ,r+k+1 = 0 by Proposition 2.2.2(a), so we are left

with z (k−1)
r, j+1 =ρ

−k+1(y )r, j+1 by induction. If instead i < r and j = s , then z (k−1)
i ,s+1 is undefined

since W (s+1)
k ,i+k = 0 by Proposition 2.2.2(c), which leaves just z (k−1)

i+1,s =ρ
−k+1(y )i+1,s by induction.

Finally, i = r and j = s cannot both occur since 0< k ≤ r + s − i − j .

The final factor in (∗) is equal to 1

z (k−1)
i j

by induction. The result then follows by comparing

(∗) to Lemma 2.1.2.

Next we prove part (b). In some sense, this reflects two symmetries: toggling is respected

by dualizing a poset and inverting each label, and the octahedron recurrence is respected

by reflecting over the plane perpendicular to the main diagonal.

Proof of Theorem 2.2.4(b). Note that if 0< k < i + j , then 0≤ i + j −k −1≤ r + s − (r +1−
i )− (s +1− j ), so the right hand side of (b) satisfies the condition of part (a), as claimed.

Via the change of coordinates z =ρk−1(y ), it suffices to prove the case when k = 1. By

part (a),

ρ2−i− j (y )r+1−i ,s+1− j =
W (s− j )

i+ j ,r+ j

W (s− j+1)
i+ j−1,r+ j

.
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By Corollary 2.2.3, this is the total weight of all maximal chains in [i , r ]× [ j , s ] in R (with

respect to the labeling x ). Thus

ρ2−i− j (y )r+1−i ,s+1− j =
�

φ∗
�−1
(x )i j =

1

ρ(y )i j

by Lemma 1.2.13.

Finally, we deduce part (c) from part (b).

Proof of Theorem 2.2.4(c). Apply Theorem 2.2.4(b) twice:

ρk (y )i , j =
�

ρk−i− j+1(y )r+1−i ,s+1− j

�−1

=
�

�

ρk−i− j+1−(r+1−i )−(s+1− j )+1(y )i , j

�−1
�−1

=ρk−r−s (y )i , j .

In the next two sections, we show how to use the perspective relating promotion and

the octahedron recurrence to prove various identities about rowmotion.

2.3 A Chain Shifting Lemma

In this section we use the birational rowmotion formula to derive a chain shifting lemma,

which is a birational generalization of the rowmotion action on the Stanley-Thomas word

appearing in [JR21].

2.3.1 Chain Shifting

Recall from Section 2.2.1 that if I is an interval of R and x is a labeling of R , then w (k )
I (x ) is

the total weight of the collections of k nonintersecting paths inP (k )
I . We prove the following

lemma relating these sums in two labelings x andφ ◦ρ−1 ◦φ−1(x ).

Lemma 2.3.1 (Chain Shifting). Let R = [r ]× [s ] and let 1 < u ≤ v ≤ s . Define intervals

I = [r ]× [u , v ] and I ′ = [r ]× [u −1, v −1] of R . Then for any labeling x ∈RR
>0,

w (k )
I (x ) =w (k )

I ′ (φ ◦ρ
−1 ◦φ−1(x )).

(The symmetric statement obtained by reflecting R also holds.)
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a

c

e

b

d

f

φ ◦ρ−1 ◦φ−1

b c
b+c

d e (b+c )
b d+c d+c e

f (b d+c d+c e )
c e

d (b+c )
b

f (b d+c d+c e )
d (b+c )

1
a f (b d+c d+c e )

Figure 2.7: Two labelings x and z =φ ◦ρ−1 ◦φ−1(x ).

Note that the intervals I and I ′ differ only by shifting by one unit in R .

Example 2.3.2. Consider the labeling x of R = [2]× [3] and its image z =φ ◦ρ−1 ◦φ−1(x ) in

Figure 2.7. Then

z11z21 =
b c

b + c
·

d (b + c )
b

= c d = x12 x22.

Similarly, we can compute all of the products along the rows and columns of R :

z12z22 = x13 x23 z13z23 = (x11 x12 x13)
−1

(z11z12z13)
−1 = (x21 x22 x23)

−1 (z21z22z23)
−1 = x11 x21

From the above computation, we see thatφ ◦ρ−1 ◦φ−1 rotates the birational Stanley-

Thomas word

(x11 x21, x12 x22, x13 x23, (x11 x12 x13)
−1, (x21 x22 x23)

−1).

However, the shifting of chain sums happens more generally for sums of chains within

subrectangles of R . For instance, if I = [2]× [2, 3], I ′ = [2]× [1, 2], and k = 1, then we have

z11z21z22+ z11z12z22 =
b c

b + c
·

f (b d + c d + c e )
d (b + c )

�

d (b + c )
b

+
d e (b + c )

b d + c d + c e

�

=
c f (b d + c d + c e )

b + c
+

b c e f

b + c

= c d f + c e f

= x12 x22 x23+ x12 x13 x22.

We now prove Lemma 2.3.1. As we will see, it can be thought of as a manifestation of

the translation invariance of the octahedron recurrence.
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Proof of Lemma 2.3.1. Let x be a labeling of R , let y =φ−1(x ), and let (W (k )
i j ) be the corre-

sponding three-dimensional array. Also define ex =φ ◦ρ−1 ◦φ−1(x ), ey =φ−1(ex ) = ρ−1(y ),

and (fW (k )
i j ) the corresponding array.

We claim that fW (k )
i j = W (k )

i+1, j+1 for 1 ≤ i , j ≤ r + s − k . Note that by the octahedron

recurrence/Dodgson condensation formula, it suffices to prove the case k = 1 since the

entries for k > 1 are determinants of submatrices of these entries at height 1.

Assume k = 1. If i ≥ j , then the claim follows by Proposition 2.2.2. If i < j , then applying

Theorem 2.2.4 twice gives

fW (1)
i j =

1

ρ−i+1(ey ) j−i ,1
=

1

ρ−i (y ) j−i ,1
=W (1)

i+1, j+1,

which proves the claim.

To complete the proof, we need only to observe that applying Corollary 2.2.3(b) to the

two sides of the desired equality expresses them as quotients of two entries of the form

W (k )
i+1, j+1 or fW (k )

i j , respectively, which are then equal by the claim.

2.3.2 Generalized Stanley-Thomas words

Given Lemma 2.3.1, it is natural to want to generalize the definition of the Stanley-

Thomas word to include more words that are cyclically shifted by the action of rowmotion.

The usual birational Stanley-Thomas word is obtained as the orbit of
∏s

j=1 x1 j =φ−1(x )1s

under the action ofφ ◦ρ ◦φ−1 on x , or, put another way, the orbit of y1s under the action

of ρ on y =φ−1(x ). We can generalize this by replacing y1s with any other value yi s or yr j

lying on the upper boundary of R .

Definition 2.3.3. Let x ∈RR
>0, and let y =φ−1(x ). A generalized Stanley-Thomas word for x

is a sequence of one of the following two forms:

STi (x ) = (yi s , ρ−1(y )i s , ρ−2(y )i s , . . . , ρ−r−s+1(y )i s ),

ST j (x ) = (yr j , ρ−1(y )r j , ρ−2(y )r j , . . . , ρ−r−s+1(y )r j ).

The usual birational Stanley-Thomas word is therefore ST1. The reason for choosing

these words in particular is that they have a clean description in terms of x . We consider

the case of STi below; the other case is similar.
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Recall that yi s =φ−1(x )i s =w (1)
[i ]×[s ](x ). By Lemma 2.3.1,

ρ−1(y )i s =w (1)
[i ]×[s ](φ ◦ρ

−1(y )) =w (1)
[2,i+1]×[s ](x ).

Iterating, we find that for 0≤ k ≤ r − i ,

ρ−k (y )i s =w (1)
[k+1,k+i ]×[s ](x ).

To find the remaining coordinates, we apply Theorem 2.2.4 (c), (b), and (a) in order to find

that, for r − i < k < r + s ,

ρ−k (y )i s =ρ
r+s−k (y )i s =

1

ρr−i−k+1(y )r+1−i ,1
=W (1)

k+i−r,k+1.

While W (1)
k+i−r,k+1 is defined in terms of paths in GR , it is also easy to describe it in terms

of the labeling x directly. Choosing the northwest edges in a path in GR from Pk+i−r to

Qk+1 corresponds to choosing elements of R at ranks k + i − r +1, . . . , k +1 traveling to the

northwest (i.e., with increasing first coordinate), not necessarily using the edges of R . In

other words, define

ωa b =ωa b (x ) =
∑

(xia ja
xia+1 ja+1

· · · xib jb
)−1,

where the sum ranges over all sequences (ia , ja ), (ia+1, ja+1), . . . , (ib , jb ) ∈R such that it + jt =

t for all t , and ia < ia+1 < · · ·< ib (or equivalently ja ≥ ja+1 ≥ · · · ≥ jb ). Then we have proved

the following proposition.

Proposition 2.3.4. For any x ∈RR
>0, the generalized Stanley-Thomas word STi = STi (x ) is

given by

STi = (w (1)
[1,i ]×[s ], w (1)

[2,i+1]×[s ], . . . , w (1)
[k+1,k+i ]×[s ], ω2,r−i+2, ω3,r−i+3, . . . , ωi+s ,r+s ).

An analogous formula for ST j can be obtained by reflecting R .

Example 2.3.5. Let R = [3]× [3] and x ∈RR
>0. The generalized Stanley-Thomas word ST2 is

ST2 = (w
(1)
[1,2]×[3], w (1)

[2,3]×[3], ω23, ω34, ω45, ω56).
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x11

x12
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x21

x22

x23

x31

x32

x33

Figure 2.8: Computation of ST2 in R = [3]×[3] as in Example 2.3.5. In the first two diagrams,
the sums of the weights of the maximum length chains in the blue posets are w (1)

[1,2]×[3]

and w (1)
[2,3]×[3], respectively. In the remaining four diagrams, the sums of the reciprocals of

the weights of the maximum length chains in the red posets are ω23, ω34, ω45, and ω56,
respectively.

In the x -coordinates we have the following:

w (1)
[1,2]×[3] = x11 x21 x22 x23+ x11 x12 x22 x23+ x11 x12 x13 x23,

w (1)
[2,3]×[3] = x21 x31 x32 x33+ x21 x22 x32 x33+ x21 x22 x23 x33,

ω23 =
1

x11 x21
,

ω34 =
1

x12 x22
+

1

x12 x31
+

1

x21 x31
,

ω45 =
1

x13 x23
+

1

x13 x32
+

1

x22 x32
,

ω56 =
1

x23 x33
.

See Figure 2.8 for a visualization of this example.

As noted in [JR21], the cyclic rotation of ST1 is not sufficient to uniquely determine bira-

tional rowmotion. However, the cyclic rotation of all STi and ST j does uniquely determine

birational rowmotion, and in fact the chain shifting lemma alone nearly suffices. We make

this statement precise in Section 2.4.
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2.4 Birational RSK and Greene’s Theorem

In this section, we define birational RSK in terms of toggles and show how our perspec-

tive gives a simple proof of the birational version of Greene’s Theorem.

2.4.1 Classical RSK

We first review some background on the classical RSK correspondence, which gives a

bijection between nonnegative integer matrices A and pairs of semistandard tableaux (P,Q )

of the same shape λ. (See, for instance, [Sag01] for more details.)

In the case when A is the matrix of a permutation π, Greene’s Theorem [Gre74] states

that λ1+ · · ·+λk is the maximum size of a union of k increasing subsequences of π. In fact,

one can use Greene’s Theorem to compute not just the shape of P and Q but the entire

tableaux: for m ∈Z>0, the shape P ≤m formed by the entries at most m in P corresponds to

the permutation formed by the letters 1, . . . , m in π, while the shape Q≤m corresponds to

the permutation formed by the first m letters of π.

When A is a general n ×n nonnegative integer matrix, a routine standardization ar-

gument gives the following generalization of Greene’s Theorem: λ1+ · · ·+λk is the maxi-

mum weight of k noncrossing paths (traveling weakly southeast) from (1,1), . . . , (1, k ) to

(n , n −k +1), . . . , (n , n ) in A, where the weight of a path is the sum of the entries it contains.

(As noted in [FHT15], this result appears to be somewhat folklore, but see [NY04, Thm. 2.5]

as well as [Kra06, Thm. 12], [Sag01, Thm. 4.8.10].) As in the permutation case, this can be

used to characterize the entire P and Q tableaux since P ≤m (resp. Q≤m ) corresponds to the

submatrix formed by the first m columns (resp. rows) of A.

One way to see the impact of Greene’s Theorem more directly is to transform P and Q

into Gelfand-Tsetlin patterns and glue them along their top rows to form an n ×n matrix

with weakly increasing rows and columns that we denote by RS K (A). By construction, this

matrix has the property that, for 1≤ k ≤ i , j ≤ n with either i = n or j = n ,

k−1
∑

t=0

RS K (A)i−t , j−t

is the maximum weight of k noncrossing paths from (1, 1), . . . , (1, k ) to (i , j −k +1), . . . , (i , j )

in A.

In the next section, we will see how the map A 7→ RS K (A) can be generalized to the
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birational setting.

2.4.2 Birational RSK

For any interval I ⊆R , denote byρI the map on labelings of R given by the composition

of toggles at the elements of I (applied in the order of a linear extension from top to bottom).

Definition 2.4.1. Let R = [r ]× [s ], and let m =min{r, s }− 1. The birational RSK map on

labelings of R is given by

RS K =ρ−1
[r−m ]×[s−m ] ◦ · · · ◦ρ

−1
[r−2]×[s−2] ◦ρ

−1
[r−1]×[s−1] ◦φ

−1.

We compare this to other formulations of birational RSK below, but for now, this can be

treated as a definition. We abuse notation and denote the piecewise-linear version of this

map by RS K as well.

Although RS K is defined using toggles on portions of R , one can also describe the

entries of RS K (x ) using the action of rowmotion on all of R .

Proposition 2.4.2. RS K (x )r−i ,s− j =ρ−min{i , j } ◦φ−1(x )r−i ,s− j .

Proof. We claim that ρ−1
[r−k ]×[s−k ] ◦ · · · ◦ρ

−1
[r−1]×[s−1](y ) and ρ−k (y ) agree on [r − k ]× [s − k ].

Indeed, suppose inductively that the claim holds for k−1. Since any neighbor of an element

in [r −k ]× [s −k ] lies in [r −k +1]× [s −k +1], applying ρ−1
[r−k ,s−k ] to both ρ−1

[r−k+1]×[s−k+1] ◦
· · · ◦ρ−1

[r−1]×[s−1](y ) and ρ−k+1(y ) yields labelings that agree on [r −k ]× [s −k ]. Then applying

the remaining toggles in ρ−1 (at elements of R \ ([r −k ]× [s −k ])) to the latter also does not

affect any of these values, proving the claim.

If min{i , j }= k , then ρ−1
[r−k ′]×[s−k ′] does not affect the label at (r − i , s − j ) for any k ′ > k ,

so the result follows from the claim.

We are now ready to prove the following theorem, which will serve as a birational

analogue to Greene’s Theorem as described in Section 2.4.1.

Theorem 2.4.3 (Birational Greene’s Theorem). Let R = [r ]× [s ], and choose (i , j ) ∈R such

that either i = r or j = s . Then for any x ∈RR
>0 and 1≤ k ≤min{i , j }+1,

k−1
∏

t=0

RS K (x )i−t , j−t =w (k )
[i ]×[ j ](x ).
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Proof. Let x ∈RR
>0 and let y =φ−1(x ). By Proposition 2.4.2, since

min{r − (i − t ), s − ( j − t )}=min{r − i , s − j }+ t = t ,

we have

RS K (x )i−t , j−t =ρ
−t (y )i−t , j−t .

Theorem 2.2.4(a) then gives

ρ−t (y )i−t , j−t =
W ( j−t−1)

t+2,i+1

W ( j−t )
t+1,i+1

.

We then have the telescoping product

k−1
∏

t=0

RS K (x )i−t , j−t =
k−1
∏

t=0

ρ−t (y )i−t , j−t =
W ( j−k )

k+1,i+1

W ( j )
1,i+1

=w (k )
[i ]×[ j ](x )

by Corollary 2.2.3.

Note that Theorem 2.4.3 uniquely characterizes the map RS K in terms of the values of

w (k )
[i ]×[ j ](x )where i = r or j = s . To see why this can be considered to be a birational version

of Greene’s Theorem, consider the tropicalization of Theorem 2.4.3:

k−1
∑

t=0

RS K (x )i−t , j−t = max
L∈P (k )[i ]×[ j ]

∑

z∈L
xz .

This corresponds directly to the description of RS K (A) given in Section 2.4.1. We can

therefore treat this as a proof that the map RS K as defined above is a birational analogue

to the classical RSK correspondence.

2.4.3 Relation to prior work

Our construction of birational RSK using the octahedron recurrence is very similar

to the approach taken by Danilov-Koshevoy [DK07] (although their construction differs

from the standard one by a symmetry of A). Our construction is also necessarily equivalent

to the description of “tropical RSK” (sometimes also “geometric RSK”) given by Noumi-

Yamada [NY04] (motivated by Kirillov [Kir01]) since their map is also constructed to satisfy

Theorem 2.4.3. An analysis of the Noumi-Yamada construction via local toggles can also be
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found in [OSZ14].

In [FHT15], a birational version of RSK is described using the following piecewise-linear

analogue of RSK defined in [Hop14, Pak02]. Let x ∈C (R ) be a point in the chain polytope of

R = [r ]× [s ]. We construct y = r s k (x ) ∈O (R ) in the order polytope of R using the following

procedure.

1. Set y11 = x11.

2. Choose an element p ∈ R such that yq has been defined for all q < p . Set yp =

xp +max
q⋖p

yq , and then toggle y at all elements below p in the same file.

3. Repeat the previous step until all coordinates of y have been defined.

In fact, this map is the same as the piecewise-linear version of the map RS K defined in

the previous section.

Proposition 2.4.4. RS K = r s k .

Proof. When performing step (2) above, none of the toggled elements form a cover relation

with any element that has yet to be considered. Since the value of each new yp depends

only on the values yq for q ⋖p , the toggles at the previous steps do not affect the initial

value of yp . Hence we can apply all the toggles after first assigning all yp , which is equivalent

to first applyingφ−1 to x .

Without loss of generality, we may assume r ≤ s . If r = 1, then the rectangle is a chain

and no toggles are applied, so r s k =φ−1 =RS K .

Suppose inductively that on [r ]×[s ], r s k =ρ−1
[1]×[s−r+1]◦· · ·◦ρ

−1
[r−1]×[s−1]◦φ

−1, and consider

the rectangle R = [r +1]× [s ] for r +1 ≤ s . After applying r s k on the order ideal [r ]× [s ],
to complete r s k for R we must apply toggles at all elements in [r ]× [s ] that lie in files

1− r,2− r, . . . , s −1− r . Since toggles at elements that are not adjacent commute, we can

toggle row by row instead of file by file. Write Ii = {i }× [s − r −1+ i ]⊆R for i ≤ r . We then

find that on R ,

r s k =
�

ρ−1
I1
◦ρ−1

I2
· · · ◦ρ−1

Ir

�

◦ρ−1
[1]×[s−r+1] ◦ · · · ◦ρ

−1
[r−1]×[s−1] ◦φ

−1

=
�

ρ−1
I1

�

◦
�

ρ−1
I2
◦ρ−1

[1]×[s−r+1]

�

◦ · · · ◦
�

ρ−1
Ir
◦ρ−1

[r−1]×[s−1]

�

◦φ−1

=ρ−1
[1]×[s−r ] ◦ρ

−1
[2]×[s−r+1] ◦ · · · ◦ρ

−1
[r ]×[s−1] ◦φ

−1

=RS K .
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2.4.4 Relation to chain sums and Stanley-Thomas words

Since RS K is invertible, any x ∈ RR
>0 is uniquely determined by RS K (x ). From The-

orem 2.4.3, it follows that the values of w (k )
I (x ), where I has the form [r ]× [ j ] or [i ]× [s ],

determine x .

Perhaps even more relevant for our work with rowmotion, we can also characterize x

using the types of chain sums that appear in Lemma 2.3.1.

Theorem 2.4.5. Let x ∈ RR
>0. The chain sums w (1)

I (x ), where I ranges over intervals of the

form [r ]× [u , v ] and [u , v ]× [s ], uniquely determine x .

Proof. By the Lindström-Gessel-Viennot Lemma on R (using vertex weights), we can ex-

press any w (k )
[r ]×[ j ] as a determinant of a matrix with entries of the form w (1)

[r ]×[u ,v ], and similarly

any w (k )
[i ]×[s ] is determined by the values w (1)

[u ,v ]×[s ]. By Theorem 2.4.3, each entry of RS K (x ) is

a quotient of (or equal to) entries of the form w (k )
[r ]×[ j ] or w (k )

[i ]×[s ], so the result follows.

In particular, since these chain sums all appear in the generalized Stanley-Thomas

words, the following corollary is immediate.

Corollary 2.4.6. The mapφ ◦ρ ◦φ−1 is the unique function on RR
>0 that cyclically shifts the

generalized Stanley-Thomas words STi and ST j .

By Lemma 2.3.1, most of the chain sums w (1)
I considered above get sent to other such

sums. It follows that the chain shifting lemma determines “most” of rowmotion in the

following sense.

Corollary 2.4.7. The chain shifting property ofφ◦ρ−1◦φ−1 (stated in Lemma 2.3.1) uniquely

determines RS K (φ ◦ρ−1 ◦φ−1(x ))i j , where j − i ̸= s − r .

Proof. To compute the (i , j )th coordinate of the RS K map where j − i < s − r , we need only

compute the values of w (k )
[r ]×[ j+r−i ] for k ≤ r − i +1 by Theorem 2.4.3. Since j + r − i < s , by

Lemma 2.3.1, w (k )
[r ]×[ j+r−i ](φ ◦ρ−1 ◦φ−1(x )) =w (k )

[r ],[2, j+r−i+1](x ).

The entries with j − i > s − r can likewise be obtained using the reflected version of

Lemma 2.3.1.
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CHAPTER

3

PIECEWISE-LINEAR PROMOTION IN

MAXIMAL RECTANGLES OF MOON

POLYOMINOES

This chapter follows joint work with Ricky Liu in [JL22b]. In Chapter 1 we briefly dis-

cussed how the Robinson-Schensted-Knuth correspondence (RSK) and Schützenberger

promotion on Young tableaux act on permutation matrices and Gelfand-Tsetlin patterns

respectively. In Chapter 2 we gave a toggle description of RSK and used the birational

rowmotion formula to prove a birational analogue of Greene’s theorem. We now study

properties of the piecewise-linear and birational analogues of promotion and show that

the rowmotion chain shifting lemma (Lemma 2.3.1) implies a similar chain shifting result

for Schützenberger promotion.

As an application of these results, we study fillings of moon polyominoes, which are

diagrams with convex rows and columns that are equivalent to partition diagrams under

permuting rows and columns. Rubey [Rub11] defines a bijection between nonnegative
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fillings of equivalent moon polyominoes using Schützenberger promotion and RSK. This

bijection preserves the maximum weight of nonintersecting northeast chains contained

in maximal rectangles of the moon polyominoes. In Section 3.3 we lift Rubey’s results

to the piecewise-linear and birational realms. We interpret the preservation of weights

of northeast chains to construct a piecewise-linear bijection between certain analogues

of chain polytopes for moon polyominoes, which consequently have the same Ehrhart

polynomials. (Since these polytopes are not in general lattice polytopes, this implies that

they exhibit Ehrhart quasi-polynomial period collapse.) Rubey also proves that applications

of this combinatorial map between several equivalent moon polyominoes commute. In

Section 3.4 we use properties of evacuation to give a piecewise-linear and birational proof

of this result as well as an analogous result involving rowmotion on the maximal rectangles

of the moon polyominoes.

Our proofs rely only on properties of RSK and rowmotion proved in [JL22a], namely

Greene’s Theorem and the chain shifting lemma, as well as commutation of toggles, but

the exact formula for toggles is not otherwise used. As such, our results and proofs all

hold for both the piecewise-linear and birational versions of these maps. However, we

exclusively phrase our results on the piecewise-linear level to avoid confusion and to more

easily discuss polyhedral implications.

3.1 Background

In this section we review some background on the Robinson-Schensted-Knuth corre-

spondence (RSK), promotion, and moon polyominoes. Before delving into these topics,

we briefly state a useful special case of when order toggles commute and an analogue of

the rowmotion chain shifting lemma (Lemma 2.3.1) for toggle applied within certain order

ideals of the rectangle.

Observation 3.1.1. Let A and B be compositions of toggles in [r ]× [s ], and fix k ∈Z.

(a) If every toggle ti j in A satisfies i > k and every toggle ti j in B satisfies i < k , then

A ◦B = B ◦A.

(b) If every toggle ti j in A satisfies i − j > k and every toggle ti j in B satisfies i − j < k , then

A ◦B = B ◦A.
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Figure 3.1: The maximum weight pair of nonintersecting paths in each blue rectangle is
highlighted in red. By Lemma 3.1.2, these weights are the same.

Recall that for a poset P with p , q ∈ P , we have tp ◦ tq = tq ◦ tp if and only if neither p ⋖q

nor q ⋖p . Observation 3.1.1 is the special case where elements in [r ]× [s ] are separated by

an up- or down-diagonal or a file.

Lemma 3.1.2 (Piecewise-Linear Chain Shifting). Suppose 1< u ≤ v ≤ r . If I ⊆R is such that

[v −1]× [s ]⊆ I , then for any k ∈Z≥0 and any x ∈RR ,

H v,s
u ,1 (x ; k ) =H v−1,s

u−1,1 (φ ◦ρ
−1
I ◦φ

−1(x ); k ).

On the left hand side we have the maximum weight of all sets of k nonintersecting

lattice paths inP v,s
u ,1 (k ). On the right hand side we see that after applyingφ ◦ρ−1 ◦φ−1 to x ,

the endpoints of the lattice paths of the maximum weight sum have shifted down by one in

the rectangle.

Example 3.1.3. We can visualize this in the following example. Consider the labeling of

R = [4]× [3] appearing in Figure 3.1 and its image under φ ◦ρ−1 ◦φ−1 (here I = R ) with

u = 2 and v = 4. Adding the weights along the red chains in both labelings gives 1.15. Note

that this is the maximum possible sum of weights among pairs of chains in both rectangles.

Visually, the maximum weight of two nonintersecting chains appearing in an interval shifts

down in the poset. The chains achieving the maximum weight in the shifted subrectangle

need not be shifts of the maximum weight chains in the original subrectangle.

Proof of Lemma 3.1.2. In the case of I =R , it follows from [JL22a, Lemma 4.1] that

H v,s
u ,1 (x ; k ) =H v−1,s

u−1,1 (φ ◦ρ
−1 ◦φ−1(x ); k ).
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The weight on the right hand side is independent of the labels of coordinates outside of the

order ideal [v−1]×[s ], so replacingρ−1 in the right hand side withρ−1
I for any I ⊇ [v−1]×[s ]

does not change the right hand side.

3.1.1 RSK and Promotion

In this subsection we discuss piecewise-linear RSK in terms of toggles as described

by [Hop14, JL22a, Pak02]. We also describe piecewise-linear Greene’s theorem and define

piecewise-linear promotion. See [Sag01] for background on standard Young tableaux and

classical RSK.

Classical RSK maps a matrix A ∈Zn×n
≥0 to a pair of semistandard Young tableaux (P,Q ) of

the same shape, called the insertion tableau and the recording tableau respectively. We can

represent a semistandard Young tableaux with a Gelfand-Tsetlin pattern.

Definition 3.1.4. A Gelfand-Tsetlin pattern is a triangular array of nonnegative integers

g1,1g2,2g3,3· · ·gn ,n

g2,1g3,2· · ·gn ,n−1

g3,1· · ·gn ,n−2

......
gn ,1

such that g i , j ≥ g i , j−1 and g i , j ≥ g i−1, j for all i , j .

If P is a semistandard Young tableau, then the Gelfand-Tsetlin pattern associated to P

has row i given by the shape of the boxes of P with label at most n − i +1. Since RSK maps a

matrix to two semistandard Young tableaux of the same shape, the Gelfand-Tsetlin patterns

of these tableaux have the same first row. We form a matrix RSK(A) by gluing the Gelfand-

Tsetlin patterns for P and Q together along their common first row. By convention, we glue

so that the Gelfand-Tsetlin pattern of the P -tableau is a labeling of the set of points (i , j ) ∈R

that lie weakly left of (n , n ), and similarly the Gelfand-Tsetlin pattern of the Q -tableau is a

labeling of the points lying weakly right of (n , n ). The inequalities in the definition of the

Gelfand-Tsetlin pattern imply that the rows and columns of RSK(A) are weakly increasing.

Labelings of the rectangle poset [r ]× [s ] can be realized as r × s matrices. Hopkins

[Hop14] shows that this version of RSK has a description in terms of toggles in the rectangle

poset. In [JL22a]we show that this description can be rearranged so that the transfer map

factors out, giving the following expression which we take to be the definition of RSK.
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Definition 3.1.5. Let r, s ∈Z>0, m =min{r, s }, and R = [r ]× [s ]. Then RSK is defined to be

the following composition:

RSK=ρ−1
r−m+1,s−m+1 ◦ · · · ◦ρ

−1
r−2,s−2 ◦ρ

−1
r−1,s−1 ◦φ

−1.

For a labeling x of R , we define the following two coordinate projections of RSK(x ):

P (x ) = (RSK(x )i j : i − j ≥ r − s ),

Q (x ) = (RSK(x )i j : i − j ≤ r − s ).

On the combinatorial level, P (x ) and Q (x ) are the Gelfand-Tsetlin patterns of P - and Q -

tableaux. As an abuse of language, we refer to P (x ) and Q (x ) as the P - and Q -tableaux of x

on the piecewise-linear level.

Classical results about RSK also lift to the piecewise-linear and birational realms. For

example, we have the following version of Greene’s theorem [JL22a, NY04].

Theorem 3.1.6 (Piecewise-Linear Greene’s Theorem). Let R = [r ]× [s ], and choose (i , j ) ∈R

such that either i = r or j = s . Then for any x ∈RR and 1≤ k ≤min{i , j },

k−1
∑

t=0

RSK(x )i−t , j−t =H i , j
1,1 (x ; k ).

Very similar versions of this in the combinatorial realm appear in [Kra06, Rub11].

Example 3.1.7. Consider the leftmost labeling x in Figure 3.2. One can compute RSK(x ) by

applyingφ−1 followed by a sequence of toggles. Alternatively, we can compute coordinates

of RSK(x ) by Greene’s theorem. The maximum weight among all paths from (1,1) to (3,3)

in the leftmost labeling is 5, and so RSK(x )3,3 = 5. The maximum weight of all pairs of

nonintersecting paths from {(1, 1), (1, 2)} to {(3, 2), (3, 3)} is 6. Hence

RSK(x )2,2 =H 3,3
1,1 (x ; 2)−H 3,3

1,1 (x ; 1) = 6−5= 1.

All coordinates of RSK(x ) can be computed via this method.

Another important map on semistandard Young tableaux is Schützenberger promotion.

The piecewise-linear analogue is the following.
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Figure 3.2: An example of piecewise-linear RSK and ProP applied to a labeling.

Definition 3.1.8. Let S be the subposet of elements weakly left of (r, s ) in R , and let Fk be

the k th file of S . Then piecewise-linear promotion Pro: RS →RS is given by

Pro=ρFr−s+1
◦ · · · ◦ρFr−1

.

We write ProP : RR →RR for the map that applies Pro to S and keeps the labels of R \S fixed.

(We define ProQ analogously by transposition.)

This definition does not depend on the order of the toggles in any given Fk since elements

in a file do not form cover relations with one another. If a labeling of S is a Gelfand-Tsetlin

pattern, thenρFk
is the k th Bender-Knuth involution [Kir01, Proposition 2.4]. See Figure 3.2

for an example of this map.

Rubey [Rub11] shows that on nonnegative integer labelings of R , RSK−1 ◦ProP ◦RSK

cyclically shifts the down-diagonal sums of the labeling and preserves the up-diagonal

sums. In Section 3.2 we give a piecewise-linear proof of this chain shifting result for all

labelings of R with nonnegative real entries using toggles.

3.1.2 Moon Polyominoes

A polyomino is a finite subset of Z×Z. We represent polyominoes with boxes and draw

them tilted, so that boxes form up- and down-diagonals analogous to the rectangle poset as

in Figure 3.3. We say a polyomino is convex if each up- and down-diagonal of the polyomino

is connected. A polyominoM is intersection-free if for any two i1, i2 ∈Z, either

{ j ∈Z : (i1, j ) ∈M}⊆ { j ∈Z : (i2, j ) ∈M}
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Figure 3.3: Three polyominoes and a filling. The first is a moon polyomino (with a filling)
while the other two are not.

or the reverse inclusion holds. A moon polyomino is a convex and intersection-free poly-

omino. For example, in Figure 3.3, the left diagram is a moon polyomino, but the other two

are not: in the center diagram, the top up diagonal is not convex, while in the right diagram,

the two up-diagonals do not form an inclusion relation (as subsets ofZ). A filling of a moon

polyominoM is a labeling x ∈ZM≥0 of its boxes, as shown in the left diagram of Figure 3.3.

Any maximal subrectangle R of a moon polyomino naturally has a rectangle poset

structure. Combinatorial statistics related to maximal rectangles are of particular interest

in the study of moon polyominoes.

Definition 3.1.9. LetM be a moon polyomino, k ∈Z≥0, and x ∈ZM≥0 a filling ofM .

(a) A weak northeast chain of x of weight k is a chain in some rectangle R ⊆M such that

the sum of all labels in the chain is k .

(b) A strict southeast chain of x of size k is an antichain of k elements in some rectangle

R ⊆M such that each element of the antichain has a nonzero label.

Analogous to weights in the rectangle poset, we let HM (x ;k ) denote the maximum

weight of k disjoint northeast chains contained in a common rectangle inM . We let LM (x )

denote the maximum size among all (strict) southeast chains in M . Here the L in the

notation is meant to suggest the longest or maximum size southeast chain.

Example 3.1.10. In the filling in Figure 3.3, HM (x ;1) = 3. Note that the two 1s and the 2

do not all form a single northeast chain since they do not lie in a common rectangle. Also

LM (x ) = 1. The 2 does not contribute more than 1 to the longest strict southeast chain since

strict chains are not weighted by entries; all nonzero entries count the same.

Definition 3.1.11. We say that two moon polyominoesM andN are equivalent ifN can

be obtained fromM by permuting up-diagonals and down-diagonals.
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LetM andN be moon polyominoes. Let R be a maximal rectangle ofM and letD be

the union of all down-diagonals ofM intersecting R . Suppose further that we can obtain

N fromM as the image of the following map onM :

(i , j ) 7→







(i , j −1) if (i , j ) ∈D \R ,

(i , j ) otherwise.

In words, we shift the boxes in the down-diagonals containing R that lie outside of R

downward. For instance, we could transformM intoN as follows:

ThenM andN are equivalent. Any equivalence of moon polyominoes can be described

in terms of shifts of down-diagonals or up-diagonals of this form.

In [Rub11], Rubey defines a bijection from fillings ofM to fillings ofN that preserves

HM (x ;k ) and LM (x ), which we now describe. Let Ω = RSK−1 ◦ProP ◦RSK on fillings of R

(Rubey denotes this map by π). LetM ,N , and R be as above and let E denote the down-

diagonals ofN intersecting R . Extend the action ofΩ on fillings of R to a bijection between

fillings ofM andN as follows:

ΩM→N (x )i j =















Ω(x )i j if (i , j ) ∈R ,

xi , j+1 if (i , j ) ∈ E \R ,

xi j if (i , j ) ∈N \E .

In other words, apply Ω inside of R and shift the labels outside of R appropriately. (One can

symmetrically define an extension of RSK−1 ◦ProQ ◦RSK on R to shift up-diagonals.)

In Section 3.3 we show thatΩM→N lifts to a piecewise-linear, volume-preserving, contin-

uous map between non-lattice polytopes, and we give piecewise-linear generalizations of

Rubey’s preserved statistics. Rubey also shows that applications of ΩM→N to distinct maxi-

mal rectangle of a moon polyomino commute with one another. We prove the piecewise-

linearization of this in Section 3.4. Our methods differ significantly from Rubey’s. We use
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RSK 3,3 ρ−1
3,3

Figure 3.4: An example of RSK r+1,s where r = 3 and s = 4. Toggles are composed in the
order indicated by the arrow beneath each rectangle, from the rightmost rectangle to the
leftmost.

very few of the combinatorial properties of RSK; instead we rely near exclusively on commu-

tation of toggles, the chain shifting properties of rowmotion, and piecewise-linear Greene’s

theorem. Consequently all proofs in Sections 3.2 and 3.4 are valid in the combinatorial,

piecewise-linear, and birational realms.

3.2 Promotion and Chain Shifting

Rubey’s chain shifting property can be derived completely on the piecewise-linear (or

birational) level in terms of the rowmotion chain shifting property and RSK. All proofs

in this section are valid in both the piecewise-linear and birational realms. We begin by

studying a slight variant of the map RSK.

Definition 3.2.1. Let (a , b ) ∈ [r +1]× [s +1]. Define

RSKa ,b =ρ
−1
a−min(a ,b )+1,b−min(a ,b )+1 ◦ · · · ◦ρ

−1
a−1,b−1 ◦φ

−1.

Note that RSK = RSKr,s and that we allow a = r + 1 and b = s + 1, so that (a , b )may

lie just outside of the rectangle R . Let RSK a ,b denote RSKa ,b ◦φ, the toggle part of RSKa ,b .

Note that

RSK r+1,s =RSK r,s−1 ◦ρ−1
r,s−1.

See Figure 3.4. When (a , b ) lies inside of the rectangle, we have the following proposition.

Proposition 3.2.2. Let (a , b ) ∈R and let π: RR →R[a ]×[b ] be a coordinate projection. Then
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for all (i , j ) ∈R ,

RSKa ,b (x )i j =







RSK ◦π(x )i j if (i , j ) ∈ [a ]× [b ],

φ−1(x )i j otherwise,

where the RSK on the right hand side acts on the rectangle [a ]× [b ].

Proof. Since RSKa ,b contains no toggles in up-diagonals a through r or in down-diagonals

b through s , we know that for (i , j ) ∈R \ ([a ]× [b ]),

RSKa ,b (x )i j =φ
−1(x )i j .

For (i , j ) ∈ [a ]× [b ], note that toggles appearing in RSKa ,b do not depend on elements in

R \ ([a ]× [b ]), so RSKa ,b (x )i j =RSK(x )i j .

If we compose instances of RSK a ,b and RSK −1
c ,b , a great deal of cancellation occurs since

these maps are nearly inverses of each other. When a and c differ by 1, we can give an

explicit description of the toggles that do not cancel.

As in Section 3.1, let S be the induced subposet of [r ]× [s ] of elements weakly left of

(r, s ), and let Fk be the file indexed by k . If we now let F i j
k = Fk ∩ ([i ]× [ j ]), then define

Proi j =ρF
i j

i− j+1
◦ · · · ◦ρF

i j
i−2
◦ρF

i j
i−1

onRS , and similarly define ProP
i j onRR . Hence ProP

r,s = ProP . We also define ProQ
i j by trans-

posing appropriately.

Lemma 3.2.3. Let (a , b ) ∈R . Then

RSK a+1,b ◦RSK −1
a ,b =RSKa+1,b ◦RSK−1

a ,b = ProP
a ,b .

In particular, when (a , b ) = (r, s ), conjugating Lemma 3.2.3 by RSK tells us that

RSK−1
r,s ◦RSKr+1,s =RSK−1 ◦ProP ◦RSK=Ω.

To visualize Lemma 3.2.3, refer to Figure 3.4 for a depiction of the toggles inRS K r+1,s .

Peel off the top up-diagonal of toggles in each rectangle and commute them to the left past

the other toggles as much as possible. This yields ProP ◦RSK . (See also Figure 3.5 for an

alternate depiction.)
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Proof. Let m =min(a + 1, b ). For k ≤ a , let Ik = {k}× [b −a +k − 1], so that in particular

ProP
a ,b can be written as ρ−1

Ia−m+2
◦ · · · ◦ρ−1

Ia−1
◦ρ−1

Ia
. Then

RSK a+1,b =ρ
−1
a−m+2,b−m+1 ◦ · · · ◦ρ

−1
a−1,b−2 ◦ρ

−1
a ,b−1

=
�

ρ−1
Ia−m+2

◦ρ−1
a−m+1,b−m+1

�

◦ · · · ◦ (ρ−1
Ia−1
◦ρ−1

a−2,b−2) ◦
�

ρ−1
Ia
◦ρ−1

a−1,b−1

�

.

We note that each Ia−k lies in the (a −k )th up-diagonal. Each ρ−1
a−ℓ,b−ℓ to the left of ρ−1

Ia−k

is separated from Ia−k by at least one up-diagonal. By Observation 3.1.1 we can then rewrite

this as
�

ρ−1
Ia−m+2

◦ · · · ◦ρ−1
Ia

�

◦
�

ρ−1
a−m+1,b−m+1 ◦ · · · ◦ρ

−1
a−1,b−1

�

= ProP
a ,b ◦RSK a ,b .

In the case that (a , b ) = (r, s ), conjugating Lemma 3.2.3 by RSK gives the following

corollary.

Corollary 3.2.4.

RSK−1
r,s ◦RSKr+1,s =RSK−1 ◦ProP ◦RSK=Ω.

Using Lemma 3.2.3 we can compute any composition RSK a ,b ◦RSK −1
c ,b . For the following

proposition, we state the transposed version since it will be of more use to us.

Proposition 3.2.5. Let a ∈ [r +1] and let b , c ∈ [s +1]. If c ≥ b , then

RSK a ,c ◦RSK −1
a ,b =RSKa ,c ◦RSK−1

a ,b = ProQ
a ,c−1 ◦ProQ

a ,c−2 ◦ · · · ◦ProQ
a ,b

In particular, for any b and c , RSK a ,c ◦RSK −1
a ,b is equivalent to a toggle sequence containing

only toggles at elements strictly right of (a , min(b , c )).

Proof. If b ≥ c , consider the inverse:

�

RSK a ,c ◦RSK −1
a ,b

�−1
=RSK a ,b ◦RSK −1

a ,c .

Toggles are involutions, so the inverse of a composition of toggles is the sequence of toggles

applied in the reverse order. Thus it suffices to prove the case b ≤ c . In this case, write

RSK a ,c ◦RSK −1
a ,b as

(RSK a ,c ◦RSK −1
a ,c−1) ◦ (RSK a ,c−1 ◦RSK −1

a ,c−2) ◦ · · · ◦ (RSK a ,b+1 ◦RSK −1
a ,b )

= ProQ
a ,c−1 ◦ · · · ◦ProQ

a ,b
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=

Figure 3.5: The composition RSK3,4 ◦RSK−1
3,3 of toggles in R = [3]× [4]. Toggles shown in red

are composed in the order indicated by the arrow beneath the rectangle, from the rightmost
rectangle to the leftmost. Toggles in the highlighted regions cancel out.

by the transpose of Lemma 3.2.3.

Example 3.2.6. Consider the case of r = a = b = 3 and s = c = 4. In Figure 3.5 the yellow

subrectangles of toggles cancel since toggles are involutions. The blue rectangles also cancel

since they can commute past the remaining toggles between them.

We can use Proposition 3.2.5 to prove that RSK−1
a ,b ◦RSKa ,c preserves certain chain statis-

tics.

Lemma 3.2.7. Let a ∈ [r ] and let b , c ∈ [s +1]. Then for all ℓ≤ j ≤min(b , c ),

H r, j
1,ℓ (x ; k ) =H r, j

1,ℓ

�

RSK−1
a ,b ◦RSKa ,c (x ); k

�

.

On the birational level, Lemma 3.2.7 can be proven easily using Greene’s theorem and

the Lindström-Gessel-Viennot lemma. However, this proof uses subtraction and therefore

does not tropicalize to the piecewise-linear case. By using only Greene’s theorem and the

chain shifting lemma, we can give a proof that also works in the piecewise-linear realm.

Proof. Without loss of generality, suppose that b ≤ c . We start with the base case ℓ= 1. By

Proposition 3.2.5, RSKa ,c ◦RSK−1
a ,b is equivalent to a composition of toggles that are strictly

right of (a , b ). Similarly, RSKr,b ◦RSK−1
a ,b is equivalent to a composition of toggles that are

strictly left of (a , b ). Since there is a file of elements separating these, they commute with

each other by Observation 3.1.1. Therefore

(RSKa ,c ◦RSK−1
a ,b ) ◦ (RSKr,b ◦RSK−1

a ,b ) = (RSKr,b ◦RSK−1
a ,b ) ◦ (RSKa ,c ◦RSK−1

a ,b ).
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Solving for the underlined quantity gives

RSK−1
r,b ◦RSKa ,c ◦RSK−1

a ,b ◦RSKr,b =RSK−1
a ,b ◦RSKa ,c .

By Greene’s Theorem (Theorem 3.1.6) and Proposition 3.2.2,

H r, j
1,1 (x ; k ) =

k−1
∑

m=0

RSKr,b (x )r−m , j−m .

Recall that RSKa ,c ◦RSK−1
a ,b is equivalent to a composition of toggles that are strictly right of

(a , b ). Since r ≥ a and j ≤ b , (r −m , j −m ) is weakly left of (a , b ), and so these entries are

unaffected by RSKa ,c ◦RSK−1
a ,b . Hence

k−1
∑

ℓ=0

RSKr,b (x )r−m , j−m =
k−1
∑

m=0

RSKa ,c ◦RSK−1
a ,b ◦RSKr,b (x )r−m , j−m

=H r, j
1,1 (RSK−1

r,b ◦RSKa ,c ◦RSK−1
a ,b ◦RSKr,b (x ); k )

=H i , j
1,1

�

RSK−1
a ,b ◦RSKa ,c (x ); k

�

by another application of Greene’s Theorem.

For the induction step, let I be the order ideal generated by (a −1, c −1) and (r, b −1),

and let J = I \ ([a −1]× [c −1]). Then

RSK −1
a ,b ◦RSK a ,c = (ρa−1,b−1 ◦RSK −1

a−1,b−1) ◦ρJ ◦ρ−1
J ◦ (RSK a−1,c−1 ◦ρ−1

a−1,c−1).

Since J lies strictly above the (a − 1)st up-diagonal, while all toggles in RSK −1
a−1,b−1 and

RSK a−1,c−1 lie strictly below the (a−1)st up-diagonal, by Observation 3.1.1 we can commute

the RSK’s to the inside to obtain

ρa−1,b−1 ◦ρJ ◦RSK −1
a−1,b−1 ◦RSK a−1,c−1 ◦ρ−1

J ◦ρ
−1
a−1,c−1

=ρr,b−1 ◦RSK −1
a−1,b−1 ◦RSK a−1,c−1 ◦ρ−1

I .
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Applying Lemma 3.1.2 with ρr,b−1 and using the inductive hypothesis gives

H r, j
1,ℓ

�

RSK−1
a ,b ◦RSKa ,c (x ); k

�

=H r, j
1,ℓ

�

φ ◦ρr,b−1 ◦RSK −1
a−1,b−1 ◦RSK a−1,c−1 ◦ρ−1

I ◦φ
−1(x ); k

�

=H r, j−1
1,ℓ−1

�

φ ◦RSK −1
a−1,b−1 ◦RSK a−1,c−1 ◦ρ−1

I ◦φ
−1(x ); k

�

=H r, j−1
1,ℓ−1

�

φ ◦ρ−1
I ◦φ

−1(x ); k
�

.

Applying Lemma 3.1.2 again with ρI shows that this equals H r, j
1,ℓ (x ; k ), as desired.

For Ω = RSK−1 ◦ProP ◦RSK, we have two distinct chain shifting lemmas, which both

hold on the piecewise-linear and birational levels. While they are difficult to prove in the

coordinates x andφ−1(x ), it is natural to prove them in the RSK coordinates instead.

Corollary 3.2.8. Let x ∈RR , and k ∈Z≥0.

(a) For all 1≤ u ≤ v ≤ r ,

H v,s
u ,1 (x ; k ) =H v,s

u ,1 (Ω(x ); k ).

(b) For all 1< u ≤ v ≤ s ,

H r,v
1,u (x ; k ) =H r,v−1

1,u−1 (Ω(x ); k ) .

Proof. Recall from Corallary 3.2.4 that Ω=RSK−1
r,s ◦RSKr+1,s . Part (a) then follows from the

transposed version of Lemma 3.2.7. For part (b), note that

RSK −1
r,s ◦RSK r+1,s =RSK −1

r,s ◦RSK r,s−1 ◦ρ−1
r,s−1.

By Lemma 3.2.7 we have

H r,v−1
1,u−1

�

φ ◦RSK −1
r,s ◦RSK r,s−1 ◦ρ−1

r,s−1 ◦φ
−1(x ); k

�

=H r,v−1
1,u−1

�

φ ◦ρ−1
r,s−1 ◦φ

−1(x ); k
�

.

The result then follows from Lemma 3.1.2.

Recall that the P -tableau of a labeling x of [r ]× [s ] is the set of coordinates of RSK(x )

that lie weakly left of (r, s ). Knowing the P -tableau of a labeling tells us more chain statistics

than just those appearing in RSK. Using Ω, we can prove the following lemma.

Lemma 3.2.9. Let x and ex be labelings of R . The following are equivalent:

70



1. P (x ) = P (ex ).

2. For all 1≤ u ≤ v ≤ s and k ∈Z≥0

H r,v
1,u (x ; k ) =H r,v

1,u (ex ; k ).

Proof. Obviously (2) implies (1) by Greene’s Theorem, and (1) implies the case of (2) where

u = 1. If u > 1, then by Corollary 3.2.8(b),

H r,v
1,u (x ; k ) =H r,v−u+1

1,1 (RSK−1 ◦
�

ProP
�u−1 ◦RSK(x ); k ).

Toggles in
�

ProP
�u−1

lie strictly left of (r, s ), and so they depend only on coordinates weakly

left of (r, s ). But the coordinates weakly left of (r, s ) are in P (x ). Consequently if P (x ) = P (ex ),

then these P -tableaux remain equal after applications of ProP .

In [JL22a], the present authors show that one can use Lemma 3.1.2 to compute all

coordinates of RSK ◦φ ◦ρ−1 ◦φ−1(x ) except those in the file containing (r, s ). In this sense,

the chain shifting lemma quantifiably “knows” most of the information about piecewise-

linear rowmotion. For RSK−1 ◦RSKr+1,s , we have the following stronger statement.

Corollary 3.2.10. The function Ω: RR →RR is the unique function satisfying Corollary 3.2.8.

Proof. Suppose f : RR →RR satisfies Corollary 3.2.8. We will show that this information is

sufficient to compute RSK ◦ f .

Let x ∈RR , j < s , and k ∈Z≥0. We seek to compute RSK ◦ f (x )r−k , j−k . By Theorem 3.1.6,

k
∑

t=0

RSK ◦ f (x )r−t , j−t =H r, j
1,1 ( f (x ); k +1).

By Corollary 3.2.8(a), this equals H r, j+1
1,2 (x ; k +1), and so

RSK ◦ f (x )r−k , j−k =H r, j+1
1,2 (x ; k +1)−H r, j+1

1,2 (x ; k ).

A similar argument using Corollary 3.2.8(b) computes RSK ◦ f (x )i−k ,s−k for i ≤ r .
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3.3 The Ehrhart Theory of Northeast Chains

In this section, we associate to each moon polyomino a rational polytope and show

that if two moon polyominoes are equivalent, then their corresponding polytopes have the

same Ehrhart series. We cover the relevant definitions and background as needed.

3.3.1 Stable set polytopes

Let G = (V , E ) be a graph with vertex set V and edge set E . A clique in G is a set C ⊆V

such that any two vertices in C are connected by an edge.

Definition 3.3.1. The clique constraint stable set polytope QSTAB(G ) is the intersection of

half spaces inRV of the form xv ≥ 0 for all v ∈V and
∑

v∈C
xv ≤ 1 for all (maximal) cliques C

of G .

The inequality for a clique C implies the corresponding inequality for any subset S ⊆C

(due to nonnegativity of x ), so it suffices to let C range over maximal cliques.

While QSTAB(G ) is always a rational polytope, it is not always a lattice polytope. QSTAB(G )

is a lattice polytope if and only if G is a perfect graph—that is, neither the graph nor its

complement contains an induced odd cycle of length at least 5 [GLS93].

LetM be a moon polyomino. We define a graph GM on the boxes ofM by drawing an

edge from (u1, v1) to (u2, v2) if u1 ≤ v1, u2 ≤ v2, and [u1, u2]× [v1, v2] ⊆M . In other words,

two boxes are connected by an edge if they are comparable in some rectangle poset R ⊆M .

We write QSTAB(M ) for QSTAB(GM ).

Example 3.3.2. Consider the moon polyominoM in Figure 3.6. In GM :

• There is no edge from (2, 1) to (1, 2) because these elements are incomparable in the

subrectangle containing them.

• There is an edge from (1, 1) to (2, 2) because these boxes are comparable in the rectan-

gle [1, 2]× [1, 2]⊆M . Similarly we have an edge from (2, 2) to (3, 3).

• There is no edge from (1, 1) to (3, 3) because (1, 3) ̸∈M , so (1, 1) and (3, 3) do not lie in

a common rectangle.

Note that due to the induced 5-cycle shown, QSTAB(M ) is not a lattice polytope (in fact,

M is the smallest such moon polyomino). Indeed, QSTAB(M ) contains the rational vertex

v where v11 = v22 = v33 = v44 = v41 =
1
2 and all other coordinates are 0.
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11
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Figure 3.6: A moon polyomino with 13 boxes and an induced 5-cycle in its associated
graph. This is the smallest moon polyomino for which the associated clique constraint
stable set polytope is not a lattice polytope.

3.3.2 Ehrhart theory

The Ehrhart theory of QSTAB(M )will be particularly relevant, so we review some general

Ehrhart theory definitions and results here. See [BR07] for more details. Let P ⊆Rd be a

convex polytope. The Ehrhart function of P is the function iP : Z≥0→Z≥0 defined by

iP (k ) = #{Zd ∩k P }.

When P is a lattice polytope, iP (k ) is a polynomial in k called the Ehrhart polynomial of

P . When the vertices of P are only known to be rational, the Ehrhart function is instead a

quasi-polynomial — a function of the form

ad (k )k
d +ad−1(k )k

d−1+ · · ·+a0(k )

where each ai (k ) is a periodic function. In either case, the generating function of the Ehrhart

function is called the Ehrhart series of P and is denoted EhrP (t ).

For QSTAB(M ), lattice points in the k th dilate are integer points x satisfying xi j ≥ 0

for (i , j ) ∈ M and
∑

(i , j )∈C xi j ≤ k for all maximal cliques C in GM . Since each clique in

GM forms a chain in some maximal rectangle ofM , the lattice points in k QSTAB(M ) are

nonnegative fillings x such that the maximum weight of all weak northeast chains (that is,

HM (x ; 1)) is bounded above by k . Hence we have the following lemma.

Lemma 3.3.3. The Ehrhart quasi-polynomial of QST AB (M ) counts the number of nonneg-

ative integer fillings x ofM with HM (x ; 1)≤ k .
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3.3.3 Shifts in moon polyominoes

Recall from Section 3.1 that Rubey [Rub11] constructs a map between fillings of moon

polyominoesM andN differing by a shift of down-diagonals intersecting a maximal rect-

angle R . Given a filling ofM , we obtain a new filling ofN by applying Ω to the labels of R

and shifting certain boxes and labels parallel to the sides of R . Using the piecewise-linear ver-

sions of RSK and ProP , we can define a piecewise-linear version ofΩ=RSK−1 ◦ProP ◦RSK as

well as the extended mapΩM→N . (If insteadM andN differ by a shift of up-diagonals with

respect to a maximal rectangle R , we can similarly define ΩM→N using RSK−1 ◦ProQ ◦RSK

on R .)

For a rectangle S = [i1, i2]× [ j1, j2]⊆M and d ∈Z≥0, let

HS (x ; d ) =H i2, j2

i1, j1
(x ; d ).

This map acts on QSTAB(M ) according to the following theorem.

Theorem 3.3.4. LetM andN be moon polyominoes related by a shift of down-diagonals.

Then ΩM→N is a piecewise-linear, volume-preserving, continuous mapRM →RN such that

(a) for all d ∈ Z≥0 and for every maximal rectangle S ofM with corresponding maximal

rectangle S ′ inN , HS (x ; d ) =HS ′(ΩM→N (x ); d );

(b) for all k ∈Z≥0, ΩM→N (k QSTAB(M )) = k QSTAB(N ); and

(c) for all k ∈ Z≥0, the restriction ΩM→N : k QSTAB(M ) ∩ ZM → k QSTAB(N ) ∩ ZN is a

bijection.

In particular,

EhrQSTAB(M )(t ) = EhrQSTAB(N )(t ).

Example 3.3.5. Consider the labeling in Figure 3.7 and applyΩM→N , whereM is the moon

polyomino on the left andN on the right.
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cb

e

a

d

f

hg

ΩM→N

C

B

E

A

D

F

H

G

Figure 3.7: The labeling of moon polyominoes in Example 3.3.5, related by an application
of ΩM→N .

We have

A = a

B = min(b , f ) +max(d , e )−d

C = c

D = min(d , e ) +max(b , f )− b

E = min(d , e ) +max(b , f )− f

F = min(b , f ) +max(d , e )− e

G = g

H = h .

Note that since max(d , e ) ≥ d , B ≥ 0. By similar arguments, all other coordinates are

nonnegative. All coordinates are integers if the original labeling is a lattice point. Consider

the following sum:

B +D =min(b , f ) +max(d , e )−d +min(d , e ) +max(b , f )− b = e + f .

So Ω algebraically shifts the weight e + f downward in the bolded rectangle. Adding in the

shifted coordinates C and G , we obtain

B +C +D +G = c + e + f + g .
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Intuitively, shifting the weights C and G causes the chain statistics to “line up” after applying

ΩM→N so that the weight of this chain is preserved. In general, the maximum weight of all

chains in each maximal rectangle is preserved, and so the maximum weights among all

northeast chains in both labelings are the same.

Let x1 be a labeling of [i ]×[s ] and let x2 be a labeling of [ j ]×[s ]. In many of the remaining

results in this chapter, we will stack the labelings x1 and x2 to form a labeling x1⊘ x2 as in

the following picture:

x1

x2

In other words, we will shift the labeling x2 to be a labeling of [i+1, i+ j ]×[s ] and concatenate

it with x1 to give a new labeling x1⊘ x2 of [i + j ]× [s ]. To prove Theorem 3.3.4 we need the

following lemma.

Lemma 3.3.6. If x1 and ex1 are labelings of a rectangle with the same P -tableaux, and

similarly for x2 and ex2, then x1⊘ x2 and ex1⊘ ex2 have the same P -tableaux.

On the combinatorial level, this lemma states that the plactic monoid is well-defined as

a monoid. Since the proof of Lemma 3.3.6 using toggles involves evacuation, we defer the

proof until Section 3.4.3.

3.3.4 Proof of Ehrhart equivalence

We are now ready to relate the stable set polytopes ofM andN .

Proof of Theorem 3.3.4. LetM andN differ by a single shift of their down-diagonals with

respect to a maximal rectangle R . WhenΩM→N acts on R , we can express it as a composition

of toggles and the transfer map on R . Since toggles and the transfer map are piecewise-

linear, volume-preserving, and continuous, their composition is as well. The transfer map

and toggles also map lattice points to lattice points, so it suffices to prove (a) and (b).

For (a), suppose that we have two maximal rectangles R and S inM as in Figure 3.8.

We apply ΩM→N to R . Let S ′ be the image of S inN under this shifting. Let x1, x2, x3, and

ex2 be labelings as in Figure 3.8 (note that the x1 and x3 labels just shift).
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S R
x3

x2

x1

ΩM→N
S ′

R

x3

ex2

x1

Figure 3.8: The action of ΩM→N on a moon polyomino. Outside of R , the labels in the
rectangle S shift, while Ω is applied inside of R .

By Corollary 3.2.8(a) and Lemma 3.2.9, x2 and ex2 have the same P -tableaux. By Lemma 3.3.6,

the labelings x1⊘x2⊘x3 and x1⊘ex2⊘x3 in Figure 3.8 have the same P -tableaux. In particular,

by Lemma 3.2.9

HS ′(ΩM→N (x ); d ) =HS (x ; d ).

A similar proof holds using Corollary 3.2.8(b) and Q -tableaux for rectangles that do not

shift under ΩM→N .

For (b), the transfer map and toggles preserve nonnegativity. We know that ΩM→N (x )

satisfies the chain constraint inequalities because this is the special case of (a) when d =

1.

We can relate any equivalent moon polyominoesM and N via a series of shifts of

up- and down-diagonals (see Figure 3.9 for an example). This allows us to define a map

ΩM→N : RM → RN by composing the respective maps for each of these shifts. It is then

clear that Theorem 3.3.4 applies to ΩM→N as well. (We will prove in Section 3.4 that ΩM→N
is independent of the choice of shifts fromM toN .)

As mentioned previously, usually the Ehrhart function of a rational polytope is not a

polynomial but only a quasi-polynomial. However, one can use the map in Theorem 3.3.4

to show that the Ehrhart function is a polynomial, that is, it experiences period collapse

when QSTAB(M ) is not a lattice polytope.

Corollary 3.3.7. The Ehrhart function of QSTAB(M ) is a polynomial for any moon poly-

ominoM . In other words, the number of fillings ofM with maximum weight northeast

chain of weight at most k is polynomial in k . Moreover, this polynomial depends only onM
up to equivalence.

Proof. By Theorem 3.3.4, we need only consider moon polyominoes up to equivalence.

Any moon polyominoM is equivalent to some straight partition shape λ. Consider the
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Figure 3.9: Equivalence of a moon polyomino to a straight partition shape using diagonal
shifts. Shift either the down-diagonals (in the first moon polyomino) or the up-diagonals
(in the second and third) intersecting the bolded rectangle to obtain the next shape.

poset Pλ of boxes of λ ordered by (i , j ) ≤ (i ′, j ′) if i ≤ i ′ and j ≤ j ′. The clique constraint

inequalities of QSTAB(λ) are exactly the chain constraint inequalities of the chain polytope

of PM , and so these polytopes are the same. But chain polytopes are lattice polytopes, and

so the Ehrhart function is a polynomial.

The Ehrhart polynomial of the chain or order polytope of a poset P (also known as the

order polynomial of P ) can be calculated using the methods of Stanley [Sta72]. In particular,

the normalized volume of this polytope is equal to the number of linear extensions of P . In

our case, this gives the following immediate corollary.

Corollary 3.3.8. LetM be a moon polyomino equivalent to a straight partition shape λ.

Then the normalized volume of QSTAB(M ) is the number of standard Young tableaux of

shape λ.

Theorem 3.3.4 tells us that the maximum weight among all weak northeast chains in

M is preserved by ΩM→N . We close this section by proving the analogous result on strict

southeast chains.

Corollary 3.3.9. LetM and N be equivalent moon polyominoes. Then for any x ∈ RM≥0 ,

ΩM→N preserves the maximum length of all strict southeast chains.

Proof. It suffices to consider the case when M and N differ by a single shift of down-

diagonals. Consider the nondecreasing sequence

HM (x ; 1)≤HM (x ; 2)≤ . . . .

This sequence stabilizes at some HM (x ; k ), where k is the minimum number such that for all

maximal rectangles R ofM , the entries of R such that xi j ̸= 0 can be partitioned into k weak
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northeast chains. Recall that Dilworth’s theorem states that the size of the largest antichain

of a poset is the same as the minimum number of chains that partition the elements of

the poset. It follows that the length of the longest strict southeast chain is the value of k

at which the previous sequence stabilizes. But by Theorem 3.3.4(a) we have HM (x ;k ) =

HN (ΩM→N (x ); k ), so the stabilization occurs at the same k for both labelings.

3.4 Evacuation and Commutation

In this section, we investigate properties of piecewise-linear (and birational) evacuation

and connections to Striker-Williams promotion. We also show that the piecewise-linear

(and birational) analogue of ΩM→N is well-defined for any equivalent moon polyominoes

M andN by proving the appropriate commutation property for Ω applied to different

maximal rectangles as shown in the combinatorial case by Rubey [Rub11].

3.4.1 Evacuation

Let S be the induced subposet of R on elements (i , j )weakly left of (r, s ) as in Section 3.1.

Let F i j
k denote the intersection of the k th file and the order ideal generated by (i , j ). Recall

that Proi j is the following composition of toggles:

Proi j =ρF
i j

i− j+1
◦ · · · ◦ρF

i j
i−1

.

We have the following definition of evacuation.

Definition 3.4.1. Piecewise-linear evacuation Evac: RS →RS is the composition

Evac= Pror,2 ◦ · · · ◦Pror,s−1 ◦Pror,s .

We similarly define EvacP on RR , as well as EvacQ by transposition.

It will also be helpful to define the variant

EvacP
i , j = ProP

i ,2 ◦ProP
i ,3 ◦ · · · ◦ProP

i , j

and EvacQ
i , j similarly.
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The evacuation operation is of interest from a chain shifting perspective because it is a

composition of ProP maps, which we know shift chain statistics downward in the poset.

Proposition 3.4.2. Let x ∈RR and let 1≤ u ≤ s . Then for all k ∈Z≥0

H r,s
1,s−u+1(x ; k ) =H r,u

1,1 (RSK−1 ◦EvacP ◦RSK(x ); k ).

The symmetric statement given by transposing also holds.

Proof. We induct on s −u . The case u = s follows from Theorem 3.1.6 since EvacP does not

change any entries in the file containing (r, s ).

If s > u , by Corollary 3.2.8,

H r,s
1,s−u+1(x ; k ) =H r,s−1

1,s−u (Ω(x ); k ).

The inductive hypothesis applied to the restriction of Ω(x ) to the subrectangle [r ]× [s −1]

(using Proposition 3.2.2) implies

H r,s−1
1,s−u (Ω(x ); k ) =H r,u

1,1 (RSK−1
r,s−1 ◦EvacP

r,s−1 ◦RSKr,s−1 ◦Ω(x ); k ).

But by Lemma 3.2.3, RSK◦RSK−1
r,s−1 = ProQ

r,s−1 commutes with EvacP
r,s−1, so this equals

H r,u
1,1 (RSK−1 ◦EvacP

r,s−1 ◦RSK ◦Ω(x ); k ) =H r,u
1,1 (RSK−1 ◦EvacP

r,s−1 ◦ProP ◦RSK(x ); k )

=H r,u
1,1 (RSK−1 ◦EvacP ◦RSK(x ); k ),

as desired.

Let x ∗ be the dual labeling obtained by rotating x by 180◦, so x ∗i j = xr+1−i ,s+1− j . This

rotation map also satisfies Lemma 3.4.3.

Lemma 3.4.3.

RSK−1 ◦EvacP ◦EvacQ ◦RSK(x ) = x ∗.

Proof. By Proposition 3.4.2 we have

H r,u
1,1 (RSK−1 ◦EvacP ◦RSK(x ); k ) =H r,s

1,s−u+1(x ; k ) =H r,u
1,1 (x

∗; k ).
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By Lemma 3.2.9 the P -tableaux of x ∗ and RSK−1 ◦EvacP ◦RSK(x ) agree, as does then that of

RSK−1 ◦EvacP ◦EvacQ ◦RSK(x ) (since EvacQ will only affect the Q -tableau). Likewise the Q -

tableaux of x ∗ and RSK−1 ◦EvacP ◦EvacQ ◦RSK are also the same, so they must be equal.

Note that Lemma 3.4.3 implies that Evac is an involution (this can also be proved easily

from the toggle definition).

We can also prove a chain shifting lemma, which we state below for EvacP (an analogous

statement holds for EvacQ ).

Lemma 3.4.4. Let x ∈RR and let k ∈Z≥0.

(a) If 1≤ u ≤ v ≤ r , then

H v,s
u ,1 (x ; k ) =H v,s

u ,1 (RSK−1 ◦EvacP ◦RSK(x ); k ).

(b) If 1≤ u ≤ v ≤ s , then

H r,v
1,u (x ; k ) =H r,s+1−u

1,s+1−v (RSK−1 ◦EvacP ◦RSK(x ); k ).

Proof. For (a), RSK−1 ◦EvacP ◦RSK does not change the Q -tableau of x , so the result follows

by Lemma 3.2.9 (for theQ tableaux). By Lemma 3.4.3, RSK−1 ◦EvacP ◦RSK(x ) and x ∗ have the

same P -tableaux. Then (b) follows from Lemma 3.2.9 since H r,v
1,u (x ; k ) =H r,s+1−u

1,s+1−v (x
∗; k ).

3.4.2 Striker-Williams Promotion

In this subsection we use properties of evacuation to prove a chain shifting lemma for

Striker-Williams promotion.

Definition 3.4.5. Let Fk denote the k th file of R . Then Striker-Williams promotion is the

map

SWPro=ρF1−s
◦ρF2−s

◦ · · · ◦ρFr−1
.

Striker and Williams introduce this map for rc-posets in [SW12]. Visually, we toggle at

every element in the files of R from the leftmost file to the rightmost. Striker-Williams

promotion can be written in the ProP notation as

SWPro= (ProQ )−1 ◦ρFr−s
◦ProP .

81



We can use this factorization to prove the following chain shifting lemma for SWPro.

Lemma 3.4.6. Let R = [r ]× [s ] and let k ∈Z≥0.

(a) If 2≤ u ≤ v ≤ s , then

H r,v
1,u (x ; k ) =H r,v−1

1,u−1 (RSK−1 ◦SWPro◦RSK(x ); k ).

(b) If 1≤ u ≤ v ≤ r −1, then

H v,s
u ,1 (x ; k ) =H v+1,s

u+1,1 (RSK−1 ◦SWPro◦RSK(x ); k ).

Proof. We first prove (a). Let ex =RSK−1 ◦SWPro◦RSK(x ), and letπ(x ) denote the coordinate

projection of x to coordinates indexed by [r ]× [s − 1]. By Theorem 3.1.6, P (π(x )) is the

collection of labels of P (x ) strictly left of (r, s ). Since
�

ProQ
�−1◦ρFr,s

only changes coordinates

weakly right of (r, s ),

P (π(ex )) = P (π(Ω(x ))).

By Lemma 3.2.9

H r,v−1
1,u−1 (ex ; k ) =H r,v−1

1,u−1 (Ω(x ); k ).

Then (a) follows from Corollary 3.2.8.

For (b), note that x = RSK−1 ◦SWPro−1 ◦RSK(ex ). Let x T denote the transpose of x and

similarly for ex T . Since SWPro−1 is given by toggling along files from the rightmost to the

leftmost, we have x T =RSK−1 ◦SWPro◦RSK(ex T ). Then (b) becomes

H s ,v
1,u (x

T ; k ) =H s ,v+1
1,u+1 (ex

T ; k ),

which follows directly from (a).

For the remainder of this subsection, we reprove Lemma 3.4.6 as a consequence of the

fact that ρ−1 and SWPro are conjugate to each other in the group generated by all toggles

in R . Striker and Williams [SW12] a composition of toggles D for rc-posets such that

SWPro=D ◦ρ−1 ◦D −1.
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We define a similar element here. Let

E =ρ−1
1,s ◦ρ

−1
2,s ◦ · · · ◦ρ

−1
r−1,s .

Proposition 3.4.7.

SWPro= E ◦ρ−1 ◦E −1.

Proof. Let SWProi , j and Ei , j denote the composition of toggles on labelings of R analogous

to SWPro and E on the order ideal [i ]× [ j ]. Observe that

SWPro1,s = E1,s ◦ρ−1
1,s ◦E −1

1,s

since E1,s contains no toggles. By induction suppose that

SWProi−1,s = Ei−1,s ◦ρ−1
i−1,s ◦E −1

i−1,s .

If I = {i }× [s ], then

Ei ,s ◦ρ−1
i ,s ◦E −1

i ,s = Ei ,s ◦ρ−1
I ◦ρ

−1
i−1,s ◦E −1

i ,s

= Ei ,s ◦ρ−1
I ◦E −1

i−1,s

All toggles in ρ−1
I lie in the i th up-diagonal and all toggles in E −1

i−1,s lie strictly below the

(i −1)st up-diagonal. By Observation 3.1.1 these toggle sequences commute, yielding

Ei ,s ◦E −1
i−1,s ◦ρ

−1
I .

We peel ρ−1
i−1,s off of Ei ,s to obtain

Ei−1,s ◦ρ−1
i−1,s ◦E −1

i−1,s ◦ρ
−1
I .

By induction this equals

SWProi−1,s ◦ρ−1
I = SWProi ,s .

Throughout this chapter we use RSK r,s to map from the setting where one applies

rowmotion to the setting where one applies promotion. One desirable quality in a toggle

sequence relating rowmotion and Striker-Williams promotion by conjugation is that it has

a natural description in terms of RSK. We have the following lemma regarding E .
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Lemma 3.4.8.

E = EvacQ ◦RSK .

Proof. First write

EvacQ ◦RSK = EvacQ
r−1,s ◦ProQ ◦RSK r,s

= EvacQ
r−1,s ◦RSK r,s+1

by the transpose of Lemma 3.2.3. Then by the transpose of Lemma 3.2.3 again,

EvacQ
r−1,s ◦RSK r,s+1 = EvacQ

r−2,s ◦ProQ
r−1,s ◦RSK r,s+1

= EvacQ
r−2,s ◦RSK r−1,s+1 ◦RSK −1

r−1,s ◦RSK r,s+1

= EvacQ
r−2,s ◦RSK r−1,s+1 ◦ρ−1

r−1,s .

Repeating this argument, we find that

EvacQ
r−1,s ◦RSK r,s+1 = EvacQ

r−2,s ◦RSK r−1,s+1 ◦ρ−1
r−1,s

= EvacQ
r−3,s ◦RSK r−2,s+1 ◦ρ−1

r−2,s ◦ρ
−1
r−1,s

...

=ρ−1
1,s ◦ · · · ◦ρ

−1
r−1,s

= E .

Since SWPro= E ◦ρ−1◦E −1, and E andρ−1 have chain shifting lemmas, we now reprove

the previous chain shifting lemma for SWPro.

Proof of Lemma 3.4.6. For (b), if 1≤ u ≤ v ≤ r−1, then by Proposition 3.4.7 and Lemma 3.4.8,

H v+1,s
u+1,1 (RSK−1 ◦SWPro◦RSK(x ); k )

=H v+1,s
u+1,1 (RSK−1 ◦EvacQ ◦RSK r,s ◦ρ−1 ◦RSK −1

r,s ◦EvacQ ◦RSK(x ); k ).

By Lemma 3.4.4 this expression simplifies to

H r−u ,s
r−v,1 (φ ◦ρ

−1 ◦RSK −1
r,s ◦EvacQ ◦RSK(x ); k ).
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By Lemma 3.1.2 this equals

H r−u+1,s
r−v+1,1 (RSK◦EvacQ ◦RSK(x ); k ),

and so (b) follows by another application of Lemma 3.4.4. A similar proof yields (a).

Example 3.4.9. Proposition 3.4.7 and Lemma 3.4.8 imply that the diagram in Figure 3.10

commutes. All red chains in Figure 3.10 have the same weight, which is the maximum

weight in each blue rectangle. Then SWPro shifts the maximum weight among chains

in interval [i , j ] × [s ] upward in the poset and shifts weight of chains in intervals [r ] ×
[i , j ] downward in the poset. Alternatively, we can think of this upward shifting by first

applying RSK−1 ◦EvacQ ◦RSK, which reflects the rectangle along the axis perpendicular to

the direction we shift. Note that chains themselves do not reflect, only the region they lie in.

Then applyingφ ◦ρ−1 ◦φ−1 shifts the maximum weight of chains downward in the poset.

Reflecting again transforms this downward shift into an upward shift.

3.4.3 Proof of Lemma 3.3.6

For a labeling x of [r ]× [s ], let Q (x ) denote the coordinates of the Q -tableau that lie

strictly right of (r, s ). Given a labeling (x1⊘ . . .⊘ xn ) and some i ∈ [n ], we say that a function

f is independent of Q (xi ) if f can be expressed as a function of x1, . . . , xi−1, xi+1, . . . , xn , and

P (xi ).

Proposition 3.4.10. Let x = x1 ⊘ x2 be a labeling of R , where (i , s ) is the maximum ele-

ment labeled by x1. Then the coordinates of RSKi ,s (x ) weakly left of (i , s ) can be expressed

birationally in terms of P (x1) and x2 (independent of Q (x1)).

Proof. Let (k , j ) ∈ R with (k , j ) weakly left of (i , s ). If k ≤ i , then (k , j ) ∈ [i ]× [s ] and by

Proposition 3.2.2

RSKi ,s (x )k , j = P (x1)k , j .

If k > i , then by Proposition 3.2.2

RSKi ,s (x )k , j =φ
−1(x )k , j =max

ℓ∈[1, j ]

�

φ−1(x )i ,ℓ+H k , j
i+1,ℓ(x ; 1)

�

.

Note thatφ−1(x )i ,ℓ is a coordinate of P (x1) and H k , j
i+1,ℓ(x ; 1) depends only on x2.
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Figure 3.10: A commuting diagram showing how the chain shifting lemma forρ−1 induces
the chain shifting lemma for SWPro.
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We can easily invert this procedure to recover P (x1) (trivial) and x2 by computing

φ(RSKi ,s (x ))k , j =RSKi ,s (x )k , j −max
�

RSKi ,s (x )k , j−1, RSKi ,s (x )k−1, j

	

for k > i .

We are now ready to prove that P (x1⊘ x2) only depends on P (x1) and P (x2).

Proof of Lemma 3.3.6. Let R = [r ]× [s ], let x1 be a labeling of [i ]× [s ] for some i < r , and let

x2 be a labeling of [r − i ]× [s ]. It suffices to show that P (x1⊘ x2) is independent of Q (x1) and

Q (x2).

We first show that P (x1⊘ x2) is independent of Q (x1). Let y =RSKi ,s (x1⊘ x2). By Proposi-

tion 3.4.10 yk , j is a function of P (x1) and x2 when (k , j ) is weakly left of (i , s ). Note that

RSK(x ) =RSK◦RSK−1
i ,s (y ).

By Proposition 3.2.5, RSK◦RSK−1
i ,s is equivalent to a toggle sequence that only contains

toggles strictly left of (i , s ). The result of each such toggle depends only on entries weakly

left of (i , s ), which are all functions of P (x1) and x2.

We now show that P (x1⊘x2) is independent ofQ (x2). Let x ∗2⊘x ∗1 = (x1⊘x2)∗. By Lemma 3.4.3,

P (x1⊘ x2) = Evac(P (x ∗2 ⊘ x ∗1 )),

so it suffices to show that P (x ∗2 ⊘ x ∗1 ) is a function of x1 and P (x2). By the previous argument,

we know P (x ∗2 ⊘ x ∗1 ) is a function of P (x ∗2 ) and x ∗1 . By Lemma 3.4.3, P (x ∗2 ) = Evac(P (x2)) is a

function of P (x2), and clearly x ∗1 is a function of x1.

3.4.4 Commutation

In this subsection, we prove a commutation theorem for maps on labelings of moon

polyominoes. This theorem will apply not only to maps likeΩ applied to a maximal rectangle

of a moon polyomino, but also to the mapφ ◦ρ−1 ◦φ−1 applied as follows.

LetM be a moon polyomino with maximal rectangle R . Suppose that the equivalent

moon polyominoN is formed fromM by shifting boxes outside R downward parallel to

both sets of sides of R . (This differs from the extension of Ω, where we shift boxes parallel

to only one side—this reflects the differences in the chain shifting lemmas ofφ ◦ρ−1 ◦φ−1
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and Ω.) We can extend φ ◦ρ−1 ◦φ−1 to a map RM →RN by applying φ ◦ρ−1 ◦φ−1 to the

coordinates of R and shifting all other coordinates appropriately.

Theorem 3.4.11. Letψ1 andψ2 be maps in the set

�

RSK−1 ◦ProP ◦RSK, RSK−1 ◦ProQ ◦RSK,φ ◦ρ−1 ◦φ−1
	

acting on distinct maximal rectangles R1 and R2 of some moon polyomino, respectively

(shifting labels outside the rectangle appropriately). Then

ψ1 ◦ψ2 =ψ2 ◦ψ1.

We prove Theorem 3.4.11 at the end of this subsection. In particular, note that (disallow-

ing φ ◦ρ−1 ◦φ−1) this implies that the map ΩM→N described in Section 3.3 between any

equivalent moon polyominoesM andN is independent of the choice and order of shifts

from one to the other.

To prove Theorem 3.4.11, we will need some preliminary results about how applying

various maps depends on the Q -tableaux of subrectangles.

Proposition 3.4.12. Let x = x1 ⊘ x2 ⊘ x3 be a labeling of R such that (i , s ) and ( j , s ) are

the maximum elements labeled by x1 and x2, respectively. If ex =RSK−1 ◦EvacQ
j ,s ◦RSK(x ) =

ex2⊘ ex1⊘ ex3 (where exi and xi label rectangles of the same size), then:

(a) Q (ex2) = Evac(Q (x2)), and

(b) the coordinates of RSK(ex )weakly left of ( j , s ) can be expressed birationally in terms of x1,

P (x2), and x3 (independent of Q (x2)).

Proof. For (a), by Theorem 3.1.6 we know Q (x1 ⊘ x2) is the restriction of Q (x ) to labels

weakly right of ( j , s ). Applying EvacQ
j ,s , we find that Q (ex2 ⊘ ex1) = Evac(Q (x1 ⊘ x2)), which

equals Q (x ∗2 ⊘ x ∗1 ) by Lemma 3.4.3. Then restricting to the labels weakly right of ( j − i , s )

gives Q (ex2) =Q (x ∗2 ) = EvacQ (x2).

For (b), write

RSK(ex ) = EvacQ
j ,s ◦RSK(x ) = EvacQ

j ,s ◦T ◦RSK j ,s (x ),

where by Proposition 3.2.5 T =RSK◦RSK−1
j ,s is equivalent to a composition of toggles that

lie strictly left of ( j , s ). By Proposition 3.4.10, coordinates of RSK j ,s (x ) that lie weakly left of
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( j , s ) depend only on P (x1⊘ x2) and x3. By Lemma 3.3.6 P (x1⊘ x2) is a function of P (x1) and

P (x2), so these coordinates are independent of Q (x2). Since each toggle in T lies strictly left

of ( j , s ), the result of each of these toggles remains independent of Q (x2). Since EvacQ
j ,s does

not change labels weakly left of ( j , s ), we conclude that the coordinates of RSK(ex ) that are

weakly left of ( j , s ) are independent of Q (x2).

Now consider labels that are both weakly right of ( j , s ) and weakly left of ( j − i , s ). All

coordinates weakly right of ( j , s ) form the Q -tableau Evac(Q (x1 ⊘ x2)) = Q (x ∗2 ⊘ x ∗1 ). By

Proposition 3.4.10, the coordinates of Q (x ∗2⊘x ∗1 ) that are weakly left of ( j −i , s ) are functions

of P (x ∗2 ) and x ∗1 . But both P (x ∗2 ) = Evac(P (x2)) and x ∗1 are functions of P (x2) and x1 and

hence independent of Q (x2).

This procedure can be inverted using Proposition 3.4.10: P (x1⊘ x2) and x3 can be recov-

ered from the coordinates of RSK(ex )weakly left of ( j , s ) as in the first half of the argument,

and combining Evac(P (x1⊘ x2)) = P (x ∗2 ⊘ x ∗1 )with the remaining coordinates weakly left of

( j − i , s ) yields P (x ∗2 ) and x ∗1 as in the second half.

Lemma 3.4.13. Let x = (x1 ⊘ x2 ⊘ x3) be a labeling of R such that (i , s ) and ( j , s ) are the

maximum elements labeled by x1 and x2 respectively. Suppose that we have one of the

following scenarios:

(a) Let T be a composition of toggles strictly left of ( j , s ), and let

ex = (ex1⊘ ex2⊘ ex3) =RSK−1 ◦T ◦RSK(x ),

where (i , s ) and ( j , s ) are the maximum elements labeled by ex1 and ex2, respectively.

(b) Let T be a composition of toggles weakly left of ( j , s ), and let

ex = (ex1⊘ ex2⊘ ex3) =RSK−1 ◦T ◦ProQ ◦RSK(x ),

where (i −1, s ) and ( j −1, s ) are the maximum elements labeled by ex1 and ex2, respectively.

Then Q (ex2) =Q (x2), and ex1, P (ex2), and ex3 are independent of Q (x2).

Proof. We will prove (b) (the proof of (a) is similar). Let

y =RSK−1 ◦EvacQ
j ,s ◦RSK(x ) and ey =RSK−1 ◦EvacQ

j−1,s ◦RSK(ex ).
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RSK(x ) RSK(ex )

RSK(y ) RSK(ey )

T ◦ProQ

T ◦ L

EvacQ
j ,s EvacQ

j−1,s

Figure 3.11: The commuting diagram in the proof of Lemma 3.4.13

Here y = (y2 ⊘ y1 ⊘ y3) and ey = (ey2 ⊘ ey1 ⊘ ey3) where yi and xi have the same dimensions,

as do eyi and exi . Let L be the composition of toggles in ProQ that lie weakly left of ( j , s ),

so that ProQ = L ◦ProQ
j ,s . We claim that the diagram in Figure 3.11 commutes. Indeed, by

Observation 3.1.1

EvacQ
j−1,s ◦T ◦ProQ = EvacQ

j−1,s ◦T ◦ L ◦ProQ
j ,s

= T ◦ L ◦EvacQ
j−1,s ◦ProQ

j ,s

= T ◦ L ◦EvacQ
j ,s .

By Proposition 3.4.12, Q (y2) = Evac(Q (x2)), while the entries weakly left of ( j − i , s ) in

RSK(y ) are independent of Q (x2). Toggles in T and L are all strictly left of ( j − i , s ), so the

labels weakly left of ( j − i , s ) in RSK(ey ) are still independent of Q (x2), and Q (ey2) =Q (y2). The

proof is completed by an application of Proposition 3.4.12 since ex =RSK−1 ◦EvacQ
j−1,s ◦RSK(ey ).

Proposition 3.4.14. The maps

φ ◦ρ−1 ◦φ−1, RSK−1 ◦ProP ◦RSK, and RSK−1 ◦ProQ ◦RSK

have the required form for Lemma 3.4.13.

Proof. We considerφ ◦ρ−1 ◦φ−1, which is the only nontrivial case. By Proposition 3.4.7

φ ◦ρ−1 ◦φ−1 =RSK−1 ◦EvacQ ◦SWPro◦EvacQ ◦RSK .

We will express EvacQ ◦SWPro◦EvacQ as T ◦ProQ for some composition T of toggles weakly

left of (r, s ). Recall that SWPro =
�

ProQ
�−1 ◦ρF ◦ProP , where F is the file containing (r, s ).
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R1 R2

x1

x2

x3

ψ1

R1 R2

x ′2

ψ2

R1 R2

x ′′2

ψ2

R1

R2

x1

x 2

x3

ψ1

R1 R2

x 2

Figure 3.12: Labelings associated to applications ofψ1 andψ2 on maximal rectangles R1

and R2 of a moon polyomino. Since the maps commute, x ′′2 = x 2.

Then

EvacQ ◦SWPro◦EvacQ = EvacQ ◦
�

ProQ
�−1 ◦ρF ◦ProP ◦EvacQ

= EvacQ
r−1,s ◦ρF ◦ProP ◦ (EvacQ

r−1,s ◦ProQ ).

By Observation 3.1.1 the instances of EvacQ
r−1,s commute withρF ◦ProP and cancel, yielding

ρF ◦ProP ◦ProQ = T ◦ProQ ,

where T =ρF ◦ProP contains only toggles weakly left of (r, s ).

We are now ready to prove Theorem 3.4.11. The theorem is nearly immediate from

Lemma 3.4.13 and is similar to the proof in Rubey [Rub11] from this point.

Proof of Theorem 3.4.11. Consider the diagram in Figure 3.12. It suffices to consider only
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the moon polyomino R1 ∪R2 since all coordinates outside of this shape are preserved. By

Lemma 3.4.13 and Proposition 3.4.14, P (x ′2) is a function of x1, P (x2) and x3; and P (x 2) is the

same function of x1, P (x 2), and x3. But by Corollary 3.2.8, P (x2) = P (x 2) and so P (x ′2) = P (x 2).

By Corollary 3.2.8 again, P (x ′′2 ) = P (x ′2), and so P (x ′′2 ) = P (x 2). Similarly Q (x ′′2 ) =Q (x 2), so

we must have x ′′2 = x 2. The other four sections of the moon polyomino can be treated

similarly.
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CHAPTER

4

PLANE PARTITIONS OF TRAPEZOID

SHAPE

This chapter follows ongoing work with Ricky Liu. In this chapter, we investigate nonneg-

ative integer labelings of the trapezoid poset. We show that the rectangle and its associated

trapezoid have the same number of plane partitions (sometimes called P -partitions [Sta12])

with maximum label k for all k ∈Z≥0. The plane partitions of the rectangle poset were pre-

viously counted by MacMahon [Mac04], but the enumeration of plane partitions of the

trapezoid was studied much later by Proctor [Pro83]. A bijective proof remained elusive

for 40 years until the work of Hamaker, Patrias, Pechenik, and Williams [HPPW20]. Our

bijection differs from the previously given bijection in [HPPW20] in that it admits a natural

piecewise-linear description that is continuous on the order polytope. In addition, we

conjecture that our bijection is equivariant with respect to rowmotion. The main technique

used in the proof is a new chain shifting lemma for skew shapes.
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(4,1)

(5,2)

(6,3)

Figure 4.1: The right trapezoid, rectangle, and trapezoid posets. This is the case of r = 4
and s = 3. The jagged left edge of the right trapezoid is the set of (i , j )where i − j = r −1.

4.1 Background

In this section, we provide background on the trapezoid poset and the K-theoretic

jeu-de-taquin bijection in [HPPW20]. We motivate the search for other bijections with a

conjecture due to Hopkins and an interpretation of labelings as lattice points in polytopes.

4.1.1 Rectangles, Trapezoids, and K-Theoretic Jeu-De-Taquin

To formally define the trapezoid poset, we first define a right trapezoid poset into which

the trapezoid and rectangle embed. Throughout this chapter we let Rr,s denote the rectangle

[1, r ]× [1, s ].

Definition 4.1.1. Let r ≥ s > 0. The right trapezoid poset RTr,s is the induced subposet of

[1, r + s − 1]× [1, s ] on elements {(i , j ) ∈ [1, r + s − 1]× [1, s ] : i − j ≤ r − 1}. The trapezoid

poset Tr,s is the induced subposet of RTr,s of elements (i , j ) satisfying i + j ≥ s .

See Figure 4.1 for an example of these shapes.

Definition 4.1.2. Let P be a finite poset. A plane partition of P is a labeling x ∈ZP
≥0 such

that xp ≤ xq whenever p ⪯ q . We say a plane partition x is of height k if the maximum label

appearing in x is k .

These objects are also often referred to as P -partitions [Sta12]. For the rectangle poset a

formula due to MacMahon counts the plane partitions [Mac04].
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0 0
0

1

0 0
1

1

0 1
1

1

1 0
1

1

1 1
1

1

0
0 0

1

0
0 1

1

0
1 0

1

0
1 1

1

1
1 1

1

Figure 4.2: The plane partitions of height 1 of the two by two rectangle and its associated
trapezoid.

Theorem 4.1.3. The number of plane partitions of [r ]× [s ] of height at most k is

N (r, s , k ) =
r
∏

i=1

s
∏

j=1

i + j +k −1

i + j −1
.

Example 4.1.4. Consider the trapezoid and rectangle posets in the case of r = 2 and s = 2.

Figure 4.2 shows the 5 plane partitions of both posets of height 1. In general, we can count

the plane partitions of height k for the 2×2 rectangle. Every plane partition of R2,2 of height

k has the maximum element labeled k . If the minimum element is labeled i ∈ [0, k ], then

there are k +1− i ways to choose each of the labels of the remaining two elements to obtain

a plane partition. So the number of plane partitions of height k is

k
∑

i=0

(k +1− i )2 =
k+1
∑

i=1

i 2 =
(k +1)(k +2)(2k +3)

6
.

A similar argument shows that the number of plane partitions of T2,2 of height k is given by

the same formula. This agrees with MacMahon’s formula; it is the expression arrived at by

simplifying N (2, 2, k )−N (2, 2, k −1).

Understanding the relationship between the plane partitions of the rectangle and trape-

zoid has been the subject of a number of papers over the past 40 years. In 1983, Proctor

used a recurrence relation on the dimension of certain Lie algebras to prove the following

result.

Theorem 4.1.5 ([Pro83]). Rr,s and Tr,s have the same number of plane partitions of height k

for all k ∈Z≥0.

The following is the main problem addressed in this chapter, which was first solved by

Hamaker, Patrias, Pechenik, and Williams [HPPW20].
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i j

i

j i i

i

j i

i

j i

i i

Figure 4.3: K-theoretic jeu-de-taquin slides. If i is the smallest label covering an unlabeled
node (so i < j ), then i slides to label the unlabeled node.

Problem 4.1.6. Find a bijective proof that Rr,s and Tr,s have the same number of plane

partitions of each height for all r, s .

After Proctor proved Theorem 4.1.5, the search for a bijective proof lasted many years

[Eli15, Rei97, Ste86] and resulted in several bijections between plane partitions when re-

stricted to low heights. A bijective proof for all heights was found in 2016 in terms of

K-theoretic jeu-de-taquin moves [HPPW20].

A strictly increasing labeling of RTr,s is a plane partition for which xp < xq whenever

p ⪯ q . Recall that the rank of (i , j ) ∈ RTr,s is i + j . We note there is a bijection between

plane partitions of RTr,s of height k and strictly increasing labelings of RTr,s with maximum

label k + r + s −2, where xi j 7→ xi j + i + j −2. Consequently a bijection of plane partitions

may be described in terms of strictly increasing labelings instead. For i < j , K-theoretic

jeu-de-taquin (K-jdt) moves on strictly increasing labelings are depicted by Figure 4.3. We

let black dots denote unlabeled nodes to which we wish to perform a K-jdt slide. We slide the

smallest number covering an unlabeled node to that node. Unlike classical jeu-de-taquin,

whenever we have a tie, both numbers slide into the new position. Slides are simultaneously

performed at each rank, starting from the bottom and ending at the top.

K-jdt is invertible. The inverse is given by sliding the largest number covered by an

unlabeled node to that node (with ties handled similarly to before). The following theorem

appears in [HPPW20].

Theorem 4.1.7. K-theoretic jeu-de-taquin moves in RTr,s rectify strictly increasing labelings

of Tr,s to strictly increasing labelings of Rr,s . In particular, Rr,s and Tr,s have the same number

of plane partitions of each height.
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0 1
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0

1

2 2

3
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0

2 1

3

4

0

12

3 3

4

0

12

3 3

4

Figure 4.4: An example of K-jdt. The strictly increasing labeling of T3,2 rectifies to a strictly
increasing labeling of R3,2.

See Figure 4.4 for an example of this bijection.

4.1.2 Connections to Polyhedral Combinatorics and Rowmotion

In this subsection we discuss connections to piecewise-linear rowmotion and motivate

the search for more bijections between plane partitions of rectangular and trapezoidal

shape. We begin with the following observation.

Observation 4.1.8. Let P be a finite poset and k ∈Z≥0. Plane partitions of P of height at

most k are exactly the lattice points in kO (P ).

Proof. The inequalities in Theorem 1.1.11 match those in Definition 4.1.2.

Consequently Problem 4.1.6 is asking for a bijective proof that the Ehrhart polynomials

of the order (and chain) polytopes of Rr,s and Tr,s are the same. Given the very natural

polyhedral perspective on Problem 4.1.6, one should hope that an answer may also be given

in the language of polyhedral geometry. An equality of Ehrhart polynomials iP (k ) = iQ (k )

suggests the existence of an Ehrhart equivalence P →Q . A conjecture of Hopkins [Hop22]

further motivates the search for such an Ehrhart equivalence.

Conjecture 4.1.9 ([Hop22], Conjecture 4.9). There is a cardinality-preserving bijection

between the orbits of rowmotion on plane partitions of Rr,s and the orbits of rowmotion on

plane partitions of Tr,s .

We may expect that such a bijection exists on the piecewise-linear and birational levels,

manifesting as continuous piecewise-linear and birational maps. In the piecewise-linear

realm, such a bijection would necessarily be an Ehrhart equivalence.

Partial results investigating Conjecture 4.1.9 have been proven. The following result is

the main theorem of [DWYWZ22].
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Theorem 4.1.10. Let ρR and ρT denote the actions of rowmotion on Rr,s and Tr,s . When

restricted to order ideals,

ρR ◦ (K-jdt) = (K-jdt) ◦ρT .

This commutation does not hold for more general plane partitions.

Roadmap of the Chapter

In Section 4.2 we prove a chain shifting lemma for skew shapes via a bijection of trees.

In Section 4.3 we define a sequence of “intermediate” posets from the trapezoid to the

rectangle and maps between their labelings. Using the chain shifting lemma we show that

the composition of these maps sends the chain polytope of the trapezoid to the chain

polytope of the rectangle. We conclude with a new notion of rowmotion on intermediate

posets and a conjecture concerning equivariance.

4.2 Chain Shifting in Skew Shapes

In this section we prove a chain shifting lemma for skew shapes. We first prove two

propositions expressing the weights of chain statistics in terms of weights of trees. Fix a

finite poset P . Throughout this section, all subposets that we consider are induced and

have cover relations that also appear in the Hasse diagram of P . That is, the Hasse diagrams

of all subposets we consider are induced subgraphs of the Hasse diagram of P . Throughout

this section all empty sums evaluate to 1.

Definition 4.2.1. Let G be a (not necessarily induced) subgraph of the Hasse diagram of

P (whose edges are also cover relations of P ). The up degree udegG (p ) of a node p ∈G is

the number of elements in G covering p . The down degree ddegG (p ) of a node p ∈G is the

number of elements in G covered by p .

Definition 4.2.2. An upward spanning tree of P is a spanning tree of the Hasse diagram of

P such that each non-minimal vertex has down degree 1. A downward spanning tree of P is

a spanning tree such that each non-maximal vertex has up degree 1.

Notation 4.2.3. Let I be an induced subposet of P with minimum m and maximum M .

• We let UP (I ) denote the set of all upward spanning trees of P with a distinguished

chain from m = p1⋖p2⋖ · · ·⋖pk =M contained in I .
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y 2
11 y21

y12 y22 y42

y 2
11

y22 y42

y 2
11 y21

y12 y31 y42

Figure 4.5: The three upward spanning trees in URT3,2
(I ) where I = [(2,1), (3,2)]. Their

weights are written beneath them.

• We let DP (I ) denote the set of all downward spanning trees of P with a distinguished

chain from m = p1⋖p2⋖ · · ·⋖pk =M contained in I .

• Let UP and DP denote the sets of all upward and downward spanning trees of P with

no particular distinguished chain.

• Let M C (I ) denote the set of maximal chains in I .

Let x ∈RP
>0 and y =φ−1(x ). Define the weight of an edge p ⋖q of P to be we (x ) =

yp

yq
.

The weight of a spanning tree T is w (T ; x ) =
∏

e∈E (T )
we (x ). Additionally, let wP (x ) =

∏

p∈P
xp .

Example 4.2.4. Consider the right trapezoid in Figure 4.5. RT3,2 has 4 upward spanning

trees. Let I = [(2, 1), (3, 2)]. The 3 upward spanning trees that are pictured in Figure 4.5 form

URT (I ). The weight of the leftmost tree pictured is

y11

y21
·

y11

y12
·

y21

y31
·

y21

y22
·

y31

y32
·

y32

y42
=

y 2
11 y21

y12 y22 y42
.

We have the following proposition.

Proposition 4.2.5. Let P be a poset with minimum element b0. Let I be an induced subposet

of P with minimum m and maximum M and suppose that m covers at most 1 element of P .

Let m ′⋖m if such m ′ exists and let ym ′ = 1 otherwise. Then

HI (x ; 1) =wP (x )
yM

ym ′ y
b0

∑

T ∈UP (I )

w (T ; x ).
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Proof. We have

HI (x ; 1) =
∑

C ∈M C (I )

∏

p∈C

xp =wP (x )
∑

C ∈M C (I )

∏

p∈P \C

1

xp
.

Since x = φ(y ), xp =
yp
∑

q⋖p
yq

for all p ∈ P (where we interpret the empty sum as 1). The

reciprocal of this expression is a Laurent polynomial, which we substitute into the previous

expression. This yields

wP (x )
∑

C ∈M C (I )

∏

p∈P \C

1

xp
=wP (x )

∑

C ∈M C (I )

∏

p∈P \C

∑

q⋖p

yq

yp

=wP (x )
yM

ym ′

∑

C ∈M C (I )

ym ′

yM

∏

p∈P \C

∑

q⋖p

yq

yp

It remains to translate this expression into tree weights. That is, we will show

1

y
b0

∑

T ∈UP (I )

w (T ; x ) =
∑

C ∈M C (I )

ym ′

yM

∏

p∈P \C

∑

q⋖p

yq

yp
.

Given a tree T ∈UP (I ), each non-minimal vertex p ∈ T has exactly one edge q ⋖p in T . If

C is the distinguished chain of T , then we multiply the edge weights of the edges q ⋖p

with p ∈C . This product telescopes. Since there is at most 1 vertex covered by m , we know

that this product is ym ′
yM

. For each non-minimal p ∈ P \C , T contains one edge q ⋖p which

yields a choice of monomial in the sum
∑

q⋖p

yq

yp
. For the minimal vertex, 1

y
b0

appears as an

additional variable in every Laurent monomial of the right hand side that is not accounted

for by the tree weight. Hence 1
y
b0
w (T ; x ) is a monomial appearing in the right hand side.

Additionally, any monomial in the right hand side gives rise to a tree in UP (I ). To choose

a monomial, we must fix a chain C ∈M C (I ) and an edge q ⋖p for each p ∈ P \C . We form

a tree T with the chosen edges, the edges of the fixed chain, and the unique edge m ′⋖m

downward in P from m . Then 1
y
b0
w (T ; x ) is the monomial we started with.

Similarly, we can express chain statistics after the application of rowmotion in terms of

weights of downward spanning trees.

Proposition 4.2.6. Let P be a poset with maximum element b1. Let I an induced subposet

with minimum m and maximum M and suppose that M is covered by at most 1 element of
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P . Let M ⋖M ′ if such M ′ exists and let yM ′ = 1 otherwise. Then

HI (φ ◦ρ−1 ◦φ−1(x ); 1) =wP (x )
yM ′ y

b1

ym

∑

T ∈DP (I )

w (T ; x ).

Proof. Let ex =φ ◦ρ−1 ◦φ−1(x ). Then

HI (ex ; 1) =
∑

C ∈M C (I )

∏

p∈C

exp =wP (ex )
∑

C ∈M C (I )

∏

p∈P \C

1

exp

But ex =φ ◦ρ−1(y ). For all p ∈ P

ρ−1(y )p =
1

∑

q⋗p

1
yq

�

∑

q⋖p

ρ−1(y )q

�

1

yp
.

After applyingφ, we obtain

exp =
1

∑

q⋗p

1
yq

�

1

yp

�

=
1

∑

q⋗p

yp

yq

.

The reciprocal of exp is a Laurent polynomial in yq . Similar to the proof of Proposition 4.2.5,

we obtain

wP (ex )
∑

C ∈M C (I )

∏

p∈P \C

1

exp
=wP (ex )

∑

C ∈M C (I )

∏

p∈P \C

∑

q⋗p

yp

yq

=wP (ex )
yM ′

ym

∑

C ∈M C (I )

ym

yM ′

∏

p∈P \C

∑

q⋗p

yp

yq

A bijection of Laurent monomials analogous to the proof of Proposition 4.2.5 yields the

result.

Furthermore wP (x ), the vertex weight of the entire poset, can be described in terms of

tree weights.

Corollary 4.2.7. Let P be a poset with maximum and minimum element. Then

wP (x )
−1 =

1

y
b0

∑

T ∈UP

w (T ; x ) = y
b1

∑

T ∈DP

w (T ; x ).
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Proof. We first prove

wP (x )
−1 =

1

y
b0

∑

T ∈UP

w (T ; x ).

We use the notation of Proposition 4.2.5 and apply Proposition 4.2.5 in the case of I = P .

Since the minimum element of P does not cover any elements, ym ′ = 1. By definition ofφ−1

we know that yM =HP (x ; 1). By Proposition 4.2.5 we obtain

yM =wP (x )
yM

y
b0

∑

T ∈UP

w (T ; x ).

Canceling the instances of yM and solving for wP (x ) yields the result. The other equation

involving downward spanning trees follows via a similar argument.

Proposition 4.2.5, Proposition 4.2.6, and Corollary 4.2.7 suggest a strategy for prov-

ing equations involving chain statistics. If one can find a bijection between upward and

downward spanning trees, one can keep track of how statistics HI (x ; 1) change as we apply

rowmotion iteratively. For many posets, such a bijection will not exist because either there

will not be the same number of Laurent monomials associated to different intervals or it

will be difficult to keep track of changes of weights under a bijection. However, for skew

shapes there exists a simple bijection which modifies weight in a predictable way.

Definition 4.2.8. A poset S has straight shape if S is an induced subposet of some Rr,s such

that whenever (i , j ) ∈ S , with i > 1 and j < s , both (i − 1, j ), (i , j + 1) ∈ S (i.e. rightward

closed). We say S has skew shape if S is the induced subposet of R on elements in the set

difference of two straight shapes.

See Figure 4.6 for an example. We will only consider skew shapes whose cover relations

are a subset of those appearing in R (corresponding to connected skew diagrams). Note

that the right trapezoid is a skew shape. Throughout this section fix a skew shape S with r

up-diagonals and s down-diagonals.

We have the following chain shifting lemma.

Lemma 4.2.9. Let 1< i1 ≤ i2 ≤ r ,

I = {(a , b ) ∈ S : a ∈ [i1, i2] and (a −1, b ) ∈ S}, and I ′ = {(a , b ) ∈ S : (a +1, b ) ∈ I }.
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Figure 4.6: A skew shape inside of R4,5.

(1, 1)
(2, 1) (1, 2)

(2, 5)

Figure 4.7: The subposets I (left) and I ′ (right) in Lemma 4.2.9. The element (2,5) ∈ S is
omitted from I since it has no shifted counterpart in S .

Then for any labeling x ∈RS
>0

HI ′(φ ◦ρ−1 ◦φ−1(x ); 1) =HI (x ; 1).

Example 4.2.10. For this example we consider the skew shape in Figure 4.7 and fix i1 = 2

and i2 = 3. Figure 4.7 depicts the subposets I and I ′ as defined in Lemma 4.2.9. If x ∈RS
>0

and ex =φ ◦ρ−1 ◦φ−1(x ), then Lemma 4.2.9 states that

ex11ex21ex22ex23ex24ex25+ ex11ex12ex22ex23ex24ex25+ ex11ex12ex13ex23ex24ex25+ ex11ex12ex13ex14ex24ex25

=x21 x31 x32 x33 x34 x35+ x21 x22 x32 x33 x34 x35+ x21 x22 x23 x33 x34 x35+ x21 x22 x23 x24 x34 x35.

Here the variables within a monomial are ordered from the bottom of their respective chain

to the top.

Let S be a skew shape and let T ∈US . We say an edge p ⋖q is forced if there is no other

p ′ ∈ S such that p ′⋖q . Similarly we have forced edges in DS .

Let I and I ′ be defined as in Lemma 4.2.9. We define a bijection ℵ : US (I )→DS (I ′) as
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Figure 4.8: An upward spanning tree (in red) and its image under ℵ (in blue). After shifting
the red tree down, we form the blue tree by adding all edges that do not intersect the red
together with all forced edges.

follows. Let T ∈US (I ). Form a tree T by shifting T in the plane by the vector (−0.5,−0.5)

(and let S be the shifted version of S ). We form a graph ℵ(T ) on V (T )whose edges are those

that do not intersect T , together with all forced edges (see Figure 4.8 for an example). Let ℵ∗

denote ℵ on S ∗ and let T ∗ denote the tree analogous to T in S ∗. Our next goal is to show that

ℵ(T ) is indeed a downward spanning tree and that T and ℵ(T ) are dual in the sense that

ℵ∗(ℵ(T )∗) = T ∗. As an abuse of language, we say edges a ⋖ b in T and c ⋖d in ℵ(T ) intersect

if they intersect after shifting T by (−0.5,−0.5). Note that parallel edges cannot intersect.

Observation 4.2.11. Edges (i , j )⋖ (i +1, j ) in S and (a , b )⋖ (a , b +1) in S intersect if and

only if a = i +1 and b = j . Edges (i , j )⋖ (i , j +1) in S and (a , b )⋖ (a +1, b ) in S intersect if

and only if a = i and b = j +1.

A tree T and its image ℵ(T ) often intersect. See Figure 4.8. From the definition of ℵ(T ),
it is clear that the only edges of ℵ(T ) that can intersect edges of T are the forced edges.

However, the forced edges of T are also the only edges that can intersect ℵ(T ). Indeed, if

(i , j )⋖ (i +1, j ) in T intersects (i , j −1)⋖ (i , j ) in ℵ(T ), then (i , j −1)⋖ (i , j )must be a forced

edge of ℵ(T ) and so (i +1, j −1) ̸∈ S . It follows that (i , j ) is the unique element covered by

(i +1, j ) and the edge (i , j )⋖ (i +1, j ) is forced. The intersections of T andℵ(T ) are described

in terms of corner points of the skew shape.

Definition 4.2.12. Let S be a skew shape and let (i , j ) ∈ S .

1. We say (i , j ) is a left outward corner point if (i−1, j ), (i , j+1) ∈ S but (i+1, j ), (i , j−1) ̸∈ S .
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Figure 4.9: A skew shape and its corner points. Outward corner points are in black and
inward corner points are in white.

2. We say (i , j ) is a right outward corner point if (i+1, j ), (i , j−1) ∈ S but (i−1, j ), (i , j+1) ̸∈
S .

3. We say (i , j ) is a left inward corner point if (i +1, j ), (i , j −1) ∈ S but (i +1, j −1) ̸∈ S .

4. We say (i , j ) is a right inward corner point if (i −1, j ), (i , j +1) ∈ S but (i −1, j +1) ̸∈ S .

As a warning, note that the maximum and minimum elements in a poset cannot be

corner points since corner points are covered by and cover other elements of S . Another

subtlety in this definition is that (i , j ) can be both an inward and an outward corner point.

Indeed, in the skew shape with vertices {(i −1, j ), (i , j ), (i , j +1)} the vertex (i , j ) is both a

left outward corner point and a right inward corner point. See Figure 4.9 for an example of

outward and inward corner points.

Proposition 4.2.13. Edges (i , j )⋖ (i , j +1) in T and (i −1, j )⋖ (i , j ) in ℵ(T ) intersect if and

only if (i , j ) is a right inward corner point of S.

A similar statement holds for left inward corner points.

Proof. Suppose that (i , j )⋖ (i , j +1) in T and (i −1, j )⋖ (i , j ) in ℵ(T ) intersect. This implies

that both edges are forced. Consequently (i , j ) is the unique element covered by (i , j +1) in

S and (i , j ) is the unique element covering (i −1, j ) in S . It follows that (i −1, j +1) ̸∈ S , and

so (i , j ) is a right inward corner point.

Conversely, let (i , j ) be a right inward corner point, so that (i , j )⋖ (i , j + 1) in T and

(i−1, j )⋖(i , j ) inℵ(T ) are forced. After applying a (−0.5,−0.5) shift to T , these edges intersect

at (i −0.5, j ).
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m

M

m ′

M ′

Figure 4.10: An upward spanning tree (in red) and its dual (in blue). Consider the subposets
I and I ′ in Figure 4.7. Under the map ℵ an upward spanning tree with chain from m to M
in I maps to a downward spanning tree with chain from m ′ to M ′ in I ′. The blue chain lies
visually to the right of the red chain in the overlayed diagram.

Example 4.2.14. Consider the pair of trees in Figure 4.10. If T is the red tree, we saw

previously that ℵ(T ) is the blue tree. As we showed in Proposition 4.2.13, the intersections

of blue and red edges occur southwest of left inward corner points in S and southeast of

right inward corner points.

Consider the subposets I and I ′ in Figure 4.7, which have minima and maxima as

labeled in Figure 4.10. In the overlaid middle diagram the chain from m to M is always to

the left of the chain from m ′ to M ′.

We now prove that ℵmaps upward spanning trees to downward spanning trees.

Proposition 4.2.15. ℵmaps US (I ) to DS (I ′) bijectively.

Proof. Let (i , j ) ∈ S be non-maximal. Then there exists at least one edge upward from (i , j ).

If this edge is unique, then the edge is forced and appears in ℵ(T ). Otherwise (i +1, j ) and

(i , j +1) cover (i , j ). We know that (i +1, j +1) ∈ S because S is a skew shape (with maximum

and minimum). Since T ∈US , there exists a unique edge downward from (i +1, j +1) in T .

Without loss of generality, assume (i +1, j )⋖ (i +1, j +1) is not in T . By Observation 4.2.11,

this is the only edge intersecting (i , j )⋖ (i +1, j ), and so (i , j )⋖ (i +1, j ) is an edge of ℵ(T ).
The edge (i , j )⋖ (i , j + 1) is not an edge of ℵ(T ) since it intersects (i , j + 1)⋖ (i + 1, j + 1),

which is an edge of T . Since each non-maximal vertex has a unique edge upward in S from

it, ℵ(T ) ∈DS .

To see that ℵ(T ) ∈DS (I ′)we have the following set up:
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1. Let m and M be the minimum and maximum elements of I .

2. Let m ′ and M ′ be the minimum and maximum elements of I ′.

3. Let C be the distinguished maximal chain of I containing m .

4. Let C ′ be the maximal chain in ℵ(T ) containing m ′.

Since m ′⋖m , m ′ and m are horizontally aligned in the shifted overlay of S and S (and

similarly for M ′⋖M ). Suppose that C and C ′ intersect. Since m ′ is right of m in the shifted

overlay, we must have intersecting edges (i , j )⋖ (i , j +1) in T and (i −1, j )⋖ (i , j ) in ℵ(T ).
Since these edge intersect, (i , j ) is a right inward corner point, and so (i −1, j +1) ̸∈ S . But

(i , j + 1) ∈ C ⊂ I , and so by the definition of I we must have (i − 1, j + 1) ∈ S , which is a

contradiction. Hence it must be the case that C and C ′ do not intersect.

Consequently C ′ is right of C at each height in the shifted overlay of S and S . In particular,

C ′ must contain M ′ since M is the rightmost point in S at the height of M ′. So C ′ contains

m ′ and M ′. Since C ′ and C do not intersect, we conclude that C ′ ∩ [m ′, M ′] is a chain

contained in I ′. Hence ℵ(T ) ∈DS (I ′).

By Proposition 4.2.13, we know where intersections of T and ℵ(T ) occur, and that all

edges of S not intersecting T are contained in ℵ(T ). Thus T can be reconstructed from ℵ(T )
via the analogous map on the dual of S .

Recall that for any (not necessarily induced) subgraph G of S , udegG (i , j ) and ddegG (i , j )

denote the up degree and down degree of (i , j ) in G .

Lemma 4.2.16. Let T ∈US and x ∈RS
>0. Let 0̂ and 1̂ be the minimum and maximum of S.

Let InR (S ) and InL (S ) be the sets of right and left inward corner points and let OutR (S ) and

OutL (S ) be the sets of right and left outward corner points of S. Then

w (ℵ(T ); x )
w (T ; x )

=

x
udegS (b0)−1
b0

�

∏

p∈OutL (S )
xp

��

∏

p∈OutR (S )
xp

�

x
ddegS (b1)−1
b1

�

∏

p∈InL (S )
xp

��

∏

p∈InR (S )
xp

�

In particular, there exists a Laurent monomial x α(S ) depending only on S such that w (ℵ(T ); x ) =

w (T ; x )x α(S ).

107



Proof. Let (i , j ) ∈ S and T ∈ US (I ). Then the exponent of xi j in w (T ; x ) is udegT (i , j )−
ddegT (i , j ) since xi j is in the denominator of the weight of every edge (k ,ℓ)⋖ (i , j ) and in

the numerator of the weight of every edge (i , j )⋖ (k ,ℓ). Let αi j denote the exponent of xi j

in w (ℵ(T );x )
w (T ;x ) , so that

αi j = udegℵ(T )(i , j )−ddegℵ(T )(i , j )−udegT (i , j ) +ddegT (i , j ). (4.2.1)

There are 5 cases:

1. (i , j ) is the maximum (or minimum),

2. the neighborhood of (i , j ) is of the form (i −1, j )⋖ (i , j )⋖ (i +1, j ) or (i , j −1)⋖ (i , j )⋖
(i , j +1),

3. max(udegT (i , j ), ddegT (i , j )) = 2 and (i , j ) is not a corner point,

4. (i , j ) is an outward corner point,

5. or (i , j ) is an inward corner point.

Case 1: Assume (i , j ) is the maximum element. Then udegT (i , j ) = udegℵ(T )(i , j ) = 0. Since

T ∈US , ddegT (i , j ) = 1. Every element (k ,ℓ) covered by (i , j )must be the lower point in

some edge of ℵ(T ). Since (i , j ) is the unique maximal element, we have each such edge

(k ,ℓ)⋖ (i , j ) and so ddegℵ(T )(i , j ) = ddegS (i , j ). Substituting these values into Equation 4.2.1

gives αi j = 1−ddegS (i , j ). An analogous argument shows that if (i , j ) is the minimum of S ,

then αi j = udegS (i , j )−1.

In all remaining cases, ddegT (i , j ) = udegℵ(T )(i , j ) = 1 since T ∈ US and ℵ(T ) ∈ DS .

Consequently Equation 4.2.1 simplifies to

αi j = 2−ddegℵ(T )(i , j )−udegT (i , j ). (4.2.2)

Case 2: For this case, we assume without loss of generality that (i −1, j )⋖ (i , j )⋖ (i +1, j )

since the other case is similar. Since S is skew with a minimum element, we know that

(i +1, j −1) ̸∈ S because otherwise we would have (i , j −1) ∈ S , which does not happen in

this case. Consequently (i +1, j ) covers only (i , j ) and the edge (i , j )⋖ (i +1, j ) is forced in

T . In particular, this implies that udegT (i , j ) = 1.

108



Similarly, since S is a skew shape with maximum element we know that (i −1, j +1) ̸∈ S

because otherwise we would have (i , j +1) ∈ S . This implies that (i −1, j )⋖ (i , j ) is forced in

ℵ(T ) and thus ddegℵ(T )(i , j ) = 1. By Equation 4.2.2 we have αi j = 0.

Case 3: Suppose that max(udegT (i , j ), ddegT (i , j )) = 2 and (i , j ) is not a corner point. If we

assume that udegT (i , j ) = 2, then by Proposition 4.2.13 we know that each edge (i , j )⋖ (k ,ℓ)

is in T if and only if a corresponding edge (k ′,ℓ′)⋖ (i , j ) does not lie in ℵ(T ). Consequently

udegT (i , j ) +ddegℵ(T )(i , j ) = 2. Substituting this into Equation 4.2.2 yields αi j = 0. If instead

ddegT (i , j ) = 2 we obtain the result by considering ℵ−1 on the poset dual to S .

Case 4: If (i , j ) is an outward corner point then without loss of generality we assume (i , j ) is a

right outward corner point. Note that (i , j ) cannot be both a right outward corner point and

a left outward corner point. Since (i , j +1), (i −1, j ) ̸∈ S , neither edge in this pair contributes

to the sum udegT (i , j ) +ddegℵ(T )(i , j ), which yields an extra instance of xi j in w (ℵ(T );x )
w (T ;x ) .

Case 5: Suppose that (i , j ) is a left inward corner point. Then (i , j )⋖ (i +1, j ) is a forced edge

of T and (i , j −1)⋖ (i , j ) is a forced edge of ℵ(T ). The pairing of forced edges contributes 2

to the sum ddegℵ(T )(i , j ) +udegT (i , j ). This decreases the exponent of xi j by 1 more than if

(i , j )were not a left inward corner point.

Lastly, we note that (i , j ) can be both a left inward corner point and a right outward

corner point or both a left inward corner point and a right inward corner point. However,

the edges used to determine how the monomial changes in these cases were different and

hence affect the Laurent monomial independently of each other. Points which are both left

and right inward corner point thus contribute in two products appearing in the expression

of x α(S ).

We are now ready to prove the chain shifting lemma for skew shapes.

Proof of Lemma 4.2.9. Let the notation be as in the statement of Lemma 4.2.9. By Proposi-

tion 4.2.5 and Corollary 4.2.7,

HI (x ; 1) =wS (x )
yM

ym ′ y
b0

∑

T ∈US (I )

w (T ; x ) =

yM
ym ′ yb0

∑

T ∈US (I )
w (T ; x )

1
y
b0

∑

T ∈US

w (T ; x )
.

By Lemma 4.2.16, we know that for each T , w (ℵ(T ); x ) = x α(S )w (T ; x ) for some Laurent
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monomial x α(S ) which does not depend on T .

HI (x ; 1) =

yM
ym ′

∑

T ∈US (I )
x−α(S )w (ℵ(T ); x )

∑

T ∈US

x−α(S )w (ℵ(T ); x )
.

Since α(S ) is independent of tree, we factor x−α(S ) out of the sum and cancel. By Propo-

sition 4.2.15, we know that ℵ : US (I ) → DS (I ′) is a bijection and so we may reindex this

sum:

HI (x ; 1) =

yM
ym ′

∑

T ∈DS (I ′)
w (T ; x )

∑

T ∈DS

w (T ; x )
=

yM y
b1

ym ′

∑

T ∈DS (I ′)
w (T ; x )

y
b1

∑

T ∈DS

w (T ; x )
.

By Proposition 4.2.6 and Corollary 4.2.7 this expression is just HI ′(φ ◦ρ−1 ◦φ−1(x ); 1).

By gluing intervals together, we can further derive chain shifting lemmas for skew

shapes. At certain locations in a skew shape, chains may switch from running southeast to

northwest to running southwest to northeast (and vice versa). See Figure 4.11. We prove a

special case of this phenomenon for the right trapezoid.

Definition 4.2.17. Let r, s > 0. The left border of RTr,s is the set of element {(r + i ,1+ i ) ∈
RTr,s : i ∈Z≥0}.

Lemma 4.2.18 (Right trapezoid chain shifting). Let (1, j ), (i , s ) ∈ RTr,s for some i , j > 1,

J = [(1, j ), (i , s )], and J ′ = [(1, j −1), (i −1, s )]. Let L denote the left border of RTr,s . Then

∑

C ∈M C (J )
C∩L ̸=;

∏

p∈C

xp =
∑

C ∈M C (J ′)
C∩L ̸=;

∏

p∈C

φ ◦ρ−1 ◦φ−1(x )p .

Proof. For each ℓ ∈ [1, s ], let

Aℓ = [(1, j ), (r + ℓ, 1+ ℓ)] \ L Bℓ = [(r + ℓ, 1+ ℓ), (i , s )]

A′ℓ = {(a , b ) ∈RTr,s : (a , b +1) ∈ Aℓ} B ′ℓ = {(a , b ) ∈RTr,s : (a +1, b ) ∈ Bℓ}

We refer readers to Figure 4.11 to visualize these sets. Each chain C in the left hand side

has a lowest point (r +ℓ, 1+ℓ) at which C intersects L . At such an ℓ, we may realize C as the

disjoint union C = C1 ∪C2 where C1 = C ∩Aℓ and C2 = C ∩Bℓ. In addition, Aℓ ∩ L = ; and

every pair of maximal chains in Aℓ and Bℓ union to give a chain intersecting the left border
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(r + ℓ, 1+ ℓ)

(1, j )

Aℓ

(i , s )

Bℓ

(r + ℓ−1,ℓ)

(1, j −1)

A′ℓ

(i −1, s )

B ′ℓ

Figure 4.11: Chain shifting in the right trapezoid. The set of chains whose lowest intersec-
tion with the left border is (r +ℓ, 1+ℓ) shift after decomposing into the red and blue pieces.

at (r + ℓ−1, 1) and no higher point. It follows that

∑

C ∈M C (J )
C∩L ̸=;

∏

p∈C

xp =
∑

ℓ

 

∑

C1∈M C (Aℓ)

∏

p∈C1

xp +
∑

C2∈M C (Bℓ)

∏

p∈C2

xp

!

.

By Lemma 4.2.9 the weights of chains in these two intervals shift to yield

∑

ℓ

 

∑

C1∈M C (A′ℓ)

∏

p∈C1

φ ◦ρ−1 ◦φ−1(x )p +
∑

C2∈M C (B ′ℓ)

∏

p∈C2

φ ◦ρ−1 ◦φ−1(x )p

!

.

The maximal chains in A′ℓ and B ′ℓ union to give all chains in [(1, j −1), (i −1, s )] that intersect

the left border at (r + ℓ, 1+ ℓ) and no lower point. Consequently summing over all ℓ yields

∑

C ∈M C (J ′)
C∩L ̸=;

∏

p∈C

φ ◦ρ−1 ◦φ−1(x )p .
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Figure 4.12: The four intermediate posets lying inside of RT4,4.

4.3 Intermediate Posets and a Birational Map

In this section, we use the chain shifting lemma (Lemma 4.2.9) and the chain shifting

lemma on the right trapezoid (Lemma 4.2.18) to define an Ehrhart equivalence between the

chain polytopes of the rectangle and the trapezoid. Our strategy is to define a collection of

intermediate posets with their own polytopes that allow us to decompose the map between

the chain polytopes of the trapezoid and the rectangle into smaller pieces. The statements

and proofs in this section are given in the piecewise-linear realm. However, the map we

define also detropicalizes to a birational map RT
>0→R

R
>0.

Definition 4.3.1. Let r, s , k ∈Z>0 with k ≤ s ≤ r . The k th intermediate poset Ik is the induced

subposet of RTr,s on elements (i , j ) satisfying

1. i ≤ r + s −k ,

2. i + j ≥ s +1−k ,

3. and either i ≥ s +1−k or j ≤ s +1−k .

Consider the cases of k = 1 and k = s . If k = 1, then the first and third inequalities in

Definition 4.3.1 are i ≤ r + s −1 and j ≤ s , which hold for all (i , j ) ∈RTr,s . Consequently the

only restriction is i + j ≥ s , and we see that I1 is the trapezoid. If k = s , then the second and

third conditions in Definition 4.3.1 become i+ j ≥ 1 and i ≥ 1, which hold for all (i , j ) ∈RTr,s .

In this case the only restriction is i ≤ r , and we see that Is is the rectangle.

See Figure 4.12 for examples of more intermediate posets. We note that in Figure 4.12

all intermediate posets contain the same number of nodes and at least as many maximal
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Figure 4.13: The six polygonal chains in I2 ⊆RT2,2.

chains as the trapezoid and rectangle (which we later show always holds). We define a

special collection of maximal chains within each intermediate poset which are in bijection

with chains in the trapezoid and rectangle.

Definition 4.3.2. Let r, s , k ∈Z>0 with k ≤ s ≤ r . We say a maximal chain C ⊂ Ik ⊂ RTr,s is

polygonal if C intersects the left border or if (s +1−k , 1) ∈C . The polygonal chain polytope
eC (Ik )⊆RIk is the set of vertex labelings satisfying xp ≥ 0 for all p ∈ Ik and

∑

p∈C
xp ≤ 1 for all

polygonal chains C of Ik .

Note that all chains in the trapezoid and rectangle are polygonal. Indeed, in the trapezoid,

the maximum element is (r + s −1, s ) and all maximal chains must contain this point. But

r + s −1− s = r −1, and so this point lies in the left border. Recall that the rectangle is Is .

The point (s +1−k , 1) is just (1, 1), which is the minimum element. All maximal chains of

the rectangle intersect this point and are consequently polygonal.

Example 4.3.3. Consider the poset I2 ⊆RT3,3 pictured in Figure 4.13. The polygonal chain

polytope is defined by the inequalities xp ≥ 0 for all p ∈ Ik and

x21+ x31+ x32+ x42+ x43 ≤ 1 x21+ x31+ x32+ x33+ x43 ≤ 1

x21+ x22+ x32+ x42+ x43 ≤ 1 x21+ x22+ x32+ x33+ x43 ≤ 1

x21+ x22+ x23+ x33+ x43 ≤ 1 x12+ x22+ x32+ x42+ x43 ≤ 1

The previous example results in a lattice polytope. However eC (Ik ) is frequently not a

lattice polytope. A computation in SageMath shows that when r = s = 3 and k = 2, rational

vertices exist [The23]. Nevertheless, given fixed RTr,s , we will show that all Ehrhart series of

the associated polygonal chain polytopes are the same. We define a mapψk :RIk →RIk+1 as

follows.

113



1. Given a labeling x ∈ RIk , we extend x by adding any label xs−k ,1 ∈ R to the node

(s −k , 1), which lies just beneath Ik in RTr,s .

2. LetMk = {(i , j ) ∈RT : (i , j )⪰ (s −k , 1) and j ≤ s +1−k}.

3. Take ρ to be piecewise-linear rowmotion acting on the induced labeling ofMk and

takeφ to also act on labelings ofMk . Then the coordinates ofψ(x ) are given by

ψk (x )i j =















φ ◦ρ−1 ◦φ−1(x )i j if (i , j ) ∈Mk ,

xi−1, j if (i , j ) ∈ Ik \Mk and j ≥ s +1−k ,

xi , j−1 if (i , j ) ∈ Ik \Mk and i ≤ s +1−k .

Example 4.3.4. Let r = s = 3 and considerψ2 :RI2 →RI3 . In this case we have the nodes

ofM2 given by the set of points (i , j ) ⪰ (2,1) with j ≤ 3. See Figure 4.14 to visualize this.

Outside ofM , the coordinates of our labeling shift parallel to the sides ofM . Inside ofM
we applyφ ◦ρ−1 ◦φ−1, or piecewise-linear antichain rowmotion.

Because this map requires knowledge of the label x21 which lies outside of I2, one may

be concerned that this map is not well-defined. The well-definedness is easiest to see when

applying antichain rowmotion. Let M C (M ) denote the maximal chains of M . After our

first toggle we obtain

ψ2(x )63 = 1−

 

max
C ∈M C (M )

∑

p∈C

xp

!

.

Each chain contains (2, 1), and so x21 factors out of this, leaving an expression of the form

1− x21−B for some B . Since every chain containing (5,3) also contains (6,3) and (2,1), at

the next toggle we obtain a factored expression of the form

ψ2(x )53 = 1− x21−ψ2(x )63−






max

C ∈M C (M )

∑

p∈C
p ̸∈{(2,1),(6,3)}

xp







Call the maximum above D , which we note does not depend on x21. Substituting in our

expression forψ2(x )63 yields

1− x21− (1− x21−B )−D = B −D
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x13

x34

x44

x54

x64

x13

x34

x44

x54

x64

Figure 4.14: A right trapezoid posetM inside of RT4,4. When applyingψ2, rowmotion is
applied inM and coordinates outside ofM shift parallel to the sides ofM .

which is independent of x21. This cancelation continues as we apply the remaining toggles

of rowmotion, and soψk is well-defined. We note that the inverse also exists. Via a similar

computation, we see that if we label (6, 3) by any label x63, then applyingφ ◦ρ ◦φ−1 to the

restriction of x toMk yields a well-defined labeling at all non-minimal elements ofMk .

Proposition 4.3.5.

max
C ∈P Ck+1

∑

p∈C

ψk (x )p = max
C ∈P Ck

∑

p∈C

xp .

Proof. Consider the left hand side and let L denote the left border of RTr,s . We divide the

computation of this maximum into two computations, considering polygonal chains C

such that C ∩ L = ; or C ∩ L ̸= ;. It suffices to show that

max
C ∈P Ck+1

C∩L=;

∑

p∈C

ψk (x )p = max
C ∈P Ck

(s+1−k ,1)∈C

∑

p∈C

xp and max
C ∈P Ck+1

C∩L ̸=;

∑

p∈C

ψk (x )p = max
C ∈P Ck

(s+1−k ,1)̸∈C

∑

p∈C

xp .

We will prove the first equation since the second is similar. Let

A′ℓ = {(i , j ) ∈M \ L : (i , j )⪯ (ℓ, s +1−k )} B ′ℓ = {(i , j ) ∈ Ik+1 : (ℓ, s +2−k )≺ (i , j )}

Aℓ = {(i , j ) ∈M : (i −1, j ) ∈ A′ℓ} Bℓ = {(i , j ) ∈ Ik : (i −1, j ) ∈ B ′ℓ}

Every maximal chain C ∈ P Ck+1 such that C ∩ L = ;must contain (s −k ,1). Such a chain

can be divided into two parts, C ∩M and C \M . The maximum element of C ∩M must

be on the upper right edge ofM , and consequently has the form (ℓ, s +1−k ) for some ℓ. It
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follows that C ∩M is a maximal chain of A′ℓ and C \M is a maximal chain of B ′ℓ. Then

max
C ∈P Ck+1

C∩L=;

∑

p∈C

ψk (x )p =max
ℓ

 

max
C ∈M C (A′ℓ)

∑

p∈C

ψk (x )p + max
C ∈M C (B ′ℓ)

∑

p∈C

ψk (x )p

!

For each (i , j ) ∈ B ′ℓ,ψk (x )i j = xi+1, j . Since (i +1, j ) ∈ Bℓ, we obtain the weight of a chain in

Bℓ. Together with Lemma 4.2.9 this implies

max
ℓ

 

max
C ∈M C (Aℓ)

∑

p∈C

xp + max
C ∈M C (Bℓ)

∑

p∈C

xp

!

But maximal chains in Aℓ and Bℓ union together to give a maximal chain in Ik containing

(s +1−k , 1). Hence taking this maximum over all ℓ gives

max
C ∈P Ck

(s+1−k ,1)∈C

∑

p∈C

xp .

A similar proof using Lemma 4.2.18 yields the other equation.

It is now straightforward to deduce thatψk is an Ehrhart equivalence between polygonal

chain polytopes.

Theorem 4.3.6. For all k ∈ [1, s − 1] and ℓ ∈ Z≥0, ψk (ℓ eC (Ik )) = ℓ eC (Ik+1). Furthermore, ψk

restricts to a bijection between the lattice points of eC (Ik ) and eC (Ik+1) for each ℓ.

Proof. Toggles map lattice points to lattice points and preserve nonnegativity. Consequently,

to show that ψk ( eC (Ik )) = eC (Ik+1) it suffices to show that
∑

p∈C ′
ψk (x )p ≤ 1 for all polygonal

chains C ′. Given any polygonal chain C ′ in Ik+1, we know

∑

p∈C ′

ψk (x )p ≤ max
C ∈P Ck+1

∑

p∈C

ψk (x )p .

By Proposition 4.3.5, we have

∑

p∈C ′

ψk (x )p ≤ max
C ∈P Ck

∑

p∈C

xp .
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But x ∈ eC (Ik ), and so
∑

p∈C ′

ψk (x )p ≤ max
C ∈P Ck

∑

p∈C

xp ≤ 1.

4.4 Future Directions

In this section we discuss a conjecture regarding the Ehrhart equivalence we defined in

Section 4.3 and a new notion of antichain rowmotion.

Definition 4.4.1. Let r, s , k ∈Z>0 with k ≤ s ≤ r and let P Ck denote the polygonal chains of

Ik . Let x ∈RIk . The polygonal toggle at an element p ∈ Ik is the map tp :RIk →RIk defined

by

tp (x )q =















1
∑

C ∈P Ck
C ∋p

∏

v∈C
xv

if q = p

xq otherwise

Fix a linear extensionL of Ik . Polygonal antichain rowmotion is the map eρk : RIk → RIk

given by

eρk = tL −1(|Ik |) ◦ · · · ◦ tL −1(1).

Note that Definition 4.4.1 differs from the usual antichain toggle, where the sum is taken

over all chains in the poset containing p .

Example 4.4.2. Let r = s = 3 and let x ∈ RI2 . There are 6 polygonal chains in I2 (see

Figure 4.13). We apply the piecewise-linear polygonal antichain toggle at the maximum

element (4, 3):

t43(x )43 =
1

x21 x31 x32 x42 x43+ x21 x31 x32 x33 x43+ x21 x22 x32 x42 x43
+ x21 x22 x32 x33 x43+ x21 x22 x23 x33 x43+ x12 x22 x32 x42 x43

Note that the terms x12 x22 x32 x33 x43 and x12 x22 x23 x33 x43 that appear in the usual notion of

birational antichain toggle are absent here. Applying polygonal chains in the order of a

linear extension from bottom to top gives piecewise-linear polygonal antichain rowmotion.

More generally, we may consider the analogous definition where we replace intermedi-

ate posets with a general poset P and the polygonal chains with any set of chains. We call
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this general notion of rowmotion restricted chain rowmotion.

As is the case with classical rowmotion, typically restricted chain rowmotion is poorly

behaved. Moreover, there is no order analogue of this rowmotion or natural analogue of

the transfer map that we can use to induce an order rowmotion. Consequently we cannot

prove results in the order coordinates as we did in Section 4.2. However, an equivariant map

can translate problems about restricted chain rowmotion into problems about rowmotion.

In particular we have the following conjecture.

Conjecture 4.4.3. Let r, s , k ∈Z>0. Then

ψk ◦ eρk = eρk+1 ◦ψk .

A proof of Conjecture 4.4.3 would show that the orbit structure of rowmotion on the

trapezoid and rectangle posets is the same. Moreover, it would yield the first nontrivial

instance of restricted chain rowmotion exhibiting desirable dynamical properties.
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CHAPTER

5

TORIC IDEALS OF CHARACTERISTIC

IMSETS VIA QUASI-INDEPENDENCE

GLUING

This chapter follows joint work with Benjamin Hollering, Irem Portakal, and Liam

Solus in [HJPS22]. In this chapter we introduce a new generalization of the toric fiber

product which we call a quasi-independence gluing (QIG). Similar to the toric fiber product,

QIGs are the contraction of an ideal under a monomial homomorphism, so many of the

techniques used to prove results for the toric fiber product can be naturally extended to

prove similar results for QIGs. In particular, we describe a Gröbner basis (or generating set)

of the QIG of two ideals by lifting Gröbner bases of the original ideals. The main difference

between the two operations is that QIGs allow for contraction with respect to the monomial

parameterization of any quasi-independence model whereas toric fiber products can be

realized as block-diagonal QIGs. Our notation and terminology for this chapter is adapted

from [AHT12, CS21a, Sul07].
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5.1 Background

In this section we review some background on quasi-independence and the toric fiber

product.

5.1.1 Gröbner bases for Toric Ideals from Bipartite Graphs and Quasi-

Independence

In this section we provide some background on toric ideals. We also describe toric ideals

that arise from quasi-independence models in statistics or equivalently toric ideals arising

from bipartite graphs. In the following sections, we use quasi-independence ideals to study

the toric ideals associated to characteristic imset polytopes.

Quasi-independence models are log-linear models for the joint distribution of two

discrete random variables X and Y , with respective state spaces [r ] and [s ], where some

subset of the states of X and Y are forbidden from occurring together. These forbidden

states of the joint distribution are called structural zeroes of the model. These models are

typically specified by a set Q ⊆ [r ]× [s ] which consists of the allowed states of the joint

distribution. The structural zeros of the model are then all ( j , k ) /∈Q .

Definition 5.1.1. Let r and s be two positive integers andQ ⊆ [r ]×[s ]. The quasi-independence

ideal associated to the set Q is the kernel of the monomial map

φQ :K[z j k | ( j , k ) ∈Q ]→K[x j , yk | j ∈ [r ], k ∈ [s ]]

z j k 7→ x j yk

and is denoted by IQ = ker(φQ ).

Note that in the definition of the quasi-independence model we have simply omitted

coordinates which correspond to structural zeroes. Also observe that IQ is a toric ideal since

it is the kernel of a monomial map. Moreover, Theorem 5.1.2 gives an explicit generating

set for IQ .

We frequently associate an r × s matrix AQ =
�

a j k

�

( j ,k )∈[r ]×[s ] to the set Q given by

a j k =







z j k if ( j , k ) ∈Q ,

0 otherwise.
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Such a set Q also has a naturally associated bipartite graph. We define GQ ⊆ Kr,s to be the

bipartite graph on two disjoint and independent vertex sets [r ] and [s ]with edge set Q . The

structural zeros encode the absence of an edge in GQ . This graph is usually non-planar,

and so in examples and figures we typically consider AQ . However, GQ establishes a link to

a different viewpoint. The quasi-independence ideals are also studied under the title of

toric ideals of edge rings of bipartite graphs [VR95] and many combinatorial and algebraic

aspects of these ideals are known [HHO18]. Additionally the so-called edge polytopes,

whose vertices are the columns of the incidence matrix of GQ , are introduced in [DLST95]

and their faces are characterized in terms of certain subgraphs of GQ [Por21, Theorem 2.18].

Theorem 5.1.2. Let Q ⊆ [r ]× [s ] and let j1−k1, j2−k1, j2−k2, . . . , jℓ− jℓ, j1−kℓ be the edges

of an induced cycle of GQ . Then

ℓ
∏

i=1

z ji ,ki
−

ℓ
∏

i=1

z ji+1,ki

(where i is taken modulo ℓ) is a binomial of IQ . Moreover, the set of all such binomials forms

the universal Gröbner basis for IQ .

A proof of Theorem 5.1.2 for general directed graphs is given in [GRV10, Proposition

4.3]. Assuming that the edges of GQ are directed from the vertices in [r ] to the vertices in [s ],

we may apply this proof. For completeness we give an elementary proof by computing the

normal form of all S-polynomials.

Proof. The multisets of ji and ki in the two monomials are the same, and so every bino-

mial of this form lies in IQ . Let f and g be binomials associated to cycles. We form the

S-polynomial S ( f , g ) by multiplying f and g by monomials, so that their leading terms

are the same, and subtracting to cancel the leading terms. After scaling f and g , all four

monomials have the same multisets of ji and ki , and so this holds for S ( f , g ) as well.

We form a bipartite graph G ′ with vertex sets [r ] and [s ] and edges j−k for z j k appearing

in S ( f , g ) (with multiple edges allowed between two vertices). Color the edges by which

monomial they appear in. Traverse the edges of the graph, alternating between the two

edge colors. Because both monomials contain the same multiset of ji and ki , each vertex

is part of the same number of each color of edge. Consequently each vertex entered has

an edge of the opposite color that one can exit through, so we can traverse the edges of

the graph until a cycle is found. The leading term of the associated cycle binomial divides
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some (not necessarily leading) term of S ( f , g ). Note that such a cycle binomial always exists

since every time you enter a vertex on an edge of one color there is always an edge of the

other color that you can exit along. Hence, you can traverse the graph in this way until you

return to a previously visited vertex, at which point you must have discovered such a cycle

binomial.

With binomial ideals, we can perform the division algorithm even if the leading term of

the cycle binomial divides the trailing term. This is because the division algorithm replaces

one monomial with another when we divide by a binomial, so the number of terms never

increases. Via the previous argument, at each step in the division algorithm, one can obtain

a cycle in G ′ and use it to decrease some monomial in the term order. This process can only

terminate at the normal form 0.

Example 5.1.3. Let r = s = 5 and consider Q = ([1, 2]× [1, 4])∪ ([2, 5]× [4, 5]). The associated

matrix AQ is
















z11 z12 z13 z14 0

z21 z22 z23 z24 z25

0 0 0 z34 z35

0 0 0 z44 z45

0 0 0 z54 z55

















.

The graph GQ has 12 cycles of length 4, which correspond to the 2× 2 submatrices with

no structural zeroes. There are no larger cycles in GQ , so IQ is generated by 12 quadratic

binomials.

Next, we state when the quasi-independence ideal is generated by quadratic square-free

binomials. A bipartite graph G is called chordal bipartite if it contains no induced cycles

with at least 6 vertices. The graph GQ above is an example of such a graph. We have the

following special case of [OH99, Theorem 1.2].

Theorem 5.1.4. Let Q ⊆ [r ]× [s ]. Then IQ is generated by quadratic square-free binomials if

and only if GQ is chordal bipartite.

In Section 5.2 we define a notion of iterated gluing by factoring through quasi-independence

maps. Factoring through maps associated to chordal bipartite graphs preserves the property

that the ideal is generated by square-free quadratics.
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5.1.2 Toric Fiber Products

In this section we provide a brief outline of the toric fiber product as the contraction of

an ideal under a monomial homomorphism. Unlike the usual description of the toric fiber

product, we reframe the theory slightly into the language of quasi-independence maps.

Let r be a positive integer and for each i ∈ r , let si and ti be positive integers. Let

A = {a1, . . . , ar } ⊂Zd for some d . We define two graded polynomial rings:

K[x ] :=K[x i
j | i ∈ [r ], j ∈ [si ]] and K[y ] :=K[y i

k | i ∈ [r ], k ∈ [ti ]]

where deg(x i
j ) = deg(y i

k ) = ai . Throughout this subsection let I ⊆ K[x ] and J ⊆ K[y ] be

homogeneous ideals with respect to the multigrading. We define a quasi-independence

map associated to the multigrading. Let

Q (A ) =
r
⊔

i=1

({i }× [si ])× ({i }× [ti ]) .

Let K[z ] = K[z i
j k :

�

(i , j ), (i , k )
�

∈ Q (A )]. The quasi-independence map φQ (A ) : K[z ] →
K[x , y ] is

z i
j k 7→ x i

j y i
k .

Morally, we glue x i
j and y i

k together when they have the same degree in the multigradingA .

Note that each subset ({i }× [si ])× ({i }× [ti ])⊆Q (A ) is the edge set of a complete bipartite

subgraph of GQ . Up to reordering the rows and columns of AQ , we see that AQ is block

diagonal with blocks indexed by i ∈ [r ]. In this subsection we only consider block diagonal

AQ , but in Section 5.2 we extend the following definitions and results to more general

quasi-independence maps.

Definition 5.1.5. The toric fiber product of the ideals I and J is

I ×A J =φ−1
Q (A )(I + J ).

It is frequently difficult to compute a Gröbner basis of I ×A J , even with Gröbner bases

for I and J . However, ifA is a set of linearly independent vectors, a Gröbner basis can be

computed. Let

f =
∑

ℓ

cℓx
iℓ,1
jℓ,1

x
iℓ,2
jℓ,2
· · · x iℓ,d

jℓ,d
∈K[x ].
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If f is homogeneous with respect to a linearly independent multigrading, then the multiset

of upper indices in each monomial must be the same. After reindexing the variables in each

monomial, we can suppress ℓ from the upper index, yielding

f =
∑

ℓ

cℓx
i1
jℓ,1

x i2
jℓ,2
· · · x id

jℓ,d
.

Let k = (k1, . . . , kd ) ∈ [ti1
]× [ti2

]× . . .× [tid
]. The lift of f by k is

fk =
∑

ℓ

cℓz
i1
jℓ,1k1

z i2
jℓ,2k2
· · ·z id

jℓ,d kd
∈K[z ].

The set of all lifts of f is denoted Lift( f ). For a set of polynomials F ⊂ I , we denote the set

of all lifts of elements in F by Lift(F ). Similarly we define lifts of elements inK[y ].
Let HQ (A ) denote the universal Gröbner basis of the quasi-independence ideal defined

in Theorem 5.1.2. Let BQ (A ) denote the matrix of the exponent vectors ofφQ (A ). For an ideal

I ⊆K[x ], we say a finite set G ⊆ I is a pseudo-Gröbner basis for I with respect to weightω if

〈inω(G )〉= inω(I ). Note that this differs from a Gröbner basis in that here inω(G )may not be

a set monomials. Sullivant proved the following theorem.

Theorem 5.1.6. [Sul07, Theorem 12] LetA be a linearly independent multigrading. Let F

and G be Gröbner bases for I and J with respect to weight orderω1 andω2 respectively. Then

Lift(F )∪Lift(G )∪HQ (A )

forms a pseudo-Gröbner basis of I ×A J with respect to the weight order (ωT
1 ,ωT

2 )BQ (A ).

After perturbing the term order, this set forms a Gröbner basis. In algebraic statistics,

the toric fiber product is a commonly used tool for computing a Gröbner basis of an ideal

with an associated combinatorial structure [AD21, CS21b, CHM21, EKS14, RS16, SS05,

SS08]. Typically the informal gluing of variables in the description of the toric fiber product

corresponds to a gluing of combinatorial structures such as trees or simplicial complexes.

The toric fiber product allows us to iteratively compute a Gröbner basis as we iteratively

glue combinatorial structures.
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5.2 Quasi-Independence Gluings

Throughout this section we fix r, s ∈Z>0 and

K[x ] =K[x j : j ∈ [r ]] and K[y ] =K[yk : k ∈ [s ]].

We begin with the following definition.

Definition 5.2.1. Letω ∈ Rr be a weight. Let Q ⊆ [r ]× [s ] and f ⊂K[x ] be a polynomial

which is homogeneous with respect to total degree. Let inω( f ) = x j1
x j2

. . . x jd
. We say f is

weakly Q -homogeneous with respect toω if for every monomial m ′ = x j ′1
x j ′2

. . . x j ′d
of f there

exists a permutationσ of the elements of [d ] such that

{(k1, . . . , kd ) ∈ [s ]d | ( jℓ, kℓ) ∈Q , 1≤ ℓ≤ d } ⊆ {(k1, . . . , kd ) ∈ [s ]d | ( j ′σ(ℓ), kℓ) ∈Q , 1≤ ℓ≤ d }.

We typically omit theσ when describing this reordering since the specific permutation

is not important. Later we define and motivate a notion of strong Q -homogeneity. Note that

while weak Q -homogeneity does require homogeneity with respect to total degree, it does

not necessarily correspond to homogeneity with respect to a multigrading.

Definition 5.2.2. Let Q ⊆ [r ]× [s ] and I ⊆K[x ] and J ⊆K[y ] be homogeneous ideals. The

quasi-independence gluing of I and J with respect to the set Q is

I ×Q J :=φ−1
Q (I + J ).

Recall that defining the toric fiber product required a set Q (A ), defined in terms of

a multigradingA , and that AQ (A ) is block diagonal. Therefore QIGs include toric fiber

products but allow for more general structures.

In this section, we show that when I and J are weakly Q -homogeneous, we can construct

a Gröbner basis for I ×Q J from Gröbner bases of I and J . Our approach is essentially the

same as that used to determine Gröbner bases for toric fiber products. Because of this

we try to use the same notation and present our argument in the same format whenever

possible. We begin with the following two lemmas from [Sul07].

Lemma 5.2.3 ([Sul07, Lemma 2.2]). Letφ :K[z1, . . . , zn ]→K[t1, . . . td ] be a monomial map

with a matrix of exponent vectors B . If I is an ideal inK[t ] andω ∈Zd
≥0 is a weight vector on
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K[t ], then

inωT B (φ
−1(I ))⊆φ−1(inω(I )).

Lemma 5.2.4 ([Sul07, Lemma 2.3]). Let M = 〈m1, . . . mr 〉 ⊂K[t ] be a monomial ideal. Then

φ−1(M ) =φ−1(〈m1〉) + . . .+φ−1(〈mr 〉).

Furthermore,φ−1(M ) =M ′+ker(φ)where M ′ is a monomial ideal.

As explained in [Sul07], these two lemmas suggest a potential strategy for determining

φ−1(I ):

1. Determineφ−1
B (inω(I )).

2. Find a candidate Gröbner basis G ⊆φ−1(I ), so that by Lemma 5.2.3 we have

inωT B (〈G 〉)⊆ inωT B (φ
−1(I ))⊆φ−1(inω(I )).

3. Show that inωT B (〈G 〉) =φ−1(inω(I )).

4. Deduce that G is a Gröbner basis forφ−1(I ) since

inωT B (〈G 〉) = inωT B (φ
−1(I )) =φ−1(inω(I )).

We follow this strategy in order to determine a Gröbner basis for I ×Q J . We begin by proving

the following lemma which is analogous to [Sul07, Lemma 2.5] for QIGs and has the exact

same proof.

Lemma 5.2.5. Let Q ⊆ [r ]× [s ] and let m = x j1
x j2

. . . x jd
be a monomial inK[x , y ]. Then

φ−1
Q (〈m〉) = 〈z j1k1

z j2k2
. . . z jd kd

| k1, . . . kd ∈ [s ], ( jℓ, kℓ) ∈Q 〉+ IQ .

Similarly, if n = yk1
yk2

. . . ykd
is a monomial inK[x , y ]. Then

φ−1
Q (〈n〉) = 〈z j1k1

z j2k2
. . . z jd kd

| j1, . . . jd ∈ [r ], ( jℓ, kℓ) ∈Q 〉+ IQ .
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Proof. By symmetry it suffices to prove the first statement. By Lemma 5.2.4 we have that

φ−1
Q (〈m〉) =M ′+ IQ for some monomial ideal M ′ which we claim is the ideal

M ′ = 〈z j1k1
z j2k2

. . . z jd kd
| k1, . . . kd ∈ [n ], ( jℓ, kℓ) ∈Q 〉.

Consider a monomial m ′ = z ji1 ki1
. . . z jiℓ

kiℓ
and note that φQ (m ′) = x ji1

yki1
. . . x jiℓ

ykiℓ
which

belongs to 〈m〉 if and only if x ji1
. . . x jiℓ

belongs to 〈m〉. If x ji1
. . . x jiℓ

∈ 〈m〉 then x j1
x j2

. . . x jd

divides x ji1
. . . x jiℓ

but this immediately implies that there exists a monomial in M ′ dividing

m ′.

We now discuss how to lift Gröbner bases for the ideals I and J to a Gröbner basis for

I ×Q J . This once again is similar to the lifting presented in [Sul07] (or subsection 5.1.2), but

the lifting procedure is determined by Q instead of a multigrading.

Letω be a weight and consider a weakly Q -homogeneous polynomial f ∈ I of the form

f =
∑

ℓ

cℓx jℓ,1 x jℓ,2 · · · x jℓ,d .

Let inω( f ) = c∗x j∗,1 x j∗,2 · · · x j∗,d and let k = (k1, . . . , kd ) ∈ [s ]d such that the ki satisfy ( j∗,i , ki ) ∈
Q . Note that since f is weakly Q -homogeneous, we have that ( jℓ,i , ki ) ∈ Q for all ℓ after

rearranging each monomial x jℓ,1 x jℓ,2 . . . x jℓ,d appropriately.

Definition 5.2.6. Let Q ⊆ [r ]× [s ]. A lift of f by lower indices k = (k1, . . . , kd ) is a homoge-

neous polynomial fk of the form

fk =
∑

ℓ

cℓz jℓ,1k1
z jℓ,2k2

· · ·z jℓ,d kd
.

Furthermore, we denote the set of all possible lifts of f by Lift( f )which is the set

Lift( f ) = { fk | k ∈ [s ]d , ( j∗,i , ki ) ∈Q , 1≤ i ≤ d }}

Observe that for any polynomial fk ∈ Lift( f ) it holds that fk ∈ I ×Q J since

φQ ( fk ) = yk1
yk2

. . . ykd
f ∈ I .

127



Now given a collection F ⊆ I of weakly Q -homogeneous polynomials, let

Lift(F ) =
⋃

f ∈F

Lift( f )

and for a collection G ⊆ J let Lift(G ) be the analogous collection. In terms of lifting, weak

Q -homogeneity means that whenever the leading monomial of f lifts by k , there exists lifts

of all non-leading monomials of f by k as well.

Theorem 5.2.7. Let F ⊆ I be a weakly Q -homogeneous Gröbner basis for I with respect to

the weightω1 and G ⊆ J be a weakly Q -homogeneous Gröbner basis for J with respect to the

weightω2. Then

Lift(F )∪Lift(G )∪HQ

is a pseudo-Gröbner basis for I ×Q J with respect to the weightωT BQ where BQ ∈Z(r+s )×#Q is

the matrix of exponents of the mapφQ andω= (ω1,ω2).

Proof. First recall that by Lemma 5.2.3, we have that

inωT BQ
(φ−1

Q (I + J ))⊆φ−1
Q (inω(I + J )).

We have already shown that Lift(F )∪Lift(G )∪HQ ⊆ I ×Q J =φ−1
Q (I + J ). If we show that the

leading terms of Lift(F )∪Lift(G )∪HQ form a pseudo-Gröbner basis forφ−1
Q

�

in(ω1,ω2)(I + J )
�

,

then we have that

inωT BQ
(φ−1

Q (I + J )) =φ−1
Q (inω(I + J )).

Thus Lift(F )∪Lift(G )∪HQ is a pseudo-Gröbner basis forφ−1
Q (I + J ) = I ×Q J .

Let M = inω(I + J ) and recall that by Lemma 5.2.4 we only need to show that any

monomial in φ−1
Q (M ) is divisible by the ωT BQ -leading term of a polynomial in Lift(F )∪

Lift(G ). Suppose m ′ = z j ′1k ′1
z j ′2k ′2

. . . z j ′t k ′t
is a monomial inφ−1

Q (M ). Now observe that F ∪G is

a Gröbner basis for I + J with respect toω since I and J are in disjoint sets of variables and

that any minimal generator of M is either inK[x ] orK[y ] for the same reason. By Lemma

5.2.5 m ′ is divisible by a monomial m = z j1k1
z j2kd

. . . z jd kd
and there exists some f ∈ F or

some g ∈G such that m ∈ Lift(inω( f )) or m ∈ Lift(inω(g )).

We now suppose that m ∈ Lift(inω( f )) since the proof of the other case is the same. So

m is the lift of inw ( f ) for some valid tuple k ∈ [s ]d . But then fk ∈ Lift( f ) since f is weakly

Q -homogeneous and of course m = inωT BQ
( fk ). Thus we have that m ′ is divisible by the

ωT BQ -leading term of a polynomial in Lift(F ) or Lift(G )which completes the proof.
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Corollary 5.2.8. With the same assumptions as Theorem 5.2.7. Letω be a weight vector such

that HQ is a Gröbner basis for IQ . Then there exists ε> 0 such that

Lift(F )∪Lift(G )∪HQ

is a Gröbner basis for I ×Q J with respect to the weightω′ = (ω1,ω2)T BQ +εω.

Proof. By Theorem 5.1.2, there existsω such that HQ is a Gröbner basis for IQ . For suffi-

ciently small ε,ω′ specifies the same leading terms of Lift(F ) and Lift(G )while additionally

determining leading terms of polynomials in HQ .

The following example illustrates how one can use Theorem 5.2.7 to find a generating

set for a quasi-independence gluing.

Example 5.2.9. Consider the following monomial map:

zi j k 7→αiβ jγk

for (i , j , k ) in the set Q = {(1, 0, 0), (2, 0, 0), (0, 0, 1), (2, 0, 1), (0, 1, 0), (1, 1, 0), (0, 1, 1)}. This mono-

mial map factors through the quasi-independence map zi j k 7→ xi yj k associated to the

following matrix:







y00 y01 y10 y11

x0 0 z001 z010 z011

x1 z100 0 z110 0

x2 z200 z201 0 0







By Theorem 5.1.2, the kernel of this quasi-independence map is generated by the following

cubic:

z001z110z200− z010z100z201.

By Theorem 5.2.7, it remains to compute the lifts of the generators of the following two

maps:

xi 7→αi yj k 7→β jγk .

The kernel of the former is the trivial ideal, so there are no lifts. Choose any weight order

with weightω1 on this trivial ideal. The kernel of the latter is generated by y00 y11− y01 y10.
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We have the following sets of lifts for each monomial:

Lift(y00 y11) = {z100z011, z200z011} Lift(y01 y10) = {z001z010, z001z110, z201z010, z201z110}

Note that for each monomial in Lift(y00 y11), the multiset of first coordinates also appears as

a multiset of first coordinates for some monomial in Lift(y01 y10) (this inclusion is depicted

by a coloring of the monomials). Consequently, for any weight ω2 such that the weight

order chooses leading term y00 y11, we can complete all lifts of y00 y11 to lifts of y00 y11− y01 y10.

We obtain the following lifts:

z100z011− z001z110 and z200z011− z201z010.

Together with the generator from the quasi-independence ideal, these lifts form a pseudo-

Gröbner basis with respect to the weight order induced by (ω1,ω2)T BQ where Q . In contrast

to the linearly independent toric fiber product, the quasi-independence gluing of two

ideals which are quadratically generated can still yield an ideal which is not quadratically

generated.

As we saw in Example 5.2.9, one must know the leading term of a polynomial to deter-

mine that it is weakly Q -homogeneous and construct the set of lifts. Consequently for this

more general construction, one must keep track of the weight order through each iterative

gluing. This differs from the toric fiber product, where one can obtain a Gröbner basis

with respect to some weight order without ever computing the weight. This motivates the

following definition.

Definition 5.2.10. Let Q ⊆ [r ]× [s ] and f ⊂K[x1, . . . , xr ] be a polynomial which is homo-

geneous with respect to total degree. Then f is strongly Q -homogeneous if for every two

monomials m = x j1
x j2

. . . x jd
and m ′ = x j ′1

x j ′2
. . . x j ′d

of f there exists a permutationσ of the

elements of [d ] such that

{(k1, . . . , kd ) ∈ [s ]d | ( jℓ, kℓ) ∈Q , 1≤ ℓ≤ d }= {(k1, . . . , kd ) ∈ [s ]d | ( j ′σ(ℓ), kℓ) ∈Q , 1≤ ℓ≤ d }.

When f is strongly Q -homogeneous, the subset relation in the definition of weakly

Q -homogeneous holds regardless of which monomial is the leading term. Therefore it is

unnecessary to keep track of the term order because it is not needed to compute the lifts of

each generator. In this way, the strong version of Q -homogeneity is similar to the toric fiber
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product. In Section 5.3, we use strong Q -homogeneity to compute a Gröbner basis for toric

ideals associated to the face CIMT of the characteristic imset polytope for T a tree.

While the preceding results hold for ideals I and J which are not toric, there is a nice

interpretation of the construction of I ×Q J when I and J are toric.

Corollary 5.2.11. Let IA and IA′ be toric ideals associated to integer matrices A and A′. Then

IA ×Q IA′ is the toric ideal of the matrix A ×Q A′ whose columns are all vectors of the form

(a j , a ′k )
T such that ( j , k ) ∈Q .

Proof. LetψA,ψA′ , andψA×Q A′ be the monomial maps with associated integer matrices A,

A′, and A×Q A′. The following diagram commutes

K[z ] K[t ]

K[x , y ]

φQ

ψA×Q A′

ψA,A′

where

ψA,A′ :K[x , y ]→K[t ]

x j 7→ψA(x j )

yk 7→ψA′(yk ).

Hence we have the factorizationψ(z j k ) =ψA,A′(x j yk ) =ψA(x j )ψA′(yk ), whenever ( j , k ) ∈Q ,

which concludes the proof.

Example 5.2.12. In Example 5.2.9, we consider the quasi-independence gluing of the trivial

ideal with the ideal for the image of the Segre embedding P1×P1 with respect to the given

Q . Thus we obtain the following integer matrix:

A×Q A′ =

























z001 z010 z011 z100 z110 z200 z201

α0 1 1 1 0 0 0 0

α1 0 0 0 1 1 0 0

α2 0 0 0 0 0 1 1

β0 1 0 0 1 0 1 1

β1 0 1 1 0 1 0 0

γ0 0 1 0 1 1 1 0

γ1 1 0 1 0 0 0 1

























.
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5.3 Characteristic Imset Ideals via Quasi-Independence

In this section we define the toric ideal of CIMG and show that when G is a tree, the

ideal is an iterated quasi-independence gluing. We then use this to show that these ideals

have square-free quadratic Gröbner bases. Readers should refer back to Section 1.5 for

background on characteristic imsets, patterns, and Markov equivalence. We use P to

denote a general pattern without reference to a specific DAG.

The vertices of CIMG correspond to the Markov equivalence classes with underlying

skeleton G [SHL10]. Consequently, we can equivalently represent the characteristic imset

cG for G with the patternP of the Markov equivalence class of G . Given a patternP , we

let G (P ) denote any (fixed) DAG in the Markov equivalence class represented byP .

Definition 5.3.1. Let G = ([p ], E ) be a graph andP1, . . . ,Pn be patterns which represent the

Markov equivalence classes with skeleton G . Then the characteristic imset ideal of G is the

toric ideal associated to CIMG , which is the kernel of the map

ψG :K[zP1
, . . . , zPn

]→K[tS | S ⊆ [p ], |S | ≥ 2]

zPi
7→ t cG (Pi ) .

We denote this ideal by IG = ker(ψG ).

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

Figure 5.1: A list of all patterns on the quartet tree.

Example 5.3.2 (Quartet Tree). Let G be the skeleton of the patterns appearing in Figure 5.1,

called the quartet. If each pattern with skeleton G is labeled as in Figure 5.1, then IG has

the following generators:

zP1
zP6
− zP2

zP5
, zP1

zP7
− zP3

zP5
, zP1

zP8
− zP4

zP5
,

zP2
zP7
− zP3

zP6
, zP2

zP8
− zP4

zP6
, zP3

zP8
− zP4

zP7
,

zP8
zP11
− zP9

zP10
, zP8

zP13
− zP9

zP12
, zP8

zP15
− zP9

zP14
,

zP10
zP13
− zP11

zP12
, zP10

zP15
− zP11

zP14
, zP12

zP15
− zP13

zP14
.
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= +

Figure 5.2: The graph on the left parts along the red edge.

We now focus on the case where the undirected graph is a tree T = ([p ], E ). If e = u−v is

a non-leaf edge T , then deleting e from T yields a graph with two connected components.

Let T ′u and T ′v be the connected components containing the vertices u and v respectively.

Denote by Tu the tree obtained by adding the edge e back into T ′u , that is E (Tu ) = E (T ′u )∪{e }
and define Tv analogously.

Definition 5.3.3. Let T = ([p ], E ) be an undirected tree and let T ∈ Pat(T ) be a pattern

representing a Markov equivalence class of T . Let e = u − v ∈ T be a non-leaf edge. Then

the parting of T at e is the pair of patterns part(T , e ) = (Tu ,Tv ) such that Tu and Tv are the

induced directed subgraphs of T on vertices of Tu and Tv respectively, with the orientation

of e in Tu and Tv is modified by:

1. If u→ v ∈T then u→ v ∈Tv and u − v ∈Tu .

2. If v → u ∈T then v → u ∈Tu and u − v ∈Tv .

3. If u − v ∈T then u − v ∈Tu and u − v ∈Tv .

In words, we take the induced partially directed acyclic graphs on Tu and Tv , removing

the orientation on u−v if it does not appear in a v-structure in the subgraph. This operation

is depicted in Figure 5.2.

Theorem 5.3.4. Let T = ([p ], E ) be a tree, e = u−v be a non-leaf edge of T .Then IT = ITu
×Q ITv

where Q is the set Q = {part(T , e ) | T ∈ Pat(T )}.

Proof. To prove this we extend the main technique introduced in [Sul07, Section 3] to show

that ideals are toric fiber products to QIGs.

Let T ∈ Pat(T ) and part(T , e ) = (Tu ,Tv ). Let the ambient rings of IT , ITu
and ITv

be

K[z ] = K[zT | T ∈ Pat(T )], K[x ] = K[xTu
| Tu ∈ Pat(Tu )], and K[y ] = K[yTv

| Tv ∈ Pat(Tv )]

respectively. If we square the parameter t{u ,v } everywhere it appears inψT then

ψT (zT ) =ψTu
(xTu
)ψTv

(yTv
). (5.3.1)
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This follows because if S ⊆ [p ] is the vertex set of a star subgraph of T (so that tS appears

in ψT (zT ) or ψTu
(xTu
)ψTv
(yTv
)) and S ̸= {u , v }, then S is a subset of the vertices of Tu or

Tv and thus either T |S = Tu |S or T |S = Tv |S . So then the parameter tS appears inψT (zT ) if

and only if tS it appears in eitherψTu
(xTu
) orψTv

(yTv
). Note that squaring the parameter

t{u ,v } everywhere it appears inψT does not change the kernel of the map whatsoever. The

factorization in Equation 5.3.1 implies that the following diagram commutes

K[z ] K[tS | S ⊆ [p ], |S | ≥ 2]

K[x , y ]

φQ

ψT

ψTu ,Tv

where the mapψTu ,Tv
is given by

ψTu ,Tv
:K[x , y ]→K[tS ]

xTu
7→ψTu

(xTu
)

yTv
7→ψTv

(yTv
).

But recall that IT = ker(ψT ) =ψ−1
T (0). Since the above diagram commutes, we have

ψ−1
T (0) =φ

−1
Q (ψ

−1
Tu ,Tv
(0)) =φ−1

Q (ITu
+ ITv

) = ITu
×Q ITv

which completes the proof.

Example 5.3.5 (Quartet Tree). In general, to compute a Gröbner basis for a QIG one must

show that the defining monomial map factors through a quasi-independence mapφQ and

that the two ideals that we wish to glue together are weakly Q -homogeneous. Let T be the

quartet graph, with vertices labeled by elements of [6] and edges {1−3, 2−3, 3−4, 4−5, 4−6}.
Let Q ⊆ Pat(T |1234)×Pat(T |3456) be the set of all partings of patterns with skeleton T .

We claimψT factors. Consider the pattern T with directed edges 1→ 3, 2→ 3, 3→ 4,

and 6→ 4. Then underψT we have

zT 7→ t13t23t123t34t45t46t346.

After squaring t34 (which does not change the kernel), we have the following factorization:

zT 7→ xT3
yT4

, xT3
7→ t13t23t34t123 yT4

7→ t34t45t46t346
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where T3 and T4 are defined as in Definition 5.3.3. Similarly we see this factorization for all

other patterns.

For the quartet (and more generally for all bistars) the two trees we glue together are

star graphs. Consequently their characteristic imset ideals are trivial and are strongly Q -

homogeneous. It follows that the QIG isφ−1
Q (0), in particular it is the quasi-independence

ideal of the bipartite graph GQ . By Theorem 5.1.4, the kernel of φQ is given by the 2× 2

minors of the matrix in Figure 5.3 that contain no structural zeros, which are the binomials

appearing in Example 5.3.2.

Recall that toric fiber products are QIGs associated to block diagonal matrices. In Fig-

ure 5.3 we have two overlapping blocks, one for each possible orientation of the gluing

edge. These blocks overlap in the pattern with no v-structures, and so this characteristic

imset ideal fails to be a toric fiber product.

T

1

2

3 4

5

6

0

0 0 0

0 0 0

0 0 0

Figure 5.3: The matrix of patterns associated to the QIG defining the characteristic imset
polytope of the bistar. Structural zeros correspond to pairs of essential graphs indexing
rows and columns where the gluing edge in both essential graphs has forced opposing
orientations.

We have shown that the ideal IT = ITu
×Q ITv

, but to use Theorem 5.2.7 to find a Gröbner

basis for IT we must show that ITu
and ITv

are actually strongly Q -homogeneous.

Lemma 5.3.6. Let T = ([p ], E ) be a tree, e = u − v be a non-leaf edge of T and Tu , Tv be the

undirected trees obtained from parting T at e . Let Q = {part(T , e ) | T ∈ Pat(T )}. Then ITu

and ITv
are strongly Q -homogeneous.

Proof. We show that ITu
is strongly Q -homogeneous since the proof is the same for ITv

. For

135



each pattern with skeleton Tu , we have one of the following 3 orientations of e :

u→ v, v → u , or u − v.

To order the rows and columns of AQ , we consider the essential graph associated to each

pattern. Order the rows and columns such that all essential graphs with e oriented u→ v

are first, then all essential graphs with u−v , and lastly the essential graphs with v → u . The

nonzero entries of this matrix are row and column convex. Therefore GQ is chordal bipartite

and all generators from the quasi-independence map are quadratic. Since lifting does not

change the degree of a generator, we may assume by induction that ITu
is quadratically

generated. Furthermore, the coefficients of any generator are ±1 since all generators are

liftings of 2×2 determinants. Suppose f = xP1
xP2
− xP3

xP4
is a generator of ITu

and without

loss of generality, let (P1,P ′
1 ), (P2,P ′

2 ) ∈Q . The multiset of forced orientations v → u in

each monomial of f must be the same since f ∈ ITu
. Consequently we must have either

(P3,P ′
1 ), (P4,P ′

2 ) ∈Q or (P3,P ′
2 ), (P4,P ′

1 ) ∈Q . Hence f is strongly Q -homogeneous.

We know by Lemma 1.5.11 that the CIM ideal of a star graph (and of a path graph up to

4 vertices) is the trivial ideal. Thus, one can construct the CIM ideal of IT of any tree T as

an iterated QIG of trivial ideals. By Corollary 5.2.8, we have the following corollary.

Corollary 5.3.7. Let T be a tree. Then there exists a weight vectorω such that the reduced

Gröbner basis of IT with respect to ω consists of square-free quadratics. Moreover, these

quadratics can be explicitly constructed via iterated quasi-independence gluing.

We close this section with an example involving the path graph. Let Pn denote the path

with n vertices and label the vertices by {1, . . . , n} in the order of the path. The v-structures

on Pn have edges from i −1 and i +1 to i , where the nonleaf vertex is i ∈ {2, . . . , n −1}. We

cannot have both i and i +1 being nonleaf vertices of v-structures in a pattern since the

edge containing i and i +1 would require two opposing orientations. Consequently we may

index variables by sets S ⊆ {2, . . . , n −1} of nonconsecutive integers in place of patterns.

Example 5.3.8 (6 Vertex Path). For this example we consider IP3
⊆ K[x ], IP5

⊆ K[y ], and

IP6
⊆K[z ]. We glue a path with 3 vertices to P5 to form P6, as in Figure 5.4. This gluing yields

3 generators from quasi-independence:

z;z25− z2z5, z;z35− z3z5, z2z35− z3z25.
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1
2

3 4
5

6

0 0

Figure 5.4: A QIG yielding the characteristic imset ideal of the path with 6 vertices.

Since P3 is a star graph, IP3
= 0, so we only consider lifts of Gröbner basis elements in

IP5
. One can show that the Gröbner basis for IP5

consists of just the polynomial y;y24− y2 y4,

since it can be seen as the QIG of IP4
with the ideal of the star graph IP3

which are both trivial

ideals. Both monomials can lift by the unordered tuples of lower indices (;,;) and (;,5),

which result in the following lifts of the binomial:

z;z24− z2z4, z5z24− z25z4.

The 5 binomials we have constructed form a Gröbner basis for IP6
.

5.4 Weak Q-homogeneity, Cycles, and Future Directions

In this section we examine the characteristic imset ideal of a cycle. We show that the

ideal can be obtained by taking the quasi-independence gluing of two paths but the Gröbner

basis of the path constructed via QIG is not weakly Q-homogeneous. We end by exploring

possible directions for finding a weakly Q-homogeneous Gröbner basis for the path.

We begin with a general gluing of two path graphs, of the form pictured in Figure 5.5.

This is similar to the partings for trees, except we part at two edges. Since the end points of

paths are not glued together and since we glue along two edges, each path must have at

least four vertices.

Label Pn as in the previous section, and consider IPn
in variables yS for S ⊆ {2, . . . , n −1}

a set of pairwise non-consecutive integers. Let P ′m denote the path on m vertices, which we

label {n−1, n , n+1, . . . , n+m−4, 1, 2} in the order of the path. Similar to Pn we index variable

xS by sets S ⊆ {n−1, n , . . . , n+m−4, 1, 2} containing no two integers which are consecutive in
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Figure 5.5: The gluing that we consider in Section 5.4.

the written order. We now define a gluing rule Qm ,n to be the set of (P ′,P ) ∈ Pat(P ′m )×Pat(Pn )

such that both of the following hold

1. for all v-structures i → k ← j and i ′→ k ′← j ′ inP orP ′ the numbers k and k ′ are

not cyclically consecutive,

2. eitherP ′ orP contains a v-structure.

The first condition guarantees that we do not glue edges together with forced opposing

orientations while the second condition prevents an additional illegal gluing. Indeed, if we

direct the edges of the cycle, the only way that no v-structures can appear is if the edges

form a directed cycle, which is not a DAG. Then ICn+m−4
is an ideal in the polynomial ring

with variables zS for S ⊆ {1, . . . , n +m − 4} containing no cyclically consecutive integers

modulo n +m −4.

Theorem 5.4.1. Let m , n ≥ 4. Then ICn+m−4
= IP ′m ×Qm ,n

IPn
.

Proof. The proof is analogous to the proof of Theorem 5.3.4. The main difference is that we

must square both t12 and tn−1,n , since we glue along two edges.

The previous theorem shows that the cycle is a quasi-independence gluing but to

compute a Gröbner basis with Theorem 5.1.2 we also need that there are Gröbner bases for

both IP ′m and IPn
which are weakly Qm ,n -homogeneous with respect to some term order. For

the remainder of this section we investigate combinatorial and polyhedral restrictions on

the weight order that are imposed by weak Qm ,n -homogeneity.

Lemma 5.4.2. Let IPn
⊆K[yS ],ω be a weight order on K[y ], and F be a Gröbner basis for

IPn
with respect to ω. If IPn

is weakly Qm ,n -homogeneous with respect to ω then for every

binomial in F of the form y;yS2
. . . ySk

− yT1
yT2

. . . yTk
where Ti ̸= ;, it holds that

yT1
yT2

. . . yTk
≤w y;yS2

. . . ySk
.
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Proof. First, note that the variable y; is the only variable which does not lift by ;. Thus if

every Ti ̸= ; then the monomial yT1
yT2

. . . yTk
lifts by indices (;,;, . . . ,;) but the monomial

y;yS2
. . . ySk

does not. Thus F can only be weakly Qm ,n -homogeneous if y;yS2
. . . ySk

is the

leading term.

Lemma 5.4.2 implies the following restriction on the sizes of the paths that we glue

together.

Proposition 5.4.3. Suppose that m ≥ 5 and n ≥ 5. Then there is no term order such that IPn

is weakly Qm ,n -homogeneous.

Proof. Since n ≥ 5, IPn
̸= 0 and we have the following generator of IPn

:

y;y2,n−1− y2 yn−1.

Observe that every Gröbner basis of IPn
must contain this binomial since no other binomial

in the ideal contains either of these monomials. By Lemma 5.4.2 the underlined term must

be the leading term.

But if m ≥ 5, then a pattern on P ′m could have v-structures at both end points {1, n} of

Pn . We can then lift y;y2,n−1 by ({1, n},;) to z1,n z2,n−1. However, both 2 and n −1 are adjacent

to some element of {1, n}, and so the other monomial does not lift. Since each monomial

lifts by an indexing set that the other does not lift by, this polynomial cannot be weakly

Qm ,n -homogeneous with respect to any term order.

We consequently restrict our focus to m = 4. We suppress m from the notation, instead

considering the path P ′ of length 4 and weak Qn -homogeneity. Note that CIMP ′ is a simplex,

and so IP ′ = 0. So we need only investigate weak Qn -homogeneity for a Gröbner basis of

IPn
. We now show that any term order producing a weakly Qn -homogeneous Gröbner basis

cannot be constructed via the iterated QIG in Section 5.3.

Lemma 5.4.4. For n ≥ 6, there does not exist a Gröbner basis of IPn
produced by iterated QIG

that is also weakly Qn -homogeneous.

Proof. Observe that every Gröbner basis of IPn−1
produced by iterative QIG contains the

polynomial y;y24− y2 y4. Letω be any weight such that y2 y4 ≤ω y;y24 since by Lemma 5.4.2

we knowωmust select monomials with y; as the leading term. Then QIG produces the
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1
2

3 4
5

6

0

0 0 0

0 0 0

Figure 5.6: A QIG that yields the characteristic imset ideal of the cycle with 6 vertices. One
can visually check that there is no term order constructed by QIG such that z;z24− y2 y4 and
z5z24− z25z4 are not both weakly Q6-homogeneous.

following two lifts in IPn
:

z;z24− z2z4 and zn−1z24− z2,n−1z4.

Lifting does not change the leading term (regardless of the term order chosen on IP ′), and

so the underlined terms are leading terms.

Now we consider lifting the polynomial zn−1z24 − z2,n−1z4 ∈ IPn
to ICn

. The leading

monomial zn−1z24 lifts by indices {(;,;), (;, n ), (1,;), (1, n )}while the the trailing monomial

z2,n−1z4 lifts by indices {(;,;), (;, n ), (1,;)}. Consequently zn−1z24− z2,n−1z4 is not weakly Qn -

homogeneous.

Figure 5.6 illustrates Lemma 5.4.2. The monomial map of the characteristic imset ideal

factors according to Qn , but weak Qn -homogeneity does not hold for the Gröbner basis of

the path that we constructed in Section 5.3.

The previous lemma shows that it is impossible for iterative quasi-independence gluing

to produce a Gröbner basis for IPn
which can then be used to compute ICn

. However, our

computations for n = 6, 7 suggest that there do exist Gröbner bases for IPn
which are weakly

Qn -homogeneous.

Problem 5.4.5. Find a term orderω on IPn
such that a Gröbner basis F of IPn

with respect

toω is weakly Qn -homogeneous.

A solution to this problem would allow one to construct the Gröbner basis for the cycle
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ideal ICn
using Theorem 5.2.7. One potential first step is to begin with a Gröbner basis G

produced by QIG and then construct a new term orderω, which does not come from QIG,

such that G is a weakly Qn -homogeneous generating set with respect to ω. Since weak

Qn -homogeneity corresponds to homogeneous linear inequalities onω, finding a term

orderω just amounts to finding an interior point in the corresponding cone. The existence

of such a term order would immediately allow one to find a generating set for ICn
using

QIG. To find a Gröbner basis one would instead need to compute a Gröbner basis for IPn

with respect to the term orderω and certify that any new polynomials which arise in the

generating set are also weakly Qn -homogeneous with respect toω.

Another direction for further work is finding other classes of ideals which arise via quasi-

independence gluing. It would be particularly interesting to find ideals which arise via

weakly Q -homogeneous quasi-independence gluing. This is summarized in the following

question.

Question 5.4.6. Are there other interesting families of ideals which can be constructed via

iterated quasi-independence gluing?
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