ABSTRACT

JOHNSON, JOSEPH WILLIAM NORMAN. Problems in Dynamical Algebraic Combinatorics
and Algebraic Statistics. (Under the direction of Ricky Liu and Seth Sullivant).

In dynamical algebraic combinatorics, we study group actions on combinatorial struc-
tures and the orbit structure of these actions. The main group action considered in this
thesis is generated by iterative applications of birational rowmotion, an analogue of the
classical permutation of order ideals.

We begin by proving the birational rowmotion formula on the product of two chains (or
rectangle poset), originally proved by Musiker and Roby. We give a new proof which avoids
the technical bijection of Musiker and Roby by using the Lindstrém-Gessel-Viennot lemma.
We use the birational rowmotion formula to keep track of how certain chain statistics
change as we iteratively apply birational rowmotion. Results about chain statistics give rise
to a birational analogue of Greene’s theorem.

We then study piecewise-linear rowmotion on the rectangle and its relationship with a
piecewise-linearization of promotion of tableaux. We describe how certain chain statistics
change as we apply piecewise-linear promotion and evacuation to a labeling of a rectangle.
We use results about chain statistics to define an Ehrhart equivalence of polytopes associ-
ated to moon polyominoes related by permutations of rows and columns. We show that
the Ehrhart equivalences we define form commuting diagrams with each other.

Additionally we study plane partitions of the trapezoid poset, a poset which is closedly
related to the rectangle. We give a bijective proof that the number of plane partitions of
the rectangle of each height is the same as the number of plane partitions of the trapezoid
of each height. Our bijection differs from the bijection of Hamaker, Patrias, Pechenik,
and Williams in that ours is piecewise-linear and continuous on the order polytope. We
conjecture that our map intertwines with rowmotion on the rectangle and trapezoid posets.

Lastly, we consider problems in algebraic statistics, a field that uses algebra, geometry,
and combinatorics to study statistical models. We define a new operation on ideals we
call quasi-independence gluings (QIGs). Our operation generalizes the toric fiber product,
a commonly used tool for computing a Grobner basis in algebraic statistics. We show
that under combinatorial homogeneity conditions, one can use QIGs to algorithmically
compute a Grobner basis for a toric ideal. We use QIGs to compute a Grobner basis of the

toric ideal associated to the characteristic imset polytope arising in causal inference.
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CHAPTER

INTRODUCTION

1.1 Polytopes and Ehrhart Theory

In this section we give background on polyhedral geometry. The contents of this section
are relevant for all chapters that follow. For more information on polyhedral geometry we
refer readers to [BR07, Zie95].

Definition 1.1.1. A set P CR? is convex if whenever x, y € P we have tx +(1—1t)y € P for
all £ €[0,1]. Given a set S C R¢, the convex hull of S, denoted conv(S), is the smallest convex

set containing S.

We can represent all points in conv(S) as convex combinations of elements in S. That is

k k
conv(§) = {Z/lixi (X €S A2 O,Z% = 1}.
i=1 i=1

We are particularly interested in convex polytopes.

Definition 1.1.2. A polytope is the convex hull of fintely many points.



Let a € (R)* and a, € R. We say the linear inequality a x < a, is valid on a polytope P if

ax < a for all x € P. Valid inequalities define faces of the polytope.

Definition 1.1.3. Let ax < a, be valid on P. The face defined by ax < a,is PN{x € R :

ax=a}.

A vertex is a 0-dimensional face, an edge is a 1-dimensional face, and a facet is a codi-
mension 1 face. We say a polytope P C R? is a lattice polytope if every vertex lies in Z4. We
say a polytope P C R? is a rational polytope if every vertex lies in Q¢.

We have the follow theorem giving two ways to represent a polytope.

Theorem 1.1.4. A polytope is the convex hull of its vertices. Equivalently, a polytope is the

intersection of finitely many half spaces.

The minimal set of half spaces defining a convex polytope is the set of facet defining

inequalities.

1.1.1 Ehrhart Theory

Given a convex polytope P C R and k € Z,, the kth dilate of P is kP = {kx : x €
P}, where the multiplication is the usual scalar multiplication for vectors. Often times
combinatorial objects can be embedded in R¢ as lattice points of a convex polytope. In
such cases, generating function counting lattice points in the dilates of P satisfies special
properties.

The Ehrhart function of P is the function ip: Z., — Z-, defined by

ip(k)=1{Z" NkP}|.

The generating function of i, denoted Ehry(¢), is called the Ehrhart series of P. A quasi-

polynomial is a function of the form
a,(k)k® +ay_(K)k™" +-+ ay(k)

where each a;(k): Z,y,— Z is a periodic function. We have the following theorem regarding

the structure of the Ehrhart function.

Theorem 1.1.5. Let P C R? be a convex polytope of dimension d.



1. If P is a rational polytope, then ip is a quasi-polynomial.

2. If P is a lattice polytope, then ip is a polynomial. In this case the Ehrhart series has the

form
h*(t)
Ehrp(t) = m
for some polynomial h*(t).

In such cases we refer to ip as the Ehrhart quasi-polynomial and Ehrhart polynomial
respectively. We refer readers to [BSW08, HM08] for more information on Ehrhart quasi-
polynomials. It is often difficult to compute the Ehrhart function of a polytope, but some-
times the computation simplifies after applying a bijective map to the polytope. Ehrhart

functions interact well with affine and piecewise-linear maps in the following sense.

Theorem 1.1.6. Let P,Q C R be convex polytopes and let i : R — R be an affine or
piecewise-linear and continuous bijection such that y(kP)= kQ for all k € Z>, and {)(Z%) =
Zd. Then ip = lQ

Such a map is called an Ehrhart equivalence. We illustrate this technique in the following

example.

Example 1.1.7. Consider the leftmost polygon in Figure 1.1. To transform this polytope into
a lattice polytope, informally we must bend the top two edges until they are straightened
into one edge and (0, 0.5) is no longer a vertex. In the process we bend the bottom edge
into two edges. This transformation is achieved by the following piecewise-linear and

continuous map

(x,y) ifx>0
(x,y)— . :
(x,y—x) ifx<0
Since this map and its inverse clearly send lattice points to lattice points, we have an Ehrhart
equivalence between a rational polytope and a lattice polytope. A linear isomorphism
relates the last two polytopes in Figure 1.1, and so we may compute the Ehrhart series of
our original rational polytope by computing the Ehrhart series of the standard simplex. The

Ehrhart series is given by
(o)

I k+2) .
(1—t)3_z( 2 )t'

k=0




0,1)
(_1)1)
(0,0.5) (0,0.5)

(-1,0) (0,0) (1,0) (0,0) (1,0) (0,0) (1,0)

Figure 1.1: Three Ehrhart equivalent polytopes. The first two are related by a shear trans-
formation and the last two are related by a linear isomorphism.

The period of the Ehrhart quasi-polynomial of a rational polytope P always divides
9(P)=min{n € Z, : nP is alattice polytope}. In Example 1.1.7, we see that sometimes
rational polytopes experience period collapse, the phenomenon where the coefficients of the
Ehrhart quasi-polynomial of a rational polytope have lower period than %(P). In the most
extreme case, period collapse of a rational polytope may result in an Ehrhart polynomial
instead of a quasi-polynomial. Period collapse remains mysterious in polyhedral geometry,
though combinatorics has proven useful for finding examples. Arguments showing period
collapse tend to make use of Ehrhart equivalences to lattice polytopes. Not every Ehrhart
polynomial of a rational polytope arises as the Ehrhart polynomial of a lattice polytope,

and so Ehrhart equivalences cannot fully explain period collapse [HMO08].

1.1.2 Posets, Order Polytopes, and Chain Polytopes

In this section we discuss an important Ehrhart equivalence between two lattice poly-
topes associated to partially ordered sets. We first review some basic terminology about
posets.

Let P =(P, <) be a finite poset and let p, g € P with p < g. We say that g covers p (and p
is covered by q) if whenever p <X r X g, either p = r or g = r. We denote such cover relations
by p < q. Typically we represent P by its Hasse diagram, a directed graph with vertex set P
and edges x — y for x < y. Since all edges are directed upward in the Hasse diagram, we

omit the direction in figures.

Definition 1.1.8. Let P be a poset. A chainin P is a sequence p, < p, < -+ < pi.. A maximal
chainin P is a chain that is not strictly contained in any other of P. An antichainin P is a
set A C P such that for any distinct p, g € A, neither p < g nor g < p.

The antichains are related to the order ideals (and order filters) of a poset.



Definition 1.1.9. Let P be a finite poset.
1. An order ideal of P isaset I C P such thatif p,ge Pwithp<gandgel,thenpel.

2. An order filter of P is a set F C P such thatif p,q € P with p < g and p € F, then
geF.

3. An interval of P is a subset of the form [p,g]={x | p X x < g}.

4. A minimal element of P is an element p such that for all g € P, we do not have g < p.
5. A maximal element of P is an element p such that for all g € P, we do not have p < g.
In [Sta86], Stanley defines two polytopes associated to a finite poset.

Definition 1.1.10. Let P be a finite poset. To each order filter F associate an indicator
vector % € RI’l, whose p-coordinate is 1 if p € F and 0 otherwise. The order polytope is

O(P)=conv{%; : F is an order filter of P}.

To each antichain A of P, we associate an indicator vector Z, whose p-coordinate is 1 if
p € A and 0 otherwise. The chain polytope is

% (P)=conv{Z,:A is an antichain of P}.

Since 0(P) and 6 (P) are 0/1-polytopes, each %;. is a vertex of the order polytope and
each 2, is a vertex of the chain polytope. The coordinates of the order and chain polytopes
are associated to the nodes of the poset, and so we frequently represent points in the
order polytope as vertex labelings and condense the notation R”! to just R”. See Figure 1.2
for instances of vertices of the order and chain polytopes. We have the following facet
description of 0(P) and €(P).

Theorem 1.1.11. The facet defining inequalities of O(P) are the inequalities of the form
L. y, 20 for all minimal elements p € P.
2. y, <1 for all maximal elementsp € P.

3. ¥y <y, forallp,q € P suchthatp <q.



Figure 1.2: The point on the left is a vertex of the order polytope and the point on the right
is a vertex of the chain polytope.

The facet defining inequalities of ‘6 (P) are the inequalities of the form
1. x,20 forallp€P.

2. Y. x, <1 forall maximal chains C of P.
peC

Asin Theorem 1.1.11, throughout the first four chapters of this thesis we use y to denote
points in the order polytope and x to denote points in the chain polytope.

Returning to Figure 1.2, we see that as we travel up cover relations in the left labeling,
the vertex labels weakly increase. In the right labeling, the sum along any chain from the
bottom to the top is at most 1.

Recall that there is a simple bijection between order filters of P and antichains of P. To
obtain an antichain from an order filter, we take the minimal elements of the order filter.
To map back to the set of order filters, we take the upward closure of the antichain. This

bijection is encoded by the following piecewise-linear map.

Definition 1.1.12. Let P be a finite poset and let y € R”. The transfer map ¢ : R - R” is

defined to have p-coordinate

P(y)p =y, —maxy,
forall p € P.

One can check that in fact ¢(y) € 6(P) whenever y € 0(P). Additionally this map is
continuous and volume-preserving — for each subset of the domain on which ¢ is linear,

the determinant of the matrix of the linear map is 1.



Figure 1.3: A point in the chain polytope (left) and its image under the inverse transfer
map (right). The red chain is the chain of maximum weight from the bottom of the poset to
the top.

Theorem 1.1.13. Let P be a finite poset and let x € R”. Then the p -coordinate of the inverse
of the transfer map ¢~ is given by

¢! (x), =max ) x,
qgeC
where the maximum is taken over all chains C of the form q, < g, <--- < g, = p with q,

minimal inP.

Definition 1.1.14. Let P be a finite poset and let C be a chain of P. If x € R?, then we say

that the weight of C is ) x,,.
peC

Example 1.1.15. Consider the poset R in Figure 1.3 and the left hand labeling x € RE. The
chain of maximum weight is colored red. When we apply the inverse transfer map, the new

label of the maximum element M € R is
¢ (%) =0.14+0.15+0.4+0.13+0.04 = 0.82.

When we apply ¢ to the right labeling in Figure 1.3, we obtain the M -coordinate by sub-
tracting the M -coordinate of the right labeling by the maximum label M covers. That is, we
obtain x = ¢(¢!(x))=0.82—0.78 =0.04,

Since the formulas for ¢ and ¢! are fraction-free, ¢ and ¢~' map lattice points to
lattice points. Consequently the transfer map restricts to a bijection between the lattice
points of 0(P) and 6 (P). Moreover, ¢ restricts to a bijection between the lattice points of
the kth dilates of 0(P) and 6(P). It follows that the Ehrhart polynomials of 0(P) and 6 (P)
are the same and that ¢ : 0(P) — €¢(P) is an Ehrhart equivalence.
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Figure 1.4: The rectangle [2] x [3].

1.2 Rowmotion

Let [r] be the chain with r elements 1 <2 <--- < r. Of particular interest is the rectangle
poset given by the Cartesian product of two chains R =[r] x [s], i.e. the poset on the set
[r] x[s] with (i, j) < (k,?) if and only if both i < k and j < {. We distinguish between a

rectangle poset and general posets by using R exclusively for the rectangle.
Definition 1.2.1. Let R =[r] x [s] be a rectangle poset.

* For fixed i, the ith up-diagonal of R is the set of all elements in R of the form (i, j).

For fixed j, the jth down-diagonal of R is the set of all elements in R of the form (i, j).

The kth rank of R is the set of all elements (i, j) such thati + j = k.

The kth file of R is the set of all elements (i, j) such that j —i = k.

e We say an element (i, j;) is weakly left of (i, j,) if i, — j, = i, — j,.

We say (i}, j;) is strictly left of (i, j,) if i1y — j, > iy — Jo.

We similarly define weakly right and strictly right. We will typically draw rectangles
oriented as in Figure 1.4, so that up-diagonals run southwest to northeast, down-diagonals
run southeast to northwest, ranks are aligned horizontally, and files are aligned vertically.
The definitions of left and right align with the intuitive notions of left and right displayed in
Figure 1.4. As a word of caution, note that the minimum element has rank 2.

1.2.1 Rowmotion

An important object of study in dynamical algebraic combinatorics is a certain dynami-

cal process on order ideals called combinatorial rowmotion.
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Figure 1.5: Order rowmotion by toggling. We toggle elements from the top rank to the
bottom rank. Elements within a given rank are toggled in any order.

Definition 1.2.2. Let I be an order ideal of P. Combinatorial order rowmotion is the map p

that sends I to the order ideal generated by the minimal elements of P \ I.

Though we discuss another analogue of rowmotion, we are primarily concerned with
the order version. Therefore we frequently refer to order rowmotion as just rowmotion.
Cameron and Fon-der-Flaass [CFDF95] give another description of rowmotion in terms
of combinatorial toggles. Let J(P) denote the set of order ideals of P. For each p € P, we
associate a toggle map t,: J(P)— J(P) by

Iu{p} ifp¢landlu{p}e](P),
t,(I)=4 I\{p} ifpelandI\{p}eJ(P)

1 otherwise.

Combinatorial rowmotion can then be defined as the composition of toggles on P in the

order of a linear extension .Z: P — [n] (where n =|P|) from top to bottom, that is,

P =tgamor O lyan.

We note that ¢,,0 ¢, = t,0t, ifand only if p and g do not form a cover relation. Consequently
this description is independent of the choice of linear extension. See Figure 1.5 for an
example.

Rowmotion exhibits the following dynamical behavior.

Theorem 1.2.3 (Fon-Der-Flaass). The order ofp on R=[r]x[s]isr+s.

Note that r + s is one more than the number of ranks of R. This is the smallest possible

order that rowmotion can have on a graded poset: iteratively applying rowmotion to the
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Figure 1.6: Antichain rowmotion. We toggle elements from the bottom rank to the top
rank. Elements within a given rank are toggled in any order.

empty order ideal simply adds one rank of elements at a time to the order ideal until arriving
at the entire poset, which is then mapped back to the empty order ideal.
There is also a notion of rowmotion on the antichains of a poset studied in [Jos19, Str18].

Definition 1.2.4. Let P be a finite poset and let A(P) denote set the antichains of P. For
each p € A(P) we associate an antichain toggle map Tp : A(P)— A(P) defined by

Au{p} ifpéAand AU{p}ec A(P)
1,(A)=1{ A\{p} ifpeA

p otherwise.

Let &: P —[n] be alinear extension (where n =|P|). Then antichain rowmotion is the map
P given by applying toggles in the order given by . from bottom to top, that is,

P = tg—1(n) ©---0 fg—l(l).

A key difference between order and antichain rowmotion is that we toggle from bottom
to top for antichain rowmotion and top to bottom for the order version. See Figure 1.6 for
an example.

Order rowmotion and antichain rowmotion are related in the following way. We define
amap ¢ : J(P)— A(P) that sends an order ideal I to the minimal elements of P \ I. We note
that ¢ has an inverse which takes an antichain A and maps it to the complement of the
order filter generated by A. This corresponds to the transfer map ¢ we discussed previously
which maps indicator vectors of order filters to indicator vectors of antichains.

Let G be a group acting on two sets X and Y. Amap f : X — Y is equivariant with

respect to the actions of G on X and Y if the group action and the map intertwine with

10
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Figure 1.7: Orbits of order rowmotion, antichain rowmotion, and cyclic shifting of the
Stanley-Thomas word. The group actions form a commuting diagram with rowmotion and
cyclic shifting.

each other, that is
flg-x)=g- f(x)

for all g € G and x € X. We have the following theorem.

Theorem 1.2.5. LetZ act on J(P) and A(P) by their respective rowmotions. Then ¢ : J(P)—

A(P) is an equivariant map.

See Figure 1.7 for an example.
In [Sta09], Stanley gives a bijection (also discovered independently by Thomas) between

the antichains of R =[r] x [s] and 0/1-sequences with r 0’s and s 1’s.

Definition 1.2.6. Let A be an antichain of R =[r] x [s]. The Stanley-Thomas word of A is

w(A)=(w,,..., w,,), where

11



1 if1<i<rand Ahasan elementin up-diagonal i,
w;=431 ifr+1<i<r+sandAhasnoelementin down-diagonal i —r,

0 otherwise.

Rowmotion performs a cyclic shift of the Stanley-Thomas word [PR15]. Since the map
w is a bijection, this gives a simple proof that rowmotion on [r] x [s] has order r + s. See
Figure 1.7 for an example.

1.2.2 Piecewise-Linear Rowmotion

Recall the order polytope &(P) from Section 1.1.2. Combinatorial rowmotion permutes
order ideals and so can also be thought of as a permutation of the vertices of 0(P). As is
the case with the transfer map, there is a natural piecewise-linearization of this bijection
[EP21].

Definition 1.2.7. The piecewise-linear toggle on the order polytope O(P) corresponding to
an element p € P is the map ¢,: O(P) — O(P) that changes the pth coordinate by
Xp — min x, +r6171<§13<xq — Xp.
(We abuse notation and use the same symbol for combinatorial toggles and piecewise-
linear toggles.) Note that ¢, only depends on the coordinates in the neighborhood of p € P
in the Hasse diagram. Consequently for p,q € P, 1,0 t, = t, o t, if and only if neither p < g
nor p > q as in the combinatorial realm.

We then define piecewise-linear rowmotion p: O(P) — O(P) using piecewise-linear
toggles by

P =Tlyga1)0 -0 lyyp),

where ¢ is any linear extension of P.
Antichain toggles also lift to the piecewise-linear realm. In the case of antichains, toggles
act on the chain polytope. Let M C(P) denote the maximal chains of P.

Definition 1.2.8. The piecewise-linear antichain toggle on the chain polytope ¢ (P) corre-
sponding to an element p € P is the map fp : 6(P)— 6/(P) that changes the pth coordinate

12



by

X, — 1— max X
CeMC(P)
Csp qeC

q

and fixes all other coordinates, where we interpret an empty min as 1 and an empty max as
0.

In this setting, the transfer map plays a similar role to the map between order ideals
and antichains we defined in the combinatorial realm.

Theorem 1.2.9 ([Jos19]). The transfer map ¢ : O(P) — €(P) is equivariant with respect
to the actions of piecewise-linear order and antichain rowmotion on the order and chain
polytopes respectively.

1.2.3 Birational Rowmotion

Piecewise-linear rowmotion can be lifted even further to a birational analogue that
uses addition, multiplication, and division in place of max, addition, and subtraction,
respectively. This lifting process is called detropicalization. (See [EP14, EP21, NY04] for
more detailed discussion.) The functions resulting from detropicalization are generally
subtraction-free and therefore well-defined on positive labelings of P.

As an example, the birational transfer map ¢ acts on positive labelings x € RZ, via

coordinate functions

where we interpret an empty sum as 1.
Since min(a, b) = —max(—a,—b), detropicalizing min yields the parallel sum || defined

by
1 ab
b= = .
al 11 a+b

Note that the parallel sum is associative and commutative. For a finite multiset S CR.,, we
. I
denote the parallel sum of all elements in S by Z s.

NEN

Definition 1.2.10. The birational toggle on R’ corresponding to an element p € P is the

13



birational map #,: R — R’ that changes the pth coordinate by

() (2 5

and fixes all other coordinates, where we interpret an empty sum or empty parallel sum as
1.

(We again abuse notation by using the same notation for birational toggles as piecewise-
linear toggles.) Similarly to piecewise-linear rowmotion, we define birational rowmotion

as

P =1lgqy©-0Ly—yp)

for any linear extension £ of P. From the birational setting, we can obtain the piecewise
linear analogue via a valuation; see, for instance, [EP14, EP21].

We note that antichain rowmotion also lifts to the birational realm.

Definition 1.2.11. The birational antichain toggle on R? corresponding to an element

p € P is the birational map 7,: R”) — R’  that changes the pth coordinate by

1

X, ———

SN IEA
CeMC(P)geC
Csap

Birational rowmotion is the composition of antichain toggles in the order of a linear exten-

sion from the bottom of P to the top.

For any poset, one can compute birational order rowmotion in terms of the dual transfer
map. Again, the transfer map is equivariant with respect to our two notions of rowmotion.

Definition 1.2.12. Let P be a poset and x € R” be alabeling. The dual transfer map is the
birational function ¢*: R” — R’ with coordinate functions

Xp

¢*(x), =
q>p ta

for all p € P, where we interpret an empty sum as 1.

In other words, ¢* acts on labelings of P in the same way that ¢ acts on the associated
labeling of the dual of P.

14



The following lemma is due to Einstein and Propp (see for instance [EP14, JR20]). We
include a short proof for completeness.

Lemma 1.2.13. Let P be a finite poset. Then for any x € R andp € P,

popH(x),=—7—.
((P*) (x)p
Proof. Lety =¢~'(x)and z =(¢*)"'(x). Forany p € P, suppose that p(y), = % forallg > p.
When applying the toggle at p in the computation of p(y), the elements at or below p are
labeled as in y while those above p are labeled as in p(y). Hence by the definition of ¢,

1 1 1
o5 2)(E) gl -2
g ; ,,Z,; ) Z Zg Xp  Zp
The result follows easily by induction starting at the top of P. O

Computing iterated applications of rowmotion is more difficult. However, one can
sometimes prove results about rowmotion using as associated combinatorial construction
instead. As mentioned previously, one such example is the Stanley-Thomas word, which
lifts to the birational level.

Definition 1.2.14. Let R =[r] x [s]. The birational Stanley-Thomas word w is the word of
length r + s defined by

N
ITx:; ifl<i<r,
=1
wl: r
]_[x]._}_r ifr+1<i<r+s.
=17

In [JR21] it is shown that ¢» o p o ¢! cyclically shifts the birational Stanley-Thomas word.
Though this is not sufficient to show that the order of birational rowmotion on the product
of two chains has finite order, it can be used to extend other results (such as instances
of homomesy) to the birational level. In Section 2.3 we define a collection of generalized
Stanley-Thomas words, and in Section 2.4 we show that the cyclic rotation of these words

uniquely determines rowmotion.
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1.3 RSK and Promotion

In this section we discuss RSK and promotion. We realize these maps as functions that
change labelings of posets of square shape. For simplicity we restrict our discussion to
permutations and standard Young tableaux. However, in Chapters 2 and 3 we describe a
birational analogue of RSK and promotion for real positive labelings and a piecewise-linear
analogue for all real labelings.

Let n € Z.,. A permutation is a bijection w :[n]— [n]. We write w in one line notation,
defined as the sequence (w(l), w(2),..., w(n)). When 7 < 10, so that all entries are one
digit, we suppress the parentheses and commas from the notation. For instance, we write
w =31524 to mean (3,1,5,2,4).

A partition of n (denoted A | n) is an integer sequence A = (4,,A,,...,A;) such that
A=Ay 2> A >0and Y ; A; = n. We represent a partition of n by a grid of n upward
and left justified boxes such that the ith row contains A; boxes. A standard Young tableau
of shape A is a labeling of the boxes of A with numbers 1,..., n such that each number is
used exactly once and labels are increasing along rows and columns. See Figure 1.8 for an
example.

We now describe a method for building a standard Young tableau from a permutation.
Let k be a positive integer and P a standard Young tableau of shape A. We insert k into P by

1. Leti=1andlet/, =k.

2. While ¢; is not larger than every label in row i, let £, , be the smallest label of row i

that is bigger than ¢;. Let £, replace ¢;,, in row i and then increment i.

3. When /; is greater than every label in row i, add an extra box to row i and label it with
l;.

We obtain a tableaux from a permutation via the previous Schensted insertion algorithm as
follows. If P, is the empty tableau, we iteratively form P,,, from P, by inserting w(i) into P;.
The resulting tableau is called the insertion tableau or P -tableau.

As we insert the sequence w to form the P-tableau, we also form a second tableau as
follows. If Q, is the empty tableau, we iteratively form Q;,, from Q; by adding the unique box
in P, thatis notin P, and labeling it with i + 1. We refer to this tableau Q as the recording
tableau or Q -tableau.

16



Figure 1.8: A standard Young tableau of shape A =(4,2,1).

The Robinson-Schested-Knuth correspondence (RSK) is the map which sends w to its
pair RSK:= (P, Q) of insertion and recording tableaux. Note that by construction, the P- and

Q-tableaux have the same shape. We have the following theorem.

Theorem 1.3.1. RSK is a bijection between the permutations of [n] and pairs of standard
Young tableaux with n boxes of the same shape.

We refer readers to [Sag01] for more information about classical RSK. RSK is relevant
in many problems regarding permutations and tableaux. For instance, if f; denotes the
number of standard Young tableaux of shape A, then RSK gives a bijective proof of the

n!:Z(fA)z.

Akn

following formula:

This formula encodes algebraic information in representation theory, namely the decompo-
sition of the regular representation of the symmetric group into irreducible representations.
See [Sag01] for details. We also have the following result.

Proposition 1.3.2. If RSK(w)= (P, Q), then RSK(w™)=(Q, P).

Taking the reverse word and other operations on permutations also admit simple de-
scriptions in terms of their images under RSK. We now translate RSK into a map between
square matrices.

Definition 1.3.3. Let w be a permutation of [n]. The permutation matrix associated to w
is the matrix P, € R™*” given by

1 ifw(i)=j
(Pw)ij = .
0 otherwise
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We wish to express RSK as a map R™*”" — R"*". Using permutations matrices, we have
P, — w— RSK(w)

where RSK(w) is a pair of standard Young tableaux of the same shape. We map RSK(w) to a

matrix using the Gelfand-Tsetlin patterns of the two tableaux.
Definition 1.3.4. A Gelfand-Tsetlin pattern is a triangular array of nonnegative integers

gn,n
gn,n—l
gn,n—Z

8n,1 : 833
) 83,2

83,1 82,2
82,1

81,1

suchthatg; ;> g; ;—; and g; ; > g;—, ; forall i, j.

Let P be a standard Young tableau with maximum label n and let P|,; denote the
subtableau of P on elements labeled with elements of [¢] for each ¢ € [n]. We form a
Gelfand-Tsetlin pattern G T(P) with G T(P);; given by the length of row n—i +1 in the
shape of P|,_;. ;. Then the kth file of G T(P) is the shape of P|,_.

Since RSK(w) = (P, Q) yields P and Q of the same shape, we know that the Gelfand-
Tsetlin patterns of P and Q have the same largest file. Consequently we may glue two
triangular Gelfand-Tsetlin patterns along their common largest file to obtain a square

matrix. Thus RSK performs the following sequence of maps
P, — w—RSK(w)=(P,Q)—(GT(P),GT(Q)).

See Figure 1.9 for an example. In [Hop14] a description of RSK in terms of toggles is
given. We discuss this further in Chapter 2 and Chapter 3. Some maps on tableaux also

admit a toggle description. We describe one such case here.
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Figure 1.9: RSK on matrices computed via the combinatorial version. In the last image,
the left triangle is the Gelfand-Tsetlin pattern for the P-tableau.

Definition 1.3.5. Let k € Z., and let T be a standard Young tableau. We say instances of k
and k+1 are freein T if k and k+ 1 do not appear in the same row or column of T. The kth
Bender-Knuth involution BK; maps T to the standard Young tableau obtained by replacing
free k labels with k + 1 and free k + 1 labels with k. Promotion on a standard Young tableau
with n boxes is

Pro=BK,_,0:---0BKj.

Bender-Knuth involutions admit a toggle description. Recall that the kth file of [r] x [s]
is the set of elements (i, j) such that i — j = k. We have the following result from [Kir01].

Lemma 1.3.6. The ith Bender-Knuth involution is the composition of all order toggles in the
n—ith file of a Gelfand-Tsetlin pattern.

The toggles involved in the description of Bender-Knuth involutions commute with
each other since elements of a file do not form cover relations with each other. Conse-
quently these toggles may be applied in any order. Since Bender-Knuth involutions admit a

piecewise-linear description, promotion does as well.

Definition 1.3.7. Let S be the subposet of elements weakly left of (r, r) in[r]x[r] and let T}
denote the composition of all toggles in the kth file of S in any order. Then piecewise-linear
promotion Pro: RS — RS is given by

Pro=TioT0--0T .

We write Pro” : RUX"1 — RI7XI") for the map that applies Pro to S and keeps the labels of
R\ S fixed. (We define Pro“ analogously by transposition.)

Visually, promotion on a Gelfand-Tsetlin pattern is given by toggling in each file from

left to right. See Figure 1.10 for an example.
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1
2 2 3

2 2 2
{ BK, S BK, 2

1 —> 1 = | |»1
1 1 0

0 0 0

Figure 1.10: Tableaux related by Bender-Knuth involutions and their Gelfand-Tsetlin pat-
terns. Composing both Bender-Knuth involutions yields promotion.

1.4 Grobner Theory and Toric Ideals

In this section we some discuss background on Grobner bases of polynomial ideals
and the particular case of toric ideals. In Chapter 5 we use the results in this section to
compute a Grobner basis of the preimage of an ideal under a monomial homomorphism
in some special cases. We refer readers to [Has07, CLO07] for a more thorough treatment of
the subject. Throughout this section we fix a field K.

Definition 1.4.1. Let K[x,,..., x,] denote the polynomial ring over K in n commuting

variables. An ideal I CK[x,,..., x,] is a set such that
1. If f,gel, then f+gel.
2. If feland reK[x,,...,x,],thenrfel.

We say a set {fi,..., fi} € I generates I if for all h € I, there exist gy,...,8r € K[xy,..., x,]
k

suchthat h=>_ g, fi. If{f,,..., fi} generates I, we write I = (f;,..., fi)
i=1

Definition 1.4.2. A term order < on K[x;,..., x,] is a total ordering on the monomials such
that

1. every set of monomials {x“},., has a least element and

2. foralla, B,7, if x% < xP, then x**7 < xP*7,
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Let f =) c,x*€K[xy,..., x,]. The leading monomial of f, denoted LM(f), is the greatest

monomial with nonzero coefficient in f. If LM(f) = x”, then the leading term of f is
LI(f)=cpxP.

We are especially concerned with the following case. Fix w € R"” and let w! denote the
transpose. The weight order <, on K[x;,..., x,,] is the partial ordering on monomials such
that for all exponent vectors a, 3, if w’a < w’ §, then x% < x?. To obtain a term order from
a weight order, we must fix another term order <. Whenever w!a = w? 8, we have that

x% < xP implies x* <,, xP. In short, we break the tie with <.

Example 1.4.3. Let f = x, x5 — X, X, and g = X, X5 — X3 X, be in K[x;, X, X3, X4, X5, Xg] and fix
w’ =(1000000,2,3,4,5,6) where w; is the weight of x;. Then w selects the leading term
LT(f)= x,xs. However, the weight of both monomials of g is 7, and so w does not select a

leading term of g.

Using term orders, we can define the division algorithm as follows. Fix a term order <
onK[xy,...,x,]. Let I =(fi,..., fi) €K[xy,..., x,] and let g € K[ x;,..., x,,].

1. Letgy=g.

2. Suppose g; = Z ¢; o X% While there exists some f; whose leading term divides a

monomial of ¢; , x* of g;, let g;,, = — ) ol [0

Cl aXx?

This algorithm terminates whenever there do not exist « and f;, such that LI(f;,) | ¢; o x“.

At each step we replace a monomial ¢; ,x* of g; with a finite sum of monomials > dg xP

such that dg xP < ¢; ,x*forall B. Since there are only finitely many x# < x% and only finitely
many terms of g, the division algorithm must eventually terminate. As a consequence, we

_Zci,axaf +r
8= Lut(p)t

for some remainder r. If r =0, then clearly g € I. However, for most generating sets of I,

have expressed g as a sum

the converse is not true.

Definition 1.4.4. Let I CK[x,,..., x,,] and let < be a term order. The leading term ideal L'T(I)
is the ideal generated by the leading terms of all polynomials in I. A Grébner basis is a set of
polynomials {fj, ..., fi} such that LT(I) = (LT(f;),...,LT(f))-
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Let I CK[x,...,x,] be an ideal. We have the following two results regarding Grébner
bases.

Proposition 1.4.5. A Grobner basis for I generates 1.

Theorem 1.4.6. Let{f,,..., fi} be a Grébner basis for I with respect to some term order <.

Then for any g €K[x;,..., x,], the division algorithm terminates in a unique remainder.

As a consequence of Theorem 1.4.6, the division algorithm terminates in a remainder
of 0 if and only if g € I. Hence we may use Theorem 1.4.6 to test ideal membership. We now
focus on how to compute a Grobner basis.

Definition 1.4.7. Let f,g € K[x,,..., x,] and for any monomials x¢, x?, let LCM(x¢, x?)
denote their least common multiple. The S-polynomial of f and g is

S(F, g) = LCMIMU).IM(g)) . LOMILM(), LM(g))
8= LI(f) LT(g)

We may compute a Grobner basis from a generating set via the following procedure,
known as Buchberger’s algorithm. Let I = (fi,... f,) CK[xy,..., x,].

1. SetZ ={fi,.... [, }.
2. For each i, j, apply the division algorithm to S(f;, f;) to obtain a remainder r;;.
3. Ifeach r;; =0, stop.

4. Ifsome r;; 0, set Z ={fj,..., fi}U{r;; : r;; #0} and return to Step 1.

It is known that Buchberger’s algorithm terminates in finite time (see [Has07]), and so
we may employ Buchberger’s algorithm to compute a Grobner basis if we have a generating
set. However, if a generating set for the ideal is not given, it can be very difficult to find one.
The following problem is a key problem we study in Chapter 5.

Problem 1.4.8. Let ¢ : K[zy,...,z,] — K[x;,..., x'] be a homomorphism. Find a finite
generating set for ker(¢).

The following theorem guarantees a solution to Problem 1.4.8 exists.

Theorem 1.4.9 (Hilbert Basis Theorem). Every polynomial ideal is finitely generated.
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Since we know ker(¢) is an ideal, Theorem 1.4.9 guarantees that the finite generating set
in Problem 1.4.8 exists. For most homomorphisms, there exists a solution to Problem 1.4.8
using Buchberger’s algorithm. However, this algorithm is computationally expensive, and
so it is useful to develop algorithms that perform better than those using Buchberger’s
algorithm for special families of ideals. For a family of ideals called toric ideals we often

employ combinatorial methods to solve such algebraic problems.

Definition 1.4.10. Let A € Z%*" be a matrix with columns a,...,a,. The toric ideal I,
associated to A is the kernel of the homomorphism ¢, : K[z,,...,z,] = K[x;",..., x;'] of
the form

< xai.

We call a homomorphism ¢, of this form a monomial map and A is the matrix of the

monomial map.

Toric ideals may be alternatively characterized as the prime ideals that are generated by
binomials. Toric ideals are particularly well-behaved because they may be studied using

linear algebra. The binomials lying in a toric ideal are described in terms of the matrix A.

Lemma 1.4.11. Let A € Z**". Then a binomial z*—z' € K|z,,...,z,] belongs to I, if and
onlyif Au=Av.

In Chapter 5 we study a toric ideal associated to a polytope arising in causal inference.
We do this using an ideal in algebraic statistics that generalizes the notion of independence

of random variables.

Definition 1.4.12. Let r,s € Z., and let [r] and [s] be the sets with r and s elements
respectively. Let Q C [r] x [s]. The quasi-independence map associated to Q is the map
¢o:Klz;;:(i,j)€Ql—=K[x;, y;: i €[r], j €[s]] defined by

Zjj—= X Y-

The quasi-independence ideal 1 is the kernel of the quasi-independence map.

In the case where Q =[r] x [s], consider the map K"** — K’ given by

(X, y) = (x;y;: i €lr] j €[s)). (1.4.1)
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If X and Y are random variables with probability mass functions P(X =i)= x; and P(Y =

Jj)=y,, then the image coordinates of the map in (1.4.1) yield the (i, j)-coordinate
P(X=i,Y=j)=P(X=i)P(Y =])

and we recover independence of random variables. The quasi-independence map ¢ is
the pullback of the map in (1.4.1). Quasi-independence then is the phenomenon where
some pairs of states of X and Y (those pairs in the complement of Q) are forbidden from
occurring together, but X and Y are otherwise independent. A Grébner basis for the quasi-

independence ideal can be described in terms of a graph.
Definition 1.4.13. Let[n]={1,...,n}.

* An undirected graph G =([n], E) is a vertex set [n] together with an edge set E con-
sisting of unordered pairs of distinct elements in [72]. We denote the edges {i, j} by
i—j.

e We say G is bipartite if there does not exist a cycle iy — iy, iy — i3,..., Ipp 41 — Iop = i1
containing an odd number of vertices.

We now describe a Grobner basis for the quasi-independence ideal in terms of a bipartite
graph. We form a graph G, with disjoint vertex sets [r] and [s] and edges given by Q. Every
induced cycle of G, has the form j, —ky, jo — ki, jo — ks, ..., ji — ki, 1 — k;. We have the
following theorem which appears in [GRV10].

Theorem 1.4.14. LetQ C[r]|x[s]and let j,—ky, jo—ki, jo—k», ..., j;— ji, 1 — k; be the edges
of an induced cycle of G,. Then

4

Lk — | | Zjiviki

i=1 i=1

:N

(where i is taken modulo () is a binomial of I,. Moreover, the set of all such binomials form a

Grobner basis for I, with respect to every term order.
We give another proof of Theorem 1.4.14 in Chapter 5 using only Buchberger’s algorithm.

Example 1.4.15. Let r =3 and s =4 and consider the set

Q=1{(1,1,(1,2),(2,1),(2,3),(2,4,(3,2)),(3,3",(3,4)} c [3]  [4].
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1 1 1 Iy

2 2 2 2/
3 3 3 3
4’ 4’

Figure 1.11: The graph G, (pictured twice) associated to the set Q C [3] x [4] in Exam-
ple 1.4.15. The two cycles of G, correspond to two binomials in a Grébner basis for I,.

Here we have added primes on elements of [s] to distinguish them from elements of [r].
The graph Gj, is pictured in Figure 1.11. These cycles result in the following generators of
Iy:

IQ = (x23/ X341 — Xoys JC33/, X117 x23/ X32/ — Xy x33/ x21/> .

In Chapter 5 we take preimages of ideals under quasi-independence maps. We use the
Grobner basis of binomials arising from cycles to build a Grobner basis for the preimage of

an ideal.

1.5 Characteristic Imsets

In this section, we discuss relevant background about characteristic imsets and causal
discovery that will be used in Chapter 5. Though the statistical background involving
the characteristic imset polytope will not be necessary for the proofs of Chapter 5, we
briefly discuss graphical models for motivation purposes. For a more thorough treatment
of graphical models see [Lau96]. We follow the notation of [Sul18].

Let [n] = {1,...,n} and consider a set of random variables X; for i € [n] with state

spaces &;. A random vector is a vector X = (Xj,...,X,,) of random variables which takes

n
on states in the state space 2 = | [ ;. We consider the density f(x,,..., x,,) of the joint
i=1
distribution Xj, ..., X,,. Given a subset A C [n], we let X, =(X,)seca, 24 = [ [ Z; and group
i€A
the corresponding variables in the density together using the notation x,.
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Definition 1.5.1. Let A C[n]. The marginal density f,(x,) is

falxa) = F(xa, Xpupa)d X\ a-
Zinha
Let A, B C [n] be disjoint subsets and fix xz € Z. The conditional density of X, given
XB = Xp is

fAug(&/;)xs) if fB(xB) >0

fa | p(Xa | xp)= )
0 otherwise.

Definition 1.5.2. Let X =(X,,..., X,,) be arandom vector and let A, B, C C[n] be pairwise
disjoint. We say X is conditionally independent of Xy given X if forall x, € X, xp € X
and x. € Z¢ such that f(x.)> 0, the density f of X factorizes in the following way:

faus | c(xa xp | xc)=fa \ c(xal xc)f5 | clxg | x¢).

We frequently omit the subscript on f, writing f(x, | xc) in place of f, | c(x4 | x¢). Itis
often useful to associate the entries of a random vector to the vertices of a graph. In this

setting, edges typically encode dependence relationships between random variables.
Definition 1.5.3. Let[n]={1,...,n}.

* Adirected graph 4 = ([n], E) is a vertex set [n] together with an edge set E consisting

of ordered pairs of distinct elements in [n]. We denote the edges (i, j) by i — j.

* A directed acyclic graph (or DAG for short) is a directed graph ¢ = ([n], E) such that if

il_)iz_)"'_)ik,then i17éik.

To avoid confusion, we use G to denote undirected graphs and ¥ to denote directed

graphs.

Definition 1.5.4. Let ¥ =([n], E) be a DAG. The graphical model -# (%) associated to ¥ is
the set of all densities f(x,,..., x,,) of jointly distributed random variables (Xj, ..., X,,) such
that

FGasesx) =] [ il %pa,0)
i=1

where pay(i)={j €[n]: j — i € E}is the set of parentsof i in 4. Any density f that satisfies

the above equation is said to be Markov to the graph ¥.
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Graphical models can be equivalently described in terms of conditional independence.

Theorem 1.5.5. Let X =(Xj,...,X,,) be a vector of random variables. For each i € [n], let A;
be the set of all vertices k of 9 such that there exists a directed path k — --- — i and k & pay(i).
Then f(x,,..., x,) is Markov to the DAG % if and only if X; is independent of X, given Xy, ;)
foralli.

In statistics we have the following problem.

Problem 1.5.6. Given data sampled from a joint distribution of random variables (X, ..., X,,)
learn the DAG that best explains the data.

Problem 1.5.6 is a model selection problem. When random variables have a causal
effect on each other, we may interpret the edges of a DAG as direct causal structure. This
makes intuitive sense on Bernoulli random variables (whose distribution represents the

probability of an event happening or not). For instance, consider the following Bernoulli

random variables.
1 ifitisraining 1 theroads are slippery 1 acar crashes
X, = , X, = . X, =
0 otherwise 0 otherwise 0 otherwise

We know that we have the following causal structure:
X, — X, — X,

Here the absence of the arrow X; — X; indicates that rain does not directly cause car crashes,
only indirectly by making the roads slippery. From this perspective, a density f is Markov to
a DAG ¥ if for each vertex i, X; is independent of all other random variables given its direct
causes. Hence graphical models naturally encode information about causal structure.
Many classic methods for causal discovery are based on the combinatorics of DAGs
[Chi02, SGS93, VPI0]. Recent work has shown that it can instead be seen as a linear program

by encoding DAGs as 0/1-vectors in real-Euclidean space in the following way [SHL10].
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12 13 23123 12 13 23 123
C%IZchZZ(l, 0, 1, 0) C(ggz(l, O, 1, 1)

Figure 1.12: Three DAGs with the same skeleton. ¢, and %, are Markov equivalent but ¥;
is not Markov equivalent to either ¥; or %,.

Definition 1.5.7. Given a DAG ¥ =([n], E), the characteristic imset of ¥ is

cy {SC[n]:|S|>2}—{0,1};

S 1 ifthere exists i € S such that S\ {i} € payl(i),
0 otherwise.

Note that for a DAG % with n vertices we can realize c,, as a 0/1-vector in R>"~"~1, We then
define the characteristic imset polytope to be CIM,, = conv(cy, : ¢ a DAG with nodes [n]). As
an example, consider the DAGs in Figure 1.12. The characteristic imset vectors of ¥;, %,,
and ¥; are listed in the figure.

An important feature of modeling with DAGs is that two different DAGs can encode the
same set of densities: we say that ¢ and 2# are Markov equivalent if # (%)= 4 (7). The
phenomenon of Markov equivalence plays a key role in the problem of causal discovery
when one wishes to learn a DAG representation based on observational data alone since,

in this case, one can only hope to learn the DAG up to Markov equivalence.

Example 1.5.8. Consider the DAGs pictured in Figure 1.12. We claim that ¥, and %, are
Markov equivalent. Indeed, if f(x;, x,, x3) is Markov to the DAG ¥, then by Bayes’ Theorem

F(x1, 3, %3) = f(o0) f (22 | X2) (%3 | x2) = F(x2) f (31| 22) f (33 | x2)

and so f is also Markov to %,. Bayes’ Theorem characterizes when a single edge flip results
in a Markov equivalent DAG. In the previous equation, if we divide both sides by f(x,) we

obtain
(xy, x5, X3)

7(xy) = (x| x)f(xs | x2)

F(x, %3] %)=
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and we see that a density f is Markov to %, if and only if X; and X; are conditionally
independent given X,. If instead f is Markov to the DAG %;, then

Fe)f(xs)f (%1, %2, X3)
f(xy, x3) .

J(xy, %0, x3) = f(o01) () f (%0 | 31, %53) =
Solving this equation for f(x;, x3) yields

F(xy,x3) = f(x)f (x3)

and so we see that a density f is Markov to the DAG ¥%; if and only if X; and X; are indepen-
dent. It is known that independence of random variables and conditional independence of

random variables are not the same, and so ¥, and %; are not Markov equivalent.

A variety of characterizations of Markov equivalence have been given, which include

the following:
Theorem 1.5.9. The following are equivalent:

1. ¥ =([n],E) and # =([n], E’) are Markov equivalent,
2. [SHL10] cy = ¢y, and
3. [VP22] % and 7€ have the same skeleton and v-structures.

Here, the skeleton of a DAG ¥ = ([n], E) refers to its underlying undirected graph, and
a v-structure refers to a triple of vertices i, j, k for which i — j,k — j € E but i and k not
adjacent in ¢. We refer to the graph P, given by undirecting all edges in ¢ that are not
edges of a v-structure as the pattern of 4. An alternative graphical representation of the
Markov equivalence class of ¥ is its so-called essential graph, denoted E, which is a graph
with both directed and undirected edges and the same skeleton as ¢ in which the directed
edges are exactly those edges that are oriented in the same direction in all members of the
Markov equivalence class of 4. Hence, Theorem 1.5.9 states that two DAGs are Markov
equivalent if and only if they have the same characteristic imsets and the same pattern
(or essential graph). See Figure 1.13 for an example of the distinction between patterns
and essential graphs. Given an undirected graph G =([n], E) we let Pat(G) denote the set of
patterns of all DAGs that have skeleton G.

The polyhedral geometry of CIM,, has been studied to develop methods for solving the
problem of causal discovery. In [SC17, SCK21, XY15] families of facets of CIM,, and certain
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1 5
e
2 Y 6 Py Egy
Figure 1.13: A DAG ¥ and the associated pattern P, and essential graph E4. The edge
4 — 6 is part of no v-structures, so it is undirected in the pattern. Since 3 — 4 < 5 forms

a v-structure, all DAGs in the Markov equivalence class of this DAG must have the same
orientation 4 — 6, which appears in the essential graph.

subpolytopes of CIM,, are identified. Similar results have also been found for families of
edges of CIM,, in [LRS22a, LRS22b]. In [LRS22b], a complete characterization of the edges
of CIM;; for G atree is also given. In this thesis, the following face of CIM,, is of interest.

Proposition 1.5.10. [LRS22a, Proposition 2.5] Let G = ([n), E) be an undirected graph. Then
CIM¢ = conv(cy : 9 has skeleton G)

is a face of CIM,,.

Proof. It suffices to give a linear functional that defines this face. We do this by penalizing
edges that do not appear in G and weighting positively edges that appear in G. Define a
weight vector a € (R?"~"~!)" (with weights indexed by sets S with #S > 2) such that for each

S
1 if#S=2and S isanedgeof G

as=4—1 if#S=2and Sisnotanedgeof G .

0 otherwise

Clearly a - ¢4, attains the maximum possible value across all characteristic imset vectors if

and only if ¢ has skeleton G. O
For some graphs, the structure of CIM; admits an easy description.

Lemma 1.5.11. [LRS22b, Proposition 1.9]If G =([n], E) is the star graph; i.e., E ={j—i*:

j €[n]\{i*}} for some i* € [n], then CIM; is a simplex.

It is also not difficult to see that CIMj; is a simplex when G is the path graph on four
vertices. However, when G contains cycles or cliques the interactions of v-structures become

complicated and this is reflected in the geometry of CIMg;.
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1.6 Summary of Results

In this section we outline the main results in the remaining chapters of this thesis.

1.6.1 Birational Rowmotion and the Octahedron Recurrence

In Chapter 2 we study birational rowmotion on the rectangle poset and the formula for
iterated applications of rowmotion on the rectangle. In particular we prove the following

theorem, which originally appeared in [MR19].

Theorem (Theorem 2.2.4). Let p and ¢ be birational rowmotion and the transfer map acting
on labelings of the rectangle poset[r] x [s]. Then for all k € Z and any labeling x € RL’&X[S],
each coordinate p* o ¢~'(x);; can be expressed as a quotient of weights of nonintersecting

lattice paths.

Our proof differs significantly from the original. Musiker and Roby’s proof involves an
intricate and difficult bijection of lattice paths. We construct an auxilliary graph such that
certain nonintersecting paths in the rectangle correspond to nonintersecting paths in the
graph. This bijection enables us to simplify the statement of the rowmotion formula. Our
path bijection also simplifies the proof by allowing us to use the Lindstrom-Gessel-Viennot
lemma to perform algebraic computations in place of Musiker and Roby’s path bijection.

Our proof of the rowmotion formula gives rise to a shifting action of certain chain
statistics in the rectangle poset under rowmotion. Throughout Chapters 2, 3, and 4 we refer

to results of the following form as chain shifting lemmas.

Lemma (Lemma 2.3.1). Letr,s > 1, let I =[u,v]x[1,s] forsomel < u < v <r and let
I'=[u—1,v—1]x[1,s]. If M C(I) denotes the set of maximal chains of I, then

[ eer oo™ xy= D [

CeMC(I’)peC CeMC(I)peC

Note that the intervals in which we take maximal chains (I and I’) differ by a shift in
the rectangle. In [JR21], Joseph and Roby lift the Stanley-Thomas word to the birational
realm and show that birational rowmotion is not the only map that cyclically rotates the
Stanley-Thomas word. We use Lemma 2.3.1 to define r + s — 1 generalized Stanley-Thomas
words whose cyclic rotation uniquely determines birational rowmotion (Proposition 2.3.4).

Additionally, the chain shifting lemma helps us to prove a birational analogue of Greene’s

31



Figure 1.14: An example of a moon polyomino.

theorem (Theorem 2.4.3), which classically describes the shape of the tableaux resulting

from RSK in terms of increasing and decreasing subsequences.

1.6.2 Piecewise-Linear Promotion in Maximal Rectangles of Moon Poly-

ominoes

In Chapter 3 we study labelings of moon polyominoes, which are a row and column
convex diagrams that can be obtained by permuting the rows and columns of a partition.
We use RSK and Pro to define a map between real labelings of moon polyominoes. We
frequently draw moon polyominoes as in Figure 1.14, so that their up-diagonals and down-
diagonals are convex.

A combinatorial analogue of the map we describe in Chapter 3 was previously discovered
by Rubey [Rub11]. Rubey’s bijection concerned nonnegative integer labelings of moon
polyominoes. We give piecewise-linear proofs of Rubey’s results, which we show extend to
all real labelings of moon polyominoes.

In Chapter 3 we study promotion in the rectangle poset and an extension of promo-
tion and rowmotion on the rectangle to labelings of moon polyominoes. We associate to
each moon polyomino .# a clique-constraint stable set polytope QSTAB(.# ). We prove the

following.

Theorem (Theorem 3.3.4). Let .# and ./ be moon polyominoes related by a cyclic per-
mutation of rows or columns. There exists an Ehrhart equivalence(? ,_, , : QSTAB(. /4 ) —
QSTAB(.A).

Our map is described in terms of the piecewise-linear promotion on Young tableaux.
The key result we use in our proof of Theorem 3.3.4 is a chain shifting lemma we prove
regarding the action of promotion on labelings of the rectangle. We additionally prove

32



Figure 1.15: R =[5] x [3] (right) and its associated trapezoid poset (left).

chain shifting lemmas for the piecewise-linearization of evacuation and a map appearing
in dynamical algebraic combinatorics called Striker-Williams promotion.

If two moon polyominoes are related by a (not necessarily cyclic) permutation of rows
and columns, we may compose instances of €2 ,_, , to obtain a map between their labelings.
We use chain shifting lemmas for promotion and evacuation to prove the following.

Theorem (Theorem 3.4.11). Let ./, — My — M5 and M, — M, — M3 be sequences of
moon polyominoes with adjacent shapes related by a cyclic permutation of rows or columns.
Then

Q sty Sty —tt, = Sty © X pty— -

In other words, any composition of (2 ,_, , resulting in a bijection of the labelings of

M, and ., is independent of the order in which permute rows and columns.

1.6.3 Plane Partitions of Trapezoid Shape

In Chapter 4 we study nonnegative integer labelings of the trapezoid poset that are
increasing along cover relations, called P -partitions or plane partitions. One can informally
obtain a trapezoid poset from a rectangle poset by cutting off the bottom corner of the
rectangle and gluing it to one of the rectangle’s sides (see Figure 1.15).

The rectangle and its associated trapezoid have the same number of elements, maximal
chains, and plane partitions with maximum label k for each k € Z., [HPPW20, Pro83]. We

prove the following.

Theorem (Theorem 4.3.6). There exists an Ehrhart equivalence ) between the chain poly-

topes of the rectangle and the trapezoid posets. This map restricts to a bijection on lattice
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points.

After conjugating by the transfer map, we obtain a map between plane partitions of
rectangle and trapezoid shape. The main tool used to prove Theorem 4.3.6 is a new chain
shifting lemma for posets of skew shape (Lemma 4.2.9). We give a bijective proof of this
generalization of the chain shifting lemma from Chapter 2

Our bijection differs from the previously known bijection in [HPPW20] in that ours is

continuous on the chain polytope of the trapezoid. Moreover, we conjecture the following.

Conjecture (Conjecture 4.4.3). The map ¢ from Theorem 4.3.6 is equivariant with respect

to rowmotion on the rectangle and trapezoid.

1.6.4 Toric Ideals of Characteristic Imsets Via Quasi-Independence Glu-
ing

In Chapter 5 we study a toric ideal associated to the characteristic imset polytope. Given

a polytope P, we may form a matrix A whose columns are the integer points of P. The toric

ideal associated to P is the ideal I,. Given a tree T, we denote the toric ideal associated to
CIMT by IT‘

Corollary (Corollary 5.3.7). Let T be a tree. Then there exists a weight vector w such that the

reduced Grobner basis of I with respect to w consists of square-free quadratic binomials.

The main tool involved in the proof of Corollary 5.3.7 is a new operation we call a
quasi-independence gluing, which generalizes the toric fiber product of [Sul07]. In algebraic
statistics, the toric fiber product is a commonly used tool for iteratively computing a Grébner
basis of an ideal associated to combinatorial structures that are built by iterated gluing.
Examples of such structures include chordal graphs and trees. Algebraically, both toric
fiber products and quasi-independence gluings are defined as the preimage ¢~'(I + J)
of two ideals I and J in disjoint variables under a certain monomial homomorphism.
Under certain combinatorial homogeneity conditions we prove that a Grébner basis can be
constructed via a lifting operation on Grobner bases for I and J together with an explicit
description of the universal Grébner basis of ker(¢).
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CHAPTER

2

BIRATIONAL ROWMOTION AND THE
OCTAHEDRON RECURRENCE

This chapter follows joint work with Ricky Liu in [JL.22a]. In this chapter we study bira-
tional rowmotion on the product of two chains (the rectangle poset). In [GR15], Grinberg
and Roby show that birational rowmotion on the r x s rectangle has the same order as com-
binatorial rowmotion, r + s. Musiker and Roby [MR19] then give an explicit combinatorial
formula for all powers of birational rowmotion on rectangles in terms of nonintersecting
lattice paths. However, their impressive formula is notationally dense, and their proof
requires a rather intricate bijection on lattice paths. The main result of this chapter is a
simplified statement and proof of Musiker and Roby’s iterated birational rowmotion for-
mula for rectangles. Our proof relies mainly on the connections between rowmotion, the
octahedron recurrence, the solid minors of a matrix, and nonintersecting lattice paths via
the Lindstrom-Gessel-Viennot Lemma.

We also touch upon a number of topics related to this work. For instance, associated to

any antichain of the r x s rectangle poset is a certain 0/1-sequence of length r + s called the
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Stanley-Thomas word. Rowmotion on order ideals equivariantly induces arowmotion action
on antichains, which cyclically shifts the Stanley-Thomas word [PR15, Sta09]. Previously,
the Stanley-Thomas word has been defined in the birational realm to prove homomesy
and cyclic sieving results [JR21], but this word alone is not enough to uniquely define a
general labeling of a rectangle. In this chapter, we define generalized Stanley-Thomas words
in terms of certain sums of weights of chains and show that birational rowmotion is the
unique function that cyclically shifts all of them.

Finally, we discuss the relationship between the birational version of the Robinson-
Schensted-Knuth (RSK) correspondence [ DK07, NY04] and rowmotion by defining birational
RSK in terms of toggles. We use the iterated birational rowmotion formula to show that this
definition satisfies a birational version of Greene’s Theorem and also compare it to existing

constructions in the literature.

2.1 Dodgson Condensation and the Octahedron Recurrence

Given a matrix A = (a;;)} =1 let AE.I;.) denote the k x k submatrix of A formed by the
intersection of rows i through i + k—1 and columns j through j+ k—1 whenever 1 <i, j <
n—k+1. These minors satisfy the following algebraic relation known as the Desnanot-Jacobi
identity, which forms the basis of a recursive algorithm for computing the determinant of a

matrix called Dodgson condensation.

Proposition 2.1.1. Fork >0,

det(Af ™) det(AY ), ) = det(A])det(A%), ) —det(AT), ) det(A}?, ).

j i+1,j+1
(By convention, we set det(A(l.(})) =1and det(A(l.;l)) =0 forall integersi and j.)

We visualize this relation by placing the values det(A(l.];.)) into a three-dimensional array.
In all figures containing such an array, we place the entries det(A(l.';)) at height k so that, for
k>1, det(A(l.];.)) lies directly above the center of the submatrix at height 1 for which it is the
determinant. See Figure 2.1.

Proposition 2.1.1 then implies that the entries Ml.(;.c) = det(A(l.];.)) satisfy the following
octahedron recurrence:

Mk = pMP ppk

(k+1) 5 r(k—1)
ij i+1,j+1 7 L+ i+1,j+Mij M

i+1,j+1°
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Figure 2.1: The coordinate system that we will use for all figures depicting three-
dimensional arrays (M l(f )). The octahedron recurrence involves the vertices of translations
of the octahedron shown.

The elements in this relation lie at the vertices of an octahedron that is a translation of the
one shown in Figure 2.1. By convention, we extend the array M =(M l(f ") to all integers i, j,
and k by setting any undefined values equal to 0, which does not violate the octahedron
recurrence.

We now demonstrate the known relationship between toggles and the octahedron

recurrence appearing in [GR15]. A visualization of this lemma is shown in Figure 2.2. If part
of the rectangle poset is labeled via the quotients ZE,;) as shown, then Lemma 2.1.2 shows

that a toggle at (i, j) transforms zgljf) to zl(';m

gy . . o
Lemma 2.1.2. Suppose M ? (]\)4 ij ) is an array of indeterminates satisfying the octahedron
j—1

Zij

k+2,i+k
recurrence, and let zl@]]f) = % Then
Mk+l,i+k+1
(k) (k) (k=1) | ,(k=1)
) _ (21 + 20, )20, 11 23 1)
Zij = (k—1) :
by

Proof. For ease of notation, we relabel the relevant part of the array as in Figure 2.2. (For

; — pgD — A0 (k=1)
instance, x =M, ; and y =M ,,,80 z;;

to the two octahedra shown and dividing gives

= %.) Applying the octahedron recurrence

(2-2)309)

xx’_ad+bc_
yy’_cf+de_

oo [z

+
+

Q~|ox
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Figure 2.2: The relationship between the octahedron recurrence and birational toggles
as described in Lemma 2.1.2. Two labelings of the poset by quotients of entries in the
octahedron recurrence are related by a birational toggle at the central element.

where % || ¢ denotes the parallel sum. Solving for j—i yields the desired identity

a_ b)(fcd
o (Eraleg
V! ¥y
In the proof above, if we set e = M ,(C] 3 +k+1 = 0 (which would make ; = zl(_’:lj) undefined),
then we instead have
xx’_ad+bc_%+%_(a b)(d)
vy’ cf L e dJ\f)

(k—1)

which yields the same result but with the undefined term z;, ;

sum. A similar result holds if we instead set f = M ,(C] :;1,1 =0 (which would make % =z
undefined).

Lemma 2.1.2 suggests that toggling/rowmotion should be thought of as a translation in

removed from the parallel

(k—1)
i,j+1

the octahedron recurrence. In the next section, we will see how this relationship can be

used to prove the iterated birational rowmotion formula for rectangles.
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2.2 Birational Rowmotion in the Rectangle Poset

In this section, we use the relationship between the octahedron recurrence and toggles
to prove a formula for any power of birational rowmotion on a rectangle similar to one
given by Musiker-Roby [MR19]. This formula is described in terms of nonintersecting paths
inside a certain graph ¥;. We begin by proving a lemma that relates nonintersecting paths
in ¥, to nonintersecting paths in R.

2.2.1 Nonintersecting paths

Let R =[r] x[s], and let the element (i, j) have weight x;;. For 1 < k < s, define 57;&’”
to be the set of all collections £ of k nonintersecting (i.e., vertex disjoint) paths traveling
up along the edges of the Hasse diagram of R, starting at {(1,1),(1,2),...,(1, k)} and ending
at{(r,s—k+1),...,(r,s)}. The weight w(¢) is the product of the weights of the elements
in the paths of £. We write wgc) = wgc)(x) for the sum of the weights of all collections of
paths in @;k). We also write wy = wl(:) for the product of all weights in R. Similarly, if I is
any interval in R, then we define ,@,(k), w}k )(x), and w; in an analogous manner.

Note that while the definition of Qék) is asymmetric in r and s, if k < min{r, s}, then
the paths in any £ € 9}7’15]6) must pass through all k elements at rank k + 1 as well as those at
rank 7 + s —k +1. Thus in this case wék) remains unchanged if we transpose R. We generally

assume that k < min{r, s} when considering Qék ),

Define %3 to be the graph with vertex set [r +1] x[s], directed edges from (i, j)to (i +1, j)
of weight xl.‘jl, and directed edges from (i, j) to (i + 1, j — 1) of weight 1. (The vertices of R
are in bijection with the edges of ¥; whose weights are not 1.) As an example, Figure 2.3
shows R =[2] x [3] and the corresponding graph %;.

We label the vertices on the boundary of ¥ as follows: for 1 <i < rand 1< j <s, define

Pj:(l’j)’ Ps+i:(i+1»s)» Qi:(iyl)» Qr+j:(r+1!j)-

We then define %(jk) to be the set of all collections £’ of k nonintersecting paths starting
from {P,..., P} and ending at {Qj, ..., Qj+x—1}. The weight w(£’) of £’ is the product
of the weights of the edges in the paths of £’. Let Wl.(j]C )= Wi(jk)(x) be the total weight of all
2 e

12 °

The following result relates paths in R to paths in %;.
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X1

Figure 2.3: The poset R and graph %; for r =2 and s = 3. Edges are directed up and to the
left in ¥, and unlabeled edges have weight 1. The highlighted paths correspond via the
bijection in Lemma 2.2.3.

Lemma 2.2.1. There exists a bijection from ?}7’1516) to yk(:'jll that divides weight by wy.
Proof. In the drawing of ¥ € 9’}5’”, extend the start and end of each path by a half-edge
from northwest to southeast. Such a drawing can be built by piecing together square tiles
centered at each vertex showing the five ways in which the paths can pass through that
vertex in such a way that the tiles match along sides—see Figure 2.4. We can replace each
tile with a new tile containing edges/half-edges parallel to the edges of ¥, in a way that
preserves the exits along the southwest and northeast sides but inverts the exits along the
southeast and northwest sides as shown in Figure 2.4. Placing vertices on the southeast
and northwest edges of these new tiles, the resulting drawing will then depict a collection
of paths " in % that forms an element of &%, .

(This bijection also has the following alternate description: when the two drawings are
overlaid, each of the k horizontal steps in the ith path in ¢’ crosses the ith northeast step
in one of the k pathsin .£.)

The weighted edges in £’ correspond to elements of R not lying in any path of Z. It

follows that w(%¥’) is the inverse of the weight of the complement of £ in R, which is exactly
w(Z) ]
wgp
Let A=(a; j);f]“.il be the square matrix such that a; ; = Wi(jl), the total weight of all paths
from P, to Q; in %. By the Lindstrom-Gessel-Viennot Lemma [GV89, Lin73], each minor
det(A(ilj.)) isequal to Wi(jk), the total weight of 5‘;(jk),
paths from {P;, P,y,..., Pz} t0 {Q},Qj41,. .., Qjrr—1 }. By the discussion in Section 2.1,

the set of all collections of nonintersecting
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Figure 2.4: Bijection between 37’1516) and yk(f:jll as in Lemma 2.2.1. Tiles on the left are

replaced with the corresponding tiles on the right.

the three-dimensional array W = (Wi(jk)) formed by these minors satisfies the octahedron
recurrence. See Figure 2.6 for a depiction of W when R =[2] x [3].

We first need a few simple properties of the array W.

Proposition2.2.2. LetR =[r]x[s],andletW = (I/Vl.(jk)) be the corresponding three-dimensional
array. Assumek >0and0<i,j<r+s+1—k.

(k) ..

(@ IfW;;"#0,theni< j<i+r.
c_ (k) _

(b) Ifl—],thenWl.j =1.

(¢ Ifi< jandk>s, then m‘j’“)zo.

Proof. All of these follow from the description of Wi(jk) as the total weight of Yi(jk). For (a),
there are no paths from P, to Q; if i > j or j—i > r. For (b), if i = j, then yl.(j’” has only one
element consisting only of horizontal steps of weight 1.

For (c), if i < j and k > s, then the first s + 1 starting points P,,..., P, all lie at or below
row i + 1, while the ending points for these paths lie at or above row j > i+ 1. Butrow i +1

only has s vertices, so it is impossible for s + 1 nonintersecting paths to pass through it. [

We can translate Lemma 2.2.1 into a statement expressing weights of certain collections

of nonintersecting paths in R in terms of the array of minors W = (Wi(jk)). In fact, we can
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formulate a similar result for paths inside certain intervals I C R, specifically those for
which the leftmost point of I lies on the left boundary of R and the rightmost point of I lies
on the right boundary of R.

Corollary 2.2.3. Let R =[r]x[s], and let I =i, i,] x [}, j.] be an interval in R such that
ii=1lorj,=s,andj=1lori,=r.

(a) There exists a bijection from Wl(k) to S\ kY

B k1, i that divides weight by wy, so that

o w®
(o—h—k+1)  _ %Wp
i+ j1+k—1,i+j; —

(b) The following equality holds:

Upmikel)
ol =
ir+ji—Lip+ i
Proof. Any nonintersecting paths in % starting at P, ,  14_1,..., P, +j,—1 must begin with
horizontal steps until reaching row i, at points (i;, j, + k),..., (i, j.). See Figure 2.5. (This
statement is trivial if i; = 1.) Similarly, any nonintersecting paths endingat Q;,, j,, ..., Q;,+ j—&
must pass through row i, +1 at (i, + 1, j;),...,(i, + 1, j,— k) and end with horizontal steps.
(This is trivial if i, = r.) The remaining parts of the paths lie inside the subgraph of ¥, from
rows 7; through i, + 1 and columns j; through j,, which is isomorphic as a weighted graph
to ¢;. Part (a) follows by applying Lemma 2.2.1 to I and summing over all paths.
For part (b), setting k = 0 in part (a) gives Wlff;l]_f 112) iy = w% Combining with part (a)
gives the result. O

In particular, note that the conditions of Corollary 2.2.3 hold whenever I is any order
ideal (when i; = j, =1) or order filter (when i, = r and j, = s) of R.

2.2.2 Birational rowmotion formula

Using the relation between the octahedron recurrence and toggles, we prove the follow-
ing birational rowmotion formula.

Theorem 2.2.4. LetR=[r]x[s], x eRE, and y = ¢~'(x). Fix(i, j)€R.
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Figure 2.5: Illustration of ¥ and ¥, (dotted) for R = [5] x [7] and I = [3,5] x [2,7] with
k =2 as in Corollary 2.2.3 (note j, = s and i, = r). Nonintersecting paths from {F;, ... Py} to
{Q,...,Q;} in ¥, must contain the horizontal steps shown.

(@ If0<k<r+s—i—j,then
(-1
—k _ I/Vlc+2,i+k+1
P Wij=—m
k+1i+k+1

(b) ForallkeZ, .

P k_i_j+1(J/)r+1—i,s+1—j '

In particular, if 0 < k < i+ j, then the right hand side can be computed using part (a).

Pk(J/)ij =

(c) Forallk €Z, p**+5(y)= p*(y). In other words, the action of rowmotion on R has order
r+s.

Theorem 2.2.4 can be used to find an explicit formula for the entries of any power of p
applied to y. (Using parts (a) and (b) one can compute p*(y); jwheneveri+j—r—s<k<
i+ j, and part (c) can be used to bring k into this range.) While the birational rowmotion
formulas given in [MR19] are stated in terms of complements of paths in R, the formulation
given here can be seen to be equivalent using Corollary 2.2.3.

Geometrically, Theorem 2.2.4(a) states that one can find the values of p~*(y);; as quo-
tients of nearby entries inside the array W, and increasing the value of k corresponds to

a translation in the direction (1, 1,0) as long as these entries remain inside the defined
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o]

Figure 2.6: R =[2]x[3], ¥, and the corresponding array W = Wi(jk) for1<k <5,wherea
denotes a~! for readability. (All entries at height 0 equal 1, and all other entries not shown
are 0.) Red and blue lines indicate quotients used to compute p°(y)=y = ¢'(x)and p~!(y)
(apart from the topmost label), respectively.
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pyramidal region of W. Upon passing outside this region, one needs to use part (b) to
relocate inside the pyramid to the entries corresponding to the antipodal point of R. See
Figure 2.6.

Example 2.2.5. Let R =[2] x [3]. Let x be the labeling of R as in Figure 2.6 with the array
~") as previously described. When (i, j) =(2,2), Theorem 2.2.4(a) gives
(W) iously described. When (i, j) = (2,2), Th 2.2.4(a) gi
Wy b l4c!
0 _ W3 —
P (Y= W@~ (abcd) =acd+abd,
Mé(;) _ dl+e!
w®  (cdef)?

P (V)= =cef+cdf.

To compute p~2(y)y, r+s—i— j =1<2, so part (a) does not apply. Instead, we apply
part (c) and then part (b) to obtain

1 w®
-2 3 12
(V)2=p"(¥)22= =
P Wn=p V) iz sz(zl)
=(ac)™,
1 Wy

-3 2
(V)2=p (¥)2= =
P V=P (V)2 (s VVS(;)

=(bd) ' +(be) ' +(ce)?,
L U
P2(¥ 2 Vl{l(;)

P74(J/)22 =p(V)=

=(df)y.

We prove each part of Theorem 2.2.4 separately. Part (a) follows primarily from Lemma 2.1.2,
though some care is needed along the boundary of R.

(j-1)
Proof of Theorem 2.2.4(a). Let zE’;) = %, which we wish to equal p~*(y);; for 0 < k <
k+1,i+k+1

r+s—i— j. We proceed by induction on k. When k =0, p°(y);; = y;; = ¢ '(x);; is the total

weight of all maximal chains in [i] x [ j] (with respect to the labeling x). By Corollary 2.2.3(b),
(j-1
this is WZ&T = zg(}),

For the inductive step, assume k > 0 and suppose that the claim is true for p=**!(y) as

as desired.

well as for p~*(y ) if (', j/) < (i, j). The value of p~*(y) is obtained by applying toggles
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from bottom to top on p~**!(y), so the toggle at (i, j) gives

1
P_k(J’)ij:( Z P_k(J’)ifj/)( Z” p_kﬂ(y)i/j/)'p—T(y)ij’ ()

(i,j<(, ) ,j (i)

where an empty sum is replaced with 1.

We claim that we can replace the first sum in (x) with z.* ] L+ zl(f)l jHi>land j>1,

then this is immediate by induction. Otherwise note that

(-1) (-1
(k) I/Vlc4—2,z'+k+1 0 (k) I/Vk+2,k+1 6j1
o :—:—:0, :—:—:51
i0 W(O) 0j () 1 ]
k+1,i+k+1 k+1,k+1

by Proposition 2.2.2(a) and (b). Thus if exactly one of i and j is 1, then one of zl(k]) , and

(k)

le]

equals 0 while the other is the only term in the first sum in (%) by induction. If instead

i = j =1, then the empty sum in (%) is replaced with 1 =040, = z10 '+ z((n) as needed.

Slmllarly, we claim that we can replace the second (parallel) sum in (x) with either

z; ] i Dl zl T ], or just one of these terms if the other is undefined. If i < r and j < s, then this

is again immediate by induction (since the 1nequahty k—=1<r+s—(i+j+1)holds).Ifi=r

(k—1) .

r+1,; is undefined since wl

k, r+k+1
p‘k“(y)rjﬂ by induction. If instead i < r and j =s, then z;

andj< s, then z

-1) _
r]+1

since Wksﬁc 0 by Proposition 2.2.2(c), which leaves just zl +1 s =p =Y y)m,s by induction.

=0 by Proposition 2.2.2(a), so we are left

(k 1) is undefined

with z!
Finally, i = r and j = s cannot both occursince0<k<r+s—i—j.
The final factor in (x) is equal to = k 5 by induction. The result then follows by comparing
(%) to Lemma 2.1.2. K [
Next we prove part (b). In some sense, this reflects two symmetries: toggling is respected
by dualizing a poset and inverting each label, and the octahedron recurrence is respected

by reflecting over the plane perpendicular to the main diagonal.

Proof of Theorem 2.2.4(b). Note thatif0<k<i+ j,then0<i+j—k—1<r+s—(r+1—
i)—(s+1—j), so the right hand side of (b) satisfies the condition of part (a), as claimed.
Via the change of coordinates z = p*~(y), it suffices to prove the case when k = 1. By
part (a),
(s=7)
—i—j i+j,r+j
p2 Z ](y)r+1—i,s+1—j = ﬁ
i+j—1,7+j
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By Corollary 2.2.3, this is the total weight of all maximal chains in [i, 7] x[j, s]in R (with
respect to the labeling x). Thus

. — 1
2_l_]( )r —i,s+1—j — * l(x)i':
p y +1—i,s+1—j (¢ ) ] p(y)lj
by Lemma 1.2.13. O
Finally, we deduce part (c) from part (b).
Proof of Theorem 2.2.4(c). Apply Theorem 2.2.4(b) twice:
i -1
k(y = ( = ]+1 r+1—i s+1—j)
— [ k—i—j+1—(r+1—i)—(s+1—j +1(y) ) ]_1
ij
:pk r— S(y) 0

In the next two sections, we show how to use the perspective relating promotion and

the octahedron recurrence to prove various identities about rowmotion.

2.3 A Chain Shifting Lemma

In this section we use the birational rowmotion formula to derive a chain shiftinglemma,
which is a birational generalization of the rowmotion action on the Stanley-Thomas word
appearing in [JR21].

2.3.1 Chain Shifting

Recall from Section 2.2.1 thatif I is an interval of R and x is alabeling of R, then w}k)(x) is

the total weight of the collections of k nonintersecting paths in g’l(k). We prove the following
lemma relating these sums in two labelings x and g op~'o g™

Lemma 2.3.1 (Chain Shifting). Let R =[r]x[s] and let1 < u < v < s. Define intervals
I=[r]x[u,v]and I’ =[r]x[u—1,v—1] of R. ThenforanylabellngxeR>0,

w(x)=wi (g opop(x))

(The symmetric statement obtained by reflecting R also holds.)
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1
af(bd+cd+ce

-1 -1 f(bd+cd+ce)
Pop o9 i

f(bd+cd+ce)

Figure 2.7: Two labelings x and z=¢ o p~'o¢~!(x).

Note that the intervals I and I’ differ only by shifting by one unit in R.

Example 2.3.2. Consider the labeling x of R =[2] x [3] and its image z =¢ o p~ o ¢~!(x)in

Figure 2.7. Then
bc d(b+c)

b+c b
Similarly, we can compute all of the products along the rows and columns of R:

211421 = =cd =X Xp.

_ _ —1
212222 = X13X23 213223 = (X171 X12X13)

—1 —1 —1
(211212213) = (%21 X22 Xp3) (221202223) = X171 X2

From the above computation, we see that ¢ o p~! o ¢! rotates the birational Stanley-
Thomas word

—1 —1
(X11%1,  Xi2Xop,  Xi3Xp3,  (X11X12X13) 5 (%21 XapXp3) ™ ).

However, the shifting of chain sums happens more generally for sums of chains within
subrectangles of R. For instance, if I =[2] x [2,3], I’ =[2] x[1,2], and k =1, then we have

211221222 T 211212222 =

bc f(bd+cd+ce)(d(b+c) de(b+c) )

brc  db+o) b bdtcdtce
_cf(bd+cd+ce)+bcef

b+c b+c
=cdf+cef

= X1 X232 X23 T X12X13 X0)-

We now prove Lemma 2.3.1. As we will see, it can be thought of as a manifestation of
the translation invariance of the octahedron recurrence.
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Proof of Lemma 2.3.1. Let x be alabeling of R, let y = ¢ !(x), and let (Wl.(jk)) be the corre-
sponding three-dimensional array. Also define X =g op o7 l(x), y = 1(X)=p ' (y),
and (Wi(jk)) the corresponding array.

We claim that Wi(jk) = Wl(fl) jq1 for 1 <4, j <r+s—k. Note that by the octahedron
recurrence/Dodgson condensation formula, it suffices to prove the case k = 1 since the
entries for k > 1 are determinants of submatrices of these entries at height 1.

Assume k =1.1If i > j, then the claim follows by Proposition 2.2.2. If i < j, then applying

Theorem 2.2.4 twice gives

— 1 1
m_ —
=W,

+1,j+10

W =——— =—
oo p () inin pi(Y)jmin

which proves the claim.
To complete the proof, we need only to observe that applying Corollary 2.2.3(b) to the
two sides of the desired equality expresses them as quotients of two entries of the form
W(fl) j41 0T ww respectively, which are then equal by the claim. ]

i ij

2.3.2 Generalized Stanley-Thomas words

Given Lemma 2.3.1, it is natural to want to generalize the definition of the Stanley-
Thomas word to include more words that are cyclically shifted by the action of rowmotion.

The usual birational Stanley-Thomas word is obtained as the orbit of ]_[j.:1 Xy = O x)s
under the action of ¢ o p o ¢! on x, or, put another way, the orbit of y,, under the action
of p on y = ¢~'(x). We can generalize this by replacing y;; with any other value y; or y,;
lying on the upper boundary of R.

Definition 2.3.3. Let x € RE

>0’
is a sequence of one of the following two forms:

and let y = ¢ '(x). A generalized Stanley-Thomas word for x

—r—s+1(

.V)is);
_r_s+1(y)rj)-

ST(xX)=iss P W)iss P 2(W)iss oor P

STj(x):(yrj’ p_l(y)rj’ P_Z(J/)rj» RS P

The usual birational Stanley-Thomas word is therefore ST;. The reason for choosing
these words in particular is that they have a clean description in terms of x. We consider

the case of ST; below; the other case is similar.
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Recall that y;; = ¢ (x);, = wh (%) By Lemma 2.3.1,

[i]x[s]
P ()i _w[,]x[s] (pop'(¥)= w[g)lﬂ]x[s](x)-
Iterating, we find that for0< k < r —1,

P~ W)= [(Ig—l,kﬂ]x[s](x)‘
To find the remaining coordinates, we apply Theorem 2.2.4 (c), (b), and (a) in order to find

that,forr—i<k<r+s,
1

_ A TH+s—k o _ (1)
=p (y)lS - pr_i_k+1(y)r+1—i ) - I/Vk+i—r,k+1'

p_k(y)is

While WV

k+i—rk+1
of the labeling x directly. Choosing the northwest edges in a path in ¥, from P;_, to

is defined in terms of paths in %;, it is also easy to describe it in terms

Q1 corresponds to choosing elements of R atranks k+i—r+1,...,k +1 traveling to the
northwest (i.e., with increasing first coordinate), not necessarily using the edges of R. In
other words, define

—1
Wap = Wap(X) = Z(xiaja Xigirjar " Xigjy)

where the sum ranges over all sequences (i, j,), (iu+1) Jas1),---»(ip, jp) € R such that i, + j, =
tforall t,and i, < i, <---<i, (or equivalently j, > j,., =---> j,). Then we have proved

the following proposition.

Proposition 2.3.4. For any x e RY , the generalized Stanley-Thomas word ST, = ST;(x) is

>0’

given by

ST = Wiy Worspgsy o Wlebkripgsy Qurmispy Osrmins - Oresras)
An analogous formula for ST j can be obtained by reflecting R.
Example 2.3.5. Let R =[3] x [3] and x € R . The generalized Stanley-Thomas word ST, is

1) (1)
STZ (w[1 2]x[3]’ W[z 3]x[3]’ W3, W3y, Wys, C‘)SG)
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A

Figure 2.8: Computation of ST, in R =[3] x[3] as in Example 2.3.5. In the first two diagrams,
. . . 1)
the sums of the weights of the maximum length chains in the blue posets are wy, 55

and w[(zly)g]x[g], respectively. In the remaining four diagrams, the sums of the reciprocals of
the weights of the maximum length chains in the red posets are w,3, w34, W45, and wsg,
respectively.

In the x-coordinates we have the following:

1 —
Wi o1x(3] = K11 X21 X2 X3 + X117 X1 Xp2 X3 + Xy1 X2 X135 X23,

1) —
Wio 31x[3] = X21X31 X32 X33 + Xp1 Xp2 X32 X33 + X1 Xpp Xp3 X33,

1
C’)23 - )
X11X21
1 1 1
CI)34 = + + y
X12Xo2  Xp2X31  Xp1X3
1 1 1
CI)45 == + + y
X13Xo3  X13X32  Xpp X3
1
Wsg =
X3 X33

See Figure 2.8 for a visualization of this example.

As noted in [JR21], the cyclic rotation of ST; is not sufficient to uniquely determine bira-
tional rowmotion. However, the cyclic rotation of all ST; and ST ; does uniquely determine
birational rowmotion, and in fact the chain shifting lemma alone nearly suffices. We make
this statement precise in Section 2.4.
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2.4 Birational RSK and Greene’s Theorem

In this section, we define birational RSK in terms of toggles and show how our perspec-

tive gives a simple proof of the birational version of Greene’s Theorem.

2.4.1 Classical RSK

We first review some background on the classical RSK correspondence, which gives a
bijection between nonnegative integer matrices A and pairs of semistandard tableaux (P, Q)
of the same shape A. (See, for instance, [Sag01] for more details.)

In the case when A is the matrix of a permutation 7, Greene’s Theorem [Gre74] states
that A, +---+ A, is the maximum size of a union of k increasing subsequences of . In fact,
one can use Greene’s Theorem to compute not just the shape of P and Q but the entire
tableaux: for m € Z., the shape P=™ formed by the entries at most m in P corresponds to
the permutation formed by the letters 1,..., m in 7, while the shape Q=™ corresponds to
the permutation formed by the first m letters of 7.

When A is a general n x n nonnegative integer matrix, a routine standardization ar-
gument gives the following generalization of Greene’s Theorem: A, +--- + A, is the maxi-
mum weight of k noncrossing paths (traveling weakly southeast) from (1, 1),...,(1, k) to
(n,n—k+1),...,(n,n)in A, where the weight of a path is the sum of the entries it contains.
(As noted in [FHT15], this result appears to be somewhat folklore, but see [NY04, Thm. 2.5]
as well as [Kra06, Thm. 12], [Sag01, Thm. 4.8.10].) As in the permutation case, this can be
used to characterize the entire P and Q tableaux since P=" (resp. Q=") corresponds to the
submatrix formed by the first m columns (resp. rows) of A.

One way to see the impact of Greene’s Theorem more directly is to transform P and Q
into Gelfand-Tsetlin patterns and glue them along their top rows to form an n x n matrix
with weakly increasing rows and columns that we denote by RS K(A). By construction, this
matrix has the property that, for 1 < k < i, j < n with eitheri =n or j =n,

T
L

RSK(A)i—¢,j—¢

Il
o

t

is the maximum weight of k noncrossing paths from (1,1),...,(1,k) to (i, j —k +1),...,(i, j)
in A.
In the next section, we will see how the map A — RSK(A) can be generalized to the
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birational setting.

2.4.2 Birational RSK

For any interval I C R, denote by p; the map on labelings of R given by the composition
of toggles at the elements of I (applied in the order of a linear extension from top to bottom).

Definition 2.4.1. Let R =[r] x [s], and let m = min{r, s} — 1. The birational RSK map on
labelings of R is given by
T | -1 -1 -1
RSK = p[r—m]x[s—m] O Op[r—2]><[s—2] OlO[r—1]><[s—1] ° ¢
We compare this to other formulations of birational RSK below, but for now, this can be
treated as a definition. We abuse notation and denote the piecewise-linear version of this
map by RSK as well.

Although RSK is defined using toggles on portions of R, one can also describe the
entries of RS K(x) using the action of rowmotion on all of R.

Proposition 2.4.2. RSK(x),_;s—;=p ™Mo~ (x),_; 5.

Proof. We claim that p[_rl_klx[s_k] o op[_rl_l]x[s_l](y) and p~%(y) agree on [r — k] x [s — k].
Indeed, suppose inductively that the claim holds for k—1. Since any neighbor of an element
in[r—k]x[s—k]liesin[r—k+1]x[s—k+ 1], applying p[_rl_k’s_k] to both p[_rl—k+1]><[s—k+1] o
'“op[_rl—l]x[s—l](y) and p~**!(y) yields labelings that agree on [r — k] x [s — k]. Then applying
the remaining toggles in p~! (at elements of R \ ([r — k] x [s — k])) to the latter also does not
affect any of these values, proving the claim.

If min{i, j} =k, then p;,! ,

IX[s—k] does not affect the label at (r —i, s — j) for any k' > k,

so the result follows from the claim. O

We are now ready to prove the following theorem, which will serve as a birational
analogue to Greene’s Theorem as described in Section 2.4.1.

Theorem 2.4.3 (Birational Greene’s Theorem). Let R =[r]x[s], and choose(i, j)€ R such

that either i =r or j=s. Then for any x € R¥ and 1 < k <min{i, j} +1,
k—1

l_IRSK(x)i—t,j—t = w[(il?x[jl(x)'

t=0
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Proof. Let x €RE andlet y = ¢~'(x). By Proposition 2.4.2, since
min{r—(i—t),s—(j—t)}=min{r—i,s—j}+t=t,

we have
RSK()C)i_t,j_t = p_t(y)i—t,j—t‘

Theorem 2.2.4(a) then gives

(j—t=1)
—t _ I/1/l'+2,i+l
P (Vietje = —
I/"/t+l,i+1
We then have the telescoping product
k—1 k—1 (j=k)
Wl
~ Wit ()
RSK(x)j—s,j— P ()i Lt T T Gy T w[i]x[j](x)
i=0 i=0 Wiin
by Corollary 2.2.3. O

Note that Theorem 2.4.3 uniquely characterizes the map RSK in terms of the values of
[l]x[ ]](x) where i = r or j = s. To see why this can be considered to be a birational version

of Greene’s Theorem, consider the tropicalization of Theorem 2.4.3:

T
L

RSK(X)i—s j—t = max X,.

t fe@’[l x[j] z€XL

Il
o

This corresponds directly to the description of RSK(A) given in Section 2.4.1. We can
therefore treat this as a proof that the map RSK as defined above is a birational analogue

to the classical RSK correspondence.

2.4.3 Relation to prior work

Our construction of birational RSK using the octahedron recurrence is very similar
to the approach taken by Danilov-Koshevoy [DKO07] (although their construction differs
from the standard one by a symmetry of A). Our construction is also necessarily equivalent
to the description of “tropical RSK” (sometimes also “geometric RSK”) given by Noumi-
Yamada [NY04] (motivated by Kirillov [Kir01]) since their map is also constructed to satisfy

Theorem 2.4.3. An analysis of the Noumi-Yamada construction via local toggles can also be
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found in [OSZ14].

In [FHT15], a birational version of RSK is described using the following piecewise-linear
analogue of RSK defined in [Hop14, Pak02]. Let x € ¢(R) be a point in the chain polytope of
R =[r]x[s]. We construct y = rsk(x) € O(R) in the order polytope of R using the following

procedure.
1. Set yll - xu.

2. Choose an element p € R such that y, has been defined for all g < p. Set y, =

x, + max y,, and then toggle y at all elements below p in the same file.
q<p

3. Repeat the previous step until all coordinates of y have been defined.

In fact, this map is the same as the piecewise-linear version of the map RSK defined in

the previous section.
Proposition 2.4.4. RSK =rsk.

Proof. When performing step (2) above, none of the toggled elements form a cover relation
with any element that has yet to be considered. Since the value of each new y, depends
only on the values y, for g < p, the toggles at the previous steps do not affect the initial
value of y,. Hence we can apply all the toggles after first assigning all y,,, which is equivalent
to first applying ¢! to x.

Without loss of generality, we may assume r < s. If r =1, then the rectangle is a chain
and no toggles are applied, so rsk=¢ ' =RSK.

Suppose inductively thaton [r]x[s], rsk = p[_l]lx[s_rm o-- -op[_rl_l]x[s_l] o¢~!, and consider
the rectangle R =[r + 1] x [s] for r +1 < s. After applying r sk on the order ideal [r] x [s],
to complete rsk for R we must apply toggles at all elements in [r] x [s] that lie in files
1—r,2—r,...,s—1—r.Since toggles at elements that are not adjacent commute, we can
toggle row by row instead of file by file. Write I; = {i} x [s—r—1+i] C R for i < r. We then
find that on R,

-1

_ —1 —1 —1 —1 —1

rsk= (pll op12 '”opI, )op[l]x[s—r+1] o.“op[r—l]x[s—l]o(p
_ —1 —1 —1 —1 —1
_(ph )°(p12 °p[1]x[s—r+11)°”'°(pfr °p[r—11x[s—11)°¢

_ -1 -1 1 1
= Plpis—r1 © Pajts—r+11© " © Prixs—1) © @
=RSK. [l

-1
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2.4.4 Relation to chain sums and Stanley-Thomas words

Since RSK is invertible, any x € R%  is uniquely determined by RSK(x). From The-
orem 2.4.3, it follows that the values of w}k)(x), where I has the form [r] x [j] or [i] x [s],
determine x.

Perhaps even more relevant for our work with rowmotion, we can also characterize x

using the types of chain sums that appear in Lemma 2.3.1.

Theorem 2.4.5. Let x € R . The chain sums w}”(x), where I ranges over intervals of the
form[r]x[u,v]and|u,v]x[s], uniquely determine x.

Proof. By the Lindstrom-Gessel-Viennot Lemma on R (using vertex weights), we can ex-
) (1)

x[j] [rix[u,v]
any w[(i’;)x[s] is determined by the values w By Theorem 2.4.3, each entry of RSK(x)is

[u,v]x[s]"
a quotient of (or equal to) entries of the form w[(rk])x[ jor w[(l.l?x[s], so the result follows. O

press any w[(rk] as a determinant of a matrix with entries of the form w and similarly

In particular, since these chain sums all appear in the generalized Stanley-Thomas
words, the following corollary is immediate.

Corollary 2.4.6. The map ¢ o p o ¢ is the unique function on RE | that cyclically shifts the
generalized Stanley-Thomas words ST, and ST i

By Lemma 2.3.1, most of the chain sums w}l) considered above get sent to other such

sums. It follows that the chain shifting lemma determines “most” of rowmotion in the

following sense.

Corollary 2.4.7. The chain shifting property of ¢ op~to ¢~ (stated in Lemma 2.3.1) uniquely
determines RSK (¢ op~ o ¢p~'(x));;, where j—i#s—r.

Proof. To compute the (7, j)th coordinate of the RSK map where j—i < s—r, we need only
compute the values of w[(rk])x[jw_i] for k <r—i+1byTheorem 2.4.3. Since j+r—i <s, by
(k) - - _ k)
Lemma 2.3.1, w, iy, (@ op Logp~1(x))= Wi, s r—isn)(X)-
The entries with j —i > s —r can likewise be obtained using the reflected version of

Lemma 2.3.1. OJ
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CHAPTER

3

PIECEWISE-LINEAR PROMOTION IN
MAXIMAL RECTANGLES OF MOON
POLYOMINOES

This chapter follows joint work with Ricky Liu in [JL22b]. In Chapter 1 we briefly dis-
cussed how the Robinson-Schensted-Knuth correspondence (RSK) and Schiitzenberger
promotion on Young tableaux act on permutation matrices and Gelfand-Tsetlin patterns
respectively. In Chapter 2 we gave a toggle description of RSK and used the birational
rowmotion formula to prove a birational analogue of Greene’s theorem. We now study
properties of the piecewise-linear and birational analogues of promotion and show that
the rowmotion chain shifting lemma (Lemma 2.3.1) implies a similar chain shifting result
for Schiitzenberger promotion.

As an application of these results, we study fillings of moon polyominoes, which are
diagrams with convex rows and columns that are equivalent to partition diagrams under
permuting rows and columns. Rubey [Rub11] defines a bijection between nonnegative
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fillings of equivalent moon polyominoes using Schiitzenberger promotion and RSK. This
bijection preserves the maximum weight of nonintersecting northeast chains contained
in maximal rectangles of the moon polyominoes. In Section 3.3 we lift Rubey’s results
to the piecewise-linear and birational realms. We interpret the preservation of weights
of northeast chains to construct a piecewise-linear bijection between certain analogues
of chain polytopes for moon polyominoes, which consequently have the same Ehrhart
polynomials. (Since these polytopes are not in general lattice polytopes, this implies that
they exhibit Ehrhart quasi-polynomial period collapse.) Rubey also proves that applications
of this combinatorial map between several equivalent moon polyominoes commute. In
Section 3.4 we use properties of evacuation to give a piecewise-linear and birational proof
of this result as well as an analogous result involving rowmotion on the maximal rectangles
of the moon polyominoes.

Our proofs rely only on properties of RSK and rowmotion proved in [JL22a], namely
Greene’s Theorem and the chain shifting lemma, as well as commutation of toggles, but
the exact formula for toggles is not otherwise used. As such, our results and proofs all
hold for both the piecewise-linear and birational versions of these maps. However, we
exclusively phrase our results on the piecewise-linear level to avoid confusion and to more

easily discuss polyhedral implications.

3.1 Background

In this section we review some background on the Robinson-Schensted-Knuth corre-
spondence (RSK), promotion, and moon polyominoes. Before delving into these topics,
we briefly state a useful special case of when order toggles commute and an analogue of
the rowmotion chain shifting lemma (Lemma 2.3.1) for toggle applied within certain order

ideals of the rectangle.
Observation 3.1.1. Let A and B be compositions of toggles in [r] x [s], and fix k € Z.

(a) If every toggle ¢;; in A satisfies i > k and every toggle ¢;; in B satisfies i < k, then
AoB=DBoA.

(b) Ifevery toggle ¢;; in A satisfies i — j > k and every toggle ¢;; in B satisfies i — j < k, then
AoB=BoA.
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Figure 3.1: The maximum weight pair of nonintersecting paths in each blue rectangle is
highlighted in red. By Lemma 3.1.2, these weights are the same.

Recall that for a poset P with p, g € P, we have t,0 1, = t, o t,, if and only if neither p <gq
nor g < p. Observation 3.1.1 is the special case where elements in [r] x [s] are separated by

an up- or down-diagonal or a file.

Lemma 3.1.2 (Piecewise-Linear Chain Shifting). Supposel < u <v <r.IfI CR issuch that
[v—1]x[s]C I, then for any k € Z, and any x € RE,
HYj( )= @0 pr 07 (k)
On the left hand side we have the maximum weight of all sets of k nonintersecting
lattice paths in 2,/ (k). On the right hand side we see that after applying ¢ op~" 0 ¢~" to x,

the endpoints of the lattice paths of the maximum weight sum have shifted down by one in

the rectangle.

Example 3.1.3. We can visualize this in the following example. Consider the labeling of
R = [4] x [3] appearing in Figure 3.1 and its image under ¢ o p~'o ¢! (here I = R) with
u =2 and v =4. Adding the weights along the red chains in both labelings gives 1.15. Note
that this is the maximum possible sum of weights among pairs of chains in both rectangles.
Visually, the maximum weight of two nonintersecting chains appearing in an interval shifts
down in the poset. The chains achieving the maximum weight in the shifted subrectangle

need not be shifts of the maximum weight chains in the original subrectangle.

Proof of Lemma 3.1.2. In the case of I = R, it follows from [JL.22a, Lemma 4.1] that

H. (x; k)= H" M(poptop™(x);k)

u—1,1
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The weight on the right hand side is independent of the labels of coordinates outside of the
orderideal [v—1]x[s], so replacing p~" in the right hand side with p;' forany I 2 [v—1]x(s]
does not change the right hand side. O

3.1.1 RSK and Promotion

In this subsection we discuss piecewise-linear RSK in terms of toggles as described
by [Hop14, JL22a, Pak02]. We also describe piecewise-linear Greene’s theorem and define
piecewise-linear promotion. See [Sag01] for background on standard Young tableaux and
classical RSK.

Classical RSK maps a matrix A € ZJ;" to a pair of semistandard Young tableaux (P, Q) of
the same shape, called the insertion tableau and the recording tableau respectively. We can

represent a semistandard Young tableaux with a Gelfand-Tsetlin pattern.
Definition 3.1.4. A Gelfand-Tsetlin pattern is a triangular array of nonnegative integers

8n,n 833 822 811
8n,n-1 e 83,2 821
gn,n—z e g3,1

gn,l

suchthatg; ;> g; ;— and g; ; > g;, ; forall i, j.

If P is a semistandard Young tableau, then the Gelfand-Tsetlin pattern associated to P
has row i given by the shape of the boxes of P with label at most n—i + 1. Since RSK maps a
matrix to two semistandard Young tableaux of the same shape, the Gelfand-Tsetlin patterns
of these tableaux have the same first row. We form a matrix RSK(A) by gluing the Gelfand-
Tsetlin patterns for P and Q together along their common first row. By convention, we glue
so that the Gelfand-Tsetlin pattern of the P-tableau is a labeling of the set of points (i, j) € R
that lie weakly left of (n, n), and similarly the Gelfand-Tsetlin pattern of the Q-tableau is a
labeling of the points lying weakly right of (n, n). The inequalities in the definition of the
Gelfand-Tsetlin pattern imply that the rows and columns of RSK(A) are weakly increasing.

Labelings of the rectangle poset [r] x [s] can be realized as r x s matrices. Hopkins
[Hop14] shows that this version of RSK has a description in terms of toggles in the rectangle
poset. In [JL22a] we show that this description can be rearranged so that the transfer map

factors out, giving the following expression which we take to be the definition of RSK.
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Definition 3.1.5. Let r,s € Z.,, m =min{r, s}, and R =[r] x [s]. Then RSK is defined to be

the following composition:

R | . -1 -1 -1
RSK - pr—m+1,s—m+1 ° opr—Z,s—Z opr—l,s—l ° ¢ °

For alabeling x of R, we define the following two coordinate projections of RSK(x):

P(x)
Q(x)

(RSK(x);;:i—j=r1—5),
(RSK(x);j:i—j<r—s).

On the combinatorial level, P(x) and Q(x) are the Gelfand-Tsetlin patterns of P- and Q-
tableaux. As an abuse of language, we refer to P(x) and Q(x) as the P- and Q-tableaux of x
on the piecewise-linear level.

Classical results about RSK also lift to the piecewise-linear and birational realms. For

example, we have the following version of Greene’s theorem [JL22a, NY04].

Theorem 3.1.6 (Piecewise-Linear Greene’s Theorem). Let R =[r]x [s], and choose(i, j)€ R

such that either i =r or j =s. Then for any x € RR and 1 < k <min{i, j},
k-1

D RSK(x)ioy o = H{3 (x; k).
=0

Very similar versions of this in the combinatorial realm appear in [Kra06, Rub11].

Example 3.1.7. Consider the leftmost labeling x in Figure 3.2. One can compute RSK(x) by
applying ¢! followed by a sequence of toggles. Alternatively, we can compute coordinates
of RSK(x) by Greene’s theorem. The maximum weight among all paths from (1, 1) to (3, 3)
in the leftmost labeling is 5, and so RSK(x);3 = 5. The maximum weight of all pairs of
nonintersecting paths from {(1, 1), (1,2)} to {(3,2),(3,3)} is 6. Hence

RSK(x ), = Hy(x;2)— HY(x;1)=6—5=1,

All coordinates of RSK(x) can be computed via this method.

Another important map on semistandard Young tableaux is Schiitzenberger promotion.

The piecewise-linear analogue is the following.
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Figure 3.2: An example of piecewise-linear RSK and Pro” applied to a labeling.

Definition 3.1.8. Let S be the subposet of elements weakly left of (7, s) in R, and let F; be
the kth file of S. Then piecewise-linear promotion Pro: RS — RS is given by

Pro=pg

O+++0
r—s+1 pFr—l'

We write Pro” : R¥ — RF for the map that applies Pro to S and keeps the labels of R\ S fixed.
(We define Pro? analogously by transposition.)

This definition does not depend on the order of the toggles in any given F, since elements
in a file do not form cover relations with one another. If a labeling of S is a Gelfand-Tsetlin
pattern, then p,_is the kth Bender-Knuth involution [Kir01, Proposition 2.4]. See Figure 3.2
for an example of this map.

Rubey [Rub11] shows that on nonnegative integer labelings of R, RSK™' o Pro” o RSK
cyclically shifts the down-diagonal sums of the labeling and preserves the up-diagonal
sums. In Section 3.2 we give a piecewise-linear proof of this chain shifting result for all

labelings of R with nonnegative real entries using toggles.

3.1.2 Moon Polyominoes

A polyomino is a finite subset of Z x Z. We represent polyominoes with boxes and draw
them tilted, so that boxes form up- and down-diagonals analogous to the rectangle poset as
in Figure 3.3. We say a polyomino is convex if each up- and down-diagonal of the polyomino

is connected. A polyomino ./ is intersection-free if for any two i, i, € Z, either

{jiez:(iy,jle M} {jEeZ: (i j)e M}
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Figure 3.3: Three polyominoes and a filling. The first is a moon polyomino (with a filling)
while the other two are not.

or the reverse inclusion holds. A moon polyomino is a convex and intersection-free poly-
omino. For example, in Figure 3.3, the left diagram is a moon polyomino, but the other two
are not: in the center diagram, the top up diagonal is not convex, while in the right diagram,
the two up-diagonals do not form an inclusion relation (as subsets of Z). A filling of a moon
polyomino ./ is alabeling x € Zg’g of its boxes, as shown in the left diagram of Figure 3.3.

Any maximal subrectangle R of a moon polyomino naturally has a rectangle poset
structure. Combinatorial statistics related to maximal rectangles are of particular interest

in the study of moon polyominoes.
Definition 3.1.9. Let .# be a moon polyomino, k € Z, and x € Zg’é a filling of /.

(@) A weak northeast chain of x of weight k is a chain in some rectangle R C ./ such that

the sum of all labels in the chain is k.

(b) A strict southeast chain of x of size k is an antichain of k elements in some rectangle
R C / such that each element of the antichain has a nonzero label.

Analogous to weights in the rectangle poset, we let H ,(x; k) denote the maximum
weight of k disjoint northeast chains contained in a common rectangle in .#Z . We let L_,(x)
denote the maximum size among all (strict) southeast chains in ./ . Here the L in the

notation is meant to suggest the longest or maximum size southeast chain.

Example 3.1.10. In the filling in Figure 3.3, H ,(x;1) = 3. Note that the two 1s and the 2
do not all form a single northeast chain since they do not lie in a common rectangle. Also
L ,(x)=1.The 2 does not contribute more than 1 to the longest strict southeast chain since

strict chains are not weighted by entries; all nonzero entries count the same.

Definition 3.1.11. We say that two moon polyominoes .# and .4" are equivalent if /" can

be obtained from ./ by permuting up-diagonals and down-diagonals.
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Let ./ and ./ be moon polyominoes. Let R be a maximal rectangle of .#Z and let ¥ be
the union of all down-diagonals of ./ intersecting R. Suppose further that we can obtain

A from ./ as the image of the following map on ./:

o (i,j—1) if(i,j)e2\R,
(i, j)—
(i,7) otherwise.
In words, we shift the boxes in the down-diagonals containing R that lie outside of R

downward. For instance, we could transform .# into .4 as follows:

s

Then ./ and .4 are equivalent. Any equivalence of moon polyominoes can be described
in terms of shifts of down-diagonals or up-diagonals of this form.

In [Rub11], Rubey defines a bijection from fillings of _# to fillings of .4 that preserves
H ,(x; k) and L_,(x), which we now describe. Let Q = RSK ' oPro” o RSK on fillings of R
(Rubey denotes this map by 7). Let .4, ./, and R be as above and let & denote the down-
diagonals of 4" intersecting R. Extend the action of 2 on fillings of R to a bijection between
fillings of .# and ./ as follows:

Q(x), if(i,j)eR,
Quon(X)ij=1 X5 if(i, ))EE\R,

In other words, apply 2 inside of R and shift the labels outside of R appropriately. (One can
symmetrically define an extension of RSK ' o Pro? oRSK on R to shift up-diagonals.)

In Section 3.3 we show that 2 ,_, , lifts to a piecewise-linear, volume-preserving, contin-
uous map between non-lattice polytopes, and we give piecewise-linear generalizations of
Rubey’s preserved statistics. Rubey also shows that applications of €2 ,_, , to distinct maxi-
mal rectangle of a moon polyomino commute with one another. We prove the piecewise-

linearization of this in Section 3.4. Our methods differ significantly from Rubey’s. We use
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RSK3 3 103_;

Figure 3.4: An example of RSX,,; ; where r =3 and s = 4. Toggles are composed in the
order indicated by the arrow beneath each rectangle, from the rightmost rectangle to the
leftmost.

very few of the combinatorial properties of RSK; instead we rely near exclusively on commu-
tation of toggles, the chain shifting properties of rowmotion, and piecewise-linear Greene’s
theorem. Consequently all proofs in Sections 3.2 and 3.4 are valid in the combinatorial,

piecewise-linear, and birational realms.

3.2 Promotion and Chain Shifting

Rubey’s chain shifting property can be derived completely on the piecewise-linear (or
birational) level in terms of the rowmotion chain shifting property and RSK. All proofs
in this section are valid in both the piecewise-linear and birational realms. We begin by
studying a slight variant of the map RSK.

Definition 3.2.1. Let (a,b)€[r +1] x[s +1]. Define

_ -1 o Al -1
RSKa,b = P, " min(a, b)+1,b—min(a,b)+1 © °P iy %P

Note that RSK = RSK, ; and that we allow a = r +1 and b = s + 1, so that (a, b) may
lie just outside of the rectangle R. Let RSX , , denote RSK, , o ¢, the toggle part of RSK,, ;.
Note that

— -1
%Kr+1,s - ngg(r,s—l opr,s_r

See Figure 3.4. When (a, b) lies inside of the rectangle, we have the following proposition.

Proposition 3.2.2. Let(a, b) € R and let t: RF — R¥*P) pe g coordinate projection. Then
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forall(i, j)eR,
RSKom(x);; if(i,j)elalx[b],

RSKa,b(x)ij =
¢ (x);; otherwise,

where the RSK on the right hand side acts on the rectangle[a] x [b].
Proof. Since RSK,, ;, contains no toggles in up-diagonals a through r or in down-diagonals
b through s, we know that for (i, j)€ R\ ([a] x [Db]),

RSK,, (x);; =7 (x);;.
For (i, j) €[a] x [Db], note that toggles appearing in RSK, ;, do not depend on elements in
R\ ([a] x[b]), so RSK, ;,(x);; = RSK(x);;. O

If we compose instances of RSX, , and 17{55?(;,110, a great deal of cancellation occurs since
these maps are nearly inverses of each other. When a and c differ by 1, we can give an
explicit description of the toggles that do not cancel.

As in Section 3.1, let S be the induced subposet of [r] x [s] of elements weakly left of
(r,s), and let F; be the file indexed by k. If we now let Fkij = F.N([i]x[j]), then define

Proij :pFij

i—j+1

oo o
P, °PE]

on RS, and similarly define Profj on RX, Hence Proi . =Pro”. We also define Pro?j by trans-

posing appropriately.
Lemma 3.2.3. Let(a,b)<€ R. Then
RSK a1, © RSK,), = RSK41,, ORSK !, =Proy, .
In particular, when (a, b) = (r, s), conjugating Lemma 3.2.3 by RSK tells us that
RSK; oRSK,,;  =RSK ' oPro” oRSK= .

To visualize Lemma 3.2.3, refer to Figure 3.4 for a depiction of the toggles in 2. 4, ;.
Peel off the top up-diagonal of toggles in each rectangle and commute them to the left past
the other toggles as much as possible. This yields Pro” o ®$%. (See also Figure 3.5 for an

alternate depiction.)
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Proof. Let m =min(a + 1, b). For k < a, let I, = {k} x[b —a + k—1], so that in particular

-1
Ia7m+2

Pro! , can be written as p o---opit opil. Then

_ -1 o -
RSKa+1,6 =P g2, p—m+1° " °Pa1,p—2°Pap—1

1

(. - R 1 1
= (pla_m+2 °© pa—m+1,b—m+l) Or-0 (pla_l 0P oy )O (pla °© pa—l,b—l) .

We note that each I,_; lies in the (a — k)th up-diagonal. Each pa_if_ ,_, to the left of p;ik
is separated from I,_; by at least one up-diagonal. By Observation 3.1.1 we can then rewrite

this as
(pl_alfmﬂ o op;l) © (pa_im+1,b—m+1 oree op;il,b—l) = Pro;b ©RSKa,b- O
In the case that (a, b) = (r, s), conjugating Lemma 3.2.3 by RSK gives the following
corollary.
Corollary 3.2.4.

RSK; " oRSK,,;,; =RSK ' oPro” oRSK =0

Using Lemma 3.2.3 we can compute any composition RS%X, ; © 9{517(;11). For the following

proposition, we state the transposed version since it will be of more use to us.

Proposition 3.2.5. Letac[r+1]andletb,c €[s+1].Ifc > b, then

RSK 40 © ‘J{,S‘?(Z}b =RSK, . ORSK;Ib =Pro? _, oPro?

Q
a,c—1 u,cfZO“'OProa,b

In particular, forany b and c, RSK, . © Q{j?(;}b is equivalent to a toggle sequence containing
only toggles at elements strictly right of (a, min(b, c)).

Proof. If b > c, consider the inverse:
(RSK e 0 RSKSY) ' = RSK g 0 RSK L

Toggles are involutions, so the inverse of a composition of toggles is the sequence of toggles

applied in the reverse order. Thus it suffices to prove the case b < c. In this case, write
RSK q,c © RSK,, as

(RSK e © RSK,_ 1) 0 (RSK g 01 © RSK, )0+ 0 (RSK g, 41 © RSK, )
=Pro?

Q
a,c—1 0::-0 Proa,b
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STEr G52

Figure 3.5: The composition RSK; 4 oRSK;é of toggles in R =[3] x [4]. Toggles shown in red
are composed in the order indicated by the arrow beneath the rectangle, from the rightmost
rectangle to the leftmost. Toggles in the highlighted regions cancel out.

by the transpose of Lemma 3.2.3. O

Example 3.2.6. Consider the case of r =a = b =3 and s = ¢ =4. In Figure 3.5 the yellow
subrectangles of toggles cancel since toggles are involutions. The blue rectangles also cancel

since they can commute past the remaining toggles between them.

We can use Proposition 3.2.5 to prove that RSK;lb oRSK, . preserves certain chain statis-

tics.

Lemma 3.2.7. Leta€([r]andletb,c €[s+1]. Then foralll{ < j <min(b,c),
le,yzj(X; k)= H1r,'£j (RSK:b oRSK,,.(x); k)

On the birational level, Lemma 3.2.7 can be proven easily using Greene’s theorem and
the Lindstrom-Gessel-Viennot lemma. However, this proof uses subtraction and therefore
does not tropicalize to the piecewise-linear case. By using only Greene’s theorem and the

chain shifting lemma, we can give a proof that also works in the piecewise-linear realm.

Proof. Without loss of generality, suppose that b < c. We start with the base case { = 1. By
Proposition 3.2.5, RSK,, . o RSK;}b is equivalent to a composition of toggles that are strictly
right of (a, b). Similarly, RSK, ; o RSK;}b is equivalent to a composition of toggles that are
strictly left of (a, b). Since there is a file of elements separating these, they commute with

each other by Observation 3.1.1. Therefore

(RSK,,. oRSK, ', ) o (RSK, , oRSK}, ) = (RSK, , oRSK}, ) o (RSK,,,. oRSK", ).
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Solving for the underlined quantity gives
RSK;} oRSK, . oRSK_}, oRSK,, =RSK_, oRSK, .

By Greene’s Theorem (Theorem 3.1.6) and Proposition 3.2.2,

k—1
le,'lj(X; k)= Z RSKr,b(x)r—m,j—m'
m=0
Recall that RSK,, . o RSK;}b is equivalent to a composition of toggles that are strictly right of
(a,b).Since r >a and j < b, (r —m, j —m) is weakly left of (a, b), and so these entries are
unaffected by RSK,, . oRSK_ ', . Hence

k—1 k—1
D RSK, (), jom = Y RSKy ORSKY, ORSK 1 (),
(=0 m=0

r

H, ] (RSK,} oRSK, . oRSK', oRSK, ,(x); k)
Hy/ (RSK, !, oRSK, . (x); k)

]

1
J
1

by another application of Greene’s Theorem.
For the induction step, let I be the order ideal generated by (a —1,c —1) and (r, b —1),
andlet J=1\([a—1]x[c—1]). Then

-{Rss-?(:;'lb ° -{ng-?(:a,c = (pa—l,b—l o :R*S“?C;il,b—l) op] °P;1 © (ng-‘](:a—l,c—l opa_ilyc_l)-

Since ] lies strictly above the (a — 1)st up-diagonal, while all toggles in K,S?(;L bt

RSK 41,01 lie strictly below the (a—1)st up-diagonal, by Observation 3.1.1 we can commute
the RSK’s to the inside to obtain

and

—1 -1 -1
pa—l,b—l °P1 ° R’S"Ka—l,b—l © %K(l—l,c—l op] opa_l'c_l
— —1 -1
- pr,b—l ° ng(d—l,b—l ° ng{a—l,c—l op] .
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Applying Lemma 3.1.2 with p, ,_; and using the inductive hypothesis gives

H,"/ (RSK;!, oRSK,, . (x); k)
=H// (¢pop,y10RSKS, ) 10 RSK g1, 10p7 097 (x); k)
=H/ (9o RSKL, 0 RSK g1 01 0P7 097 (x);K)
=H/ (pop; op™ (x)k).

Applying Lemma 3.1.2 again with p; shows that this equals le,'/ (x; k), as desired. O

For Q = RSK' o Pro” o RSK, we have two distinct chain shifting lemmas, which both
hold on the piecewise-linear and birational levels. While they are difficult to prove in the

coordinates x and ¢ !(x), it is natural to prove them in the RSK coordinates instead.
Corollary 3.2.8. Let x e R%, and k € Z,,.

(@) Foralll<u<v<r,
Hlf's(x; k)= H;"(Q(x); k).

)1 1

(b) Foralll<u<v<s,
H(x;k)=H)ZH (Qx); k).

1,u—1

Proof. Recall from Corallary 3.2.4 that Q2 = RSK:i oRSK,,; ;. Part (a) then follows from the

transposed version of Lemma 3.2.7. For part (b), note that
RSK, 0 RSK 111, = RSK, L 0 RSK 5100,
By Lemma 3.2.7 we have
H'o (@0 RSK, ;0 RSK 510,51 09 (X); k)= Ho (¢ 0P 09 (x); k).
The result then follows from Lemma 3.1.2. O

Recall that the P-tableau of a labeling x of [r] x [s] is the set of coordinates of RSK(x)
that lie weakly left of (7, s). Knowing the P-tableau of a labeling tells us more chain statistics
than just those appearing in RSK. Using 2, we can prove the following lemma.

Lemma 3.2.9. Let x and X be labelings of R. The following are equivalent:
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1. P(x)=P(X).

2. Foralll<u<v<sandke€Zs
Hlf’;’(x;k):Hlf’;(f; k).

Proof. Obviously (2) implies (1) by Greene’s Theorem, and (1) implies the case of (2) where
u=1.1f u > 1, then by Corollary 3.2.8(b),

H(x; k)= H' " (RSK "o (Pro”)"” o RSK(x); k).

Toggles in (Prop )u_l lie strictly left of (7, s), and so they depend only on coordinates weakly
left of (r, s). But the coordinates weakly left of (r, s) are in P(x). Consequently if P(x)= P(X),
then these P-tableaux remain equal after applications of Pro”. O

In [JL22a], the present authors show that one can use Lemma 3.1.2 to compute all
coordinates of RSKo ¢ o p~! 0 ¢p~!(x) except those in the file containing (r, s). In this sense,
the chain shifting lemma quantifiably “knows” most of the information about piecewise-

linear rowmotion. For RSK ' oRSK, ., ;, we have the following stronger statement.
Corollary 3.2.10. The function Q: RE — RZR is the unique function satisfying Corollary 3.2.8.

Proof. Suppose f: RE — RE satisfies Corollary 3.2.8. We will show that this information is
sufficient to compute RSKo f.
Let x €eR¥, j <5, and k € Z,. We seek to compute RSKo f(x),_ ;. By Theorem 3.1.6,

k
D RSKo f(x),_y - = H (f(x); k+1).
=0

By Corollary 3.2.8(a), this equals H{’Z“(x; k +1), and so
RSKo f ()¢ jx = HY " (x; k +1)— HY (x5 k),

A similar argument using Corollary 3.2.8(b) computes RSKo f(x); 4, fori <r. O
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3.3 The Ehrhart Theory of Northeast Chains

In this section, we associate to each moon polyomino a rational polytope and show
that if two moon polyominoes are equivalent, then their corresponding polytopes have the
same Ehrhart series. We cover the relevant definitions and background as needed.

3.3.1 Stable set polytopes

Let G =(V, E) be a graph with vertex set V and edge set E. A cliquein G isaset CC V

such that any two vertices in C are connected by an edge.

Definition 3.3.1. The clique constraint stable set polytope QSTAB(G) is the intersection of
half spaces in R" of the form x, > 0 forall v € V and ) x, <1 for all (maximal) cliques C

veC
of G.

The inequality for a clique C implies the corresponding inequality for any subset S C C
(due to nonnegativity of x), so it suffices to let C range over maximal cliques.

While QSTAB(G) is always a rational polytope, it is not always a lattice polytope. QSTAB(G)
is a lattice polytope if and only if G is a perfect graph—that is, neither the graph nor its
complement contains an induced odd cycle of length at least 5 [GLS93].

Let ./ be a moon polyomino. We define a graph G , on the boxes of .# by drawing an
edge from (u,, v;) to (uy, v,) if u, < vy, u, < v,, and [uy, u,] x [vy, 1,] € A . In other words,
two boxes are connected by an edge if they are comparable in some rectangle poset R C ./ .
We write QSTAB(.# ) for QSTAB(G ).

Example 3.3.2. Consider the moon polyomino .# in Figure 3.6.In G ,:

e There is no edge from (2, 1) to (1,2) because these elements are incomparable in the

subrectangle containing them.

e There is an edge from (1, 1) to (2, 2) because these boxes are comparable in the rectan-
gle [1,2] x[1,2] € /. Similarly we have an edge from (2, 2) to (3, 3).

 There is no edge from (1,1) to (3,3) because (1,3) ¢ .#, so (1,1) and (3,3) do not lie in
a common rectangle.

Note that due to the induced 5-cycle shown, QSTAB(.#) is not a lattice polytope (in fact,
M is the smallest such moon polyomino). Indeed, QSTAB(.# ) contains the rational vertex

vV Where vy, = Vyy = Vg3 = Uyy = Uy; = % and all other coordinates are 0.
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Figure 3.6: A moon polyomino with 13 boxes and an induced 5-cycle in its associated
graph. This is the smallest moon polyomino for which the associated clique constraint
stable set polytope is not a lattice polytope.

3.3.2 Ehrhart theory

The Ehrhart theory of QSTAB(.# ) will be particularly relevant, so we review some general
Ehrhart theory definitions and results here. See [BR07] for more details. Let P C R? be a
convex polytope. The Ehrhart function of P is the function ip: Z., — Z-, defined by

ip(k)=#{ZNkP}.

When P is a lattice polytope, ip(k) is a polynomial in k called the Ehrhart polynomial of
P. When the vertices of P are only known to be rational, the Ehrhart function is instead a

quasi-polynomial — a function of the form
ag()k? + ag_ (k)™ +---+ ay(k)

where each a;(k) is a periodic function. In either case, the generating function of the Ehrhart
function is called the Ehrhart series of P and is denoted Ehrp(¢).

For QSTAB(.#), lattice points in the kth dilate are integer points x satisfying x;; > 0
for (i, j) € .# and Z(l.‘j
G , forms a chain in some maximal rectangle of ./#, the lattice points in k QSTAB(.# ) are

jec Xij < k for all maximal cliques C in G4 . Since each clique in

nonnegative fillings x such that the maximum weight of all weak northeast chains (that is,

H ,(x;1)) is bounded above by k. Hence we have the following lemma.

Lemma 3.3.3. The Ehrhart quasi-polynomial of QS TAB(.# ) counts the number of nonneg-
ative integer fillings x of # with H ,(x;1)< k.
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3.3.3 Shifts in moon polyominoes

Recall from Section 3.1 that Rubey [Rub11] constructs a map between fillings of moon
polyominoes .# and ./ differing by a shift of down-diagonals intersecting a maximal rect-
angle R. Given a filling of .#, we obtain a new filling of . 4" by applying (2 to the labels of R
and shifting certain boxes and labels parallel to the sides of R. Using the piecewise-linear ver-
sions of RSK and Pro”, we can define a piecewise-linear version of 2 = RSK ' o Pro” o RSK as
well as the extended map 2, _, . (Ifinstead .# and ./ differ by a shift of up-diagonals with
respect to a maximal rectangle R, we can similarly define 2 ,_, , using RSK™! o Pro? o RSK
onR.)

For arectangle S =[i,, i,] X[ ], jo] € 4 and d € Z,, let

Hy(x;d)=H(x; d).

ilrjl
This map acts on QSTAB(.# ) according to the following theorem.

Theorem 3.3.4. Let ./ and ./ be moon polyominoes related by a shift of down-diagonals.
ThenQ ,_, , is a piecewise-linear, volume-preserving, continuous map R — R such that

(a) foralld € Z, and for every maximal rectangle S of .# with corresponding maximal
rectangle S’ in N, Hg(x;d)= Hg/(Q_4_ v(x); d);

) forallk € Zsy, Q4.+ (k QSTAB(.#)) = k QSTAB(AN); and

(¢) for all k € Z,, the restriction Q_,_, ,: kK QSTAB(.#)NZ" — kQSTAB(AN)NZ" is a

bijection.

In particular,

Ehrgsrap ) (#) = Ehrggrap (1)

Example 3.3.5. Consider the labeling in Figure 3.7 and apply 2 ,_, ,, where .# is the moon
polyomino on the left and .4” on the right.
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\ 4

Figure 3.7: The labeling of moon polyominoes in Example 3.3.5, related by an application
of Q/ﬂ—u‘/

We have

= a
= min(b, f)+max(d,e)—d
= c

= min(d,e)+max(b, f)—b
min(d, e)+ max(b, f)—
= min(b, f)+max(d,e)—e
= &

= h.

T O o o U0 W x
I

Note that since max(d,e) > d, B > 0. By similar arguments, all other coordinates are
nonnegative. All coordinates are integers if the original labeling is a lattice point. Consider
the following sum:

B+ D =min(b, f)+max(d,e)—d +min(d,e)+max(b, f)—b=e+f.

So Q2 algebraically shifts the weight e + f downward in the bolded rectangle. Adding in the

shifted coordinates C and G, we obtain

B+C+D+G=c+e+f+g.
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Intuitively, shifting the weights C and G causes the chain statistics to “line up” after applying
Q_,_ 4 so that the weight of this chain is preserved. In general, the maximum weight of all
chains in each maximal rectangle is preserved, and so the maximum weights among all

northeast chains in both labelings are the same.

Let x, be alabeling of [i] x[s] and let x, be alabeling of [ j] x[s]. In many of the remaining
results in this chapter, we will stack the labelings x; and x, to form a labeling x, @ x, as in

In other words, we will shift the labeling x, to be alabeling of [i+1, i+ j]x[s] and concatenate

the following picture:

it with x, to give a new labeling x; @ x, of [i + j] x [s]. To prove Theorem 3.3.4 we need the

following lemma.

Lemma 3.3.6. If x; and X, are labelings of a rectangle with the same P -tableaux, and

similarly for x, and X,, then x, @ x, and X, @ X, have the same P -tableaux.

On the combinatorial level, this lemma states that the plactic monoid is well-defined as
amonoid. Since the proof of Lemma 3.3.6 using toggles involves evacuation, we defer the

proof until Section 3.4.3.

3.3.4 Proof of Ehrhart equivalence
We are now ready to relate the stable set polytopes of .#Z and ..

Proof of Theorem 3.3.4. Let ./ and ./ differ by a single shift of their down-diagonals with
respect to a maximal rectangle R. When (2 ,_, , acts on R, we can express it as a composition
of toggles and the transfer map on R. Since toggles and the transfer map are piecewise-
linear, volume-preserving, and continuous, their composition is as well. The transfer map
and toggles also map lattice points to lattice points, so it suffices to prove (a) and (b).

For (a), suppose that we have two maximal rectangles R and S in ./ as in Figure 3.8.
We apply Q2 ,_, , to R. Let S’ be the image of S in .4/ under this shifting. Let x;, x,, x3, and
X, be labelings as in Figure 3.8 (note that the x, and x; labels just shift).
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25

Figure 3.8: The action of Q2 ,_, , on a moon polyomino. Outside of R, the labels in the
rectangle S shift, while Q is applied inside of R.

By Corollary3.2.8(a) and Lemma 3.2.9, x, and X, have the same P-tableaux. By Lemma 3.3.6,
the labelings x; @ x, @ x5 and x; @ X, @ x5 in Figure 3.8 have the same P-tableaux. In particular,
by Lemma 3.2.9

Hg(Q 4 (x);d)= Hg(x;d).

A similar proof holds using Corollary 3.2.8(b) and Q-tableaux for rectangles that do not
shift under Q2 ,_, .

For (b), the transfer map and toggles preserve nonnegativity. We know thatQ_,_, ,(x)
satisfies the chain constraint inequalities because this is the special case of (a) when d =
1. O

We can relate any equivalent moon polyominoes .# and ./ via a series of shifts of
up- and down-diagonals (see Figure 3.9 for an example). This allows us to define a map
Q 4_.v:R” - RY by composing the respective maps for each of these shifts. It is then
clear that Theorem 3.3.4 applies to 2 ,_, , as well. (We will prove in Section 3.4 thatQ ,_, ,
is independent of the choice of shifts from .# to .A4".)

As mentioned previously, usually the Ehrhart function of a rational polytope is not a
polynomial but only a quasi-polynomial. However, one can use the map in Theorem 3.3.4
to show that the Ehrhart function is a polynomial, that is, it experiences period collapse
when QSTAB(./) is not a lattice polytope.

Corollary 3.3.7. The Ehrhart function of QSTAB(.# ) is a polynomial for any moon poly-
omino /. In other words, the number of fillings of /4 with maximum weight northeast
chain of weight at most k is polynomial in k. Moreover, this polynomial depends only on ./

up to equivalence.

Proof. By Theorem 3.3.4, we need only consider moon polyominoes up to equivalence.

Any moon polyomino ./ is equivalent to some straight partition shape A. Consider the
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Figure 3.9: Equivalence of a moon polyomino to a straight partition shape using diagonal
shifts. Shift either the down-diagonals (in the first moon polyomino) or the up-diagonals
(in the second and third) intersecting the bolded rectangle to obtain the next shape.

poset P; of boxes of A ordered by (i, j) < (i’,j’)if i < i’ and j < j’. The clique constraint
inequalities of QSTAB(A) are exactly the chain constraint inequalities of the chain polytope
of P ,, and so these polytopes are the same. But chain polytopes are lattice polytopes, and

so the Ehrhart function is a polynomial. O

The Ehrhart polynomial of the chain or order polytope of a poset P (also known as the
order polynomial of P) can be calculated using the methods of Stanley [Sta72]. In particular,
the normalized volume of this polytope is equal to the number of linear extensions of P. In

our case, this gives the following immediate corollary.

Corollary 3.3.8. Let ./ be a moon polyomino equivalent to a straight partition shape A.
Then the normalized volume of QSTAB(.# ) is the number of standard Young tableaux of
shape A.

Theorem 3.3.4 tells us that the maximum weight among all weak northeast chains in
M is preserved by 2 ,_, ,. We close this section by proving the analogous result on strict

southeast chains.

Corollary 3.3.9. Let # and ./ be equivalent moon polyominoes. Then for any x € RZ{),

Q _,_ y preserves the maximum length of all strict southeast chains.

Proof. It suffices to consider the case when .# and ./ differ by a single shift of down-

diagonals. Consider the nondecreasing sequence
H,(x;1)<H/ (x;2)<....

This sequence stabilizes at some H ,(x; k), where k is the minimum number such that for all

maximal rectangles R of ./, the entries of R such that x; ; # 0 can be partitioned into k weak
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northeast chains. Recall that Dilworth’s theorem states that the size of the largest antichain
of a poset is the same as the minimum number of chains that partition the elements of
the poset. It follows that the length of the longest strict southeast chain is the value of k
at which the previous sequence stabilizes. But by Theorem 3.3.4(a) we have H ,(x; k) =

H (2 ,_ 4(x); k), so the stabilization occurs at the same k for both labelings. O

3.4 Evacuation and Commutation

In this section, we investigate properties of piecewise-linear (and birational) evacuation
and connections to Striker-Williams promotion. We also show that the piecewise-linear
(and birational) analogue of Q_,_, , is well-defined for any equivalent moon polyominoes
M and & by proving the appropriate commutation property for 2 applied to different
maximal rectangles as shown in the combinatorial case by Rubey [Rub11].

3.4.1 Evacuation

Let S be the induced subposet of R on elements (i, j) weakly left of (7, s) as in Section 3.1.
Let Fkij denote the intersection of the kth file and the order ideal generated by (i, j). Recall
that Pro;; is the following composition of toggles:

PrOij :pF'ij

O+++0 ij.
i—j+1 pFi*l

We have the following definition of evacuation.

Definition 3.4.1. Piecewise-linear evacuation Evac: R® — RS is the composition
Evac=Pro,,0---oPro,,_;oPro,;.

We similarly define Evac” on R¥, as well as Evac? by transposition.

It will also be helpful to define the variant
P _ P p P
Evacl.yj =Pro; ,oPro, ;o---0 Prol.'].

Q . .
and Evac; ; similarly.
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The evacuation operation is of interest from a chain shifting perspective because it is a

composition of Pro” maps, which we know shift chain statistics downward in the poset.

Proposition 3.4.2. Let x € R and let1 < u <s. Then for all k € Zs,

H"*  (x;k)=H/"(RSK "' oEvac” oRSK(x); k).

1,s—u+1 1
The symmetric statement given by transposing also holds.

Proof. We induct on s — u. The case u = s follows from Theorem 3.1.6 since Evac’ does not
change any entries in the file containing (r, s).
If s > u, by Corollary 3.2.8,

H"  (x;k)=H""}(Q(x); k).

1,s—u+1 1,s—u

The inductive hypothesis applied to the restriction of Q(x) to the subrectangle [r] x [s —1]
(using Proposition 3.2.2) implies

Hy' 7 (@(x) k) = HY(RSK,_ o Evac]_, oRSK, .y 0Q(x); k).

1,s—u 1 r,s—1

P
r,s—1

But by Lemma 3.2.3, RSKo RSK;L1 = PIOSS_I commutes with Evac’ ., so this equals

H/}'(RSK ™' oEvac; _, o RSKo)(x); k)= H,}(RSK ' oEvac] _ oPro” oRSK(x); k)
= H'}(RSK™' o Evac” o RSK(x); k),
as desired. O

Let x* be the dual labeling obtained by rotating x by 180°, so X = Xrpioiseioje This

rotation map also satisfies Lemma 3.4.3.

Lemma 3.4.3.
RSK ! oEvac” oEvac? oRSK(x) = x*.

Proof. By Proposition 3.4.2 we have

H/'(RSK ™' oEvac” oRSK(x); k)= H,"._, . (x; k)= H[\"(x*; k).

1,s—u+1
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By Lemma 3.2.9 the P-tableaux of x* and RSK™' o Evac” o RSK(x) agree, as does then that of
RSK ! o Evac” o Evac? o RSK(x) (since Evac? will only affect the Q-tableau). Likewise the Q-

tableaux of x* and RSK ™' o Evac” o Evac? o RSK are also the same, so they must be equal. [

Note that Lemma 3.4.3 implies that Evac is an involution (this can also be proved easily
from the toggle definition).
We can also prove a chain shifting lemma, which we state below for Evac” (an analogous

statement holds for Evac®).
Lemma 3.4.4. Let x €RE and let k € Z,.

(@ Ifl1<u<v<r,then

H!(x;k)=H}}(RSK™' oEvac” o RSK(x); k).

,1
(b) If1<u<v<s,then

Ul 1Y hs+l— 1 P .
H/(x;k)=H"\[ " '(RSK ™' oEvac” oRSK(x); k).
Proof. For (a), RSK ! oEvac” o RSK does not change the Q-tableau of x, so the result follows
by Lemma 3.2.9 (for the Q tableaux). By Lemma 3.4.3, RSK ™! o Evac” o RSK(x) and x* have the

same P-tableaux. Then (b) follows from Lemma 3.2.9 since H,"; (x; k) = H,';/ /(x5 k). O

3.4.2 Striker-Williams Promotion

In this subsection we use properties of evacuation to prove a chain shifting lemma for

Striker-Williams promotion.

Definition 3.4.5. Let F, denote the kth file of R. Then Striker-Williams promotion is the
map
SWPrO :pFl—: osz—s O.”opFr—l'

Striker and Williams introduce this map for rc-posets in [SW12]. Visually, we toggle at
every element in the files of R from the leftmost file to the rightmost. Striker-Williams

promotion can be written in the Pro” notation as

SWPro = (Pro?) " op;_oPro”.
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We can use this factorization to prove the following chain shifting lemma for SWPro.
Lemma 3.4.6. Let R =[r]x[s] and let k € Z,.

(@ If2<u<v<s,then

H(x; k)= H,"'"}(RSK"' 0 SWProoRSK(x); k).

1,u—1
) If1<u<v<r—1,then

H(x;k)=H, 7 (RSK™' o SWPro o RSK(x); k).
Proof. We first prove (a). Let X = RSK™! o SWPro o RSK(x), and let 7z(x) denote the coordinate
projection of x to coordinates indexed by [r] x [s —1]. By Theorem 3.1.6, P(7t(x)) is the
collection of labels of P(x) strictly left of (7, s). Since (ProQ)_1 opp,, only changes coordinates
weakly right of (7, s),

P(n(X)) = P(rt(82(x))).

By Lemma 3.2.9
H"" Y% k)=H" """} (Q(x); k).

1,u—1 1,u—1

Then (a) follows from Corollary 3.2.8.

For (b), note that x = RSK ' o SWPro ' oRSK(X). Let x” denote the transpose of x and
similarly for X”. Since SWPro™! is given by toggling along files from the rightmost to the
leftmost, we have x” = RSK ' o SWProoRSK(X "). Then (b) becomes

HY (x5 k)= Hy H(ET k),

1,u+1

which follows directly from (a). O

For the remainder of this subsection, we reprove Lemma 3.4.6 as a consequence of the
fact that p~! and SWPro are conjugate to each other in the group generated by all toggles
in R. Striker and Williams [SW12] a composition of toggles D for rc-posets such that

SWPro=Dop ‘oD,
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We define a similar element here. Let

I | —1 —1
E_pl,sop2,so.“0pr—1,s'

Proposition 3.4.7.
SWPro=Eop 'oE™".

Proof. Let SWPro; ; and E; ; denote the composition of toggles on labelings of R analogous
to SWPro and E on the order ideal [i] x [ j]. Observe that

SWPro, ;= Ey ;o p o B/ |
since E ; contains no toggles. By induction suppose that

_ -1 -1
SWPrOi—l,s — Fi—ls opi_l,s oE;

i—1,s°
If I ={i} x[s], then

S 1 .

Eisop;soE =Esop;op; oK
_ |
- Ei,s opI oE;

i—-1,s

All toggles in p;' lie in the ith up-diagonal and all toggles in Ei_—ll,s lie strictly below the

(i —1)st up-diagonal. By Observation 3.1.1 these toggle sequences commute, yielding

EjsoE\ jopr'.

i—1,s

We peel p7!,  off of E; ; to obtain

-1 -1 -1
Ei—l,sopi_l,soE' op[ :

i—1,s

By induction this equals
SWPro; , ;0 p;' =SWPro, . O

Throughout this chapter we use RSX,; to map from the setting where one applies
rowmotion to the setting where one applies promotion. One desirable quality in a toggle
sequence relating rowmotion and Striker-Williams promotion by conjugation is that it has

a natural description in terms of RSK. We have the following lemma regarding E.
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Lemma 3.4.8.
E =Fvac?o RSK.

Proof. First write

_ Q
Evac? o RSK = EV&C,_LS oPro%o RSK 1. s
= EVaC?,LS o R:Sycr,s+l

by the transpose of Lemma 3.2.3. Then by the transpose of Lemma 3.2.3 again,

Q — Q Q
Evacrfl,s ° K&Kr,3+1 - Evacer,s ° Prorfl,s ° %K7,3+1
— Q —1
=Evac; 2,5 © RSKy—1,5+1° '-7{57(, Ls© RSK 1 541
—EV&C 2,8 OKS‘KI‘ 1,5+1 pr 1,s°

Repeating this argument, we find that

Evac 1,s ° KSK,, s+1 — EV&C 2,8 o 17(5170 1,s+1 pr 1,s
-1 -1
- Evac 3,5 o i7(55‘7(r—2 s+1 pr_2,3 ° pr—l,s

1

_ A1 -
_pl,so”.opr—l,s
=E. ]

Since SWPro= Eop~'o E~!, and E and p~! have chain shifting lemmas, we now reprove

the previous chain shifting lemma for SWPro.

Proof of Lemma 3.4.6. For (b),if1 < u < v < r—1, then by Proposition 3.4.7and Lemma 3.4.8,

HVLS(RSK™! o SWPro o RSK(x); k)

u+1,1

=H'b S(RSICl oEvac? ORSK 1 op_1 o Q@’K;i oEvac® oRSK(x); k).

u+1,1

By Lemma 3.4.4 this expression simplifies to

H' (¢ op_l ) 17(57(1 o Evac? oRSK(x); k).

r—u,1
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By Lemma 3.1.2 this equals

Hr—u+l,S(RSKo Evaco RSK(x); k),

r—v+1,1
and so (b) follows by another application of Lemma 3.4.4. A similar proofyields (a). O

Example 3.4.9. Proposition 3.4.7 and Lemma 3.4.8 imply that the diagram in Figure 3.10
commutes. All red chains in Figure 3.10 have the same weight, which is the maximum
weight in each blue rectangle. Then SWPro shifts the maximum weight among chains
in interval [i, j] x [s] upward in the poset and shifts weight of chains in intervals [r] x
[i, j] downward in the poset. Alternatively, we can think of this upward shifting by first
applying RSK™! o Evac? o RSK, which reflects the rectangle along the axis perpendicular to
the direction we shift. Note that chains themselves do not reflect, only the region they lie in.
Then applying ¢ o p~' o ¢! shifts the maximum weight of chains downward in the poset.
Reflecting again transforms this downward shift into an upward shift.

3.4.3 Proofof Lemma 3.3.6

For a labeling x of [r] x [s], let Q(x) denote the coordinates of the Q-tableau that lie
strictly right of (7, ). Given a labeling (x; @...@ x,,) and some i € [n], we say that a function
f is independent of Q(x;) if f can be expressed as a function of x,,..., X;,_;, X;.1, ..., X,, and
P(x,-).

Proposition 3.4.10. Let x = x; @ x, be a labeling of R, where (i, s) is the maximum ele-
ment labeled by x,. Then the coordinates of RSK; ;(x) weakly left of (i, s) can be expressed
birationally in terms of P(x,) and x, (independent of Q(x,)).

Proof. Let (k, j) € R with (k, j) weakly left of (i, s). If k < i, then (k, j) € [i] x [s] and by
Proposition 3.2.2
RSKi,s(x)k,j = p(xl)k,j-

If k > i, then by Proposition 3.2.2

_ — k,j
RSKo ()i, = 9~ ()i, = max (97! () + HI (31).

Note that ¢ ~'(x);, is a coordinate of P(x,) and Hl.]i'{,l(x; 1) depends only on x,.
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RSK ! oEvac? RSK ! o Evac?
oRSK oRSK

Figure 3.10: A commuting diagram showing how the chain shifting lemma for p~! induces
the chain shifting lemma for SWPro.
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We can easily invert this procedure to recover P(x;) (trivial) and x, by computing
@ (RSK; 5(x))k,; = RSK; o(x)y, ; _maX{RSKi,s(x)k,j—lr RSKi,s(x)k—l,j}

for k> 1. O
We are now ready to prove that P(x, @ x,) only depends on P(x;) and P(x,).

Proof of Lemma 3.3.6. Let R =[r]x[s], let x, be alabeling of [i] x [s] for some i < r, and let
x, be alabeling of [r —i] x [s]. It suffices to show that P(x, @ x,) is independent of Q(x;) and

Q(xp).
We first show that P(x; @ x,) is independent of Q(x;). Let y = RSK; s(x; @ x,). By Proposi-
tion 3.4.10 y; ; is a function of P(x,) and x, when (k, j) is weakly left of (i, s). Note that

RSK(x)=RSKoRSK; ().

By Proposition 3.2.5, RSKORSKI._i is equivalent to a toggle sequence that only contains
toggles strictly left of (i, s). The result of each such toggle depends only on entries weakly
left of (i, s), which are all functions of P(x,) and x,.

We now show that P(x,@x,)is independent of Q(x,). Let x;0x; =(x,0x,)". By Lemma3.4.3,

P(x, @ x,)=Evac(P(x; @ x7)),

so it suffices to show that P(x; @ x;) is a function of x; and P(x,). By the previous argument,
we know P(x; @ x7) is a function of P(x;) and x;. By Lemma 3.4.3, P(x}) = Evac(P(x,))is a

function of P(x,), and clearly x} is a function of x;. O

3.4.4 Commutation

In this subsection, we prove a commutation theorem for maps on labelings of moon
polyominoes. This theorem will apply not only to maps like Q2 applied to a maximal rectangle
of a moon polyomino, but also to the map ¢ o p~' o ¢! applied as follows.

Let .# be a moon polyomino with maximal rectangle R. Suppose that the equivalent
moon polyomino .4 is formed from ./ by shifting boxes outside R downward parallel to
both sets of sides of R. (This differs from the extension of €2, where we shift boxes parallel

to only one side—this reflects the differences in the chain shifting lemmas of g o p™' 0 ¢p~*
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and £2.) We can extend ¢ o p~' o ¢! to amap R/ — R by applying ¢ o p~' 0 ¢! to the
coordinates of R and shifting all other coordinates appropriately.

Theorem 3.4.11. Lety, and ), be maps in the set
{RSK ™' o Pro” oRSK,RSK ' oPro?oRSK,pop ' 0 7'}

acting on distinct maximal rectangles R, and R, of some moon polyomino, respectively
(shifting labels outside the rectangle appropriately). Then

Yoy, =10,

We prove Theorem 3.4.11 at the end of this subsection. In particular, note that (disallow-
ing ¢ o p~' o 1) this implies that the map Q. ,_, , described in Section 3.3 between any
equivalent moon polyominoes .4 and .4 is independent of the choice and order of shifts
from one to the other.

To prove Theorem 3.4.11, we will need some preliminary results about how applying

various maps depends on the Q-tableaux of subrectangles.

Proposition 3.4.12. Let x = x; @ X, @ x3 be a labeling of R such that (i,s) and (j,s) are
the maximum elements labeled by x, and x,, respectively. If X =RSK ' o Evac?s oRSK(x)=
X, @ X, @ X3 (where X; and x; label rectangles of the same size), then:

(@) Q(X;)=Evac(Q(x,)), and

(b) the coordinates of RSK(X) weakly left of (j, s) can be expressed birationally in terms of x,,
P(x,), and x5 (independent of Q(x,)).

Proof. For (a), by Theorem 3.1.6 we know Q(x; @ x,) is the restriction of Q(x) to labels
weakly right of (j, s). Applying Evac?,s, we find that Q(X, @ X;) = Evac(Q(x; @ x,)), which
equals Q(x; @ x;) by Lemma 3.4.3. Then restricting to the labels weakly right of (j — i, s)
gives Q(X,) = Q(x;) =Evac Q(xy).

For (b), write

~ Q Q
RSK(X) = Evac: | oRSK(x)= Evac; oTo RSK; ((x),

where by Proposition 3.2.5 T = RSKo RSK]_,JIS is equivalent to a composition of toggles that
lie strictly left of (j, s). By Proposition 3.4.10, coordinates of RSK; ;(x) that lie weakly left of

88



(j,s)depend only on P(x, @ x,) and x3;. By Lemma 3.3.6 P(x, @ x,) is a function of P(x;) and
P(x,), so these coordinates are independent of Q(x,). Since each toggle in T lies strictly left
of (j, s), the result of each of these toggles remains independent of Q(x,). Since Evac?,s does
not change labels weakly left of (j, s), we conclude that the coordinates of RSK(X) that are
weakly left of (j, s) are independent of Q(x,).

Now consider labels that are both weakly right of (j, s) and weakly left of (j —i, s). All
coordinates weakly right of (j, s) form the Q-tableau Evac(Q(x; @ x,)) = Q(x; @ x;). By
Proposition 3.4.10, the coordinates of Q(x; @ x;°) that are weakly left of (j— i, s) are functions
of P(x;) and x;. But both P(x;) = Evac(P(x,)) and x; are functions of P(x,) and x; and
hence independent of Q(x,).

This procedure can be inverted using Proposition 3.4.10: P(x; @ x,) and x; can be recov-
ered from the coordinates of RSK(X) weakly left of (j, s) as in the first half of the argument,
and combining Evac(P(x; @ x,)) = P(x; @ x;) with the remaining coordinates weakly left of
(j—1,s)yields P(x;) and x; as in the second half. O

Lemma 3.4.13. Let x = (x; @ X, @ Xx3) be a labeling of R such that (i,s) and (], s) are the
maximum elements labeled by x, and x, respectively. Suppose that we have one of the
following scenarios:

(a) Let T be a composition of toggles strictly left of (j, s), and let
X=(X0%,@%)=RSK o T oRSK(x),

where (i, s) and (j, s) are the maximum elements labeled by X, and X,, respectively.

(b) Let T be a composition of toggles weakly left of (j, s), and let
X=(X%,©%,@%)=RSK ' o T oPro? oRSK(x),

where(i—1,s) and(j—1, s) are the maximum elements labeled by X, and X,, respectively.
Then Q(X,) = Q(x,), and X,, P(X,), and % are independent of Q(x,).

Proof. We will prove (b) (the proof of (a) is similar). Let

y =RSK'oEvac oRSK(x) and §=RSK'oEvac} oRSK(X).
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T o Pro?

RSK(x) RSK(%)
Q Q
J Evac; | J Evac;_,
RSK(y) ol RSK(7)

Figure 3.11: The commuting diagram in the proof of Lemma 3.4.13

Here y = (), @ 1@ )5) and ¥ = (3, @ 33 @ J5) where y; and x; have the same dimensions,
as do y; and X;. Let L be the composition of toggles in Pro? that lie weakly left of (j, s),
so that Pro? = Lo Pro?s. We claim that the diagram in Figure 3.11 commutes. Indeed, by
Observation 3.1.1

Q Q_— Q Q
Evac;_, ;o T oPro* =Evac; , ;oToLoPro;,

— Q
=ToLoEvac;_,

=T0L0Evac§s.

Q
oPro;

By Proposition 3.4.12, Q(),) = Evac(Q(x,)), while the entries weakly left of (j — i, s) in
RSK(y) are independent of Q(x,). Toggles in T and L are all strictly left of (j — i, s), so the
labels weakly left of (j —i, s) in RSK(¥) are still independent of Q(x,), and QL) =Q(1»). The
oRSK(¥).

O

proofis completed by an application of Proposition 3.4.12 since ¥ = RSK ' o Evac?_ll s

Proposition 3.4.14. The maps
poptop', RSK ' oPro” oRSK, and RSK ' oPro? oRSK

have the required form for Lemma 3.4.13.

Proof. We consider ¢ o p~' o ¢!, which is the only nontrivial case. By Proposition 3.4.7
¢pop o =RSK'oEvac? oSWProoEvac? oRSK.

We will express Evac? o SWPro o Evac®? as T oPro® for some composition T of toggles weakly
left of (r, s). Recall that SWPro = (ProQ)_1 o pr oPro®, where F is the file containing (r, s).

90



Figure 3.12: Labelings associated to applications of ¢; and v, on maximal rectangles R,
and R, of a moon polyomino. Since the maps commute, x," = X,.

Then

Evac? o SWProoEvac? = Evac?o (ProQ)_1 o ppoPro” oEvac?

=Evac;, ;0 pyoPro’ o(Evac? | [oPro?).

By Observation 3.1.1 the instances of Evac?_l's commute with p oPro” and cancel, yielding
proPro” oPro? = T oPro?,

where T = p o Pro” contains only toggles weakly left of (r, s). O

We are now ready to prove Theorem 3.4.11. The theorem is nearly immediate from

Lemma 3.4.13 and is similar to the proof in Rubey [Rub11] from this point.

Proof of Theorem 3.4.11. Consider the diagram in Figure 3.12. It suffices to consider only
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the moon polyomino R; U R, since all coordinates outside of this shape are preserved. By
Lemma 3.4.13 and Proposition 3.4.14, P(x,)is a function of x,, P(x,) and x3; and P(fz) is the
same function of x;, P(x>), and x;. But by Corollary 3.2.8, P(x,) = P(x,)and so P(x,) = P(?Z).
By Corollary 3.2.8 again, P(x,’) = P(x,), and so P(x,’) = P(X,). Similarly Q(x,’) = Q(%,), so
we must have x; = X,. The other four sections of the moon polyomino can be treated

similarly. [
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CHAPTER

4

PLANE PARTITIONS OF TRAPEZOID
SHAPE

This chapter follows ongoing work with Ricky Liu. In this chapter, we investigate nonneg-
ative integer labelings of the trapezoid poset. We show that the rectangle and its associated
trapezoid have the same number of plane partitions (sometimes called P-partitions [Stal2])
with maximum label k for all k € Z,. The plane partitions of the rectangle poset were pre-
viously counted by MacMahon [Mac04], but the enumeration of plane partitions of the
trapezoid was studied much later by Proctor [Pro83]. A bijective proof remained elusive
for 40 years until the work of Hamaker, Patrias, Pechenik, and Williams [HPPW20]. Our
bijection differs from the previously given bijection in [HPPW20] in that it admits a natural
piecewise-linear description that is continuous on the order polytope. In addition, we
conjecture that our bijection is equivariant with respect to rowmotion. The main technique

used in the proof is a new chain shifting lemma for skew shapes.
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(6,3) Q.
(5.2)

(4,1)

o
Figure 4.1: The right trapezoid, rectangle, and trapezoid posets. This is the case of r =4
and s = 3. The jagged left edge of the right trapezoid is the set of (i, j) where i — j =r —1.

4.1 Background

In this section, we provide background on the trapezoid poset and the K-theoretic
jeu-de-taquin bijection in [HPPW20]. We motivate the search for other bijections with a

conjecture due to Hopkins and an interpretation of labelings as lattice points in polytopes.

4.1.1 Rectangles, Trapezoids, and K-Theoretic Jeu-De-Taquin

To formally define the trapezoid poset, we first define a right trapezoid poset into which
the trapezoid and rectangle embed. Throughout this chapter we let R, ; denote the rectangle
[1,r]x1,s].

Definition 4.1.1. Let r > s > 0. The right trapezoid poset RT, ; is the induced subposet of
[1,r+s—1]x[1,s] on elements {(i, j)€[1,r +s—1] x[1,s]:i—j < r—1}. The trapezoid
poset T, ; is the induced subposet of RT, ; of elements (i, j) satisfying i + j > s.

See Figure 4.1 for an example of these shapes.

Definition 4.1.2. Let P be a finite poset. A plane partition of P is a labeling x € Z;O such
that x, < x, whenever p < g. We say a plane partition x is of height k if the maximum label

appearingin x is k.

These objects are also often referred to as P-partitions [Stal2]. For the rectangle poset a

formula due to MacMahon counts the plane partitions [Mac04].
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1 1 1 1 1 1
S B B8 g
0 w0 o0 o0 €0 w] 0 0 0
1 1 1 1
Do Pl e
1 o0 o] w] 0 1

Figure 4.2: The plane partitions of height 1 of the two by two rectangle and its associated
trapezoid.

Theorem 4.1.3. The number of plane partitions of [r] x [s] of height at most k is

i+j+k—1
N(r, s, k)= 1:[!_1[ v =1
Example 4.1.4. Consider the trapezoid and rectangle posets in the case of r =2 and s = 2.
Figure 4.2 shows the 5 plane partitions of both posets of height 1. In general, we can count
the plane partitions of height k for the 2 x 2 rectangle. Every plane partition of R, , of height
k has the maximum element labeled k. If the minimum element is labeled i €[0, k], then
there are k+1—i ways to choose each of the labels of the remaining two elements to obtain

a plane partition. So the number of plane partitions of height k is

k+1

k
;k+1—l ;izz(lc+1)(k-|€-52)(2k+3).

A similar argument shows that the number of plane partitions of T, , of height k is given by
the same formula. This agrees with MacMahon’s formula; it is the expression arrived at by
simplifying N(2,2,k)—N(2,2,k—1).

Understanding the relationship between the plane partitions of the rectangle and trape-
zoid has been the subject of a number of papers over the past 40 years. In 1983, Proctor
used a recurrence relation on the dimension of certain Lie algebras to prove the following

result.

Theorem 4.1.5 ([Pro83]). R, and T, ; have the same number of plane partitions of height k
forallk € Z,.

The following is the main problem addressed in this chapter, which was first solved by
Hamaker, Patrias, Pechenik, and Williams [HPPW20].
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eoeHoeo ngHpr
eoeHaao danapb

Figure 4.3: K-theoretic jeu-de-taquin slides. If i is the smallest label covering an unlabeled
node (so i < j), then i slides to label the unlabeled node.

Problem 4.1.6. Find a bijective proof that R, ; and T, ; have the same number of plane

partitions of each height for all r, s.

After Proctor proved Theorem 4.1.5, the search for a bijective proof lasted many years
[Elil5, Rei97, Ste86] and resulted in several bijections between plane partitions when re-
stricted to low heights. A bijective proof for all heights was found in 2016 in terms of
K-theoretic jeu-de-taquin moves [HPPW20].

A strictly increasing labeling of RT, ; is a plane partition for which x, < x, whenever
p =X q. Recall that the rank of (i, j) € RT, ; is i + j. We note there is a bijection between
plane partitions of RT; ; of height k and strictly increasing labelings of RT,  with maximum
label k + r + s —2, where x;; — x;; + i+ j —2. Consequently a bijection of plane partitions
may be described in terms of strictly increasing labelings instead. For i < j, K-theoretic
jeu-de-taquin (K-jdt) moves on strictly increasing labelings are depicted by Figure 4.3. We
let black dots denote unlabeled nodes to which we wish to perform a K-jdt slide. We slide the
smallest number covering an unlabeled node to that node. Unlike classical jeu-de-taquin,
whenever we have a tie, both numbers slide into the new position. Slides are simultaneously
performed at each rank, starting from the bottom and ending at the top.

K-jdt is invertible. The inverse is given by sliding the largest number covered by an
unlabeled node to that node (with ties handled similarly to before). The following theorem
appears in [HPPW20].

Theorem 4.1.7. K-theoretic jeu-de-taquin moves in RT,  rectify strictly increasing labelings
of T, ; to strictly increasing labelings of R, ;. In particular, R, ; and T, ; have the same number

of plane partitions of each height.
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4 4
3 4
—> —> 3 —> 3
1 1 1 1
0 0 0

Figure 4.4: An example of K-jdt. The strictly increasing labeling of T; , rectifies to a strictly
increasing labeling of R; ,.

See Figure 4.4 for an example of this bijection.

4.1.2 Connections to Polyhedral Combinatorics and Rowmotion

In this subsection we discuss connections to piecewise-linear rowmotion and motivate
the search for more bijections between plane partitions of rectangular and trapezoidal

shape. We begin with the following observation.

Observation 4.1.8. Let P be a finite poset and k € Z.,,. Plane partitions of P of height at
most k are exactly the lattice points in kO(P).

Proof. The inequalities in Theorem 1.1.11 match those in Definition 4.1.2. O

Consequently Problem 4.1.6 is asking for a bijective proof that the Ehrhart polynomials
of the order (and chain) polytopes of R, ; and T, ; are the same. Given the very natural
polyhedral perspective on Problem 4.1.6, one should hope that an answer may also be given
in the language of polyhedral geometry. An equality of Ehrhart polynomials ip(k) = i, (k)
suggests the existence of an Ehrhart equivalence P — Q. A conjecture of Hopkins [Hop22]

further motivates the search for such an Ehrhart equivalence.

Conjecture 4.1.9 ((Hop22], Conjecture 4.9). There is a cardinality-preserving bijection
between the orbits of rowmotion on plane partitions of R, ; and the orbits of rowmotion on

plane partitions of T, ;.

We may expect that such a bijection exists on the piecewise-linear and birational levels,
manifesting as continuous piecewise-linear and birational maps. In the piecewise-linear
realm, such a bijection would necessarily be an Ehrhart equivalence.

Partial results investigating Conjecture 4.1.9 have been proven. The following result is
the main theorem of [DWYWZ22].
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Theorem 4.1.10. Let pp and pr denote the actions of rowmotion on R, ; and T, ;. When

restricted to order ideals,
pro(K-jdt)=(K-jdt)e pr.

This commutation does not hold for more general plane partitions.

Roadmap of the Chapter

In Section 4.2 we prove a chain shifting lemma for skew shapes via a bijection of trees.
In Section 4.3 we define a sequence of “intermediate” posets from the trapezoid to the
rectangle and maps between their labelings. Using the chain shifting lemma we show that
the composition of these maps sends the chain polytope of the trapezoid to the chain
polytope of the rectangle. We conclude with a new notion of rowmotion on intermediate

posets and a conjecture concerning equivariance.

4.2 Chain Shifting in Skew Shapes

In this section we prove a chain shifting lemma for skew shapes. We first prove two
propositions expressing the weights of chain statistics in terms of weights of trees. Fix a
finite poset P. Throughout this section, all subposets that we consider are induced and
have cover relations that also appear in the Hasse diagram of P. That is, the Hasse diagrams
of all subposets we consider are induced subgraphs of the Hasse diagram of P. Throughout
this section all empty sums evaluate to 1.

Definition 4.2.1. Let G be a (not necessarily induced) subgraph of the Hasse diagram of
P (whose edges are also cover relations of P). The up degree udeg;(p) ofanode p €G is
the number of elements in G covering p. The down degree ddeg(p) of anode p € G is the
number of elements in G covered by p.

Definition 4.2.2. An upward spanning tree of P is a spanning tree of the Hasse diagram of
P such that each non-minimal vertex has down degree 1. A downward spanning tree of P is

a spanning tree such that each non-maximal vertex has up degree 1.
Notation 4.2.3. Let I be an induced subposet of P with minimum m and maximum M.

* We let Up(I) denote the set of all upward spanning trees of P with a distinguished
chain from m =p, < p, <---<p, = M contained in I.
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y121Y21 y121 y121 Y21
Y12Y22 Va2 Vo2 Va2 Y1231 Va2

Figure 4.5: The three upward spanning trees in Ugy,(I) where I = [(2,1),(3,2)]. Their
weights are written beneath them.

» We let Dp(I) denote the set of all downward spanning trees of P with a distinguished
chain from m =p, < p, <--- < p = M contained in I.

e Let Up and D denote the sets of all upward and downward spanning trees of P with
no particular distinguished chain.

e Let M C(I) denote the set of maximal chains in I.

Let x e R? and y = ¢~'(x). Define the weight of an edge p < g of P to be w,(x) = %

The weight of a spanning tree T is w(T;x)= [] w.(x). Additionally, let wp(x)=]] X,.
e€E(T) pepP

Example 4.2.4. Consider the right trapezoid in Figure 4.5. RT; , has 4 upward spanning

trees. Let I =[(2,1),(3,2)]. The 3 upward spanning trees that are pictured in Figure 4.5 form
Ug7(I). The weight of the leftmost tree pictured is

Yuu Y Yer Yar Y1 Va2 .V121y21

Vo1 Vi Va1 Vo2 Va2 Va2 J/12Y22J’42'

We have the following proposition.

Proposition 4.2.5. Let P be a poset with minimum element 0. Let I be an induced subposet
of P with minimum m and maximum M and suppose that m covers at most 1 element of P.
Let m’ <m if such m’ exists and let y,,, = 1 otherwise. Then

Ym

ym’.Vﬁ TEUP(I)

Hi(x;1)= wp(x) w(T; x).
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Proof. We have

a= ¥ w3 ]2

CeMC(I)peC CeMC(I)peP\C Xp

Since x = ¢(y), x, = % for all p € P (where we interpret the empty sum as 1). The
q
q<p
reciprocal of this expression is a Laurent polynomial, which we substitute into the previous

expression. This yields

w) > [ —=wi0 > ] ”

CeMC(I)peP\C P CeMC(I)peP\C q<p
“utopt 32 B[] 3
Y o &rem M pep\c a<p Y

It remains to translate this expression into tree weights. That is, we will show

LY wrm- 3 B[S

eUp(I) CeMC(I) peP\C q<p

Given a tree T € Up(I), each non-minimal vertex p € T has exactly one edge g <p in T. If
C is the distinguished chain of T, then we multiply the edge weights of the edges g < p
with p € C. This product telescopes. Since there is at most 1 vertex covered by m, we know
that this product is M . For each non-minimal p € P\ C, T contains one edge g < p which

yields a choice of monomlal in the sum »_ x Z For the minimal vertex, ? appears as an
qa<p
additional variable in every Laurent monomial of the right hand side that is not accounted

for by the tree weight. Hence %0 w(T; x)is a monomial appearing in the right hand side.
Additionally, any monomial in the right hand side gives rise to a tree in Up(I). To choose

a monomial, we must fix a chain C € M C(I) and an edge q < p foreach p € P\ C. We form

atree T with the chosen edges, the edges of the fixed chain, and the unique edge m’ <m

downward in P from m. Then yla w(T; x) is the monomial we started with. O

Similarly, we can express chain statistics after the application of rowmotion in terms of

weights of downward spanning trees.

Proposition 4.2.6. Let P be a poset with maximum element 1. Let I an induced subposet

with minimum m and maximum M and suppose that M is covered by at most 1 element of
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P. Let M < M’ if such M’ exists and let y,;, = 1 otherwise. Then

HI(‘P010_1°<Z>_1(JC);1)=Lt/p(x)yM/yT Z w(T; x).

m  TeDp(I)

Proof. Let X =¢optogp~!(x). Then

H;(x;1)= Z l_lx = wp(X) Z l_[ %

CeMC(I)peC CeMC(I)peP\C P

ButX=¢op~!(y).ForallpeP

()= (Zp y)q)

q>p q<p
After applying ¢, we obtain
s ! ( 1 ) 1
= = .
a;o yl_q g a>p %

The reciprocal of X, is a Laurent polynomial in y, . Similar to the proof of Proposition 4.2.5,
we obtain

wim n,%: P

CeMcC(I)peP\C P CceMC(I peP\Cq>p
7 Z H >
ym ceMcC(I peP\Cq>p

A bijection of Laurent monomials analogous to the proof of Proposition 4.2.5 yields the

result. O

Furthermore wp(x), the vertex weight of the entire poset, can be described in terms of
tree weights.

Corollary 4.2.7. Let P be a poset with maximum and minimum element. Then

wp(x)™! :% Z w(T;x)=y; Z w(T; x).

TeUp TeDp
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Proof. We first prove

1
wp(x) ' = — w(T; x).
Yo TeUp

We use the notation of Proposition 4.2.5 and apply Proposition 4.2.5 in the case of I = P.
Since the minimum element of P does not cover any elements, y,,, = 1. By definition of ¢
we know that y,, = Hp(x;1). By Proposition 4.2.5 we obtain

Y
= wp(x)=2 > w(T; x).
0 TeUp

Canceling the instances of y,, and solving for wp(x) yields the result. The other equation
involving downward spanning trees follows via a similar argument. O

Proposition 4.2.5, Proposition 4.2.6, and Corollary 4.2.7 suggest a strategy for prov-
ing equations involving chain statistics. If one can find a bijection between upward and
downward spanning trees, one can keep track of how statistics H;(x;1) change as we apply
rowmotion iteratively. For many posets, such a bijection will not exist because either there
will not be the same number of Laurent monomials associated to different intervals or it
will be difficult to keep track of changes of weights under a bijection. However, for skew

shapes there exists a simple bijection which modifies weight in a predictable way.

Definition 4.2.8. A poset S has straight shapeif S is an induced subposet of some R, ; such
that whenever (i, j) € S, withi > 1 and j < s, both (i —1, j),(i,j+1) € S (i.e. rightward
closed). We say S has skew shapeif S is the induced subposet of R on elements in the set

difference of two straight shapes.

See Figure 4.6 for an example. We will only consider skew shapes whose cover relations
are a subset of those appearing in R (corresponding to connected skew diagrams). Note
that the right trapezoid is a skew shape. Throughout this section fix a skew shape S with r
up-diagonals and s down-diagonals.

We have the following chain shifting lemma.

Lemma4.2.9. Let1<i;<i,<r,

I={(a,b)eS:acliy,i,)and(a—1,b)eS}, and I'={(a,b)eS:(a+1,b)eI}.
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Figure 4.6: A skew shape inside of R, 5.

(2,5)

2,1) (1,2)
(1,1)

Figure 4.7: The subposets I (left) and I’ (right) in Lemma 4.2.9. The element (2,5) € S is
omitted from I since it has no shifted counterpartin S.

Then for any labeling x €R? |

Hp(¢opop™'(x);1)=H(x;1).

Example 4.2.10. For this example we consider the skew shape in Figure 4.7 and fix i, =2
and i, = 3. Figure 4.7 depicts the subposets I and I’ as defined in Lemma 4.2.9. If x e R? |
and X = ¢ o p~' o ¢ !(x), then Lemma 4.2.9 states that

~ o~ o~ o~ o~ o~ ~ o~ o~ o~ o~ o~ ~ o~ o~ o~ o~ o~ ~ o~ o~ o~ o~ o~

X11X21 Xop Xp3 Xpg Xo5 + X171 X12 Xp Xo3 Xog Xo5 + X171 X1 X13X23 Xog Xo5 + X171 X712 X13X14 X4 X5

=Xp1 X31 X32 X33 X34 X35 + X1 X202 X30 X33 X34 X35 T X271 X002 X3 X33 X34 X35 + X071 X0p X23 X24 X34 X35.

Here the variables within a monomial are ordered from the bottom of their respective chain
to the top.

Let S be a skew shape and let T € Us. We say an edge p < q is forced if there is no other
p’ € S such that p’ < g. Similarly we have forced edges in Dg.
Let I and I’ be defined as in Lemma 4.2.9. We define a bijection X : Us(I) — Dg(I’) as
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Figure 4.8: An upward spanning tree (in red) and its image under X (in blue). After shifting
the red tree down, we form the blue tree by adding all edges that do not intersect the red
together with all forced edges.

follows. Let T € Ug(I). Form a tree T by shifting T in the plane by the vector (—0.5,—0.5)
(and let S be the shifted version of S). We form a graph X(7T) on V(T) whose edges are those
that do not intersect T, together with all forced edges (see Figure 4.8 for an example). Let X*
denote X on S* and let T* denote the tree analogous to T in S*. Our next goal is to show that
X(T)is indeed a downward spanning tree and that 7 and X(7') are dual in the sense that
R*(X(T)*)= T*. As an abuse of language, we say edges a < b in T and ¢ <d in X(T) intersect
if they intersect after shifting T by (—0.5,—0.5). Note that parallel edges cannot intersect.

Observation 4.2.11. Edges (i, j)<(i+1, j) in S and (a, b)<(a, b +1) in S intersect if and
onlyifa=i+1and b = j. Edges (i, j)<(i, j+1)in S and (a, b) <(a +1, b) in S intersect if
andonlyifa=iand b =j+1.

Atree T and its image X(T') often intersect. See Figure 4.8. From the definition of ¥(T),
it is clear that the only edges of X(T) that can intersect edges of T are the forced edges.
However, the forced edges of T are also the only edges that can intersect X(7'). Indeed, if
(i,j)<(i+1,j)in T intersects (i, j —1) <(i, j) in X(T), then (i, j —1) <(i, j) must be a forced
edge of X(T)and so (i +1, j—1) ¢ S. It follows that (i, j) is the unique element covered by
(i+1, j)and the edge (i, j)<(i+1, j)is forced. The intersections of T and ¥(T') are described
in terms of corner points of the skew shape.

Definition 4.2.12. Let S be a skew shape and let (i, j) € S.

1. Wesay (i, j)isa left outward corner point if(i—1, j),(i, j+1) € Sbut(i+1, j),(i, j—1) € S.
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Figure 4.9: A skew shape and its corner points. Outward corner points are in black and
inward corner points are in white.

2. Wesay(i, j)is a right outward corner pointif(i+1, j),(i, j—1) e Sbut(i—1, j),(i, j+1) ¢
S.

3. We say (i, j) is a left inward corner point if (i +1, j),(i,j—1)eSbut (i +1,j—1)¢S.
4. We say (i, j) is a right inward corner point if (i —1, j),(i,j+1)eSbut(i—1,j+1)€S.

As a warning, note that the maximum and minimum elements in a poset cannot be
corner points since corner points are covered by and cover other elements of S. Another
subtlety in this definition is that (i, j) can be both an inward and an outward corner point.
Indeed, in the skew shape with vertices {(i —1, j),(i, j), (i, j + 1)} the vertex (i, j) is both a
left outward corner point and a right inward corner point. See Figure 4.9 for an example of

outward and inward corner points.

Proposition 4.2.13. Edges(i,j)<(i,j+1)in T and(i—1, j)<(i, j) inX(T) intersect if and
only if(i, j) is a right inward corner point of S.

A similar statement holds for left inward corner points.

Proof. Suppose that (i, j)< (i, j+1)in T and (i —1, j) < (i, j) in X(T) intersect. This implies
that both edges are forced. Consequently (i, j) is the unique element covered by (i, j + 1) in
S and (i, j) is the unique element covering (i —1, j) in S. It follows that (i —1, j + 1) ¢ S, and
so (i, j) is a right inward corner point.

Conversely, let (7, j) be a right inward corner point, so that (i, j)<(i, j+ 1) in T and
(i—1, j)<(i, j)inX(T) are forced. After applying a (—0.5,—0.5) shift to T, these edges intersect
at(i—0.5, j). O
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Figure4.10: Anupward spanning tree (inred) and its dual (in blue). Consider the subposets
I and I’ in Figure 4.7. Under the map X an upward spanning tree with chain from m to M
in I maps to a downward spanning tree with chain from m’ to M’ in I’. The blue chain lies
visually to the right of the red chain in the overlayed diagram.

Example 4.2.14. Consider the pair of trees in Figure 4.10. If T is the red tree, we saw
previously that X(T) is the blue tree. As we showed in Proposition 4.2.13, the intersections
of blue and red edges occur southwest of left inward corner points in S and southeast of
right inward corner points.

Consider the subposets I and I’ in Figure 4.7, which have minima and maxima as
labeled in Figure 4.10. In the overlaid middle diagram the chain from m to M is always to
the left of the chain from m’ to M’.

We now prove that X maps upward spanning trees to downward spanning trees.
Proposition 4.2.15. X maps Us(I) to Dg(I’) bijectively.

Proof. Let (i, j)€ S be non-maximal. Then there exists at least one edge upward from (i, j).
If this edge is unique, then the edge is forced and appears in ¥(7T'). Otherwise (i + 1, j) and
(i, j+1)cover (i, j). We know that (i +1, j+1) € S because S is a skew shape (with maximum
and minimum). Since T € U, there exists a unique edge downward from (i +1, j+1)in T.
Without loss of generality, assume (i + 1, j)< (i +1, j+ 1) is not in T. By Observation 4.2.11,
this is the only edge intersecting (i, j)< (i +1, j), and so (i, j) <(i + 1, j) is an edge of X(T).
The edge (i, j) < (i, j + 1) is not an edge of X(T) since it intersects (i, j + 1)< (i +1,j+1),
which is an edge of T. Since each non-maximal vertex has a unique edge upward in S from
it, X(T') € D;.
To see that X(T) € Dg(I’) we have the following set up:
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1. Let m and M be the minimum and maximum elements of I.
2. Let m’ and M’ be the minimum and maximum elements of I’.
3. Let C be the distinguished maximal chain of I containing m.
4. Let C’ be the maximal chain in X(7') containing m’.

Since m’ < m, m’ and m are horizontally aligned in the shifted overlay of S and S (and
similarly for M’ < M). Suppose that C and C’ intersect. Since m’ is right of m in the shifted
overlay, we must have intersecting edges (i, j)<(i,j+1)in T and (i —1, j) < (i, j) in X(T).
Since these edge intersect, (i, j) is a right inward corner point, and so (i —1, j+1) ¢ S. But
(i,j+1)e C c I, and so by the definition of I we must have (i —1, j + 1) € S, which is a
contradiction. Hence it must be the case that C and C’ do not intersect.

Consequently C’ is right of C at each height in the shifted overlay of S and S. In particular,
C’ must contain M’ since M is the rightmost point in S at the height of M’. So C’ contains
m’ and M’. Since C’ and C do not intersect, we conclude that C’ n[m’, M’] is a chain
contained in I’. Hence X(T') € Dy(I’).

By Proposition 4.2.13, we know where intersections of T and X(T') occur, and that all
edges of S not intersecting T are contained in X(7'). Thus T can be reconstructed from X(7')
via the analogous map on the dual of S. O

Recall that for any (not necessarily induced) subgraph G of S, udeg(i, j) and ddeg(i, j)
denote the up degree and down degree of (i, j) in G.

Lemma 4.2.16. Let T € U and x €RS . Let 0 and 1 be the minimum and maximum of S.
LetIng(S) andIn;(S) be the sets of right and left inward corner points and let Outy(S) and
Out,(S) be the sets of right and left outward corner points of S. Then

udegs(ﬁ)—l ( ) ( )
X IT =« IT =x
w(R(T); x) 0 peout, (S) P peOutg(S) s

w(T;x) J(:idegs(T)—l( I1 x)( I x)
1 P g

peln.(S) p€Elng(S)

In particular, there exists a Laurent monomial xS depending only on S such that w(X(T); x) =
w(T; x)x™S,

107



Proof. Let (i, j) € S and T € Us(I). Then the exponent of x;; in w(T; x) is udeg,(i, j)—
ddeg(i, j) since x;; is in the denominator of the weight of every edge (k,¢) <(i, j) and in
the numerator of the weight of every edge (i, j) <(k,{). Let ;; denote the exponent of x;;

s WR(T);x)
mn “w(Tix) ? so that

@;;j =udegy (i, j)—ddegy (i, j)—udeg(i, j) +ddeg(i, j). (4.2.1)

There are 5 cases:
1. (i, j)is the maximum (or minimum),

2. the neighborhood of (i, j) is of the form (i —1, j) < (i, j)<(i+1,j)or (i, j—1)<(i, j) <
(i, j+1),

3. max(udeg,(i, j),ddeg(i, j)) =2 and (i, j) is not a corner point,
4. (i, j)is an outward corner point,
5. or (i, j)is an inward corner point.

Case 1: Assume (7, j) is the maximum element. Then udeg;(i, j) = udegy (i, j) = 0. Since
T € Us, ddeg,(i, j) = 1. Every element (k, /) covered by (i, j) must be the lower point in
some edge of X(T). Since (i, j) is the unique maximal element, we have each such edge
(k,€)<(i, j) and so ddegy (i, j) = ddegg(i, j). Substituting these values into Equation 4.2.1
gives ;; =1—ddeg(i, j). An analogous argument shows that if (, j) is the minimum of S,
then a;; =udeg(i, j)—1.

In all remaining cases, ddeg;(i, j) = udegy(i, j) = 1 since T € Us and X(T) € Ds.
Consequently Equation 4.2.1 simplifies to

a;; =2—ddegy (i, j)—udeg.(i, j). (4.2.2)

Case 2: For this case, we assume without loss of generality that (i — 1, j) < (i, j) <(i + 1, j)
since the other case is similar. Since S is skew with a minimum element, we know that
(i+1, j—1)¢ S because otherwise we would have (i, j —1) € S, which does not happen in
this case. Consequently (i + 1, j) covers only (i, j) and the edge (i, j) <(i +1, j) is forced in
T. In particular, this implies that udeg,(i, j)=1.
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Similarly, since S is a skew shape with maximum element we know that (i —1, j+1) & S
because otherwise we would have (i, j + 1) € S. This implies that (i — 1, j) <(i, j) is forced in
X(T') and thus ddegy (i, j) = 1. By Equation 4.2.2 we have a;; = 0.

Case 3: Suppose that max(udeg,(i, j),ddeg(i, j)) =2 and (i, j) is not a corner point. If we
assume that udeg,(i, j) =2, then by Proposition 4.2.13 we know that each edge (i, j) <(k,{)
isin T if and only if a corresponding edge (k’,¢’) <(i, j) does not lie in X(T'). Consequently
udeg (i, j)+ ddegy (i, j) = 2. Substituting this into Equation 4.2.2 yields @;; = 0. If instead
ddeg,(i, j) =2 we obtain the result by considering X! on the poset dual to S.

Case 4:If (i, j) is an outward corner point then without loss of generality we assume (i, j)isa
right outward corner point. Note that (7, j) cannot be both a right outward corner point and

a left outward corner point. Since (i, j+1),(i—1, j) € S, neither edge in this pair contributes

wR(T);x)
w(T;x) *

Case 5: Suppose that (i, j) is a left inward corner point. Then (i, j)<(i +1, j) is a forced edge

to the sum udeg, (i, j)+ ddegy (i, j), which yields an extra instance of x;; in

of T and (i, j —1) <(i, j) is a forced edge of X(T'). The pairing of forced edges contributes 2
to the sum ddegy (i, j)+udeg;(i, j). This decreases the exponent of x;; by 1 more than if
(i, j) were not a left inward corner point.

Lastly, we note that (i, j) can be both a left inward corner point and a right outward
corner point or both a left inward corner point and a right inward corner point. However,
the edges used to determine how the monomial changes in these cases were different and
hence affect the Laurent monomial independently of each other. Points which are both left
and right inward corner point thus contribute in two products appearing in the expression
of x5, O

We are now ready to prove the chain shifting lemma for skew shapes.

Proof of Lemma 4.2.9. Let the notation be as in the statement of Lemma 4.2.9. By Proposi-
tion 4.2.5 and Corollary 4.2.7,

Ym .
Ym Y ¥o Te%s;u) Wit o)
H;(x;1)= ws(x) w(T;x)=—
ym/yﬁ TEUs(I] y_ﬁ W(T; x)
TGUS

By Lemma 4.2.16, we know that for each T, w(X(T); x) = x*S w(T; x) for some Laurent
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monomial x*%) which does not depend on T.

e > xSwX(T) x)
TeUs(I)

> xeSw(R(T); x)

TeUs

H(x;1)=

Since a(S) is independent of tree, we factor x~*5 out of the sum and cancel. By Propo-

sition 4.2.15, we know that X : Us(I) — Dg(I’) is a bijection and so we may reindex this

sum: Ym . YmYi .
e w(T;x) 550 > w(Tsx)
H(x:1)= "™ TeDy(I) " reng(1)
e > w(T;x) > w(T;x) -
TEDS TEDS

By Proposition 4.2.6 and Corollary 4.2.7 this expression is just H,(¢p o plo¢p7!(x);1). O

By gluing intervals together, we can further derive chain shifting lemmas for skew
shapes. At certain locations in a skew shape, chains may switch from running southeast to
northwest to running southwest to northeast (and vice versa). See Figure 4.11. We prove a

special case of this phenomenon for the right trapezoid.

Definition 4.2.17. Let r, s > 0. The left border of RT, ; is the set of element {(r +i,1+i) €
RT, :i€Zs}.

Lemma 4.2.18 (Right trapezoid chain shifting). Let (1, j),(i,s) € RT,; for some i,j > 1,
J=I(1,/),(i,s)],and J'=[(1, j—1),(i —1, s)]. Let L denote the left border of RT, ;. Then

2 [ ]w= 2, [leer™e

CeMC(J)peC CeMcC(J')peC
CnL;éﬂ CmL;éﬂ

Proof. Foreach/ €[1,s], let

A=, )),(r+¢,1+0)]\L B, =[(r+¢,1+/¢),(i,s)]
={(a,b)eRT,,:(a,b+1)€ A} B/={(a,b)eRT,;:(a+1,b)e B}

We refer readers to Figure 4.11 to visualize these sets. Each chain C in the left hand side
has a lowest point (r +¢,1+/) at which C intersects L. At such an ¢, we may realize C as the
disjoint union C = C, U C, where C, = CN A, and C, = C N B,. In addition, A,N L =@ and

every pair of maximal chains in A, and B, union to give a chain intersecting the left border
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(r+¢,1+7)

Figure 4.11: Chain shifting in the right trapezoid. The set of chains whose lowest intersec-
tion with the left border is (r +¢,1 4 ¢) shift after decomposing into the red and blue pieces.

at(r+¢—1,1) and no higher point. It follows that

> X 3 Tse 3 11w}

ceMC(J)peC CleM C(4) peCy C,eM C(By) peCy
cn L;éﬂ

By Lemma 4.2.9 the weights of chains in these two intervals shift to yield
(3 [oertesone 3 [Joertos )
t \CeMcC(A)peC C,eMC(B))peC,

The maximal chains in A; and B, union to give all chains in [(1, j —1),(i —1, s)] that intersect

the left border at (r +¢,1 +¢) and no lower point. Consequently summing over all ¢ yields

> [ [oepeo™ (),

CeMcC(J)peC
CmL;éO)
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Figure 4.12: The four intermediate posets lying inside of RT} ,.

4.3 Intermediate Posets and a Birational Map

In this section, we use the chain shifting lemma (Lemma 4.2.9) and the chain shifting
lemma on the right trapezoid (Lemma 4.2.18) to define an Ehrhart equivalence between the
chain polytopes of the rectangle and the trapezoid. Our strategy is to define a collection of
intermediate posets with their own polytopes that allow us to decompose the map between
the chain polytopes of the trapezoid and the rectangle into smaller pieces. The statements
and proofs in this section are given in the piecewise-linear realm. However, the map we

define also detropicalizes to a birational map R, — R% .

Definition 4.3.1. Letr, s, k € Z.,with k < s < r. The kth intermediate poset I is the induced

subposet of RT, ; on elements (i, j) satisfying
1. i<r+s—k,
2. i+j=>s+1—k,
3. andeitheri>s+1—korj<s+1—k.

Consider the cases of k =1 and k = s. If k =1, then the first and third inequalities in
Definition4.3.1 are i < r+s—1and j < s, which hold for all (7, j) € RT, ;. Consequently the
only restriction is i + j > s, and we see that I, is the trapezoid. If k = s, then the second and
third conditions in Definition 4.3.1 become i+ j > 1 and i > 1, which hold forall (i, j) € RT, ;.
In this case the only restriction is i < r, and we see that I is the rectangle.

See Figure 4.12 for examples of more intermediate posets. We note that in Figure 4.12

all intermediate posets contain the same number of nodes and at least as many maximal
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R

Figure 4.13: The six polygonal chainsin I, CRT ,.

chains as the trapezoid and rectangle (which we later show always holds). We define a
special collection of maximal chains within each intermediate poset which are in bijection

with chains in the trapezoid and rectangle.

Definition 4.3.2. Let r, s,k € Z., with k < s < r. We say a maximal chain C C [ C RT, ; is
polygonal if C intersects the left border or if (s +1—k, 1) € C. The polygonal chain polytope

C(I;) SR is the set of vertex labelings satisfying x, >0 forall p € I and > x, <1 for all
peC
polygonal chains C of I.

Note that all chains in the trapezoid and rectangle are polygonal. Indeed, in the trapezoid,
the maximum element is (r + s —1, s) and all maximal chains must contain this point. But
r+s—1—s=r—1, and so this point lies in the left border. Recall that the rectangle is ;.
The point (s +1—k, 1) is just (1, 1), which is the minimum element. All maximal chains of

the rectangle intersect this point and are consequently polygonal.

Example 4.3.3. Consider the poset I, C RT; 5 pictured in Figure 4.13. The polygonal chain
polytope is defined by the inequalities x, > 0 for all p € I, and

X1+ X31 + X3p+ Xy + Xy3 < 1 X1+ X371+ X3+ X33+ X3 < 1
Xo1+ Xoo + X3p+ Xap + X3 < 1 Xo1+ Xog+ X300+ X33+ X3 < 1
Xog + Xoo+ Xo3+ X33+ X3 < 1 X1+ Xog+ X300+ Xgo + X413 < 1

The previous example results in a lattice polytope. However C(I;) is frequently not a
lattice polytope. A computation in SageMath shows that when r = s =3 and k = 2, rational
vertices exist [The23]. Nevertheless, given fixed RT, ;, we will show that all Ehrhart series of
the associated polygonal chain polytopes are the same. We define a map v : R — R+ as

follows.
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1. Given a labeling x € R’, we extend x by adding any label x,_;, € R to the node
(s —k, 1), which lies just beneath I; in RT, .

2. Let.#;,={(i,j)€RT: (i, j)=(s—k,1)and j < s +1—k}.

3. Take p to be piecewise-linear rowmotion acting on the induced labeling of . #;. and

take ¢ to also act on labelings of .#,.. Then the coordinates of 1/(x) are given by

¢ Op_10¢_1(x)ij if(i,j)eqﬂk,
Yr(x)ij =1 Xy, if (i, j)e I, \ M and j > s +1—k,
X i if(i,jle [\ Mand i <s+1—k.

Example 4.3.4. Let r = s =3 and consider i), : Rz — R5. In this case we have the nodes
of ./, given by the set of points (i, j) > (2,1) with j < 3. See Figure 4.14 to visualize this.
Outside of ./, the coordinates of our labeling shift parallel to the sides of ./ . Inside of .#
we apply ¢ o p~' o ¢!, or piecewise-linear antichain rowmotion.

Because this map requires knowledge of the label x,, which lies outside of I,, one may
be concerned that this map is not well-defined. The well-definedness is easiest to see when
applying antichain rowmotion. Let M C(.# ) denote the maximal chains of M. After our
first toggle we obtain

wz(x)63=1—( max xp>.

CeMC(//l)pEC

Each chain contains (2, 1), and so x,, factors out of this, leaving an expression of the form
1—x,; — B for some B. Since every chain containing (5, 3) also contains (6,3) and (2, 1), at

the next toggle we obtain a factored expression of the form

X)ess=1— X5 — X)e3 — max X
Yo(x)s3 21— Ya(X)es coek g p
peC
2,

p#{(2,1),(6,3)}

Call the maximum above D, which we note does not depend on x,,. Substituting in our

expression for i, (x)g; yields

1_x21_(1_x21_B)_D:B_D
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Figure 4.14: Aright trapezoid poset ./ inside of RT, ,. When applying ¢’,, rowmotion is
applied in .# and coordinates outside of ./ shift parallel to the sides of ./ .

which is independent of x,,. This cancelation continues as we apply the remaining toggles
of rowmotion, and so ;. is well-defined. We note that the inverse also exists. Via a similar
computation, we see that if we label (6,3) by any label x4, then applying ¢ o p o ¢! to the

restriction of x to ./, yields a well-defined labeling at all non-minimal elements of ./Z,.

Proposition 4.3.5.

E Yi(x), = max » x,.
CEPCk 14 CePCy
+ peC

Proof. Consider the left hand side and let L denote the left border of RT, ;. We divide the
computation of this maximum into two computations, considering polygonal chains C
such that CNL =0 or C N L #0. It suffices to show that

max E (x),= max X, E (x), max X,
CePCry Pilx)y CePC, CGPCk+1 P CePC;
cnL=p PEC (s+1— kl)eC peC cnL#) PEC (s+1— k1¢c peC

We will prove the first equation since the second is similar. Let

A ={(i,)eM\L:(i, ) <(l,s+1=k)} B/ ={(i,j)€ Ly :((,s+2—k)< (i, j)}
A={(i, le :(i—1, j)e A} B, ={(i,j)€ Ly :(i—1,j)€ B}

Every maximal chain C € P C;,, such that C N L ={ must contain (s — k, 1). Such a chain
can be divided into two parts, CN.# and C \ .# . The maximum element of C N.# must
be on the upper right edge of .4, and consequently has the form (¢, s + 1 — k) for some ¢. It
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follows that C N./ is a maximal chain of A} and C \ ./ is a maximal chain of B,. Then

lek(x —max( max Zwk x),+ max Zwk )
CeP Ck+1 CeMC(4)) CeMC(B,

cnL=p P<C

For each (i, j) € B), Y i(x);; = X;41,j. Since (i + 1, j) € By, we obtain the weight of a chain in
B,. Together with Lemma 4.2.9 this implies

x + max xp
CGMC A[ CEMC B[ pe =C

But maximal chains in A, and B, union together to give a maximal chain in [; containing

(s +1—k,1). Hence taking this maximum over all ¢ gives

max x
CePCy
(s+1—k, l)eC peC

A similar proof using Lemma 4.2.18 yields the other equation. O

Itis now straightforward to deduce that v is an Ehrhart equivalence between polygonal

chain polytopes.

Theorem 4.3.6. Forallk €[1,s—1] and ! € Z,, wk(éff(lk)) =(C(I,,,). Furthermore, Y

restricts to a bijection between the lattice points of C(I;.) and C(I,.,,) for each (.

Proof. Toggles map lattice points to lattice points and preserve nonnegativity. Consequently,

to show that Y (C(I)) = C(I,.,) it suffices to show that Y. Yi(x), <1 for all polygonal
peC’
chains C’. Given any polygonal chain C’ in I}, we know

Z lpk(x)p Cepck lzl/)k

peC’

By Proposition 4.3.5, we have

Zwk X), < max » x,

CePC
peC’

116



But x € C(I;), and so

x),, < max x, <1.
Z Pilx)y < CePCy P=
peC’ peC

4.4 Future Directions

In this section we discuss a conjecture regarding the Ehrhart equivalence we defined in
Section 4.3 and a new notion of antichain rowmotion.

Definition 4.4.1. Let r, s, k € Z., with k < s < r and let P C;. denote the polygonal chains of
Ir.. Let x e R™. The polygonal toggle at an element p € I, is the map ¢, : R’ — R’ defined
by
1 e
Fo I 11T
tp(.)C)q = Cap k

X otherwise

q

Fix a linear extension % of I.. Polygonal antichain rowmotion is the map g, : Rk — R
given by

Pr=tyqp)© o leaqy.

Note that Definition 4.4.1 differs from the usual antichain toggle, where the sum is taken

over all chains in the poset containing p.

Example 4.4.2. Let r = s = 3 and let x € R%. There are 6 polygonal chains in I, (see
Figure 4.13). We apply the piecewise-linear polygonal antichain toggle at the maximum
element (4, 3):

1
X1 X31 X302 X4p X43 + Xp1 X31 X32 X33 X43 + X1 Xpp X32 Xg0 X43
T+ X1 X0 X30 X33 X43 T X1 Xop Xo3 X33 X43 T X12 X0 X3 X4p X43

f43(X)43 =

Note that the terms X;, Xy, X350 X33 X453 and X;5 Xy, Xp3 X33 X43 that appear in the usual notion of
birational antichain toggle are absent here. Applying polygonal chains in the order of a
linear extension from bottom to top gives piecewise-linear polygonal antichain rowmotion.

More generally, we may consider the analogous definition where we replace intermedi-

ate posets with a general poset P and the polygonal chains with any set of chains. We call
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this general notion of rowmotion restricted chain rowmotion.

As is the case with classical rowmotion, typically restricted chain rowmotion is poorly
behaved. Moreover, there is no order analogue of this rowmotion or natural analogue of
the transfer map that we can use to induce an order rowmotion. Consequently we cannot
prove results in the order coordinates as we did in Section 4.2. However, an equivariant map
can translate problems about restricted chain rowmotion into problems about rowmotion.

In particular we have the following conjecture.
Conjecture 4.4.3. Letr, s,k € Z.,. Then
Y0Pk =Prs1° Yk

A proof of Conjecture 4.4.3 would show that the orbit structure of rowmotion on the
trapezoid and rectangle posets is the same. Moreover, it would yield the first nontrivial

instance of restricted chain rowmotion exhibiting desirable dynamical properties.
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CHAPTER

5

TORIC IDEALS OF CHARACTERISTIC
IMSETS VIA QUASI-INDEPENDENCE
GLUING

This chapter follows joint work with Benjamin Hollering, Irem Portakal, and Liam
Solus in [HJPS22]. In this chapter we introduce a new generalization of the toric fiber
product which we call a quasi-independence gluing (QIG). Similar to the toric fiber product,
QIGs are the contraction of an ideal under a monomial homomorphism, so many of the
techniques used to prove results for the toric fiber product can be naturally extended to
prove similar results for QIGs. In particular, we describe a Grébner basis (or generating set)
of the QIG of two ideals by lifting Grobner bases of the original ideals. The main difference
between the two operations is that QIGs allow for contraction with respect to the monomial
parameterization of any quasi-independence model whereas toric fiber products can be
realized as block-diagonal QIGs. Our notation and terminology for this chapter is adapted
from [AHT12, CS21a, Sul07].
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5.1 Background

In this section we review some background on quasi-independence and the toric fiber

product.

5.1.1 Grobner bases for Toric Ideals from Bipartite Graphs and Quasi-

Independence

In this section we provide some background on toric ideals. We also describe toric ideals
that arise from quasi-independence models in statistics or equivalently toric ideals arising
from bipartite graphs. In the following sections, we use quasi-independence ideals to study
the toric ideals associated to characteristic imset polytopes.

Quasi-independence models are log-linear models for the joint distribution of two
discrete random variables X and Y, with respective state spaces [r] and [s], where some
subset of the states of X and Y are forbidden from occurring together. These forbidden
states of the joint distribution are called structural zeroes of the model. These models are
typically specified by a set Q C [r] x [s] which consists of the allowed states of the joint
distribution. The structural zeros of the model are then all (j, k) ¢ Q.

Definition 5.1.1. Let r and s be two positive integers and Q C [r]x[s]. The quasi-independence

ideal associated to the set Q is the kernel of the monomial map

$q:Klzji [(j, k)€ Q] =Klx;, yi | jelr] kels]]

Zjk— X Vi
and is denoted by I, =ker(¢,).

Note that in the definition of the quasi-independence model we have simply omitted
coordinates which correspond to structural zeroes. Also observe that I is a toric ideal since
it is the kernel of a monomial map. Moreover, Theorem 5.1.2 gives an explicit generating
set for I,.

We frequently associate an r x s matrix Ay = (a i k)(j, velrins) © the set Q given by

zie i, k)eQ,

ajk = )
0 otherwise.
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Such a set Q also has a naturally associated bipartite graph. We define G, € K, ; to be the
bipartite graph on two disjoint and independent vertex sets [r] and [s] with edge set Q. The
structural zeros encode the absence of an edge in G,. This graph is usually non-planar,
and so in examples and figures we typically consider A,. However, G, establishes a link to
a different viewpoint. The quasi-independence ideals are also studied under the title of
toric ideals of edge rings of bipartite graphs [VR95] and many combinatorial and algebraic
aspects of these ideals are known [HHO18]. Additionally the so-called edge polytopes,
whose vertices are the columns of the incidence matrix of G, are introduced in [DLST95]

and their faces are characterized in terms of certain subgraphs of G, [Por21, Theorem 2.18].

Theorem 5.1.2. LetQ C[r]x[s] and let j, —ky, j,— ki, jo— ks, ..., jo— ji, 1 — ki De the edges

of an induced cycle of G,. Then

¢ ¢
Lk l_[ Z i1 ki

=1 i=1

1

1

(where i is taken modulo ) is a binomial of I,. Moreover, the set of all such binomials forms
the universal Grobner basis for I, .

A proof of Theorem 5.1.2 for general directed graphs is given in [GRV10, Proposition
4.3]. Assuming that the edges of G, are directed from the vertices in [r] to the vertices in [s],
we may apply this proof. For completeness we give an elementary proof by computing the
normal form of all S-polynomials.

Proof. The multisets of j; and k; in the two monomials are the same, and so every bino-
mial of this form lies in I,. Let f and g be binomials associated to cycles. We form the
S-polynomial S(f, g) by multiplying f and g by monomials, so that their leading terms
are the same, and subtracting to cancel the leading terms. After scaling f and g, all four
monomials have the same multisets of j; and k;, and so this holds for S(f, g) as well.

We form a bipartite graph G’ with vertex sets [r] and [s] and edges j—k for z;; appearing
in S(f, g) (with multiple edges allowed between two vertices). Color the edges by which
monomial they appear in. Traverse the edges of the graph, alternating between the two
edge colors. Because both monomials contain the same multiset of j; and k;, each vertex
is part of the same number of each color of edge. Consequently each vertex entered has
an edge of the opposite color that one can exit through, so we can traverse the edges of
the graph until a cycle is found. The leading term of the associated cycle binomial divides
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some (not necessarily leading) term of S(f, g). Note that such a cycle binomial always exists
since every time you enter a vertex on an edge of one color there is always an edge of the
other color that you can exit along. Hence, you can traverse the graph in this way until you
return to a previously visited vertex, at which point you must have discovered such a cycle
binomial.

With binomial ideals, we can perform the division algorithm even if the leading term of
the cycle binomial divides the trailing term. This is because the division algorithm replaces
one monomial with another when we divide by a binomial, so the number of terms never
increases. Via the previous argument, at each step in the division algorithm, one can obtain
acycle in G’ and use it to decrease some monomial in the term order. This process can only
terminate at the normal form 0. O]

Example 5.1.3. Let r = s =5 and consider Q =([1,2] x [1,4])U([2,5] x [4,5]). The associated
matrix A is
Zy 2 Z13 2y O
221 Zp2 223 Zp4 Zp5
0 0 0 2z3y 235

0 0 0 zy 2z

0 0 0 2z5 =z

The graph G, has 12 cycles of length 4, which correspond to the 2 x 2 submatrices with
no structural zeroes. There are no larger cycles in G, so I, is generated by 12 quadratic

binomials.

Next, we state when the quasi-independence ideal is generated by quadratic square-free
binomials. A bipartite graph G is called chordal bipartite if it contains no induced cycles
with at least 6 vertices. The graph G, above is an example of such a graph. We have the
following special case of [OH99, Theorem 1.2].

Theorem 5.1.4. Let Q C[r]x[s]. Then I, is generated by quadratic square-free binomials if
and only if G, is chordal bipartite.

In Section 5.2 we define a notion of iterated gluing by factoring through quasi-independence
maps. Factoring through maps associated to chordal bipartite graphs preserves the property

that the ideal is generated by square-free quadratics.
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5.1.2 Toric Fiber Products

In this section we provide a brief outline of the toric fiber product as the contraction of
an ideal under a monomial homomorphism. Unlike the usual description of the toric fiber
product, we reframe the theory slightly into the language of quasi-independence maps.

Let r be a positive integer and for each i € r, let s; and t; be positive integers. Let

. ={ay,...,a,} C Z% for some d. We define two graded polynomial rings:
Klx]:=K[x!|i€[r]jels]] and Klyl:=Kly lielr]kelt]]

where deg(x]’f) = deg(y) = a;. Throughout this subsection let I € K[x] and J € K[y] be
homogeneous ideals with respect to the multigrading. We define a quasi-independence

map associated to the multigrading. Let
Q) =| i} x[s:])x (i} x[5:]).
i=1

Let K[z] = K[z;k : ((i,j),(i, k)) € Q(.¢/)]. The quasi-independence map ¢ ) : K[z] —
Klx, ylis
Z XYy

Morally, we glue x Jl and y/ together when they have the same degree in the multigrading .<.
Note that each subset ({i} x [s;]) x ({i} x [#;]) € Q(.«/) is the edge set of a complete bipartite
subgraph of G,,. Up to reordering the rows and columns of A,, we see that A, is block
diagonal with blocks indexed by i € [r]. In this subsection we only consider block diagonal
Ag, but in Section 5.2 we extend the following definitions and results to more general
quasi-independence maps.

Definition 5.1.5. The foric fiber product of the ideals I and J is
IxyJ=¢o,I+]).

It is frequently difficult to compute a Grébner basis of I x ., J, even with Grobner bases
for I and J. However, if .¢/ is a set of linearly independent vectors, a Grébner basis can be
computed. Let

— iy ez ld
f= Z CoXj Xz Yja € Klx].
]
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If f is homogeneous with respect to a linearly independent multigrading, then the multiset
of upper indices in each monomial must be the same. After reindexing the variables in each

monomial, we can suppress ¢ from the upper index, yielding

— b b ld
f - Z Ce xj[,l xjt,z le,d :

14

Letk=(ky,...,ks) €[t; 1 x[£;]1x ... x[1;,]. The lift of f by k is

fi= Z CZZ;;,lkl z]’:jvzkz e Z;ded eKlz].
¢
The set of all lifts of f is denoted Lift(f). For a set of polynomials F C I, we denote the set
of all lifts of elements in F by Lift(F). Similarly we define lifts of elements in K[y ].

Let Hy( ;) denote the universal Grébner basis of the quasi-independence ideal defined
in Theorem 5.1.2. Let B, ;) denote the matrix of the exponent vectors of ¢ (). For an ideal
I CK[x], we say a finite set G C [ is a pseudo-Grébner basis for I with respect to weight « if
(in,(G)) =in,(I). Note that this differs from a Grobner basis in that here in,,(G) may not be
a set monomials. Sullivant proved the following theorem.

Theorem 5.1.6. [Sul07, Theorem 12] Let .</ be a linearly independent multigrading. Let F
and G be Grobner bases for I and ] with respect to weight order «, and w, respectively. Then

Lift(F)ULift(G) U Hy( )

forms a pseudo-Grobner basis of I x ., J with respect to the weight order (w!, @] )Bg(.)-

After perturbing the term order, this set forms a Grobner basis. In algebraic statistics,
the toric fiber product is a commonly used tool for computing a Grobner basis of an ideal
with an associated combinatorial structure [AD21, CS21b, CHM21, EKS14, RS16, SS05,
§S08]. Typically the informal gluing of variables in the description of the toric fiber product
corresponds to a gluing of combinatorial structures such as trees or simplicial complexes.
The toric fiber product allows us to iteratively compute a Grobner basis as we iteratively
glue combinatorial structures.
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5.2 Quasi-Independence Gluings

Throughout this section we fix r, s € Z., and
Klx]=K[x;:je[r]] and K[y]=K[y;:ke[s]].

We begin with the following definition.

Definition 5.2.1. Let w € R” be a weight. Let Q C[r] x[s] and f c K[x] be a polynomial
which is homogeneous with respect to total degree. Let in, (f) = x; x,... x;,. We say f is
weakly Q -homogeneous with respect to w if for every monomial m’= xj x; ... x;. of f there

exists a permutation o of the elements of [d] such that
{(kl)-“!kd)e[s]d | (jg,kg)EQ,l S£ Sd}g{(klr--"kd)e[s]d | (j(;(g)»ké)eQ’l Sﬁ Sd}

We typically omit the o when describing this reordering since the specific permutation
is not important. Later we define and motivate a notion of strong Q -homogeneity. Note that
while weak Q-homogeneity does require homogeneity with respect to total degree, it does

not necessarily correspond to homogeneity with respect to a multigrading.

Definition 5.2.2. Let Q C[r]x[s]and I CK[x]and J CK[y] be homogeneous ideals. The
quasi-independence gluing of I and J with respect to the set Q is

Ixg]:= ¢51(I+]).

Recall that defining the toric fiber product required a set Q(.</), defined in terms of
a multigrading ./, and that A, is block diagonal. Therefore QIGs include toric fiber
products but allow for more general structures.

In this section, we show that when I and J are weakly Q-homogeneous, we can construct
a Grobner basis for I x, J from Grobner bases of I and J. Our approach is essentially the
same as that used to determine Grobner bases for toric fiber products. Because of this
we try to use the same notation and present our argument in the same format whenever

possible. We begin with the following two lemmas from [Sul07].

Lemma 5.2.3 ([Sul07, Lemma 2.2]). Let ¢ : K|z,,...,2,] = K[t,,...t;] be a monomial map
with a matrix of exponent vectors B. If I is an ideal inK[t] and w € ZZO is a weight vector on
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K[t], then
ianB(Qb—l(I)) - ¢_1 (lnw(I))

Lemma 5.2.4 ([Sul07, Lemma 2.3]). Let M ={m,,...m,) C K[t] be a monomial ideal. Then
o7 (M= (M) +...+ 97 ((m,).
Furthermore, ¢~'(M)= M’ +ker(¢) where M’ is a monomial ideal.

As explained in [Sul07], these two lemmas suggest a potential strategy for determining

o~H(1):
1. Determine ¢ (in,,(1)).
2. Find a candidate Grobner basis G € ¢~!(I), so that by Lemma 5.2.3 we have

in,r3((G)) Cin,rp(¢~" (1)) S ¢~ (in, (1))

3. Show that in,r5((G)) = ¢~(in,,(I)).

4. Deduce that G is a Grobner basis for ¢ (1) since
in,r5((G)) = in,rp(¢ ™" (1)) = ¢~ (in,(1)).

We follow this strategy in order to determine a Grobner basis for I x, J. We begin by proving
the following lemma which is analogous to [Sul07, Lemma 2.5] for QIGs and has the exact
same proof.

Lemma 5.2.5. LetQ C[r]x[s] and let m = x; xj,... x;, be a monomial inK[x, y]. Then

¢ ( > (thlzjzkz ]dkd | kl’ kd 6[3]’(j£)k£)€Q)+IQ-

Similarly, if n = y, Vi, - - Yk, is amonomial inK[x, y]. Then

‘P (n)) = (jlklzjzkz---zjdkd|jl)-“jdE[r];(jlhk/!)EQ)'i'IQ-
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Proof. By symmetry it suffices to prove the first statement. By Lemma 5.2.4 we have that

¢51((m)) =M’ + I, for some monomial ideal M’ which we claim is the ideal

M/:<Zjlk1Zj2k2...Zjdkd | klr--'kd E[l’l],(jg,kg)EQ>.

Consider a monomial m’ = z i Ky

belongs to (m) if and only if Xjy, - X, belongs to (m). If Xj, ---Xj, € (m) then x; x;,...x

N .
e Zjky and note that ¢o(m’) = x;, yi, o X, Vi which
Ja
divides x;, ... x i but this immediately implies that there exists a monomial in M’ dividing
m'. O

We now discuss how to lift Grobner bases for the ideals I and J to a Grobner basis for
I % J. This once again is similar to the lifting presented in [Sul07] (or subsection 5.1.2), but
the lifting procedure is determined by Q instead of a multigrading.

Let w be a weight and consider a weakly Q-homogeneous polynomial f € I of the form

f: Z :Cfx]'mle,z'nxﬂ,d'

1

Letin,(f)=c.x; x;, - x; , andletk=(k,,...,k;) € [s]¢ such that the k; satisfy (j, ;, k;) €

Jx1 77 5,2 )

Q. Note that since f is weakly Q-homogeneous, we have that (j, ;, k;) € Q for all ¢ after

rearranging each monomial x;, x;,...x; , appropriately.

Definition 5.2.6. Let Q C[r] x[s]. A lift of f by lower indices k = (k;,..., k;) is a homoge-

neous polynomial f; of the form

fe= Z CZjaknZjiaky”" Zjraka
¢
Furthermore, we denote the set of all possible lifts of f by Lift( f) which is the set
Lift(f) = {fe | k€ls]?, (. k) €Q, 1<i<d}}

Observe that for any polynomial f;. € Lift(f) it holds that fi € I x, J since

Do)=Y Vi -+ Vi, f €1
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Now given a collection F C I of weakly Q-homogeneous polynomials, let

Lift(F) = ] Lift(f)
feF
and for a collection G C J let Lift(G) be the analogous collection. In terms of lifting, weak
Q-homogeneity means that whenever the leading monomial of f lifts by k, there exists lifts

of all non-leading monomials of f by k as well.

Theorem 5.2.7. Let F C I be a weakly Q-homogeneous Grébner basis for I with respect to
the weight w, and G C ] be a weakly Q -homogeneous Grobner basis for ] with respect to the
weight w,. Then

Lift(F)ULift(G) U H,

is a pseudo-Grébner basis for I x ] with respect to the weight w™ B, where By € ZU"+#Q js

the matrix of exponents of the map ¢, and w = (w,, w,).

Proof. Firstrecall that by Lemma 5.2.3, we have that

N, (g (I+7)) S ¢ (ing,(I+))).

We have already shown that Lift(F)ULift((G)UH, € I X J = q)él(I + J). If we show that the
leading terms of Lift(F) U Lift(G)U H, form a pseudo-Grobner basis for ¢61 (in(wl,wz)(l +7] )),
then we have that

ingr g, (95 (1 +7))= ¢, (in, (I +])).

Thus Lift(F) U Lift(G)U Hy, is a pseudo-Grobner basis for ¢51(I +])=1xq].

Let M = in,(I + J) and recall that by Lemma 5.2.4 we only need to show that any
monomial in ¢61(M ) is divisible by the w’ B,-leading term of a polynomial in Lift(F)uU
Lift(G). Suppose m’ =z 2y, ... 2j;i; s amonomial in ¢51(M). Now observe that F UG is
a Grobner basis for I + J with respect to w since I and J are in disjoint sets of variables and
that any minimal generator of M is either in K[x] or K[ y] for the same reason. By Lemma
and there exists some f € F or

5.2.5 m’ is divisible by a monomial m = z; ;, z z

Joka =+ “jaka
some g € G such that m € Lift(in,(f)) or m € Lift(in,(g)).

We now suppose that m € Lift(in,,(f)) since the proof of the other case is the same. So
m is the lift of in,,(f) for some valid tuple k € [s]¢. But then f; € Lift(f) since f is weakly
Q-homogeneous and of course m = in,,(f;). Thus we have that m’ is divisible by the

coTBQ-leading term of a polynomial in Lift(F) or Lift(G) which completes the proof. O
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Corollary 5.2.8. With the same assumptions as Theorem 5.2.7. Let w be a weight vector such
that Hy, is a Grobner basis for 1. Then there exists € > 0 such that

Lift(F)ULift(G) U H,

is a Grobner basis for I x, ] with respect to the weight w’ = (w,, w,)" By + €w.

Proof. By Theorem 5.1.2, there exists w such that H, is a Grébner basis for I;. For suffi-
ciently small €, ' specifies the same leading terms of Lift(F) and Lift(G) while additionally

determining leading terms of polynomials in H,. O

The following example illustrates how one can use Theorem 5.2.7 to find a generating

set for a quasi-independence gluing.

Example 5.2.9. Consider the following monomial map:
Zijk—a i itk

for (i, j, k) in the set Q ={(1,0,0),(2,0,0),(0,0,1),(2,0,1),(0,1,0),(1,1,0),(0,1, 1)}. This mono-
mial map factors through the quasi-independence map z; ;. — x;y;; associated to the

following matrix:
Yoo Yo Jio In
Xo| 0 Zoo1 Zowo Zom
X1{Zw00 0 210 O
Xo | Z200 2201 O 0
By Theorem 5.1.2, the kernel of this quasi-independence map is generated by the following
cubic:

200141104200 — €010<100<201 -

By Theorem 5.2.7, it remains to compute the lifts of the generators of the following two
maps:

Xi—=a; Yig— ﬂj?’k-
The kernel of the former is the trivial ideal, so there are no lifts. Choose any weight order
with weight w, on this trivial ideal. The kernel of the latter is generated by yy, 11 — Jo1 V1o-
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We have the following sets of lifts for each monomial:

Lift(yo0 11) = {2100 201> 22002011} Lift( 301 Y10) = {Z001 20105 Z001 21105 2201 20105 22012110}

Note that for each monomial in Lift( y,, 41), the multiset of first coordinates also appears as
a multiset of first coordinates for some monomial in Lift( yy; ;) (this inclusion is depicted
by a coloring of the monomials). Consequently, for any weight w, such that the weight
order chooses leading term y,,;,, we can complete all lifts of y,, )1, to lifts of y50 11 — Vo1 Vio-
We obtain the following lifts:

21002011 — 20012110 and  Z00Z011 — Z201 Z010-

Together with the generator from the quasi-independence ideal, these lifts form a pseudo-
Grobner basis with respect to the weight order induced by (w,, w,)" B, where Q. In contrast
to the linearly independent toric fiber product, the quasi-independence gluing of two
ideals which are quadratically generated can still yield an ideal which is not quadratically

generated.

As we saw in Example 5.2.9, one must know the leading term of a polynomial to deter-
mine that it is weakly Q-homogeneous and construct the set of lifts. Consequently for this
more general construction, one must keep track of the weight order through each iterative
gluing. This differs from the toric fiber product, where one can obtain a Grobner basis
with respect to some weight order without ever computing the weight. This motivates the

following definition.

Definition 5.2.10. Let Q C[r]x[s]and f c K[x,,..., x,] be a polynomial which is homo-
geneous with respect to total degree. Then f is strongly Q -homogeneous if for every two
monomials m = x; x;,...x;, and m’=x; x ... x; of f there exists a permutation o of the
elements of [d] such that

{(ky,.... ko) €811 G k) € Q1< < d}y ={(ky, ..., k) €[s17 | (i k) €Q, 1 <L < d}.

When f is strongly Q-homogeneous, the subset relation in the definition of weakly
Q-homogeneous holds regardless of which monomial is the leading term. Therefore it is
unnecessary to keep track of the term order because it is not needed to compute the lifts of

each generator. In this way, the strong version of Q-homogeneity is similar to the toric fiber
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product. In Section 5.3, we use strong Q-homogeneity to compute a Grobner basis for toric
ideals associated to the face CIM of the characteristic imset polytope for T a tree.

While the preceding results hold for ideals I and J which are not toric, there is a nice
interpretation of the construction of I x, / when I and J are toric.

Corollary 5.2.11. Let I, and I, be toric ideals associated to integer matrices A and A’. Then
Iy X Ly is the toric ideal of the matrix A xy A" whose columns are all vectors of the form
(aj,a;)" such that(j, k)€ Q.

Proof. Lety 4, 4 4, and Y 4., be the monomial maps with associated integer matrices A,
A’,and A x A'. The following diagram commutes

Klz] 2% K[]

Kx, y]

where

Yau:Klx, y] = K[1]
x; = P a(x;)
Ve = Ya(Vi)-
Hence we have the factorization Y (z;) = Y 4 a(X; i) = Y a(x;)Y 4 (yi), whenever (j, k) € Q,
which concludes the proof. O

Example 5.2.12. In Example 5.2.9, we consider the quasi-independence gluing of the trivial
ideal with the ideal for the image of the Segre embedding P! x P! with respect to the given
Q. Thus we obtain the following integer matrix:

2001 <010 <011 <100 <110 <200 <201

a,| 1 1 1 0 0 0 0]
al 0 0 0 1 0 0
al0 0 0 0 0 1 1
AxgA=B|1 0 o0 1 0 1 1
gBplo 1 1 0 1 0 O
0O 1 0 1 1 1 0
w1 0 1 0 0 0 1|
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5.3 Characteristic Imset Ideals via Quasi-Independence

In this section we define the toric ideal of CIM; and show that when G is a tree, the
ideal is an iterated quasi-independence gluing. We then use this to show that these ideals
have square-free quadratic Grobner bases. Readers should refer back to Section 1.5 for
background on characteristic imsets, patterns, and Markov equivalence. We use & to
denote a general pattern without reference to a specific DAG.

The vertices of CIM; correspond to the Markov equivalence classes with underlying
skeleton G [SHL10]. Consequently, we can equivalently represent the characteristic imset
¢y for ¢ with the pattern & of the Markov equivalence class of ¢. Given a pattern &, we

let ¥(2?) denote any (fixed) DAG in the Markov equivalence class represented by 2.

Definition 5.3.1. Let G =([p], E) be a graph and 27,, ..., %, be patterns which represent the
Markov equivalence classes with skeleton G. Then the characteristic imset ideal of G is the

toric ideal associated to CIM, which is the kernel of the map

Y6 :Klzg,..., 29,1 = Kl | SSp]IS[> 2]

Zgzl_ — 1970,

We denote this ideal by I; =ker(y ;).

S e S e O W e s W O S S s S O

'@1 r@2 ‘@3 ’@4 95 96 (@7 98 <@9 910 f@ll e@12 <@13 ,@14 915

Figure 5.1: A list of all patterns on the quartet tree.

Example 5.3.2 (Quartet Tree). Let G be the skeleton of the patterns appearing in Figure 5.1,
called the quartet. If each pattern with skeleton G is labeled as in Figure 5.1, then I; has

the following generators:

Z<@1 Zc@ﬁ - Z<@2 Z<@5 ) Z@] 2@7 - 2@3 'Z(@S ) 'Z<@1 Z<@8 - 'Z<@4 'Z<@5 4
ol — R LTy RpRpy T ARy Rl T 2o Ry

Ry lap) — By Zopyy) Ry lopy — Zpy Zapy) Ry laps — Ly Zpyr

Z=“710 Z9’13 - Ze@n Zgu ’ Zt@lo Z=“715 - Z9’11 Z=@14’ Zg"lz Zf’)’ls - Z«”713 Z9’14 :
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L.,

Figure 5.2: The graph on the left parts along the red edge.

We now focus on the case where the undirected graphisatree T =([p], E). fe=u—v is
anon-leaf edge T, then deleting e from T yields a graph with two connected components.
Let T/ and T be the connected components containing the vertices u and v respectively.
Denote by T, the tree obtained by adding the edge e backinto T, thatis E(T,)= E(T,)U{e}

and define T, analogously.

Definition 5.3.3. Let T = ([p], E) be an undirected tree and let 7 € Pat(T) be a pattern
representing a Markov equivalence class of T. Let e = u — v € T be a non-leaf edge. Then
the parting of 7 at e is the pair of patterns part(7, e) =(7,,7,) such that 7, and 7, are the
induced directed subgraphs of 7 on vertices of T, and T, respectively, with the orientation
of e in 7, and 7, is modified by:

. fu—-veJthenu—veJ,andu—ve7,.
2. fv—-ueTJthenv—-ueJ,andu—ve,.
3. fu—veJZthenu—veZ,andu—ve7,.

In words, we take the induced partially directed acyclic graphs on 7,, and T,, removing
the orientation on u—v ifit does not appear in a v-structure in the subgraph. This operation

is depicted in Figure 5.2.

Theorem5.3.4. Let T =([p], E) beatree, e = u—v be anon-leafedgeof T .Then Iy = Iy xq I,
where Q is the set Q = {part(7,e) | 7 € Pat(T)}.

Proof. To prove this we extend the main technique introduced in [Sul07, Section 3] to show
that ideals are toric fiber products to QIGs.

Let 7 € Pat(T) and part(7, e) = (7,,7,). Let the ambient rings of I, I; and I, be
Klz] =K[z5 | 7 € Pat(T))], K[x] = K[x5, | 7, € Pat(T,)], and K[y] = K[y5, | 7, € Pat(T,)]

respectively. If we square the parameter f;, ,; everywhere it appears in ¢ then

Yr(z7) =Y, (x2)91,(¥7,)- (5.3.1)
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This follows because if S C [p] is the vertex set of a star subgraph of T (so that ¢ appears
in Y r(z7) or Y1 (x5 )1 (y7)) and S # {u, v}, then S is a subset of the vertices of T, or
T, and thus either T'|s = T,|s or T|s = T,|s. So then the parameter t5 appears in ¢/ y(z) if
and only if g it appears in either v (x5 ) or Y1 (7 ). Note that squaring the parameter
f{u,v) €verywhere it appears in ¢ does not change the kernel of the map whatsoever. The

factorization in Equation 5.3.1 implies that the following diagram commutes

Klz] — Klts|S<[p)IS|>2]

K[x, y]
where the map v 7 7 is given by
Y1, 1, Klx, y] = Klts]

Xg, — wr,,(xgu)

Y7, — ’/JT,,(J’%)-

But recall that I = ker(y r) = ¢7'(0). Since the above diagram commutes, we have

:¢51( ¢ (I, +1I1,) = I, X I,
which completes the proof. ]

Example 5.3.5 (Quartet Tree). In general, to compute a Grobner basis for a QIG one must
show that the defining monomial map factors through a quasi-independence map ¢, and
that the two ideals that we wish to glue together are weakly Q-homogeneous. Let T be the
quartet graph, with vertices labeled by elements of [6] and edges {1—3,2—3,3—4,4—5,4—6}.
Let Q C Pat(T|,,34) x Pat(T|3456) be the set of all partings of patterns with skeleton T.

We claim v factors. Consider the pattern 7 with directed edges 1 — 3,2 — 3,3 — 4,
and 6 — 4. Then under ¢ we have

Zg = biglo3 l123 134 145 Lag L346-

After squaring t;, (which does not change the kernel), we have the following factorization:

Zg = Xg V7, Xz, liglazlaaliag Vg, L3alsslasl3ae
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where 7; and 7, are defined as in Definition 5.3.3. Similarly we see this factorization for all
other patterns.

For the quartet (and more generally for all bistars) the two trees we glue together are
star graphs. Consequently their characteristic imset ideals are trivial and are strongly Q-
homogeneous. It follows that the QIG is qbgl(o), in particular it is the quasi-independence
ideal of the bipartite graph G;. By Theorem 5.1.4, the kernel of ¢, is given by the 2 x 2
minors of the matrix in Figure 5.3 that contain no structural zeros, which are the binomials
appearing in Example 5.3.2.

Recall that toric fiber products are QIGs associated to block diagonal matrices. In Fig-
ure 5.3 we have two overlapping blocks, one for each possible orientation of the gluing
edge. These blocks overlap in the pattern with no v-structures, and so this characteristic

imset ideal fails to be a toric fiber product.

< A
s
(O

2 NPZ A N

B e
Y 3 )

o
o
o

TYYTY
XX X .
0 O O S

0 0 0

Figure 5.3: The matrix of patterns associated to the QIG defining the characteristic imset
polytope of the bistar. Structural zeros correspond to pairs of essential graphs indexing
rows and columns where the gluing edge in both essential graphs has forced opposing
orientations.

We have shown that the ideal I = I, x I, but to use Theorem 5.2.7 to find a Grobner
basis for I; we must show that I, and I, are actually strongly Q-homogeneous.

Lemma5.3.6. Let T =([p], E) be a tree, e = u— v be a non-leaf edge of T and T,, T, be the
undirected trees obtained from parting T ate. Let Q = {part(7,e) | 7 € Pat(T)}. Then Iy,

and Iy, are strongly Q -homogeneous.

Proof. We show that I, is strongly Q-homogeneous since the proof is the same for I, . For
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each pattern with skeleton T,, we have one of the following 3 orientations of e:
u—v, v—u, or u—u.

To order the rows and columns of A,, we consider the essential graph associated to each
pattern. Order the rows and columns such that all essential graphs with e oriented u — v
are first, then all essential graphs with u— v, and lastly the essential graphs with v — u. The
nonzero entries of this matrix are row and column convex. Therefore G, is chordal bipartite
and all generators from the quasi-independence map are quadratic. Since lifting does not
change the degree of a generator, we may assume by induction that I, is quadratically
generated. Furthermore, the coefficients of any generator are £1 since all generators are
liftings of 2 x 2 determinants. Suppose f = Xy, X5, — X, X5, is a generator of I, and without
loss of generality, let (%, 3?’1’ ), (2, 9‘2’) € Q. The multiset of forced orientations v — u in
each monomial of f must be the same since f € I, . Consequently we must have either
(P, 2)),(Py, 2)) € Q o1 (25, 2,)),(Z4, 2/) € Q. Hence [ is strongly Q-homogeneous. O

We know by Lemma 1.5.11 that the CIM ideal of a star graph (and of a path graph up to
4 vertices) is the trivial ideal. Thus, one can construct the CIM ideal of I; of any tree T as

an iterated QIG of trivial ideals. By Corollary 5.2.8, we have the following corollary.

Corollary 5.3.7. Let T be a tree. Then there exists a weight vector w such that the reduced
Grobner basis of I+ with respect to w consists of square-free quadratics. Moreover, these
quadratics can be explicitly constructed via iterated quasi-independence gluing.

We close this section with an example involving the path graph. Let P, denote the path
with n vertices and label the vertices by {1,..., n} in the order of the path. The v-structures
on P, have edges from i —1 and i + 1 to i, where the nonleaf vertexis i € {2,...,n—1}. We
cannot have both i and i + 1 being nonleaf vertices of v-structures in a pattern since the
edge containing i and i + 1 would require two opposing orientations. Consequently we may

index variables by sets S C {2,..., n —1} of nonconsecutive integers in place of patterns.

Example 5.3.8 (6 Vertex Path). For this example we consider Ip, € K[x], I, € K[y], and
Ip, CK[z]. We glue a path with 3 vertices to P; to form F;, as in Figure 5.4. This gluing yields

3 generators from quasi-independence:

25— L2 25, ZjZ3s — L3 45, Zp &35 — £3425.
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Figure 5.4: A QIG yielding the characteristic imset ideal of the path with 6 vertices.

Since P is a star graph, Ip, =0, so we only consider lifts of Grobner basis elements in
I,.. One can show that the Grobner basis for I, consists of just the polynomial yj 4 — 5 Ju,
since it can be seen as the QIG of I, with the ideal of the star graph I, which are both trivial
ideals. Both monomials can lift by the unordered tuples of lower indices (#,0) and (, 5),

which result in the following lifts of the binomial:
224 — 224y Z5Z24 — 2524

The 5 binomials we have constructed form a Grobner basis for Ip,.

5.4 Weak Q-homogeneity, Cycles, and Future Directions

In this section we examine the characteristic imset ideal of a cycle. We show that the
ideal can be obtained by taking the quasi-independence gluing of two paths but the Grébner
basis of the path constructed via QIG is not weakly Q-homogeneous. We end by exploring
possible directions for finding a weakly Q-homogeneous Grobner basis for the path.

We begin with a general gluing of two path graphs, of the form pictured in Figure 5.5.
This is similar to the partings for trees, except we part at two edges. Since the end points of
paths are not glued together and since we glue along two edges, each path must have at
least four vertices.

Label P, as in the previous section, and consider I in variables ys for S € {2,...,n—1}
a set of pairwise non-consecutive integers. Let P, denote the path on m vertices, which we
label {n—1,n,n+1,...,n+m—4,1,2} in the order of the path. Similar to P, we index variable

xsbysetsS C {n—1,n,...,n+m—4,1,2} containing no two integers which are consecutive in

137



\

Figure 5.5: The gluing that we consider in Section 5.4.

the written order. We now define a gluing rule Q,, , to be the set of (%, 27) € Pat(P, ) x Pat(P,)
such that both of the following hold

1. for all v-structures i — k «— j and i’ — k’ — j"in 22 or 2’ the numbers k and k’ are

not cyclically consecutive,
2. either 2’ or & contains a v-structure.

The first condition guarantees that we do not glue edges together with forced opposing
orientations while the second condition prevents an additional illegal gluing. Indeed, if we
direct the edges of the cycle, the only way that no v-structures can appear is if the edges
form a directed cycle, which is not a DAG. Then I, is an ideal in the polynomial ring
with variables zg for S C {1,...,n + m —4} containing no cyclically consecutive integers

modulo #n + m —4.
Theorem 5.4.1. Letm,n>4.Thenl,, ,=Ip Xq,, Ip,-

Proof. The proof is analogous to the proof of Theorem 5.3.4. The main difference is that we

must square both #;, and #,,_, ,,, since we glue along two edges. ]

The previous theorem shows that the cycle is a quasi-independence gluing but to
compute a Grobner basis with Theorem 5.1.2 we also need that there are Grobner bases for
both I, and I, which are weakly Q,, ,-homogeneous with respect to some term order. For
the remainder of this section we investigate combinatorial and polyhedral restrictions on
the weight order that are imposed by weak Q,, ,,-homogeneity.

Lemma 5.4.2. Let I C K[ys], w be a weight order onK|y|, and F be a Grobner basis for
I, with respect to w. If I is weakly Q,, ,-homogeneous with respect to w then for every

binomial in F of the form yys, ... ¥s, — Y1, V1, - -- Y1, Where T; #0, it holds that

YV Vi <w Yo Vs, -+ Vs
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Proof. First, note that the variable y is the only variable which does not lift by §). Thus if
every T; # 0 then the monomial yr, y;, ... yy, lifts by indices (0,0,...,0) but the monomial
WYs,--- Vs, does not. Thus F can only be weakly Q,, ,-homogeneous if y;ys, ... ys, is the

leading term. O

Lemma 5.4.2 implies the following restriction on the sizes of the paths that we glue
together.

Proposition 5.4.3. Suppose that m >5 and n > 5. Then there is no term order such that I,

is weakly Q,, ,,-homogeneous.

Proof. Since n>5, Ip # 0 and we have the following generator of I, :

WYo,n—1—YeVn—1-

Observe that every Grobner basis of I, must contain this binomial since no other binomial
in the ideal contains either of these monomials. By Lemma 5.4.2 the underlined term must
be the leading term.

Butif m > 5, then a pattern on Pr; could have v-structures at both end points {1, n} of
P,. We can then lift yyy», ,_, by ({1, n},0) to z, ,,z, ,_,. However, both 2 and n—1 are adjacent
to some element of {1, n}, and so the other monomial does not lift. Since each monomial
lifts by an indexing set that the other does not lift by, this polynomial cannot be weakly

Q,..»-homogeneous with respect to any term order. O

We consequently restrict our focus to m = 4. We suppress m from the notation, instead
considering the path P’ of length 4 and weak Q,,-homogeneity. Note that CIM, is a simplex,
and so Ip, = 0. So we need only investigate weak Q,-homogeneity for a Grobner basis of
I, . We now show that any term order producing a weakly Q,,-homogeneous Grobner basis

cannot be constructed via the iterated QIG in Section 5.3.

Lemma 5.4.4. For n > 6, there does not exist a Grobner basis of Ip produced by iterated QIG

that is also weakly Q, -homogeneous.

Proof. Observe that every Grobner basis of I, | produced by iterative QIG contains the
polynomial y;),4— ), )4. Let w be any weight such that y, y, <., y3)»4 since by Lemma 5.4.2
we know w must select monomials with y; as the leading term. Then QIG produces the
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Figure 5.6: A QIG that yields the characteristic imset ideal of the cycle with 6 vertices. One
can visually check that there is no term order constructed by QIG such that z;z,, — ), y, and
25254 — 22524 are not both weakly Qs-homogeneous.
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following two lifts in I :
ZpZos— 2224 ANA  Zp_1Z24— 22 n-1%4-

Lifting does not change the leading term (regardless of the term order chosen on Ip/), and
so the underlined terms are leading terms.

Now we consider lifting the polynomial z,_,2,4 — 2z, ,124 € Ip, to I,. The leading
monomial z,,_, z,, lifts by indices {(0,0), (0, n),(1,0),(1, n)} while the the trailing monomial
z, 124 lifts by indices {(0,0),(®, n),(1,0)}. Consequently z,,_,z,,— 2, ,,_1 2, is not weakly Q,,-
homogeneous. O

Figure 5.6 illustrates Lemma 5.4.2. The monomial map of the characteristic imset ideal
factors according to Q,,, but weak Q,,-homogeneity does not hold for the Grébner basis of
the path that we constructed in Section 5.3.

The previous lemma shows that it is impossible for iterative quasi-independence gluing
to produce a Grobner basis for I, which can then be used to compute I . However, our
computations for n = 6,7 suggest that there do exist Grobner bases for I, which are weakly

Q,-homogeneous.

Problem 5.4.5. Find a term order w on I, such that a Grobner basis F of I, with respect

to w is weakly Q,-homogeneous.

A solution to this problem would allow one to construct the Grobner basis for the cycle
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ideal I, using Theorem 5.2.7. One potential first step is to begin with a Grébner basis G
produced by QIG and then construct a new term order w, which does not come from QIG,
such that G is a weakly Q,,-homogeneous generating set with respect to w. Since weak
Q,,-homogeneity corresponds to homogeneous linear inequalities on w, finding a term
order w just amounts to finding an interior point in the corresponding cone. The existence
of such a term order would immediately allow one to find a generating set for I, using
QIG. To find a Grobner basis one would instead need to compute a Grobner basis for I,
with respect to the term order w and certify that any new polynomials which arise in the
generating set are also weakly Q,,-homogeneous with respect to w.

Another direction for further work is finding other classes of ideals which arise via quasi-
independence gluing. It would be particularly interesting to find ideals which arise via
weakly Q-homogeneous quasi-independence gluing. This is summarized in the following

question.

Question 5.4.6. Are there other interesting families of ideals which can be constructed via
iterated quasi-independence gluing?
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