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3.0 INTRODUCTION

The use of statistical concepts to characterize the variation in
quantitative characteristics has becoﬁe widely accepted as an approach
t6>studying the inhgritance of such characters. The nature of the
variation in quantitative characters, that 18, the absence of discrete
clésses, precludes the-use of classical ggnetic methods of investigating
the inheritance. A knowledge of the mode of inheritancebof characters
is essential to the development of efficient breeding programs for
improvement of organisms. As a rule, however, precise estimation of the
genetic parameters which prove most useful is difficuit and generally
requires very elaborate and extensive experiments. It would be desirable
if.these estimates could be obtained as a matter of course in a breeding
program without extensive special effort.

The evaluation of potential hybfids constitutes a large part 6f
most corn breeding programs. The analysis of variance of all possible“
single~cross hybrids from a set of pafents has been shown to providé
estimates of some of the genetic parameters. It is the purpose of this
dissertation to develop analyées of variance for allbpessible double-cross
hybrids and three-way hybrids from a set of p lines and to determine the

genetic information available from such analyses,



4,0 REVIEW OF LITERATURE

4.1 Correlations between Relatives

The first gemeral treatment of the theoretical genetic correlations
between relatives was given by Fisher (1918). The heritable variation
for a locus was partitiohed into additive variance and dominance variance.
Non-additivity of the effects between loci was defined as epistacy. The
correlations for parent-offspring, full-sib, uncle-nephew, cousin; and
double-first-cousins were treated for random mating populations with
any degree of dominance but no epistacy. The general solution considered
an arbitrary number of alleles. The effects of two-locus epistatic
deviations on the covariances of the above relatives were presented.
Assortative mating and coupling effects were studied.

Wright (1921) proposed the use of the method of path coefficients
for the study of the genetic correlations between relatives in the case
of no dominance or epistasis. Dominance was considered for some special
cases but, primarily, only the additive effects of the genes were con-
sidered. The method of path coefficients did not provide a general,'
treatment of non-additive gene effects so that the covariances between
dominance deviations were not encountered by this method. The parent-
offspring and full-sib correlatioms were givem by Wright (1935) for a
special model in which the value of a secondary character is dependent
upon the deviation from an optimum of a primary character. The cases of

either no dominance or complete dominance at all loci were considered.



Malécot1 (Kempthorne; 1954; 1957) gave a general treatment of the
covariance between relatives for the case of random mating for a single
locus with arbitrary dominance among an arbitrary number of alleles in
1948. The only restriction appliéd‘by Malécot was that of no inbreeding.

The covariance between two individuals was given as
Q Q' 2
( ; Yo, + ¢¢'a§

where ai is the additive genetic varianée, og is the dominanée variance
and § and ¢' are measures of the relationship between the two individuals
for the locus under consideration. ¢ and §' can be used as above only

in the particular case when X s ¥g can be identified as genes contrib-
uted to individuals X and Y, respectively, on one chromosome and Xys

yq as genes contributed to X and Y on the other chromosome with no
relationship between the two chromosomes received by X or by Y, i.e.,
when the sire genes, x_, and the dam genes, x40 are distinct sets.

Then ¢ = P(xg = ys) and ¢' = P(x, = yd), vhere P(xs = ys) is the prob-

d
ability that genes Xg and ys are identical by descent. The more general
~result for the covariance between X = (Ax Ax ) and Y = (A.y A.y )

8 d 8 d

was given as . 2
o

[P, = y,) +B(x; = y) +B(x, = y) +B(x; =yl
FIRGx, =y, Xy =3 +B(x, =y, %, = ys)]crg : (4.1.1)

Anderson and Kempthorne (1954) presented a factorial gene model
which included epistatic parameters for an arbitrary number of loci with

gene frequency of one-half. The model was applied to populations

1Malécot, G., 1948. Les mathematiques de 1l'heredite. Paris,
Masson et Cie.



obtaine§ by successive selfing of a heterozygous indiyidpgl and to pop-
ulations arising from crossing two inbred lines with subsequent crossing
and selfing.

Cockerham (1954) partitioned the hereditary variance of diploid
populations into additive; dominance; additive x additive, additive x
dominance, dominance x dominance and higher order epistatic components
for the case of two alleles at each of an arbitrary number of loci with
no linkage. Correlations between the hereditary deviations were consid-
ered for (1) relatives from random mating populations, (2) relatives from
a self-fertilizing population and (3) offspring from randomly mated
inbred parents. The correlations between the epistatic deviations are
products of the one-factor additive and one-factor dominance correlations
for cases one and three above and for case two when gene frequency is
one-half and the relatives are in the same generation., Hence, the covar-
iance between the hereditary values of two relatives can be expressed
for the above situations as

n

bH pA'qD °§D (4.1.2)
A,D=0
1<A+D<n

vhere p and q are the correlations between additive and dominance devia-
tions, respéctively, A is the number of times additive appears in the
component, D is the number of times dominance appears and n is the -
number of loct.

Kempthorne (1954, 1955a, 1957) presented the same type of analysis
but extended it to include an arbitrary number of alleles for a random

mating population but with no inbreeding. The covariance of any two



individuals was expressed by an extension of Malécot's notation as

T
Aty (¢¢')sc§rns (4.1.3)

where A sppears r times and D appears s times. § and §' are as defined

previously if the sire and dam genes are distinct sets. If sire and dam

2

ficients of ci and a%, respectively, as given in expression (4.1.1).

Horner and Kempthorne (1955) determined the correlation between

t
genes are not distinct sets, $+8 .4 $0' are defined as the coef-

relatives in random mating éopulations for which the gene effects weré
the same for all loci assuming only two alleles per locus and gene fre-
quency of one-half with no linkage. Some of the classical epistatic
models were comsidered.

Kempthorne: (1955b) considered the correlations between relatives
derived from a random méting population by some regular system of in-
breeding. The covariance between full-sibs after n generations of
inbreeding and the covariance between a parent in the nth generation
and offspring imn the (n + 1)th generation were derived for the particular
case of full-sib inbreeding,

The effects of linkage in étudies of correlations between felatives
have generally been assumed absent. Cockerham (1956) studigd the effects
of linkage on the covariances between relatives in random mating pop-
ulations which are in linkage equilibrium assuming absence of positioh
effects. Ancestral covariances were found to be unaffected by 1inkage;
whereas, the covariances not involving ancestral relationships were
affected. The effect of linkage in nonancestral relationships ﬁas to in-
crease the covariance but only in the coefficients of the epistatic compo-

nents and not in the coefficients of the additive and dominance compoﬁents.



4,2 Analysis of Single-Cross Hybrids

The analysis of diallel crosses or the analysis of all possible
single-crosses from a set of lines has been used to obtain information
concerning quantitative inheritance. The methods of analysis have been
varied.

Hull (1946) discussed the interpretation of the constant parent
regression analysis of all possibie single-crosses from a set of
homozygous lines. Epistacy was assumed to be absent. The regression
of the constant parent regression coefficients on the phenotypic values
of the constant parent; b2, was interpreted as an indication of the
degree of dominance.

Criffing (1950) described in detail the constant parent regression
analysis of quantiﬁative genetic data. _W?th no.epistacy, b2 varied
iﬁversely with h, the degree of dominance, i.e., b2 = - %3. However,
with dominance and a multiplicative type epistacy at two 1oci, the
direction of slope and degree of curvilinearity  of b2 was shown to
be dependent upon the particular combination of degree of dominance,

h, and the degree of epistacy;e. For h= 0, i.e.; no dominance; and
ed0, the trend of the constant parent regression values are opposite
to that for dominance alone.

Burdick (1957) presented a constant parent regression model for
multiplicative type epistasis with the aésumption of no dominance. With

this model, b, varied directly with e, a measure of the degree of contri-

2
bution of multiplicative effects, in contrast to the dominance model with
no epistacy in which b2 varies inversely with the degree of dominance.

The sign of e with this model may be either positive or negative. Hence,



if multiplicative type epistasis were the cause of heterosis; b2 could
be either positive or negative depending on the sign of e.

Sprague and Tatum (1942) presented an application of the analysis of
variance technique to the analysis of the n(n-1)/2 single-crosses from
a set of n lines for the estimation of variance due to general combining
ability and variance due to specific combining ability. The expectation
of the mean square for within line groups involved only variance due to
specific combining ability and an error variance.

Yates (1947) presented an analysis_of variance of all possible re-
ciprocal crosses from a set of lines for Fpe following cases: (1) self-
sterility, (2) no self-sterility and (3) self-sterility with incom-
patibility within groups of linesfvadQ?Fivity of parental effects was
assumed but a test for the departq;g_f:om_this additivity was available.

Griffing (1950) péesented a partitioning of the variance among
Fl's within a constant parent group in;o a”basic gene variance, a domi-
nance variance and a covariance between the basic gene effect and the
. dominance effect. It was assumed that epistasis was either absent or
that thé proper transformation had been applied to the data to make
between locus effects and environmental effects additive.

Hayman (1954a, 1954b) included dominance in the model for the
analysis of the diallel set of all nz matings with the following assump-
tions:

(1) Diploid segregation

(2) No difference between reciprocals

(3) 1Independent action of non-allelic genes

(4) No multiple allelism

(5) Homozygous parents



(6) Genes independently distributed between the parents.

Methods for detecting epistacy and for estimating the degree of dominance
were presented.

Dickinson and Jinks (1956) extended this method to include hetero-
zygous parental lines. A method was presented for estimating the degree
of heterozygosity or the inbreeding coefficient and whether dominant
or recessive genes were in excess,

Griffing (1956) suggested the use of the term 'modified diallel”
to designate the diéllel set where the parents are not included. The
analysis of the modified diallel from homozygous parents with and with-
out reciprocal crosses was generalized to include an arbitrary number
of alleles at an arbitrary number of loci with any magnitude of addi-
tive genetic, dominance and epistatic effects. The assumptions’and
conditions necessary for Qalid inductive inferences about the parental
population were presented as follows:

(1) The set of inbreds is a random sample from a population

of inbred lines derived from the parent population by
means of an inbreeding system free from forces which
change gene frequency.

(2) The parent population is under equilibrium conditions

with random mating.

(3) It is necessary to use the "modified diallel'" to obtain

unbiased estimates of population parameters.

The variances of general and specific combining ability were given
explicitly in terms of additive, dominance and epistatic components of
variance. The variance of general combining ability was shown to be equal
to the parent-offspring covariance in a random méting population in

equilibrium,



Kempthorne (1956) removed the assumptions of no epistacy and no
multiple alleles as given by Hayman (1954b) and presented the generalized
expectations of the sums of squares of the amalyses given by Yates (1947)
and Hayman (1954a). The parents were assumed to be homozygous lines
obtained without selection frem a random mating population at equilib-
rium, It was illustrated that only in the absence of epistacy could
information be obtained from the diallel analysis about the original
population. Arguments were presented to show that previous analyses
in which the parents were not a random sample from a random mating
population at equilibrium are not valid.

Matzinger and Kempthorme (1956) extended the analysis of the
"modified diallel" to include an arbitrary degree of inbreeding for the
parents of the diallel and to obtain estimates of the interactions of
the genotypic components of variance and environments.

Kempthore (1957) extended the diallel analysis presented earlier
(Kempthorne, 1956) to include arbitrary inbreeding of the parental

lines,



10

5.0 ANALYSIS OF VARIANCE FOR DOUBLE-CROSS HYBRIDS

5.1 Introduction
The term double-cross hybrid is used to denote the progeny of the

cross of two F. hybrids in which none of the four parents or lines are

1

the same and may be symbolized by (A x B)(C x D). Omitting reciprocal

crosses, there are 3 pC4 different double-cross hybrids possible from

a set of p grandparents or lines, where C = —72*—7; p. = 1.2...pyePq:Pe
: pn  nlp. 2°%1

The notation piis used herein to depote (P - i),e.8., Py = (p - 1).

There are C, different combinations of four ‘grandparents, each combi-

P 4
nation giving rise to three different doublercrosses by changing the
pairing, which will be referred to asAordering, of ‘the grandparents
in the single-cross parents. For example; the three orders or double-
crosses for four lines A, B, C, and D are (A x B)(C x D), (A x C)(B x D),
and (A x D)(B x C).

The analysis of variance presented is of the complete set of 3 pC4
double-~cross hybrids from a set of P lines. It is assumed that the P
1ine; constitute a random sample of all possible lines produced from
some random mating population by some system of inbreeding to an arbi-
trary degree without selection of any form. The only restrictions on
the system of inbreeding are that the inbreeding coefficient can be

determined at any particular stage and that all p lines are equally

inbred.
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5.2 Expectations of Quadratic Forms in Terms of Covariances
The phenotype of the double-cross (A x B)(C x D) grown in the mth
i d d
replication will be denoted in the foilowing derivations by Y(AB)(CD)m
or, in general, Y(ij)(kl)m° The paired subscripts within the paren-
theses indicate the parents of each of the parental single-crosses.
The model for the analysis of variance in such an experiment is
Y,. =4+r +G +e,..
apadme - P T Canan T eupnam (5.2.1)
where '

F,= a contribution common to all entries,

r =a contribution particular to replication m,
G(ij)(kl) = a contribution particular to double-cross
(i x j)(k x 1), and
e(ij)(kl)m = a random deviation of the observation on the

double-cross (i x j)(k x 1) grown in replication m.

It is assumed that e(ij)(kl)m's’ rm’s and G(ij)(kl)'s are independent
random variables with zero means and variances oi, cﬁ and oi, respectively,
and that the e's, r's and G's are uncorrelated with each other. A
constant number of individﬁals in each double-cross progeny in each
replication is assumed.

The expectations of the quadratic forms which will be encountered
can be defined in terms of H?, oii af, and the covariances between the

effects of the particular double-cross hybrids, i.e., the G(ij)(kl)'s°

The expectation of the square of the phenotype of a double-cross grown

in replication m will contain p?J+ cﬁ + cz plus the covariance of the

effect of a double-cross with itself, i.e., cov(G(ij)(kl) G(ij)kl))° The
expectation of the product of the phenotypes of two different double-crosses

in the same replication will contain H? + cf plus the covariance of the
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effects of the}twq~doub1e~cppsse§,Ai.e,z_CQV(G(ijj(kl) G(mh){op))' The

double-erosses grown in different gepLi@aciqn&fW%kl~cqnta;ghp3-ELgs the

covariance of the effects of .the two dowhlé~-eraosses involved.

The covariances between the effects of double-crosses are defined

as listed

Cov1

Cov2

Cov

Cova

Cov

Cov

Cov

Cov

in Table 1. It will be noted that:

the covariance of the effect of a double-cross with itself,
the covariance between the effects of two double-cross

hybrids with all four lines common but in different orders,
the covariance between the effects of two double-cross hybrids
with only three lines common and in the same order,

the covariance between the effects of two double-cross

hybrids with only three linés common but in different orders,
the covariance between the effects of two double-cross hybrids
with two lines common and with the two common lines in
different parental single-crosses in each case,

the covariance between the effects of two double-cross hybrids
with two lines common and with both of the common lines in

the same parental single-cross in each case,

the covariance between the effects of two double-cross hybrids
with two lines common and with the common lines in the same
parental single-crosé in one double-cross and in different
parental single-crosses in the other double-cross and

the covariance between the effects of two double-cross hybrids

with only one line common.

The covariance between the effects of two double-cross hybrids with no

lines common is zero.
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Table 1. Correlations between additive deviations, p, and dominance

deviations, q, of double-cross hybrid relatives

Nomber Correlations
Covariance of lines Inbreeding = F  F = 1
in common P q P q
Covy = Cov [6(; 13 1y Ca gy (kny] 4 F/2 P4 1/2 1/4
Cov, = Cov 614 11y C gy 11y ) 4 F/l2  FX8 1/2  1/8
Covy = Cov 183 13 138t 1) ciemy ] 3 5F/8  F2/8  3/8  1/8
Cov, = €0V 185 13 1%k (jmy ] 3 3F/8  F2/16 3/8  1/16
Covg = Cov [6,4 13 i1y ®imy (kny 2 F/6  F2/16 1/4  1/16
Cov, = Cov [G(ij)(kl)G(ij)(mn)] 2 F/4 0 1/4 0
Cov, = Cov [8; 13 101y iy () 2 ¥ /4 0 1/ 0
Covg = Cov [6; 1+ 113G 1 (moy ] 1 F/8 o 1/8 0
v I8 @y opy] © 0 ° o 0

4 rom Cockerham, C. C. (1957) (see footnote 2, Section 5.3).

5.3 Genetic Expectations of Covariances

In order to express the covariances between effects of relatives

as defined in Section 5.2 in terms of the genetic parameters as defined

by Cockerham (1954) or Kempthorne (1954), it is necessary to impose the

assumption that the p parents are a random sample of lines which would

result by inbreeding some equilibrium random mating population without

any type of selection.

In addition it is necessary to assume no linkage

and equal inbreeding for all parents. Cockerham (1954) indicates that the

assumption of no linkage is necessary only if the parents are partially

inbred (0<F<1). For completely inbred parents, the assumption of linkage
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equilibrium in lieu of no linkage is adequate. With these assumptions,
the covariances between the phenotypes of relatives, if the environments

Y are not correlated, can be expressed as

- AD 2
. > P q oAD(Cockerham, 1954). - (5.3.1)

A,D=0
1<A4D<n
Cockerham2 derived the correlations between the additive and domi-
nance deviations, p and q in expression (5.3.1), for various hybrid
relatives. The correlations for double-cross hybrid relatives are given
in Table 1.
5.4 Partitioning of Sums of Squares

The following notation will be used to indicate the individual obser-

‘ vations and sums which are pertinent to the partitioning of the sums of
squares:
Y(ij)(kl)m = the phenotypic value of double-cross (i x j)(k x 1)

in the mth replication; m = 1,2,...,r; 1i,j,k,1
=1,2,...,p vhere i # j # k # 1.

r

Yap . = Z ¥ @iyn = oo of double-cross (1 x 3)(k x 1)

over r replications.
3

Yijkl, = 5 Y(ij)(kl).= sum of the three orders or double-crosses

involving the combination of four lines i,j,k and 1.

2Cocke'rham, C. C. 1957, Coefficients of the additive and dominance
. components of variance between hybrid relatives. (unpublished).
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P
23

Y = Y , = gum of all double-crosses with

- parental single-cross (i x j) and grandparent k.

3
. Yijk.. = f Y(ij)(k.).= sum of all double-crosses with lines i,j
and k as grandparents.
c
1 32 Py £ all
Y == I = : = sum of a
CE SRR R €S IO PR €& IS 0D
k¢l

double-crosses with parental single-cross (i x j).

P, p,o2 2
Taa . gy Tw e Ty %y Tao gy, T o ot el

‘l' k<1

double-crosses with grandparental lines i and j in

different parental single-crosses.

P
1 2
Y =Y + Y == X Y,.
ije.. GAndc.). ¢ IIGIDN 2k¥=i.,j ijk..
P02 3
= = Y, ., = gsum of all double-crosses
K,1#i,j o (1I&KD.
k<1l

with line i and j as grandparents

? C..
1 5 p3 3 ‘
Y == I Y,. = "X zY,,. = sum of all double-
) ; R 3 j#4 ij... ik, 14 o (1) (k1).
j<k<1

crosses with line i as one grandparent.
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c
P P4 3 :
Y = Z Y = grand total.
g Leee 1,4,k,1 (1) (k1).
1<i<k<1

X

s e 00

Y =

Other pertinent facts regarding-thesersummations.are .preserited in'Table 2.

Table 2. Description of sums pertinent to the analysis of double-cross

hybrids
Sum Number of Number of T:zz; :imzll
observations/sum such sums equals
rpp.pP,P
Y (15) kDym 8 —123 L
PP,.P,P
Y @D, F —123 LI
PP,P,P
Y.. 3r 1723 Y
lelt 24 L B A )
PP.P
Yan ). ¥y —L2 B
Y0 ) 3tp, PP P, 4Y
J 40 '\ 6 “ e
< Tp,p PP
Y 23 1 2y
(ij)("‘)O 2 2 * 0 000
pp
Yy Ga. TPyP3 = “
Y, 3tP,P, PPy 6Y
e o & 2 2 ¢ o8 o
v, TPyPPy ’ »
- ¢ . 2 . 0
Y TPP1PyP4 1 Y
* o 8 . . 8

One possible method of partitioning the sums of squares from all

possible double~cross hybrids grown in r replications in one environment

is presented in Table 3.

The partitions of the sums of squares into
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variance due to replications, hybrids, and error are the least squares
partitions using Model (5.2.1) and are orthogonal. The partitioning
of the hybrid sums of squares was arrived at by largely a trial and
error procedure, it is, however, an orthogonal partitioning. The proof
of orthogonality is long and involved and is not presented in this thesis.
Mean squares are indicated by an asterisk on the letter symbolizing the

corresponding sum of squafes.

5.5 Expectations of Sums of Squares in Terms of Covariances
The expectations of the sums of squares can be derived in terms of
fiz, cr:, 0'2 and the covariances between the effects of relatives as defined
in Section 5.2. These expectations are presented in Table 4 for the un-

corrected sums of squares. The derivation of the expectation of the’

one-line general sum of squares,

P
25Y;
i as s ,
TP1PyP3
will bg presented for illustration. The sum Y1 contains rp1p2p3/?
terms of Y(ij)(kl)m so that Y s will conFain, altogetygr,
rzpipgpglé squares or products‘of these terms. Of these,'rp1p2p3/2

will be squares and ha&e expectation F? + a: + cﬁ +’Cov1. Each of the

rp1p2p3/2 terms will be involved in products with (r-1) like terms in
other replications so that r(r-l)p1p2p3/2 products will have expectation

2

M+ Cov There will be r2p1p2p3 productglbegween double-crosses.with

10
four lines common but in different order. Of these, fp1p2p3 of them will
be between double-crosses in the -same replication with expectation

F? + of + Cov2 and r(r-l)plpzps of them will be between double-crosses in

different replications with expectation y? + Covz.
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Of the 3r2plp2p3p4/2 products between double-crosses with three
.'lines common and in thg same order, 3rp1p2p3p4/2 will be between double-
crosses in the same replication with expectation HZ + ai + Cov3 and
3r(r-1)p1p2p3p4/2 will be between double-crosses in different replications

with expectation HZ + Cov There will be twice as many products involv-

3’ ]

ing hybrids with three lines common but in different order. Hence,
| 2, 2

3rp1p2p3p4 of the products will have expectation pooF o, + COV4 and

3r(x-Dp of them will have expectation V? + Cov4.

1P2P3P4
0f the r2p1p2p3p4p5 products between double-crosses which have two
lines common but in different parental single-crosses in both hybrids,
rp1p2p3p4p5 will be between hybrids in the same replication with the expec-
tation'A + az + Cov5 and r(r- 1)p1p2p3p4p5 will be between hybrids in
different treplications with expectation H + Covs. There will be one-
fourth as many products between hybrids with two lines common but in the
same parental si#gle-cross; hence, rp1p2p394p5/4 will have:gxpectation
#2 + aﬁ + Cov6 and r(g-l)p1p2p3p4p5/4 wiil have expectation V? + covﬁ.’
The number of products between hybrids with two lines common but in
different order will equal the nqmber with the two common lines in
different parental single-crosses; hence, rp1p2p3p4§5 products will have
expectation F? + af + Cov7 and r(r-l)p1p2p3p4p5 will have expectation
H + Cov7
0f the r2p1p2p3p4p5p6/4 products between double-crosses with only
one line common, rp1p2p3p4p5p6/4 will be between double-crosses in the
same replication and r(r-l)p1p293p4p5p6/4 will be befween-dbuble-thsses
in different replication with expectations HZ + a% + Cov8 and PZ + Covs,

respectively.
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There will be no products with expectation y? or P? + a: since all
double-crosses in the sum Yi have at least one line common.

In summary,

b ]
Y :
rpp,pP
+ 3rpp, (Covy + 20ov,) + "24 S(ACQv5:+ Covg + 4Cov,)
pp,PcP | |
4576
+ 2 QOVSO .

The expectations of the sums of squares as partitioned in Table 3
may be derived as simple linear functions, of the expectations presented in

Table 4, i.e., E(Z ax,) = za E(xi).

i
If we define S as the (9 x 1) vector of sum of squares as listed
in Table 4, M as the (9 x 10) matrix of coefficients in Table 4, and

2 2 2
| I "
C' = (x( f ar,cé,Covl,Covz,Cev3,Cov4,Covs,Cov6,60v7,Cov8), then

E(S) = MC.
Further, if we define §£ =(, 8, U, W, T, Vv, X) from Table 3 and N equal
to the (7 x 9) transformation matrix such that §p = NS (i.e., N is the
matrix of coefficients which transforms the uncorrected sums of squares,
S, into the partitioned sums of squares, §p)3 then

E(_S_p) = NE(S) = (NM)C
Each expectation will contain, in addition to the covariances, the degrees
of freedom times ai. The terms V? and af drop oﬁt of the expectations of
all the hybrid sums of squafes. The expected mean squares are then found
by dividing the expected sums of squares by the degrees of freedom, The
mean square expectations are shown in Table 5 in terms of aﬁ'and eight

functions of the covariances.
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5.6 Model of Linear Effects

The development of a model of linear effects.is not essential for
the estimation of genetic parameters. The results of Section 5.3
(the genetic expectations of the covariances) and Section 5.5 (expec-
tations of the sums of squares in terms of covariances) can be used
directly to estimate the components of genetic variance. The develop-
ment of a model of linear effects is necessary, however; for the develop-
ment of tests of significance of various genetic hypotheses.

The effect model presented in this section is the join result of
intuitive reasoning as to what would constitute a logical model and an
attempt to make the linear model compatible with the previously defined
covariances at least in their more apparent features. It is known, for
example, on the basis of genetic expectations of the covariances that
Cov6 = Gov7)'Cov8 (Table 1). It would be most desirable that these
covariances expressed in terms of the components of variance would
follow the same pattern. With these and other conéiderations, the

following is proposed as one possible model of linear effects:

Yoapann =P+ ¥ Capnan ¥ euwn «hm (5.6.1)
=ptr tg 8 +g tg tey, tey + 8,4

+ ik + 859 oty FEy FEy +ty +uijk

o a0 P Vapk T Vant Y Vani

vy Yk Y rap ey T e o (5.6.2)

and e are as defined in

where Y(ij)(kl)m’-rg Tm? G(ij)(kl) (13) (k1)m

Section 5.2 and where



g, =a contribution particular to line i,

a contribution particular to line i and line j

appearing together as a single-cross parent,

a contribution particular to line i and line j

L]
+
T

]

appearing in different parental single-crosses,

a contribution particular to lines i, j and k

[
[

appearing together in any order.
v(ij)k = a contribution particular to lines i, j and k
appearing in the order (ixj)k,

a contribution particular to lines i, j, k and 1

Y1 jk1
appearing as the four grandparents in any order,

= a contribution particular to lines i, j, k and 1

*(13) (k1)
appearing together in the order (ixj) (kxl).

The terms s 8 Kk’ and w will be referred to as one-,

13’ %13 13kl
two-, three-, and four-line general effects, respectively, and tij’

V(ij)k’ and x(ij)(kl) as two-, three-, and four-line order effects,

respectively. It is assumed that effects 87 sij’ tij’ uijk’ and

wijkl are independent random variables with means zero and variances

02, 62, cﬁ, oﬁ and o:, respectively, and that they are uncorrelated with

g’ s
each other,

The effects v(ij)k and x(ij)(kl) may be treated under two differeng
assumptions. In Model A, the effects v(ij)k and x(ij)(kl) are assumed
to be random variables with means zero and variances q3 and'oi, respec-
tively. In Model B, the three 3-line order effects involving the same

gset of three lines and the three 4-line order effects involving the same

four lines are assumed to sum to zero within each set;

26
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that is,
v(ij)k + v(ik)j + v(jk)i = 0 for all combinations of three lines
and
x(ij)(kl) -+ x(ik)(jl) + x(il)(jk) = 0 for all combinations of four

lines.

The variances of the effgcts v(ij)k and‘x(ij)(kl) are defined for Model B

as
2 2 2 2 2
1/2 E(v(ij)k + v(ik)j + v(jk)i) = o&ijk =0,
and
2 2 2 2 2
V2R F*aoan Y ranae’ T %, T %
or '
E(ve, ...) = 2/3 o2, E(v V.. ) = -1/3 o2
(11)k v By Ve g v
2 2 2
E<x(ij)(k1)) = 2/3 O and E(x(ij)(kl)'x(ik)(jl)) = -1/3 T

The covariances between three-line order effects not involving the same
combination of three lines and the covariances between four-line order
effects not involving the same combination of four.lines are all assumed
to be zero.

It should be noted that the two-line order effect, t ., could be

i3
handled under similar alternative models by defining two effects, t(ij)r

and t for example, such that t + Zt(i)(j) = 0. No arrange-

1M’ 13
ment of this system, however, was found which was compatible with the

genetic expectations of the covariances.



5.7 Covariances as Functions of the Components of Variance

The covariances as defined in Section 5.2 may be expressed in terms
of the components of variance as defined in Section 5.6 by taking the
expectations with respect to the model of linear effects. These results

6 8

and Table 6. Hence, at least in this major respect, the linear model of

are presented in Table 6 for Model A. Cov, = Cov7>>00v in both Table 1

effects is compatible with the genetic expectations of the covariances.

Table 6. Covariances between double-cross hybrid relatives
expressed as functions of the components of variance

Coefficients of components of variance

Covariance 62 0,2 02 02 uuz GZ 62
- 8 t u v w .4
Cov, 4 6 4 4 /A 1 1
Cov, 4 6 2 4 0 1 0
Cov, 3 3 2 1 1 0 0
Cov, 3 3 1 1 0 0 0
Cov, 2 1 1 0 0 0 0
Cov, 2 1 o 0 0 0 0
Cov, 2 1 0 0 0 0 0
Covg 1 0 0 0 0 0 0

5.8 Expectations of Mean Squares in Terms of Components of
Variance and Estimation of bomponents of Variance
The expectations of the mean squares in terms of the components of
variance are presented for Model A and Modei-ﬁ in Table 7 and Table 8,
respectively, The derivation of the expectations of the mean squaresv

are straight forward and are not presented here. For the completely

28
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Table 7. Expectations of mean squares with Model A for the analysis
of double-crosses

Coefficients of components of variance

M.S. 2 2 2 2 2 2 2 2 2

o O 5 o) o o o o o

e X v t w u 8 g x
R* 1 0 0 0 0 o 0 0 3 ¢

p 4

G* 1 r 3rp4 2rp3p4 3r 9rp4 9rp3p4/2 rp2p3p4/2 0
S* 1 = 2rp5 2rp4p5/3 3r 6rp5 3rp4p5/2 0 0
U* 1 r TPy 0 3r 3rp6 0 0 0
Wk 1 r 0 0 3r 0 0 0 0
T* 1 r 2rp2' rp1p2/3 0 0 0 0 0
v 1 r rp, 0 0 0 0 0 0
X* 1 ~r 0 0 0 0 0 0 0
E* 1 0 0 0 0 0 0 0 0

random model, Model A, the expectation of the mean squares can be derived
directly by simple substitution of the results in Table 6, where the
covariances are éxpressed as functions of the components, in the results
in Table 5, where the expectations of mean squares are given in terms of
covariances,

It is apparent from the expectations of the mean squares that

exact tests of significance are available only for the hypotheses ai =0,

1 ] ' ]
02 = 0 .and 02 = 0 for Model A and 02’= o, 62 =0, 02 = 0 and 02 =0
w v X w v u

in Model B, Tests of significance of the remaining components are
complex and are approximations., The appropriate F-tests and their

interpretations are presented in Section 5.10.



Table 8., Expectations of mean squares with Model B for the analysis
of double-crosses '

30

Coefficients of cémponents of ‘variance

M.S. 2" 2 2! 2! 2! 2! 162' 2 2!
% % % % % % (8 s %
R¥ 1 0 0 0 0 0 0 0 3 C
. P4
G* 1 0 0 2rp3p4 3r 9rp4 9rp3p4/2 rp2p3p4/2 0
S* 1 0 0 2rp4p5/3 3r 6rp5 3rp4p5/2 0 0
U* 1 0 0 0 3r 3rp6 0 A 0 0
Wk 1 0 0 0 3r 0 0 0 0
T* 1 r 2rp2 rpigzl3 0 0 0 0 0
v 1 r rp3 0 0 0 0 0 0
X¥ 1 r 0 0 0 0 0 0 0
E* 1 0 0 0 0 0 0 0 0

The formulae for the estimation of the various components of
variance for the two models are as follows where the estimate of 02 is
denoted by sz. A prime is used on the component to indicate an estimate

for Model B.

Model A:
2
8, = (X* - E¥%) /r
2
s, = (W - X*)/3rr
8 = (V*‘- X*) /rp
v 3
2 Pg
8 = [Uk - Wk - —(Vk = X¥)]/3rp
u Py 6
2 %p, Py

= 3[T% -~ —= —= X*]
[ Pv* > 1/xp

P
t 3 3 172
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2p p 2p,p 4p,p
82=2[S*—'—-§U*+—&W*-——ﬂ, +—4—5-V*
8 Pg Pg P1Py PyPg
2p,p
45
- X*]/3rp,p
PyPq 45
3p 3p PP

2 3 2 23

s = 2[G* - — 8% 4+ —= U* - W¥]/tp,p.P
g Pg Pg PsPg 234

Model B:

2t 2
-3 =8

X X

2!
5, = (W - E%) /3¢

2' 2
8 = 8

v v

2! e L3
8, = (U* - W )/3rp6
$2'a g2

t t

2'_ o2
88 8
52" g2

g g

Only oé and cﬁ require different estimators in the two models,
Further discussion of the above components will be delayed until after
the expectations of these components are given in terms of genetic
parameters,

Since the analysis as presented is an orghogonal partiti9ning of the
‘Asums of squares, the mean squares are uncorrglg@ed. If the observations
are normally distributed, then each mean square is a sum\of squared
linear funtions of NID variates and is distributed as Ygof with fi
degrees of freedom. Hence, the variances of the mean squares are equal

207 208,)°

to —?i and are estimated by ra—— (Anderson and Bancroft, 1952) where
i : i
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£, indicates degrees of freedom for the ith mean square. The variance of
the estimated components of variance may then be computed by applying the _

rules for finding the variance of a linear function. That is, the

\' _ 2
(= aixi) =3 a; V(X ) +23% % a,a, Cov(X.X

ey 1ty STy

but since the mean squares are uncorrelated,

"2 2
a,(Ms,)
v(‘H )=Z‘.a2 194

(us) £, + 2
For example,
v, 2 = Ljzmed | omd |
(8)) .2{f +2 f'+2J
X r | o 'e
and
[ 2 2 p2 2 2
v, 2 2. LNNA LA -} UL L .
(s) 91,2‘2’ Fuﬁ-z E ¥ 2 pg\fv-rz -fx'+_?

5.9- Components of Variance as Functions of Covariances
between Hybrid Relatives

The expectations of thg mean squares have beep derived in terms of
the components of variance for Mpdels A and B, Tabie 7. and Table 8,
respectively, and in terms of the covariances between hybrid relatives,
Table 5. From these results, the components of variance for the two
models ﬁay be expressed as functions of the covariances between hybrid
relatives;

Model A:
Let §! = (Gk - E*, S% - E¥, Uk - E%, Wk - EX, T* - E%, V¥ - E¥, X¥ - E¥),

2 2. 2 2 2 2
P = (Ux: 0,2 s T Oy Oy U'):
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‘ A = the 7 x 7 matrix of coefficients of the components of variance
in the expected mean squares of Table 7; excluding R* and E*
mean squares and the columns for ci and cf,

B = the 7 x 7 matrix of the coefficients of the functions of
covariances given in Table 5, excluding E* mean square and .
the column for aﬁ, and

Cl = (Cov, + 2 Cov,, Cov

~f 1 2 1 3

4 Cov5 + Cov6 + 4 Cov7, Cov5 + Cov6 -2 Cov7, Covs),

- Covz, Cov, + 2 Cova, Ccv3 - Covl'_,

Then, from Table 7, E(§e) = AP and, from Table 5, E(§e) = Bgf. Hence,
AP = Bgf or P = A-IB_(_:f. This solution expresses the components of

variance in Model A as functions of the covariances between relatives

(Table 9).

. ) Table 9 Cbﬁponents of variance as functions of the covariances
between double-cross hybrid relatives for Model A

Coefficients of covariances
Cov, Cov, Cov Cov4 Covs , Cov6 Cov Go:»v8

Component of

variance 1 2 3 7
o2 o o0 0 0 0 0 0 1
g |
o o o o o 0 -1/3 43 -2
2
oF o o0 o 0 1 1 -2 0
2
o2 6o o0 0 1 -1 0 -2 3
2
o o o 1 -1 -1 -1 2 0
v
o? o 1 0 -4 2 0 b -4
’ o 1 -1 -4 4 2 2 -4 0
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Model B:

2V 2v 2v 2v 2t 2v 2f
Let Q' = (ax, O,s Ops Ty Ty Ogs qg,) and

D = the 7 x 7 matrix of coefficients of the components of variance

in the'expected mean squares in Table 8, excluding R* and E#*

mean squares and the columns for oi and cﬁ. Then, E(§@) = DQ.
Hence, DQ = BC  or Q = D-lngf. This solution is given in Table 10.

, 2 2" 2 2" 2 2
It is apparent from these results that cé = cé, Og = 0gs 0, = 0p»

2 2' 2 2! 2 2! 2 2!
g, =0, and o, =0, but o, # o, and o # g . Hence, changing the def?-
nition of the three- and four-line order effects from random to fixed,
i.e,, Model A to Model B, changes the interpretations of only oﬁ and aﬁ.

Table 10. Components of variance as functions of the covariances
between double-cross hybrid relatives for Model B

Coefficients of covariances

Component of

X

variance Covl Cov2 Cov3 Cov4 | Cov5 Cov6 Cov7 '.va8
t
a: 0 0 0 0 0 0 0 1
2'
o’ 0 0 0 0 0 -1/3 4/3 -2
2'
o; 0 0 0 0 1 1 -2 0
]
aﬁ 0 0  1/3  2/3  -4/3 -1/3 -4/3 3
2'
o 0 0 1 -1 1 a1 2 0
1
qi 13 2/3 -4/3 -8/3 8/3 2/3 8/3 -4
2'
. 1 -1 -4 4 2 2 -4 0
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5.10 Genetic Interpretations of the Components of Variance
and Tests of Significance
- The covariances between double-cross hybrid relatives can be expressed
in terms of the genetic components of variance by function (5.3.1) where
the values of p and q in the function are given in Table 1 for each of the
covariances, The genetic interpretations of the components of variance
can then be derived by applying (5.3.1) to the results of Section 5.5

(Table 9, Table 10). For example,

' n .
02 = 62'=~Cov8 = 3 (%)A(O)D °§D
E 8 A,D=0 '
1<A+D<n
2 3 |
F 2 . F* 2 2
*8%0*t6E %% *t 51290 * - - -

'I' and

2 2
GE oh Cov5 + Cov6 - 2 Cov Cov Cov

7 5 7
FAED 2 _ _FA,D 2 _ _ FAF.D 2
2 3 4
f2 2 2 F* 2
“T6%:1 " 5 %11 %256 %z2%F - - -

The expressions of the components of variance in terms of ome-, two-,
and three-factor genetic components of variance are p:esented in
Table 11.
The genetic interpretations of the effect components of variance
2 2 2

are apparent from Table 11, The genetic expectations of Ogr Oys O s

- ai and ci involve only epistatic components of genetic variance.

t
oi = ci is a function of the dominance x dominance epistatic component

’ of genetic variance énd all three-factor or higher epistatic components

except the all-additive types. Hence, a test of the hypothesis that
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oi = 0 is a test of the hypothesis that thié particular function of the
epistatic variances equals zero. Similarly, the tests that aﬁ = 0 and
a§'= 0 are tests that a slightly different function of the same epi-
static variances equal zero. The functions for Ui and cz'place rela-
tively less emphasis on the higher-factor components than the function
for ai. |

The test of the hypothesis qs = q3'= 0 is a test that a function
involving additive x dominance, dominance x dominance, and all higher-
factor epistatic variances éxcept the all-additive types is equal to
zero, dﬁ'is a function of all epistatic components of variance except
additive x additive epistatic variance and a test of ci'= 0 is a test
of these components. The test of aﬁ =0 is a test of additive x domi-
nance epistatic variance and all higher-factor epistatic variances

]
except the all-dominance types. The test of az = ai = 0 is a test of

]
only the all-additive types of epistasis. The test of af = aﬁ =0 is

a test of dominance variance and all epiétatic variances invelving
dominance in their nomenclature and the test of cz = c§'= 0 is a test
of additive genetic variance plus the all-additive types of epistatic
variance.

Thus, testing the hypotheses that the various effect components of
variance are zero will provide considerable information on the gene
action involved. However, as indicated in Section 5.2, simple F-tests -
are possible only for the hypotheses concerning ui, oﬁ, and a: in
Model A and ail 05; 05: and aﬁ'in Model B unless some of these com-
ponents can be assumed equal torzero, either on the basis of the F-test
or from other genetic informatioﬁ. If some can be assumed equal to zero,

then exact F-tests will be available for more of the remaining components

of variance.
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..8atterthwaite (1946) suggested that a linear function of mean -
squares, Z(ainsi), is approximately distributed as?&z czjf'f with £°
degrees of freedom where

£! = (miusi)z/z(afusf/fi) . (5.10.1)

The degrees of freedom for mean square Msi is denoted by fi' With the use
of Satterthwaite's approximation, two different approximate tests have
been proposed for the cases where no simple error term is available. One
procedure is to construct an error term with the proper expectation as
linear function of mean squares and assume it is distributed as'xgczlf"
with £' degrees of freedom. Satterthwaite, however, has indicated that
caution should be exercised when using this approximatidn if the linear
functiqn of mean squares involves some negative a. Cochran (1951) sug-

gested an F-test whereby negative a, can be avoided by adding all

i
negative terms to both numerator and denominator of the F-ratio involv-
ing the constructed error term. Thié ratio is then assumed t§ follow

the F-distribution with fi and fé
Bancroft (1952) indicated that Cochran's test is more powerful than the

degrees of freedom., Anderson and

first test but whether or not it is enough better to offset the need for
computing two estimated degrees of freedom instead of ome is douﬁtful.
The exact and approximate F-tests are presented in Table 12 for ;he ﬁy-
potheses that the various components of variance equal zero. F is used
to indicate an F-test to avoid confusion with F used to indicate the
inbreeding coefficient. F' indicates an’ approximate test formed by con-
structing an appropriate error term and f" indicates an approximate test
using Cochran's suggestion.

A much simpler system of tests, which are valid F-tests, are availa-

ble but they will not generally yield as much information concerning
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gene action as the tests indicated in Table 12, The error mean square
for the experiment is a valid error term for testing each of the entry
mean squares. The hypotheses being tested, however, are the composite
hypotheées that all genetic components of variance appearing in the
expectation of the respective mean squares are equal to zero. Since the
genetic expectations of the mean squares are independent of the effect
model; the interpretations of the F-tests using the common error ﬁerm
are the same for both models. The tests X%/E*, Wk/E¥, V*/E%* and T*/E*
have essentially the same interpretation as the F-tests of Ehe corre-.
sponding components of variance ai, 05, 03, and af, respectively.

F = UX/E* 1s, however, a test of all the components of epistatic vari-
ance except the additive x additive component. F = S*/E* is a test of
dominance variance 9nq‘a11 epistatic components and F = G*/E* is a test
of all components of genetic variance. The ability to test only the
Qll-additive components of epistatic variance and to test the additive
genetic variance plus only the all-additive epistatic components is lost
with this procedure of testing.

The most powerful test of dominance and epistasis is

8(H - 6)/p(p,P,py - 8)

F=— Ty ——

with p(plpzp3 - 8) and (x-I(3 pc4 - 1) degrees of freedom. The simplest
overall test of epistasis is

S(U+W+V <+ X)/ppzps(p + 1)

Fu=
vith pp,po(p + 1)/8 and (x-1)(3 C, - 1) degrees of freedom. This test,
however, excludes the effects of two-factor additive x additive epistasis.
In order to include these effects in an all-epistatic Eest, the test would

have to be a complex test.
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5,11 Estimation.of Genetic Parameters
Equating the estimates of the components of variance to their
expectations in terms of components of genetic variance gives a set of

seven equations in aigi§l>unknowns, qfo, ogi, U%O’ .:., where n is the
: T ' f

number of loci involved (Table 9). It is necessary to assume a re-
stricted genetic model iﬁ order that the number ¢f unknowns be reduced

to an estimable number. We may assumev(l) additive and dominance effects

2 = G%O + 021, where 02 =

‘but complete independence between loci, i.e., o p

G 0

total genetic variance, (2) additive and dominance effects and only
Carar | S 2_2 .2 .2 .2 .2

dual-factor epistatic effects, i.e., qc %10 + 05 t Ta0 + o1 + 9027

or (3) additive and dominance effects, dﬁg}-fgc;o: epistatic effects and

the 3-factor additive x additive x additive epistatic effects, i.e.,

2 2 2 2 2 .2 2
9 =930 * %1 * 90 * 71 * %2 * T30°

: 2 2

model includes T12° %3
)

there are only six independent equations since E(a:) = E(aﬁ) = kE(cé )

Unless our assumed genetic

or 4-factor or higher epistatic parameters,

for (1), (2), and (3) above. 'Since the expegtations of the mean squares
are independent of the effect mhdel; the same estimates will be obtained
using either effec; Model A or B. . The results from Model A will be used
to derive the estimators for the six genetic variances
oG = 030 + Tgy * O30 * 071 + 0y + Tao;

which assumes no epistatic'effects involving more than two loci other
than additive x additive x additive effects, _The seven equations in six
unknowns to be solved are shown in Table 11 by deleting the iast three

columns and substituting estimates for the components and for the

genetic parameters.
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Two estimates of agz are available from

4 4
2 F* 2 2 F*
8. = 128 802 3 S, = 138 %02

Hence, 652 may be estimated by using either a weighted or unweighted mean

of the two components. Using an unweighted mean, P. = FG or G = F'¥g

1 17
where

L2 2 2 2 2 2
G = (8145 8515 8997 8777 By S30)s

gi = [s:, sz, s:, si, 33, (s§'+ s:)/Z],

and )
Fis o Fies o o F/512
0 o  Fe4 0 0 3F/152

o F%16 0 F/6h F/256 0
F= 19 0 0 F128 0  3F/256

0 0 0 F/128 F%/128 0
o o o o r'ns o |

from Table 9. Then

8/F  -8/F 0 8/3F -8/3F 8/3F

0 o 16/F% o  -32/F%  au/wt
o 64/®® o -324% 382 32582 |

-1 : -

Felo o o 0 128/F° -128/F
o o o . o .o st

3 3 3

0 0 0 256/3F°:-256/3F° 256 /3F

and the estimation equations are as follows:

: 2, 2
2 8 .2 .2..2 2.  Sytsy
S10 = 37 [38g - 38, + 5y -8y + (T O]



b4

2 8 2 2 sé“’i
801 8‘;3 [28° - 4sv + 3¢ 2 )]
2.2
+ s
2 32 .2 2 s X
850 = F2 [28° - s, +s8 - ( 3 )]
2
+ 8
2 128, 2 ,° x
o2, = 842 - 5B
F i
2. 2
o2 2128w " %,
02 = 4 2
F
2. 2
‘ s <+ 8
2 256, 2 2 w X
s30”,‘_,’,53[""; s, + &7

Using a weighted mean of si and si yields a similar set of

equations with the weighted mean substitued for (85 + §§)/2. The vari-
ances for the estimates of genetic variances may be found by applying
the rules for variances of linear functioms, i.e.,

: 2 :
V(Zaixi) = Zai V(xi) + 2§<§aiaj

Cov(xix

3
For example,

V(s2,)= -(-1-_2—2—)—2[6(82) +V 2+ 2ov 2 2]
4F W X WX
It must be remembered that although the individual mean squarés are
uncorrelated, many of the functions of mean squares egtimating‘the com-~
ponents of variance are correlated. Hence, the covariances be;ween

estimates of variance components must be considered in deriving the vari-

ances of the estimates of the gehetic components of variance,
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5.12 Discussion of the Analysis of Double-Crosses

The analysis of variance fofldouble-crosses is parallel in many
respects to the analysis of a p4 factorial experiment. The four factors
in this case are the four positions a liné may take in the pedigree of
a dogble-cross,and the p "1evels" are the p parental lines. This de-
genérates into a partial factorial because of the restriction that a
particular line can occur only once in a particular double-cross. There
are only 3 pc4 combinations instead of p4 as there would be in a com-
plete factorial. The effects of the factors are not distinguishable in
the double-cross analysis so that the one-line general sum of squares is
comparable to the sum of squares due to the pooled main effec:s in a
factorial. Similarly, the two-, three- and four-line general sums of
squares are comparable to the sums of squares due to the pooled two~-,
three- and fouf-factor interaction effects. The order sums of squares
do not have parallels in a factorial analyéis. They are new features
which depend upon the order in which the four lines are combined.

There is lack of complete balance in the double-cross analysis in
that a particular line cannot appear more than once in a particular pedi-
gree. There is, however, balance in the sense thﬁt every line appears an
equal number of times with every other 1ine; There is also a certain
symmetry about the way the lines are combined in the hybrid. This |
balance and symmetry have simplified the development of a model of linear
effects which is compatible with the genetic expectations of the covari-
ances between hybrid relatives.

Considerable information concerning gene action can be obtained from
the analysis of doublg-cross hybrids under the assumptions as stated.

Direct F-tests are available for different fractions of the genetic
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variance including several all epistatic fractions. A qualitative com-
parison of the relative importance of the different types of genetic
variance may be obtained from these tests. F-tests are available for the
detection of dominance plus epistatic variance and for the detection of
all components bf epistatic variance except the additive x additive com-
ponent. “A complex function is necessary in ordefdto test all components
of epistatic variance with a single F-test, A quantitative estimate of
additive genetic variance, dominénceﬂvariance and four epistatic com-
ponents of genetic variance can be obtained as shﬁwn»in Section 5.11 if
all other epistatic components are assumed to be equgl to zero. The
bias, if this assumption is not valid; is not likeli to ﬁe large; if the
fé;r epistatic parameters est;mated'are the three two-fgggbr components
‘and the three-factor additive x additive anddigive coﬁpoﬁent; since the
#oefficieﬁts of the higher order comﬁoﬁents of eéiséaﬁié variance in most
cases-de&rease in #ize prtdly as order increases. The relatively small
size of the coefficients of ﬁhe genetic variances in Table 9 may cause
some difficulty in obtaining enough precision to detect two-factor epi-
stasis, even if it is an important part of total genetic variance.

The variances due to the interaction of the various hybrid effects
with replications have been assumed to be equal in this anaiysis and have
been pooled into a single error sum of squares. It is possible and may
be des%rable, if there are reasons to believe inequality exists; to par-
tition fhe error sum of squares into interaction sums of squares corre-
sponding to the partitioning of the hybrid sums of squares.

The analysis of variance for double-cross hybrids as ﬁresented was
for T replications in one environment. This can readily be e#tended to

include tests over years and locations with a more complex model. It
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would be desirable in the extended anaiysis ;o partition the sums of
squares due to the interaction of hybrids with years, locations and years
x locations into the sums of squares due to the interaction of each of
the separate effects defined in the linear model with years, locations
and years x locations. These interaction components may be different.

If so, they will have different biological interpretations as they do in
the analysis of single-cross hybridsr(Matzinger, et al,; 1959).

A serious limitation on the practical usefulness of this analysis
is the rapidityxyith which the number of double-crosses increases as p
increases. The degrees of freedom indicate that p = 8 is a minimum
number of parents which can be used for a complete analygis since there
will not be any degrees of freedom with which to estimate W* if p<7.
Thus, 210 entries, p = 8, are required for a complete analyéis. 1f
p = 9, there are 378:doub1e-crosses and if p = 10, there are 630 double-
crosses., from a practical standpoint, p = 8 or p = 9 are probably
upper bounds on the number of parents for the complete analysis of

double~crosses.



6.0 ANALYSIS OF VARIANCE FOR THREE-WAY HYBRIDS

6.1 Introduction
The term three-way hybrid is used herein to denote the hybrid

progeny resulting from the cross of a line with the F, of a cross of

1
two other lines and may be symbolized by A(B x C). Omitting reciprocal

crosses, there are 3 pc3

set of p lines. Any one of the three parents in a particulér combination

different three-way hybrids possible from a

of three lines may appear as the single parent in the hybrid so there
are three order hybrids for each combination of 1ines; For example, the
three orders or three-way hybrids for the lines A; B; and C are A(B x C),
B(A x C) and C(A x B).

The analysis of variance presente@ is of the complete set of all
three-way hybrids from a set of p random lines. The p lines are; as
in the double-cross analysis, assumed to be a‘random sample'of lines
derived from a random mating population. It is assumed that all lines

have an equal but arbitrary degree of inbreeding.

6.2 Expectation of Quadratic Forms in Terms of Covariances"
The phenotypé of the three-way hybrid A(B x C) grown in the mth
replication in one enviromment will be denoted in the following deri-
The subscripts within the

vations by or, in general, Y

Ya(BO)m 1(k)m’
parentheses denote the lines which form the single-cross parent and the
single subscript before the parentheses denotes the single pérent in
the three-way cross.

The model for the analysis of variance is

Yi(jk)m =ptrt Gi.(jk) + &1 (jk)m (6.2,1)
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where
po=2 contribution common to all entries;
r =a contribution particular to relecatioﬁ m,
Gi(jk) = g contribution particular to three-way cross i(j x k),
and ei(jk)m = a random deviation of the observation on the three-way

~cross 1(j x k) grown in replication m.

. It is assumed that the e 's, rm's and G, 's are independent

| 1(jk)m (k)
rgndom variables with zero means and variances éig oi and aﬁ, respec-
tively, and that the é's, r's and G's are not correlated with each
other. A constant number of individuals in each hybrid progeny in each
replication is assumed.

The expectations of the quadratic forms which will be encquntered
can be defined in terms_pflpz,"az, cf and the covariances between the
effects of the three-way hybrids, i.e., the Gi(jk)'s‘ ihg expectation
of the square of the phenotype of a hybrid grown in replication m will
contain F? + c: + ci plus the qova&iance of the effect of the three-way
hybrid with itself, The expectation of the product of the phenotypes of
two different hybrids grown in the same replication will contain P? + cg
plus the covariance of the effects of the tﬁo three~way hybfids. The
expectation of the product of the phenotypes of the same or different
hybridg grown in different replicatiom will contain ,..Lz plus thé' covari-
ance of the effects of the two hybrids involved.

The covariances between the effectsAof three-way crosses are defined
as listed in Tabie 13, It will be noted that:

Cov, = the covariance of the effect of a three-way cross with

1
itself,
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Table 13, Correlations between additive deviations, p,_ and dominance
deviations, q, of three-way hybrid relatives

Number ’ Correlations -
Covariance igfci:ﬁ:: lIn;reeding ZF N Fio= 1#q
Cov, = Cov [6; (11G; (yy] 3 | wn w42 3 1/2
Covy = Cov I8, (1133 (s1cy] 3 sE8 FE4 58 /4
Covy = Cov [6; (1136, (51y] 2 sF/8 F4 578 1/4
Cov, = Cov [6; ¢y 1C, (s3] 2 F/2 P 12 1/4
Covg = Cov [&; (311G 1 y)] 2 3F/8 0 38 0
Covg = Cov [6; (311G p] 2 F/4 0 1/4 0
Cov, = Cov [Gy (3G (] 1 F/2 0 1/2 0
Covg = Cov [Gi(jk)Gj(lm)] 1 F/4 0 1/4 0
Covy = CoV Gy (116 (] 1 F/8 0 1/8 0
0 0 0 0 0

8rrom Cockerham, C. C. (1957) (see footnote 2, Section 5.3).

Cov, = the covariance between the effects of two three-way hybrids

2
with all three lines common but in different orders,

COV3 = the covariance between the effects of two three-way
hybrids with two lines common and with the same line
as the single parent in both hybrids,
COV4 = the covariance bgtween the effects of two three-way
hybrids with two lines common and with a different line

as the single parent in the two hybrids,
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Cov_ = the covariance between the effects of two three-way
hybrids with two lines common and with one of the lines
the single parent in only one of the hybrids,

Cov, = the covariance between the effects of two three-way

6
hybrids with two lines common and with both the lines
as a single-cross in both hybrids,
Cov7 = the covariance between the effects of two three-way

hybrids with one line common as the single parent
in both hybrids,

Cov, = the covariance between the effects of two three-way

8
hybrids with one line common but with the common line
as the single parent in only one hybrid and
Cov9 = the covariance between the effects of two three-way

hybrids with one line common in the single-crosé
parent in both hybrids.
The covariance between the effects of two three-way hybrids with no lines

common 1is zero.

6.3 Genetic Expectations of Covariances

In order to express the covariances between three-way hybrid rela-
tives in terms of the genetic parameters as defined by Cockerham (1954),
or Kampthofne (1954), it is necessary to impose the same éssumptions as
given in Section 5.3 for the covariances of related double-cross hybrids.
With these assumptions, the cdvariances between the effects of relatives,
if the environments are not correlated, can be expressed by equation
5.3.1, The correlations between the additive and dominance deviations,

A Sate



p and q, respectively, in equation 5.3.1, were derived by Cockerham

(see footnote 2, Section 5.3) for various hybrid relatives and are pre-

sented in Table 13 for three-way hybrid:relatives,

6.4 Partitioning of Sums of Squares

The notation for the observations and various sums which will be

encountered in partitioning the sums of squares are defined as follows:

Y5 (Jom

YKy, =

Y

Gy,

Yup. = kii,j Ye(1y).

Y

1k,

ij..

=2ZY
o 1(jk).

= Z
k#i, |

*YHao. T hao. T han. T

= the phenotypic observation on three-way cross

i(j x k) grown in replicationm. m = 1,2,...,r;
i, j, k=1,2,..., p; L #j # k.

r
2 Yigom
hybrid 1(j x k).

= sum over replications of the three-way

3
= sum of the three orders of hybrids involving

the combination of lines i, j, and k.
Py

Y
i(jk).

as the single parent and line j appears in the single-

cross parent.

P
2
= sum. of all hybrids in which lines i and

j appear in the single-cross parent.

Py
z
k#i,j

hybrids in which lines i and j appear in any order.

Yijk. = gum of all

52

= gum of all hybrids in which line i appears
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Py P, 2
1
Y == I Y = I X = sum of all hybrids in
i(.g')- 2 j#i i(jo)u j,k#i i(jk).
i<k
which line i appears as the single parent.
G
P P12
Y = Z X = I Y,,, = sum of all hybrids
L), 41 (13). j,kéi o jik).
j<k
in which line i appears in thersingle~cross parent,
| c
Py P2
L sy oy
Y =¥ +Y = =
ioo. i(a.)o Q(io)c 2 j#i ijot j,k%i ijko
i<k
= sum of all hybrids in which line i appears.
c
LYy Py d total of all
Y = = = I Y = grand total of a
se e 3 i i.,.. i(j(k .i.jk- t )
observations.

Other pertinent facts regarding these sums are given in Table 14,

One ppssible partitioning of the sums of squares from all possible
three-way hybrids from a set of p parents grown in r replications in |
one environment is shown in Table 15. The sums of squares for repli-
cations, hybrids, and error are the ordinary least squares partitions
for these effects using Model (6.2.1) and are orthogonal. The parti-~
tioning of the hybrid sum of squares is the‘result of largely trial and
error procedures. The partitions are, however, an orthogonal set. The
proof of orthogonality is long and involved and is not presénted in
this thesis. _

This system of partitioning appears logical and closely parallels

the double-cross partitioning with twp‘exceptions. First, it is possible



Table 14, Description of sums pertinent to the analysis of three-way
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hybrids
Number of Number of Total of all
- Sum such sums
observations/sum such sums
equals
i(jk)m 2 seo0e
‘ PP4P
¥ : r —12 Y
i(jk). 2 c et
Yijk. 3r 6 Y'Q..
Yi(j.). rp, PPy ,,ZY.“.
PP,
I Py E L.
® PPy
Yij e 3rp2 T 3Yu s
rp,P
172
Yi(..). 2 P Y.”!
. PP P x ...
3rp.p
—12
Yio o.n 2 p 3Y....
PP, P
Y ; : 1 Y

in the three-way partitioning to identify two different types of one-~

line sums, i.e., Yi( ) and ¥ (1.’ givingvrise to one-~line general

and one-line order sums of squares.

order sums Y

i(j.)i

‘and Yj(i.).

This was not possible in the

are distinct sums and give rise to an

double~cross analysis., Secondly, in the three-way analysis the two-line
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additional source of variance, the variance of the difference between
these two sums. In the double-cross partitioning, Y(i YR = Y(j.) ().

so that this source of variance does not exist.

6.5 Expectations of Sums of Squares in Terms of Covariances

The expéctations of the sums of squares in Table 15 can be derived
in terms of H?’ oﬁ, oi and the covariances between the effects of rela-
tives as defined in Section 6.2 in the same manner as illustrated in
the analysis of double-crosses. The expectations for the uncorrected
sums of squares are presented in Table 16.

The expectations of sums, of équares as partitioned in Section 6.4
may be derived from the results presented in Table 16 by applying the
rules for the expectation of linear functions. If we let § be the
(10 x 1) column vector of uncorrected sums of squares in Table 16, C
be the (11 x 1) column vector of'(rF? + of, ai and the nine covari-
ances, and M be the (10 x 11) matrix of coefficients in Table 16, then
E(S) = MC. Letting §p be the (7 x 1) column vector of partitioned hybrid
sums of squares, i.e., §; = (G, S, U, H, T, D,VV), and N be the trans-
formation matrix such that §p = NS, then E(§p) = NE(S8) = NMC. The
coefficient of aﬁ in the expectation of each of the sums of squares is
the degrees of freedom for the sum of squares. The expectations of the
mean squares are_then found by dividing by degfeés of freedom. The ex-
2

pectations of the mean squares are presented in Table 17 in terms'ofﬁdé

and seven functions of the covariances.

- 6,6 Model of'Lineax Effects
It is important fo recognize that the development of a model of

linear effects is not essential for the estimation of genetic parameters.
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The results of the previous five sections can be used directly to esti-
mate the components of genetic variance. A model of linear effects is
.necegsary; however, in order to develop tests 6f significance of various
genetic hypotheses. As in the double-cross analysis; the model of
linear effects which is presente§ is only one of the possible models
which could be used. The model as pfesented closely parallels the model
of linear effects for Fhe double-crosses (5.6;2)'with.few exceptions,
The effect g, @s defined here; has apprdximately the same genetic inter-
pretation as the effect 8 for the double-crqss model but does not have
the same statistical definition., Additional effects, hi and di(j)’
have been added to the model of linear effects for three-way crosses to
account for the extra sources of variation described in Section 6.4.

The following model of linear effects appears reasonable for the

analysis of three-way hybrids:

Y mm = K T * S * % gion (6.6.1)
>= rL+ rm + Zgi + gj + 8 + hi + sij-+ 8.k + sjk
+ tij + ty di(j) + di(k) + Y ik '*:V-i(jk)
+ ¢ (om (6.6.2)
where Y, (yos WTy, and e (1op 8T def»iné_dAv in Section 6.2

i(jk)

and where
g =a basic céntribution particular to line i appearing
as any one of the parental lines,

8y + h, = an additional contribution particular to line i appearing

i
as the single parent,
sij = a éqntributidn particular to lines. i and j appéaring

together in the three-way hybrid,
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t,, = an additional contribution particular to line i and

ij
line j appearing together. with one or the qther as
the single parent;
di(j) = an additional contribution particular to line i and
| line j appearing together with line 1 as the single
parent,
uijk = a contribution particular to lines i, j, aqd k
appearing together regardless of the order,
and Vi(jk) = an additional contribution particu;ar to lings i, i,
and k appearing in the order i(j x k).
It is assumed that the e 's are uncorrelated with mean zero

i(jk)m
and variance oﬁ and that there :18: a constant number of individuals in

each plot. The terms g;s hi’ sij’ tij’ and uijk are assumed to be random

2 2 2 2

variables with zero means and variances og, Ops 992 O and o,» respec-

tively. The use of g + hi to represent the additional effect due to
: *
line i being the single parent is synonymous with defining an effect hi to

* %
represent this contribution where hi =g t hi' - However, hi and g; are

*
then correlated with Cov (hi’ gi) = Cov (gi + hi’ gi) = 02 and

4
* 2. 2
Var(hi) = Var (gi + hi) cé + % Hence, the use of g + hi gives
effects which are uncorrelated. The terms d and v may be
1(3) i(jk) "

treated either as completely random variables with means zero and vari-

ances oi and oﬁ, respectively, or with the restrictions that

for all ij combinations and

G =" Y

Vi(jk) + vj(ik) + vk(ij) = 0 for all ijk combinations, respectively.
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It was illustrated in the double-cross analysis that the choice of the

model, in.so far as random or fixed effects were concerned, had no affect

on the information obtained from the analysis concerning genetic param-

eters.

Thus, for the analysis of threefway hybrids, only one model will

be used; that model assuming all effects to be completely random and

indepe

ndent variables.

6.7 Covariances as Functions of the Components of Variance

The covariances as defined in Section 6.2 can be expressed in terms

of the

effect components of variance (Section 6.6) by taking the expec-

tations of the respective quadratic forms in terms of the model of

linear

T

effects, These results are presented in Table 18.

able 18. Covariances between three-way hybrid relatives
expressed as functions of the components of variance

Coefficients of components of variance

Covariance o; cﬁ Gi U§£ °§ Uﬁ 03
Cov, 6 1 3 52 2 1 1
Cov, 5 o 3 1 0 1 0
Cov, 5 1 1 1 1 0 ]
Cov, 4 o 1 1 o 0 0
COV5 3 0 1 0 o 0 0
Cov, 2 0 1 6 .o 0 0
Cov, 4 1 0 0 o 0 0
Covg 2 o o0 0 0 0 0
Cov 1 0 0 0 0 0 0
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It would be desirable for the linear effects model to be compatible
with the genetic expectations of the covariances as defined in Section ...
6.2, However, by the genetic expectations, Cov6 = 00v8 and c°v2 = 00v3.
These equalities are not satisfied by the model of linear effects. No
way was found té reconcile these differences with a linear model. It
appears that a non-linear model would be necessary to completely describe

the situation in the analysis of three-way hybrids.

6.8 Expectations of_Mean Squares in Terms of Components
of Variance and Estimation of Components ofIVgriance
The expectations of the mean squares in terms of the effect compo-
nents of variance are presented in Table 19. The detalled derivations
of the expectations of the mean équares are not presented here. They
may be derived either by the usual method of taking expectations of
quadratic forms or by substituting the results of Table 18 in Table 17.
In most of the following derivatioms, including the results presented in
Table 19, the components of variancé az and cﬁ are grouped so as to
present a variance due to average one-line effect, cﬁ, and a variance
due to one-line order effect, oﬁ* = uﬁ + c:. This makes the derivations
simpler, since these variances coincidé with particular sources of vari-
ation in the analysié of variance.
The estimators for the effect Componeﬁts of variance can be deter-
mined by inspection from Table 19. 'TheyAafe as follows with the esti-

mate of,cr'2 denoted by 32:

[

s = (V& ~ E%)/r

= (U% - V%) /3r

RN BN <

= (D% - V*)/rp3
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2 P1 . 2, "
s, = 3('1.'* - §-p—3- D‘ - -3—5;-V)/2rpl
. 9 2p4

85 = [S% - U - —2(T* - V¥)]/3rp

8 | pl 4 ) 4

2 246 = 3(mk - BTk - ! D¥ 4+ — V%) /rpp.. and
Spx” S T 8y T2 T T, T Tep, PP, &

, 2p P 3p P P
2 Py 3 3 2 P2 2 s
= 2(G% - == Hk - —2 Sk 4 —2— Tk 4 —2 Dk o —2 Uk - —=y%y/,

g TG -H W P, 4p, — T dp P, 2o, 7/7TPoPy

Table 19.

Expectations of mean squares for the analysis of three-way
hybrids .

Coefficients of components of variance

2 .
2 2 2 ; 2 L 2 2 2 2
M.S. o, O, o4 o, ) P* ’ %, Og ué O
%L +AS§
R* 1 o0 0 0 0 0 0 0 3 ¢
P 3
G* 1 4rp3/3 8rp3/3 rp2p3/6 3r 6rp3 5rp2p3/2 0
S* 1 r 2rp4/3 4rp4/3 ] 3x  3rp, 0 0
U* 1 = 0 0 0 3r 0 0 0
H* 1 r r(5p-9)/3 rp/3 Arpp2/3 0 0 0 0
™ 1 rp, /3 2rp, /3 () 0 0 0 0
D¥ 1 r o, 0 0 0 0 0 0
v 1 r 0 0 0 0 -0 0 0
E* 1 0 0 o o 0 0 0 0
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In lieu of estimating a:, which has an extraordinarily complex estimator,

we may estimate oﬁ + 156§,= cﬁ + 1602 as follows:

)

2 2 P3 Py
16 = 6(Ck - —= g% - Uk
Sg + sg ( ) p[" s + P4 V)/rp2p3

This is a much simpler estimator and, consequently, has a smaller
variance, | |
The variances of these estimators can be approximated as éhown in

Section 5.8 in the double-cross analysis.

6.9 Compénents of Variance as Functions
of cgvariances between Hybrid Relatives
The components of variance can be expressed aé functions of the
covariances between hybrid relatives ﬁy use of the expectations in
Table 17 and Table 19. In matrix notation, E(§§) = AP,
vwhere
§! = (G* - E¥, S% - E%, U% - EX, H* - E¥, T - E¥, D¥ - EX,
wewy, B o
A = the (7 x 7) matrix of coéfficients of the components of
variance for the expectations of the mean squares in Table 19
omitting mean squares R* and E* ﬁhd the columns for a§ and
cf and

2 2 2 2 2 2 2
L . -
_g = (O.V, O‘d, O‘t, O'h*, o‘u, O'B, Gg) . Also, E(S ) BCE where

B = the (7 x 7) matrix of coefficients of the functions of
covariances in the expectations of the mean squares in

Table 17 omitting mean square E¥* and the column for aﬁ and
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C! = (Cov + 2Cov 6

(9 + Zcovz, Cov, - Covz,‘ZCov + 4Cov5 + Cov

1 3 4
+ COV4 - 400v5 + 200v6, Cov7 + 4Cov8

1

Cov3 - Cova, Cov3

Y+ 4Cov9, 00v7 - 2Cov8

Then AP = BC_ or P = A’lngf.

Note that P = A'1E(§e) or A"l is the transformation matrix giving the

+ Covg).

estimators of the components of variance. Hence, Afl may be written

from the estimation equations in Section 6.8. Thus,

- -
0 0 0 0 0 0 1
0 0 L0 0 0 1/p3 -1/p3
Al.1 0 o 0 0 3/2 -1/2p., -=p, /p:p
* y - 1 P3 ""R4/PiPsl
0 0 1/3 0 0 0 ~1/3
0 1/3p, -1/3p4 0 -2/3p1 0 2/3p1

A rearrangement of the product matrix (A-IB) is given in Table 20.

6.10 Genetic Interpretations of the Components
of Variance and Tests of Significance

The covariances between three-way hybrid relatives can be expressed
in terms of genetic components of variance from Table 13 by expression
‘(5.3.1). The genetic interpretations can then be placed on the compo-
nents of variance from the relationships shown in Table 20. These are
presented in Table 21 up to and including the three-factor epistatic
components of variance.

The interpretations for various tests of significance are apparent
from Table 21.  The componenﬁ cf is;a function of additive x dominance

epistatic variance and all higher order epistatic componenfs except the
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Table 20. Components of variance as functions of the covariances
between three-way hybrid relatives

_Coefficlients of covariances

Component of

variance COV1 Covz' Qoﬁs ' Coya Cov5 »Gov6‘ 00?7 vas Cov9
0': o 0 0 o 0 o o0 2/5 1/5
2
Ohk o -0 @ 9o 2 o 1 -2 1
o? 0 0 0 0 4/3 -1/3 0 -4/3 -2/3
2
o7 0 0 0 1 -2 1 0o o 0
2
o? 0 0 1 -1 o 0o -1 2 -1
2
o2 0 1 0 -1 -2 o0 o 2 1
03 1 -1 -2 1 2 -1 1 -2 1

-all-additive types. Hence, the test of the hypothesis that ci =0 1is a
test that this particular combination of epiétatic components of variance
is. equal to zero. The tests of the hypotheses 6& = 0 and cﬁ = 0 are
tests that the additive x dominance and all higher epistatic components
of variance except the all-dominance types are equal to zero. The test
of cﬁ = 0 gives relatively more weight to ﬁhe three-factor all-additive
epistatic component than the test of 02 = 0,

The test of the hypothesis cf = 0 1s a test of all components of
variance except additive gemetic variance., The test of og =01is a
test of the all-additive types epistatic variances.

The tests of the hypotheses that cﬁ* = 0 and cé = 0 are tests of
additive genetic variance and the all-additive epistatic components of

variance with the latter giving considerably more weight, relatively,

to the additive component of genétic variance.
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Hence, considerable information can be obtained concerning gene
action from the tests of the hypotheses that the various components of
variance equal zero., It is evident from Table 19 that simple F-tests
are available only for the hypotheses that 03 = 0, a§7= 0 and ag = 0.
The remaining tests make use of Satterthwaitg's approximation as ex-
plained in Section 5,10. ‘The exact and approximate F-tests for the
various hypotheses are given in Table 22. The difference between the
tests F' and F" is explained in Section 5.10. F is used to indicate
an F-test in order to avoid confusion with the F uéed to indicate the
degree of inbreeding.

Another system of F-tests is available in which all the tests are
exact tests but which will not generally yield_gs much information con-
cerning gene action as the tests indicated in Table 22. 'As in the
double-cross analysis, the error mean squaﬁe is a valid error term for
testing all of the hybrid mean squares. The hypotheses being tested,
however, are the composite hypotheses that all genetic components of
variance appearing in the respective mean squares are equal to zero.

As a result, the interpretations of the tests will be considerably
different from those in Table 22. The test F = Vk/E* is the same test
as for the hypothesis 03 = 0, F = U*/E* and F = D*/E* are, however,
tests of all epistatic components of varianqe exceﬁt the two-factor
additive x additive component. F = T#*/E* is a test of all‘components

of genetic variance except additive géneéic variance, F = S*/E* is a
test ofvthe same hypothesis with relativély more weight giveﬁ té the

all additive types of epistasié. F = H&/E* and F = G*/E* are both tests
of all components of genetic variance with the 1atter>gi§ing relatively

more weight to the additive genetic variance component. It is apparent’
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that this system will not generally yield as muqh information. For
example, the ability to test only the all-additivé types of epistasis
and the ability to test additive genetic variance'plus only the all-
additive types epistasis are lost.

The most powerful test of dominance and epistasis is

_2AS+T+D+U+V)/(p + 1) (% - bp + 2)
| - ,

F

with (p + 1)(p2 - 4p + 2)/2 and (r - 1)( 3 pC - 1) degrees of freedom.

3
The simplest most powerful test for epistasis is

H ___2_@+U+V)/(I>3 - 592'4-41: + 2)
= 5 £

3" 1) degrees of freedom.

This' test, however, does not include the two-factor additive x additive

with (p> - 5p? + 4p + 2)/2 and (z-1)(3 .

épistatic deviations. In order to include these deviations in a single

all-epistatic test, the test must be complex and an approximation,

6.11 Estimation of Genetic Parameters

There are two approaches availgh}e for estimation o£ the genetic
components of variance. One aﬁproach is to fit by least squares proce~
dureé progressively more complex models to the estimated components of
variance until no significant deviation from the model is obtained. The
.components of genetic variance are then estimated as the regression
coefficients in the particular models.

Another method of estimating the genetié pgraméters 1s to equate
~Ehe estimates of the components of varianée to ﬁheir'expeggapions in
terms of Ehe.ggnetic parameters and solve.the set of5é4uations. However,
since the number of éenetic parameters invoiyed in the expectati&ns is

n(n + 3)/2, where n is the number of loci, a restricted genetic ﬁqdel
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must be asgumed in order to reducé the number of parameters to an
estimable number. 1In the three-way analysis there are seven equations
but a dependency exists among them such that‘thére are only six inde-
pendent equatiqns. Hence, only s;x genetic parameters may be estimated.
An independent set of six equations can be formedybydadd;ng:sgaandifi.
This set will allgw estimation of the parametgrs for the model

2 2 2 .2 2 2 2
9 = 910 ¥ %91 T Tp0 * 9q1 * Tppr* T3¢0

where cé is total genetic variance, which assumes no epistatic effects

involving more than two loci other than additive x additive x ddditive

effects. For this genetic model, P=FGor G =TF 12, where

2 2 2 2 2 2.2 2
P' = (sh* + 15sg, Spws Sg0 Spo 8q 8. sv),
2 2 2 2 2 2
"= .
E' = (5192 8912 830* 5117 S22 S30)
and o
- ; : 2 3,
2F 0 9F2/16 0 0 25F>/128
F/8 0 or?/64 0 0 49F’/512
0 0 w296 0 0  11F3/256
F o= 0 % P2 s v 9r/2s6
0 0 o F/16 0  13F°/128
| 0 0 o P32 Fis 0

from Table 21,



Then

[ 0.30/F

-1,89 /F%
1.73/82
4.76/%°

-1.19/F%

-2,93/F°

3.19/F

30.17/F2

-27.61/F*

-76.13/F°
19.03 /5%

46.85/F°

-8.47./F
-45.35 /F>
53.65/F>
110.12/F>
-27.53/8"
-67.76/F°

and the estimation equations are as follows:

s2
10

s2
01

2

820 °

s2
11

s2
02

s2
30

2 2
= [0.30(sh* + 15sg) + 3.19s

2
= [4.76(sh* + 158

2 2 2
[-1.89(sh* + 1533)_+ 30.17sh* -45,35s
2,,.2
- st]/F

2
[1.73(sh* + 15s

ny 2 2
[-l.lg(sh* + 158g) f 19.03s

2
h

2
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For these estimation equations, the simpler estimator, si* + 1538, is

used in lieu of s:. The alternative, set of equations can be derived

directly from these by fearranging the coefficlents of sﬁ* andksg. The

variances of these estimators may be aﬁproximated as shown in Section

5.11.
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6.12 Discussion of the Analysis of Three-Way Crosses

The analysis of variance for three-way hybrids may be compared to
the anglysis of a p3 factorial experiment. The three factors are the
three positions a line may take in the pedigree of the hybrid and the
P levels are the parental lines., This is not a complete factorial
because of the restriction that a particular line cannot appear more
than once in a particular hybrid. There are only 3 PC3 combinations
instead of p3 as there would be in a complete factorial. The effects
of the factors, i.e., the positions of the lines in the pedigrees, are
not distinguishable so that the one-line general sum of squares is
comparable to the sum of squares due to the pooled main effects of the
factors in a factorial. Similarly, ﬁhe two-’and three-line general sums
of squares are comparable to the sums of équ;res due to the pooled two-
and three-factor interaction effects, respectively. The order sums of
squares are new features which dépend upon the order in which the four
lines are combined,

There is lack of complete balance in the three-way analysis, since
a particular line may not appear in a pedigtee with itself., There is,
however, balance in the sense that each line appears an equal number of
times with every other line. Because of the asymmetry of the three-way
hybrids no iinear model has been found as‘yet which is compatible with
the covariances. The inability to reconcile the model ang the covari-
ances is apparently due to the inability to find a linear function the
square of which will reconcile itself with all possible quadratic forms.

Qualitative estimation of the importance of various functions of
the components of genetic variance, including several all-epistatic

functions, is available from the F-tests in the three-way analysis of
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variance. Tests for deviations from an additive model and from an
additive plus dominance plus additive x additive model are available.

No simple test for deviations from an additive plus dominance model was
found. Quantitative estimates of additive genetic variance, dominance
variance, the two-factor epistatic vériances and the three-factor all-
additive epistatic variance component are obtainable if all other com-
ponents of epistatic variance are assumed equal to zero. There will be
gsome blas in the estimates if this assumption is not valid. This bias
may under some conditions be quite 1arge; if epistatic variance is im-
portant, since some of the coefficients of the higher epistatic compox |
nents in the genetic expectations of the effect components of varianéé
are of about the same magnitude as the coefficients of the estimated
compbngnts.

The variances due to the interaction of the various hybrid effects
with replications have been assumed to be equal in the three-way analysis
of variance and have been pooled into a singie error sum of squares. It
may be desirable under some conditions to partition the error sum of
squares into the individual interaction sums of squares.

The analysis as presented is for r replications grown in only one
envirénment. This can be extended to include tests over years and
locations by incorporating these effec;s in the model of 1ingar effects,
It would be desirable in the extended analysis to partition the hybrids x
environments sum of squares into the sums of squares due to the inter?
actions of each of the hybrid effects defined in the linear model with
environments.

| The degrees of freedom in fhe analysis of variance indicate that

the complete analysis can be computed only if p>6. For p = 5, there are
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no degrees of freedom available for estimation of the three-line general
mean square. Hence, the complete three-way hybrid analysis can be com-
puted with only sixty hybrids. This size analysis, however, will not
have enough degreesrof freedom to give good estimates of the parameters.
For example, the largest number of degrees of f:eedom among the hybrid
mean squares will be ten. Considering the size of the variance generally
associated with estimates of components of variance, it would be desir-
able to use some larger number of limes if the purpose of the study is

primarily that of estimation of the components of genetic variance.
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7.0 General Discussion

The primary purpose of developing the analyses of variance for
double-crosses and three-way crosses was to determine what genetic
information could be obtained from some of the designs commonly used in
practical breeding programs, Evaluation of hybrids is a routine part
of corn breeding programs. <It.is not likely that thé-hyh;ids in_any
routine evaluation program would satisfy 511 of the asgumptions necessary -
for the genetic analysis, pé&ﬁicuiarly thé'éséumptinn regarding :he
source of the ;ines. The ahalyses“have shgwn, however, that it is
possible to obtaiﬁ;coysider;ble geneticrinfgfqatioﬁ from double-crosses
and three-way crosses and poésibiy; with spmevpreliminary‘planning, as a
by-product of a practical breeding program.

Both of the analyses presented ailéw estimation of six components
of genetic variance. One of the limitations to the use of double-cross
and three-way cross analyses for estimation is the rapidity with which
the number of hybrids increases as the number of liﬁes increases. The
sample of lines from the population must be kept small in order to handle
the resulting hybrids. The use of the coﬁplete donbie-cross and three-
way analyses probably is not the most efficient method of estimation.
‘ There is some indication that a systematic subset of the crosses in each
case, with an increase in the number of parental 1in§s, may give more
preciéion to some of the estimates than the complete analyses. More
precision may aléo be obtained by using an incomplete analysis on several
sets of hybrids from less than the_minimnﬁ number of lines required for
the complete analysis. For exgmple, the use of five different sets of
all possible double-crosses from six lines gives a total number of

hybrids only slightly more than would one set of p = 8 lines necessary
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if the complete analysis is to be used. The five sets of p = 6 lines
would provide a better sample 6£ the original population than eight lines
and, at the same time, the smaller blocks, 45 entries versus zio, will
allow more control of environmental variation. | |

Total information might also be increased by including single-
crosses and computing the three covariance analyses between the three
sets of hybrids,Jthatris, between the’single-croéses, the three-way
crosses and the double-crosses. The information conéained in the covar-
iance analyses remains to be elaborated.

The theoretical analyses of variance for double-cross hybrids and
three-way hybrids in themselves enhance the understanding of the genetics
vinvolved. It is apparent from the double-cross analysis that, if the
additive effects are the only genetic effects of importance, the order
in which four lines are combined has no effect on the performance of the
hybrid, since the one-line generalisum of squares is the only one which_
involves additive genetic variance., With three-way hybrids, ordering is
importan; even if all the genetic variaﬁcé is due to additive effects as
is indicated by the presénce of additive genetic variance in the two-
line order sum of squares. Further, it is evident from the analyses that
the generally accepted method of predictiﬁg hybrid performance, i.e.,
using the mean of the non-parental single-crosses, is the appropriate
method for both double-cross hybrids and three-way hybrids 1f epistasis
is not important. These, of course,bare not new concepts but they are
exemplified by the anaiyses.

A proBlem which warrants investigatipn in coﬁnection with the
double-cross and three-way cross analyses is the development of pre-

diction formulae for use in selection of the better hybrids from
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three-way or double-cross hybrid evaluation trials. The usual method of
selecting in an evaluation study is to simply pick the hyﬁrids on the
basis of their. own performance. This;, however, does:not make use of all
the information contained in the analysis. For example, it does not take
into consideration the information contained in the rest of the test con-
cerning the average performance of the lines in any particular hybrid,
The same applies to all of the other effects defined in the model. A
better selection scheme would be to base sélection on a predicted pheno-~
typic performahce using a weighting function of the estimates of the

effects obtained from the entire analysis.
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8,0 Summary and Conclusions

Statis;ical concepts provide methods for the estimation of genetic
parameters which are essential for the designing of efficient breeding
programs, It would be desirable to be able to estimate these parameters
from designs commonly used in breeding programs.

-Analyses of variance are developed for all-possible double-cross
hybrids and for all-possible three-wéy hybrids from a set of lines which
have arbitrary but equal inbreeding to determine what genetic information
1s available from such analyses. The set of lines are assumed to be a
random saﬁple derived from a random mating population.

The hybrid sum of squares is ﬁartitidned into seven orthogonal
sums of squares in both analyses. The expectations of the mean squares
are presented in terms of the covariances between hybrid relatives and
in terms of the effects defined in the models of linear effects for
double-cross hybrids and for three-wﬁy hybrids,

The genetic exﬁecta;ions of tﬂé compénents of variance are derived
from the covariapces between hybrid relatives by means of yhich the
ggnetic interpretations of various.F-testé are dete:mined. Several
F-tests are presented in each analysis which provide information relative
to various genetic hypotheses, many‘of,which involve only epistatic
components of genetic variance. Relatively powerful F-tésts are pre-
sented in each analysis for dominahce plué epistatic variance and for
deviations from an additive plus dominance plus additive.# additive
model.

Each analysis provides information which allows the estimation of
addit;ve genetic variance, dominance variance, the three two-factor

epistatic components of variance and the three-factor all-additive
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epistatic component. The estimators for these components are presented
for each analysis and the method of computing their variances is ...
indicated.

Limitations on the usefulness of thése designs for estimation
purposes are discussed and some possible modifications to improve
efficiency are indicated. It is suggested that an analysis §f a system-
atic subset of hybrids may érovide more efficient estimation.

It is concluded that coﬁsiderablé information relative to gene
action can be obtained from the anaiysis of variance of double-crdss
apd three-way cross hybrids through inferences frdm the F-tests and

from the estimates of the genetic components of variance.



