
ABSTRACT 
 

STAR, JASON B.  Numerical Simulation of Scramjet Combustion in a Shock Tunnel 
(Under the direction of Jack R. Edwards) 
 

Three-dimensional computational simulations of reactive flowfields within a 

hydrogen-fueled scramjet-like geometry experimentally tested in a free piston shock 

tunnel are presented.  The experimental configuration (Odam and Paull, AIAA Paper 

2003-5244) involves injection of hydrogen fuel into the scramjet inlet, followed by 

mixing, shock-induced ignition, and combustion.  The predictions for both fuel-off and 

fuel-on conditions were observed to be sensitive to the choice of the wall temperature 

boundary conditions.  The best comparison with experimental data were achieved 

through the implementation of an approach that involves a simplified conjugate heat 

transfer model that couples the heat conduction through the wall with the heat conduction 

of the fluid within the boundary layer.  This approach is able to predict thermal loads on 

the walls of the scramjet model due to shock wave interactions and due to heat release.  

As such, it is able to more accurately represent the physical temperature response of the 

engine model.  Also shown to produce very good agreement with the statistically-steady 

experimental data was the isothermal ghost-cell boundary condition, which is based on a 

simplification of the time-dependent conjugate heat transfer boundary condition.  This 

simplified boundary condition assumes a linear temperature distribution within the wall 

based on the effective depth that an applied heat load would penetrate, thus, it also allows 

the actual wall temperature to vary in response to the applied heat load.   

Results for fuel-off simulations showed that the solution generated by a steady-



 

state simulation implementing the isothermal ghost-cell wall boundary condition was 

very comparable with the statistically-steady solution obtained from a fully transient 

simulation with coupled heat conduction within the walls.   

When integrated in a fully time-accurate manner, the fuel-on simulations showed 

a striking sensitivity to the modeled rate of air ingestion into the engine.  For 

experimental data that showed steady combustion, the transient simulations resulted in 

either a steady combusting solution or a progression toward engine unstart, depending on 

the modeled rate of air ingestion.  Also, for experimental data that showed an unsteady 

thermal choking event leading to eventual unstart, the transient simulations were able to 

predict both unstart and steady combustion, once again depending on the air ingestion 

rate.  In all cases, the modeled air ingestion process is an approximation of the actual 

experimental process, in that uniform conditions are imposed as linear functions of time 

over the inlet plane. 

The computational results also provide some support for a “radical-farming” 

hypothesis, proposed to explain the ability of the hydrogen-air mixture to auto-ignite at 

relatively low inlet contraction ratios. 
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1 INTRODUCTION 

Since the introduction of commercial aircraft, more efficient and cost-effective 

means of travel have been explored.  In today’s ever growing global marketplace, this 

often translates into a need for faster vehicles, as time is often the most important 

commodity.  Since the early 1950’s, research has been focused toward the development 

of supersonic combustion ramjets (scramjet) as a viable approach for hypersonic flight 

[21].  Though laboratory experiments have demonstrated adequate scramjet component 

performance, supersonic combustion in an actual flight environment had not been 

demonstrated until the recent successes of the University of Queensland’s HyShot 

program [39] and NASA’s Hyper-X program [46].  Shock-tunnel tests performed in 

support of the HyShot program [39, 43, 44, 36] have provided the CFD community with 

much-needed experimental data with which to benchmark and validate computational 

simulations.  More recent tests [39] performed in the T4 free piston shock tunnel involve 

the injection of hydrogen fuel into the inlet section of a scramjet-like geometry, where it 

mixes with the inlet air before being ignited within the combustor section.  This concept 

of “forebody fuel injection”, if controllable, could allow for the elimination of drag-

producing mixing-enhancement devices and could reduce the size of flame-holding 

devices.  This, in turn, may provide a viable means of hypervelocity (Mach 8-15) 

scramjet operation.  Odam and Paull [39] have theorized that ignition and combustion 

within their configuration is the result of a “radical-farm” effect, which allows the 

process to occur even though the static temperatures in the inlet stream are quite low 
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(300K-400K). In this, ignition may occur first in a region of slow-moving flow adjacent 

to the walls, following a strong shock interaction, but that there is not enough residence 

time for combustion to progress to completion.  Instead, the slightly reacted mixture is 

frozen until it can pass into another region amenable to radical formation.  This process 

will continue until there are sufficient concentrations of the necessary radicals and the 

temperature is large enough for the heat release reactions to commence.  Previous CFD 

simulations [36, 33] designed to test this hypothesis have given good overall agreement 

with the non-reacting flow attributes (e.g., centerline pressure) of the experimental 

configurations, but have not shown appreciable amounts of combustion.   

Also of interest, is the ability for these scramjet engines to attain stable 

combustion over an acceptable flight envelope for hypersonic vehicles.  Vehicles using 

scramjet propulsion will travel at very high altitudes (25km -35km) [21] and extremely 

high velocities, so the operability at these conditions becomes increasingly important, as 

does the ability to attain stable operation of the thrust system.  The experimental tests 

conducted in the University of Queensland’s HyShot program [38, 39] have shown that 

variations in the test conditions can either lead to a stable combusting flow within the 

device or lead to engine unstart [22], which is characterized by the disgorging of a 

partially established shock system from the inlet and the appearance of large regions of 

separated, subsonic flow.  Understanding the unstart mechanism is a key to establishing 

engine operability limits.  Being able to predict where in the flight envelope or what 

parameter variation could cause an engine to undergo unstart would be a useful 

contribution to the design process of a scramjet engine.   
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In the present study, results from both transient and steady three-dimensional 

computational fluid dynamics (CFD) simulations are compared with experimental data 

from Odam [38] for both fuel-off (non-combusting) and fuel-on (combusting) cases.  The 

effects of variations in turbulent Prandtl and Schmidt numbers, turbulence inflow 

characteristics, grid resolutions and type of thermal wall boundary condition are studied 

in detail.  Incorporation of a conjugate heat transfer model to calculate localized wall 

heating directly is used to remove a major source of uncertainty in simulating short-

duration shock-tunnel experiments.  The modeled rate of air ingestion during the transient 

starting of the engine is found to be the major contribution to whether stable combustion 

or engine unstart is predicted in the simulations.   

This dissertation is divided up into eight sections and seven appendices.  Section 2 

discusses the governing Navier-Stokes equations extended for a multi-component 

reactive gas mixture.  Turbulence closure issues are also discussed in Section 2.  Section 

3 details the numerical discretization of the governing equations and presents the time-

integration method used in this work.  Section 4 discusses the experimental tests and 

experimental data analysis.  Section 5 describes general calculation details, such as the 

grid topologies and the initial and boundary conditions used in the simulations.  Section 6 

presents the results of this investigation and illustrates the effects of the parametric 

variations discussed above.  Section 7 provides a summary of the work presented and 

gives some insight into future directions.  Finally, Section 8 gives a list of the reference 

material for the current research.  Appendices A – H give further details of the numerical 

modeling and experimental data reduction.   
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2 GOVERNING EQUATIONS  

In this chapter, the governing equations for compressible, unsteady, viscous gas-

phase flows are discussed.  The extension of these equations to account for multiple 

gaseous species and finite rate chemical kinetics are also shown.  Governing equation 

closure issues, including turbulence modeling and Reynolds and Favre averaging, are 

also described.   

2.1 CHEMICALLY REACTING EQUATION SET 

2.1.1 Conservation Equations 

The fundamental equations of motion for a fluid, traditionally termed the Navier-

Stokes equations [61, 42, 3], are a set of coupled conservation equations.  If body forces 

(e.g., gravity, electro-magnetic forces) and radiative heat transfer are neglected and 

thermal equilibrium is assumed, then the reacting flow fields under consideration in this 

work are governed by the compressible Navier-Stokes equations, extended to mixtures of 

multi-component, reacting gases [19, 32].  The governing equations can be expressed in 

compact tensor notation as a set of conservation equations [61, 42] and are written as:  

 

Conservation of Mass (1 equation): 
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¶
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+
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 (2.1.1) 

Conservation of Species Mass (NS equations, one for each species, n ): 
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Conservation of Momentum (3 equations, one for each coordinate direction): 
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Conservation of Energy (1 equation): 
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In the above governing equations, ix  corresponds to the coordinate directions, t  is time, 

r  is the mixture density, nY  is the mass fraction for species n , iu  is the velocity vector, 

te  is the total energy, th  is the total enthalpy, ijt  is the laminar viscous stress tensor, iq  

is the heat flux vector, p  is the mixture pressure and nw�  is the chemical source term for 

species n .  To complete the aforementioned governing equations, the following closure 

relations are needed: 

 

·  The diffusion mass flux (the relative mass flux) can be written as [27]:   

 inin uJ ,, r=  (2.1.5) 

where the mass diffusion velocity, iu , is proportional to species concentration 

gradients and is given by Fick’s law of mass diffusion, which assumes no cross 

transport phenomena and no body forces:   
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where D  is the diffusion coefficient assuming equal binary diffusivities.  Note, if 

there are no concentration gradients present, then the mass diffusion flux is 

identically zero.  One diffusion coefficient, related to density and effective 

mixture viscosity through the assumption of a constant laminar Schmidt number, 

is used for all species: 

 
r
m

Sc
1

=D , (2.1.7) 

where Sc is the laminar Schmidt number and m is the laminar viscosity.  Sc is a 

measure of the relative importance of momentum transfer to mass transfer and a 

value of 0.5 is used for the current research.  This value corresponds to previously 

validated results [8, 12, 17, 49]. 

 

·  The laminar viscous stress tensor is given by [42, 61] 
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 (2.1.8) 

·  The multi-species heat flux vector can be written as the sum of Fourier’s Law for 

heat conduction and the heat flux due to diffusion produced by concentration 

gradients: 
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where k  is the coefficient of thermal conductivity.  The thermal conductivity is 

further discussed in Section 2.1.2.   

 

·  The total energy, te  can be written in terms of the total enthalpy, th : 

 
r
p

he tt -=  (2.1.10) 

For a multi-species system, the total enthalpy is given by: 

 iimixt uuhh
2
1

+=  (2.1.11) 

where the mixture static enthalpy is given by: 
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 (2.1.12) 

and the mixture pressure, p , is given through Dalton’s Law [27]: 

 TRp mixr=  (2.1.13) 

The mixture gas constant, mixR , is given by the sum of the species gas constants:   
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 (2.1.14) 

The total energy may also be written in terms of the mixture internal energy, mixe :   

 iimixt uuee
2
1

+=  (2.1.15) 
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where the mixture internal energy can be written as: 
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2.1.2 Thermodynamic Closure Relations 

For a calorically perfect gas, the internal energy and the static enthalpy are 

linearly related to temperature through the proportionality constants of specific heat at 

constant volume and specific heat at constant pressure, respectively.  The common form 

for these relations is given by: 

 TCh p=  and TCe v=  (2.1.17)  

where pC  and vC  are constants for a reasonable temperature range [4].  For reacting 

flowfields, like those currently investigated, the flowfields cannot be considered 

calorically perfect; rather for this research, they are assumed to be a mixture of thermally 

perfect gases.  Thermally perfect implies that the internal energy modes (e.g., translation, 

vibration) of the molecules involved are represented by a common temperature [4].  For 

thermally perfect gases, the specific heats are functions of temperature only: 

 ( )TfuncCp =  and ( )TfuncCv =  (2.1.18)  

thus,  

 ( )Thh =  and ( )Tee =  (2.1.19)  

This is a common approach for problems involving reactions where the temperatures are 
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lower than that required for dissociation and ionization [4].  For thermally perfect 

mixtures, the static enthalpy and hence the internal energy are related through 

experimental-determined curve fits [30].  The curve fits used for the current research are 

given in Appendix A.  The general form for the static enthalpy of a species, n, is given 

by: 

 ( )� ¢¢+=
T

T

npfn TdTChh
n

�

�  (2.1.20) 

where �
nf

h  is the heat of formation at the reference temperature, °T .   

In order to close the above set of governing equations, the following 

thermodynamic relations are needed: 

 

Mass fraction of species n : 

 
r
r n

nY =  (2.1.21) 

Mixture density: 
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Frozen speed of sound: 
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Mixture specific heat at constant pressure, using the curve fits in Appendix A:   
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Mixture ratio of specific heats:   
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The laminar viscosity for each species, n , is given by Sutherland’s Law [61]: 
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The constants 
n0m , 

n
T 0,m  and 

n
Sm ,are given in [61, 42] and are listed in Table 2.1.  The 

laminar thermal conductivity for each species can also be given by Sutherland’s Law, 

with the appropriate changes in the constants, or it can be related to the laminar viscosity 

through the laminar Prandtl number: 

 
Pr

np
n

n
C

k
m

=  (2.1.27) 

The Prandtl number, Pr , is a measure of the relative importance of momentum transfer to 

heat transfer and is set to 0.72 for this work, in accordance with previously validated 

work [12, 17, 49].   
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Table 2.1  Constants for Sutherland’s Law 

Species (n ) Name [ ]sm
kg

n ×0m  [ ]KT
n0,m  [ ]KS

nm  [ ]kmol
kg

wn
M

 1 
2N  4101663.0 -´  273.1 106.4 28.000 

2 
2O  4101919.0 -´  273.1 138.9 32.000 

3 
2H  4100841.0 -´  273.1 96.67 2.0160 

4 OH2  4101703.0 -´  416.5 860.8 18.016 

5 OH  4101826.0 -´  273.1 138.6 17.008 

6 O 4101743.0 -´  273.1 157.0 16.000 

7 H  4100701.0 -´  273.1 117.7 1.0080 

 

For a multi-component mixture, the formula presented by Wilke [27] is used to calculate 

the mixture laminar viscosity and mixture thermal conductivity.  Wilke’s formula applied 

to transport properties for mixtures of gases are used in Eqs. (2.1.8) and (2.1.9) and they 

are given by: 
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where nc  is the molar density of species n  

 
nw

n
n M

c
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=  (2.1.30) 

and nmf  is given by [61]: 
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where the molecular weight of species n , 
nwM , is given in Table 2.1.   

2.2 GOVERNING EQUATIONS IN COMPACT VECTOR FORM 

The preceding governing equations can be reformulated in a more compact vector 

notation.  This formulation is widely used in the computational sciences and enables 

easier formulation of coding strategies due to its compact nature.  The equation set is also 

easily converted to lower spatial order equation sets (i.e., two-dimensional flows, axi-

symmetric, one-dimensional). 

For three-dimensional flows, the governing Navier-Stokes equations can be written 

in vector form as:   
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where U
�

 is the vector of conserved variables, 
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E
�

, F
�

 and G
�

are the inviscid flux vectors, 
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vE
�

, vF
�

 and vG
�

are the viscous flux vectors, 
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and S
�

 is the source vector containing the chemical production / depletion terms, 
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It is important to note that the above vector formulation does not directly include the 

conservation of mass equation (Eq. 2.1.1).  Rather, there are 4+NS  number of 

independent governing equations.  The direct solution of the conservation of mass 

equation is not needed in this formulation, since if each species conservation equation is 

solved, the mixture density relation (Eq. 2.1.22) can be used to calculate the overall 

mixture density.  This is a direct result of the definition of the mass fraction: 

 1
1

=�
=

NS

n
nY  (2.2.6) 

2.3 REYNOLDS AND FAVRE AVERAGING OF THE GOVERNING 

EQUATIONS 

The Navier-Stokes equations, as described in Sections 2.1 & 2.2, are deterministic 

equations – that is, they are dependent upon previous flowfield occurrences, either 

temporal or spatial, to determine the resulting flow field.  As with almost all flows of 

engineering interest, turbulence is of critical importance in the chemically-reacting 

flowfields presented herein.  To characterize a turbulent flowfield, it is important to 

understand the nature of turbulence so the proper numerical approaches can be applied to 
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the solution of the Navier-Stokes equations. 

Turbulent flowfields are inherently random, three-dimensional, and cover a wide 

range of turbulent time and length scales [63].  Turbulent flows are characterized by 

several attributes, each adding their own level of complexity for computational solution 

techniques.  Flow randomness, three-dimensionality of the flow and the dissipative nature 

of turbulence play pivotal roles in the proper numerical representations of the flowfields.  

The aforementioned natural randomness of turbulence makes the exact numerical 

calculation (within the limit of the spatial discretization and temporal integration errors) 

of these flowfields extremely problematic, due to the difficulty in characterizing the 

initial and boundary conditions.  Any slight variation in the imposed initial or boundary 

conditions coupled with the nonlinearity and subsequent numerical complexity of the 

Navier-Stokes equations [3, 23] often results in a different numerical solution.  Another 

fundamental characteristic of turbulent flows is the inherent three-dimensional nature of 

turbulence.  This is due to the fact that turbulence is naturally dominated by vortical 

fluctuations and these fluctuations cannot sustain themselves unless they are three-

dimensional [63].  Thus it is important to properly capture the three-dimensional nature 

of the flowfields, especially for complex geometries or large Reynolds number (Re) 

flows which are more likely to be turbulent in nature.  Therefore, to properly resolve 

turbulent flowfields, simulations must maintain their three-dimensional formulation, 

rather than reducing the spatial order (to either two-dimensions or less), thereby 

maintaining a much higher computational cost.  Another main attribute of turbulent flows 

is that turbulence behaves in a dissipative manner.  Turbulence is an energy transfer 
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mechanism.  It transfers energy from the larger scales to the smallest scales, where the 

energy is dissipated as heat.   

Due to the non-linearity of the Navier-Stokes equations, and their coupled 

dependence on initial and boundary conditions, only a handful of exact analytical 

solutions exist.  Rather, for most engineering applications, numerical solutions must be 

attained.  For the most part, there are three main classes of techniques for modeling and 

simulating turbulent flows.  They are Direct Numerical Simulation (DNS), Large Eddy 

Simulation (LES) and Reynolds Averaged Navier-Stokes (RANS).  These three 

categories can be thought to lie on a spectrum, Figure 2.1.  At one end of the spectrum 

lies DNS, which incorporates the most physical representation of the flow but at the price 

of the highest computational expense.  At the other end lies RANS, which is less 

expensive to implement, but requires a large amount of empirical modeling to properly 

account for the turbulence of the flowfield.  LES lies somewhere in the middle and has 

attributes of both extremes.  There are different implementations of LES, each one at 

different points along the spectrum.  Below is a brief introduction to each category listed 

above.   

 

More Physics Based / More Computationally Expensive

More Empirically Based / Lower Computational Cost

RANS LES DNS

More Physics Based / More Computationally Expensive

More Empirically Based / Lower Computational Cost

RANS LES DNS

 

Figure 2.1  Spectrum of CFD Codes  
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DNS solves the governing equations directly, down to the smallest scales in the 

problem without any additional modeling, thereby resolving all important scales involved 

in turbulent flows.  The largest scale of a flow problem is often a characteristic length 

scale on par with the largest spatial dimension of the problem of interest.  However, the 

smallest scale of turbulence, the Kolmogrov scale [63], is much smaller than any other 

scale in the flowfield and is often several orders of magnitude smaller than the largest 

scale.  Thus the grid requirement to accurately resolve all the important turbulent scales is 

quite large.  From dimensional analysis, it can be shown that for a three-dimensional 

calculation of a one-component flow (e.g., air), 4
9

Re  grid points are needed to properly 

resolve all of the turbulent scales; therefore, DNS is usually relegated to low Reynolds 

number, non-reacting flows.  Additionally, large time integrations are needed in order to 

temporally resolve (and average) the flow field over the turbulent time scales of interest.  

Although both spatially and temporally cost-prohibitive for most engineering 

applications, the ability of DNS to accurately resolve the smallest scales often helps 

corroborate and support experimental data [63] and is useful in the validation of other 

CFD approaches.   

As mentioned above, LES lies in the middle of the simulation spectrum.  In the 

LES approach the large eddies (scales) of the flow are calculated and the effects of the 

small unresolved eddies (scales) are modeled.  The separation of scales is provided by 

applying a filter operator.  Eddies larger than the filter width are directly calculated from 

the Navier-Stokes equations.  Eddies smaller than the filter width (usually related to the 

grid cell size) are not computed directly, and their effects (usually dissipative) must be 
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modeled.  The expense of this approach depends on the filter size but is usually quite 

computationally expensive for large Reynolds number flows.  Although LES is fast 

becoming one of the most sought-after simulation techniques for detailed engineering 

work, its application to three-dimensional reactive flows in realistic engine geometries is 

still cost-prohibitive.   

The third category, perhaps the most applicable to engineering problems, is the 

Reynolds averaged Navier-Stokes description (RANS).  In this case the effects of 

turbulence on the mean flow are modeled rather than computed directly.  RANS equation 

sets rely on the principle that any flow property can be decomposed into a temporally 

averaged (mean) component and a fluctuating component.  The time averaging is done 

over a time T  that is much larger than the fluctuating turbulent time scales, but is smaller 

than the time scale associated with the mean property variations.  The last constraint is 

necessary for unsteady calculations such as those presented in this investigation.  The 

temporal averaging of the turbulent fluctuations over a time, T , preserves the proper time 

dependence of the mean flow properties.  For this approach to be valid there must be a 

large separation between the turbulent fluctuation time scales and the time scales 

associated with the mean property variations.  Details of the RANS approach are given in 

the following section. 

2.3.1 Reynolds and Favre Averaging  

The following section details the derivation of the Reynolds Averaged Navier-

Stokes (RANS) equations.  RANS equation sets rely on the principle that any flow 

property can be decomposed into a mean and a fluctuating component: 
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 qqq ¢+=  (2.3.1) 

where q  is any instantaneous flow property, the over bar, q , is the time averaged mean 

component of q , and q¢ is the fluctuation component.  Reynolds averaging is performed 

over the time interval( )Ttt +, .  The time averaged component can be expressed as:   

 ( ) ( )�
+

¥®
=

Tt

t
iTi tdtxq

T
xq ˆˆ,

1
lim

1
r

r
 (2.3.2) 

The above relation assumes that T  tends towards infinity, but this is only 

applicable for truly steady flow fields.  Usually, as mentioned above, for unsteady 

calculations, the time interval T  is assumed larger than the turbulent fluctuation time 

scales but significantly smaller than the mean flow property time scales [63].  The 

following averaging properties are easily determined for the decomposition and 

averaging performed above: 

 0=¢q  (2.3.3) 

 fqfq =  (2.3.4) 

 0=¢=¢ fqfq  (2.3.5) 

where q  and f  are any instantaneous flow properties.  The fact that the time average of 

a single fluctuating component is zero does not imply that the product of two fluctuating 

components is zero.  In fact, the product of two instantaneous properties can be written 

as: 
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 ( )( ) fqfqfqfqfqfqffqqqf ¢¢+=¢¢+¢+¢+=¢+¢+=  (2.3.6) 

Finding the proper relationship for the last term in the above equation is the crux of 

turbulence modeling.   

The above Reynolds averaging technique applied temporally to the Navier-Stokes 

equations is ideally suited for the incompressible form of the equations.  For the present 

high speed research, the full compressible Navier-Stokes equations must be utilized.  

Unlike incompressible formulations, density and temperature fluctuations become 

important for compressible flows.  Applying the same time averaging approach 

mentioned above to the Navier-Stokes equations while incorporating density and 

temperature fluctuations results in additional correlations that must also be modeled.  

This dictates the need to incorporate a different kind of averaging, namely Favre 

averaging [63].  In Favre averaging, an instantaneous flow property, q , is decomposed 

into Favre mean and Favre fluctuating components: 

 qqq ¢¢+= ~  (2.3.7) 

where q  is the instantaneous flow property, q~  is the Favre averaged mean component of 

q , and q¢¢ is the Favre fluctuation component.  The Favre averaged component can be 

expressed as the following integral:   
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 (2.3.8) 

or in terms of the Reynolds temporal average as: 



 21 

 ( )
r
r q

xq i =~  (2.3.9) 

It is also important to note that: 

 qqqqq ¢+=¢¢+= ~  (2.3.10) 

Multiplying through by density and mass averaging the above equation gives: 
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The Favre-averaged equation set is formulated by decomposing r , p , ijt , iq  and 

nw�  using the Reynolds temporal formulation and decomposing the other variables iu , iu , 

nY , T , te , th  using the Favre formulation.  This gives the following flow property 

relations: 

Reynolds Decomposition:   
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Substituting the above decompositions into the equations in Section 2.2, performing the 

Favre averaging according to Eq. (2.3.9), and rearranging yields the compressible Favre 

averaged Navier-Stokes Equations (still termed RANS) extended to mixtures of multi-
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component, reacting gases: 

Conservation of Mass: 
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Conservation of Species Mass: 
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Conservation of Momentum: 
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Conservation of Energy: 
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The averaged laminar stress tensor, averaged heat flux and averaged diffusion velocities 

are given by: 
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The energy terms can be expressed as: 
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where, 

 peh tt += ~~
rr  (2.3.22) 

The Favre averaged formulation has introduced several new terms, they are: 

Turbulent stress tensor: 

 jiij uu ¢¢¢¢-= rt  (2.3.23) 

Turbulent heat flux vector: 

 huq iTi
¢¢¢¢= r  (2.3.24) 

Turbulent species diffusion vector: 

 inin uY ¢¢¢¢-=U r,  (2.3.25) 

The formulations of the last three additional terms make up the basis for all compressible 

turbulence models.  They will be further evaluated in Section 2.6. 

2.4 EXTENSION TO GENERALIZED COORDINATES 

If numerically formulated and discretized as written, the present formulation of 

the governing equations is primarily useful only for orthogonal grids.  To alleviate this 

limitation, the Navier-Stokes equations are expressed in a generalized coordinate system 
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defined by the steady transformation:  ( )zyx ,,xx = , ( )zyx ,,hh =  and ( )zyx ,,zz = .  

This allows for a numerical solution to be obtained on body-fitted (curvilinear) meshes 

without loss of generality of the numerical solver.  The Favre averaged Navier-Stokes 

equations transformed into generalized coordinates can be written in strong conservation 

law form as [23]: 
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The vector of conserved variables is given as: 
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the inviscid fluxes are represented as: 
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and the viscous fluxes are expressed as: 
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The laminar stress tensor, ijt  and heat flux vector, iq  are explicitly written out in Section 

2.2.  The turbulent terms (subscript T ) will be discussed in Section 2.6.  The source term 

is given by: 
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The average species production / depletion rates, nw� , for each species, n  are discussed in 

Section 2.5.  The components of the outward normal vector are: 
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and the area of the cell faces are defined as: 

Area of cell face orthogonal to the x -direction: 
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Area of cell face orthogonal to the h -direction: 
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Area of cell face orthogonal to the z -direction: 
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The contravariant velocity is defined as the projection of velocity along the transformed 
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coordinate axes (i.e., the projection normal to a cell face area in generalized coordinates).  

The contravariant velocities are given as:  

 zyxc wvuU xxx
��� ~~~ ++=  (2.4.16) 

 zyxc wvuV hhh ��� ~~~ ++=  (2.4.17) 

 zyxc wvuW zzz
��� ~~~ ++=  (2.4.18) 

and the contravariant diffusion velocities are given as: 

 znynxnn wvuU xxx
��� ~~~ ++=  (2.4.19) 

 znynxnn wvuV hhh ��� ~~~ ++=  (2.4.20) 

 znyxn wvuW zzz
��� ~~~ ++=  (2.4.21) 

for NSn ,,1 
= .  The Jacobian of the coordinate transformation, J , is defined as: 
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¶
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 (2.4.22) 

where, for the above coordinate transformation, the metric derivatives are xx , yx , zx , 

xh , yh , zh , xz , yz  and zz , and J
1  is the discrete cell volume.  To maintain geometric 

conservation using a cell-centered finite volume discretization, the metric derivatives are 

evaluated at the appropriate cell interface using geometric information contained at the 

grid nodes.   
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2.5 CHEMICAL REACTION KINETICS FORMULATION 

The chemical kinetics of the present research are formulated using the Law of 

Mass Action (LMA).  The LMA is a phenomenological argument first proposed by 

Goldberg and Waage in 1867 [45] and has since been numerously confirmed through 

experimentation.  The LMA states that the rate of depletion of a chemical species is 

proportional to the products of the molar concentrations, each raised to a power equal to 

their corresponding stoichiometric coefficient. The proportionality constant is called the 

specific reaction rate constant, k .   

In reactive flows several chemical reactions may contribute to the production / 

depletion of a particular chemical species.  For these situations, the LMA is extended to 

properly account for systems of reactions.  Thus, a general set of chemical reactions can 

be written as: 
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where nZ  is the chemical formula for species n .  For the system of reactions represented 

by Eq. (2.5.1), the species production / depletion rate per unit volume for species n , nw�  

(Eq. (2.4.9)), is given by the Law of Mass Action [27]: 
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where, 

in¢ = the stoichiometric coefficient of the reactants 

in ¢¢ = the stoichiometric coefficient of the products 

NR = total number of reactions 

NS = total number of species 

mf
RR  = forward reaction rate for each reaction m  

mbRR  = backward reaction rate for each reaction m  

mf
k  = specific forward reaction rate constant  

mbk  = specific backward reaction rate constant 

iw

i
i M

c
r

=~  = molar density for species i  

Under the hypothesis that the energy of collisions between species is high enough and 

their molecular structure has the correct alignment, the specific reaction rates are 

assumed to follow the Arrhenius rate law form: 

 ( ) T
T

b
a

eATTk
-

=  (2.5.4) 

where A  is the pre-exponential constant, aT  is the activation temperature and T  is the 

temperature [27].  The variables A , b  and aT  are specific to the chosen reaction 

mechanism and are discussed later.  The reaction mechanism considered for this study 

involves two types of reactions:  exchange reactions (up to four species, two reactants 

and two products) and third body dissociation reactions.  The exchange reactions can be 
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expressed as: 

 DCBA
f

b

RR

RR
+Û+  (2.5.5) 

The forward and backward reaction rates for the above reaction can be expressed using 

the LMA: 

 ( ) BA
BAff ccTkRR nn ¢¢= ~~  (2.5.6) 

 ( ) DC
DCbb ccTkRR nn ¢¢¢¢= ~~  (2.5.7) 

The third body reactions are dissociation / recombination reactions between two 

species that require the presence of a third body (a collision partner) to complete the 

reaction.  The LMA can be reformulated for a third body reaction taking into account all 

possible reactions with the collision partner, M .  The third body reaction can be written 

as: 

 MBAAB
f

b

RR

RR
++Û  (2.5.8) 

and the LMA can be rewritten as: 
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The third body reaction rate, mRR , for reaction m  is 
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and the forward and backward reaction rates corresponding to the third body, j , are: 
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Simplifying the above third body formulation can be achieved if one of the reaction rate 

constants corresponding to one of the species is used as a reference value, denoted with a 

prime, 
mf

k¢ .  Then the effect of the other species can be reformulated in terms of a third 

body efficiency (also known as the Chaperon efficiency) and this efficiency can be 

written as the ratio of the pre-exponential constants: 
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This efficiency will commonly be tabulated for each dissociation / recombination 

reaction.  Using the above, the forward and backward reaction rates corresponding to the 

third body reaction j  can be written as: 
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 (2.5.15) 

Substituting Eq. (2.5.14) in Eq. (2.5.11) and Eq. (2.5.15) in Eq. (2.5.12) gives the third 

body reaction rate for reaction m  formulated in terms of the third body efficiencies:   

 ( ) ( )�
=

¢¢¢¢¢¢ ¢-¢=
NS

j
MjBAbABfm

jM

j

BA

m

AB

m
cTBcckckRR

1

~~~~ nnnn  (2.5.16) 



 33 

The current research uses the 7-species / 7-reaction hydrogen oxidation 

mechanism of Jachimowski [14, 18, 24].  This mechanism contains chain initiation and 

chain branching reaction steps that involve the major constituents N2, O2, H2, H2O, OH, 

O, and H.  The coefficients of the reaction mechanism are given in Table 2.2.  The 

coefficients are used in the calculation of the Arrhenius rate coefficients as given in Eq. 

(2.5.4).  The third body efficiency for OH2  is 16, for 2H  is 2.5 and is unity for all other 

species.   

 

Table 2.2  Coefficients for 7-species Jachimowski Hydrogen Reaction Mechanism 

Rxn # Reaction [ ]KscmmolA ×××  b  [ ]KTa  

1 MOHMOHH 2 +Û++  2310221.0 ´  -2.0 0.0 

2 MHMHH 2 +Û++  1810730.0 ´  -1.0 0.0 

3 OHOHOH 22 +Û+  1410170.0 ´  0.0 24157.0 

4 OOHOH 2 +Û+  1810120.0 ´  -0.91 8310.5 

5 HOHHOH 22 +Û+  1410220.0 ´  0.0 2591.8 

6 HOHHO 2 +Û+  510506.0 ´  2.67 3165.6 

7 OOHOHOH 2 +Û+  1310630.0 ´  0.0 548.6 

 

Physically, the reaction rates discussed above are functions of not only the mean 

temperature and molar density, but they are also functions of their fluctuating 

components as well.  One limitation of the present research is that the effects of turbulent 
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fluctuations on chemical reaction rates have been ignored.  Not only are they difficult to 

formulate due to the large number of correlations required to close the system, their 

inclusion in the above formulation has shown little tangible improvement in the 

calculations of high speed combustion flows [48, 49].  Although not investigated in the 

present research, there are several methods that incorporate the fluctuating components of 

temperature and molar density in the formulation of the chemical reaction rates.  Some 

methods require the introduction of additional transport equations to account for the 

temperature and molar density fluctuations, while other methods try to estimate the 

effects of these fluctuations without incorporating additional transport equations.  As 

discussed by Roy [48], two of the more common simplified methods, the Eddy 

Dissipation Concept (EDC) and an approximate temperature probability density function 

(PDF) have shown little success for high speed combustion flows [10, 48].  Since, for 

simplified models there is no clear approach for high speed combustion flows, and due to 

the expense of a more detailed analysis, the effects of turbulent fluctuations on the 

reaction rates have been ignored, thus for the present research: 

 ( ) ( )TkTk bfbf ,, =  (2.5.17) 

 ( ) ( )iiii cc rr ~~ =  (2.5.18) 

2.6 TURBULENCE CLOSURE 

The averaging process of the Navier-Stokes equations derived in Section 2.3 

resulted in three extra terms which were left until this section to discuss.  These extra 
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terms result from the average of the product of fluctuating properties.  The three 

unknown terms are the turbulent shear stress tensor, sometimes referred to as the 

Reynolds stress tensor, ijt , the turbulent heat flux vector 
iTq , and the turbulent species 

diffusion in,U .  To achieve closure for the averaged Navier-Stokes equations, these terms 

must be modeled [63].  Most turbulence models are based on the Boussinesq eddy-

viscosity approximation.  This approximation assumes that the turbulent shear stress 

tensor has a form similar to the laminar shear stress tensor, ijt , thus reducing the number 

of unknowns in the turbulent shear stress tensor from nine (there are nine stress terms) to 

one, the turbulent viscosity, Tm .  Thus, the turbulent shear stress tensor takes the 

following form: 

 �
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Similar to the Reynolds stress tensor, the turbulent heat flux vector is often modeled 

using a gradient-diffusion approximation, which produces an equation similar to the 

laminar heat flux vector: 
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The turbulent heat flux vector introduces two new terms; the turbulent thermal 

conductivity, Tk , and the turbulent diffusion velocity for species n , 
inTU

,

~
.  The turbulent 

thermal conductivity and turbulent (fluctuation) diffusion velocity vector are similar in 

form to their laminar counterparts (Section 2.1.2) and are written as: 
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where the turbulent diffusivity, TD , is given by: 
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In the above formulation, TPr  and TSc  are the turbulent Prandtl number and turbulent 

Schmidt number respectively.   

The turbulent species diffusion is obtained using a similar gradient-diffusion 

model: 

 
i

n

T

T
in x

Y
¶
¶

-=U
~

Sc,

m
 (2.6.6) 

To properly close the above relations, the turbulent variables Tm , TPr  and TSc  

must be determined.  For the present research the turbulent Prandtl number and the 

turbulent Schmidt are assumed to be constants, as are their laminar counterparts, Pr  and 

Sc.  Parametric studies, discussed later, are conducted to determine the effects of varying 

TPr  and TSc  on the obtained solutions.  Thus, the turbulence closure is reduced to only 

one variable, the turbulent (or eddy) viscosity, Tm .  The following section will detail the 

process involved in determining the turbulent viscosity.   
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2.6.1 RANS Closure 

As mentioned in Section 2.6, this research will concentrate on turbulence models 

that use the Boussinesq assumption [63].  This assumption mirrors Newton’s linear 

relationship for stress as a function of the rate of strain.  Boussinesq assumed that the 

turbulent stress can be written in a fashion similar to the laminar stress.  This shifts the 

focus from solving an equation for the stress tensor to developing an expression for the 

turbulent viscosity, Tm .  From this assumption, Tm  will have the same units as m and 

can be written as the product of a velocity scale and a length scale: 

 mixmixT lurm =  (2.6.7) 

where mixu  and mixl  are velocity and length scales that are associated with turbulent eddy 

mixing.  Most lower-order turbulence models that are algebraic in form use the above 

description, although higher models (e.g., one-equation models, two-equation models) are 

easier to formulate if the idea of a turbulent kinematic viscosity is introduced: 

 
r
m

n T
T =  (2.6.8) 

which has units of 	

�

�

�

sec
length2

, or more importantly, ( ) ( )[ ]scalelength scalevelocity ´ .   

The present research implements the two-equation model of Menter [34].  This 

model is often referred to as Menter’s hybrid ew -- kk  model.  There are two 

variations on this model:  the baseline model (BSL) and the shear stress transport (SST) 

model.  In general, all two equation models use the turbulent kinetic energy equation to 
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give the velocity scale component of Tn , because it can be directly derived from the 

Navier-Stokes equations.  The length scale for Menter’s model uses a blending of two of 

the most popular two equation models, the w-k  model and the e-k  model.  The 

w-k  model uses an equation for the turbulence frequency, w , to determine the length 

scale, while the e-k  uses an equation for the dissipation rate, e , to determine the length 

scale.  Typically, w-k  models have problems accurately modeling the turbulence near 

the freestream, because they are sensitive to the freestream conditions on k  and w , while 

e-k  models have problems near the wall, since e  is not finite in the near wall region.  

In Menter’s hybrid model, the length scale component of the turbulent kinematic 

viscosity is determined from a blending of the w  equation (which is defined well near the 

wall) and e  equation (which behaves well near the freestream).  The turbulent kinematic 

viscosity for Menter’s hybrid turbulence model is defined as: 

 
( )W

=
21

1

,max Fa
ka

T w
n  (2.6.9) 

where, W is the magnitude of the vorticity (rotation) tensor which is given by: 
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thus W is: 

 [ ] 2
1

ijij WW=W  (2.6.11) 

The turbulent kinetic energy, k , and the turbulence frequency, w , are calculated using 

the following equations: 
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The last term in Eq. (2.6.13) is referred to as the cross-diffusion term and results from 

ensuring the length scale equation behaves properly for both the w  and e  formulations 

[63].  Using Eq. (2.6.1), the turbulent production terms can be rewritten: 
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u
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where, to ensure positive production: 
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To that end, the current formulation implements an altered definition of the turbulent 

kinematic viscosity, based on Eq. (2.6.15):   

 
( )Q

=
21

1

,max Fa
ka

T w
n  (2.6.16) 

Thus, the equations for the turbulent kinetic energy and the turbulence frequency, are 

rewritten as: 
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These two new transport equations raise the total number of equations which must be 

solved from 4+NS  to 6+NS .   

As mentioned above, the transport equation for w  uses a blending function, 1F , to 

smoothly transition from a w-k  formulation near the wall to a e-k  formulation closer 

to the freestream.  The blending function, 1F , is a continuous function with a value of 1 at 

the wall (yielding a pure w-k  formulation) and 0 in wake regions and shear layers 

(yielding a pure e-k  formulation).  The model constants appearing in both the k  and w  

equations are blended by 1F , such that if f  represents any constant in the above 

formulation, it is given by: 

 ( ) 2111 1 fff FF -+= , (2.6.19) 

where the 1f  constants are from the w-k  formulation: 
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and the 2f  constants are from the e-k  formulation:   

0.1
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=ks       856.0
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=ws       0828.02 =b       31.01 =a  
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The blending function 1F  is defined as: 

 ( )4
11 tanhL=F  (2.6.22) 

where: 

 ( )[ ]2311 ,,maxmin aaa=L  (2.6.23) 
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where d  is the minimum distance to the nearest wall, and w-kCD  is the positive 

component of the cross diffusion term of the w  equation.   

The last variable to be discussed is the parameter 2F , which appears in the 

formulation of the turbulent kinematic viscosity, Eq. (2.6.16).  2F  is a blending function 

used to weight the shear stress transport (SST) formulation of this model.  The SST 

formulation was developed to better capture separation regions which often result from 
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adverse pressure gradients, thus ensuring that Bradshaw’s assumption holds [34, 63].  

Bradshaw suggested that, especially in boundary layers, the ratio of the turbulent shear 

stress to the turbulent kinetic energy is constant (referred to as Bradshaw’s constant, 1a ), 

thus relaxing the Boussinesq assumption previously devised.  The SST model preserves 

this proportionality in boundary layers, while maintaining the original Boussinesq form 

for the rest of the flow.   

The SST implementation is accomplished by reformulating Tn  from its original 

baseline (BSL) formulation [34].  Referring to Eq. (2.6.16), the SST model replaces the 

turbulence frequency, w1a , with a quantity that is proportional to the strain rate, 2FQ , in 

regions where the production of k is larger than its dissipation (e.g., near solid surfaces, 

separation zones, and shock waves), thereby limiting the turbulence frequency to be no 

smaller than a multiple of the strain rate.  This lowers the turbulent viscosity in these 

regions of high strain rate.  Outside of these regions, the SST model retains the original 

definition for wn kT = .  In general, the SST model will predict larger separation regions 

than the BSL formulation.  The 2F  parameter is calculated as: 

 ( ) ( ) ( )2
3

2
22 tanh1tanh aSSTSST AAF -+L=  (2.6.28) 

where: 

 ( )312 ,2max aa=L  (2.6.29) 

The parameter 2F  presented here differs from the original form posed by Menter [34], in 

that the second term of Eq. (2.6.28) is not included in the original form, which is given 
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as: 

 ( )2
22 tanhL= SSTAF  (2.6.30) 

Previous studies [10] have found slightly better agreement with experimental data for 

0=SSTA , especially in the prediction of the reattachment locations after flow separation.  

The current research investigates the turbulence model with the second blending function 

as presented in Eq. (2.6.28) with SSTA  set equal to unity (SST model), or SSTA  set equal to 

zero (BSL model).   

2.7 COMPLETE EQUATION SET IN COMPACT VECTOR FORM 

The compact vector form of the generalized coordinate Navier-Stokes equations 

presented in Section 2.4 are re-written here including the turbulence modeling terms from 

Section 2.6.  Thus, the RANS formulation of the Favre averaged Navier-Stokes equations 

transformed into generalized coordinates can be written in strong conservation law form 

as [3, 23]: 
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The vector of conserved variables is given as: 
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The inviscid fluxes are represented as: 
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and the viscous fluxes are expressed as: 
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The source term is given by: 
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The turbulence closure variables, w, ,,
k

zyxF , in the viscous fluxes are defined as: 
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and the source terms for the turbulence model are given as: 

 kS Tk wrbm *-Q= 2  (2.7.11) 
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where, Eq. (2.6.15) can be expanded in three-dimensions to give: 

 

2
1

2~~~

3
2

~~~~~~~~~~~~

~~~~~~~~~~~~
2

	
	
	
	
	
	
	
	




�

�
�
�
�
�
�
�
�




�

��
�

�
��
�

�
¶
¶

+
¶
¶

+
¶
¶

-

¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

+

��
�

�
��
�

�
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

=Q

z
w

y
v

x
u

y
w

y
w

x
v

x
v

z
u

z
u

x
w

x
w

z
v

z
v

y
u

y
u

z
u

x
w

y
w

z
v

x
v

y
u

z
w

z
w

y
v

y
v

x
u

x
u

 (2.7.13) 

Definitions in Section 2.6 are used to close the equation set: 
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The components of the outward normal vector, the area of the cell faces and the cell 

volume (Jacobian) are defined in Section 2.4, as are the contravariant velocities and 

contravariant diffusion velocities. 
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3 NUMERICAL FORMULATION 

Section 2 introduced the governing equations for a compressible, multi-

component, reacting, turbulent flowfield.  As previously mentioned, few exact analytical 

solutions exist for this equation set; rather, for most reasonably sized engineering 

applications, computational methods must be used to solve these non-linear, coupled, 

partial differential equations.  The present section will detail the numerical formulation 

and solution procedure used in the current research.  The following sub-sections will 

specify the discrete formulation of the equations, the spatial discretization and temporal 

integration procedure. 

3.1 DISCRETE REPRESENTATION 

A cell-centered, generalized coordinate finite volume discretization is utilized to 

solve the governing system of equations.  Associating the i  index with the x  coordinate, 

the j  index with the h  coordinate and the k  index with the z  coordinate, the discrete 

representation of the governing equations is given as: 
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where the half indices (e.g., 2
1+i ) describe cell interfaces corresponding to a cell 
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centered finite volume formulation.  In the generalized coordinate transformation 

discussed in Section 2.4, xD , hD  and zD  are assumed to be unity.  An equivalent form, 

useful in formulating integration methods, introduces a steady-state residual vector: 
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where: 
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In the above, kjiR ,,

�
 is the discrete representation of the “steady” part of the equation set at 

grid point (i , j ,k ) and is usually called the steady residual vector.  Details of the 

discretization of the inviscid fluxes, the viscous fluxes and the metric derivatives are 

given in Section 3.2.  The integration scheme used to advance Eq. (3.1.2) in time is 

detailed in Section 3.3.   

3.2 NUMERICAL FLUX REPRESENTATION 

In their full form as presented here, the unsteady compressible Navier-Stokes 

equations are of mixed mathematical character, in that they possess components that 

exhibit characteristics of both hyperbolic equations and parabolic equations [5].  As with 

any discrete formulation of a set of partial differential equations, care must be exercised 
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when determining the appropriate spatial discretization in order to ensure proper 

information propagation.  As presented in Sections 2.7 and 3.1 the Navier-Stokes 

equations can be conveniently written in terms of inviscid and viscous fluxes, thus 

facilitating the appropriate discretization stencil.   

The inviscid portions of the equation set, also referred to as the Euler equations, 

themselves exhibit mixed character, in that they possess characteristics of both elliptic 

and hyperbolic equations.  Thus, special attention needs to be given to the formulation of 

the discrete stencil for the inviscid fluxes to ensure the proper behavior of the equations is 

taken into account.  The proper stencil is achieved through the concept of upwinding.  

Upwinding changes the stencil according to the local physical characteristics of the flow 

to ensure information travels in the correct direction.  Upwinding can be broken down 

into three broad categories, the first being generally called Flux Difference Splitting 

Schemes, the second are generally referred to as Flux Vector Splitting Schemes, and the 

third can be thought of as a hybrid of the first two.  Flux difference schemes (e.g., Roe’s 

method, [47]) usually capture grid-aligned discontinuities sharply and are easily extended 

to higher order.  The main drawback to these methods is their computational expense, 

which is due to their matrix formulation.  They require ( )2NO  operations, where N  is 

the number of equations to be solved.  Flux vector splitting schemes (e.g., Steger-

Warming, [54]) are normally cheaper to implement but are typically more diffusive, 

meaning that they do not capture discontinuities as well.  Hybrid schemes (usually based 

on the flux vector splitting scheme of Van Leer [56, 57]), are very similar in their simpler 

implementation to flux vector splitting schemes, but they also attempt to retain the 
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accuracy of the flux differencing schemes in regions of flow discontinuities.  The present 

research uses the hybrid flux splitting scheme developed by Edwards [16].   

The viscous terms are of parabolic mathematical nature.  Thus a simple spatially 

second order central difference scheme can be used to discretize these terms.  The 

following sections will detail the formulation of the inviscid discretization stencil, the 

viscous flux stencil and the metric derivative formulation.   

3.2.1 LDFSS Inviscid Flux-Splitting Technique 

The inviscid interface fluxes kjiE ,,2
1

ˆ
+ , kjiF ,, 2

1
ˆ

+  and 
2

1,,
ˆ

+kjiG  are computed using the 

Low Diffusion Flux-Splitting Scheme (LDFSS) of Edwards [16], an upwind differencing 

technique.  LDFSS is monotonicity-preserving for strong discontinuities while retaining 

the capability of capturing stationary and moving contact surfaces without excessive 

numerical diffusion.  The x -direction interface flux representation is presented next; the 

h -direction and z -direction fluxes are formulated similarly.  For discussion purposes the 

j  and k  spatial indices are removed, thus 
2

1
2

1
ˆˆ

,, ++ ® ikji EE  

LDFSS begins by expressing the x -direction inviscid interface flux 
2

1
ˆ

+iE  as a sum 

of convective and pressure components:  

 pc EEE ˆˆˆ +º  (3.2.1) 

Thus, to be consistent with the finite volume representation in Section 3.1, the fluxes are 

evaluated at the cell interfaces (the half index locations).  The flux at the cell interface, 

2
1+i , is given below, and a simple index shift ( 1: -ii ) can be performed for the 2

1-i  



 52 

side.  The flux at the 2
1+i  interface is expressed by LDFSS as: 
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This formulation redefines the convective x -direction flux c
iE

2
1

ˆ
+  by denoting the 

contravariant velocity cU  (see Section 2.7) as the product of a contravariant Mach 

number splitting ±C  and an interface speed of sound 2/1a .  The convective contribution 

of the LDFSS interface flux c
iE

2
1

ˆ
+  is expressed as: 
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The pressure contribution to the interface flux, p
iE

2
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+ , is given by: 
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where the left and right states of the flux variables are defined as: 
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The subscripts L  and R  refer to the left and right state variable reconstruction of the 
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2
1+i  interface, respectively.  For ease of understanding, the left and right states of the 

variables for the 2
1+i  interface can be thought of as the i  and 1+i  index, respectively.  

It is important to note that this representation is only first order accurate in space, and is 

thus used for illustration purposes only.  To increase the spatial accuracy of the inviscid 

discretization, higher order (second order) extensions to the left and right states will be 

discussed in Section 3.2.2. 

In the above flux formulation the following definitions are used:   

±D  is a function of the Mach number: 

 ( ) +++ -+= LLLLLD P0.1 bba  (3.2.6) 

 ( ) --- -+= RRRRRD P0.1 bba  (3.2.7) 

and the subsonic pressure splitting is that proposed by Van Leer [57]: 

 ( ) ( )LLL MM -+=+ 21
4
1

P 2  (3.2.8) 

 ( ) ( )RRR MM +-=- 21
4
1

P 2  (3.2.9) 

The functions ±a  and b  provide the correct sonic-point transition behavior: 

 ( )[ ]LL Msgn1
2
1

+=+a  (3.2.10) 

 ( )[ ]RR Msgn1
2
1

-=-a  (3.2.11) 
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 ( )[ ]LL Mint1,0max --=b  (3.2.12) 

 ( )[ ]RR Mint1,0max --=b  (3.2.13) 

The Mach number splittings ±C  are defined as: 

 +++ -= 2/1MCC VL  (3.2.14) 

 --- += 2/1MCC VL  (3.2.15) 

where: 

 ( ) +++ b-b+a= LLLLLVL MMC 1  (3.2.16) 

 ( ) --- b-b+a= RRRRRVL MMC 1  (3.2.17) 

The split Mach number ±M  is defined as: 

 ( )21
4
1

+=+
LL MM  (3.2.18) 

 ( )21
4
1

--=-
RR MM  (3.2.19) 

and the left and right state Mach numbers are given by: 

 [ ]RLzRLyRLxRL wvu
a

M ,,,,
~~~1

2
1

xxx
���

++=  (3.2.20) 

The 1997 LDFSS method defines: 
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and defines the interface Mach number as: 

 ( )
2

22 1
2
1

4
1

2
1 �

�
�

�
�
�
�

�
-+= RLRL MMM bb  (3.2.23) 

The interface speed of sound is given by: 

 ( )RL aaa +=
2
1

2
1  (3.2.24) 

where a  is defined as the frozen speed of sound: 

 TRa mixmix

~g=  (3.2.25) 

3.2.2 Viscous Flux Discretization 

Due to the parabolic nature of the viscous terms, a simple spatially second order 

central difference scheme (about the cell interface) can be used to discretize these terms.  

To ensure proper cell centered finite volume formulation, the viscous fluxes are 

discretized as: 

x -direction: 
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 [ ]
kjikji

v

kji

v E
J

E
,,1

2
1

,,2
1

ˆˆ

,,
++

+

Ñ
º

x
 (3.2.26) 

h -direction: 

 [ ]
kjikji

v

kji

v F
J

F
,1,

2
1

,2
1,

ˆˆ

,,
++

+

Ñ
º

h
 (3.2.27) 

z -direction: 

 [ ]
1,,

2
1

2
1,,

ˆˆ

,,
++

+

Ñ
º

kjikji
v

kji

v G
J

G
z

 (3.2.28) 

While only the viscous fluxes 
kji

vE
,,2

1

ˆ
+

, 
kji

vF
,2

1,

ˆ
+

 and 
2

1,,

ˆ
+kji

vG  are explicitly given above, a 

simple index shift (e.g., 1: -ii ) can be performed for the 
kji

vE
,,2

1

ˆ
-

, 
kji

vF
,2

1,

ˆ
-

 and 
2

1,,

ˆ
-kji

vG  

fluxes.   

3.2.3 Second Order Extension 

Since the viscous flux discretization uses a second order central difference, it is 

also necessary to extend the inviscid flux representation to second order in order to 

properly maintain spatial second order accuracy.  The accuracy of LDFSS is extended to 

second order through slope-limited, upwind-biased interpolations of the primitive 

variable vector: 
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 (3.2.29) 

to the cell interface, using either a Van Albada [16, 59] total variation diminishing (TVD) 

[23] interpolation procedure or a SONIC-A essentially non-oscillatory (ENO) 

interpolation procedure [55] to preserve formal second order accuracy at solution 

extrema.  The interpolation procedures are performed in computational space.  Details of 

the formulation for both second order extensions are given in Appendix B.   

3.2.4 Metric Discretization 

In order to maintain global second order accuracy in space, the metric derivatives 

given in Section 2.4 must also be discretized to second order accuracy.  This is achieved 

through a central difference, akin to the viscous flux discretization.  To maintain a strict 

finite volume discretization, the metric derivatives must be evaluated at the cell interfaces 

(e.g., 2
1±i , 2

1±j , 2
1±k ) and the cell volumes (

kji
kji J

V
,,

,,

1
= ) must be evaluated at the 

cell centers.  Hirsch [23] gives details of implementing this for a structured mesh.   
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3.3 TIME INTEGRATION 

The following section details the temporal evolution of the discrete system of 

equations presented in Section 3.1.  The time integration chosen for the present research 

is an implicit formulation, rather than an explicit one.  Compared with explicit 

integrations, implicit formulations usually allow higher time steps to be used to advance 

the solution, are usually less sensitive to large changes in mesh cell sizes, and are better 

in reconciling widely different time and length scales associated with the flow physics of 

interest.  The last item is especially important for reacting flows, in which large 

differences in flow length and time scales may exist between convective, diffusive and 

reactive processes.  The main disadvantages of implicit time integrations are that the 

actual implementation (coding) is more complicated and the per-iteration cost is 

significantly higher than explicit methods.  However, the per-iteration cost burden is 

usually offset by the use of larger time steps.  Thus, the overall simulation turnaround 

time is generally quicker for implicit formulations [26]. To that end, the current time 

integration scheme implemented for this research uses the idea of an implicit dual time 

stepping algorithm [11, 12, 19].  A brief description for this algorithm follows. 

Referring to Section 3.1, the discrete system can be written: 

 kjiR
t
U

,,

ˆ �
-=

¶
¶

 (3.3.1) 

where, kjiR ,,

�
 is called the steady-state residual, and is given by: 
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 (3.3.2) 

The fluxes and source terms are given explicitly in Section 2.7.  One of the most widely 

used implicit time integrations is often called the Euler Implicit Scheme (a forward time 

discretization) and is represented by: 

 
( ) 1

,,
,,

1
,,

ˆˆ
+

+

-=
D

- n
kji

n
kji

n
kji R

t

UU �
 (3.3.3) 

where the superscript n  refers to the current time level and 1+n  refers to the next time 

level.  This system can be reformulated into a system of nonlinear equations: 

 
( )

0
ˆˆ

1
,,

,,
1
,,1

,, =+
D

-
= +

+
+ n

kji

n
kji

n
kjin

kji R
t

UU
R

�
 (3.3.4) 

where kjiR ,,  is called the unsteady residual vector.  A Newton scheme could be used to 

solve the above equation set at the 1+n  time level.  However, pure Newton schemes are 

rarely used in CFD due to the immense computational costs associated with the inversion 

of the associated system Jacobian [16, 23].  For the current research, a dual time stepping 

procedure is implemented to help alleviate the cost associated with a pure Newton 

iteration scheme.  The current implementation adds a pseudo time step to help converge 

the unsteady residual at each incremental time step.  The form of the equations is given 

by: 
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 (3.3.5) 

which is easily written as: 

 1
,,

ˆ
+-=

¶
¶ n

kjiR
U
t

 (3.3.6) 

The goal is to drive (iterate) the unsteady residual, 1
,,
+n
kjiR  to some tolerance at the next 

physical time level 1+n .  Thus, the unsteady equation set at time level 1+n  is solved 

after the sub-iteration convergences.  For steady simulations, both the sub-iteration and 

the time integration must converge, which simply converges the steady-state residual, Eq. 

(3.3.2) to zero.  For unsteady simulations, the sub-iterations are converged for each 

physical time level until a norm of the unsteady residual (Eq. 3.3.4) is reduced to a 

tolerance.  One of the most desirable attributes of this type of dual-time stepping method 

is that any errors associated with the factorization and linearization of the equation set 

that arise as a consequence of an implicit time integration scheme will be “iterated out” 

over the course of advancing the sub-iteration.  A fully implicit discretization of Eq. 

(3.3.6) is given by: 

 ( )
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�
�
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kn
kji

kn
kji UR

t

UUUUU �

tt
 (3.3.7) 

where the superscripts associated with n  denote physical time levels (which are 

associated with tD ) and the superscripts associated with k  denote sub-iteration levels 

(which are associated with tD ).  Recall the steady residual is written as:   
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where for the generalized coordinates defined in Section 2.4 and using the definition 

1=D=D=D zhx , Eq. (3.3.8) can be written as: 
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where the inviscid fluxes, viscous fluxes and source vector are given explicitly in Section 

2.7.   

To define the iterative scheme implemented herein, linearizations are performed 

using the Taylor series expansion about sub-iteration level 1+k  and using the fact that 

the conserved variable vector, 1,1
,,

ˆ ++ kn
kjiU  (Eq. (2.7.2)), and residual vector, 1,1

,,
++ kn

kjiR
�

 (Eq. 

(3.3.8)), are functions of the primitive variable vector, 1,1
,,

ˆ ++ kn
kjiV  (Eq. (3.2.29)).  Even 

though the inviscid fluxes are extended to second order for the steady-state residual 

calculation (e.g., x -direction): 

 

�
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order higher 
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2
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2
1 kjikjikjikjikji UUUEE  (3.3.10) 
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for the purposes of constructing the implicit operators, the linearization of the steady-

state flux vector, 1,1
,,

++ kn
kjiR

�
 only considers the first order representation of the fluxes(e.g., 

x -direction):   

 ( )kjikjikjikji UUEE ,,1,,,,,,
ˆ,ˆˆˆ

2
1

2
1 +++ =  (3.3.11) 

This simplification results in better conditioned Jacobian matrices that have a smaller 

bandwidth and this require less computational storage.  Linearizations are given as: 

Conserved variable vector: 
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Source vector portion of the steady-state residual vector:  
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The inviscid portion of the steady-state residual vector is given below.  For 

simplification, only the right cell face representation of the inviscid fluxes is written 

explicitly: kjiE ,,2
1

ˆ
+ , kjiF ,, 2

1
ˆ

+ , 
2

1,,
ˆ

+kjiG .  The left cell face expansion can be found by using 

an index shift (e.g., 1-® ii ).  Thus: 
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where the correction vector is defined by: 
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The viscous flux expansions can be formulated similarly to the inviscid fluxes.  Using 

Eqs. (3.3.13), (3.3.14), (3.3.15) and (3.3.16) the steady-state residual at the 1+k  sub-

iteration level, Eq. (3.3.9), can be re-written as: 
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where the steady-state residual at the k  sub-iteration level is given by: 
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and the Jacobian matrices for the flux vectors and source vector are defined as: 



 64 

 
kn

kji

kn
kjiv

kn
kji

kn
kji

E V

E

V

E
A

kji ,1
,,

,1
,,

,1
,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,, +

+
+

+

+
++

¶

¶
-

¶

¶
= , 

kn
kji

kn
kjiv

kn
kji

kn
kji

E V

E

V

E
A

kji ,1
,,1

,1
,,

,1
,,1

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,,1 +
+

+
+

+
+

+
++

¶

¶
-

¶

¶
=

+
 (3.3.20) 

 
kn

kji

kn
kjiv

kn
kji

kn
kji

E V

E

V

E
A

kji ,1
,,

,1
,,

,1
,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,, +

+
-

+

+
--

¶

¶
-

¶

¶
= , 

kn
kji

kn
kjiv

kn
kji

kn
kji

E V

E

V

E
A

kji ,1
,,1

,1
,,

,1
,,1

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,,1 +
-

+
-

+
-

+
--

¶

¶
-

¶

¶
=

-
 (3.3.21) 

 
kn

kji

kn
kjiv

kn
kji

kn
kji

F V

F

V

F
A

kji ,1
,,

,1
,,

,1
,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,, +

+
+

+

+
++

¶

¶
-

¶

¶
= , 

kn
kji

kn
kjiv

kn
kji

kn
kji

F V

F

V

F
A

kji ,1
,1,

,1
,,

,1
,1,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,1, +
+

+
+

+
+

+
++

¶

¶
-

¶

¶
=

+
 (3.3.22) 

 
kn

kji

kn
kjiv

kn
kji

kn
kji

F V

F

V

F
A

kji ,1
,,

,1
,,

,1
,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,, +

+
-

+

+
--

¶

¶
-

¶

¶
= , 

kn
kji

kn
kjiv

kn
kji

kn
kji

F V

F

V

F
A

kji ,1
,1,

,1
,,

,1
,1,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,1, +
-

+
-

+
-

+
--

¶

¶
-

¶

¶
=

-
 (3.3.23) 

 
kn

kji

kn
kjiv

kn
kji

kn
kji

G V

G

V

G
A

kji ,1
,,

,1
,,

,1
,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,, +

+
+

+

+
++

¶

¶
-

¶

¶
= , 

kn
kji

kn
kjiv

kn
kji

kn
kji

G V

G

V

G
A

kji ,1
1,,

,1
,,

,1
1,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

1,, +
+

+
+

+
+

+
++

¶

¶
-

¶

¶
=

+
 (3.3.24) 

 
kn

kji

kn
kjiv

kn
kji

kn
kji

G V

G

V

G
A

kji ,1
,,

,1
,,

,1
,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

,, +

+
-

+

+
--

¶

¶
-

¶

¶
= , 

kn
kji

kn

kji

kn
kji

kn
kji

G V

G

V

G
A

kji ,1
1,,

,1

,,

,1
1,,

,1
,,

ˆ ˆ

ˆ

ˆ

ˆ
2

1
2

1

1,, +
-

+

-

+
-

+
--

¶

¶
-

¶

¶
=

-
 (3.3.25) 

 
kn

kji

kn
kjikn

S V

S
A

kji ,1
,,

,1
,,,1

ˆ ˆ

ˆ

,, +

+
+

¶

¶
=  (3.3.26) 

The above expansions are truncated to second order, thus ignoring higher order terms.  

Substituting Eq. (3.3.12) into Eq. (3.3.7) and collecting terms gives an implicit sub-

iteration scheme for advancing kn
kjiV ,1
,,

ˆ +  to 1,1
,,

ˆ ++ kn
kjiV .  When this converges, 

( )1,1
,,

1
,,

ˆˆˆ +++ = kn
kji

n
kji VUU .  The iteration scheme can be written as: 
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Substituting Eq. (3.3.18) into Eq. (3.3.27) and rearranging yields: 
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where: 
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The matrices A
~

, B
~

, C
~

, D
~

, E
~

, F
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 are given by: 
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The exact form of the Jacobian matrices given in Eq. (3.3.30) depend on how the 

interface fluxes are formulated.  The details of the flux vector Jacobians, A
~

, B
~

, C
~

, D
~

, 

E
~

, F
~

, and G
~

 for the current implementation are given by Edwards [16].   

The above time integration scheme is applicable to unsteady simulations.  

However, the addition of the parameter timea  allows for the above formulation to work 

equally well for steady-state simulations.  The timea  parameter is added as follows:   
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where 1=timea  for unsteady calculations, and for steady calculations 0=timea  and 0=k .  

Thus, the steady-state formulation would effectively remove the 
t
U
¶
¶ ˆ

 term from the 

equations and reduces to: 
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which is the Euler implicit form for the iterative solution for Eq. (3.3.4).  This can be 

easily derived directly from a Newton iteration approach.   

There are several iterative procedures which can be used to solve the system in 

Eq. (3.3.31).  To help illustrate iterative approaches for time integration, the system can 

be ordered over the grid nodes to yield a large, sparse, linear system of the form: 

 bxA
��

=  (3.3.33) 

where: 

 	



�
�



�
-+�

�

�
�
�

�
D

+
D

= +++ kn
S

kn
R

kntime

t
a

A ,1
ˆ

,1,11
��� �

t
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 1,1 ++D= knx �
��

 (3.3.35) 

 ,knb 1+-= �
��

 (3.3.36) 

The vector �
�

 is defined as an ordering of kjiV ,,
ˆ  over the grid nodes and �

�
 is the 

associated unsteady residual vector, kjiR ,, , ordered appropriately.  The matrix, �  is an 

appropriately ordered block-diagonal matrix of kjiM ,,  and 
Ŝ

�  is an appropriately ordered 
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block-diagonal matrix of 
kjiS

A
,,

ˆ .  Finally, 
R̂

�  is an appropriately ordered block-

septadiagonal matrix of the flux vector Jacobians, A
~

, B
~

, C
~

, D
~

, E
~

, F
~

, and G
~

.   

In general, a direct matrix solve (e.g., Gaussian Elimination) of Eq. (3.3.33) is 

impractical, since the matrix A  is very large, sparse and banded.  Most implicit CFD 

algorithms will replace A  with a simpler (easier to invert) approximation, A¢.  These 

methods are usually referred to as iterative matrix solvers or inexact Newton iterations 

(e.g., Gauss-Seidel, Line Gauss-Seidel, Incomplete LU decomposition).  Each of these 

methods use a different A¢ as a matrix approximation to the Jacobian matrix A .   

A planar symmetric Gauss-Seidel on constant i  planes is used in the present 

research [11, 12].  Recall that for the purposes of constructing the implicit operators (the 

linearization of the steady-state residual vector) only the first order representation of the 

fluxes are considered, even though the inviscid fluxes are still extended to second order.  

The reason for this simplification is the Jacobian matrices that result from this procedure 

are better conditioned and have a smaller bandwidth, which leads to less storage and a 

simpler approximation, A¢, to invert.  Although this procedure will never reach Newton-

like convergence for higher-order systems, the advantages of solving a simpler system far 

outweigh the drawbacks.   

To solve the system given in Eq. (3.3.33), an inexact Newton iteration scheme is 

implemented.  To facilitate the solution of the above system, Eq. (3.3.33) can be rewritten 

as: 
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where: 
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As previously mentioned, the above system is solved using a planar symmetric 

Gauss-Seidel iteration scheme on constant i  planes.  This formulation is most useful in 

flowfields where the i  direction flow is predominately supersonic, which suits the current 

research well.  This solver is also efficient if most of the tightest grid spacing is in the 

cross-directions, which is also the case for this research.  For the planar symmetric 

Gauss-Seidel solver, the approximation, A¢, to A  is formulated as: 

 ( )( ) ( )UDDLDA ++=¢ - 1
 (3.3.39) 

where L , D , and U  are the lower block triangular, block pentadiagonal and upper 

block triangular matrices given by: 

 FL
~

=  (3.3.40) 

 EDCBHD
~~~~~~

++++=  (3.3.41) 

 GU
~

=  (3.3.42) 
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Thus, the linear system is approximated by the following, easier to solve, system: 
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where the vector �
�

 is defined as an ordering of kjiU ,,
ˆ  over the grid nodes, similar to �

�
.  

This system is solved in two steps.  The first step is a forward sweep: 
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followed by a backward sweep: 
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where m is the vector index.  Once the sub-iteration converges, the primitive variable 

vector is updated: 

 1,1
,,

,1
,,

1,1
,,

ˆˆˆ +++++ D+= kn
kji

kn
kji

kn
kji VVV  (3.3.46) 

then, the conserved vector is updated, ( )1,1
,,

1
,,

ˆˆˆ +++ = kn
kji

n
kji VUU , and the steady-state residual is 

updated to the next time level.  This procedure is repeated until the solution reaches the 

desired time level.   

The pseudo time step, tD , is defined by a local CFL number and the local 

Eigenvalues of the system ( aUc + , aVc + , and aWc + ) and is given by: 
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The unsteady time step, tD  is the physical time step and is defined by a global CFL.   

To help improve the computational efficiency (overall simulation turnaround 

time), the present integration implementation is capable of using Jacobian “freezing” to 

help alleviate the work associated with factorizing and computing the system Jacobian.  

The system Jacobian can be frozen over successive sub-iterations for each time level 

and/or can be frozen over successive time levels.  For the unsteady simulations, the 

current implementation holds the system Jacobian constant over the sub-iterations and 

then recomputes it before the next time level.  As mentioned previously, dual-time 

stepping algorithms help alleviate the errors associated with the factorization and 

linearization of the time integration scheme.  With this in mind, the freezing of the 

system Jacobian over sub-iterations can be viewed as a factorization error.  So, even 

though updating the Jacobian each sub-iteration usually implies less sub-iterations to 

converge each time step, the sub-iterations will still converge if the Jacobian is frozen 

over the sub-iterations so long as the system Jacobian does not change drastically over 

successive sub-iterations.  Care must be taken in the choice of the physical time step for 

the current simulations, due to the fast kinetics of the chemical reactions and the high 

speed of the flow.  Large physical time steps could mean that holding the system 

Jacobian frozen over the sub-iterations could result in a large number of sub-iterations 

required for convergence, which could eventually mean the computational savings 

associated with the freezing outweighs the cost of re-computing the system Jacobian.  For 
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the present unsteady simulations, most of the sub-iterations converge within two orders 

of magnitude in less than 5 steps, which means the system Jacobian freezing is still cost 

effective.  For the cases considered later, the flow can change significantly over even 

short time frames; thus the second type of Jacobian freezing associated with holding the 

system Jacobian constant over successive physical time steps is not very appropriate.   

For steady simulations, including reacting cases, freezing the system Jacobian 

over several time steps can prove very cost effective.  For the present simulations, the 

largest change in the system Jacobian is usually associated with the chemical kinetics.  

Fortunately, the chemical kinetics tend to settle to a “steady-state” solution even though 

the flowfield may still be evolving.  This usually means that Jacobian freezing must be 

postponed until the reaction kinetics have somewhat settled.  Then, the freezing can be 

done for several time steps in succession.  For the present steady simulations with no 

chemical kinetics (cold flow) the Jacobian is typically frozen after the first 500 to 1000 

iterations and is frozen for up to 3 or 5 time steps without degrading the convergence 

history.  For the steady simulations of reacting flows, the freezing is delayed until about 

half of the iterations are complete, and then the Jacobian is frozen for 2-3 time steps.   
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4 EXPERIMENTAL OVERVIEW  

4.1 HYSHOT GOALS AND DESIGN PHILOSOPHY 

The design, experimental testing and airframe integration of hypervelocity 

propulsion devices have each been extensively studied over the past five decades.  It has 

not been until recently that the researchers in the HyShot program at the University of 

Queensland have designed and successfully demonstrated that sustained propulsion from 

a scramjet engine is possible.  Of late, their primary focus has been on improving the 

overall cycle efficiency of scramjet propulsion devices.  Increasing the overall efficiency 

of any engine is an important step along the way to a final design, and even more so for a 

scramjet.  This is due to the fact that scramjets usually operate with a large amount of 

airframe induced shock losses, resulting in a reduction of overall efficiency.  Shock 

waves result since the hypervelocity freestream air must be slowed down to manageable 

levels in order to get acceptable combustion efficiency and adequate thrust levels.   

There is little means for improving the losses due to the airframe shock system, so 

scramjet propulsion designers have been looking at other flowfield characteristics which 

could be enhanced or augmented to provide an improvement in overall cycle efficiency.  

The researchers in the HyShot program believe that a main area for scramjet 

improvement lies in the reduction of skin friction drag.  Since skin friction is dependent 

on the square of the flight speed [21] and because the propulsive efficiency of a scramjet 

engine depends largely on the skin friction of the device, any successful design of a 

hypersonic vehicle must minimize the drag penalty due to skin friction.  Odam and Paull 



 74 

[39] have shown that the skin friction can contribute up to 28% of the net drag [44].   

To that end, the HyShot researchers have focused on reducing drag due to 

combustion chamber skin friction by minimizing the overall size of the combustion 

chamber.  They have relied on a single combustion chamber design (Figure 4.1) with fuel 

injection in the inlet so as to promote pre-mixing of the hydrogen fuel and air, thereby 

reducing the required length of the combustor.  Drag-producing mixing enhancement and 

flame-holding devices are not incorporated; thus, the reaction front (once initiated) must 

be stabilized within recirculation regions induced naturally by shock / boundary layer 

interactions.  The inlet section consists of two mild compression ramps to alleviate 

excessive losses due to stronger shocks.  These milder compressions lead to lower 

pressures and temperatures within the combustor section, while the associated shock 

interactions with the developing viscous boundary layers produce recirculation regions 

amenable for radical formation.  The goal of the experiments was not to produce an 

optimum thrust configuration; rather, the intent was to examine the effects of different 

combustor heights, equivalence ratios, and freestream stagnation enthalpies on the 

initiation and sustenance of combustion within a scramjet-like device designed to reduce 

the overall skin friction drag. 
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Figure 4.1  Three-Dimensional Scramjet Model and Centerline Cross-Section 

 

4.2 EXPERIMENTAL SPECIFICATIONS 

4.2.1 Configuration Specifics 

The experiments performed by Odam and Paull [39] and Odam [38] were 

conducted in the T4 free piston shock tunnel [43, 44] for the rectangular scramjet section 

shown in Figure 4.1, over a range of flow conditions and combustor heights.  One of the 

sidewalls in Figure 4.1 is removed for illustration purposes.  The detailed dimensions are 

given in Appendix C, Figure C.1.  The scramjet model has a rectangular cross-section 

consisting of an inlet section with integrated fuel delivery system, a combustion chamber 
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and a simply ramped nozzle section.  The total length of the model is 0.625m, the width is 

0.075m, and the combustor section height can be adjusted from 0.020m to 0.032m.  The 

inlet ramps are at 7 degrees with respect to the horizontal and 9 degrees with respect to 

the horizontal for the first and second ramp respectively.  The nozzle section is ramped at 

9 degrees with respect to the horizontal.   

To achieve the sufficient mixing that is required to help shorten the combustor 

section, the idea of forebody fuel injection is implemented.  The fuel delivery system 

injects choked gaseous hydrogen at a 45° angle (relative to the surface) from four discrete 

holes located on both the upper and lower surfaces of the first inlet ramp section 

upstream of the combustor section.  The four fuel holes are evenly spaced in the spanwise 

direction.  The intent is to provide the fuel and air enough time to mix well enough to 

properly ignite when the shock-induced temperature rise is sufficient.   

The mild compression ramps in the inlet help reduce the possibility of combustion 

within the inlet surface boundary layers, which could lead to increased drag and possibly 

engine unstart.  The role of the compression ramps is twofold.  First, the inlet ramps must 

bring the speed of the flow down to manageable levels for adequate mixing of the 

reactants to occur.  Second, forebody fuel injection must be implemented without raising 

the local temperature in the inlet above the auto-ignition temperature for the hydrogen-air 

mixture.  Referring to Figure 4.2 (illustration of ideal shock structure for fuel-on 

operation), the design intent for the chosen inlet ramp angles is to ensure that the 

maximum temperature rise occurs near the centerline, behind the complex shock 

interactions, placing the ignition region in the combustor section.   
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The combustion chamber has a simple rectangular cross-section.  There are no 

mixing enhancing devices or flame stabilization devices [22].  As mentioned previously, 

the current scramjet model is not optimized for maximum thrust.  This simpler design 

makes the examination of the effects of varying combustor heights, equivalence ratios 

and freestream enthalpies less complex.  The nozzle section is also an uncomplicated 

design, being just simple angled walls.  The sidewalls of the model in the inlet section are 

cut away in a “V” shape to reduce boundary layer growth on the sidewalls and to allow 

the configuration to be self-starting. 

H2 Fuel Injection

Inlet Combustor Nozzle

250mm 195mm180mm

H2 Fuel Injection

Inlet Combustor Nozzle

250mm 195mm180mm
 

Figure 4.2  Typical Combusting Case Pressure Contours 

4.2.2 T4 Shock Tunnel Testing 

The experimental testing performed by the HyShot researchers centers on both 

atmospheric testing and shock tunnel testing.  The former attaches scramjet-like devices 

to the nose section of a Terrier-Orion sounding rocket.  This rocket is propelled through a 

simple arc trajectory, and at some time after its apogee the nosecone section is opened 

and the scramjet-like devices go through their testing schedule.  The latter is investigated 
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in the T4 shock tunnel facility, and is the focus of the present numerical research.   

The T4 free piston shock tunnel has the capability of testing models at airflow 

speeds in excess of 3 km/s over test times of ~5ms, depending on the stagnation enthalpy 

of the test.  The actual usable experimental data for such a test could be much shorter (on 

the order of 2-3ms), depending on the amount of driver gas contamination.  A schematic 

of the T4 tunnel is shown in Figure 4.3.  The scramjet experiments presented for 

comparison show about 2ms of steady testing time before driver gas contamination.  

Figure 4.4 presents a typical nozzle stagnation pressure trace (See Appendix C for further 

details).  This stagnation pressure is measured about 0.1m upstream of the T4 tunnel 

nozzle throat and shows a region of steady operation of the shock tunnel.  Experiments 

were performed at several freestream test conditions, different combustor section heights 

and different equivalence ratios [38]. 

 

 

Figure 4.3  Schematic of T4 Shock Tunnel 
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Figure 4.4  Typical T4 Nozzle Throat Stagnation Pressure Trace 

4.2.3 T4 Tunnel Operation 

Like other free-piston shock tunnels [9, 37], the T4 shock tunnel has a very simple 

operation scheme.  A inert driver gas is pressurized in a tank attached to the side of the 

tunnel.  When a predetermined pressure rise is achieved, a diaphragm (or burst disk) is 

ruptured.  Once the driver gas begins to flow, it compresses the gas in the next chamber, 

the test gas (air in this case).  The air/driver gas mixture is compressed until a second 

diaphragm bursts.  Once this diaphragm bursts, the air flows through a nozzle and into 

the evacuated test section, where the test model is positioned.  There is a limited testing 

time available before the driver gas enters the test section (driver gas contamination).  

Once the tunnel fully blows down, the tunnel can be reset to run again.   

Some of the experiments under investigation have gaseous fuel being injected into 
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the test model.  The valve controlling the fuel is opened due to the recoil of the tunnel 

after the first diaphragm bursts.  Thus, the model fills with fuel before the test gas enters 

the test section of the tunnel.  For the present experiments, the fuel is allowed to fill the 

test model for approximately 0.5ms before the air stream enters the model.  This period of 

fuel injection into near-vacuum conditions must be properly accounted for in the transient 

numerical simulations discussed later.   

4.3 EXPERIMENTAL RESULTS 

4.3.1 Experimental Data Reduction 

Experimental data collected for the shock tunnel tests consists of overall tunnel 

performance measurements and time histories of static pressure measurements along the 

centerline of the test model.  The tunnel performance measurements help define the 

model inlet conditions and initial conditions of the test before the tunnel airflow starts.  

As mentioned previously, the experimental runs varied freestream stagnation enthalpies, 

different combustor section heights and different equivalence ratios.  The equivalence 

ratios were varied from zero to unity.  The combustion chamber height was varied from 

20mm to 32mm, meaning the ratio of the inlet height to the combustor height, termed the 

contraction ratio, was subsequently varied from 4.1 to 2.9.  Finally, to obtain the desired 

stagnation enthalpy (inlet temperature), the driver gas composition was adjusted.  For the 

nominal freestream stagnation specific enthalpy (freestream stagnation enthalpy 

normalized by T4 tunnel mass flow rate) of 3 MJ/kg, the driver gas composition was 90% 

argon and 10% helium.  For the nominal freestream stagnation specific enthalpy of 4 
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MJ/kg, the driver gas composition was 60% argon and 40% helium [38].  Using the T4 

tunnel test section nozzle Pitot pressure and stagnation pressure measurements along with 

the first static pressure measurements taken in the test model, one can calculate the 

effective freestream flight altitude and Mach number for each experimental run [38].  It 

was determined that the 3 MJ/kg cases correspond to a flight altitude of 28km and a flight 

Mach number of 8.0 and the 4 MJ/kg cases correspond to a flight altitude of 35km and a 

flight Mach number of 9.4.  For the T4 tunnel experiments of interest to this investigation 

[38], 300 experimental runs (shots) were made.  Of these, only three are investigated 

numerically herein, and are described in Section 4.4.   

Also of importance for the numerical simulations are the time history data 

collected during an experimental run.  While the tunnel is operating, static pressure 

measurements along the centerline of the scramjet model were taken, although no wall 

temperatures were obtained.  The centerline pressures span from the inlet section through 

the combustor section and into the nozzle section.  Figure 4.5 shows the locations of each 

pressure tap.  At two axial stations, spanwise pressure measurements were made, but they 

were not generally considered in the data reduction procedure that follows in Section 4.4.   
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Figure 4.5  Illustration of Centerline Static Pressure Tap Locations 

4.4 EXPERIMENTAL DATA FOR NUMERICAL SIMULATIONS 

The entire HyShot program has been very successful at creating repeatable 

“stable” scramjet combustion in their T4 shock tunnel facility.  In fact, the HyShot 

program was the first such program to show positive thrust for a scramjet engine [38, 39].  

As previously mentioned, only three of the T4 tunnel experiments of Odam [38] are 

investigated numerically in this study.  They are Run #7675, Run #7678 and Run #7680 

[38].  Each data set corresponds to a combustor height of 24mm, and a stagnation specific 
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enthalpy of ~4 MJ/kg.  Table 4.1 gives a summary of the geometric parameters for the 

scramjet model used for the current simulations (see Figure 4.1).  The first case, Run 

#7675, is a fuel-off (cold) experimental test.  The second case, Run #7678, is a fuel-on 

(hot) experimental test which produced stable (statistically-steady) combustion for the 

same combustor height (contraction ratio).  The third case, Run #7680,  involves 

relatively small changes in the inlet conditions and a slight increase in equivalence ratio 

over Run #7678  but does not result in stable operation of the device.   

Table 4.1  Experimental Model Geometry Specifications 

Geometric Information Experiment 

Model Length (m) 0.625 

Model Width (m) 0.075 

Inlet Height (m) 0.0859 

Combustor Height (m) 0.024 

Inlet Area ( 2m ) 0.0064425 

Fuel Hole Area (per hole) (2m ) 61014.3 -´  

 

Appendix C gives details of the data reduction procedure used to generate 

acceptable initial and boundary conditions for the numerical simulations of each run.  

Table C.11 and Table C.12 detail the complete list of numerical initial conditions for each 

experimental run investigated.   

The raw centerline pressure data was obtained from the University of Queensland 

and then processed to determine “steady-state” averages (where appropriate) and standard 

deviations from the “steady-state” (shown as variation bars).  Appendix D gives details of 

the data reduction process for each of the three runs.   
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5 COMPUTATIONAL DETAILS 

5.1 PAST SOLVER VALIDATION 

The present research utilizes a well validated Navier-Stokes solver for transient, 

multi-component, chemically-reacting flows [11, 12, 31, 32, 49].  The solver has been 

applied to various two-dimensional, axisymmetric and three-dimensional hydrogen flame 

configurations [17, 49].  Detailed two-dimensional and three-dimensional transient 

simulations of hydrogen fuel injection in a scramjet inlet-combustor tested at Japan’s 

National Aerodynamics Laboratory have also been performed [32, 31].  The solver has 

also been applied to analyze the low-speed propulsion mode of NASA’s GTX rocket-

based combined cycle engine concept under steady [12] and dynamic [11] operating 

conditions.  In References [49] and [12], substantial attention was devoted toward 

quantifying the effects of mesh refinement on the solutions obtained for similar 

combusting flowfields.  The grids generated for use in the present study reflect insights 

learned during this previous work.   

5.2 PARALLEL FORMULATION 

The Navier-Stokes solver previous discussed in Section 2 and Section 3 is coded 

in FORTRAN and is parallelized with the Message Passing Interface [7, 52] standard.  

The numerical simulations are performed on the IBM Blade Center at North Carolina 

State University’s High Performance Computing Center.  The grids are decomposed into 

individual blocks which are then mapped to processors on the Blade Center.   
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5.3 MODEL AND GRID SPECIFICATIONS 

5.3.1 Model Geometry 

As described in Section 4.2, the experimental scramjet model investigated in the 

present numerical study has an overall length of 0.625m, a width of 0.075m and a 

combustor section height of 0.024m.  The scramjet model consists of two mild ramps for 

the inlet region, a rectangular combustor section and a ramped nozzle section.  The actual 

experimental model has angled cut side walls, Figure 4.1, to reduce boundary layer 

growth on the sidewalls and to allow the configuration to be self-starting [38, 39].  To 

account for this, the computational model also incorporates the same angled cut sidewalls 

as a combination of interface and wall boundary conditions.  The walls of the 

experimental model have a finite thickness of 20mm for the upper and lower walls and 

10mm for the side walls [38].  One limitation of the current implementation is the 

computational model assumes that these walls are infinitely thin.  The external flowfield 

(reservoir or tunnel side of the scramjet model) in the vicinity of the ‘V’ cut side wall is 

included in the simulation to properly account for spillage effects.   

The computational model applies bi-lateral symmetry; thus only the flow within 

one quarter of the geometry is solved, Figure 5.1.  The computational model dimensions 

are listed in Table 5.1.   
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Figure 5.1  Computational Model 

 

Table 5.1  Computational Model Geometric Specifications 

Geometric Information CFD Model 

Model Length (m) 0.625 

Quarter-Model Width (m) 0.0375† 

Quarter-Inlet Height (m) 0.04295 

Combustor Height (m) 0.024 

Quarter-Inlet Area ( 2m ) 0.0016106 

Fuel Hole Area (per hole) (2m ) 61014.3 -´  
† The spillage region is also extended 0.0375m in the spanwise direction 

The fuel delivery system of the experimental apparatus injects choked gaseous 

hydrogen at a 45° angle (relative to the surface) from four discrete holes located on both 
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the upper and lower surfaces of the first inlet ramp section upstream of the combustor 

section.  Due to the imposed bi-lateral symmetry, only two holes are used in the 

computational model.  Keeping the fuel hole areas consistent with the experimental 

dimensions, the fuel injectors are modeled as rectangular holes rather than the elliptical 

holes used in the experimental apparatus.   

5.3.2 Computational Grids 

The grids used in this research were generated using GRIDGEN®, a 

commercially-available grid generation package.  The grids are simply connected, multi-

block, structured meshes.  Both two-dimensional and three-dimensional meshed 

geometries are presented herein.  Figure 5.2 illustrates the three-dimensional quarter-

symmetry computational mesh, including the spillage region which accommodates the 

spillage through the ‘V’ cut sidewall previously mentioned.  The computational model is 

decomposed into 50 blocks, Figure 5.3.  Each block contains the same number of cells.  

A grid refinement study is also performed on the three-dimensional model to help 

understand the effects of sidewall refinement.  The Baseline grid dimensions are 

532x81x81 for the scramjet itself, and 296x81x17 for the external spillage, yielding a 

total interior cell count of 3,776,000 cells.  Each of the 50 blocks has grid dimensions of 

60x81x17 nodes, Figure 5.3.  For the lower wall, miny  = m6100.5 -´ , and for the 

sidewall, minz  = m5100.5 -´ .  The Refined-Grid increases the z-direction grid count and 

reduces the minimal grid spacing normal to the sidewall.  The Refined-Grid dimensions 

are 532x81x116 for the scramjet itself and 296x81x24 for the spillage region, for a total 
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of 5,428,000 interior mesh cells.  Each of the 50 blocks has grid dimensions of 60x81x24 

nodes.  The Refined-Grid minimum wall grid spacing for the lower wall is miny  = 

m6100.5 -´ , and for the sidewall is minz  = m6100.5 -´ .  Figure 5.4 compares 

representative near wall velocity plots for a Baseline grid versus a Refined-Grid case for 

simulations of Run #7675, varying only the grid refinement.  For both the Baseline mesh 

and Refined-Grid mesh, the ratio of adjacent grid aspect ratios is kept below 1.2, and 

each fuel hole is resolved using 14x9 = 126 cells.   

Nozzle

Region Spillage

Nozzle

Region Spillage

 

Figure 5.2  Quarter-Symmetry Model with Spillage Region 
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Figure 5.3  Decomposed Computational Grid (50 Blocks) 
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Figure 5.4  Baseline and Refined-Mesh Three-Dimensional Wall Resolution 
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The baseline two-dimensional grid was extracted from the centerline ( 0=z ) grid 

plane of the refined quarter-symmetry three-dimensional grid.  Several two-dimensional 

simulations were performed at different grid resolutions and different levels of local 

refinement in order to better understand the complex relationship between the grid 

resolution and the solution.  The two-dimensional grid-refinement methods used can be 

classified as being either global or local.  Global grid refinement refers to a general 

refinement of the mesh in all directions.  Local refinement refers to regional grid 

refinement.  Table 5.2 lists dimensions of the two-dimensional refined meshes in terms of 

an interior cell count.  Visual illustrations of the grids are shown in Figure 5.5.  The 

Quad-Refinement doubles the number of grid points in each coordinate direction, while 

the Inlet Refinement 1 and Inlet Refinement 2 refine only the inflow normal grid spacing 

in the streamwise direction.  Figure 5.6 illustrates the variation in inlet grid spacing for 

the baseline mesh versus the two inlet refinements and shows that both of the streamwise 

refinements achieve a minimum inlet grid spacing of mx 9
min 100.1 -´» . 

Table 5.2  Two-Dimensional Grid Refinement 

Grid Size Cell Count ( )mymin  
Baseline 531x80 6100.5 -´  

Quad-Refinement 1071x160 6105.2 -´  
Inlet Refinement 1 550x80 6100.5 -´  
Inlet Refinement 2 658x80 6100.5 -´  
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a)  Baseline Resolution (531 x 80 cells)

b) Quad Refinement (1071 x 160 cells)

c)  Inlet Ramp Refinement 1 (550 x 80 cells)

d)  Inlet Ramp Refinement 2 (658 x 80 cells)

a)  Baseline Resolution (531 x 80 cells)

b) Quad Refinement (1071 x 160 cells)

c)  Inlet Ramp Refinement 1 (550 x 80 cells)

d)  Inlet Ramp Refinement 2 (658 x 80 cells) 

Figure 5.5  Illustrations for Grid Refinement Study 
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Figure 5.6  Inlet Grid Refinement Detail 
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5.4 INITIAL AND BOUNDARY CONDITIONS 

5.4.1 Initial Conditions 

Both steady and time-dependent simulations are considered in this work.  

Reference conditions for each of the cases are given in Table C.11.  For the steady 

simulations, flowfield thermodynamic properties are set to the reference values.  The 

axial velocity (x-direction) is set to the reference velocity, and the transverse components 

of velocity are set to zero.  The species densities are set to their freestream value and the 

temperature is set to the pre-test tunnel temperature of 310K.   

The initial conditions for the unsteady simulations are somewhat more 

complicated.  For the non-combusting unsteady simulations, the pressure within the 

domain is set to ~1 torr, corresponding to the near vacuum pre-test conditions.  The 

initial velocities are all set to zero and the temperature is set to the pre-test tunnel value of 

310K.  The initial density of each species is specified according to the ideal gas law.   

Initialization of unsteady combusting cases takes into consideration the 

experimental fuel delivery system, since this system allows the scramjet model to fill 

with fuel for approximately 0.5ms before the slug of air is ingested into the model.  

Thus, a fuel initial condition must be generated.  The fuel initial condition is started by 

setting the initial conditions in the computational simulations to those prescribed for the 

non-combusting simulations, above.  Then, the fuel injectors are allowed to fill the 

domain with hydrogen for a predetermined amount of time.  Since in the experiment the 

fuel is allowed to fill the domain before the air reaches the model, an extrapolation 
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boundary condition is used at the inlet to allow the fuel to exit the domain.  Once these 

simulations reach their desired fill times, the solution is saved.  This solution is then used 

as the initial condition for subsequent transient simulations.   

For all simulations, the initial turbulence parameters are set as follows.  The 

freestream turbulent kinetic energy and turbulence frequency for the airstream are given 

by:   

 ( )2
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3 TI ¥¥ *= Uk  (5.4.1) 
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while for the fuel-on simulations, the turbulent kinetic energy and turbulence frequency 

for the fuel jet are given by:   
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In these expressions, the initial turbulent viscosity is given as a multiple of the kinematic 

viscosity:   
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The turbulence intensity TI and scalek  are among the parameters varied as part of the 

validation effort discussed in Section 6.2.   
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5.4.2 Boundary Conditions 

The boundary condition locations for the present computational model are shown 

in Figure 5.7.  Depending on the simulation, flow properties at the inflow plane are either 

fixed to freestream values (most cases) or extrapolated from the interior (see Section 

5.4.1).  Since the entire flowfield is supersonic, the outflow boundary condition 

extrapolates all flow properties from the interior.  Bi-lateral symmetry of the 

computational model, Figure 5.7, is enforced through symmetry (reflection) boundary 

conditions.  The ‘V’ cut portion of the sidewall lies between the scramjet volume and the 

spillage volume and is treated as a block interface.  That is, flow is allowed to propagate 

in and out of this portion, Figure 5.8.  The inclusion of the ‘V’ cut is essential to start 

both the experiments and the simulations properly [38].  The sidewall in the spillage 

region that is adjacent to the scramjet model is treated as either an interface condition 

corresponding to the ‘V’ cut sidewall, or a no-slip wall (due to the coarser grid resolution 

in this domain) and the top plane is a symmetry boundary condition.  On all other planes, 

flow properties are extrapolated from the interior.   
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Figure 5.7  Computational Model Boundary Conditions 
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Figure 5.8  Sidewall ‘V’ Cut Detail 

A partial list of initial and boundary condition data from each of the three 

experimental runs investigated herein is given in Table 5.3 and a complete list is given in 

Table C.11.  Details of the inlet boundary condition and the wall boundary conditions 

follow.   
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Table 5.3  Partial List of CFD Initial and Boundary Conditions 

Parameters Run #7675 Run #7678 Run #7680 

f  0 0.51 0.59 

[ ]kg
MJ

tH  4.1 4.1 4.08 

M  6.25 6.42 6.36 

[ ]Pap  10230 8958 9215 

[ ]KT  487 412 433 

[ ]3m
kgr  0.0732 0.0758 0.0742 

[ ]s
mu  2766 2612 2651 

[ ]torrpback  1 1 1 

 

As alluded to in Section 5.4.1, the inflow boundary conditions are time dependent 

for the transient simulations.  The experimental data does not include enough information 

to determine the inlet profile shape or its temporal response.  Therefore, the inlet variable 

profiles assume uniform properties that are linear functions of time.  The time period that 

the variables are linearly varied over can be approximately determined from the 

experimental data, and lies somewhere between 0.25ms and 0.5ms.  Section 6 will detail 

the effects that the modeled rate of inlet air ingestion has on the solutions.  The flow 

properties at the inflow plane are defined using the following linear functions:   

 ( )[ ]¥*Y+*Y-= rrr initialnn initial
Y 1  (5.4.6) 

 ( )[ ]¥*Y+*Y-= TTT initial1  (5.4.7) 

 ( )[ ]¥*Y+*Y-= uuu initial1  (5.4.8) 

where initialT  is the pre-test temperature of 310K, and initialu  is zero.  initialp  of the near 
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vacuum pre-test conditions is set to 1 torr, and initialr  is obtained from the equation of 

state.  The initial mass fractions at the inflow plane are: 

 233.0
2O =Y  (5.4.9) 

and: 

 767.0
2N =Y  (5.4.10) 

The scale factor, Y , determines the linear relationship, and is given by: 
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For non-combusting cases, startt  is zero, and for combusting cases (using the fuel initial 

condition), startt  is set to the time elapsed during the filling of the device with hydrogen 

(0.5ms).  The parameter st  corresponds to the amount of time over which the inlet 

variables are to be linearly varied.  Figure 5.9 shows the inlet air ingestion profiles 

implemented in the present investigation.  Details of the formulation of the fuel injection 

boundary condition is given in Appendix C.   
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Figure 5.9  Inlet Air Ingestion Profile for Axial Velocity 

 

The current research implements four different types of solid-wall boundary 

conditions:  an isothermal wall, an adiabatic wall, a transient heat conduction wall and an 

isothermal ghost-cell wall.  Each is described below.  For all no-slip walls the following 

holds: 

 0
ˆ

=
¶
¶

===
n
p

wvu  (5.4.12) 

for n̂  being the normal direction to the wall.   
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For a cell-centered finite volume representation, an isothermal (constant 

temperature) wall is given by: 

 22 TTT wallg -=  (5.4.13) 

where the subscript g  represents the ghost cell value, the subscript 2  refers to the first 

cell adjacent to the wall and wallT  is the specified temperature at the wall.  The specified 

wall temperature is usually experimentally determined and for the present cases is 

assumed to be the pre-test tunnel temperature KTwall 310= .  Care must be taken when 

implementing this boundary condition in a cell-centered finite volume formulation.  The 

heat-flux discretization must be modified close to the wall in order to account for 

unrealistic ghost cell values.  Appendix E gives details of the proper formulation for an 

isothermal wall boundary condition. 

For an adiabatic wall, the temperature gradient normal to the wall is zero, and is 

given by: 

 0
ˆ

=
¶
¶

=
n
T

kqwall  (5.4.14) 

For shock-tunnel flows this condition usually produces unrealistically large wall 

temperatures.  As such, this condition is only used to illustrate the effects of an extremely 

hot wall on the scramjet flow path solution.  

The transient heat conduction wall boundary condition is predicated on the idea of 

the wall time constant.  The time constant is introduced to help describe the amount of 

temperature rise that could be expected from an applied heat flux [28].  The time constant 
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is a rough measure of how long a material (mild carbon steel in this case [38]) would take 

to reach a steady-state temperature distribution in the presence of a constant heat flux and 

is given by: 

 
k

Cd p
c

r
t

2

=  (5.4.15) 

where, d  is the thickness of the wall, r  is the density of mild carbon steel, pC  is the 

specific heat of mild carbon steel and k  is the thermal conductivity of mild carbon steel.  

Details of the time constant calculation for the lower wall is given in Appendix F, where 

it shows a value of approximately 40s for the wall material and thickness used for the 

experimental test model.  Thus, the shock tunnel would have to run for 40s before the 

metal walls would approach a steady-state temperature distribution.  Although the run 

time required to reach a steady wall temperature is much larger than the tunnel test time 

of 5ms, the heat flux due to shock wave / boundary layer interactions and heat release 

due to combustion may be sufficient to raise the wall temperature enough to result in 

some changes in the boundary layer and thus affect the combustion pattern or pressure 

distribution.  Secondly, using the tunnel testing time of 5ms, the time constant for the 

wall could give an effective penetration distance that an applied heat flux would 

influence, as discussed later.   

Thus, the idea of implementing a conjugate heat transfer wall model is introduced.  

A proper implementation of a three-dimensional conjugate heat transfer model would 

require the coupling of the aforementioned Navier-Stokes solver with a three-dimensional 

structural / heat transfer model for the material thermal response.  A transient one-
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dimensional heat conduction wall boundary condition is presented as a compromise.   

Since the flow developing in the engine has the potential to deliver a large heat 

flux to the wall within a relatively short time, special attention needs to be given to 

ensure the proper heat conduction equation is utilized in the transient wall boundary 

condition.  It is has been well documented that for most practical engineering 

applications, the standard Fourier heat conduction equation is quite suitable [29, 40, 41].  

However, the classical Fourier heat conduction equation models the heat conduction as a 

diffusive process (parabolic mathematical character) where thermal gradients propagate 

at an infinite speed through the medium of interest.  Thus, Fourier’s heat conduction 

equation does not account for sharp temperature gradients over extremely short time 

periods.  So for such situations where there are extremely short transient thermal loads or 

where the temperatures under consideration are near absolute zero, heat conduction takes 

place at a finite speed of propagation, rather than an infinite one.  Such cases include 

micro-scale laser heating of thin metal films [6], pulsed-laser processing of semi-

conductors, and micro-scale laser heating [58].  In these cases the following heat 

conduction equation has been proposed to model the heat transfer [29]: 

 T
t
T

t
T

r
2

2

2

Ñ=
¶
¶

+
¶
¶

at , (5.4.16) 

where a  is the thermal diffusivity of the medium and rt  is the thermal relaxation time.  

The thermal relaxation time can be related to the speed of heat propagation by: 

 
r

c t
a=  (5.4.17) 
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For metals, the typical speed of heat propagation is on the order of s
m510  [41].  

For the mild carbon steel used in the experimental scramjet model [38], the thermal 

diffusivity is on the order of s
m2510-  (Appendix G).  This would give a thermal relaxation 

time on the order of s1510-  for the present experimental configuration.  Thus, Eq. 

(5.4.17) would reduce to the classical Fourier heat conduction equation.   

The current implementation of the transient heat conduction equation (the 

classical Fourier heat conduction equation) as a boundary condition sets up a one-

dimensional grid within the solid walls at every surface cell, and solves the heat equation 

in this mesh.   

A further simplification could be made by formulating an exact solution for the 

one-dimensional transient heat conduction equation.  Many exact solutions (usually in the 

form of an infinite series) exist for this problem, but they have three main limitations.  

The first limitation is they require that only one side of the wall have an applied heat flux, 

the other must either be adiabatic or at a constant temperature.  Another drawback is the 

solutions require the thermal conductivity of the material to be a constant, where it is 

widely known that the thermal conductivity of metals is a function of temperature.  

Lastly, the infinite series solution would not be much more computationally efficient than 

solving the time-dependent one-dimensional heat equation at every wall cell boundary.  

Thus, the present research uses the more robust approach of discretizing and solving the 

time-dependent one-dimensional heat equation.  Appendix G gives the full details into 

the formulation, discretization and solution procedure for implementing this boundary 

condition.   
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The final solid wall boundary condition used in the present research is a 

simplification of the transient one-dimensional heat conduction boundary condition 

described in Appendix G.  Appendix F shows that for the 5ms testing time, the effective 

depth that an applied heat load will penetrate is on the order of one-hundredth of the 

thickness of the wall.  Thus, to model the effect of solving the heat conduction equation 

within the wall in a steady-state (non-time-accurate) simulation, it maybe feasible to set 

the ghost cell temperature value (one cell within the wall) to the wall temperature value 

instead of setting the cell face temperature.  This allows the actual wall temperature (the 

cell face temperature) to vary in response to the applied heat load.  Since it is based on 

setting the ghost-cell temperature to a constant value, it is called the isothermal ghost-cell 

boundary condition.  It is a very simple modification to the cell-centered isothermal wall 

boundary condition mentioned above.  The ghost cell temperature is defined by: 

 wallg TT =  (5.4.18) 

5.5 SOLUTION CONVERGENCE 

Convergence of the calculations is assessed in three ways.  First, for the steady 

simulations, the 2l norm must converge two to three orders of magnitude.  This residual 

convergence requirement is coupled with a mass flow monitor and a centerline pressure 

measurement monitor.  Axial mass flow is monitored at four locations throughout the 

domain:  one plane near the scramjet inlet, one near the scramjet outlet, and two at the 

entrance and exit of the combustor section.  The second convergence criterion is met 

when these mass flow measurements stop changing from one iteration to the next.  The 
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third criterion is to monitor the centerline pressure from iteration to iteration.  When the 

centerline pressure profile stops changing, the mass flow is steady, and the residual 

reaches an acceptable level, then the steady simulations are deemed converged.   

The convergence criteria for the transient simulations are somewhat different.  In 

that the sub-iteration l2-norms must be reduced to an acceptable tolerance (~1 to 2 orders 

of magnitude) at each time level to maintain time accuracy.  The transient simulations 

that eventually result in a steady solution use the mass flow monitoring and the centerline 

pressure monitoring as described above.  For the transient combusting simulations, an 

exit plane combustion efficiency monitor is also used.  For transient simulations that lead 

to engine unstart, there is no steady-state solution and the simulation is simply run long 

enough to compare with the transient experimental data.   
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6 RESULTS AND DISCUSSION 

6.1 EXPERIMENTAL DATA REVIEW  

It is advantageous for discussion purposes to detail the experimental measurement 

results used for comparison in this work.  Full descriptions of the procedures used to 

reduce the experimental data are given in Appendix C and Appendix D.  The following 

section will discuss the non-injection, non-combusting experimental run, herein referred 

to as Run #7675 (Fuel-Off), and the hydrogen injection, steady-combusting experimental 

run, herein referred to as Run #7678 (Fuel-On).  Discussion of the experimental results 

for the last combusting case used for comparison (Run #7680) is deferred to a later 

section.  Run #7680 does not provide a steady combustion process; rather the 

experimental data shows this run actually unstarts.   

The centerline static pressure measurements for the fuel-off experimental Run 

#7675 are given in Figure 6.1.  Figure 6.1 gives the statistically-steady solution discussed 

in Appendix D, with variation bars denoting the temporal variation over a 1ms time 

interval.  The figure is also divided into the inlet region, the combustor region and the 

nozzle region as described in Section 4.2.  Below the centerline pressure plot is a 

numerical representation of the shock structure along the x-y centerplane of the model.  

This illustration is a grayscale coloring of the magnitude of pressure gradient and was 

generated from one of the fuel-off simulations.  A pressure gradient magnitude plot is 

similar to an experimentally produced Schlieren image, and is used only as a reference 

for the experimental centerline pressure discussion.  (Note:  The vertical lines shown in 
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the pressure gradient plot are artifacts of post-processor plotting limitations.) 
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Figure 6.1  Fuel-Off (Run #7675) Experimental Centerline Static Pressure 

Measurements  

Key flow features are labeled in Figure 6.1 with the capital letters A-K, as 

follows:   

A. First inlet ramp shock (9° ramp). 
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B. Second inlet ramp shock (12° ramp). 

C. Corner expansion fan arising from the flow near the wall turning to enter the 

combustor section. 

D. Wall interaction with the transmitted shock from the opposite wall of the first 

inlet ramp shock (after passing through a complicated array of shocks and 

expansion fans.) 

E. Wall interaction with the transmitted shock from the opposite wall of the 

second inlet ramp shock. 

F. Wall interaction of the expansion fan from C transmitted from the opposite 

wall.   

G. Wall interaction with the transmitted combined shock structure of D and E. 

H. Wall interaction of the expansion fan from F transmitted from the opposite 

wall. 

I. Wall interaction with the transmitted shock structure of G. 

J. Corner expansion fan arising from the flow near the wall turning to enter the 

nozzle section.   

K. Final transmitted shock system of I from the opposite wall.   

 

The experimental model was equipped with the means to adjust the combustor 

height from run to run.  This was done to ensure that the complex transmitted shock 

structure resulting from the two inlet ramp shocks would impinge downstream of the 

combustor entrance.  If the shock wave system initiated from the inlet were allowed to 
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impinge on the inlet ramp surfaces, the resulting increase in temperature could elevate a 

fuel-air mixture to temperatures hot enough to induce premature ignition within the inlet 

region.  This could result in both a substantial boundary layer growth and subsequent 

reduction in flow area, which could ultimately lead to unstarting the device as happens in 

Run #7680.   

Figure 6.2 details the centerline static pressure measurements for the fuel-on 

experimental Run #7678.  Figure 6.2 gives the statistically-steady combusting solution 

discussed in Appendix D, with variation bars denoting the temporal variation over a 1ms 

time interval.  Below the centerline pressure plot is a numerically generated illustration of 

the representative shock structure along the x-y centerplane of the model.   

Key flow features are labeled in Figure 6.2 with the capital letters A-K, as 

follows:   

A. First inlet ramp shock (9° ramp). 

B. Slight expansion due to fuel injection shock structure interaction with the inlet 

ramp boundary layer. 

C. Second inlet ramp shock (12° ramp). 

D. Wall interaction with the transmitted shocks from the opposite wall of the 

combined first inlet ramp and fuel injection bow shock structure.  Unlike the 

fuel-off simulations, the transmitted shock structure from the opposite wall 

impinges at the corner of the combustor section, eliminating the expansion 

fan.  

E. Slight expansion fan resulting from flow turning through the shock structure 
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at D. 

F. Wall interaction with the transmitted shock from the opposite wall of the 

second inlet ramp shock. 

G. Slight expansion resulting from a combination of the flow turning through the 

shock-wall impingement of F and the transmitted expansion fan of E from the 

opposite wall.   

H. Oblique shock structure formed by interaction of regions of supersonic 

combustion with transmitted shock structures from D and F.  This shock 

structure is highly three-dimensional, resulting in many pressure peaks and 

valleys. 

I. Corner expansion fan arising from the flow near the wall turning to enter the 

nozzle section. 

J. Further expansion of the supersonic flowfield due to the increasing area 

change of the nozzle. 

 

Several main flow features are prominent in the fuel-on results.  The first is the 

sizable influence of the off-centerline hydrogen fuel injection.  The bow shock resulting 

from the fuel injection into a supersonic flowfield interacts with the other waves to form 

a complex array of shock patterns not present in the fuel-off simulations.  Secondly, the 

design intent of ensuring that the inlet shock system impinges downstream of the 

combustor entrance, is further complicated by the aforementioned fuel injection.  The 

combined transmitted shock system impinges upon the combustor section wall near the 
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combustor entrance, possibly making the scramjet model more susceptible to premature 

ignition in the inlet for small perturbations in the flowfield.  The most discriminating 

difference in the fuel-on centerline pressure trace lies in the doubling of pressure in the 

combustor section resulting from the supersonic combustion process [39].  The rise in 

static pressure is a combination of supersonic heat addition and boundary layer 

thickening [38, 64] due to volumetric expansion.  The latter acts to narrow the effective 

area that the core inviscid fluid passes through.   
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Figure 6.2  Fuel-On (Run #7678) Experimental Centerline Static Pressure 

Measurements 
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6.1.1 Radical-Farm Theory 

To realize sustained, steady supersonic combustion in any scramjet design is a 

remarkable accomplishment unto itself, but to achieve such combustion without flame 

holding or flame anchoring devices is exceptional.  The explanation of this success lies in 

the idea of forebody fuel injection.  Forebody fuel injection allows for adequate mixing 

and preheating of the fuel and air prior to entering the combustor.  Odam and Paull [39] 

and Odam [38] have theorized that ignition and combustion within their configuration is 

the result of a “radical-farm” effect, which allows the combustion process to occur even 

though the static temperatures in the inlet stream are quite low (300K - 400K).  In this, 

ignition may occur first in a region of slow-moving flow adjacent to the walls, following 

a strong shock interaction, but that there is not enough residence time for combustion to 

progress to completion.  Instead, the slightly reacted mixture is frozen until it can pass 

into another region amenable to radical formation.  The frozen mixture can start reacting 

again as soon as it reaches the next high temperature region.  This process will continue 

until there are sufficient concentrations of the necessary radicals and the temperature is 

large enough to sustain combustion to completion. 

Odam and Paull [39] base their radical-farming theory on the idea that the flow is 

at least partially premixed before it enters the combustor, due to fuel penetration into and 

mixing with the air stream.  As will be discussed later, even though the current 

simulations do not show complete fuel penetration into the core air stream, some mixing 

within the outer part of the boundary layer does take place, and the current simulations do 

provide some support for the radical-farm effect.   
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6.2 TWO-DIMENSIONAL FUEL-OFF SIMULATIONS 

In this section, two-dimensional simulations of the fuel-off (Run #7675) case are 

presented to determine the effects of parameter variations in the numerical approach and 

the physical models on the results.  Information gained will be used to narrow the scope 

of the three-dimensional studies.   

Lessons learned from previous validation efforts [53] have been used to narrow 

the focus of the present work.  Previous studies [53] investigated effects of wall boundary 

conditions, slope-limiter procedures, and turbulence models.  Based on the trade-off 

studies performed in [53], the present simulations utilize the van Albada TVD limiter as 

the second order slope limiting procedure, and e  in the pressure limiter described in 

Appendix B is set to a nominal value of 1000.  These studies also showed a slight 

improvement in the use of Menter’s Shear-Stress Transport (SST) hybrid model over the 

Baseline (BSL) model in the capturing of the nozzle section shock structures; therefore, 

the SST model is implemented in this research.   

The most important conclusion drawn from the previous work concerns the 

numerical solution dependence on the thermal wall boundary condition.  In has been well 

established that the boundary layer thickness and nature (e.g., laminar, turbulent or 

transitional) can greatly influence the location and strength of oblique shocks.  The 

boundary layer thickness for supersonic or hypersonic flows is strongly affected by the 

wall temperature [4, 13].  Thus, the proper handling of thermal wall boundary conditions 

at the wall is of the utmost importance in successful simulations of hypersonic engine 

components.   
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Table 6.1 gives a detailed list of the two-dimensional fuel-off simulations, 

corresponding to the experimental Run #7675, presented herein.  The two-dimensional 

parametric study currently presented focuses on the aforementioned importance of proper 

wall boundary conditions as well as turbulent Prandtl number effects, inflow turbulence 

parametric effects and grid resolution effects.  As previously mentioned (see Section 2.1) 

all of the simulations presented herein use a laminar Prandtl number of 0.72 and a 

laminar Schmidt number of 0.5.  Referring to Table 6.1, the simulations using a boundary 

condition labeled “Iso-310K” enforce a constant temperature wall equal to the pre-test 

tunnel temperature of 310K.  The simulations labeled “Adiabatic” implement an adiabatic 

wall and those labeled “Iso-Ghost” use the isothermal ghost-cell boundary condition, 

which sets the “ghost cell” temperature to 310K.  All three of these types of simulations 

are run as steady-state simulations.  The label “Transient” implies that the transient heat 

conduction wall boundary condition is applied, thus requiring a transient solution.  The 

transient simulations apply an inlet air ingestion rate of 0.5ms, as determined from 

experimental observations, and were run until they were determined to be converged (see 

Section 5.5), which was around 2ms for all cases.   
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Table 6.1  Two-Dimensional Simulation Case List  

Case Name BC 
TPr  TI 

scalek  Grid Size ( )mymin  
Case2D-001 Iso-310K 0.9 0.05 0.001 Baseline 6100.5 -´  
Case2D-002 Iso-310K 0.7 0.05 0.001 Baseline 6100.5 -´  
Case2D-003 Iso-310K 0.5 0.05 0.001 Baseline 6100.5 -´  
Case2D-004 Adiabatic 0.9 0.05 0.001 Baseline 6100.5 -´  
Case2D-005 Transient 0.9 0.05 0.001 Baseline 6100.5 -´  
Case2D-006 Transient 0.7 0.05 0.001 Baseline 6100.5 -´  
Case2D-007 Transient 0.5 0.05 0.001 Baseline 6100.5 -´  
Case2D-008 Iso-Ghost 0.9 0.05 0.001 Baseline 6100.5 -´  
Case2D-009 Transient 0.9 0.05 0.01 Baseline 6100.5 -´  
Case2D-010 Transient 0.9 0.05 0.1 Baseline 6100.5 -´  
Case2D-011 Transient 0.9 0.05 1.0 Baseline 6100.5 -´  
Case2D-012 Transient 0.9 0.1 0.001 Baseline 6100.5 -´  
Case2D-013 Transient 0.9 0.025 0.001 Baseline 6100.5 -´  
Case2D-014 Transient 0.9 Lam Lam Baseline 6100.5 -´  
Case2D-015 Iso-310K 0.9 0.05 0.001 Quad-Refine 6105.2 -´  
Case2D-016 Adiabatic 0.9 0.05 0.001 Quad-Refine 6105.2 -´  
Case2D-017 Transient 0.9 0.05 0.001 Quad-Refine 6105.2 -´  
Case2D-018 Iso-Ghost 0.9 0.05 0.001 Quad-Refine 6105.2 -´  
Case2D-019 Transient 0.9 0.05 0.001 Inlet Refine1 6100.5 -´  
Case2D-020 Transient 0.9 0.05 0.001 Inlet Refine2 6100.5 -´  
Case2D-021 Transient 0.9 0.05 0.001 Baseline* 6100.5 -´  

*Geometric dimensions for Case2D-001 are listed in Appendix C.  Lam refers to a 
laminar calculation.   

 

Figure 6.3 through Figure 6.9 detail the two-dimensional computational 

predictions for the fuel-off experimental Run #7675.  Figure 6.3 presents the effects of 

varying turbulent Prandtl number and the thermal wall boundary condition on the 

centerline pressure.  The inset contour plot is of static pressure for Case2D-001 and is 
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included as a visual aid to better understand the relation between the centerline wall 

pressures and the two-dimensional shock structure.  In general, all cases match the 

experimental pressure trace within the temporal variation, with the two inlet ramp 

pressures and the expansion fan at the leading corner of the combustor section resolved 

especially well.  The combustor entrance peak pressure is underresolved for all cases, and 

overall, the simulations tend to underpredict the pressure levels in the combustor shock 

train.  The nozzle traces show a significant deviation in matching the pressure profile 

near the exit of the geometry.  The effects of three variations in the turbulent Prandtl 

number (0.5, 0.7 and 0.9) are shown for both the steady isothermal wall cases and the 

transient wall cases.  The centerline pressure does not appear to be affected by the change 

in turbulent Prandtl number for any of the cases.  Figure 6.3 also shows that the 

isothermal wall cases underpredict the initial combustor pressure rise and subsequently 

miss the pressure peaks in the rest of the shock train.  The transient wall boundary 

condition cases also underpredict the initial combustor pressure peak, but to a lesser 

extent than do the isothermal cases.  The centerline pressure trace corresponding to the 

isothermal ghost-cell wall boundary condition lies between the isothermal solution and 

the transient wall solution.  It captures the initial pressure rise and resolves the combustor 

shock train better than the isothermal case.  Also shown in Figure 6.3 is the result from 

the application of an adiabatic wall boundary condition.  This condition provides an 

upper bound for the wall temperature at a given point in the geometry, one that would 

exceed the melting temperature of the wall material if residence times were long enough 

for this condition to be reached.  The adiabatic wall case tends to do a better job of 
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matching the initial pressure rise and slope and produces less of an expansion fan near the 

combustor entrance and a stronger initial compression.   
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Figure 6.3  Centerline Pressure Traces for TPr  and Wall Boundary Condition 

Analysis for Fuel-Off Run #7675 (2D Calculations) 

 

Even though the adiabatic wall captures the shock structure more accurately, it 

does it at the expense of producing a physically unattainable condition, as illustrated in 

Figure 6.4.  The melting temperature for mild carbon steel (used for the walls of the 
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experimental model) is roughly 1700K [28], while the average wall temperature for an 

adiabatic wall condition is around 3100K.  Thus, an adiabatic condition can never be 

reached in a shock tunnel experiment.  Temperature distributions as obtained from the 

transient simulation and the isothermal ghost-cell simulation are also shown in Figure 

6.4.  Peaks in the distribution correspond to regions of flow separation and reattachments 

that result from shock impingements on the surface.  Regions in which the temperature 

decreases correspond to interactions of the reflected Prandtl-Meyer (expansion) waves 

with the boundary layer.  Figure 6.5 illustrates the temperature distribution into the wall 

for a simulation corresponding to a transient wall simulation and shows that the 

temperature levels are within the physical limits of the wall material.  Figure 6.4 also 

shows a slight increase in wall temperature as turbulent Prandtl number decreases.  The 

increase is expected since the turbulent Prandtl number is a measure of the relative 

importance of momentum transfer due to turbulent eddies to heat transfer due to turbulent 

eddies.  Thus, the smaller the turbulent Prandtl number, the larger the relative importance 

of the heat transfer due to turbulent eddies is, leading to an increase in the turbulent heat 

flux vector via the turbulent thermal conductivity, Eq. (2.6.2) and Eq. (2.6.3).  Although 

the wall temperature is slightly affected, turbulent Prandtl number effects do not 

appreciably influence the static pressure distribution along the wall.   
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Figure 6.4  Centerline Temperature Traces for TPr  and Wall Boundary Condition 

Analysis for Fuel-Off Run #7675 (2D Calculations) 
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Figure 6.5  Wall Static Temperature Contours for Case2D-005 

 

For fuel-off calculations where a steady-state solution exists, the isothermal 

ghost-cell simulation results provide a good compromise between the fully transient 

simulation results and the isothermal results.  Being a steady simulation, the isothermal 

ghost-cell wall simulation alleviates the computational costs associated with a transient 

simulation, yet results in more accurate pressure profiles and a more physically realistic 

material temperature response compared with an isothermal wall simulation.  Of course, 

this can only be said for short testing durations.  If the experiments were able to run for 

times closer to the time constant for the walls (see Appendix F), then the isothermal 

ghost-cell simulations, which are not able to account for the changes in the metal 

temperature, would begin to fail.  Thus, for large run times, the steady-state limit of the 

heat conduction equation presented in Ref. [53] would be more appropriate.   
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Since the turbulent Prandtl number had little effect on the centerline pressure 

distributions, the results reported next utilize a constant value of 0.9 for this quantity.   

Figure 6.6 compares centerline pressure traces corresponding to variations in 

inflow turbulence levels.  All cases presented use the transient wall boundary condition 

discussed above.  As the turbulence intensity (TI) (see Section 5.4) of the inflow is 

increased, the overall turbulent kinetic energy level is expected to rise, leading to a more 

turbulent flowfield, and perhaps leading to faster transition from laminar flow to 

turbulent flow.  Also as, scalek  (Section 5.4) increases, the freestream dissipation rate is 

expected to decrease, which could affect the transition time scale.  Thus, Figure 6.6 

presents the effects of doubling and halving TI and increasing scalek  by three orders of 

magnitude.  Also shown is the solution from a pure laminar flowfield.  The only inflow 

turbulence variation that contributes to any change in the numerical solution arises when 

the simulation is allowed to run as laminar.  Although the laminar case matches the 

pressure level in the expansion fan reasonably well, the laminar pressure distribution 

shows a small pressure rise near the middle of the expansion.  The laminar case matches 

initial combustor section pressure rise well, but the combustor shock train is poorly 

resolved.  Inflow variations in turbulence levels do not contribute to a change in the 

solution, leading to the conclusion that the turbulent flowfield is well established using 

the baseline parameters.   
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Figure 6.6  Centerline Pressure Traces for Variations in the Inflow Turbulence 

Parameters for Fuel-Off Run #7675 (2D Calculations) 

To complete any computational validation effort, some consideration of grid 

resolution effects must be determined.  For some three-dimensional geometries, critical 
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grid independence studies can be performed in two dimensions to help assess principal 

areas of flowfield dependence on grid refinement.  The current two-dimensional 

simulation study uses four grid refinements to determine grid dependence issues.  Visual 

illustrations of the grids are shown in Figure 5.5, and details of the grid refinements are 

given in Section 5.3.2.   

The centerline pressure predictions for the grid refinement study are shown in 

Figure 6.7 for the four wall boundary conditions presented thus far.  Grid refinement 

produces no solution improvement in the inlet region or near the combustor entrance.  

The isothermal case shows the largest improvement in pressure predictions, most notably 

in the initial combustor pressure peak and the combustor shock train.  Although the 

isothermal solutions show improvement with a quadrupling of the cell count, they still 

result in the poorest overall match with experimental data.  The isothermal ghost-cell wall 

case shows a crisper resolution of the initial combustor pressure peak and shows 

improvement in capturing the combustor shock train peaks for the Quad-Refinement 

mesh.  The transient wall also shows a minor improvement for the Quad-Refinement 

mesh, but no improvement at all for Inlet Refinement 1 or Inlet Refinement 2.  The 

adiabatic case shows no dependence on the grid refinements chosen in this study.   
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Figure 6.7  Centerline Pressure Traces for Grid Refinement Study for Fuel-Off Run 

#7675 (2D Calculations) 
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Initial ambiguities in the determination of the dimensions of the experimental 

geometry lead to calculations being performed on two slightly different geometries.  

Simulations presented thus far are based on dimensions formulated from Ref. [39], while 

the geometry used in Case2D-021 was determined from Refs. [36] and [38].  The 

differences are very minor.  For the geometry from Ref. [39] the inlet ramp was 8.9° 

compared to 9° in the geometry from Refs. [36] and [38], and the second inlet ramp angle 

was 11.5° compared to 12°.  The inlet ramp angle differences lead to a slight difference 

in contraction ratio and therefore inlet area and inlet ramp shock angles.  The dimensions 

of Refs. [36] and [38] have been confirmed as the correct ones and are the dimensions 

reported in Sections 4 and 5.3 and Appendices C and D.  Figure 6.8 gives the centerline 

pressure measurements for these two geometries, and Figure 6.9 gives an illustration of 

the geometry differences.  The slight change in ramp angles, coupled with the increased 

mass flow from the increased inlet area, proves to be of great importance.  The solution 

for the corrected geometric dimensions shows that the prediction of the initial pressure 

rise in the combustor section is greatly improved, and the combustor shock train is also 

better resolved, although the nozzle trailing shock pattern is still underresolved.  The 

previous two-dimensional validation results should still be applicable to the new 

geometry and thus were not redone.   
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Figure 6.8  Centerline Pressure Traces for Geometry Differences for Fuel-Off Run 

#7675 (2D Calculations) 

*Geometric dimensions for Case2D-001 are listed in Appendix C. 
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Figure 6.9  Illustration of Geometric Differences 

 

In summary, the two-dimensional simulations have shown that the centerline 

pressure trace matches the experimental data well if the proper wall boundary condition 

is implemented.  Although the adiabatic-wall boundary condition produces the best 

match, it is physically unrealistic.  For two-dimensional fuel-off hypersonic flows, the 

unsteady simulations coupled with the transient wall boundary condition give the most 

accurate predictions of the centerline pressure distribution.  For situations where a steady 

solution exists (“statistically-steady” experimental data set) and for experimental run 

times much less than the wall material time constant, the isothermal ghost-cell wall 

boundary condition should be implemented rather than the generally accepted isothermal 

wall.  Overall, for both the transient wall and isothermal ghost-cell wall boundary 
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conditions, the centerline pressure match was within the temporal variation of the 

experimental data except for the trailing (nozzle) shock system which is underresolved.  

This should be alleviated in the three-dimensional calculations since the three-

dimensional case provides more blockage and hence a larger trailing-shock peak 

pressure.  The two-dimensional simulations have proven useful in reducing the number of 

parameter variations that need to be investigated in the three-dimensional calculations.  

Changes in the turbulent Prandtl number, inflow turbulence intensity or inflow 

dissipation rate produce inconsequential changes in the results.  Although the grid 

refinement study produced slightly improved predictions for a quadrupling of the global 

cell count, performing such a refinement for the three-dimensional simulations would be 

prohibitively expensive.  Along with the proper boundary condition choice, a main 

contributing factor seems to be slight geometry differences in the published references.  

Care must be taken to ensure the proper dimensions are incorporated.   

6.3 THREE-DIMENSIONAL FUEL-OFF SIMULATIONS 

Specifics for the three-dimensional fuel-off simulations of experimental Run 

#7675 are tabulated in Table 6.2.  Although the main intent of this fuel-off study is to 

determine what impact various types of wall boundary conditions have on the qualitative 

comparison between computational solutions and experimental data, other factors are 

also highlighted to underscore the lessons learned in the two-dimensional calculations.  

Based on the two-dimensional simulation results, the three-dimensional simulations 

discussed next set the turbulence intensity to 5%, set the dissipation scaling factor to 
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0.1%, and have a minimum grid spacing in the y-direction of m6100.5 -´ .  Two three-

dimensional grid resolutions, detailed in Section 5.3, are implemented in the present 

study.  The three wall boundary conditions implemented for the three-dimensional 

simulations are the transient heat conduction boundary condition, the isothermal ghost-

cell wall boundary condition and the isothermal wall boundary condition.  As with the 

two-dimensional calculations, the latter two boundary conditions are applied to steady-

state simulations, while the transient boundary condition necessitates a transient 

simulation.  The following discussion will start with a comparison of the fully-transient 

numerical simulation data with the experimental data and will then discuss the effects of 

varying certain parameters on the predictions.   

Table 6.2  Three-Dimensional Fuel-Off (Run #7675) Simulation Case List  

Case Name BC TPr  Geometry Grid Size ( )mzmin  

Case3D-001 Transient 0.9 Original Baseline 5100.5 -´  
Case3D-002 Transient 0.7 Original Baseline 5100.5 -´  
Case3D-003 Transient 0.9 Corrected Baseline 5100.5 -´  
Case3D-004 Transient 0.9 Corrected Refined-Grid 6100.5 -´  
Case3D-005 Iso-Ghost 0.9 Corrected Refined-Grid 6100.5 -´  
Case3D-006 Iso-310K 0.9 Corrected Refined-Grid 6100.5 -´  

 

6.3.1 Transient Comparison 

Figure 6.10 presents snapshots of the centerline pressure evolution for Case3D-

004 as compared with Run #7675.  The inlet air ingestion rate is set to the experimentally 

observed time of ms5.0 , as discussed in Section 5.4.2.  The time interval chosen between 
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frames is 0.125ms.  The first time frame shows that both the experiment and simulation 

match, but as the time is increased to 0.25ms, the simulation starts to lag behind the 

experimental data.  In the experimental data the initial shock peaks form faster and have 

larger magnitudes than in the numerical data.  The simulation results begin to match 

better as the time increases to 0.5ms.  Once the simulation has reached between 0.75ms 

and 1.0ms the numerical solution has reached a statistically-steady state, but the 

experimental data is still showing significant temporal variation, especially in the 

development of the combustor entrance expansion fan and the shock wave that follows it.  

Figure 6.11 shows the time history of the centerline Mach number contour for Case3D-

004.  The 0.5ms air ingestion rate is more easily observed through visualization of the 

inlet region Mach contours.  The inlet shock structure is well developed and steady after 

0.625ms, while the rest of the shock system is unvarying after 1.0ms.   

Referring to Figure D.14 , experimental Run #7675 starts to reach a steady-state 

closer to 4ms, which is considerably slower than the computations.  This can be 

explained by the fact that the experimental device has intrinsic variability in inflow 

conditions due to the nature of the testing facility.  Computational analyses, especially 

RANS, will not have such variability unless it is imposed directly as part of the boundary 

condition.  The inability of the simulations to match the initial stages of the time history 

of the experimental data suggests that the top hat profile imposed at the inlet and the 

linear air ingestion profile of the inflow variables (see Section 5.4.2) are probably not 

consistent with the actual process of air ingestion into the inlet.  Although this may be the 

case, obtaining the necessary experimental data with which to more accurately represent 
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the inflow is extremely difficult and especially impractical for short duration shock tunnel 

facilities.  Simulations of the blow-down of the tunnel itself, along with the engine, could 

be performed to better characterize the air ingestion process, but this would entail 

enormous computational expense and it still would not account for shot-to-shot 

variability.  As such, some inaccuracies in the modeling of the air ingestion process must 

be accepted.   

For reporting completeness, temporal variation bars should be included with the 

numerical plots, as is done for the experimental data (Appendix D).  However, due to the 

innate steadiness of RANS simulations, the temporal variation is minimal once a 

statistically-steady solution is reached.  In fact, the temporal variation of the numerical 

results is represented in the present results by the thickness of the lines used to plot the 

centerline data.   
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Figure 6.10  Centerline Pressure Time History for Case3D-004 
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Figure 6.11  Mach Contour Time History for Case3D-004 
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6.3.2 Steady Comparison 

For the original geometry described in Section 6.2, Figure 6.12 details how 

changes in the turbulent Prandtl number affect the centerline static pressure distribution 

for a three-dimensional simulation.  As previously mentioned, the statistically-steady 

solution presented corresponds to a time of 1.5ms.  Below the centerline static pressure 

trace is a numerically-generated illustration of the centerline plane shock structure for 

Case3D-001.  Figure 6.12 also includes the results of the two-dimensional simulations, 

Case2D-005 and Case2D-006, for comparison with the three-dimensional simulations.  

Overall the three-dimensional simulation centerline pressure traces compare well with the 

experimental data in the inlet section up to and including the expansion fan originating 

from the corner of the combustor entrance.  However, the initial combustor section 

pressure peak is underpredicted for all of the cases presented.  The combustor trailing 

shock structure is better resolved for the three-dimensional cases than for the two-

dimensional simulations.  This is expected since three-dimensional calculations provide 

more blockage due to boundary layer growth on the sidewall leading to a larger pressure 

rise.  As noted in Figure 6.3, changes in turbulent Prandtl number have an insignificant 

impact on the centerline pressure distributions for the two-dimensional cases.  Figure 

6.12 also shows that changes in the turbulent Prandtl number have a minimal influence 

on the three-dimensional centerline pressure predictions.   
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Figure 6.12  Centerline Pressure Traces for TPr  Analysis for Fuel-Off Run #7675 

(3D Calculations) 
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Figure 6.13 shows the centerline static temperature traces along the wall for the 

two three-dimensional simulations presented above, Case3D-001 and Case3D-002.  As 

expected, Case3D-002 has a slightly higher temperature range since its lower turbulent 

Prandtl number will lead to increased heat transfer due to turbulent interactions.  To 

better illustrate the increased heating, a top-down view (flow from left-to-right) of the 

first cell within the bottom virtual wall (see Appendix G) is shown in Figure 6.14.  There 

is an increased heating of the bottom wall near the sidewall intersection due to vortical 

structures present in the corner boundary layer region.   
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Figure 6.13  Centerline Temperature Traces for TPr  Analysis for Fuel-Off Run 

#7675 (3D Calculations) 
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Figure 6.14  Virtual Bottom Wall Temperature for Case3D-001 and Case3D-002 

 

Figure 6.15 illustrates the effects of slight changes in the geometry (Section 6.2) 

and increased grid resolution in the spanwise (z) direction.  All cases presented are 

transient simulations utilizing the transient wall boundary condition, and all have a 

minimum mesh spacing of my 6
min 100.5 -´= .  All cases have reached a statistically-

steady state, and the computational data corresponding to a time of 1.5ms is presented.  

All cases match the pressure trace well up through the inlet region, including the 

expansion fan at the entrance of the combustor section.  Case3D-001 (which uses the 

original geometry that was previously determined to be in error and discussed in Section 

6.2) underpredicts the initial pressure peak in the combustor section, but maintains good 

agreement with the rest of the combustor shock train.  Case3D-003 and Case3D-004 

implement the correct geometry as presented in Appendix D, and the distributions show 

significant improvement in the prediction of the initial combustor pressure peak 

compared with that of Case3D-001.  The initial combustor shock peak improvement is 
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expected, since the corrected geometry has larger inlet wall angles, thus producing a 

stronger shock system.  For the same freestream inflow values, the stronger shock system 

would result in a larger static pressure rise.  A slight improvement is observed using the 

Refined-Grid (refer to Section 5.3.2) as compared with the Baseline resolution.  This is 

due to the increased flow blockage associated with a better resolution of the sidewall 

boundary layer.  The rest of the combustor shock train is well matched for the corrected 

geometry.  All simulations tend to underpredict the nozzle trailing shock train, with the 

Refined-Grid case matching slightly better.   

Figure 6.16 shows a representative temperature plot for the first virtual cell within 

the walls for Case3D-004 at 1.0ms.  As previously described, the shock structure is 

reflected in the wall temperature contours.   

Although the simulation on the grid refined in the spanwise direction (Case3D-

004) is slightly better at capturing the centerline pressure trace, it does so at a 

considerably higher computational cost (~1.4 times the number of cells).  Even so, the 

Refined-Grid mesh is preferred over the Baseline mesh for two reasons.  First, the 

Baseline mesh simulations take almost twice as long to reach a statistically-steady 

solution than do the simulations performed on the Refined-Grid mesh.  Second, the 

corner region between the bottom and top walls and the sidewall plays a vital role in the 

ignition and flame stabilization of the fuel-on simulations.  This is due to elevated 

temperatures resulting from three-dimensional vortical structures in the corners, which 

trap hot gases and transfer the heat toward the wall.  The Refined-Grid resolves these 

features better due to the improved spanwise grid refinement.   
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Figure 6.15  Centerline Pressure Traces for Geometry and Grid Refinement for 

Fuel-Off Run #7675 (3D Calculations) 
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Figure 6.16  Virtual Wall Temperature Contour for Case3D-004 at 1.0ms 

 

Figure 6.17 compares the transient simulation, Case3D-004 at 1.5ms with two 

steady simulations, Case3D-005 and Case3D-006.  Case3D-005 implements the 

isothermal ghost-cell wall boundary condition on all walls, while Case3D-006 

implements a 310K isothermal wall boundary condition.  Figure 6.17 shows that all the 

simulations resolve the inlet flow region and the expansion fan at the entrance of the 
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combustor very well.  The isothermal case underresolves the initial pressure peak in the 

combustor, but captures the combustor shock train reasonably well.  The transient wall 

simulation and the isothermal ghost-cell simulation both capture the shock structure well, 

with the transient-wall results being slightly better.  Figure 6.18 presents the centerline 

wall temperature distributions for all cases.  The transient wall and isothermal ghost-cell 

wall cases show more realistic temperature patterns, in that they capture the thermal 

response of the wall due to shock reflections.  To aid in the visualization of the shock 

wave / wall interactions, Figure 6.19 and Figure 6.20 show detailed wall temperature 

contour plots for Case3D-004 and Case3D-005 respectively.   
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Figure 6.17  Centerline Pressure Traces for Boundary Condition Study for Fuel-Off 

Run #7675 (3D Calculations) 
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Figure 6.18  Centerline Temperature Traces for Boundary Condition Study for 

Fuel-Off Run #7675 (3D Calculations) 
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Figure 6.19  Wall Temperature Contour of Case3D-004 
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Figure 6.20  Wall Temperature Contour of Case3D-005 



 145 

Overall, for the non-combusting fuel-off cases considered, the computational 

solution produced by a steady simulation applying an isothermal ghost-cell wall 

boundary condition may be more desirable than one produced by a fully transient 

simulation, particularly if the technique can be improved further by imposing a more 

realistic distribution dictated by the time-constant analysis, Appendix F.  The 

computational cost associated with a transient simulation may outweigh the slight 

improvement in the solution compared with the steady simulation, which on average 

takes one-third of the computational time to produce results.   

In summary, the transient simulations using an air ingestion rate of 0.5ms were 

shown to have some discrepancies near the beginning of the time history of the 

experimental data.  The predictions quickly equilibrate with the experimental data and 

eventually agree quite well with it.  Turbulent Prandtl number effects have been shown to 

be negligible for three-dimensional simulations, just as for two-dimensional simulations.  

The effects of geometric differences have been explained and identified.  The simulations 

performed on the corrected geometry result in better predictions of the peak pressure rise.  

Sidewall grid refinement was shown to produce a slight improvement in centerline 

pressure predictions, but more importantly, improves convergence behavior and overall 

solution robustness due to the improved resolution of the sidewall boundary layer.  

Lastly, it was shown that for fuel-off simulations, the solution generated by the steady 

simulation implementing the isothermal ghost-cell wall boundary condition is very 

comparable with the statistically-steady solution obtained from a fully transient 

simulation with coupled conjugate heat transfer.  Thus, it may be beneficial to implement 



 146 

an isothermal ghost-cell wall steady simulation rather than a transient simulation, 

especially if quick turnaround is required.  The isothermal ghost-cell boundary condition 

might be improved by considering the time-constant analysis (Appendix F) more directly 

in the determination of the effective temperature distribution and penetration within the 

wall.   

6.4 THREE-DIMENSIONAL FUEL-ON SIMULATIONS 

The main focus of the fuel-on simulations is to demonstrate the ability of the 

current numerical algorithm to predict the time-resolved experimental measurements for 

cases that lead to stable combustion and those that lead to engine unstart.  A secondary 

focus is to determine the applicability of steady-state solution procedures to the 

simulation of scramjet combustion in a shock tunnel  Also of interest is a numerical 

investigation of the “radical-farm” effect which has been proposed to explain the auto-

ignition of the hydrogen-air mixture for the present scramjet configurations [38, 39].  

Based on results discussed in Sections 6.2 and 6.3, the following parameters are 

implemented in the fuel-on studies.  For the transient simulations, the transient heat 

conduction wall boundary condition is implemented, while for the steady state 

simulations, either an isothermal wall or the isothermal ghost-cell wall boundary 

condition is implemented.  For all simulations, the turbulent Prandtl number is 0.9; the 

inflow turbulence intensity is 5%; the inflow dissipation scaling factor is 0.1%; the 

minimum bottom wall grid spacing is m6100.5 -´ ; and the corrected geometry (Section 

6.3) with the refined sidewall mesh is used, giving a minimum sidewall grid spacing of 
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m6100.5 -´ .  The three-dimensional grid details are given in Section 5.3.   

The discussion will begin with a comparison of fully-transient centerline pressure 

predictions with the experimental data set from Run #7678 (Appendix D).  Numerical 

evidence for the “radical-farm” theory is then discussed.  The effects of varying turbulent 

Schmidt number, inlet air ingestion rates, and thermal wall boundary conditions on the 

obtained results are then presented.  Finally, numerical results will be presented for the 

transient unstart process experimentally observed in Run #7680 (Appendix D).  

Conditions for the three-dimensional simulations of Runs #7678 and #7680 are tabulated 

in Table 6.3 and Table 6.4, respectively.   

 

Table 6.3  Three-Dimensional Fuel-On (Run #7678) Simulation Case List  

Case Name BC TSc  Air Ingestion 
Rate 

Case3D-007† Transient 0.9 N/A* 

Case3D-008 Transient 0.9 N/A‡ 

Case3D-009 Transient 0.5 N/A‡ 

Case3D-010 Transient 0.5 ms5.0  

Case3D-011 Transient 0.5 ms25.0  

Case3D-012 Iso-Ghost 0.5 N/A§ 

Case3D-013 Iso-310K 0.5 N/A§ 

†Fuel-only run, *No inlet air flow for fuel-only simulation, 
§Steady Simulation, ‡Infinitely fast rate 
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Table 6.4  Three-Dimensional Fuel-On (Run #7680) Simulation Case List 

Case Name BC TSc  Air Ingestion 
Rate 

Case3D-014† Transient 0.9 N/A* 

Case3D-015 Transient 0.5 ms5.0  

Case3D-016 Transient 0.5 ms25.0  

Case3D-017 Iso-Ghost 0.5 N/A§ 

Case3D-018 Iso-310K 0.5 N/A§ 

†Fuel-only run, *No inlet air flow for fuel-only simulation, 
§Steady Simulation 

 

6.4.1 Experimental Run #7678 Transient Comparison 

As discussed in Section 5.4, the initial condition for the fuel-on simulations 

begins with a transient simulation of the injection of hydrogen into the evacuated engine 

geometry over 0.5ms.  The proper equivalence ratio is given in Table C.11 as are the pre-

test tunnel conditions within the scramjet model.  This simulation uses a turbulent 

Schmidt number of 0.5 as suggested by previous work [8].  Due to the relatively long fill 

time of 0.5ms, practically the entire domain is filled with hydrogen for any equivalence 

ratio, as shown in Figure 6.21.  Figure 6.21 also illustrates the spherical shock front 

resulting from injecting pressurized gaseous hydrogen fuel into a near vacuum back 

pressure.  To be consistent with the air and fuel injection simulations that follow, the 

fuel-only transient simulation also utilizes the transient wall boundary condition.   
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Figure 6.21  Fuel Initial Condition for Fuel-On Simulations of Run #7678 

 

Once the fuel initial condition is attained, the transient simulation is continued by 

proceeding to linearly vary the inlet air flow over a predetermined time, Figure 5.9.  

According to Table 6.3, three air ingestion rates are investigated for Run #7678 in the 

present study.  However, the discussion will only focus on Case3D-011, the 0.25ms air 

ingestion case which utilizes the transient heat conduction wall boundary condition and a 

turbulent Schmidt number of 0.5, as it produces the best comparison with the 

experimental data.  Results for the other air ingestion rates will be discussed in the next 

section.   
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The centerline pressure trace comparison for Case3D-011 is shown in Figure 

6.22.  The figure shows centerline static pressure distributions at intervals of 0.125ms, 

starting at 0.6ms and extending to 2.35ms.  The first 0.6ms shows a flat centerline 

pressure measurement and corresponds to the minimal change in static pressure resulting 

from the fuel injection.  The next snapshot shows the inlet shock structure developing as 

the air is ingested.  A slight overshoot of pressure is observed at the 0.85ms interval, 

although the general starting trend is well predicted.  As the simulation proceeds, the 

initial large spike seen in the 0.85ms snapshot begins to dissipate and move out of the 

scramjet exit.  Pressure predictions over the time intervals from 1.10ms to 1.60ms 

compare well with the experimental data.  The time interval from 1.725ms to 1.975ms 

shows a gradual decrease in the combustor pressure level starting from the entrance and 

moving toward the exit.  This trend is also observed in the experimental data, as the flame 

front begins to stabilize.  For the last time interval of 2.10ms to 2.35ms, the simulation 

shows the flowfield reaching a state where the combustor pressure level becomes steady.  

Overall, the final frame at mst 35.2=  shows a well-matched comparison with 

experimental data, even though some differences are observed in the initial parts of the 

time history.  Since the experimental data has inherent variability in the pressure 

measurements even for a “statistically-steady” solution (see Appendix D), the temporal 

variation of the experimental data must be included to determine if the prediction 

produced by the numerical simulation is an accurate representation of the experimental 

centerline pressure.  To that end, Figure 6.23 illustrates the centerline pressure profile 

from Case3D-011 compared with the experimental data from Run #7678, but including 



 151 

the temporal variation bars discussed in Appendix D.  Figure 6.23 shows that the inlet 

pressure profiles are well matched, although the combustor entrance pressure profile is 

slightly underresolved.  Significant heat release occurs near the middle of the combustor 

in both the experiment and the computation.  This is evidenced by the almost doubling in 

pressure level from that of the combustor entrance and is a result of a thickening of the 

boundary layer due to volumetric expansion of combustion products (see inset 

temperature contours in Figure 6.23).  The experimental data suggests that this 

volumetric expansion is more abrupt, leading to stronger pressure gradients, while the 

simulation indicates a more gradual heat-release pattern.  The pressure levels at the exit 

of the combustor and in the nozzle section are slightly overpredicted, but the predictions 

are within the experimental variation.  Figure 6.23 also shows the centerline shock 

structure, static temperature contours and hydroxyl radical mass fraction contours for 

mst 35.2= .  The hydroxyl formation is representative of the flame front, which is shown 

to be anchored at the front of the combustor section.  The flame front is lifted from the 

combustor surface and propagates as a three-dimensional flame sheet throughout the 

combustor section as shown by hydroxyl radical (OH) contours in Figure 6.24.  The 

flame is localized near the wall and does not completely propagate across the vertical 

extent of the combustor.   
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Figure 6.22  Centerline Pressure History for Case3D-011 (Run #7678) 
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Figure 6.23  Centerline Pressure Comparison for Case3D-011 versus Experimental 

Run #7678 
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OHYOHYOHY

 

Figure 6.24  OH Mass Fraction for Case3D-011, mst 35.2=  (Run #7678) 

 
 

A key focus of the present research is to numerically investigate combustion 

initiation and stabilization within the scramjet geometry of Ref. [38], which utilizes 

“forebody fuel injection”.  The main intent of the forebody fuel injection concept is to 

pre-mix and pre-heat the fuel-air mixture before it enters the combustor, effectively 

shortening the required length of the combustor [39].  This idea is predicated on the 

notion that the fuel penetrates through the boundary layer and is able to use the horseshoe 

vortices generated by the injection process, as well as baroclinic vorticity generation 

through shock interactions, to enhance the rate of mixing with the air stream.  The current 

study corroborates previous numerical simulations performed by Mudford et al [36] that 

showed the fuel does not penetrate in the core air stream; rather, it stays in the boundary 

layer very near the walls.  Figure 6.25 illustrates that, although the fuel jet initially 
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penetrates through the inlet ramp boundary layer, the fuel is turned toward the wall 

downstream of the initial shock impingement point and resides within the boundary layer 

before partially combusting midway through the combustion chamber.   

 

2HY
2HY
2HY

 

Figure 6.25  Streamlines of Hydrogen Fuel Penetration 

 

The current experimental data suggests that the premixed fuel and air streams 

could produce significant heat release in the combustor section through a process called 

“radical-farming”, even for core air temperatures insufficient to sustain complete 

combustion.  Previous simulations [36] have been unable to substantiate this theory.  

Although slightly different than experimentally hypothesized, the idea of a radical-farm is 

supported by the current study.  Odam and Paull [39] based their theory on the idea that 

the flow is at least partially premixed before it enters the combustor due to fuel 
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penetration into and mixing with the air stream.  In support of this hypothesis, the current 

simulations show that before the inlet core air flow has fully reached its freestream value, 

the fuel penetrates fully into the domain.  But in contrast, the simulations show that once 

the air has reached its freestream value, the fuel jet is forced over and penetrates only as 

far as the outer edges of the boundary layer.  Thus, the idea of pre-mixing a significant 

portion of the core flow before the combustor entrance plane is reached is not 

corroborated by the current simulations.  However, these simulations reveal a slightly 

altered fuel-air delivery and mixing method that is still consistent with the radical-farm 

theory and leads to eventual combustion initiation and subsequent stabilization.  To assist 

in visualizing the combustion process, time histories of contours of hydroxyl mass 

fraction, Mach number, and centerline static pressure are included in Figure 6.26, Figure 

6.27, and Figure 6.28 respectively.   
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Figure 6.26  OH Mass Fraction History for Case3D-011 (Run #7678) 
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Figure 6.27  Mach Number History for Case3D-011 (Run #7678) 
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Figure 6.28  Static Pressure History for Case3D-011 (Run #7678) 

 

As the fuel stream is bent over by the incoming core air stream, the fuel and air 

are allowed to mix within the outer part of the boundary layer.  This fuel-air mixture has 

yet to reach its auto-ignition temperature and begins to migrate downstream and toward 

the corner between the bottom wall and sidewall.  By the time this fuel-air mixture 

reaches the combustor entrance, two small recirculation zones have begun to form 
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slightly inside the entrance of the combustor section, Figure 6.29.  The first recirculation 

zone is oriented about the centerline, and extends only about 2 fuel hole widths in the 

spanwise direction and is formed from the first shock reflection off the combustor wall, 

Figure 6.28 ( mst 875.0= ).  Just aft of the reflection point, the temperature is well over 

the ignition temperature for hydrogen of 1170K given by Mudford et al [36] at these 

conditions.  The second recirculation zone is located along the corner between the bottom 

wall (and top wall) and the sidewall and is a consequence of the wall boundary layer 

interactions.  The recirculation zones start out as small regions of very slow-moving, 

high-temperature (above 1170K) flow.  Then as the heat-release increases, the sizes of 

these recirculation zones increase due to volumetric expansion.  This expansion then 

increases the recirculation zone size.  Figure 6.27 shows some detailed time history plots 

of Mach number contours superimposed with iso-contours of zero velocity flow which 

characterize the recirculation zones.  As such, the first regions of radical formation are at 

the combustor entrance plane, within recirculation regions located downstream of the fuel 

injection and also within the recirculation zone located at the junction of the bottom wall 

and the sidewall ( mst 850.0=  and mst 875.0= ).  The recirculation zones pull high 

temperature air into the fuel-rich boundary layer, thereby igniting the pocket of reactants.  

Stronger shock interactions due to the starting process lead to higher pressures and 

temperatures, enabling the individual regions of high radical concentration to merge with 

one another.  To that end, Figure 6.28 illustrates that the centerplane static pressure is 

strongest from 0.850ms through 0.900ms, and gradually weakens thereafter.  Due to the 

small extent of the recirculation zone and the short residence times, the combustion does 
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not progress to completion.  Just as the radical-farm theory suggests, the radicals 

generated in these recirculation zones are transported downstream within the boundary 

layer until concentrations have increased to the point that the dominant heat-release 

reactions commence.  Thus, in the context of shock-induced combustion of a premixed 

stream, this period of radical growth can be viewed as the induction period.  Once 

significant heat release occurs (near the middle of the combustor), the boundary layer 

thickens due to volumetric expansion.  The excess fuel and reaction products move away 

from the wall and merge to form a more uniform spanwise reaction front as shown in 

Figure 6.26 ( msmsmst 35.2 and ,35.1 ,975.0= ).   
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Figure 6.29  Combustor Entrance Recirculation Zone (Run #7678) 
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6.4.2 Experimental Run #7678 Parametric Studies 

Since the turbulent Schmidt number only affects the turbulent diffusion terms 

(Eqs. (2.6.4) and (2.6.6)) which relate primarily to mixing of chemical species, an 

assessment of the effects of changes in this quantity is considered in this section.  As 

shown in Table 6.3, values of 0.9 and 0.5 are used for the turbulent Schmidt number in 

two different cases, Case3D-008 and Case3D-009 to determine its impact on the 

centerline pressure predictions.  The two simulations implement the transient heat 

conduction wall boundary condition and do not vary the inlet air ingestion rates (Figure 

5.9).  Both simulations are advanced in time until approximately 2.5ms, and both reach a 

steady-state solution around 1.8ms, similar to Case3D-011.  Figure 6.30 shows the 

centerline pressure profiles compared to the Run #7678 experimental data for two choices 

of the turbulent Schmidt number.  Also shown for illustration purposes is the numerical 

shock structure for Case3D-009.  The only meaningful difference in the two solutions lies 

in the overall combustor pressure level.  The use of the smaller turbulent Schmidt number 

results in a slightly higher pressure level, indicative of more overall heat release.  Such an 

influence is expected since the turbulent Schmidt number is the measure of relative 

importance of turbulent momentum transfer to turbulent mass transfer.  Thus, a smaller 

ratio implies that mass transfer due to turbulent interactions will increase, which leads to 

enhanced mixing of reactants.  Provided that auto-ignition occurs, this usually translates 

into increased heat release, as the local reactant composition becomes nearer to 

stoichiometric.  Therefore, the choice of 5.0Sc =T  for the previous transient analysis of 

Case3D-011 is an appropriate choice considering this and previously validated work [8].   
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Figure 6.30  Centerline Pressure Traces for TSc  Analysis for Fuel-On Run #7678 

(3D Calculations) 

 

The second parametric study focuses on differences in the wall boundary 

condition implementation.  Analogous to the fuel-off simulation study, two steady-state 

fuel-on simulations are compared with the transient fuel-on simulation detailed above, 
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Case3D-011.  The steady simulations utilize the isothermal ghost-cell wall boundary 

condition, Case3D-012, and the isothermal wall boundary condition, Case3D-013.  

Figure 6.31 compares experimental data with the centerline pressure profiles for Case3D-

012 and Case3D-013 and the statistically-steady solution of Case3D-011.  Below the 

centerline pressure profiles is the corresponding shock structure plot for each simulation.  

Results from the isothermal ghost-cell wall simulation compare well with those from the 

transient simulation and show only slightly less pressure rise within the combustor 

section.  However, the isothermal wall case demonstrates a substantial reduction in 

pressure level throughout the combustor section and tends to show that the combustion 

front is stabilized further downstream than the other cases and the experimental data 

indicate.  The reduced extent of combustion is due to increased heat losses to the walls.  

The numerical shock structure contours also indicate a weaker combustor shock train for 

the isothermal wall simulation.  Table 6.5 shows that the combustion efficiency (see 

Appendix H) of the isothermal wall is less than the other two cases, further reinforcing 

the conclusion of a less intense flame front for the isothermal case.  Figure 6.32 shows 

centerline temperature profiles and temperature contours on the bottom wall for all three 

cases.  The temperature distributions shown in Figure 6.32 generally follow the same 

pattern as the centerline pressures (Figure 6.31) in that the temperature peaks when the 

shock waves impinge the wall; however, unlike the fuel-off simulations, the temperature 

distribution along the bottom wall is not only a function of the shock wave / wall 

interactions.  Previously, it was shown that the centerline wall temperature distributions 

for fuel-off simulations implementing either the transient wall boundary condition or the 
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isothermal ghost-cell boundary condition were directly a consequence of the shock wave-

wall impingements, as shown by comparing Figure 6.17 and Figure 6.18.  For the fuel-on 

calculations, both shock wave / wall interactions and heat release due to combustion 

influence the bottom wall temperature distribution.  The temperature distributions 

(especially visible in the bottom wall temperature contour inset of Figure 6.32) generally 

match the outline of the flame front, Figure 6.24.  Moreover, Figure 6.32 shows a 

pronounced increase in wall temperature near the corner of the bottom wall and the 

sidewall, corresponding to the corner heat release observed in Figure 6.24.  Also, the hot 

region in the corner between the bottom wall and the sidewall is less pronounced for the 

isothermal ghost-cell boundary condition.   

 

Table 6.5  Exit Plane Combustion Efficiency for Simulations of Run #7678 

Case Name BC ch  

Case3D-011 Transient 90.5% 

Case3D-012 Iso-Ghost 90.3% 

Case3D-013 Iso-310K 88.9% 
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Figure 6.31  Centerline Pressure Traces for Wall Boundary Condition Analysis for 

Fuel-On Run #7678 (3D Calculations) 
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Figure 6.32  Wall Temperature for Wall Boundary Condition Analysis for Fuel-On 

Run #7678 (3D Calculations) 
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The last parametric study concentrates on different inlet air ingestion rates and 

their effects on the subsequent transient solutions.  Two inlet air ingestion rates have been 

previously discussed; a case with infinitely fast air ingestion, Case3D-009, and a case 

with a 0.25ms ingestion rate, Case3D-011.  Both yield steady-state solutions.  Due to the 

difficulty in determining the exact inlet conditions in any shock tunnel experiment, the 

effects of the slower ingestion rate of 0.5ms are investigated in Case3D-010.  Figure 6.33 

shows the centerline pressure predictions and shock structure contours for infinitely fast 

air ingestion, 0.25ms air ingestion rate and 0.5ms air ingestion rate.  All three cases 

implement the transient wall boundary condition and use a turbulent Schmidt number of 

0.5.  Both the infinitely fast air ingestion and 0.25ms air ingestion rate cases produce 

nominally the same solution after ms5.1 , with only a very minimal difference in 

combustor exit pressure.  However, the slower air ingestion rate (plotted at mst 54.2= ), 

produces significantly different results.  In fact, Case3D-010 actually unstarts, indicating 

that the engine starting process is profoundly sensitivity to the modeled rate of air 

ingestion.  Since the experimental Run #7678 produces a statistically-steady solution, it is 

meaningless to compare it with the computational data for this case.  Therefore the 

discussion is deferred until the following section which will focus on simulations of an 

experiment that also leads to engine unstart.   
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Figure 6.33  Centerline Pressure Traces for Different Inlet Air Ingestion Rates for 

Run #7678 (3D Calculations) 
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6.4.3 Experimental Run #7680 Transient Comparison 

As previously shown for Run #7678, the numerical simulations display a 

significant sensitivity to the modeled rate of air ingestion with some ingestion rates 

leading to flowpath stability and others leading to engine unstart.  Thus, it is necessary to 

simulate an experiment that undergoes an unstart process.  To that end, experimental data 

set Run #7680 is investigated herein, Appendix D.  Table 6.4 labels the cases performed 

toward this end.   

As previously discussed and in accordance with the experimental fuel control 

system, the initial condition for the fuel-on simulations begins with the transient injection 

of hydrogen fuel into the evacuated geometry.  The fuel-only run fills the scramjet model 

with gaseous hydrogen for 0.5ms.  The only significant change in run conditions from 

Run #7678 is an increase in the overall equivalence ratio, from 0.51 to 0.59, Table C.11.  

To establish ingestion-rate sensitivities for the unstart data set, Run #7680, two different 

inlet air ingestion rates were analyzed.  A set of steady-state calculations was also 

performed (Table 6.4).   

Similar to the results found for the numerical simulations of Run #7678, Run 

#7680 is also sensitive to the modeled air ingestion rates.  Figure 6.34 shows the final 

centerline pressure traces for a transient simulation with a 0.5ms air ingestion rate 

(Case3D-015), a transient simulation with a 0.25ms air ingestion rate (Case3D-016), and 

two converged steady-state simulations, Case3D-017 and Case3D-018.  Case3D-017 

implements the isothermal ghost-cell wall boundary condition, while Case3D-018 

implements a 310K isothermal wall boundary condition.  Figure 6.34 shows that the 
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faster ingestion rate of 0.25ms, and the steady-state cases all produce a steady 

combusting solution.  Only Case3D-015 with the slower 0.5ms air ingestion rate results 

in an unsteady unstart process.  Although not presented in detail here, Case3D-016 

follows the same ignition and flame stabilization process previously examined for 

Case3D-011 in Section 6.4.1.  These cases further reinforce the previous conclusions that 

the numerical simulations presented herein are highly sensitive to the modeled rate of air 

ingestion.   
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Figure 6.34  Centerline Pressure Traces for Different Inlet Air Ingestion Rates for 

Run #7680 (3D Calculations) 
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The transient simulation that best matches the experimental centerline pressure 

data for Run #7680 is Case3D-015 which uses the slower modeled rate of air injection of 

0.5ms.  Figure 6.35 shows centerline pressure traces for Case3D-015 over a temporal 

span of 2.725ms.  The time history starts at 0.6ms with intervals of 25 sm  until 1.10ms, 

where the interval increases to 0.5ms.  The initial time frames show that the simulation 

results lag behind the experimental data, but by 1.10ms, the predictions and the 

experimental data agree well.  As described in Appendix D, there were large 

inconsistencies in the readings for the last pressure tap located on the second inlet ramp, 

mx 196.0=  (see Figure 4.5).  The data-sampling instrumentation truncates pressure 

values that go beyond the limits of the pressure transducers.  The pressure tap located at 

mx 196.0=  had to be eliminated from the data reduction due to a large time span where 

the pressure readings were truncated.  This is quite unfortunate for the data comparison, 

since as shown in Figure 6.35 ( mst 05.1= ), the largest pressure spike in the predicted 

distribution is located near the end of the second inlet ramp.  Since the mx 196.0=  

pressure tap is truncated, it is reasonable to assume that a very large pressure value would 

have been recorded, if instrumentation calibrated for higher pressures had been used.  As 

the simulation progresses, the peak pressure seen at 1.05ms begins to decrease, and the 

simulation resolves the pressure trace well.  At around the 1.75ms time frame, the 

pressure peak located near the combustor entrance begins to propagate forward, 

indicating the onset of unstart.  This large pressure peak, associated with a normal shock 

wave, continues to propagate forward up through the final simulation time frame of 

2.725ms.  Once again, the experimental data does not show such a large pressure 
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reading; rather, the pressure readings have been truncated.  Overall the numerical 

simulations match well with the experimental data, given that the modeled air ingestion 

process is unavoidably inaccurate.  Although the experimental and computational 

centerline pressure traces show the onset of unstart, the exact process leading to this 

phenomena is not easily explained based solely on this data.  Numerically generated 

contours of key variables can be used to better understand the process leading up to 

engine unstart.   
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Figure 6.35  Centerline Pressure History for Case3D-015 (Run #7680) 
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Figure 6.35 (Cont)  Pressure History for Case3D-015 (Run #7680) 
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Figure 6.36 and Figure 6.37 show a time history of three-dimensional multi-slice 

views of contours of hydroxyl radical mass fraction and Mach number overlaid with a 

recirculation zone iso-contour.  Figure 6.38 and Figure 6.39 show a side view time 

history of the centerline contours of static temperature and static pressure, respectively.  

Since both shock wave interactions and combustion affect changes in temperature, the 

hydroxyl mass fraction is included to help determine where the heat release due to 

combustion is occurring and to help clarify the difference between a temperature rise due 

to combustion and a temperature rise due to shock wave physics.   
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Figure 6.36  OH Mass Fraction History for Case3D-015 (Run #7680) 
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Figure 6.37  Mach Number History for Case3D-015 (Run #7680) 
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Although the combustion ignition location for Case3D-015 is similar to Case3D-

011, in that it occurs in the entrance region of the combustor section, the flame 

stabilization process is significantly different.  Recall that in Case3D-011 (Figure 6.24) 

ignition occurs in the corner between the bottom wall and the sidewall, and the flame 

propagates through the recirculation zone present along the combustor entrance corner.  

The faster inlet air ingestion rate of Case3D-011 does not allow the hydrogen and air to 

mix properly outside of the outer edge of the boundary layer.  In fact, the mixture 

propagates downstream within the boundary layer at roughly the same rate as the initial 

inlet shock structure forms.  Thus, the transmitted oblique shocks emanating from the 

first inlet ramp and the fuel injection bow shock from the opposite wall (point D of 

Figure 6.2) reach the corner of the combustor entrance at roughly the same time as the 

fuel-air mixture.  This is illustrated in Figure 6.26 and Figure 6.28.  Figure 6.28 shows 

that at mst 85.0=  the transmitted shock structure from the opposite wall impinges the 

fuel-air mixture at the combustor corner.  Also, Figure 6.26 reveals that at mst 85.0=  the 

OH mass fraction peaks near the combustor corner indicating the fuel-air mixture is 

locally stoichiometric and the temperature rise due to the shock wave impingement is 

high enough to promote heat release.  Unlike Case3D-011 where ignition occurs in the 

corner between the bottom wall and the sidewall, Case3D-015 ignites in the center of the 

flowfield first, Figure 6.36 ( mst 025.1= ).  The delayed air ingestion of Case3D-015 

allows for the mixture of reactants to diffuse out of the boundary layer edge further and to 

propagate to the combustor entrance faster than the shock structure develops, thereby 

forcing an ignitable mixture well into the combustor entrance.  Generally, the local 
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temperatures behind the centerline shock structure that intersects the combustor wall are 

well above the auto-ignition temperature ( K1170 ) for hydrogen-air mixtures at these 

conditions, Figure 6.38 ( mst 00.1= ).  Thus, as the complex inlet ramp shock begins to 

reflect from the centerline, Figure 6.39 ( mst 025.1= ), the local temperature and local 

mixture equivalence ratios are appropriate for ignition.  The flame front then proceeds to 

extend downstream and begins to diffuse into the corner flow regions.  A large pressure 

and temperature rise occurs near the center of the combustor entrance plane, Figure 6.39 

( mst 050.1025.1 -= ), and as the corner combustion zone develops, a large pressure and 

temperature rise occurs near the wall ( mst 050.1= ).  This is in contrast to Case3D-011, 

where the large pressure and temperature spike is primarily located near the combustor 

wall, Figure 6.28 ( mst 875.0= ).  As described previously, the fuel-air mixture for 

Case3D-011 is then frozen due to a decrease in the local temperatures resulting from the 

expansion fans following the shock wave / boundary layer interactions.  The frozen 

mixture is then propagated downstream to a location more suitable for flame 

stabilization.  However, for Case3D-015 the mixture never freezes.  In fact, for Case3D-

015, the large center-plane pressure rise resulting from a combination of intersecting 

shocks and combustion-induced volumetric expansion of the boundary layer, coupled 

with the wall pressure rise, precludes the complex transmitted shock structure from 

impinging upon the combustor wall.  Rather, the transmitted shock structure impinges 

upon the recirculation zone formed at the corner of the second inlet ramp and the 

combustor entrance, Figure 6.38 ( mst 10.1= ).  As the combustion intensifies, the 

boundary layer grows further, effectively choking the flow near the combustor entrance 
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and resulting in the formation of a normal shock, Figure 6.39 ( mst 75.1= ).  The normal 

shock thereby limits the mass flow, and increases the downstream pressure to a point 

where the entire shock system begins to propagate upstream.  As the shock structure 

travels upstream, the recirculation zone on the inlet ramp further enlarges due to stronger 

shock wave / boundary layer interactions, thereby further reducing the effective flow 

area.  This further limits the mass flow, as shown in Figure 6.40.  This chain reaction is 

the process by which the scramjet model unstarts.   
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Figure 6.38  Static Temperature History for Case3D-015 (Run #7680) 
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Figure 6.39  Static Pressure History for Case3D-015 (Run #7680) 
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Figure 6.40  Mass Flow History Comparison for Unstart (Run #7680) 

 

6.4.4 Alternate Ignition Scenario 

The following discussion focuses on an alternate ignition scenario, one that was 

not investigated by the University of Queensland researchers.  In fact, the short testing 

time allowable in a shock tunnel experiment precludes such a study.  The ignition 

investigated follows a path more physically realizable in actual atmospheric testing 

situations and accounts for actual scramjet operational modes [21].  Proposed scramjet 

engines (see Ref. [46]) have a uniquely different ignition scenario than currently feasible 

to test in shock tunnels.  Scramjets, attached to hypervelocity vehicles, are designed to 

provide propulsion once a certain altitude and velocity are attained.  Reaching these flight 
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conditions is often the consequence of other propulsion devices (e.g., turbo-jets, ramjets, 

rockets).  As such, the scramjet engine may be operating at fuel-off conditions until the 

proper flight conditions are reached, where the fuel would then be injected into the 

engine.  The results presented next examine this situation.  Since the transient heat 

conduction boundary condition has consistently shown the best results thus far, it is 

implemented for the current investigation.  The numerical calculations (Case3D-019, see 

Table 6.4) start with the fuel-off conditions for Run #7680, Table C.11.  The air ingestion 

rate is 0.5ms corresponding to the previous fuel-off calculations presented in Section 6.3.  

Once the fuel-off flowfield has reached a statistically-steady solution, the fuel is injected 

into the domain at the conditions prescribed for Run #7680.   

Although no experimental data corresponds to a fuel-off condition of Run #7680, 

Run #7675 centerline pressure data can be used for illustration purposes since the 

freestream conditions are similar between the two cases (Table C.11).  Figure 6.41 

illustrates the time history of the centerline wall static pressure profile starting at 0ms and 

ending at 0.625ms for fuel-off Case3D-019 versus experimental data from Run #7675.  

The predictions are similar to the transient fuel-off comparisons discussed in Section 

6.3.1.  Initially, the predicted pressure spikes indicative of a shock tunnel blow-down lag 

behind the experimental data.  The initial pressure peaks in the experimental data form 

faster and have larger magnitudes than the numerical data.  As the simulation progresses 

to 0.30ms, the initial pressure peaks of the predictions begin to increase, and by 0.5ms the 

simulation matches the experimental pressure profile quite well.  The final time frame of 

0.625ms illustrates the statistically-steady solution of the calculations.  The numerical 
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simulation is allowed to continue until 1ms, but the predicted pressure profile does not 

change from that presented at 0.625ms.  Figure 6.42 shows the statistically-steady 

experimental pressure profile plot for Run #7675 versus the predicted centerline pressure 

profile for the transient simulation at the fuel-off Run #7680 conditions.  Considering that 

the experimental freestream conditions are slightly different for these two data sets, the 

centerline pressure predictions compare well with the experimental data.  A key point is 

that the same shock wave / expansion fan structure is present for both cases and as such, 

the flowfields are similar.   
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Figure 6.41  Centerline Pressure History for Case3D-019 (Run #7680), Fuel-Off 

Conditions 
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Figure 6.42  Centerline Pressure Trace for Case3D-019 (Run #7680), Fuel-Off 

Conditions versus Run #7675 Experimental Data 

 

Using the 1ms solution of the fuel-off Run #7680 transient simulation as the 

initial condition for a fuel-on simulation, the transient simulation is continued.  Figure 

6.43 describes the time history of the centerline wall static pressure profile for the fuel-on 

Case3D-019 calculation over a time of 0.675ms.  The time labels for Figure 6.43 
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represent the fuel-on time only; therefore, the total simulation run-time corresponds to the 

listed time labels plus 1ms.  Corresponding to the bow shock resulting from the injection 

of the fuel, the pressure spike located at approximately mx 1.0=  is present at 0.025ms, 

while the remainder of the pressure trace maintains the fuel-off profile given in Figure 

6.42.  By 0.05ms, the predictions suggest that the transmitted fuel stream bow shock from 

the opposite wall begins to impinge at the combustor entrance corner, and at 0.075ms the 

inlet region shock profile is well established.  The numerical calculations indicate 

ignition occurs in the separated boundary layer induced by the fuel stream penetration.  

Similar to the stable combusting flowfield discussion presented in Section 6.4.1, the fuel-

air mixture is frozen and propagated downstream.  As the fuel-air mixture reaches the 

combustor corner, the flame front is anchored and significant heat release is realized 

further downstream as discussed earlier (Section 6.4.1) and as suggested by the radical-

farm theory.  From 0.275ms until the last time frame shown, the combustor section 

pressure level continues to settle, and becomes steady by the last time frame of 0.675ms.  

To ensure the predictions are statistically-steady, the transient fuel-on simulation was 

computed for a total of 1ms past the fuel-off initialization, giving a total simulation time 

of 2ms.  Figure 6.44 compares the centerline pressure profiles for the statistically-steady 

solution of Case3D-019 with those of Case3D-016.  Recall that Case3D-016 uses a 

slower air ingestion rate for the simulation of the proper fuel-on shock tunnel 

experimental data set, Run #7680.  This slower air ingestion resulted in a stable 

combusting flowfield.  For the transient simulations that predict a statistically-steady 

combusting solution, Figure 6.44 illustrates that the two centerline pressure contours are 
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well matched.  Due to the starting differences in these cases, the pressure profiles are not 

identical, but would appear to approach the same distribution given enough time.   

It was suggested in Section 6.4.3 that the location and perhaps intensity of the 

initial pressure spike for the fuel-on simulations, which is due to a combination of heat 

release and the transient inlet section shock formations, is a leading factor in determining 

whether a calculation predicts stable combustion or undergoes an unstart process.  To that 

end, Figure 6.45 describes the locations of the initial pressure spike for three simulations 

of Run #7680.  Recall, Case3D-015 and Case3D-016 implement the experimental startup 

and fuel injection of the shock tunnel experiments and that the former predicted an 

unstart process while the latter predicted a steady combusting flowfield.  The pressure 

spike associated with Case3D-015 occurs at 1.05ms and appears near the middle of the 

second inlet ramp.  The pressure spike for Case3D-016 occurs at 0.85ms and appears near 

to the combustor entrance.  A corresponding pressure profile is given for Case3D-019 at 

0.3ms (fuel-on time only), although the pressure levels are much lower.  Figure 6.45 

shows that the pressure spike for Case3D-019 corresponding to combustion ignition is 

roughly half the level of the combustor section pressure once the combustion process has 

stabilized.  In fact, Figure 6.41 shows that the pressure spike at 0.35ms for the initial fuel-

off calculation of Case3D-019 is almost twice the magnitude of any pressure 

measurement for the subsequent fuel-on calculation.  Although the initial pressure levels 

and the ignition scenarios are very different, both Case3D-016 and Case3D-019 show 

very similar statistically-steady pressure distributions.   
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Figure 6.43  Centerline Pressure History for Case3D-019 (Run #7680), Fuel-On 

Conditions 
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Figure 6.44  Statistically-Steady Centerline Pressure Traces for Different Alternate 

Ignition Scenario for Run #7680 (3D Calculations) 
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Figure 6.45  Peak Centerline Pressure Traces for Different Alternate Ignition 

Scenario for Run #7680 (3D Calculations) 

 

Just because the simulations predict that a statistically-steady combusting solution 

can be obtained in approximately 2ms does not imply that experimental tests conducted 

in shock tunnels could implement this altered ignition scenario.  Recall that the fuel-off 
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shock tunnel data presented, Appendix D, does not reach a statistically-steady solution 

until closer to 4ms, which would leave insufficient time for fuel injection and sustained 

combustion to be realized.   

In summary, the engine model does not appear to be naturally unstable at this 

equivalence ratio.  Thus, an actual engine would not thermally choke, but would yield 

stable combustion if a different starting process could be utilized.  Two different fuel-on 

simulations for Run #7678 and Run #7680 have shown sensitivity to the modeled rate of 

air ingestion employed in the present study.  Certain air ingestion rates do not allow the 

engine to start, but if the engine does start, the steady solution, does not appear to be 

dependent on the path taken.  The engine process can be modeled as either a time-

dependent calculation with the proper air ingestion method or as a steady-state 

simulation.  It has also been shown that if the fuel was injected into a well established 

fuel-off flowfield, that nearly the same steady combusting solution could be achieved.   
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7 CONCLUSIONS 

Three-dimensional calculations of reactive flowfields within a scramjet-like 

device incorporating hydrogen fuel injection into the inlet air stream have been 

performed, and the results have been compared with pressure measurements obtained in 

the University of Queensland’s T4 shock tunnel.  The predictions for both fuel-off and 

fuel-on conditions were observed to be sensitive to the choice of the wall temperature 

boundary condition.  Overall, setting the wall temperature to the pre-test tunnel 

temperature consistently produced the poorest match with experimental data.  The best 

match was achieved through the implementation of a conjugate heat transfer approach 

that involves the time-dependent coupling of the one-dimensional heat conduction 

equation within the geometry with the evolving internal flow simulation.  This approach 

is able to predict heat loads on the walls of the scramjet model due to shock wave 

interactions and due to heat release.  As such, it is able to more accurately represent the 

physical temperature response of the engine model.  Also shown to produce very good 

agreement with the statistically-steady experimental data is a wall boundary condition 

based on a simplification of the time-dependent conjugate heat transfer boundary 

condition.  This boundary condition is applicable to the steady-state simulations of short 

duration shock tunnel experiments.  This simplified boundary condition assumes a linear 

temperature distribution within the wall based on the effective depth that an applied heat 

load would penetrate, thus, it also allows the actual wall temperature to vary in response 

to the applied heat load.  Since it is based on setting the ghost-cell temperature to a 
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constant, it is called the isothermal ghost-cell boundary condition.   

Fuel-off results showed a marked improvement in resolving shock locations and 

pressure levels when the time-dependent heat conduction equation was used as a wall 

boundary condition.  Also, it was shown that for fuel-off simulations, the solution 

generated by a steady-state simulation implementing the isothermal ghost-cell wall 

boundary condition was very comparable with the statistically-steady solution obtained 

from a fully transient simulation with coupled heat conduction within the walls.  Further 

refinements of the isothermal ghost-cell temperature boundary condition could lead to 

even better agreement.   

When integrated in a fully time-accurate manner, the fuel-on simulations showed 

a striking sensitivity to the modeled rate of air ingestion into the engine.  For 

experimental data that showed steady combustion, the transient simulations resulted in 

either a steady combusting solution or a progression toward engine unstart, depending on 

the modeled rate of air ingestion.  Also, for experimental data that showed an unsteady 

thermal choking event leading to eventual unstart, the transient simulations were able to 

predict both unstart and steady combustion, once again depending on the air ingestion 

rate.  Slower ingestion rates lead to longer mixing times, which tend to result in choking 

at the combustor entrance and eventual unstart.  Faster ingestion rates did not allow 

combustion to occur in the inlet section and eventually yielded a steady-state solution.  

This level of sensitivity is not seen in the experimental tests.  In all cases, the modeled air 

ingestion process is an approximation of the actual experimental process, in that uniform 

conditions are imposed as linear functions of time over the inlet plane.  Only simulations 
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of the complete blow-down of the shock tunnel would provide a better model.   

Thus, the prediction of engine operability limits based on design parameters such 

as fuel equivalence ratio and inlet contraction ratio may be overly conservative for 

scramjet engines that use forebody fuel injection, if only shock tunnel results are 

considered.   

Lastly, the computational predictions provide support for the “radical-farm” 

theory, proposed to explain auto-ignition of the hydrogen stream at low flowpath 

contraction ratios.  In the calculations, continuous reaction fronts (characterized by 

significant hydroxyl production) are present just inside the combustor entrance, but 

significant heat release only occurs after further compression and heating within the 

combustor section 

The high level of sensitivity of the predictions to the inflow boundary condition 

indicates that a more complex treatment, involving a shaped inlet profile and a non-linear 

air ingestion process might be necessary to more accurately predict shock tunnel data.  

Particularly, simulations of the actual shock tunnel blow-down process could benefit 

future predictions of such data.   
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APPENDIX A:  THERMODYNAMIC CURVE FITS 

The McBride [30] curve fits for the specific heat at constant pressure are used as 

the basis for calculating gas-phase thermodynamic properties.  The form for a curve fit of 

specific heat for a particular species n  is: 
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Using the definition of enthalpy from Eq. (2.1.20): 
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the static enthalpy for species n is calculated from: 
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The curve fits are divided into two temperature ranges to more accurately model 

the thermodynamic properties of the species.  The first temperature range is 

KTK 1000200 <<  and the second temperature range is KTK 60001000 << .  The 

coefficients, on a per kilomole basis, used in the present research are given in Table A.1.   
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Table A.1  McBride Polynomial Curve Fit Coefficients  

  N2 O2 H2
† H2O OH O H 

200K<T<1000K 3.69161480E+00 3.78245636E+00 2.99142300E+00 4.19864056E+00 3.99201543E+00 3.16826710E+00 2.50000000E+00 
a1,n 

1000K<T<6000K 2.85457610E+00 3.66096083E+00 3.29812400E+00 2.67703787E+00 2.83864607E+00 2.54363697E+00 2.50000286E+00 

200K<T<1000K -1.33325520E-03 -2.99673415E-03 7.00064400E-04 -2.03643410E-03 -2.40131752E-03 -3.27931884E-03 0.00000000E+00 
a2,n 

1000K<T<6000K 1.59763160E-03 6.56365523E-04 8.24944100E-04 2.97318329E-03 1.10725586E-03 -2.73162486E-05 -5.65334214E-09 

200K<T<1000K 2.65031000E-06 9.84730200E-06 -5.63382800E-08 6.52040211E-06 4.61793841E-06 6.64306396E-06 0.00000000E+00 
a3,n 

1000K<T<6000K -6.25662540E-07 -1.41149485E-07 -8.14301500E-07 -7.73769690E-07 -2.93914978E-07 -4.19029520E-09 3.63251723E-12 

200K<T<1000K -9.76883410E-10 -9.68129508E-09 -9.23157800E-12 -5.48797062E-09 -3.88113333E-09 -6.12806624E-09 0.00000000E+00 
a4,n 

1000K<T<6000K 1.13158490E-10 2.05797658E-11 -9.47543400E-11 9.44336689E-11 4.20524247E-11 4.95481845E-12 -9.19949720E-16 

200K<T<1000K -9.97722340E-14 3.24372836E-12 1.58275190E-15 1.77197817E-12 1.36411470E-12 2.11265971E-12 0.00000000E+00 
a5,n 

1000K<T<6000K -7.68970700E-15 -1.29913248E-15 4.13487200E-13 -4.26900959E-15 -2.42169092E-15 -4.79553694E-16 7.95260746E-20 

200K<T<1000K -1.06283360E+03 -1.06394356E+03 -8.35034000E+02 -3.02937267E+04 3.61508056E+03 2.91222592E+04 2.54736599E+04 
a6,n 

1000K<T<6000K -8.90174450E+02 -1.21597725E+03 -1.01252090E+03 -2.98858938E+04 3.94395852E+03 2.92260120E+04 2.54736589E+04 

200K<T<1000K 2.28749800E+00 3.65767573E+00 -1.35511010E+00 -8.49032208E-01 -1.03925458E-01 2.05193346E+00 -4.46682853E-01 
a7,n 

1000K<T<6000K 6.39028790E+00 3.41536184E+00 -3.29409400E+00 6.88255571E+00 5.84452662E+00 4.92229457E+00 -4.46698494E-01 

† These coefficients are from the Chemkin [25] database.  This fit seems to capture the response of 
hydrogen gas at very low temperatures ( KT 200< ), which are encountered during the initial 
injection of hydrogen into the near-vacuum conditions 
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APPENDIX B:  SPATIAL SECOND ORDER EXTENSIONS 

A major challenge of modern computational sciences is the ability to develop 

higher order schemes that are physically consistent even in the presence of 

discontinuities.  For computational fluid dynamics (CFD), flow discontinuities are 

commonly present and can range from simple shock waves and contact waves to the 

multi-phase flow physics of contact waves and phase interactions.  These flow features 

need to be resolved to the same order of accuracy as smooth flow physics and need to 

maintain solution procedure robustness. 

One avenue of previous and on-going research [23] has been the development of 

monotone schemes, which provide the ability to ensure that flow discontinuities behave 

physically and that entropy conditions are satisfied.  A discretization scheme is monotone 

if no local extrema are allowed.  In the early development of monotone schemes, it was 

proven that for a scheme to be monotone implied that it was at most first order accurate 

in space.  To that end, it is certainly possible to develop a higher order upwind scheme, 

but normally such a scheme is not going to be monotone in discontinuous flow regions.  

To help overcome this limitation, many researchers have developed higher order 

extensions based on monotone ideas while ensuring they behave properly in the presence 

of flow discontinuities.  Some of the more popular extensions are:  Total Variation 

Diminishing (TVD), Essentially Non-Oscillatory (ENO) and Discontinuous Galerkin 

(DG), although most are at best first order accurate in the vicinity of discontinuities.  

Since hypersonic flows, and more importantly combusting hypersonic flows, are 
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inherently plagued with flow discontinuities, it is of the utmost importance to implement 

higher order extensions that maintain high fidelity near discontinuities.   

The accuracy of the inviscid flux representation, LDFSS, of the current research is 

extended to second order through slope-limited, upwind-biased interpolations of the 

primitive variable vector: 
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to the cell interface, using either a Van Albada [16, 59] total variation diminishing (TVD) 

interpolation procedure or a SONIC-A essentially non-oscillatory (ENO) interpolation 

procedure [55] to preserve formal second order accuracy at solution extrema.  The 

interpolation procedures are performed in computational space.  Details of the 

formulation for both second order extensions are given below for one spatial direction.  

The other two directions follow similarly.   

The higher order extensions used in this research use the idea of slope limiting, 

whereby the adjacent cell variable reconstruction is used to determine the current cell 

value.  Most TVD and ENO schemes can be written in then following form: 

 [ ]LiiL qqq ~
2
1

y+=  (B.2) 



 207 

 [ ]RiiR qqq ~
2
1

11 ++ -= y  (B.3) 

where q  is any arbitrary flow variable and Lq  and Rq  are left and right states of the cell 

interface located at 2
1+i .  The pressure limiter introduced in [16] is represented by 

1, +Y ii , and Lq~  and Rq~  are functions of adjacent cell slopes.   

The pressure limiter is implemented to give control over the relative importance 

of the order of accuracy very close to discontinuities and the sensitivity of numerical 

stability.  The limiter is given by: 

 �
�
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ii
i e
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11

111  (B.4) 

For a strict first order interpolation, d  is set to zero, otherwise it is unity for a second 

order limited interpolation.  Also, ¥p  is the freestream static pressure and e  is a user 

defined constant that controls the sensitivity of the pressure limiter.  Namely, as e  

increases the pressure limiter tends toward a more second order capturing of 

discontinuities (e.g., the peak pressure of shocks may be better resolved) at the expense 

of numerical stability.  As e  decreases toward zero, the pressure limiter will limit the 

solution towards a first order interpolation.   

The first higher order extension used in this present study is a TVD-type limiter.  

In brief, TVD schemes maintain second order accuracy in smooth regions of the flow 

(continuous regions), while preserving monotonicity near discontinuities (e.g., shock 

waves, shear layers).  This is achieved through considering ratios of flow property slopes 
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in adjacent cells (i.e., slope limiting).  The formulation of the adjacent cell slope 

functions, Lq~  and Rq~ , used in Eqs. (B.2) and (B.3) can be formulated as: 

 ( )LLL baq ,limiter~ =  (B.5) 

 ( )RRR baq ,limiter~ =  (B.6) 

where, RLa ,  and RLb ,  are adjacent interpolation slopes for the left and right states of the 

computational cell, respectively.  The left, L , and right, R , interpolation states are 

defined as: 

 iiL qqa -= +1 ,    1--= iiL qqb  (B.7) 

 12 ++ -= iiR qqa ,    iiR qqb -= +1  (B.8) 

Thus, the left and right states can be written as: 

 ( )[ ]11 ,limiter
2
1

-+ --+= iiiiiiL qqqqqq y  (B.9) 

 ( )[ ]iiiiiiR qqqqqq ---= +++++ 11211 ,limiter
2
1

y  (B.10) 

The function, ( )ba,limiter , helps alleviate spurious oscillations, which are 

artifacts of second order spatial discretization, close to discontinuities.  The current 

research investigates the TVD scheme of Van Albada [59], which tends to be a little more 

dissipative rather than compressive allowing for a more stable scheme for flowfields with 

sharp discontinuities.  The Van Albada TVD scheme may be written in the following 



 209 

form: 

 ( ) ( ) ( )
s

ss
2

,limiter
22

22

, ++
+++

=
ba

abba
ba RL  (B.11) 

where for three-dimensions, s  is a constant which is a function of the area of the cell 

face which is orthogonal to the corresponding transformed coordinate direction, yet it has 

the same units as 2q .  The general form for s , for the x -direction is given by: 
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where, qfactor is the square of the characteristic value for the variable q .  For example, 

for the x -direction and for uq ~= , the constant s  is given by: 
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where ¥U  is the freestream velocity.  The parameter, kap, is a user defined variable that 

controls the behavior of the Van Albada limiter.  For kap large, the limiter reverts to a 

Fromm interpolation [23], thereby effectively added no limiting effects.  For kap small, 

the limiter reverts to a minmod [23] limiter, which is more dissipative in behavior.  For 

the present study kap is unity, which gives a reasonable balance between second order 

accuracy and solution stability.   

The second extension to second order is achieved through the implementation of 

an Essentially Non-Oscillatory (ENO) second order limiter scheme.  Most ENO schemes 
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are somewhat extensions of TVD methods, and the one chosen for this research is second 

order accurate in space in smooth regions.  They address one of the main drawbacks of 

the TVD schemes, that being TVD schemes usually modify even smooth extrema.  ENO 

schemes, in general, do not have to maintain the same strict total variation diminishing 

criteria of TVD which gives them the ability to keep desired solution extrema without 

letting new extrema appear and grow.  ENO schemes choose, in an adaptive manner, an 

interpolation stencil that gives the smoothest results without losing accuracy.  Although 

ENO type limiters possess the ability to capture discontinuities more crisply, it is done at 

the expense of possibly being slightly less numerically stable.  The ENO limiter used in 

this research is referred to as SONIC-A [55].  SONIC-A ENO schemes are neither the 

most compressive of the ENO methods, nor the most dissipative.  In much the same way 

as the TVD schemes, the left and right interpolation states for ENO schemes are given 

by:   

 [ ]LiiL qqq ~
2
1

y+=  (B.14) 

 [ ]RiiR qqq ~
2
1

11 ++ -= y  (B.15) 

where adjacent cell slope functions, Lq~  and Rq~ , are defined as: 
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where, 
2

1
~

+iq  is defined as: 

 ( )-
+

+
++ =

2
1

2
1

2
1 ,minmod~

iii qqq  (B.18) 

and 
2

3
~

+iq  is found through an index shift, 1+® ii .  The -+,q  states are defined as: 
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The cell interface states, (e.g., 
2

1+iq ) are given by: 

 iii qqq -= ++ 12
1  (B.21) 

The other interfaces are found through similar index shifts.  The minmod limiter function 

[23] is defined by: 

 ( ) ( ) ( )[ ] ( )babsignasignba ,min,0.1,0.1
2
1

,minmod +=  (B.22) 

where as before a , and b  are adjacent cell slopes of the variable, q .  As previously 

mentioned, the other coordinate directions are formulated similarly.   
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APPENDIX C:  INITIAL AND BOUNDARY CONDITIONS 

FOR EXPERIMENTAL RUNS 

This appendix describes the test conditions for the experimental data taken by 

Odam [38].  In order to simulate the experimental runs, the test conditions are converted 

to initial and boundary conditions for use in the calculations. 

C.1  INTRODUCTION 

The experimental data was received from Michael Smart, currently a faculty 

member of the University of Queensland’s HyShot program.  The experimental test 

conditions can be found in Reference [38].  The experimental data used in the 

computational investigation corresponds to a geometry with a combustor section height 

of 24mm.  Referring to Figure 4.1, the detailed dimensions of the experimental scramjet 

model are given in Figure C.1.  The following sub-sections describe the data reduction 

procedure for the experimental data.  The test conditions correspond to experimental Run 

#7675, Run #7678 and Run #7680.   



 213 

(0.0,0.0)

(0.430,0. 04295)(0.0,0.04295) (0.132,0.04295)

(0.430,0. 0)

Centerline
(z=0)

Side Wall
(z=0.0375)

Edge of Spillage
(z=0.075)

*Not to Scale

(0.0,0.0)

�9

�12

(0.180,0.030947) (0.430,0. 030947)

(0.625,0.0)

(0.134,0.021224)

(.625,0.04295)(0.0,0.04295)

�9

(0.132,0.04295)

�18

(0.0,0.0)

�9

�12

(0.180,0.030947) (0.430,0. 030947)

(0.625,0.0)

(0.134,0.021224)

(.625,0.04295)(0.0,0.04295)

�9

CL

CL

CL

‘V’ cut sidewall

(0.0,0.0)

(0.430,0. 04295)(0.0,0.04295) (0.132,0.04295)

(0.430,0. 0)

Centerline
(z=0)

Side Wall
(z=0.0375)

Edge of Spillage
(z=0.075)

*Not to Scale

(0.0,0.0)

�9

�12

(0.180,0.030947) (0.430,0. 030947)

(0.625,0.0)

(0.134,0.021224)

(.625,0.04295)(0.0,0.04295)

�9

(0.132,0.04295)

�18

(0.0,0.0)

�9

�12

(0.180,0.030947) (0.430,0. 030947)

(0.625,0.0)

(0.134,0.021224)

(.625,0.04295)(0.0,0.04295)

�9

CL

(0.0,0.0)

�9

�12

(0.180,0.030947) (0.430,0. 030947)

(0.625,0.0)

(0.134,0.021224)

(.625,0.04295)(0.0,0.04295)

�9

CLCL

CLCL

CLCL

‘V’ cut sidewall

 

Figure C.1  Detailed Experimental Geometry 

C.2  CONSISTENCY CHECK & DETERMINATION OF CFD 

CONDITIONS 

Care must be exercised when recasting experimental test conditions into CFD 

initial and boundary conditions, so the process is described in detail in this section.  The 

experimental test conditions for a combustor height of 24mm are given in terms of the 

experimental inlet conditions for the scramjet model and are:  equivalence ratio, f , total 

specific enthalpy, [ ]kg
MJ

tH , Mach number, M , inlet static pressure, [ ]Pap , inlet static 

temperature, [ ]KT , inlet static density, [ ]3m
kgr , and inlet velocity, [ ]s

mu .  A full 

description of the experimental measurement process is given by Odam [38].   

( x  and y  coordinates, all units in meters) 
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The following steps are used for each experimental data set in order to check for 

consistency.  For completeness, each step listed contains information for the three 

experimental runs considered herein.  For convenience, Run #7675 is termed “COLD”, 

while Run #7678 and Run #7680 are termed “HOT”.  The end of the appendix will list 

the final outcome of these steps on each of the three data sets.  To perform these checks 

and to allow for a more streamlined analysis for multiple test cases, EXCEL is utilized to 

perform the calculation.   

 

1)   List Experimental Test Conditions 

The experimental test conditions are listed in Table C.1, where air is the test gas 

(inlet gas). 

Table C.1  Experimental Test Conditions 

Test Conditions Run #7675 Run #7678 Run #7680 

f  0 0.51 0.59 

[ ]kg
MJ

tH  4.1 4.1 4.08 

M † 6.25 6.42 6.36 

[ ]Pap † 10230 8958 9215 

[ ]KT † 487 412 433 

[ ]3m
kgr  0.0732 0.0758 0.0742 

[ ]s
mu  2766 2612 2651 

†Used in the initial conditions input file for the CFD code.   
 

For the transient simulations, the initial and exit boundary conditions for 

the entire domain are determined by the back pressure of the tunnel before the 

initial slug of air reaches the experimental model.  The experimentally measured 
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back pressure is given as: 

 Patorrpback 322.1331 ==  (C.1) 

2) Consistency Check of Test Conditions 

This step checks the gas constant, the ratio of specific heats and the 

specific heat at constant pressure to be sure they are consistent for a test gas of air. 

The ideal gas law is used to check for the consistency of the gas constant: 

 RTp r=  (C.2) 

where R  is the gas constant [ ]Kkg
J

×  for air.  Knowing the inlet pressure, 

temperature and density from Table C.1, the gas constant for air is calculated 

using Eq. (C.2) and is given in Table C.2 for the three experimental cases 

presented.   

Table C.2  Gas Constant Consistency Check 

T
pR r=  Run #7675 Run #7678 Run #7680 

[ ]Kkg
JR ×  286.97 286.84 286.82 

 

R  for air is typically tabulated as Kkg
J

×074.287 , thus, the gas constant given in 

Table C.2 is consistent. 

Next, using the definition of the speed of sound for an ideal gas, the ratio 

of specific heats can be calculated as: 
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 RTa g=  (C.3) 

where a  is the speed of sound [ ]s
m , and is given by: 

 
M
u

a =  (C.4) 

and g  is the ratio of specific heats.  Knowing the inlet velocity and Mach number 

(Table C.1), the inlet speed of sound can be calculated using Eq. (C.4).  Then, 

using Eq. (C.3) and knowing the inlet temperature (Table C.1) and gas constant 

(Table C.2), the ratio of specific heats can be calculated.  Table C.3 gives the 

values for g .   

Table C.3  Ratio of Specific Heats Consistency Check 

RT
a2=g  Run #7675 Run #7678 Run #7680 

[ ]s
ma  442.56 406.85 416.82 

g  1.401 1.400 1.400 

 

g  is typically tabulated as 1.4 for air, therefore the ratio of specific heats for the 

listed experimental runs are consistent. 

Finally, the specific heat at constant pressure, [ ]Kkg
J

pC ×  can be checked 

using the following definition: 

 
1-

=
g
gR

Cp  (C.5) 
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Table C.4 lists the specific heat at constant pressure for the three experimental 

runs.  pC  is typically tabulated as Kkg
J

×76.1004  for air at standard day 

( )KF 28859 »� , and pC  varies little over the range of temperatures from standard 

day ( )K288  to the inlet temperature ( )KK 487412 - , therefore, referring to Table 

C.4, the specific heat at constant pressure is consistent.   

Table C.4  Specific Heat at Constant Pressure Consistency Check 

1-= g
gRCp  Run #7675 Run #7678 Run #7680 

[ ]Kkg
J

pC ×  1001.79 1002.76 1005.68 

 

3) Total Enthalpy Check 

It is also important to check the total enthalpy given as one of the test 

conditions, in Step 1).  Although Eq. (C.6) holds only for calorically perfect 

gases, it can be used as a rudimentary check on the total enthalpy.  First define the 

static enthalpy, assuming a constant pC : 

 TCh p=  (C.6) 

then the total enthalpy is defined for a one-dimensional flow as: 

 22

2
1

2
1

uTCuhH pt +=+=  (C.7) 

Due to the calorically perfect gas formulation, it is not expected that the total 

enthalpy should be the exactly the same value as those given as the test 
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conditions, Table C.1.  Understanding these limitations, the total enthalpy is given 

in Table C.5 and it corresponds well with the data received from the experimental 

investigation.   

Table C.5  Inlet Total Enthalpy Consistency Check 

2

2
1

uTCH pt +=  Run #7675 Run #7678 Run #7680 

[ ]Kkg
MJ

tH ×  4.31 3.82 3.95 

 

4) CFD Geometry Specifications 

Some essential experimental geometric specifications [38, 36] are given in 

Table C.6, referring to Figure C.1.  These are necessary to convert the 

experimental test conditions into initial and boundary conditions for the flow 

solver.   

Table C.6  Experimental Model Specifications 

Geometric Information Experiment CFD Model 

Model Length (m) 0.625 0.625 

Model Width (m) 0.075 0.0375†§ 

Inlet Height (m) 0.0859 0.04295§ 

Combustor Height (m) 0.024 0.024 

Inlet Area ( 2m ) 0.0064425 0.0016106§ 

Fuel Hole Area (per hole) (2m ) 61014.3 -´  61014.3 -´  
†Scramjet model only, not including spillage region modeling.  § CFD model 
imposed bi-lateral symmetry.   

 

It is important to note that the CFD simulations model the fuel holes as 
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rectangular holes, rather than the elliptical hole shapes used in the experimental 

apparatus.  The CFD simulations match the fuel hole area, thus preserving the 

correct fuel mass flow rate.  It is also important to recall that the CFD simulations 

run a quarter-model due to the inherent symmetry of the experimental model.  The 

experimental model has four fuel holes on both the upper and lower inlet surfaces; 

this implies that the CFD model has 2 fuel holes.   

The fuel hole area listed above is the hole area normal to the flow of the 

fuel injection.  The fuel is fed into the domain via a circular tube, but this tube is 

actually sliced by the inlet ramp, leaving an elliptical shaped exit area.  Thus, the 

mass flow equation through a surface can be written in terms of the normal area 

(normal to the velocity vector): 

 uAm r=�  (C.8) 

where the velocity u  is normal to the area A .  Since the velocity u  is parallel 

with the circular tube walls, A  must be the area of the circular fuel tube, which 

has a radius of 1mm [38].  This normal mass flow is why the area of the fuel hole 

listed is just the area of a normal, circular, cross-section rather than the elliptical 

cross-section, although the fuel holes are represented in the CFD domain (grid) as 

rectangular holes corresponding to the correct area. 

 

5) Stoichiometric Hydrogen Combustion 

The stoichiometric fuel-air ratio must be determined in order to work with 

the experimental equivalence ratio, Table C.1.  The stoichiometric combustion 
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reaction of hydrogen in air is given by: 

 ( ) 22222 N88.1OHN76.3O5.0H +Û++  (C.9) 

The stoichiometric fuel-air ratio is defined using the stoichiometric equation, Eq. 

(C.9) and is given by: 

 
( )( )

( ) ( )( )( )
0291.0

.14276.31625.0
)01.121

massair 
mass fuel

=
+

==stf  (C.10) 

The stoichiometric fuel-air ratio is used in conjunction with the 

equivalence ratio to give the fuel-air ratio tested.  The following definition of 

equivalence ratio is used: 

 
stf
f

=f  (C.11) 

The fuel-air ratio, f , for the given test conditions is listed in Table C.7: 

Table C.7  Equivalence Ratio and Fuel-Air Ratio 

stff f=  Run #7675 Run #7678 Run #7680 

f  *0  0.51 0.59 

f  *0  0.14856 0.017186 

*Note:  Run #7675 is a COLD run, with no fuel injection, hence 0=f . 
 

6) Inlet and Fuel Mass Flow Rates 

The previous steps have given enough information to calculate the mass 

flow through the inlet of the computational domain.  Using the inlet mass flow 
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rate along with the fuel-air ratio, the fuel mass flow rate can be calculated.  The 

inlet mass flow is calculated by: 

 uAm r=�  (C.12) 

Using flow information from Table C.1 and geometric information from Table 

C.6, the inlet mass flow is given in Table C.8: 

Table C.8  Inlet Air Mass Flow 

uAmair r=�  Run #7675 Run #7678 Run #7680 

[ ]s
kg

inletm�  1.3044 1.2755 1.2673 

[ ]s
kg

inletm�  per ¼ model† 0.32611 0.31889 0.31682 

†Since the CFD model has quarter symmetry, it is useful to also calculate the 
mass flow through the CFD model, which is one-fourth that of the full model. 

 

The fuel flow rate is calculated using the definition of the fuel-air ratio: 

 rate flow massair 
rate flow mass fuel

=f
 

(C.13) 

and is given in Table C.9.   

Table C.9  Fuel Mass Flow 

uAmfuel r=�  Run #7675 Run #7678 Run #7680 

[ ]s
kg

fuelm�  0 0.018949 0.021779 

[ ]s
kg

fuelm�  per ¼ model 0 0.004737 0.005445 
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7) Fuel Injection 

The maximum experimental fuel flow rate is obtained when the fuel holes 

are choked.  Choking implies that the fuel mass flow cannot be increased without 

a change in the upstream fuel reservoir pressure.  Thus, once the flow is choked 

further decreasing the back pressure results in no change in the mass flow.  In 

order to determine the correct fuel boundary conditions for the current 

simulations, the choked exit conditions are established first.   

Some important information must first be given to determine the choked 

flow conditions.  First, it is necessary to know the fuel type, the gas constant of 

the fuel, the ratio of specific heats of the fuel and one of the thermodynamic 

properties of the fuel.  For the present investigation, the fuel is hydrogen, 2H .  

The gas constant can be calculated using the universal gas constant, such that: 

 
2

2

H

univ
H MW

R
R =  (C.14) 

where univR  is the universal gas constant and is equal to Kkmole
J

×93.8314  and 
2HMW  

is the molecular weight of hydrogen, and is equal to ( ) kmole
kg016.2008.12 = .  

Therefore the gas constant for hydrogen is 

 Kkg
J

HR ×= 67.4124
2

 (C.15) 

The ratio of specific heats for hydrogen can be found tabulated in many 

references and is given by the value typically found for diatomic molecules: 
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 4.1
2

=Hg  (C.16) 

The last bit of necessary information is one thermodynamic property of 

the fuel.  For several reasons, it is easier to use stagnation temperature for this 

experiment.  The temperature of the fuel reservoir is more likely not to change 

over the experimental testing (limited to about 5ms), and it is a very easy 

measurement to make accurately.  The experimental fuel stagnation temperature 

is given as: 

 KTT Hfuel 250
2

==  (C.17) 

These three quantities, along with the area of the fuel holes and the fuel 

mass flow rate will be used to calculate the choked flow conditions.   

The choked flow conditions are derived from the isentropic flow relations 

[64].  The relations for the total temperature, pressure and density are given by: 
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where the subscript (0 ) denotes a total property, and the properties without a 

subscript are static properties.  Other useful equations are the area ratio equation 

and the mass flow equation, which are given by: 
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where the superscript (*) denotes a critical flow parameter.  A critical flow 

parameter can be thought of as a choked flow parameter, one that is derived when 

the flow velocity is equal to the speed of sound (the local Mach number is unity). 

The choked flow equations can be found by setting Mach number equal to 

unity in Eq. (C.18) through Eq. (C.22) and doing some rearranging.  These 

choked flow equations yield: 
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where: 

 00 RTa g=  (C.27) 

The critical mass flow is given by: 
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The following steps are used to determine the choked fuel flow conditions:   

 

1. Calculate the critical (static) temperature, *T , from Eq. (C.23), using the 

fuel stagnation temperature, 0T , (Eq. (C.17)).   

2. Calculate the total speed of sound, 0a  from Eq. (C.27), using 0T  from 

Step 1, g  from Eq.(C.16) and R  from Eq. (C.15). 

3. Calculate the critical velocity, *u  from Eq. (C.26), using g  from Eq. 

(C.16). 

4. Calculate G from Eq. (C.29), using g  from Eq. (C.16). 

5. Calculate 0p  from Eq. (C.28), where AA =*  for choked flow and is the 

fuel hole area calculated in Table C.6, and *m�  is the mass fuel mass flow 

given in Table C.9  (make sure to use consistent area and mass flow).   

6. Calculate the critical static pressure, *p  from Eq. (C.24) 

7. Calculate the critical static density, *r  from the mass flow equation:   

 **** Tpm r=�  (C.30) 
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8. Notice that the ratio *pp0  is 1.892929 (a well known parameter for 

4.1=g ) 

 

Following the steps listed above, the choked fuel flow equations which are 

used as CFD boundary conditions are given in Table C.10.   

Table C.10  CFD Fuel Boundary Conditions 

Choked Fuel 
Conditions 

Run #7675 Run #7678 Run #7680 

[ ]Pap0  N/A† 1224835 1407767 

[ ]Pap*  N/A† 647058.2 743697.7 

[ ]3m
kg*r  N/A† 0.627531 0.721254 

[ ]KT *  N/A† 250 250 

[ ]KT0  N/A† 300 300 

[ ]s
mu*  N/A† 1201.484 1201.484 

†For Run #7675 the choked fuel conditions are not important, since there is 
no fuel flow. 
 

The fuel boundary condition in the code takes into consideration the 

downstream pressure when the fuel mass flow is calculated.  If the pressure ratio, 

*pp0 , is less than the choked flow condition (that is the flow may not be at the 

maximum, critical mass flow), the fuel mass flow is calculated using the non-

choked flow equations.   

For the experimental geometry given in Figure C.1, the fuel is injected 45° 

with respect to the first inlet ramp, which itself, is at 9° to the horizontal plane.  

Thus, the simulation injects the fuel at 54° with respect to the horizontal.   
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The complete list of CFD initial and corresponding boundary conditions derived 

from the experimental data is given in Table C.11 and Table C.12. 

Table C.11  Complete List of CFD Initial and Boundary Conditions 

Parameters Run #7675 Run #7678 Run #7680 

f  0 0.51 0.59 

[ ]kg
MJ

tH  4.1 4.1 4.08 

M † 6.25 6.42 6.36 

[ ]Pap † 10230 8958 9215 

[ ]KT † 487 412 433 

[ ]3m
kgr  0.0732 0.0758 0.0742 

[ ]s
mu  2766 2612 2651 

[ ]torrpback  1 1 1 

f  0 0.14856 0.17186 

[ ]s
kg

inletm�  1.3044 1.2755 1.2673 

[ ]s
kg

inletm�  per ¼ 0.32611 0.31889 0.31682 
†Used in the initial conditions input file for CFD runs. 

 

Table C.12  Complete List of CFD Fuel Initial and Boundary Conditions 

Fuel Boundary 
Conditions 

Run #7675 Run #7678 Run #7680 

[ ]Pap0  N/A 1224835 1407767 

[ ]Pap*  N/A 647058.2 743697.7 

[ ]3m
kg*r  N/A 0.627531 0.721254 

[ ]KT *  N/A 250 250 

[ ]KT0  N/A 300 300 

[ ]s
mu*  N/A 1201.484 1201.484 

[ ]s
kg

fuelm�  0 0.18949 0.02722 

[ ]s
kg

fuelm�  per ¼ 0 0.004737 0.005445 
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APPENDIX D:  EXPERIMENTAL DATA REDUCTION 

The following appendix centers on the centerline pressure data reduction of T4 

shock tunnel experimental data taken by Paull and Odam [39], and Odam [38].  The 

following discussion is divided into two sections.  The first section focuses on creating a 

statistically-steady data set with which to compare the numerical simulations.  This 

section discusses what criteria the data must meet to be determined to have a steady 

solution, and then how the steady solution data is compiled.  For the three experimental 

data sets investigated herein, two runs have a statistically-steady solution associated with 

them.  These are Run #7675 (non-combusting) and Run #7678 (combusting).  The second 

section focuses on the reduction of transient experimental data sets, one to which 

transient numerical simulations can be compared against.  This procedure is useful for all 

time-dependent data sets, but especially those experimental runs where the flowfield does 

not produce steady combustion.   

Section D.1 gives an explanation of the reduction of the T4 shock tunnel data for 

Run #7675 and Run #7678 into a statistically-steady “averaged” data set that can more 

readily be compared with a steady-state numerical solution.  Section D.2 gives a brief 

overview of the data reduction process for a transient solution.  This section will give 

details of the data reduction for an experimental run (Run #7678) that has a steady 

combusting solution and an experimental run (Run #7680) that undergoes an unstart 

process. 
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D.1  STEADY-STATE DATA REDUCTION 

Experimental Run #7675 (non-combusting) and Run #7678 (combusting) are the 

experimental data sets used to illustrate the techniques of steady-state data reduction.  

Table D.1 describes the experimental centerline pressure data files received from Michael 

Smart (currently a faculty member at the University of Queensland) for the two 

experimental runs listed above.  The first column of the table lists the axial distance of 

the pressure taps from the leading edge of the model (as illustrated in Figure 4.5); the 

second column lists the experimental file name extension (e.g., 7675.111.txt, 

7678.111.txt); and the third column gives a brief description of the pressure tap location.  

The pressure tap data files listed in Table D.1 give a complete time history of centerline 

pressure.  Each experimental data file includes the time ( sm ) and pressure (kPa) history 

for each pressure tap.  The time history begins at an arbitrary starting reference time of 

6ms.  The axial locations x=0.147m, x=0.196m and x=0.404m not only have the 

centerline pressure tap location but also have several spanwise pressure taps: 

·  x = 0.147m,  3 transducers spaced 27mm apart (transducer 122 on the center-line) 

·  x = 0.196m,  5 transducers spaced 14mm apart (transducer 133 on the center-line) 

·  x = 0.404m,  5 transducers spaced 14mm apart (transducer 332 on the center-line) 
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Table D.1  Model Pressure Tap Location Information 

Axial distance from 
leading edge (mm) 

File extension 
number Comments 

43 111 Intake 
68.6 113 Intake 
121 114 Intake 
147 121 Intake 
147 122 Intake 
147 123 Intake 
0 124 Pitot pressure  

196 131 Combustor  
196 132 Combustor 
196 133 Combustor 
196 134 Combustor 
196 211 Combustor 
209 212 Combustor 
222 213 Combustor 
261 231 Combustor 
274 232 Combustor 
287 233 Combustor 
300 234 Combustor 
313 311 Combustor 
326 312 Combustor 
339 313 Combustor 
352 314 Combustor 
365 321 Combustor 
378 322 Combustor 
391 323 Combustor 
404 324 Combustor 
404 331 Combustor 
404 332 Combustor 
404 333 Combustor 
404 334 Combustor 
417 411 Combustor 
442 412 Thrust surface 
455 413 Thrust surface 
468 414 Thrust surface 
481 421 Thrust surface 
494 422 Thrust surface 
506 423 Thrust surface 
519 424 Thrust surface 
532 431 Thrust surface 
545 432 Thrust surface 
558 433 Thrust surface 
571 434 Thrust surface 
0 710 stagnation pressure 
0 720 stagnation pressure 

235 731 Combustor 
248 732 Combustor 
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DATA REDUCTION STEPS 

Step 1) Unit Conversion and File Formats 

A FORTRAN routine was written to change the units to seconds (s) and Pascal 

( Pa ) and to arrange the data in a format that is more accessible to EXCEL and 

TECPLOT.  To facilitate easier comparison with CFD data, the time step was referenced 

to a start time of zero seconds, rather than 6ms.   

Step 2) Raw Data Plotting (EXCEL) 

It is necessary to visualize the raw data; sometimes an experienced eye is more 

valuable than any number of statistical routines.  The observations and conclusions drawn 

from the visual inspection of the data will also be reinforced through statistical means 

which provide further evidence of erroneous pressure measurements.  The complete set 

of figures used in the centerline pressure data reduction study are Figure D.1 - Figure D.6 

for Run #7675 and Figure D.7 - Figure D.12 for Run #7678.  The first step in ensuring 

that a statistically-steady experimental data set can be obtained is to perform a visual 

inspection of the static pressure plots.  These plots of the experimental static pressure 

temporal history are given in Figure D.1a - Figure D.1g for Run #7675 and Figure D.7a - 

Figure D.7g for Run #7678, where the axial distance (x) is given in meters.  There are 

usually quite significant visual cues that determine if a pressure tap is giving erroneous 

readings.  The following section describes the bad pressure taps for each of the two runs. 

Run #7675: 

Figure D.1a presents the first three axial static pressure taps for Run 
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#7675.  From a first glance, it is evident that the pressure tap at x=0.121m is 

giving a bad reading since it reads zero pressure.  The three spanwise static 

pressure traces for pressure taps located at x=0.147m, Figure D.1b, all show 

reasonably good pressure measurements.  Figure D.1c also features the pressure 

trace for multiple spanwise static pressure taps located at x=0.196m.  This axial 

pressure tap location is near the leading edge of the combustor inlet, where it is 

expected that an expansion fan might exist.  The presence of an expansion fan at 

the combustor entrance is determined by the complex centerline shock structure 

interactions.  For the fuel-off, Run #7675, conditions, the centerline interaction is 

a consequence of the first inlet ramp oblique shocks (from the upper and lower 

walls) transmitting through one another as they intersect near the centerline of the 

model.  Once the transmitted shocks pass through the centerline plane, they 

intersect the second ramp oblique shocks, and then propagate toward the opposite 

combustor wall.  The shocks then impinge the opposite wall, reflect back toward 

the centerline and the process is continued.  The location of the first combustor 

wall reflected shock structure determines the extent and strength of the expansion 

fan.  Further details of this process are given in Section 6.1.  Figure D.1c shows 

that the pressure traces at x=0.196m have a larger variation in peak-to-peak values 

than the other static pressure taps, (e.g., Figure D.1b).  Larger scatter in the data 

could be expected due to freestream disturbances and could be slightly magnified 

in the expansion fan region.  Thus more peak-to-peak variation is expected at the 

x=0.196m location.  Completing the visual inspection of this data set, Figure D.1d 
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- Figure D.1g, shows that four other centerline static pressure taps have given bad 

readings.  The rest of the bad pressure taps are located at x=0.313m, x= 0.339m, 

x=0.532m and x=0.571m.  With the exception of the four pressure taps listed 

above, the remainder of the axial pressure tap locations provide reasonable static 

pressure data.   

Run #7678: 

The static pressure tap measurements for Run #7678 are much better 

behaved, Figure D.7a - Figure D.7g.  There are much fewer bad pressure taps to 

be removed from consideration.  The axial static pressure measurement at 

x=0.545m, Figure D.7g, is erroneous, and therefore will be eliminated from any 

data reporting.  All other axial static pressure measurements are deemed 

acceptable.   

 

Along with the static pressure measurements mentioned above, two stagnation 

pressure measurements and one Pitot pressure measurement round out the complete set of 

experimental data.  For Run #7675, Figure D.2a and for Run #7678, Figure D.8a show 

two stagnation pressure measurements that are located near the throat of the nozzle 

leading into the test section.  For both of the experimental runs, one of the two stagnation 

pressure taps gives highly fluctuating readings, resulting in abnormally large peak-to-

peak variations, which precludes any reliable conclusions from being drawn based on 

these two measurements.  Finally, Figure D.2b and Figure D.8b show the Pitot pressure 

measurements taken near the throat of the nozzle for Run #7675 and Run #7678, 



 234 

respectively.  The Pitot pressure measurements help determine when the steady-state 

interval begins.  Both plots show that the Pitot pressure is relatively flat after ~1.8ms.  

This, combined with the relatively flat pressure readings from the stagnation pressure 

histories, gives insight into the determination of the steady-state interval, and is discussed 

further in Step 4) below.   

Aside from getting a time history pressure trace of these runs, several other points 

can be made.  Overall, both data sets are very well behaved.  The general fluctuation 

level is small and within expected and acceptable bounds [38], and the region of steady 

operation of the tunnel is well defined.  The two runs appear to have very favorable 

“steady-state” regions of operation, from which a useable data set can be extracted to 

compare with steady-state CFD simulations.  By stating that Run #7678 has a steady-state 

region of operation implies the combustion process does not lead to unstart.  It is 

important to keep this in mind when comparing the numerical simulations to the 

experimental data.   

Step 3) Data Response and Tabulation 

Some of the pressure taps have a higher response rate than others.  A higher 

response rate (more signals recorded / unit time) means that the pressure traces have a 

higher temporal refinement.  For the data reduction presented herein, the data is tabulated 

for the coarsest response, which is 8sm .  Thus, for the pressure taps with a higher 

response rate (four of them), the data reported between the 8 sm  intervals is ignored.  This 

happens to be an acceptable procedure which can be proven by coarsening the data even 

further than the 8sm  and considering how much error exists between the two data sets.  
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Although this will never exactly prove that the data that is ignored from the four higher 

response rate pressure transducers is inconsequential, it at least may give comfort in the 

data reduction.  Once the steady-state data set is formulated, the coarsening procedure is 

performed.   

Step 4) Determination of the steady-state range 

Four things need to be determined in order to give a reliable steady-state data set.  

i) The minimum starting time (the tunnel must be given time to ramp up to 

full pressure and mass flow) 

ii)  The duration over which to average the data set (the steady interval) 

iii)  The maximum stopping time (the driver gas will contaminate the model 

flow and render pressure measurements unreliable; this is especially 

important for combusting cases) 

iv) From the above three items, it is necessary to determine the time frame 

over which the data will be averaged to give a steady-state data set 

 

The following is a list of how the above four items are resolved.   

i) A visual inspection of the data plots presented thus far gives a reasonable 

answer to the minimum starting time.  Pitot pressure measurements in 

Figure D.2b and Figure D.8b, (corresponding to Run #7675 and Run 

#7678, respectively) show that the minimum starting time to use would be 

around 1.8ms for both data sets.  Data from before this time may have 

more deviations from steady flow, depicted in the plot as larger 
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oscillations.   

ii)  For shock tunnel experiments of this high caliber, 1ms seems generally 

accepted as the time frame to average a data set over when trying to 

determine a steady solution [38].  Smaller time intervals may not provide 

an adequate temporal span over which to average, while larger time 

intervals may begin to show traces of driver gas contamination 

prematurely.   

iii)  Since the effects of driver gas contamination may take a little longer to 

reach the wall static pressure taps, it is necessary to look at the Pitot 

pressure readings (Figure D.2b and Figure D.8b), stagnation pressure 

measurements (Figure D.2a and Figure D.8a), and static pressure readings 

near the front of the model (Figure D.1a - Figure D.1g and Figure D.7a - 

Figure D.7g) to determine the maximum stopping time.  The stagnation 

pressure traces start trailing off around 4ms, as do the axial static pressure 

readings from the front of the model.  It appears that the maximum 

stopping value where the driver gas is not contaminating the air sample is 

around 4-5ms.  This is inline with previous published experimental results 

obtained from the T4 shock tunnel [38] 

iv) Thus far it has been established that in order to get an accurate steady-state 

data set the following must be met: 

a. Minimum starting time of 1.8ms 

b. Steady-state sampling duration of 1ms 
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c. Maximum stopping time of 4ms. 

Now it is important to use some statistical tools to help determine which 1ms time 

interval to use.  For this research, a running average standard deviation plot is 

used to determine which time sample (interval) is appropriate to use for a 

“steady” solution.  A running average standard deviation plot is created by 

determining the standard deviation for each pressure tap over 1ms time intervals.  

Since the standard deviation levels differ from one pressure tap location to the 

next due to the pressure levels differing, the standard deviation over each 1ms 

interval is divided by the average of the pressures, for that tap, over the same time 

interval.  The “running” nature of the plot is best described by a brief pictorial of 

the data set given in Figure D.13. 

 

To finalize the determination of the steady-state data set, the proper time interval 

must be found.  Figure D.3 and Figure D.9 are plots of the running average standard 

deviation for a 1ms time interval for Run #7675 and Run #7678, respectively.  The 

abscissa is just an index that is a list of the number of running averages taken for the data 

set.  Upon inspection there are several time intervals that seem appropriate and have a 

low value of the standard deviation over the 1ms time interval divided by the average of 

the data over the 1ms interval (standard deviation / average).  The time interval from 4ms 

to 5ms was chosen as the steady-state data set for Run #7675†, which is inline with 

previously published data [39].  For Run #7678, the standard deviation / average is 

reasonably flat for all times after 2ms, therefore a time interval from 2ms to 3ms was 
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chosen as the steady data set.  Finally, the quality of the steady-state data sets must be 

investigated.  This is discussed separately for Run #7675 and Run #7678, below.   

†Note:  Even though the time interval of 2ms-3ms may seem to be the best choice 

at first inspection, a different interval is chosen to report against for the 

current research.  Upon further investigation, it has become apparent that 

previous findings from the University of Queensland support a time 

interval that more closely matches the 4ms-5ms time frame [38].  Thus, 

this is the data used in the current investigation.  The main difference in 

the two data sets is the existence of an expansion fan near the entrance of 

the combustor section for the 4ms-5ms time interval, where the 2ms-3ms 

interval shows no such flow feature.   

 

Run #7675 Steady-state Data Set Quality: 

Figure D.4a shows the standard deviation divided by the average over the interval 

for the data set between 4ms and 5ms, with the bad pressure taps not removed.  Figure 

D.4b is included for completeness, and includes the spanwise averages for the pressure 

readings at the axial locations x=0.121m, x=0.147m and x=0.404m.  Figure D.4c shows 

the running average standard deviation plot for the “steady” data between 4ms and 5ms, 

with the pressure taps at x=0.121m, x=0.313m, x= 0.339m, x=0.532m and x=0.571m 

excluded as previously mentioned.  Finally, Figure D.4d gives the running average 

standard deviation plot for a case that only uses the centerline data for the pressure taps at 

x=0.121m, x=0.147m and x=0.404m.  The visual inspection used to help determine the 
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pressure taps which need to be excluded is further backed up by the graphical 

representation of the statistical methods used in the current research and can be found by 

comparing Figure D.4a with Figure D.4d.  This comparison shows that by excluding the 

“bad” pressure taps, the overall standard deviation / average is well below 6% for all 

most all the points.  However, special detail must be given for the x=0.196m 

measurement.  As mentioned above, the x=0.196m location is at the leading edge of the 

combustor section, either an expansion fan or a shock might exist, depending on the 

instantaneous location of the impinging shock.  These oscillations may help explain the 

larger deviation for the x=0.196m plot seen in Figure D.4d, although they are still within 

reasonable error bounds. 

Run #7678 Steady-state Data Set Quality: 

Figure D.10a shows the running average standard deviation plot for the final data 

between 2ms and 3ms, with the pressure tap at x=0.545m excluded.  Figure D.10a shows 

that the standard deviation / average is well below 8% for all most all the points, with a 

few exceptions.  One of the axial static pressure locations with more variation is the 

x=0.121m location.  This is due its proximity to the fuel injection sites; the x=0.121m 

pressure tap is located is just behind the fuel injection ports.  For combusting runs, the 

fuel injected from the fuel injection ports will cause bow shocks to form around the jet of 

fuel, which may cause unsteadiness in the pressure measurements close to the injection.  

Much like Run #7675, for the axial locations with multiple spanwise pressure 

measurements, the spanwise average was used to create Figure D.10a.  Removal of the 

spanwise pressure taps at x=0.147m, x=0.196m and x=0.404m results in a similar figure, 



 240 

Figure D.10b.  As mentioned for the non-combusting run, Run #7675, the x=0.196m 

location is at the leading edge of the combustor section, where it is possible that either an 

expansion fan or a reflected shock may exist.  The experimental data for Run #7678 does 

not indicate that an expansion fan exists.  The difference arises due to the combustion and 

fuel injection that is taking place, which alters the centerline shock system and moves the 

shock impingement location further upstream.  Further explanation of the combustor 

entrance expansion fan is provided in Section 6.1 

Step 5) Steady-State Data Set 

As mentioned above, the steady-state dataset for Run #7675 is a time-averaged 

data set determined over the time interval from 4ms to 5ms (for a zero reference time 

frame) and is shown in Figure D.5.  The variation bars represent the range of temporal 

variation over the 1ms interval.  Figure D.11 gives a similar plot for the steady-state data 

for Run #7678.  These are the data sets for Run #7675 and Run #7678 with which the 

present research will compare. 

Step 6) Coarsened Data Reduction 

In order to try and prove that using the temporal refinement in Step 3) is adequate, 

the data sets shown in Figure D.5 and Figure D.11 have been temporally coarsened, for 

Run #7675 and Run #7678, respectively.  Where up until now the data was tabulated 

using an 8 sm  response (an average of 125 time steps = sms
m8

1 ), Figure D.6 and Figure 

D.12 show what happens if the data is tabulated for a 100 sm  response (an average of 10 

time steps), for Run #7675 and Run #7678, respectively.  There is no appreciable 
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difference in the two temporal resolutions; therefore it is postulated that the four pressure 

transducers that have a finer response compared to the 8 sm  response are probably not 

going to significantly contribute to the steady data set.   

Figure D.6 and Figure D.12 also give comfort in the time interval chosen to 

represent the steady-state solution for the experimental data.  Since there is no 

appreciable difference between the two temporal refinements, the steady data set as 

determined is a very good representation of a steady-state solution. 

D.2  UNSTEADY DATA REDUCTION 

No particular data manipulation is performed in this case.  The data is taken 

directly from the experimental runs and is converted to the proper units for comparison 

with the numerical simulations, those being seconds ( s) and Pascals (Pa ).  Only a 

simple time shift needs to be applied to the experimental data so that the numerical 

solutions line up with the start of the experiment.  Not only does the experimental data 

arbitrarily start at 6ms, as mentioned in Section D.1, but once this is taken into account, 

the experimental starting point still may not line up correctly with the numerical 

simulations.  This is because the pressure instrumentation starts recording data as soon as 

the tunnel starts.  Thus, the experimental data shows very low pressures (near vacuum 

conditions) up until the initial slug of air flows past the measurement locations.  The 

numerical simulations do not simulate the entire test section of the shock tunnel; rather 

they simulate the test section model only.  Thus, the time-dependent inlet boundary 

conditions for the simulations are applied at the actual entrance to the model, rather than 
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some finite distance upstream.  Therefore, they do not consider the extra time associated 

with the air traveling from the nozzle throat to the model entrance plane.  The 

experimental time the air takes before it impinges the test model must be accounted for 

properly.  Since the numerical simulations do not model the blow-down of the shock 

tunnel, the experimental data is further time shifted so that the initial pressure rise of the 

first axial static pressure tap location is coincident with the initial pressure rise of the 

simulations.  After this simple time match is performed, the data can be correctly 

compared.  Figure D.14 shows several time intervals of the time history for Run #7675, 

while Figure D.15 shows the time history for Run #7678.  Similarly, Figure D.16 shows 

the time history for Run #7680 for several time intervals.  Notice the large disparity in 

these two data sets, especially as the test progresses in time.  Run #7678 reaches a steady-

state combusting solution, while Run #7680 begins to unstart.  Further details for these 

two data sets are provided in Section 6.1.   
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Figure D.1  Static Pressure Time Histories for Various Axial Stations (Run #7675) 
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Figure D.2  Stagnation, a), and Pitot Pressure, b), Time Histories (Run #7675) 
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Figure D.3  Running Average Plot (Run #7675) 
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Figure D.4  Standard Deviation Plot (Run #7675) 
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Figure D.5  Steady-State Centerline Static Pressure (Run #7675) 
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Figure D.6  Temporal Resolution Coarsening Effects (Run #7675) 
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Figure D.7  Static Pressure Time Histories for Various Axial Stations (Run #7678) 
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Figure D.8  Stagnation, a), and Pitot Pressure, b), Time Histories (Run #7678) 
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Figure D.9  Running Average Plot (Run #7678) 
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Figure D.10  Standard Deviation Plot (Run #7678) 
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Figure D.11  Steady-State Centerline Static Pressure (Run #7678) 
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Figure D.12  Temporal Resolution Coarsening Effects (Run #7678) 
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Figure D.13  Illustration of Running Average Standard Deviation 
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Figure D.14  Transient History of Centerline Static Pressure (Run #7675) 
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Figure D.15  Transient History of Centerline Static Pressure (Run #7678) 
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Figure D.16  Transient History of Centerline Static Pressure (Run #7680) 
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APPENDIX E:  ISOTHERMAL BOUNDARY CONDITION 

This appendix illustrates the proper implementation of an isothermal boundary 

condition, one which allows for the proper capturing of the wall heat flux.  The 

isothermal wall condition is implemented using a ghost cell approach for the current cell-

centered discretization.  This implies that the ghost cell values must be defined so that the 

half point value (the wall) will be the specified temperature of the isothermal wall.  The 

wall temperature is given by: 

 ( )212
1

TTTwall +=  (E.1) 

where wallT  is specified and 1T  is the ghost cell value, gT .  Solving for the ghost cell 

temperature gives: 

 22 TTT wallg -=  (E.2) 

One main drawback of this boundary condition arises if the flowfield temperature 

adjacent to the wall (2T ) is very large (as may occur for the present combusting 

simulations), as it is possible to make the ghost cell value negative.  Without care, this 

implementation can cause problems in the calculation of the wall heat flux, namely in the 

calculation of the laminar viscosity and specific heat at constant pressure at the surface.  

The original method in the code for calculating the heat flux at an isothermal wall uses 

face-averaged viscosity and specific heat in the formulation: 
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 ( )12
1

2
1 ++= ii mmm  for imaxi ,,1 
=  (E.3) 

 ( )
1

2
1 2

1
+

+=
ii ppp CCC  for imaxi ,,1 
=  (E.4) 

The grid cell numbering scheme for the current cell centered solver uses the 1=i  and 

imaxi =  as ghost cells.  If the ghost cell temperature is negative, then the laminar 

viscosity and specific heat are defined improperly leading to errors in the computed heat 

flux.   

The current implementation of an isothermal boundary condition for the flow 

solver treats the cell interfaces that lie on an isothermal wall differently when calculating 

the heat fluxes.  If the wall is an isothermal wall, then the laminar viscosity and the 

specific heat at constant pressure are calculated using the wall temperature, and the heat 

flux calculation is augmented to account for this change.  For example the laminar 

viscosity for an isothermal wall would be given by: 

 ( )wallTmm =
2

1  (E.5) 

Thus, the heat flux is calculated using Fourier’s Law of Heat Conduction which 

can be expressed as: 

 Tkq Ñ-=  (E.6) 

The numerical heat flux is calculated at half points (faces) and is generally given by the 

following equation (the x -direction flux for example): 
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 (E.7) 

where: 

pC  = specific heat at constant pressure 

lm  = laminar viscosity 

Tm  = turbulent viscosity 

Pr  = laminar Prandtl number 

TPr  = turbulent Prandtl number 

TD  = temperature gradient in x -direction = ii TT -+1  

J  = inverse of local cell volume 

J

xÑ
 = metric information (akin to the spatial gradient in x -direction) 

 

Thus, for the walls, the heat flux reduces to: 

 ( ) J
J

TCq
l

p ��
�

�
��
�

� Ñ
D=

xm
x Pr

2
1

2
1

 (E.8) 

As mentioned above, the current implementation has the half point values for lm  

and pC  calculated using the isothermal wall temperature (the half point, face, value).  For 

this implementation, though, the temperature gradient needs to be adjusted.  For example, 

along the i= 1 BC, the ghost cell values are given by the i= 1 index, thus the heat transfer 

would be given by: 
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where as before: 

 gTT =1  (E.10) 

For an isothermal wall the ghost cell temperature is given by: 

 22 TTT wallg -=  (E.11) 

This implies that the temperature gradient at the wall is given by: 

 ( ) ( ) ( )wallwall TTTTTTT -=--=- 22212 22  (E.12) 

thus, the heat transfer at the wall reduces to: 

 ( )[ ]JTT
J

Cq wall
l

pwall
-��

�

�
��
�

� Ñ
= 2

1

2
Pr

1

1

xm
x  (E.13) 

The imaxi =  face would be treated similarly for an isothermal wall, as would the 

other coordinate directions.   
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APPENDIX F:  WALL TIME CONSTANT 

F.1  WALL TIME CONSTANT 

The time constant [28] is a way to measure how much time it will take for a 

substance will reach a steady-state temperature distribution when a heat flux is applied.  

Although this is an approximation since the transport properties (which are assumed to be 

constant) used to calculate the time constant, are actually are functions of temperature, it 

gives a good rule-of-thumb to use. 

The time constant for a 20mm mild carbon steel wall (like the upper and lower 

wall of the scramjet model presented herein) is defined as: 

 
k

Cd p
c

r
t

2

=  (F.1) 

where, r  is the density of mild carbon steel, pC  is the specific heat of mild carbon steel 

and k  is the thermal conductivity of mild carbon steel.  The product pCr  is also called 

the volumetric heat capacity.  The following values [1, 28, 50]:  md 02.0= , 37801
m

kg=r , 

kgK
J

pC 473= , mK
Wk 2843-=   (Note:  sK

N
mK
W = ) are pertinent to the steel walls used in 

this investigation.  Two values are given for k , each corresponding to the minimum and 

maximum tabulated temperature values in Ref. [28].  Both the density and specific heat 

of most metals are constant until the metal begins to melt.  The units for the time constant 

are: 
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( ) [ ]s

kgKNm
sKkgNmm

=	



�
�



�
3

2

 (F.2) 

Thus, the range for the time constant for the upper and lower walls is: 

For the lower temperatures (the larger thermal conductivity):  

 
( ) ( )( )

( )
sc 2.34

43
473780102.0 2

=»t  (F.3) 

For the higher temperatures (the smaller thermal conductivity):  

 
( ) ( )( )

( )
sc 7.52

28
473780102.0 2

=»t  (F.4) 

So it will take somewhere between 34.3s and 52.7s for the 20mm wall to reach a 

steady-state temperature distribution due to an applied heat flux.  The shock tunnel 

experiments last 5ms at most, which is well short of the time required for the wall to 

reach a steady-state temperature distribution different from the pre-test tunnel 

temperature of 310K.  Although the above analysis is useful, it does not preclude the 

layer of metal close to the flow from being affected by large temperature changes over 

short time scales.   

F.2  EFFECTIVE WALL THICKNESS 

An effective distance of penetration of an applied heat load over a given time can 

be obtained by re-arranging the time constant equation, Eq. (F.1) and solving for d .  

Thus, for the 5ms experimental testing time, an effective penetration distance is given by:   

For the lower temperatures (the larger thermal conductivity):  
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( )( )

( )43
4737801

005.0
2d

c ==t  (F.5) 

Solve for d :   

 mmmd 2414.010414.2 4 =´= -  (F.6) 

For the higher temperatures (the smaller thermal conductivity): 

 mmmd 1948.010948.1 4 =´= -  (F.7) 

Therefore, the approximate wall thickness that would be affected by the heat flux that 

occurs over the 5ms testing time is on the order of 0.2mm.  Thus, the effective depth that 

an applied heat load will penetrate is on the order of one-hundredth of the thickness of the 

wall.  To model the effect of solving the heat conduction equation within the wall in a 

steady-state (non-time-accurate) simulation, it maybe feasible to set the ghost cell 

temperature value (one cell within the wall) to the wall temperature value instead of 

setting the cell face temperature.  This allows the actual wall temperature (the cell face 

temperature) to vary in response to the applied heat load.  Since this boundary condition 

is based on setting the ghost-cell temperature value to a constant, it is called “isothermal 

ghost-cell”.   

A simple analysis can be used to determine the limitations of such an approach.  

Rather than using the effective wall thickness presented above, the isothermal ghost-cell 

boundary condition assumes that the effective distance of an applied heat flux 

penetration, d , is the normal spacing of the wall ghost cell, minyD .  For the present cell-

centered implementation, the ghost cell size is just a mirrored image of the first cell 
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within the interior of the flowfield.  As presented in Section 5.3.2, the minimum wall 

spacing for the lower wall is given as m6100.5 -´ .  Thus, the isothermal ghost-cell wall 

boundary condition assumes that d  is m6100.5 -´  rather than the effective penetration 

distance shown to be on the order of m4100.2 -´ .  To determine if this is an appropriate 

simplification, the temperature distribution through the wall can be assumed to follow a 

linear distribution between the first interior cell within the flow field, and a point within 

the wall.  The general form of a linear temperature distribution is constructed by: 

 ( ) BnAnT +=  (F.8) 

where n  is the normal distance and A  and B  are constants.  The following boundary 

conditions can be used to determine the constants: 

 ( ) aTanT ==  (F.9) 

 ( ) bTbnT ==  (F.10) 

Using the above, the constants A  and B  are given as: 

 aTA a d-=  (F.11) 

 d=B  (F.12) 

where the slope is defined as: 

 
ba
TT ba

-
-

=d  (F.13) 

As a results, the linear temperature distribution is given by: 
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 ( ) ( )naTnT a --= d  (F.14) 

An illustration of the temperature distribution between the first interior cell and the ghost 

cell is given in Figure F.1.  The red line represents a linear distribution, given by Eq. 

(F.14) using the boundary conditions representative of the interior and ghost cell points: 

 ( ) ITynT =D= min  (F.15) 

 ( ) gTynT =D-= min  (F.16) 

where, minyD  is the first grid cell spacing in the interior of the flow solver, IT  is the 

corresponding temperature within the first grid cell in the interior, and gT  is the pre-test 

tunnel temperature of 310K.  Thus, the temperature distribution is given by: 

 ( ) ( )nyTnT I -D-= mind  (F.17) 

where: 

 
min2min y

TT gI

yb D

-
=

D-=
d  (F.18) 

The green line represents a linear distribution using the effective penetration 

distance, d , as the ghost cell point.  The boundary conditions representative of the 

interior and ghost cell points are given by: 

 ( ) ITynT =D= min  (F.19) 

 ( ) gTdnT =-=  (F.20) 
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Thus, the temperature distribution is given by Eq. (F.17) and: 

 
dy

TT gI

db +D

-
=

-=
min

d  (F.21) 

The exact solution of the one-dimensional heat conduction equation with constant 

temperature boundary conditions on either side of the wall would result in a parabolic 

temperature distribution [28].  The parabolic distribution would be positioned somewhere 

between the two linear distributions given by the red and green lines.  Thus, a 

representative parabolic distribution is shown as the black line in Figure F.1.   
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Figure F.1  Temperature Distribution Through Wall Thickness 

 

Analyzing the slopes given in Eq. (F.18) and Eq. (F.21), it is expected that the 

isothermal ghost-cell boundary condition would underpredict the surface temperature 

compared with a boundary condition based on a more realistic effective penetration 
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distance determined from the time constant of the wall material.  This is shown by 

evaluating Eq. (F.17) at the surface (0=n , wallTT = ), resulting in: 

 aTT Iwall d-=  (F.22) 

Comparing the red line (code implementation) given by Eq. (F.18) and the green line 

(effective penetration distance) given by Eq. (F.21) and using the fact that dy <D min , 

gives: 

 
dbyb =D-=

> dd
min

 (F.23) 

thus: 

 
db

wallybwall TT
-=D-=

<
min

 (F.24) 

More practically, it may prove beneficial to alter the isothermal ghost-cell 

boundary condition to take into consideration the effective penetration distance.  Perhaps 

this would increase the surface temperature, and produce simulation results closer to the 

transient heat conduction wall boundary condition.   

F.3  NOTES ON THERMAL PROPERTIES FOR METALS 

o k  is a measure of the amount of heat flux that will flow through a substance when 

a certain temperature gradient is applied.   

o pC  is a measure of a substance’s ability  to store heat, per unit mass 

o The volumetric heat capacity for metals is usually a constant, until the melting 

temperature is reached (Dulong-Petit Law).   
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o The ratio 
pC

k
r

a =  is called the thermal diffusivity.  The larger this value the 

more quickly a substance will adjust itself to an applied heat flux, because it 

conducts heat quickly.   



 268 

APPENDIX G:  ONE-DIMENSIONAL UNSTEADY HEAT 

CONDUCTION BOUNDARY CONDITION 

This appendix describes the implementation issues for the unsteady (transient, 

time-accurate) one-dimensional heat conduction equation as a boundary condition for the 

solid walls of a fluid flow solver.  The formulation presented here is for a wall that is an 

constant=h  surface but it can be easily applied to the other two coordinate directions.  

The general form of the one-dimensional unsteady heat conduction equation in Cartesian 

coordinates is given by: 

 
( )( )

( ) 0=��
�

�
��
�

�
¶
¶

¶
¶

-
¶

¶

y
T

Tk
yt

TTCpr  (G.1) 

The numerical simulations of the flowfield have been meshed with zero-thickness 

walls.  In order to implement this boundary condition, a virtual wall is used to solve the 

heat equation through the walls, Figure 5.7.  Eq. (G.1) must then be discretized and 

solved on this non-uniform virtual wall mesh as shown in Figure G.1.  The following 

formulation is derived for 1=i  associated with the scramjet side of the wall, while Ni =  

is associated with the tunnel flow (reservoir) side.  Figure G.1 illustrates that the 

boundary cell for the virtual grid is the first grid cell within the flowfield grid.  Thus, to 

preserve the grid cell aspect ratio, but to minimize the number of grid cells needed, the 

boundary condition solver must be able to handle arbitrary grid cell sizes.  Thus, much 

like the Navier-Stokes equations (Section 2.4) Eq. (G.1) can be extended to generalized 

coordinates by applying the chain rule in one-dimension: 
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which results in: 

 
( )( )

( ) 0=��
�

�
��
�

�
¶
¶

¶
¶

¶
¶

¶
¶

-
¶

¶

h
h

h
h

r
T

y
Tk

yt

TTCp  (G.3) 

constant¹Dh

I,0
g,1

2
3

i

1-N
N

1+N

10 hh D=D

First cell of external flow

First cell of scramjet internal flow

constant¹Dh

I,0
g,1

2
3

i

1-N
N

1+N

10 hh D=D

First cell of external flow

First cell of scramjet internal flow

 

Figure G.1  Virtual Wall Cell Numbering 
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G.1  FORMULATION AND DISCRETIZATION 

The usual practice of converting an equation from a standard coordinate system 

(e.g., Cartesian, cylindrical) to a generalized coordinate system involves the inclusion of 

a Jacobian of the transformation.  This aids in the determination of the inverse metrics 

from known grid coordinates.  For one-dimensional transformations, a generalized 

coordinate transformation reduces to a simple uneven discretization of the untransformed 

coordinate system.  Thus, the above equation will be discretized according to a cell-

centered finite volume method.  For an example of a discretization of 12=N  cells, the 

cell-centered cell and node numbering is given in Figure G.2. 
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Figure G.2  Cell Centered, Cell and Node Numbering for N=12 Example 
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Thus, for a second order accurate cell-centered discretization Eq. (G.3) is 

discretized as: 

 0
1

1

1

11

11

2
1

2
1 =	




�
�



� -
-

-
-�

�
�

�
�
�
�

�

D

-
+

-

-
-

+
+

++ n

i

ii
i

i

ii
i

i
n
i

n
i

n
p

n
i

n
p TT

k
TT

k
t

TCTC
ii

ggbr
 (G.4) 

where the subscripts denote spatial discretization and the superscripts denote an implicit 

formulation of the temporal discretization.  The grid functions which are independent of 

the temporal discretization are given by: 

 1--= iii nnb  (G.5) 

 ( ) ( ) ( )1111 2
1

2
1

2
1

-+-+ -=+-+= iiiiiii nnnnnng  (G.6) 

In this, in  is the virtual coordinate of grid node i (not the cell center, but the cell face), 

Figure G.2, where 0n  corresponds to the wall surface.  This is akin to a y-direction 

dimension.   

Also, the thermal conductivity is a function of the temperature at the cell faces, 

thus: 
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== +

++ 2
1

2
1

2
1

ii
ii

TT
kTkk  (G.7) 

and the specific heat at constant pressure is also given as a function of temperature: 

 ( )ipp TCC
i

=  (G.8) 

To be completely consistent k  must be evaluated at the ( 1+n ) time level.  This 
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would result in a system of nonlinear equations, which would require an iterative solution 

procedure (e.g., Newton-GMRES).  For this application, k  will be lagged one time step 

behind to allow the system of nonlinear equations to be solved using a direct linear solver 

such as Thomas’ algorithm.  Thus, the discretized one-dimensional heat equation is given 

as: 

 
( )

0
1

1

1
1

111
1

11

2
1

2
1 =	




�
�



� -
-

-
-

D

-

-

+
-

+

-

++
+

+

++

i

n
i

n
in

i
i

n
i

n
in

i
i

n
i

n
i

n
p

n
i

n
p TT

k
TT

k
t

TCTC
ii

ggbr
 (G.9) 

Rewriting Eq. (G.13) in a form more easily applicable to a tri-diagonal solver: 
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The system of equations defined by Eq. (G.10) holds for the interior cells, 

( Ni ,,1 
= ).  To properly formulate this system of equations, the boundary conditions 

for 0=i  and 1+= Ni  are necessary.   

The boundary condition for the scramjet flow path side (assuming 0=i  is the 

first cell inside the scramjet) is imposed such that the heat flux through the fluid adjacent 

to the wall and the heat flux through the wall at the surface match.  This is discretized as: 

 [ ] [ ]
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 (G.11) 

where 
wallfk  is the wall thermal conductivity just adjacent to the surface interface at grid 

node 0, Figure G.2, and is given by: 
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The scramjet side BC is determined by implementing the above heat flux 

constraint in the one-dimensional time accurate heat conduction equation, Eq. (G.1).  

Thus, the one-dimensional heat conduction equation can be rewritten as: 
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where, yq  is the heat flux given by Fourier’s Law.   

Using the grid functions defined previously, Eq. (G.5) and Eq. (G.6), a second 

order accurate cell-centered discretization of the Eq. (G.9) is given by: 
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where the heat fluxes are defined as: 
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and: 
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and: 
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To facilitate the tri-diagonal solver form of Eq. (G.10), Eq. (G.14) is rearranged to a more 

amenable form, using the fact that: 

 ( )021 2
1

nn -=g  (G.18) 

which yields a boundary condition equation for the 1=i  cell: 
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The boundary condition for the reservoir side (assuming 1+= Ni  is the first cell 

inside the reservoir) is treated a bit differently.  For the current research the external flow 

is not modeled, rather it is assumed that the testing time is short enough that the wall 

temperature on the external flow side is fixed, and set equal to the pre-test reservoir 

temperature.  This is an adequate assumption since the entire shock-tunnel testing time is 

on the order of 5ms, while the time constant for the top/bottom wall is approximately 40s, 

Appendix F.  For the implementation used herein, the reservoir side is assumed to be at a 

constant temperature over the short testing time.  Thus, the boundary condition for the 



 275 

heat equation on the reservoir side is given by: 

 fixedTT resN ==+1  (G.20) 

Rearranging Eq. (G.27) in form similar to the interior virtual grid cells, Eq. (G.14): 

 011 =++ +- NNN CTBTAT  (G.21) 

where, for the above equation to be correct: 

 0=A , 1=B , 1-=C  (G.22) 

G.2  IMPLEMENTATION AND SOLVER STRATEGY 

The solution of the system of equations defined by Eq. (G.10) for the interior cells 

and the boundary condition equations, Eq. (G.29) for the scramjet side and Eq. (G.21) for 

the reservoir side is aided by rewriting the equations a as matrix system:   
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where: 

a.  The coefficients of the first row ( 1=i ) are given by: 

 ( ) 0.01,1 =a  (G.24) 
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b.  The coefficients of the last row ( Ni = ) are given by: 

i.  Referring to Option 1): 

 0)1,( =Na  (G.27) 

 ( ) 12, =Na  (G.28) 

 ( ) 03, =Na  (G.29) 

c.  The coefficients of the interior rows ( 12 -££ Ni ) are given by: 

i.  the sub-diagonal entries are: 
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ii.  the diagonal entries are: 
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iii.  and the super-diagonal entries are: 
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d.  The boundary conditions, which show up on the right hand side are given by: 

i.  First BC: 
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The flowfield temperature, nT0 , is lagged one time step, which is 

in-line with the linear solver implementation, where nT0  = the 

current temperature solution from the flow solver in the cell 

adjacent to the wall. 

ii.  Last BC: 

  a.  Option 1) 

 1+= NN Td  (G.34) 

where, 

 fixedTT resN ==+1  (G.35) 

One implementation issue is the determination of the grid function, Ng .  The last 

point, 1+Nn  does not come directly from the cluster routine, thus a simple remedy 

is as follows: 

 ( ) 111 2 --+ -=

D

-+= NNNNNN nn

n

nnnn ����	  (G.36) 

thus: 
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 ( ) ( ) 1111 22
2
1

2
1

---+ -=-=-= NNNNNNN nnnnnng  (G.37) 

The linear system is solved using a direct method, such as Thomas’ algorithm to 

obtain the solution of the temperature distribution through the wall for each time-step of 

the flow solver.  The temperature distribution through the wall is vital in two respects.  

First, it gives the temperature in the first cell, which corresponds to the temperature in the 

ghost cell of the fluid solver.  This temperature is then integrated in the flow solver as the 

wall temperature BC.  Secondly, the wall temperature distribution could be monitored 

over time to determine its characteristics.  Of interest, is when the temperature 

distribution reaches a statistically-steady solution, if it does at all.  Also, a comparison 

could be made with typical analytical solutions to the one-dimensional heat equation.  

Although these “exact” solutions are not adequate enough to use in place of the procedure 

outlined above, they may allow for some simple comparisons.   

Once the solution within the virtual wall is determined (by solving the Thomas’ 

algorithm), 1
1

+nT  can be used as the ghost cell value for the interior flow solution: 

 1
1

1 ++ = nn
g TT  (G.38) 

Notes: 

·  For the present implementation, both the thermal conductivity and specific heat 

are functions of temperature, although for metal the specific heat is a constant 

value up until the melting temperature is reached.  The thermal conductivity 

follows the curve given in Figure G.3.   
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Figure G.3  Thermal Conductivity for Mild Steel Versus Temperature 

 

·  The current numerical simulations use 10 virtual grid cells within each scramjet 

wall.  The first cell within the wall has the same normal cell size the adjacent fluid 

flow cell.  Analysis was performed, but not presented here, for 50 and 100 virtual 

cells to compare the temperature variations within the wall.  No appreciable 

difference was realized between the three resolutions for the first virtual grid cell.   

 

·  The above procedure does not take into account that the heat conduction through 
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the wall may evolve at a different time scale than those present in the flow solver.  

The time step chosen for the flow solver depends on the flow characteristics and 

is not a function of the wall characteristics.  Also, the flow solver uses a sub-

iteration procedure to help maintain time accuracy.  The time-accurate heat 

conduction equation outlined above will update the wall temperature distribution 

every sub-iteration step, giving 1,1
1

++ knT  as a result.  The entries of Eq. (G.23) are 

to be updated every sub-iteration step, while the entries on the RHS of the matrix 

system are to be updated every time-step.  As shown previously, the 1+n
pi

C  term 

was not factored out of the time discretization.  Leaving this term in the 

coefficient matrix, Eq. (G.23), allows for it to be frozen over sub-iteration steps.  

This also allows the n
pi

C  to be updated in the solution vector regardless of 

whether the matrix entries are updated.   
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APPENDIX H:  COMBUSTION EFFICIENCY 

The combustion efficiency can be calculated in many ways.  The following is a 

widely accepted method used in aircraft engine designs.  The combustion efficiency is 

given by: 

 
OH

HOH
c Y

YY

2

*
2

-
=h  (H.1) 

where: 

 H Containing Compounds other all* �=
H

Y  (H.2) 

thus for the 7-species reaction mechanism used in the present research: 
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