MUHAMMAD KAMEL HABIB. Sampling Representations and Approximations
for Certain Functions and Stochastic Processes. (Under the direction

of STAMATIS CAMBANIS.)

Sampling representations and approximétions of deterministic
and random signals are important in communication and information
theory. Finite sampling approximations are derived for certain
functions and processes which are not bandlimited, as well as bounds
on the approximation errors. Also derived are sampling representa-
tions for bounded linear operators acting on certain classes of band-
limited functions and processes; these representations enablerne to
reconstruct the image of a function (or a process) under a bounded
linear operator using the samples of the function (or the process)
rather than the samples of the image. Finally, sampling representa-

tions for distributions and random distributions are obtained.
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CHAPTER I

Introduction

1.1. Rationale.

In many areas of communication engineering, such as radio and
television broadcasting and satellite communications, one is con-
cerned with the transmission of several signals (functions) through
a "channel." Since it is inefficient tb transmit one signal ét a
time over the channel, it is natural to ask if it is possible to-
"reconstruct' a continuous-time signal from its samples under cer-.
tain conditions on the signal and the sampling scheme. If the answer
is in the éffirmative, one may transmit only the samples of the
signal, thus occupying the channel only at the instants of sampling.
Between'these instants the samples of other Signals can be transmitted.

* Another interesting>application of "sampling' is in the field.of
sound recording (see, e.g., Vitushkin,71974).u The most widely used
techhique'is the analogue method where the signal is recorded without
any preceding transformations. However, the signals recorded by this
method suffer distortion due to the defects of’recording and repro—.
duction devices. A more promising méthod of recording is called the
digital recording téchnique. By this hethqd; the signal is first
transformed into a discrete code. In other wordé, the signal is
sampled and the samples are coded;'then thé code of the signal is
recorded, and finally the discrete code is read off the recording and
is transformed into its continuous-time form in order to reproduce

the signal. More precisely, the signal is reconstructed from the



(decoded) samples read off the recording. This technique has been
recently employed with remarkable results.

Clearly, sampling representations and approximations are very
significant in communication and information theory, especially in

the era of digital computers.

1.2. Sampling Representations.

The sampling representation (expansion, theorem)

(1.2.1) £(t) = nz_mf(-z-’W‘-)Si;’(gﬁ‘f;)'n) , teRl

’

was originated by E.T. Whittaker (1915). J.M. Whittaker (1929, 1935),
Kotelnikov (1933), Shannon (1949), and others have studied extensively
the sampling theorem and its extensions in developing commmication
and information theory. For a review of the sampling theorem, see
Jerri (1977).
A function f which can be represented, for some WO > 0, by
' WO .
(1.2.2) ft) = [ eZ™MWpayau, ter!,
..WO
is called,Ll—bandlimited to WO if FeLl[-WO,WO], and is called conven-
tionally or Lz-bandlimited to W0 if FeLz[-WO,Wb]. In both cases the
sampling representation (1.2.1) is valid for all W = WO' The series
in (1.2.1) coverges uniformly on compact sets for Ll-bandlimited
functions, and for conventionally bandlimited functions it converges
in LZ(DQl) as well as uniformly on Hll. |

In reconstructing a function (signal) f from a periodic set of

samples (sampling at a constant rate), errors of the following types

may arise:



(1) f is bandlimited but it is observed only'over a finite
iﬁtervél, and hence only a finite number of samples can be used for
ifs reconstruction. This type of errbr is called a truncation error.

(2) £ is band1imited, but there are observation errors, so |
that the obéerved samples are not f(é%ﬂ'but f(é%ﬁ + €, where {e }
are»réndom variables.

>(3) f is ndt bandlimited (or not bandlimited to the frequency
it is sampled at), and yet a reconstruction of the type of the

sampling theorem is attempted.

1.3. Summary.

In this study the samples are assumed to be error free, andVOnly
errors of type (1) and (3) (possibly combined) are considered.r Further-
more, fhe area of inquiry is limited to constant rate (or uniform)
sampling schemes. It should be mentioned, though, that non—uniférm
sampling schemeé, as well as random sampling schemes, are of consider- A
'  able intefest in communication and inforhétion processing.

Chapter_II deals with Sampling apprbximations as well as error

‘ estimates.of functions and stochastic processes which are not band—
limited. in Sectioﬁ 2.2 a samplingrapproximation‘is derived for
processes whiéh are not necessarily weak1y stati6hary. In Sectiqn 2.3'
the rate of convergence in the finite samplihg approximation for time |
limited processes is éstimated; the convergence holds bothvin the |
mean square sense and with probability one. Finite sampling approxima-
~ tions forAfunétions which are Fourier transforms of finite measures

are derived in Section 2.4, along with error estimates under various

conditions. These results are then extended to various types of
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stochastic processes. In Section 2.5 Walsh functions are used to
derive sampling approximations for functions which are not necessarily
continuous and for processes which are not necessarily mean square
continuous, as well as error estimates under further conditions.

In Chapter III we turn to the proBiem of sampling expansions of
bounded linear operators acting on Varidus classes of bandlimited
functions dnd stochastic processes. The merit of these representations
lies in the fact that the image of a function under the operator is
:_eipressed or represented in térms of the samples of the function
rather than the samples of its image. Section 3.2 deals with bounded
linear operators acting on classes of functions bandlimited in thé sense
ofVZakai (1965) and of Lee (1976a), and Section 3.3 considers bbunded
linear operators acting on classes of fuhctions with wandering spectra
in Lloyd's sense (Lloyd, 1959).

~ Finally, in Chapter IV, distributions and random distributions are
considered. Section 4.3 deals with sampling representations for dis-
tributions with compact spectra and shows that a distribution with
compact spectrum can be reconstructed using samples of its Fouriéf
transform (regarded as a function). In Section 4.4 similar résults

are derived for certain types of random distributions.

1.4. Notation.

The n-dimensional Euclidean space is denoted by IRn, nz1,
and the complex numbers by . The class of all absolutely integrable
or square integrable functions on IRn, with respect to the measure u
is denoted by Ll(u) or Lz(u), and when the measure is Lebesgue
measure by Ll(IRn) or Lz(Bln). The complement of a set A is denoted

by AS. Finally, the symbol [0 is used to signal the end of each proof.



CHAPTER 11

Sampling Approximation for Non-Band1imited

Functions and Processes

2.1. Introduction.

In this chapter we consider the problem of deriving saﬁpling
apprbximations and their rate of convergence for»functiohs and stoch-
astic processes which are hot necessarily bahdlimited. The merit of
these apprdximations 1ies in the fact that invmany practical engin-
eering systems, such as causal systems and time-limited systeﬁs, the
signals under conéideration are not bandlimited.VFIt is thus of
interest to consider non-bandlimited signals.r |

In Secfion 2.2 we derive a sampling approximation for stochastic
processesAwhichrare not necessarily stationary or bandlimited.

'Section 2;3 deals with the rate of convergence in the finite sampling
fappfoximatioh for time-limited stochastic processes. In Section 2.4
Qa-fihite-sampling appfoximation is derived for functions which ére

the Féurier transforms of.finité signed measures, as well as_the_fate
of convergence. This result is'extended to weakly sfationafy,
harmdnizable, and certain stable processes. - In Section 2.5 a sampling
approximation using Walsh functions is derived for functions which are
notvnecéssariiy.continuous and for pfocesses whiéh are not necessarily-

mean-square continuous. -




2.2. Sampling Approximations for Non-Stationary Stochastic Processes.

In this section we prove the stochastic process analogue of the
- sampling approximation theorem proved for (deterministic) non-band-
limited functions of one variable by Brown (1967). The n-variable

version of Brown's result is stated below as Theorem 2.2.1 .

For fixed teIR1 and W > 0, denote by eéﬁltu the 2W-periodic -

2ritu

extension of the function e , W< u<x<W, to the real line. Its

Fourier series is given in the following well known result.

Lemma 2.2.1. For any fixed teﬂll and W > 0

. n
. @ iU .
anﬁu =7 e w 512(3%§W§5n) (a.e. ()

=-00

and the Fourier series converges boundedly.

Theorem 2.2.1. (Brown,1967). If FeLI(R™), and £(t) =

| 2mitu n -
II{nF(u)g Sdup(w), teRT, where tu = tjup+...+tu, and

dun(u) = du .dun, then for each teIR™ and W > 0,

1"

o fkl kn n sin w(2Wt;-k.)
1 Tn)p 3
) . =_wflzw""’2w] R T K

fw(t):
P i1

k

Zmit
oo T, )

. . n 2wit.u.
where eﬁﬂltu = 1 ey J , and
_ j=1

| £(t) -bf(t)lszn F|d
W ;{(w)l |du
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where A(W) = {ueIRn: |uj| > W; j=1,2,...,n}. 'Thus for each te]Rn,
£(t) = lim £,(t) .

If, in addition, for some W > 0, F(u) = 0 for almost all ueIR" with

]ujl > W, j=1,2,...,n, then we have the classical Sampling expansion

f((t) = fw(t) .

The Af»oll()wing will be needed in stating the stochastic process
analogue of Theorem (2.2.1). Let {x(t), te]Rl} be a second order
mean square continuous stochastic process with correlation funct}ion
R(t,s) = EX(DX(s)]. Assume that ReL'(IR®) and R () 2 R(t, )L (@®Y).

The Fourier transform of R is denoted by

-2mi (tursv) 4 t&s .
’

R(u,v) = [ R(t,s)e u,vve]R1

Since R is continuous and Lebesgue integrable on ]R2 it is also

Riemann integrable on ]RZ, and thus the quadratic mean integral

-y (u) = R f x(t)e—zmwdt , u<-:]R1 ,

Ve‘xisrts and defines a mean square continuous stochaétic procesé (since
E[y(w)y(v)] = R(u,-v)is continuous in both u and v). Since RteLl(IRl)

for all teIRl, its Fourier transform.

‘ﬁt(v) A f Rt(s)e-zmsvds , V_eIRl ,

is well defined for all ts]Rl. In fact, ﬁt(v) = E[x(t)y(-v)] for all

t,VelRl, and since both x(t) and y(v) are mean square continuous, then



ﬁt(v) is continuous in both t,v. Now we also assume that ﬁeLl(IRZ),
and I’i(-,v)eL1 (]Rl) for all VeIRl. Since ﬁt(v) is continuous in both

t and v, it follows that
ﬁt(v) = ﬁ(u,v)ez“itudu ,
for ail— t,VeIRl. Hence
J IR [y W) < [f |Ru,v) [dudv < =

for every teIRl, i.e. Rt(v) is a continuous function in both t,v, and

is integrable with respect to v for every te]Rl.

Remark. It should be noted that if ReLl(]Rz) and R(t,s) =2 0 for

all t,seIRY, then the condition RteLl(nzl) is satisfied for all teRY.

Indeed, the two conditions, ReLl(le) and R is continuous on ]RZ',
imply that the Riemann integral Rf[R(t,s) exists and is finite. It
follows that the Riemann mean integral RIE[E-E(S)]ds exists and is
finite, and

E[g*RfX(s)ds] = RJE[E-X(s)]ds .

1

Taking & = x(t) gives that for each teIR™, the Riemann integral -

R[R(t,s)ds exists and is finite. Since R(t,-) = 0 for all teRRl,
it follows that the integral exists as a Lebesgue integral as well,
i.e.

[IR(t,s)|ds < » for all teRY .
We now establish the analogue of Brown's result (Theorem 2.2.1)

for a non-stationary (non-bandlimited) second order stochastic process.
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Theorem 2.2.2. Let {x(t), te]Rl} be a second order mean square

continuous stochastic process with correlation function R, Assume

that ReLI(R?), R(t,+)eLl(RY) for all teRY, and ReL'(R%),

: ﬁ(-,V)eLl(IRI) for all velRY. Then for each fixed teR?l and W > 0,

@21 x0): = nz_wx(é%gSiﬁ(g&§W§5“) = Rf 2™ ywdu

~ where the equality is a.s., the series converges in quadratic mean,

and y(u) is defined by the quadratic mean integral

y(w) = Rf e_ZNitux(t)dt , ue]Rl .

Also for each teR' and W > 0, the error -

(2.2.2)  eh(0): =Ex(®x,m1%<4 [ [ [Rew)jdwd,
| W vpw :
and thus for each te]Rl ,
(2.2.3) : x(t) = lim 'Xw(t)
s ~quadrat:icrmean.‘ VIf, in addi.tion,'ﬁ(u,v') = 0 for almost all :
lul, ‘]VI,) W, for some W > 0, then x(t) = xw(-t); which is the classi-

cal sampling theorem for non-stationary bandlimited processes.

. | sin m(2Wt-n) o
Proof. VL}et us denote T OIWE-T) by gn(t,W). It has already

been noted that the quadratic mean integral y(u) defines a mean
' Square continuous stochastic process with correlation function
- E[y(w),y(v)] = f{(u,-v). Also, the quadratic mean integral

'Rfev?,ﬂ?tuy(u)dui , teRY, exists since the integral
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J] gt & B YE [y ()7 (v) Jdu dv

exists (and is finite) as a Riemann and as a Lebesgue integral (for

R(y,v) is continuous and Lebesgue integrable on IRZ). Let

2 N n 2mitu 2
ey(t;W): = E| } . X g, (BW) - Rf ey (w)dul
ne-
N N n m )
= nZ_N mZ-NR(W s 770 8 (13 W) g (t5W)
N .
, -2mit —
- 1 et RS ey THUE [x (o) +¥ (w) Tdu
N W) R 2mitu £ — n ‘ 4
- nZ_Ngn(t,W) [ ey X(FpyW] du
(2.2.4) + E[R[ ev%"ituy(u)duj ‘.

We notice that

E|R[ e%ﬁituY(u)du|2 Rff eéﬂitu eQZWitVﬁ(u,-v)du dv

RS eﬁﬁitu eéﬁitv ﬁ(u,v) du dv .

Since ﬁ is continuous and Lebesgue integrable, then by Theorem (2.2.1)

N N

: ' 2mitu 2mitva

I I R sme (timg (HW—> [f el Y™ VRu,v)du av .

=-N m=-N 20 2% “n Noo W
Sincevﬁ n is continuous and integrable, we have

W '

N ~2mity n,—

ZNgn(t;W)Rf ey E[x(zpy(v)Idv

n:—

N -2mitv
= Z . gn(t;WDI e R n(—v)dv’

)
=
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N i
=iy e
) - =-N

u N
gn(t;“OIeﬁﬂltv R(u,v)du dv

— ff eéﬂitu e%witv ﬁ(ﬁ,v)du v,

where we used Lemma (2.2.1) and the dominated convergence theorem.

Similarly the same is true for the third term in expression (2.2.4),

1

“and thus eé(t;W)A+.0 as N » o for all teIR~, W > 0, proving (2.2.1).

To prove (2.2.2), we have

e2(t) = Elx(t) - Rf ep" Py (u)du|?

=Rt - RS e RO (W
—‘Rf ev%"i,t" E[E(t)YCV)]dV, |
. R Y o

VBut.
Rf e 2T H UG [x (£) () Jdu = [ e 2mit R (-wau
= Jf eﬁnitu G2mity R(u,v)du av ,

and similarly for the third term in (2;2.5). Hence

eﬁ(t) - ff(e2ﬂltu62ﬂltv ) eﬁﬁltuezn;ty . G2mitu 2mitv
+ eéﬂitgeéﬂitv) ﬁ(u,v)du v
- (62ﬂ1tu _ Zﬂltu)(eZH1FV _ e%ﬁltV) ﬁ(u,v)du v .

(2.2.6)
o ‘ |ul, |v]|>W

Now the inequality Ie2n1tu - ezwltvl < 2, we obtain
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2 A
t) <4 R(u,v)|du dv ,
ey(t) < ltfll,l\]f|>wl (u,v) |du dv

proving (2.2.2), and (2.2.3) follows from the fact that ﬁeLz(IRz).

g

Remark. Theorem 2.2.2 holds for multiparameter processes

{x(t), teR™, n = 1.

Remark. The bound in (2.2.2) may be written in a different

form as follows. From (2.2.6) we have

IA

eé(t) «ff|e2ﬁitu _ eﬁﬂitul'IGZHitV_' eﬁﬂitv|-]ﬁ(u,v)|du dv

00

4 ) |sin 2mkwt|-
k’j=-w

-lﬁ(u,v)ldu dv .

sin 2mjWt

The term k = 0 = j is always zero, so that only the integral of lﬁl

over the remaining squares enters into the sum.” Also, for any integer

n, evzv(i-%) = 0 and thus x(zp) = X,z -

2.3. The Rate of Convergence in the Finite Sampling Approximation
for Time-Limited Stochastic Processes. .

Butzer and Splettstbsser (1977) derived a sampling approximétion
for time-limited functions which, in fact,ris’a'épecial case of
Brown's result (Theorem 2.2.1), and determined the rate of‘convergehce
of the approximating series under certain conditions. These results

are summarized in the following theorem.

Theorem 2.3.1. (Butzer ard Splettstosser, 1977). Let f be a

continuous function defined on Hll such that, for some (fixed) T > 0,

£(t) = 0 for all |t] > T and %eLl(]il). Then
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| ' . N(W) n, sin w(2Wt-n) | 1
(2.3.1) f(t) = %ig n=zN(W)f(7ﬁﬂ TC2WE-T) s telR™,

where N(W) = [2WT], the largest integer less than or equal to 2WT.

If, in addition, f(r)eLip a, 0 < a <1 for some (fixed) re{l,Z;,;.},

with constant Lr’ then for W > f%l

N(W) n, sin m(2Wt-n)
_If(t),' n=§N(W)f(§ﬁﬂ T(ZWt-1) |
(T+1)Lr 1 1

, telR
Zr_l(r+a—1) wrro-1

@3 s

Here Lip a, 0 < a < 1, is the Lipschitz class of continuous
' functions f on R} for which there exists a constant 0 < L < w~su¢h
that sup |£(t+h)-£(t)| < L|h|* , heR? .
7 teﬂ(l o

The following result is the ahalogué of Theorem (2.3.1) for second
order pfocesses which are not necessarily stétionary. First Wé intro-
duce some notatién. Let C(DQZ) be the class of all continuous,fuhctiong

on R?, and [IRII = sw__IR(t,5)]. Let LipPa, 0e(0,1], be the class
: t,selR" : REE ‘

of all functions ReC(le) for which there exists a constant 0 %'L <

" such that
(18, GRIT < LIn[%g|® , hygeR',

where Ah;gR(t,s) = R(t+h, s+g) - R(t+h,s) - R(t,s+g) + R(t,s). The

first modulus of continuity is defined by

wy(8,23R) = sup{lIAh’gRII:‘lhl < 8, [g] <A}

where § > 0, A > 0. Similarly, the r-th modulus of continuity of R, r is

a positive integer, is defined by
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w (8,M3R) = sup{[[AE,gRII: |h|<8,|g|<A},

where r T
T k+2 .1\ T
Ay R(t,s) = 7 ¥ (-7 T(G)()R(t+kh, s+ig) .
h,g k=0 220 k'

It should be noted that for oe(0,1],
LipPa = RC(RY: wy(8,1:R) s L% 8 > 0,2 > 0.

Theorem 2.3.2. Let x = {x(t), te]Rl} be a second order mean-square

continuous stochastic process with correlation function R such that,
for some (fixed) T > 0, R(t,t) = 0 for all |t| > T (time limited

process)  and ﬁeLl(]Rz). Then for all te]Rl and W > 0,

| N (W) o
2 o sin w(2Wt-n) 2
ew(t). = Elx(t) - =§N ng(z%b lﬁ(gwten) |
(2.3.3) <4f [ |R@uv)|dudv,
lu|, |v|>W
and thus
‘ _ _ N(W) n, sin Tf(ZWt-n)
(2.;.4) x(t) = %12 n=§N(W)X(§Eﬂ ﬂ(zw;—n) ’

in the mean square sense, where N(W) = [2WT]. 1If, in addition, for

some positive integer r and some ae(0,1],

2T,
3 R(t,s) I‘R f"s eLip(z)OL
ot 9s

with constant L, then for every te]R1 and W > 0 we have

Ly 2 1

, 2 T
(2.3.5) ey(t) < 22(r+“'1)(r+u—1)2 (2T + = WD)

Proof. (2.3.3) and (2.3.4) are special caées of (2.2.2) and

(2.2.3). To show (2.3.5) notice that, for all u,v # 0, we have
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(—1)n+mﬁ(u,V) = JJ R(t + 7%, s + —H5e-2ﬂi(tu+sv)dt ds ,

2v
and thus for all u,v > W,
T+l T+l
I + +]1. A
20 DVRww = 7 T EHGHROW
A n=0 m=0 _
T T 1+l 1+l

+ 1 1
= [ 7 1 ™D
.+l 5 141 n=0 m=0

0 71\%)6"2“1(1:“‘“5") dt ds

1]
S
——

>

T Rt e g g,

which yields the inequality

T T - »
2D R < [ a8 Ret,s)|ae ds
T+l T+1 == '
-T- éw— -T- 'ZW" 2u’ 2v
r+1,2 1 l.,
< (2T + =) wr+1(§f » 5y 3R -
' SR ¢ : ‘ : :
Now since é?—EL%Lél € Lip(z)a, it can be easily shown that, for any
' 9 9s”.

positive ‘integer j,
- | T.T 82rR!tzs!
w_ - (8,0R) < 8" A w.(8,A, —) ,
) J ath as”

and hence for all u,v > W,

r+1)2_ 1 1.

(2.3.6)  |Rw,v)| <272 o1+

From (2.3.3) and (2.3.6) we have
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eﬁ(t) <4 [ [ |Ru,v)|du dv
lul, |v|>w

-2(2r+ | r+],2 du .2
2720y, o+ L2 L

I

_ ,-2(2r+a-1) r+1.2 1 1
=2 L.(2T + —p) =Y.
T (r+a-1)2 WZ(r+a 1)»
Lr (2T + r+1) 1
,2(2r+o-1) (r+o-1) 2 W ZGrI)
proving (2.3.5). 0

Under the conditions of Theorem 2.3.2 the approximating
sequence X (t), in fact converges to x(t) with probability one for

1

~each fixed teIR™. The rate of convergence is given in the following

corollary.

Corollary 2.3.1. Let x be as in Theorem 2.3.2 and assume that

> 1 when 1/2 < 0o <1 and that r > 2 when 0 < o < 1/2. Then for a

separable version of x and each teDQl,

' : NiMD .

Y ) n, sin m(2Wt-n) v -

(2.3.7) W0 §>W Ix(t) n=dN(WDX(§“ﬂ T (2WE-n) + 0 a.s. as Wd+ ,
0 !

where 0 < v < r+a - %—.

o

Proof. Consider a separable version of x. For W= 1 put W =

and for each fixed teR', define X , ue[0,1], by

Xu =

x(t) ,u=0
X (t) , 0<ux<1l,

_ - N( _n, sin m(2Wt-n) -
where X (t) = x,(t) Zn—-N(W)X(ZW) T WEnY Then X is separable

u
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(in u). From (2.3;5), we have

| 2 N2 L 14
E[X,-X,|” = E[x(t) - x()|F s Cu T,

where C = 2_2(r+0‘-1)(2T+1)2Lr(r+ot—1)-2 and B = 2(r+a) - 3 > 0. Thus,

by Kolmogorov's theorem (see Neveu (1965, p. 97)),

1 o 8
— sup [X,-X | ~+0a.s.ash+0, 0<y<s3x,
hY o<ush 0 Y 2
and (2.3.7) follows by putting h = Wl" |
- 0

2.4. Finite Samplinngpproximations for-Non-Band]imitedrFungtiOns
and Stochastic Processes.

Theorem 2.2.1 (the case n = 1) states that, if f is the Fourier

transform of an Ll(ﬂll)-function, then the infinite sum

o ~n, sin m(2Wt-n)
I fGp vt

=-oo
convergés to f(t).pointwise everywhere as W+ «. It is of praétital
interest to ihVestigate the possibility that a finite suﬁ'of the
form |

N(W) : o |
Loy

(2.4.1) _'

‘whefevN(W) is a positive integer-valued function of W > 0, would
converge to f(t) under suitable'conditioﬁs oh N(W), and also to
determine the speed of tonvergence. Such a result is obtained in
Theorem 2.4.3 , and its analogue for an appropriate modification

of the finite sum (2.4.1) is obtained in Theorems 2.4.1 and 2.4.2,
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and then extended to weakly stationary, harmonizable, and certain
stable processes. 'In all these results N(W) is required to tend to

infinity, as the sampling rate W tends to infinity, fast enough so

that % -+ o,

Theorem 2.4.1. If £ is the Fourier transform of a f inite

signed (or complex) measure u on the Borel sets of the real line,

i.e,,

(2.4.2) £(t) = [ “M W) , ter?,

and if N(W) is a positive integer valued function of W > 0 such that

N.WM-> © as W > o, then for each 'CelR1 ,

(2.4.3 f im I l sin n(2W-t-n)
( ) © = Wm n—-é(W) 't (ZW) TT(TZTW't"n =

and the convergence is uniform on compact sets.

Proof. Consider the error

) n n, sin m(2Wt-n)|
ey (t): = lf(t) ] an(w)(l "N IR Ty |
® 2mitu " 1r1 1
= o ) d (u)
| Fomon - 0 o o[ 7 )
. sin Tr(ZWt—n)l
m(2Wt-n
. n
<°°|2ﬂitu_Nw) _In ™yt
—-oj; ° an(W) ¢ N
(2.4.4)

2Wt-
s gy
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i i }e A T N1 kz ¢ VI e dV] dIUl(u)

o L . W, . NW) k  -2nin(LD)

- 2mitu 1 2ritv, 1 . 2W

= [ le - e N +T , dvidju

J ! [N +1 kgo n=-k © : Y' Iul(u)

- f eZﬂ;lFu - 'é'vlv f eZTTltV N(w)( )dV‘dh.ll (u)
, . ;5.__2%
= eZﬂltu _ f 21r1t(2W'x+u)K x)dx|d[u] ()
N(W)
-00 _1/_,__11_
220
1-_2
> GAmitx
=,£ 1 : fu mi KN(W) (x)dxld]ul(u)
. —/2—2w
ey o 2mink 1 sin T(N+D)X,2 3
where  Ky(x) = {57 Lyg Zn='~ke S W1l sinmx ) s the

Fejér kernel. Siﬁce~|u[(ﬁll) <w (5ee Rudin (1974), p.-126); given
e >0, theferexists an a = a(e)e(0,#) such that if A =7[-a,a]; then
A < %-; Since Ky 2 0 is periodic with*ﬁeriod'l and
V 'I%KN(x)dx =1, (2.4545 can be writtén as

-k

(245 ey(®) < 2[ul(A9) + [l Qe < + [ul (RHQ M
where |

(2.4.6) QN(t,W) = sup [1- e4ﬂiwth A(x)dx' .
lulsa u . (W)
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By <k ¢ =y u
By writing [ _ [ + [ + l » (y = ) , we obtain
-3y 5y -k 2

2

(2.4.7) + s

Let us denote by I,(t,W), k = 1,2,3, the three terms on the right

hand side of (2.4.7) in the order they appear. For Iz(t,W) we have

Ny
+
=P

A
—

I,(t,W) Ky (O &

Ny
1

=R

- 2 jzaKN(W)(x)dx :

3=

=

2
But for 0 < x< % , KN(x) < —Z—Q——z—, where C(~ 11r_) is a constant
T (N+1)x

(see Zygmund (1959), p. 90) and thus for W > a

Ny

2C 1
I =

- dx
T [N(W)+1] ,__a x
i

Iz(t,w) s

=L o4
rPINW+1) X

Ny

a
;5__

2
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. " 2C 2
r N+

a >0 asW—> oo,
a)

Similary,

- 2C 2a
rPNwn+1) (3

IA

Is(t’w) +~0 as W > o,

_ . |
Now for Il(t,W) , using the fact that fz N(x)dx = —%—, we have
_ 0 4 L

_ L .
I (t,W) =2 é (1 - cos 4ﬂth)KN(w)_(x)dx .
Choosing any GV(W) such that 0 < §(W) <% and (W) = O(N—l(wy)', we

~ obtain
‘ S(W) L
Il(t,W) = 2[ é + 6{m] (1 - cos Aﬂth)KN(W) (x)d?c .

Since for all x, KN(x) < 2N+1 (see Zygmund (1959, p. 90), then

(W) | -
'(’; (1 - cos 4nth)KN(W) (x)dx < 2[2N(W)+1]§(W) >0 as W~ o,
Also 5
CIRE L2,
sl (1 - cos 4'rrth)KN(W) (x)dx = 26 {w)51n 2nWtx KN(W) (x)dx
< —2——-—2-2— f/z sin2 2mWtx -—%— dx
X

T [N(W)+1] (W)

aong M sinyz,
™ (N +1] 2a|els) Y

1A

W . |
2C|t| -W+o asW+oo,

Notice that this is the only bound which depends on t and that the

dependence is linear in |t]. It follows that for W > a,
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' 8aC 2CltIW
(2.4.8 t,W) < + 2[2N(W)+1]8 (W) + -,
N e ND+T

and thus QN(t,W) + 0 as W~ «, Hence, for each fixed t and ¢ > 0,
we have by (2.4.5) that lim sup ew(t) < ¢ which implies that ew(t) =0
as W+ o , It is clear from (2.4.8) that the convergence is uniform

on compact sets. : ]

The following theorem gives a more concrete bound on the error
~committed by considering only a finite number of samples in reconstruc-

ting a function which has the representation (2.4.2).

Theorem 2.4.2. Let f,u,W,N(W), and ew(t) be as in Theorem

7(2.' 4.1). Then for an arbitrary (but fixed) W > 1 and every

] <'N§VM\P with t # 7%, nelN = {0, + 1, + 2,...} we have

1ol |sin 2mWt| W .
(2.4.9) () < 2[u|(RH[]t] + ] + 2{u{]u|>W-1} .
&y u (R[] ] o S0y »Iu.l Jul¥-1

Proof. Fix W>1and t # WI\} , neN. From (2.4.4) we have

(2.4.10) ew(t) < [ [Hy y(t,w[du] @ ,
where
(2.4.11) (t,u) 2mitu N(W) (1 | n ) mi VEVU
.4, ,u) = e - : + e
HN,W n=-N(W)' N(W +1.

. sin m(2Wt-n)
7 (2Wt-n)

CIf A(W) = [-W+1, W—i], then the inequality (2.4.10) may be written

as
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- (2.4.12) W< [+ [ (t,u)]d|u] (v .
W . A(W) AC(W) HN’W
. f%-(u/ZWDe4ﬂiW

By (2.4.4) we notice that IHN oWl = |1
: ’ ' ~}-(u/2W)

Ky &
and thus |H (t,w)] < 2 for all teRY, ueRY, N> 1, and W > 0.

From (2.4.12) we obtain

(2.4.13) (1) < A{W)IHN,W(t,u)Idlul(u) + 2[u] (AS(W)

< [ul (RYHP (LW + 2luj@aSw)
, Whére PN(£,Wj = uiX%W)IHN’WIt,u)l .

- Now consider the integral

2riuz E N
: =1 _ 20 2] e . NW)
IN,W(t,u) T omi C f (1 N(W)"‘l) (z—t)sin Wz dZ, Itl < W
N,W :

where CN W= fze@: lz] = 7%{N(W)+1]} . From Cauchy's residue theorém,

we have
, - 2mitu
_ _ _2W[t] L e

(2.4.14) Inw®W = (- §a5+D st zmie

| m 2y

A W
s gy e Yo
=NO)  NOD+L (g -t) S

and thus from (2.4.11)

_ 2W|t]  2mitu . . ' : N(W)

HN,W(t,u) = NT%7£T e + sin 2nWt - IN,W(t’u) , |t| < AT

Hence
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], s . N(W)
(2.4.15) IHN w(ts u)| < NODS + |sin 2nW'§ IIN,W(t,u)l, [t] < S
. 2riuz . . . .
Since e is an entire function of exponential type 2r|u|, then

from a result by Piranashvili (1967) we have for ucA(W) that,

4 W
| N, w(t U)| < N(W)+1] e_ﬂ)N(W) W'Iul s

and fram (2.4.15), that for W > 1

2W|t| ZW]Sin 27t | 1 N(W)
(’C u| < , ueAW), [t} <
By Wt < ey + -] @y oY W
and hence for W > 1 and lnl £ |t] < —%’Q ,
, 2W|t] , _2W|sin 2 Wt]
(2.4.16) (t,W) < -
N N rae ™ 18
Thus from (2.4.13), we obtéin
(6) < 2ful (RY[[e] + S0 20EL e Wy o acan)
Cw ( e TT)N( ) N(W)
for W > 1 and ln] # |t] < —%l , nelN ., a

Remark 2.4.1. We now comment on the two bounds obtained in

Theorems 2.4.1 and 2.4.2 . From (2.4.5) and (2.4.8) in the proof of

Theofem 2.4.1 we have,

() < 2[ul{|ul>a} + 2| (RYELEW . __ 4Ca
W ultlul>al + 2Jul (R {yepar * 72 [N(W)+1] (W-a)

+ [N(W)+1]16(W)}
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2lu|{lu]>a} * 2[ul (R ){Clt|N(w)+1 ¥ 4(2: NI\(IV%\r-)rl W)

N(W) [N(W) +1] 6(W) !

(“D

: Bl(t,W)

for all W > a and tE]Rl From Theorem (27.'4.2) we have that for each

fixed W > 1 and t with }nl # It] < N%) -,

|sin 2mwt| 1. W
r(1-e NG N

CIA

eg(t) < 2u|{|ul>W-1} + 2[u|®H{|t] +

B,(t,W) .
In the bownd Bl’ C could be taken to bez~and §(W) may be chosen. as
- small as desirable so that the fourth term in the expression of .Bl '

may be omitted (since it can be made arbitrarily smaller than the

other three terms by an appropriate choice of 6(W)). The bound Bl"

1

has the advantage over the bound B2 of holding for all teIR™. It

should ‘be hoted that even though for each fixed t, By (t,W) >~ 0 as

W+~ , for t’s large relative to W, namely fdr 1t] > Z—Cll_ N(+1 >

rthe bound B1 (through its second ténn) 15 larger than |u|(R ) which
is an upper bound on |£(t)|. Large as this bound on the error may |
' seem, there is no smaller bound available for such t’s and, in fact,
it seems quite likely that at least for certain t’s the approximation

error would be of the magnitude of |f(t)]. The bound B, holds only

on the interval |t| < Ng&r) excluding the sample points —2-% (at which
we know anyway that the approximation erroi* ew(t) vanishes). However,
it has the following advantages over the bound B;. It contains one

~term which vanishes at the sampling points and is thus very small near
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the sampling points; thus the bound B, is more sensitive than B1

near sampling points. Also, the second term of B2 is always smaller .
than the second term of Bl’ and putting a = W-1 to equalize the |
first term of both bounds, it is eaéily seen that the third term of
B, is always smaller than the third term of B;. In conclusion, in

the restricted region where it holds the bound B2 is lower and more
sensitive to the location of the sampling points than the bound By,
while, of course, B1 provides a bound even where B1 does not hold.

A typical plot of the two bounds for fixed W > 1 (and a = W-1)

is as follows.

m
N
2

|

| |

| , |

] L 1
4 [ . [ ] N(W)-' N(W) e o0 o

2W 2W 2w 2w 2w 2w
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" Under further conditions a.functiqn of the form (2.4.2) can be
approximated by the simplér finite sums in (2}4.1) rather than those

in (2.4.3).

Theorem 2.4.3. -Let f be the Fourier transform of a finite signed

(or complex) measure u, on the Borel sets of the real line, which

satisfies
(2.4.17) o [ edu|) <=,

where ¢ is a symmetric non-negative function, strictly increasing on
(0,»), and such that ¢{u) - » as u > », Let N(W) be a positive
integer valued function of'W > 0. Then for an érbitrary (but fixed)

W>1, and |t] < Né%l such that t # 7%" nelN, we have

N(W) : ]
o £ 2

ey(t) {f(t) -

n=-N(

m%-.'B(t,W),

(2.4.18) < 2B 00 o) o+ gpy) (mylinZNE]
: _ , m(l-e )

where o(W) = [ o(wd|u|(w). TIf, in addition,
~ a1 |

(1) M . a5 W+ w, and

(ii) NW) = O(ec‘pfw'l)) for some € > 0

then for all-téﬂil, B(t,W) - 0 and ew(t) >0 as W~ o,
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Proof. Fix W> 1 and t # ﬁ » neIN. As in (2.4.4) we obtain
ey(t) s f [ wct W |d]u] (w)

=([ + [)] (tu)ldlul(U),
AW e N,

where A(W) = [-W+1, W-1] and

. NW)  midu ..
2mitu W™ sin 7(2Wt-n)

(2.4.20) (t,u) = e - e -

On,w N 7 (2WE-n)
Also as in the proof of Theorem (2.4.1), we notice that

L L
W, .
dmiWtx
|Gy w(tw | = f LS Dyan (9
v-/z—zw

sin w(2N+1)XV

ST X is the Dirichlet kernel.

_ N -2minx _
where Dy(x) = Zn=_Ne =

' L
DN is an even periodic function with period 1 and [ 2]DN()() jdx <
i

2
1 + fn m[N+5] (see Kufner and Kadlec (1971), p. 230). Then for all

1
telR LU
- 2w .I
AR CRILIOREN l I IDyan 09 axjeddul @
N0 won’ e 8
(2.4.21) e f Sdfu] @ .
AS(W)

Now, for ueA(W) and ]n] Flt] < N(W) , consider the integral

1 27r1uz

IN,W(t’u) T 7m C / (z- t)sm 2mWz
N,W
b

dz ,

where Cy.w = {zeC: lz| = 2—%, [NW+%]}. Proceeding as in the proof
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of Theorem (2.4.2), we obtain

IGN,W(t’u)I = |sin 2mWt IN,w(t,u)ll

c 4lsin2mWt| . W an Inl N(W)
- Tngp TR ReAOD o el <y

o 4 sin 2mWt W lnl N(W)
(2.4.22) S = N w7 1t <
: m(1l-e ﬂ) N

- and (2'4‘8)'follows from (2.4.1) and (2»4 22). It is clear from
conditions (i) and (11) that B(t, W) + 0 as W > o for all teRY. 'Now
fix teﬂll and let W > »,  Whenever W is such that N(W) > 2W|t]| and
t = 7% fortééme neIN, then we clearly have ew(t) = 0 from its very
definition. As W + w along any other values (t # 7%‘, neﬂﬁ), theh

ew(t) < B(t,W) - 0. It follows that ew(t)-+ 0 as W > o, g

Remark 2.4.2. 1t is cleaf that the apprqximation of f(t) by a
finite sum of the form (2.4.1) is a much more delicate problemrthan
its approximation by the modified finite sum of the form (2.4.3). -
Hénte the additional assumptions on the function f required.in

Theorem 2.4.3, compared with Theorem 2.4.1. As in Theorem 2.4.1,_

condition (i) of Theorem 2.4.3 puts a lower bound on the growth of . A

N(W) as the sampling rate tends to infinity. Such a condition_is
‘quite natural and anticipated as-ohe intﬁitively expects that unless
enough terms are employed, the approx1mat10n may be 1nadequate
Condltlon (ii) on the other hand- puts an upper ‘bound on the growth
of N(W) and in thisvsense it may seem,somewhat cpunterintuitive.
Cohdition (ii) could be impfoved, i.e. the restfiction on the growth

of N(W) could be weakened, if a better bound than that used in the
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proof of Theorem 2.4.3- could be found for the function

2ritu _ 1 IW 2mity,

T d
> ¢ L

as a function of W for fixed t, ueIR (or after same algebra, if the

/2

rate of growth of |[/“D (x)dxl as u + » can be found, instead of

0
the rate of growth of f / 2|Du(x) |dx which is used in the proof of

sin ux
=)

Theorem 2.4.3, where D, is the Kirichlet kernel Du x) = ST X

It is not known at present whether some restriction on the growth

of N(W) is necessary for the approximation error to tend to zero as

W + o, or whether this result holds with no upper limit on the growth

of N(W) as one may intuitively be tempted to expect, and conditioh

 (ii) arises only because of fhe specific proof used here. Also, it

is not known at present whether a bound similar to By (see Remark

2.4.1) holds, in this case, for all te]Rl. |
The preceding results are now extended to weakly stationary

stochastic processes (Theorem 2.4.4), harmonizable processes

(Thebrem 2.4.5), and to certain stable processes (Theorem 2.4.6).

Theorem 2.4.4. If x = {x(t), te]Rl} is a mean square continuous

weakly statlonary process, and if N(W) is a positive integer- ~valued
1

function of W > 0 such that N‘SW) + ® as W - «, then for each teR

' : . N(W) n n, sin w(2Wt-n)
(2.4.23) x(t) = Vlvﬂ an(w) (1 ” I\TZ‘V%'-\»T)X(W) lg(thvn)n ’

where the convergence is in the mean square sense uniformly on compact

sets. Furthermore, for any fixed W > 1 and |t| < N%) such that

t # —2—% , neIN, we have
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[ 2Wt-n) -
B|x(® n_fN(w) _%«%T) x(zp n;(g»gt n)n

' 1 |sin 2nWt| 2, W .2
2.4.28) < 4lu](RH[]t] + ] + 4|u|{|ul>W-1} ,
( [u] (R[] ] (Lo NG NOL lul{u
and
N(W) in m(2Wt-n) |
gfxco) - an(w) A sin T(en)
(2.'4.25) < go0n 180 7 [N(W)+5]) 2 + 16[u| (R [—Sin 2t 2/ W ;2

] ,
$(W-1) n(i-e Ny N

where ¢ and ¢ are as defined in Theorem 2.4.3. If, in addition,
N(W) and the spectral measure p of the process satisfy the condition

in Theofem'_2.4,3, then for all teR?!

N(W) n, sin ﬂ(ZWt?n)
(2.4.26) X(t) w_)oo = gN(W)X(W) ,n.(zw.t_n) ’

is mean square.

‘Proof. Since x is mean square continuous weakly stationary, we

have for all teR1

R(Y) = Ex(OFO] = | 2 Pau()

and L [ emith

-00

x(t) dz(d) ,

where 1 (the spectral measure of x) is a finite measure defined on -
(R ,B(BQI)), {z(ny, Aeﬂll} is a process with orthogonal increments,
and for all -» < a < b < w, E|[Z(b) - Z(a)|% = ui(a,b]} .

Consider the mean square error -

2. N nl ., nysin n(2Wt-n)|°

(B = Eix(t) - L (- yaneD X0 e |

n=-N




00 n=—N(W) TT(ZWt"n)
o N(W) 2
. 2mith W sin m(2Wt-n) .|
LI an(W) rope " A I @)
. LA
w e
(2.4.27) = —0{ 1 - lf X 4Tr1Wtu KN(W) (u)du' () .

—/2——

2

Since this expression is similar to (2.4.4), (2.4.23) follows as in
the proof of Theorem 2.4.1, The proofs of (2.4.24) and (2.4.25),
(2.4.26) are similar to those of Theorems 2.4.2 and 2.4.3 respect-

ively, and hence they are omitted. 0

A second order stochastic process x = {x(t), te]Rl} is called a
harmonizable process if its correlation function R(t,s) = E[x(t)x(s)]

is of the form

R(t,s) = ] [ ezni(tu'sv)du.(u,v) R t,Se]Rl s

=00 =00

o N Y
[ e2mith _ 9‘” . +1)e"1 W sin m(2Wtn), dm)l

2

where u (the spectral measure of x) is a complex measure on (IRZ,B(]R )).

Theorem 2.4.5. If x = {x(t), te]Rl} is a harmonizable process,

and 'if %V(—Wl + o as W » o, then for each 1:e]R1 (2.4.23) holds, where
the convergence is in the mean square sense uniformly on compact sets.
Furthermore, under the conditions of Theorems 2.4.2 and 2.4.3,
bounds on the mean square error similar to (2.4.24) and (2.4.25) hold

as well as the approximation (2.4.26).

Proof. Consider the mean square error

. ; 2
T LT

n=-N(W)
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© o . N(W) Tl'ill'u.- W4
. [eantu ) f (- g !nll)e W s;?z%ggg§-n)]

-0 -0 =-N(W)
N(W) -mi oV
-2ritv n W sin m(2Wt-n)
- [e - § (1 - )e - Jdu(u,v)
Ny NODAT T(ZWt-n)
L_u
0 o W, .
4miWt
s_i _i 1- f . g tmLAtY KN(W)(u)dul
la
2 W
1/- V
22N, .
. I1 - { . ity KN(W)(V)dV'd]u](u,v) .
W

By the familiar technique used in the proof of Theorem 2.4.1, we

have

en(®) < [ul (RO (LW + 4fu] (A4S

where A = [-a,a], a > 0, and the proof is completed as in Theorems

2.,4.1 to 2.4,3, 0

We finally consider certain harmonizable, but non-stationary, stable
processes. A random variable X is symmetric a-stable (SaS), 0 < a < 2,
itX ,

T = exp(-by[t]®)

for some positive constant bX’ A stochastic process x = {x(t), teﬂil}

if its characteristic function is of the form E(e

is called SoS, if every finite linear combination of its random
variables is SaS. The following can be found in Shilder (1970). If

X is a SaS random variable, then, for 1 < o < 2, the map X |— bi/a
defines a norm on a linear space of SuS random variables: X1, = bi/a.
1If the process {Z(3)): 220} is SoS with independent increments, then

the function F defined on [0,2) by F(A) = [[Z(A)llg, A > 0, is non-
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decreasing and thus defines a Lebesgue-Stieltjes measure up on

the Borel sets of [0,). If the family of functions {ft(-), teRY}

belongs to LZ(uF), then the integral

x(t) = fooft()\)dZ(A) , teR™ ,
0 .

defines an SuS process and for every teﬂil,

TRCH M / | £,00 | %dup ()

- Theorem 2.4.6. Let a stochastic process x be defined by

(o]

x(t) = [ cos 2wtA dZ(A) , teﬂ(l ,
0

- where {Z(A), A=0} is an SoS process with independent increments and

finite measure Mps and 1 < o < 2. If §%ﬂl_+ o as W > o, then for

1

every teR™, (2.4.23) holds, where the convergence is in the

gnorm. Furthermore, under the conditions of Theorems 2.4.2
|

and (2.4.25) hold as well as the approximation given in (2.4.26).

and 2.4.3, bounds on the

Iu-norm error similar to (2.4.24)

Proof. Consider the o-mean error

o100 - 12 s S
ez 50 e o g

0 n= N(W)
* [0
= é lfN,w(t,k)I dup(A) , say .

As in (2.4.4), we have

du, (N
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Lo A
fN’w(t,A) = cos 2mth - [ , cos 2ﬂt(2wy+k)KN(WD(y)dy
-%_2__
o A :
- Re[éZﬂitA . ; 2w eZNit(zwy+A)KN (y)dy]
H
By N(W)
22w
and the proof is completed as in Theorems 2.4.1 to 2;4.3. 0

The same results hold for SaS processes

(o] 0 1

x(t) = [ cos 2mtr dZ;(A) + [ sin 2ntd dZ,(3) , teR™,
0 0

- where 7, and Z2 are independent processesvaé in Theorem 2.4.6.
These processes are_thé SaS (non-stationéry) analogues (1 < a < 2)

of the real stationary Gaussian (o = 2) processes.

2.5. Sampling Approximation Using Walsh. Functions.

'Recéntiy, Walsh functions have been increasingly used in digital
communication systemé: they are easily'genefatéd by semiconductor
devices, their pulse shape (1,-1) conforms with operations of digital
computers,Aand they play, for discontinuous signals, the role cdmplex
exponential functions (and Fourier'trahsforms) play for continuous
signals. In}additibn, they have been used in experimental sequency-
multiplex systéms, image coding and enhancemént, general two-dimension-
éi filtering, etc.

In this section, using Walshvfunctions,we’derive a sampling |
, approximation and error estimates for functions which are not necessar-
'ily continuous, and for stochastic processes which are not necessarily

mean square continuous. These results are the Walsh-analogues for
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W-continuous functions of the Fourier results of Sections 2.2 and
2.3 for continuous functions. Results similar to those of Section
2.4 should be feasible for W-continuous functions, but complete proofs
have not as yet been obtained.

The following notation and definitions will be used in the
sequel. R, = [0,#), IN is the set of all integers, N is the set
of all non-negative integers, and D, is the set of all non-negative

dyadic rationals. Each t > 0 has the dyadic expansion

(2.5.1) t= §  t.27, t.ef0,1}
j=N(t) I g

for all j, where N(t) is such that ZN(t) <t < ZN(t)+1, and we put

tj = 0 for j < -N(t). If teD,, there are two expansions and the
finite one is chosen so that expansion (2.5.1) becomes unique. The"
componentwise addition modulo 2 (dyadic addition) of t,seR_ is defined

bytes =)

j=-o

-5, |27
]tJ sJ|2 .

The Walsh functions can be defined in several ways. The following

. definition is based on the system of Rademacher functions {Rn(t)}néIN ’
+
te[0,1), where

e'ni[Zt]

Ro(t) =
R, (t)

Ry(2"t) ,n>1,

and by

ﬂitn+1
Rn(t) = e » nelN_ te{0,1) .

The set of Walsh functions {y_(t)} on [0,1) is defined for each
n nelN+

non-negative integer n = zg=-N(n)nj2_j by
N(n) n_. N(n)+1
(2.5.2) () = T R;(1) 7 =exp{mi §omy st}

j=1 j=1
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-and is orthonofmal and complete in Lz[O,l) . The Walsh functions are

extended to {wu(t) }uAtelR by
b4 +

N(u)+1

Y (W) = g, (t) = expini t,ucR, ,

U, .t.!
. 1-5734°2
j=-N(t) “77 )
and they have the property that, for all ueRR_, whene\}er tesd¢D,

P, (tes) = v, (1), (s) .

A function f on R , is called W-continuous if f is continuous on
R_\D, and right continuous on D,. It is clear that the Walsh func=
tions are W-continuous. If feLl(]R ,)» then the Walsh-Fourier transform

(WFT) £ of £ is defined by
W * A
(2.5.3) flu) = é £y, (t)dt , ueR, ,

and fw is bounded and W-continuous. - If f, fweLl(]R +) and f is W-

continuous, - then the WFT can be inverted to give
2.5.4) . f(t) =] fw(u)wt(u)du , teR, .
0 :

(See Butzer and Splettstdsser, 1978.) The Walsh modulus of continuity

of a function féLl(lR ,) is defined by

w(£;8) = sup ||£(+) - £(-eh)|] §>0 .

)
0<h<s$ lwrl

R7)

For oo > 0 and a constant L > 0, the Lipschitz class LipLoc is defined-

by
Lipa = {£L1(R,): w(£;6) < Ls®, &> 0} .

A function feLl(]R 4 is said to be dyadic différentiable if there
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exists a geLl(DR+) such that

¥ -j-1
Lin| [ ] 2'[£() - £(e27770] - g()]] , =0,
I j=-m : L7(R,)

g is called the first strong dyadic derivative of f, and is denoted
by D[l]f. For r'> 1, D[r]f is defined iteratively by D[r]f =
D[l](D[r-l]f). If £ and D[rJf belong to Ll(H{+), there exists a
constant M such that w(f;$) < MSH»(D[r]f;G), § > 0.

A complex function f on R, of the form

2n

(2.5.5) f(t) = é F(u)wt(u)du » teR
for some neIN and some FeLl(O,Zn), is called sequency limited
to 2. A sequency limited function f which is W-continuous and in

1 . . .

L*(R,) has a sampling expansion of the form:

(2.5.6) £(1) = J £(-595(1; Mek) , teR. ,
k=0 2" | ¥

whére‘J(v;t) = fth(u)du, t,veR,_ (Fine, 1950). As it was pointed out
0 -

by Kak (1970) and Butzer and Splettstosser (1978),

J(1;2"tek) = 1

>

t
27", 2'“(k+1))(,

and thus (under the stated conditions) the functions that are sequency
limited to 2" are precisely the functions that are constant on each
interval [2'nk, 2_n(k+1)), a rather small class (unlike the class of
bandlimited finctions).

A (dyadic) sampling approximation for time-limited functions
(which are not necessarily continuous) was dérived by Butzer and

Splettstosser (1978):
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Theorem 2.5.1. (Butzer and Splettstosser, 1978). Let f be a

W-continuous function on R such that f(t) = 0 for all t = T, for
some T > 0, and f,fweLl(I{+). Then

N(n) | |
§n £(-51 (1) , teR

2.5.7 £(t
( ) (®) = nig k=0 2% 27,27 (k+1))

+
where N(n) =V[2nT]. If, in addition, either (i) D[r]f exists and
D[r]feLipL/Ma dr (ii) feLipL(a+r), for some fixed o > 0 and rell,2,...},
then

N(n)

k L2*" ~n(r+oa-1)
2.5.8 £(t) - § £ 0] <22 :
(2:5:8 teR, © - L 12,2 ™ (+1)) -1

We now derive a sampling approximation as well as error estimates
for functions which are the WFT of finite (or complex) measures and

thus not necessarily time-limited nor sequency limited.

Theorem 2.5.2. If f is the WFT of a finite (or complex) measure

u on the Borel sets of R, i.e.

+

f(t) = é v (Wdu(w) , teR
then for every telR, and nelN,

@S g - Bl .—fﬂ“mmmm,

where for each (fixed)-teDR+, win](u) is the 2n-periodic extension

of the function wt(u), 0<su<2"to ﬂ{+,‘and
(2.5.10) [£(8) - £.(0] < 2Ju[[2",=)

Thus for each teR ,
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(2.5.11) f(t) = 1lim fn(t) .
oo
If, in addition, u is absolutely continuous with respect to Lebesgue
measure, and feLipL(a+r) for some o > 0, L > 0, and re{1,2,...},

then for every teR

p2r*e-1 ,n(r+a-1)

(2.5.12) 1£(t) - £,(0)] < g

Proof. Since wEn]eLl[O,Zn) is periodic with period Zn, W-contin-
uous, and of bounded variation on [0,2n), then the partial sums of its
Walsh Fourier series converge everywhere to w{n] (see Chrestenson,

1955, Theorem 2), i.e. for each telR,

(2.5.13) i ) - kzoan’k(t)wk(z—nu) , ueR,
where on
an () = z‘ng 0, (DU 2NV dv
1 Il
=£%mﬂwmw
1 n
= [0, @0y, oav
1

6 wV(Znt ® k)dv

J(1;2" e k)

=1 (t)
[27%,2 " (k+1))

Let
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K

: .k ®,[n]
t;n) = f(-1 () - [ vg 7 (wdu(uw
"t Ikzo (2“) [27%,2 M (k+1) é e (]
s fwlw[“](u) - § v (27 )1 () |d|n] ) .
0 ¢ k=0 X ™, 2 (k1))

Using (2.5.13) and the fact that for each neIN and teR ,

K
[n] -n

P - ) v (2 Twl ()] <2

Kt kZO S 0 ge) |

for all uelR and K > 1, it follows that
eg(t;n) >0 as K>, for each teR_ and neN ,

proving (2.5.9). Now

20 - 501 = 1] b - | o™ )y ducw |

IA

J @ - v o) fdful
2]'1

IA

2| [2%,=)

hence (2.5.10) and (2.5.11). To prove (2.5.12), notice that if

dggu) = F(u) and feLipL(r+u), then

(2.5.14) IFw| s L 25 W™ us o,

(see, Butzer and Splettstrosser (1978)). From (2.5.10) and (2.5.14)

we have

T+o-1 ® 1
L2 in ur+a

2-n(r+a—1)

[£(t) - £,(0)]

IA

du

L 2r+a-1

r+o-1
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We end this section by extending the results in Theorem 2.5.2
to stochastic processes which are not necessarily continuous. We

first introduce the following notation. A function R on B{f =
[0,0)x[0,») is called Wz—continuous, if R is continuous on BKE\DE

and continuous from above on DE (in the sense of Neuhaus, 1971). If

ReLl(H{f), the first modulus of continuity is defined by

w(8,A;R) = sup{llAh,gRllLl( ,0<h<g, 0sg<2A}, §,>0,

2
R.)
where Ah,gR(t,s) = R(teh, seg) - R(teh,s) - R(t, seg) + R(t,s)., Also

(2)
L

the class Lip; "o is defined by

LiptPa = ReLI(RY: w(8,3R) < 160, §> 0, A > 0} .

The WIT of a function ReLl(IRE) is defined by

[e o N oo

R'u,v) = [ R(t, )0, 0y, ()t ds , u,veR, .
0 0

Finally, if R is W,-continuous and R,R%L}(R?), then (as in (2.5.4)
(2.5.15) R(t,s) = g é R™(u, )y, Wy, (V)du dv , t,seR, .

Theorem 2.5.3. Let {x(t), teﬂ2+} be a second order stochastic

process with correlation function R. Assume that R is Wz-continuous,
R,RLI(R), R(t,+) LA(R,) for a1l teR,, and R¥(:,v)cLl(R,) for

+?

all veR_. Then for each teﬂil, neN

o0

. k - of o[
(2.5.16) x (£): = J x(=91 (t) = R du ,
n kZO 2" 127,27 (k1)) é ey

where the equality is a.s., the series converges in quadratic mean,

and y is defined by the quadratic mean integral
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y(u) = Rf v, (Ox(t)dt , ueR, .
0

 Also, for each telR and neN,

(2.5.17) eﬁ(t): = Elx(t)—xn(t)]2 4 f f R (u,v)ldu dv ,

. n 2

and thus for each telR

(2.5.18) x(t) = lim xn(t)

n-oo

is quadratic mean. -If, in addition, ReLip{z)(r+a), for some o > 0

and re{1,2,...}, then

L 22(r+a)

(r+o-1)

(2.5.19) NOKE g en(rra-l)

Proof. The proofs of (2.5.16), (2.5.17), and (2.5.18) are
similar to those in Theorem 2.2.2 and hence omitted. To show

(2.5.19), notice that for any u > 0 we have the dyadic expansions

[+ . 0

u= J wuz2d, ul- Y (u-l)L 273 ,
j=-N(u) J j=N(u)+1 j

and thus

N(u)
-1, _ . S
b, (u ) exp{w1j=§N(u)(u )j uJ}

(see Butzer and Splettst8sser, 1978, p. 102). From (2.5.15), we

have that for any u > 0

Rw(u,v) - fmwa(t,s)wu(teu-l)wv(s)dt ds
0

[a]

e R(teu L,5)y, (t)y, (s)dt ds , VeR, ,

Similarly for any v > 0
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R uv) = - [ R(t,sev'l)wu(t)wV(S)dt ds , uelR,
00

and for u,v > 0

Ruv) = | f R(tou”
0

L, sev hy (D (s)at ds

<

Hence for u,v > 0

oo 00
R'u,v) = 7 [ [R(teu ™, sev 1) - Reteu™t

00

»S)

- R(t,sov 1) + R(t,8)T0, (¥, (s)dt ds

and
-1

INTS

Rt

2T+
3 )

= , U,v > 0 .

W 1 -1
IR" (u, V)| < g w(u 7,2 <

;R) <

Now from (2.5.17) we have

. e 2 2(r+a) _ }
erzl(t) < 22lr oc)[ / _1du] _L2 p-on(r+a-1)

T+o-1
M u

The following corollary shows that the approximating sequence
xn(t) converges to x(t) with probability one for each teHll, and

gives the rate of convergence.

Corollary 2.5.1. Let x be as in Theorem (2.5.3) and assume that

T + o > 2. Then for each teﬂ(l,
2yn

(2.5.20) 2 0 sup Ix(t)-xn(t)l +0 a.s.asmny~>«,
n>n,

where 0 <y < E%Q - 1.

Proof. For each fixed t, define Xu’ 0<ucx<l, by

x(t) foru=20

1 1
Xn(t) forzTn<uSm ,nzl,
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w k .
where x_(t) = ), _~x(—=)1 _ ) (t) . Then X is separable
*n k=0""n 12,2 (ke 1))
in u and from (2.5.19), we have (with n such that 272 < Z-Z(H-I))
EIXy X, = Elx@) 01 s e < c™® L us0,
L 22(1*@)
where C = and B = r+a-2 > 0 . Thus, by Kolmogorov's
(r+a-1)
theorem (Neveu, 1965, p. 97),
1 1 '
~ S ,Ix(t)-xn(t)l == sup |X0—Xul +0a.s.ash+ 0,
h 0< 1 <h h' 0<u<h
22n

-an
and (2.5.20) follows by putting h = 2 0, ny > . 0



CHAPTER III

Sampling Expansions for Operators Acting on

Certain Classes of Functions and Processes

3.1. Introduction.

In this chapter the problem of reconstructing bounded linear
operators acting on classes of functioms bandlimited in the sense
~of Zakai (1965) and of Lee (1976a) will be considered. Sampling
expansions for bounded linear operators acting on classes of func-
tions with wandering spectra will also be investigated.

W .
Recall that a function of the form f(t) = [ 0 eznltu?(u)du ,

0
wheére WO > 0 and %eLZ[-WO,WO] is called conventionally bandlimited

to W,. The class of all such functions will be denoted by BO(WO)
~and is a Hilbert subspace of Lz(]Rl). Every feBO(Wo) has the follow-

ing sampling expansion and convolution representation

£(t)

© in 7(2Wt-n)
] o ey

n=-o

1
’

- ® sin 21W(t-u) '
(3.1.1) _'ofo flu) W CE-0) du , teR

where W 2 Wy » and the series in (3.1.1) converges uniformly on Rr!

and also in LZ(IRl). The functions

b(tsW) = BB | nmg, 21, 52,

form a complete orthogonal set in BO(W) which is strictly larger
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than BO(W It is thus interesting to notice that when W > W0

0
the partial sums of the series in (3.1.1) belong to BO(W) and yet

its pointwise (or LZ(DRI))limit belongs to the smaller subspace

BO(W Of course, when W = WO’ (3.1.1) is the expansion of f

0)'
in-terms of the basis {¢n(t;WO)} of BO(WO).
Zakai (1965) extended the classical concept of conventional

bandlimitedness to a broader class in which the functions need not be

square integrable. He also proved that if feBO(WO) and W > W,, then

(o]

(3.1.2) y (—1)nf(ﬁr\}-) =0

= ~-00

.

and if, in addition, f(u)(1 - e W65—1 belongs to Ll[—Wb,Wb], then

(3.1.2) is also valid for W = WO‘

3.2. The Bandlimited Case.

Kramer (1973) derived a sampling expansion for bounded linear
operators acting on conventionally bandlimited functions, and Mugler

(1976) derived a convolution representation for such operators.

Theorem 3.2.1. (Kramer (1973) and Mugler (1976)). If T is a

bounded linear operator on BO(WO), then for every feBO(Wb)

sin ﬂ(ZWO( )-n)

= -00

[Tf] (1)

o sin ZnWO(-—u) 1
(3.2.1) [ f) T[ LI Ty J(t)du , teR™ .

When T is time invariant, i.e. [Tf(+-a)](t) = [Tf](t-a),

(3.2.1) takes the simpler form
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sin 27w WO( ) n
[T£](t) = z f(zw) T[ 2’iTW ©) ] (t - W_)
n=-c 0
sin Zﬂwo( ) 1

f f(t U) T[W—r—] (u)du ) telR

Thersignificénce of Kramer's expansion is that Tf may be re-
constructed from samples of f itself rather than from samples of
Tf. For instance, the differentiation operator [Df](t) = a%-f(t)
is a time invariant bounded linear operator on BO(WO)’ hence from
(3.2.1) we have

d sin w(ZW t-n)
£1(t) = 2_ f(zw Vae LamE 1 -

Kramer's sampling expansion (3.2.1) will be generalized to
broader classes of functions. The following notation will be used
in the sequel. For a non-negative integer k, Lz(uk) is the class of

all complex valued functions defined on Hll that are square integrable

dt
(eHF
defines a tempered distribution (denoted also by f) on the class S

with respect to the measure duk(t) =

% - If feLZ(uk), th§n £

of rapidly decreasing functions by
£(8) = [ £(t)o(t)dt , 6eS .

’(See Chapter 4 for relevant definitions.) The distributional Fourier
transform of f is the tempered distribution % defined by %(6) = f(@),'
6eS. The spectrum of f is the suppoft of %. For k = 0,1,2,... and
VWO >0, Bk(WO) is the class of all continuous functions feLz(uk)
whose (distributional) spectrum is contained in [-Wb,WO], and is

called the class of Wo-bandlimited'functions in Lz(uk). It is clear
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‘that By(W,) is the class of Wy-bandlimited functions in LZ(Hll), and
Bk(WO)CBk+1(WO)' Also, BO(WO) is dense.in Bk(Wo) for every positive
integer k (see Lee, 1976b).

Zakai (1965) obtained a sampling representation for functions
in BI(WO)’ Cambanis and Masry characterized Zakai's class Bl(WO)
and as a consequence sharpened Zakai's sampling expansion (see

also Piranashvili (1967) and Lee (1976a)).

Theorem 3.2.2. (Zakai (1965), and Cambanis and Masry (1976)).

1f feBl(WO) and W > W,, then

(3.2.2) £ = T £ Si?2%§?ﬁ§‘“9 , teR!,
n= =00

and the series converges uniformly on compact sets.
Thus, functions in Bl(WO) are reconstructed from their samples

using functions in BO(W), w> WO'

Remark 3.2.1. It should be noted that (3.2.2) holds for

W =W, if the Fourier transfomm g of g(t) & [£(t)-£(0)]t™T is

S
WO)-l

such that é(u)(l + e belongs to Ll[-WO,WO].

Lee (1977) proved an analogue of Theorem 3.2.2 for functions

feB, (Wy), k = 0.

Theorem 3.2.3. (Lee, 1977). If feBk(WO), W>W., 0<Bc< W—Wb,
and Y is an arbitrary but fixed ¢”-function with support in [-1,1]

and [ Y(t)dt = 1, then
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R n, sin 7(2W&-n) » n 1
(3.2.3)  £(t) = nZ-mir‘(z—‘,\,) T(z‘w‘t%ﬁ“' VBt - 5p) , telRT,

and the series converges uniformly on compact sets.

It should be pointed out that the function §ig;%%¥§il_$(3(.))

belongs to BO(W+B), W > WO' Thus functions in Bk(Wb) are reconstruc-
ted from their samples using functions in BO(W¥B), W > W, and

0 <B<W-W ‘It should also be noted that the presence of the

0
(damping) factor @ in (3.2.3) cannot be eliminated, as (3.2.3) is

not valid for feBk, k = 2. As a counter example condider

£(t) = t(feBy(W))); then £(5) = 5 and the series in (3.2.2) does:
not converge.

Campbell (1968) derived sampling expansions for the Fourier
transforms (as functions) of tempered distributions with compact
supports. If a tempered distribution F has a compact support and
eu(t) = eZﬂitu, then F(eu) is well defined, since eueCw for all uéﬂll.
In‘this case the Fourier tranéform fof F may be thought of as a func-

tion defined on DRl by ﬁ(u) = F(eu), ueIR1 (see Section 4.2).

Theorem 3.2.4. (Campbell, 1968). Let F be a tempered distribu-

tion with compact support and with Foﬁriér transform f as a function
on HRl,Vi.e. f(t) = F(et), teﬂQl. Let v be a test function such
“that y(u) = 1 onvsome open set containing supp(F), and let W > 0 be
such that the translates {supp(y) + an}n#O are disjoint from supp(F).
Then '

(3.2.4) £(0) = ] E(gpK(t - ) ,

n=-o
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where K(t) = 7%-fe2ﬂltuw(u)du , and the series converges for every

teRL.

Campbell's result does not require the support of F to be
symmetric with respect to the origin and is more general than Lee's
(Theorem 3.2.3) as functions in Bk(Wb) have (distributional) Fourier
transférm with compact support in [-Wb,WO]. Campbell considered also
a sampling expansion similar to (3.2.3) when supp(F)c(—WO,WO),

Wy > 0, (for specific y) and derived an upper bound for the trunca-
tion error which was recently made more explicit by Lee (1979).

To establish notation, let ¢y be a fixed but arbitrary function

in S whose Fourier transform § satisfies the conditions

(i) @ is a symmetric test function supported by [—WO—&,W0+8],
0 <6< WO’
(ii) $(t) = 1 for all te[-Wy,W,],

(ii1) $(t) < 1 for all t§[-Wy,W,] .
Then for all feLz(uk), the convolution fxy exists and is a ¢”-function
in L%(u). If feB, (Wy), then

£(t) = (F9) (1) , teRT ,

(see Lee (1976a), also Cambanis and Masry (1976)). The following

characterization of Bk will be needed.

Lemma 3.2.1. (Lee, 1976b). If feLz(uk) is continuous, then

the following are equivalent,

(@) f£(t) = (F) (1) , teRY,
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k-1 f(g% .k 1
) £(t) = § —LT—-tJ + =7 g(t) , teR", and some geBy(W,),
j=0 j, kp

(c) the spectrum of f is contained in [-WO,WO] ,

(d) f has an extension to an entire function satisfying

X ZﬂWOIDnZ]
1£(2)1 = Ck(1+121) e -, zeC and some Cy > 0.

The following result is a generalization of Kramer's sampling
expansion (3.2.1), in the sense that (3.2.1) is established for band-
limited functions feBl(WO) (:BO(WO)), as well as of Zakai's sampling

expansion (3.2.2).

Theorem 3.2.5. Let feBl(Wb) and W > Wy- Then for any bounded

linear operator T on Bl(W)

(3.2.5) [T€]() = ] fpITe,I(t) , teR,

n=-co

wn - Sin w(2Wt-n) . .12
where ¢n(t,MD = ST (Wt , and the series converges in L (ul)

and also uniformly on compact sets.

Proof. Fix feBl(WO) and W > WO' We first show that the converg-
ence in (3.2.2) is in L%(u)) as well. From (b) of Lemma (3.2.1) we
have that f£(t) = £(0) + tg(t) for all teR', and some geBy(Wy);

hence by (3.1.1) we have

0=fle® - I gle,esw]Zar

- £(52) -£(0)
- (HEEO) - e oypg ey - § Do ()| at

' n#0 n/2W
(3.2.6) = []£(t)-£(0)-£' (0) 4 (t;W)
We[£(mp-£(0)] 2 dt
_n#o Oy Sin T(2Wt-n) | 2
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. 1 1 ‘s
Since ————— = = W by writing

o £ -£(0)

t[£ () -£(0)]
7w ot :

5 sin w(2Wt-n) = (-1)
m(t - 'Zw)

+ [£(p-£(0)] o, (t;W)

in (3.2.6) we obtain
0 = [I£(t)-£(0)-£' (0)9,t;W) [(-n* f(ﬁ)—fm) (t;W)
¢0 ’ n§0 —‘IV'ZW—" ¢0 ’

(3.2.7) v £ (6W) - £(0)0, (61]] 2duy (1)

Now (3.2.2) applied to g gives

£(5m) ~£(0)
(3.2.8) £100) + ¥ (-D° _ﬁw___zw =0 . .
ngo n '

Also from the classical sampling theorem (see Zakai, 1965) we have

I o (W) =1, teR' .
n=-w
N N
For any positive integer N, let S_(t) 4y ¢,(t;W). Then for
=-N ,
any t 2 0

(3.2.9) N1 < 1S5@1 + 1S5 @1+ 18] 0] -

Consider S?N(t) and let t be such that sin 2nWt = 0. The successive

terms of S?N(t) can be written as

sin 2rWt  sin 2nWt  sin 27Wt (—l)N sin 2mWt
2mWt > w(2We+l) C m(2Wt+2) *TT 7 T(2Wt+N) °

and are thus alternating in sign and decreasing in magnitude. It
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follows that IS?N(t)I [S;ngﬂth <1 for all t = 0, and similarly
20t N N
for Sé ] and S[ZWt]+1 Thus for all N> 0 and t 2 0, IS_N(t)| < 3.

The same result holds for t < 0. Thus lS?N(t)—ll < 4, and since
SﬁN(t) -+ 1 for all teﬂll, and Uy is a finite measure, it follows by
the bownded convergence theorem that S?N(t) + 1 in Lz(pl). It then

follows from (3.2.7) that
- [150) - [ £Gpey (e @

proving the convergence of (3.2.2) in Lz(ul). Since T is a bounded
linear operator on Bl(W), and hence continuous, (3.2.5) follows with
the series converging in Lz(pl). Masry and Cambanis (1976) showed

that if h ,h eB (WD then
Ihy (£)-h, (1) | < C(1+t%) %] |hy-h,] | , teRT
1 2 12 2
L (ul)

which implies that (2.5.2) converges uniformly on compact sets. [

Remark 3.2.2. As in Remark 3.2.1, we notice that if the Fourier

_ transfomm é of g(t) = [f(t)—f(O)]‘c—1 satisfies the condition:
Tie '

A Wo.-1 1

gl + e ) “el7[- W O]’ then (3.2.8) and thus Theorem 3.2.5

remain true for W = WO'

For k 2 2, (3.2.5) is not valid, since it is not valid when T is
the identity operator (a counter example is f(t) -= t which was mentioned
earlier). The following expansion for k 2 2 involves the derivatives
of £ at zero and th¢ functions tjij+1(MD, 0<3j<k-2, and

k-1 sin 27Wt

t TTWE

Bk_l(MD, so that functions feBk(WO) are reconstructed



55

from their samples and the values of their derivatives at zero using

functions in Bj(W), 1<j<k-1,W> WO’ i.e. in Bk_l(WB.

Theorem 3.2.6. Let feBk(WO), k=22, and W > WO' If T is a

bounded linear operator on Bk(W), then

(3.2.10) [TE]() = [T, _;]1(t) + ;O{fcﬁ)-fk_z(g%)}[mn,k] (1), teR,
n

where
k-2 () s (k-1) .
r - £700) .j - f (0) k-1 sin 2mWt
£ (t) = §J ——22t) £ (t) =f (1) + et ,

_ 2Wt k-1 sin w(2Wt-n)
¢n,k(t) = ( n ) m(2Wt-n) ’

and the series converges in Lz(uk), as well as uniformly on compact

sets.

Proof. From (b) of Lemma 3.2.1 we have

k! k-2 -(3) : -
(3.2.11)  £(1) Q—E—_—l-{f(t) ; .zo_f_.j.,_@.l tJ] -~ 1D 0y 4 tgct) |
t j= )

for some geBO(WO). Since F(0) = kf(k_l)(O), then by part (a) of Lemma

3.2.1 we have that FGBl(WO) and then by (3.2.5)

(3.2.12) F(t) = ] Fpop(tw) , teR',

n=-oo

where the series converges in Lz(ul) and uniformly on compact sets.

Then from (3.2.11) and (3.2.12), it follows that for all teﬂil,

(3.2.13)  £(t) = £ _(t) + 7Zéo{f(ﬁ%)-fk_z(f%)}(zlr‘l'i)k'lcbn(t;w) ’
n

and the series converges in Lz(uk) and uniformly on compact sets.
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We notice that tJ"lij(MD, 1< j <k, since tJ-leLz(uk) and for any
function YeS whose Fourier transform $'is a test function with

P(t) =1 on [-W,W], and $(t) < 1 for all te[-W,W] we have

[hv@au + [ %1(§)£j(-ﬁ)j'r]w(u)du
T

[ (t-w)Ip(u)du

390 + T OFEDI TR Tywan
r=1

d+ ) deenI T
r=1 :

=t .
We also notice that tk-1¢n(t;W) belongs to Bk(W) by (b) of Lemma 3.2.1
since ¢n(t;W) BO(MD for all n. Now since T is a bounded linear oper-
ator on Bk(W), and hence continuous, (3.2.10) holds where the converg- -
ence is in Lz(uk), and the uniform convergence on compact sets follows

by (c) of Lemma 2 of Masry and Cambanis (1976).

Example 3.2.1.  The m-th derivative operator [D(me](t) = fﬁm)(t),

feBk(Wb), m,k = 1, is a bounded linear operator on Bk(Wb).
Proof. Since feBk(WO), then by (a) of Lemma 3.2.1 we have
f(t) = [ f(Wy(t-u)du

for any YeS such that @ is a symmetric test function supported by

[-W-§,W+8] for some 0 < § <Mb, @(t) =1 on [-Wb,WO], and @(t) <1

on [-WO,WO]C.' Hence, for all teﬂll,

™1t = | £ ™y (t-wdu

and
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™02 <[ 1 1€ |- [EW) 1 D™y] t-w) ]+ D™y (t-v) du av . ®

o
since D™yes, ma1, then |DMy) (x| < R
(1+x7)

, for every n 2 0,
and thus for n = k,

M) ey int2 - 02 fop _EW] £
DY (t C du d
ni 1) nk L L eew DR e D u dv

IA

IA

Cr s BEw D)
__Z_L_ f f N 7K du dv
~o oo (1+(t-u) )1+ (t-V) )

1 £(u 2 1
(3.2.14) < G kf J—(—M——Edu , teR™ ,

+(t-w?)

A

2 & )
where C&;k = Cm,k f —>x » mk 2 1. From (3.2.14) we obtain

- (1+x%)

o oo

du dt .

2
3.2.15) |p™g))2 < EHO]
Lz(uk m,k o 2 (1+t2)k(1+(t-u)2)k

Now we argue as in Lee (1973). Letting

o«

at
IL,(w: =]
K77 e erth R ew HX

 and using (1+u?) < 2(1+t2) (1+(t-w) %), we obtain

2

L, ;W) s ——I (),
k+1 1+u2 k
and thus Zk_l
1 (U) S 3T I (U)
k (1+u2)k 171
Trzk—l

(3.2.16)

A

b

(1rudHk



58

since I;(w) < -1—“7 (zakai, 1965). From (3.2.15) and (3.2.16),
’ +u .

it follows that

1
[0, 2K Iy ||f||2 . 0
L(Uk) (k)
From Example 3.2.1 we notice that if feBk(WO), then for any

W>W0,m21

£ (1) = £ (¢) + ], - feaGIM© , R,
n

where fk-l’ fk-Z’ and ¢n,k are as defined in Theorem 3.2.6.

We now obtain a convolution representation (which is a variation
of part (a) of Lemma 3.2.1) and an alternative proof of the sampling
expansion (3.2.3) for functions in Bk(WO), k 2 1. This result is

the analogue of (3.1.1) for functions in Bk(WO), k>1.

Theorem 3.2.7. Let £eB, (Wy), W > Wy, and 0 < B < W-Wy. If

O’
is an arbitrary (but fixed) test function with support (y)<[-1,1]
and [ y(t)dt = 1, then

£(0) = [ £ SEEEE Fig(t-w)du

- ~n, sin m(2Wt-n) ~» __nh 1
Z f(zw) 'rr(ZWt—n) | U’(B(t ZW)) ) telR ’
and the series converges pointwise everywhere.

Proof. Fix feBk(WO) W > W and 0 < B < (W-W ) Then for all

56311, f(-)@(B(s—-)) belongs to L (IR ). Indeed, for all ze(,
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~ l - 1
lP(BZ) - flw(u)e 2niBzu du ,
and integrating by parts n times, we obtain
e 1 (n) . . -2migzu
(-21iBz) Y(Bz) = [ -/ (w)e du
-1

Thus for any n = 1 we have

" 2mB| Imz|
2] s ——e fl#mmn@,
(2mB)
and hence
2m8 | Inz|
A Cn 8®
(3.2.18) |[p(Bz)| s —=2 =
(1+]z])

It follows that for every Seﬂil,

/ lf(t)@(B(S-t))lzdt < 2 i __J_f_(L)_l__ dt

KBo (1+]s-t))

kcﬁ’8(1+|5]) O{Jﬂ% dt <

(1+t%)

(since (1+t9)¥ < 2X(1+1s)%(+1t-s1) %X for all t,seRY). Also, by
by (d) of Lemma 3.2.1 we have

ZHWOII z|

£(2)] < ¢, (1+1z])e , 2eC

and by (3.2.18)

k 2r(W+B)|I z|
1+{z]) 0 m
Cka’B—L——l—l——E-e

(1+|s-z])

IA

| £(2)P(B(s-2)) |

2n(W,+B) | I_z|
k 0
ckck,6(1+|s]) e me

IA

for all 55H21 and zeC (since (1+]z])k < (1+ls])k(1+|s-zl)k). Thus
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by the Paleijiener Theorem, we have that for all Seﬂll, £()P(B(s-*))
_belongs to BO(W0+B). Since W0+B < W0+WfWO_= W, by (3.1.1) we have

that, for all t,sEﬂQl,

i]

f”f(u) sin 2nW(t-u) 38 (s-u))du

F()P(B(s-1)) 2TW(t-u)

(3.2.19)

] £ S lie s 59)

n=-o
and the series converges uniformly on -« < t < o, Now putting

s = t in (3.2.19), the required representation (3.2.17) follows. 0O

3.3. Bandlimited in Lloyd's Sense.

Our goal in this section is to obtain sampling expansions for
bounded linear operators acting on classes of functions and stochastic
processes bandlimited in Lloyd's sense. Lloyd (1959) extended the
concept of 'bandlimitedness' by allowing a "bandlimited" function to
have a wandering, rather than compact, spectrum. An open set VtIRl
is called a wandering set if there exists a real number W > 0 such
that all its translates {V+2nW}, neIN, are disjoint. Lloyd derived
a sampling expansion for wide-sense stationary processes whose
spectral distributions F have wandering supports, and also proved

that if ZW0 is the Lebesgue measure of supp(F), then W0 < W.

Theorem 3.3.1. (Lloyd, 1959). Let {x(t), teﬂll} be a measurable,

second order, mean-square continuous, wide-sense stationary stochastic
process, and V be the support of its spectral distribution F. If, for
some fixed number W > 0, the translates {V+2nW} of V are all disjoint

then
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(3.3.1) x(t) = lim If 1 - J-’lL)x(—ﬂ)K(t B
. . »
\ Nowo 1=-N N+172W 2W ’

1 2ritu 1 . .
where K(t) = = [ e du , teR", and if, furthermore lim sup|tK(t)|< «,

W 1
\Y4 teR
then
N n n 1

(3.3.2) x(t) = 1lim Z X(W)K(t - W‘) , teR™ ,

N»o n=-N

where the convergence in both (3.3.1) and (3.3.2) is in the mean square

sense.

Lee  (1978) extended Lloyd's result to functions in Lz(uk)
with wandering (distributibnal) spectra, and to non-stationary processes
whose correlation functions have (distributional) spectra. Before
stating Lee's results we introduce the following notation. Let
x = {x(t), teﬂll} be a measurable stochastic process with correlation

function R(t,s) = E[x(t)x(s)], t,SeﬂQl, which satisfies

(3.3.3) [ Rt DA (6) <o, k20,
where duk(t) = ———lij dt. We may define an operator R on Lz(uk) by
(1+t%)

[REI(t) = R(t,s)f(s)duk(s). R is a trace class operator, with non-
zero eigenvalues {Ak}§=1 and corresponding eigenvectors {fk}k=1 .

Cambanis and Masry (1971) obtained the following representations for

x and R:

(3.3.4) : (t) = f (t)g, , telR™,
§ by K e

. . .2
where the series converges in the mean square sense and also in L (uk)

a.s., and {g}, forms an orthogonal basis with E|£k|2 = A, for the
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Hilbert space H(x) generated (in the mean-square sense) by the random

variables of the process x, and
(3.3.5) R(t,s) = kzlxkfk(t)fk‘(s) , t,seR!
where the series converges absolutely and in Lz(uk).

Remark 3.3.1. Since R satisfies (3.3.3), then

f —iB£E—§%l7E-dt ds < ®, and hence the Fourier transform R of R
~00 =00 (1+t +s )

exists as a tempered distribution in the Sobolev space HZ"Zk(IR )
(see Treéves, 1967). If the support of R is contained in an open set
V whose translates by (2nW,2nW), for some W > 0, are all disjoint,

then (Lee, 1978) for all k, Supp( W = Iy (y,y)esupp(ﬁ)}CVb =

{v: (V,v)eV}, and the translates of V by 2nW are all disjoint.

Let U be an open set such that supp( )CUOCUOCVO, let ¢ be a -
function that equals 1 on U0 and 0 on VS, and [p(t)| <1 for all teIRl,

and let the function K be defined by

(3.3.6) K(t) = ¢ f Mty (W du .

Theorem 3.3.2. (Lee, 1978). Let feLz(pk), and suppose that there

exists an open set Vosupp(¥) such that for some fixed W > 0 the trans-
iatesv{V+2nW}, nelN, of V are all disjoint. Let U be an open set such

that supp(%)cUcﬁéV, Y be a Cm—fﬁnction that is 1 on U and 0 on VC;

2ritu

and K be the function K(t) = 2W f y(u)du . Then

(3.3.7) £(t) = of EGPK(t - =) teR?

n=-o

where the series converges pointwise everywhere.
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Theorem 3.3.3. (Lee, 1978). Let {x(t), teﬂll} be a measurable,

second order, mean-square continuous process with correlation function
R which satisfies (3.3.3) for some non-negative integer k. Let V be
an open set such that supp(ﬁ)cV, and suppose that, for some W > 0,

the translates {V + (2nW,2nW)}, neIN, are all disjoint. Then for each

teIRl,

(3.3.8) x(t) = ] x(zpK(t - 7D ,

=-00
where the series converges in quadratic mean and almost surely, and

K is defined as in Remark 3.3.1.

We now generalize Kramer's expansion (3.2.1) to bandlimited func-
tions with wandering spectra and Lee's expansion (3.3.7) (the case
k = 0) to bounded linear operators acting on the space Lk(U;VQMD
which is defined as follows. Let U be an open set in Hll such that
for some open set V 2 U and W > 0 all the translates {V + 2nW}, neIN
are disjoint. The class of all functions feLz(uk) with supp(%)cU
is denoted by Lk(U,V;W), and simply by Lk(U) when the set V is not
required to have the properties stated above. Since the translates of
U are disjoint, its Lebesgue measure is finite (Lloyd, 1959), for
k =

0, fL'(®RY) o LY. It follows that
(3.3.9) £(t) = [ ™M™ Rwdu , ace. ,

and thus every function in LO(U;V,W) has a continuous version. Only

continuous versions will be considered in this section.

Theorem 3.3.4. If T is a hounded linear operator in LZ(B%) such that T

maps LO(UO,VO;W) into Lo(UO,VO;W), and X is defined as in Theorem 3.3.2,
then for every teIRl,
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(3.3.10) [T£] (t) = Z_wf(?v%) [TK(- - 5P (D) ,
and the series converges uniformly on IR1 as w¢11 as in LZ(]Rl) .
Proof. Define the function F by
F(u) = °§ %(u-ZmW) , ua]'.Rl .

m=-co

F is the 2W-periodic extension of f, and | |F(u)]2du = || £] |22 1
I L*(R7)

where IW = (-W-,W). Thus from the Lz-theory of Fourier series, F has

the Fourier expansion

, N -Ti % u
(3.3.11) F(u) = lim } Ce ;
Nsoo n=-N
in LZ(—W,W) , where
mou
1 W
C, = =7 If E(u)e du
W
1 mi % u
= =i / _ Fwe du (U, =U+2mW)
Iwn (UmUm)
. N
R Tl &= u
=51 [ _fwowe " du
m IwﬁUm
1 mi % u
"fwz [ twe S du .
m IWnU - 2mW
m

But the sets (IwnUm) - 2nW = (I, - 2mW) n U are disjoint and their
union is U, so that '

o
N T = u
[ fwe ¥
U

2

- = Lgn
(3.2.12) C, = du = e (D) -
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We notice that for any geLO(U,V;W),

(3.3.13)  lg®] < [lawe?™ ™au < (¥l , 4,
U L (IR7)

where |U| is the Lebesgue measure of U; i.e., the evaluation map
L
on LO(U;V,W) is bounded with norm < |U|™.

Now consider the error

N
ey(t): = [[TEI(Y) - ng(ﬁ) [TK(:- 5P 1(D)]
s |ul®||Tf - ? £ (o) [TK(+ - 5 11|
=y oW w2 Ry
L ® N n Ny 23.1%
< [ulET{ [ £ - sz(TW)K(t - o [ 7dt}*
-00 n:-
X " N -mi By
SWHWWLW@-ZNﬁHﬁe ") %
U n=-
2 N g TR
+Vfﬁlw(u)l l Zwaf(ﬁe | “du}*
! e
L N -mi %u 2
< [UPE[TIH{/IF(w - } Cpe | “du
:
N -mi %-u 2.1
(3.3.14) + [ 11 Ce |“du}® .

V-U n=-N

By (3.3.11) and noting that F(u) = 0 on V-U, it follows that the
right hand side of the last inequality in (3.3.14) tends to zero
independently of t, then eN(t) converges to zero uniformly in t on

rL. 0

We now consider the stochastic analogue of Theorem 3.3.4 for

processes bandlimited in Lloyd's sense which are not necessarily
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stationary. To fix notation, let x = {x(t), teIRl} be a measurable,
second order, mean-square continuous process with correlation func-

tion R which satisfies (3.3.3) for k = 0. Assume that V is an open

set in HQZ suchrthat, for some fixed W > 0, the translates {V+(2nW,2nW)},
nelN, of V are all disjoint, and let U S V be a fixed open set.ih H{Z.
1f SUpp(ﬁ) c U, then almost all sample paths of x belong to
LO(UO;Vb’W)’ where U, = {u: (u,u)eU} and Vo = {v: (v,v)eV} (Lee, 1978).

It then follows from Theorem 3.3.4 that if T is a bowunded linear oper-

ator in L*(R1) such that T maps Ly(Up,VysW) into Ly(U,V:W), then with
probability one

(3.3.15) [x](0) = I xGITK(: = 59](8) , teRT,

n=-co
where the series converges uniformly on Hll; as well as in LZ(IRl).
We show that under appropriate conditions on the operator T
(Theorem 3.3.5) or on the correlation function R of the process x
(Theorem 3.3.6) the expansion (3.3.15) converges also in quadratic
mean.
Let T be a bounded linear operator in LZ(DRl) of integral type

with kernel SeL?(H(Z):
(3.3.16) (610 = [ S(t,wTwdu aee., £L5RY

and assume that the kernel S satisfies the following conditions:

(1) S(t,-)eLz(Hil) for all teﬂll and t ~—S(t,+) is a contin-

1

uous map from R~ into LZ(Hll), so that each Tf has a

continuous version for which (3.3.16) holds for all teﬂQl.
. | 2,01
(1) SelLo(UyiVgW) © LylUpsVg,i] @ [LE(RY) @ Lo(UR]; so
that T maps LO(UO;V,WD into LO(UO;V,W), (note that

Lo(UR) = Ly(Uy3VsW) .
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(i) [ (+ud)|S(t,w)|du < » for all teR1.

-0

Since the sample paths of x belong to LO(UO;VO,W) a.s., we have with

probability one .

(3.3.17) [Tx(*,0)](t) = [ S(t,wx(u,w)du , for all teR?, .

and we now show that under condition (iii) on the kernel S of T, the

series in (3.3.15) converges also in quadratic mean for each teﬂll.

Theorem 3.3.5. Let x = {x(t), teﬂ(l} and T be as defined above.

Then

(3.3.18) [Tx}(t) = 1 X(pIIKC - zp1(0)

n= -00 ~
. . 1
where the series converges in the mean square sense for every teR7,

and K is as defined in Remark 3.3.1.

Proof. Recall the expansion (3.3.4) of x where the series con-
verges in Lz(Hll) a.s. Since almost all sample paths of x as well as
all fk belong to LO(UO;V,W), (Lee, 1978), and since T is a continuous

linear operator on LO(UO;VO,W), it follows that with probability one,
(3.3.19) [Tx](t) = 2 [T£,] (t)gk

in LZ(Hll) and also pointwise everywhere by (3.3.13). Thus, for

every teﬂll, we have

N
E|[Tx](t) - kgl[Tfk](t)Ekl2

s 2
E Tf, ] ()&
IkZN+1[ 1 (D&

= T£1(0) |+ | [T, ] (B) [E(§,E
k=%+1 p=%+1|[ k eI (OB E) >

T 2
A | [TE, ] (t
k=%+1 «l [THI®)]
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But by (3.3.13)

2 2 ‘ 2 2
[T£, 1(t)|° < |U|TE < (Uiq|T £f.01
01 < UHITEL o g < | HITHAE g

(R7)

= up Tl % .

Thus for every teIRl,
N 2 2 [+] i
BIITxI(1) - L (16162 < [UMITIIZ ] oy > 0as Noe,
k=1 ‘k=N+1 ]

and the series in (3.3.19) converges in the mean square sense, for
each te]Rl. -

Now consider the mean square e€rror

N .
2 : 2
eq(): = BIXI(0) - | xGpIKC - pl©®1°, teR* .
- n=—
Making use of the convergence of the series in (3.3.19) in quadratic

mean for each teIRl, we obtain

. |
112 - ] BT (OXGRIITRC - 7p1(0)

2
ey(t)
N - n=-N

N
T B(TRI(DX() [TK(: - 5 1(0)
=N ZW il

. N N _ -
1 ZNECX(ﬁ%)X(z—%)[TK(' - IO TRC - zp1 )

n=-N m=-
I 2 N o N, (77 n
= kzlxk{l [Tfk] (t) l - nz—--N[Tfk] (t) fk(‘zw) [TK(‘ - Z—W')] (t)

5 TF, £ (=) [TK(* - =5

- n_g__N[T J (O£ G [TKC- - 7 1(0)
N N n m n — 1,

) N mZ \ £, G & (g9 [TKC - zp 1O [TKC - 1 (0}
n=-— =

o N
3.3.20 A [TE ] (E) -
(3.3.20 = IMJTHIO - )

SGIKC - Il
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We have
.= N n n
(D = 1TEIO) - 1 HGPITKE - zp] @]
°° o n n
< _o{ |S(t,u) |- |£ nZ-ka(W)K(u - W)ldu
2
_ofo k( ) TTlU.V
_O
N mi %V n
-3 | f £ (e dv)K(u - p [du
n=-N Uy
.( f I (V)l 21riuv
Uo
N mi % % 0
(3.3.21) -7 e K(u - 9 [dv)du .

=-N

2mi(v+2niW)u

For every uelRl, define ¢u(v) = z:=_ww(v+2nW)e (Lee,

1978). Then for each ude, oy is a periodic ¢”-function with Fourier
expansion
. n
Tl 'W- Vv

o,(M = I K- gpe ,

= =00

where the series converges uniformly on -« < v < =,  We have

. N
. N =V
ey(W: = sup |ezmuv - Y K(u - se W |
N L oW
v»sUO n=-N
. n
N T &=V
W
< sup |6, (V) - [ K- gpe |
VeIR1 n=-N oW

. N

™ =V
[

= sup_| K(u - =De
VE]R]' [n[>N o0
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< Z !K(u - _n)l s
In]>N 2W

and since KeS implies |K(u)| =< for some C > 0 ,

1+u

1
e (u) < C ;
N N T+ (o Y

1
2
AL G

IA

20(1+ud) %
In

2
—1—61‘31[—6‘- (1+u2) R uelR1 .

A

From (3.3.21) we thus have,
ey, 1 (B < [ 8t |eg(wdu | llfk(v)ldv
- 00 U‘O
16WAC |1 v% (e 2
SN U,y [ (1+u™)|s(t,u)|du .

1t follows from (3.3.20) that for ail teRl,

202
U, 1 (A6WC) 2 © o |
ei(1) < — > (kz M (+ud) [S(t,w) ldu » 0 as N » o

by property (iii) of S, and thus the series in (3.3.18) converges in -

the mean square sense. ‘ 0

It should be noted that the integral type operator T was defined
on all feLz(]Rl) since K ¢ LO(UO;VO,W). However, one could take the
¢”-function Yy (of Remark 3.3.1) equal to zero on A for some open set
A such that U0 cAg VO. In this case KeLO(A;VO,W), and it wouldr
suffice to define the integral type operator T on LO(A;VO,W) , rather

than on LZ(]Rl) (also conditions (i) and (ii) would need the obvious

- modifications).
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Under further conditions on the process X, (3.3.15) converges

in quadratic mean for all bounded linear operators.

Theorem 3.3.6. Let x = {x(t), teﬂQl} be as in Theorem 3.3.5,

and in addition assume that
1) [ +tH/RED dt < o
.. v n\ 4
(i) I O+ () R/, 0/2MN) <.
n: -00 .
Then if T is any bounded linear operator in LZ(IRl) which maps
LO(UO;VO’W) into LO(UO;VO,W), (3.3.15) holds where the series converges

in quadratic mean for every teBQl.

Proof. Notice that by (3.3.20) we have

2 2% n n
(t) < ||T M, - £, GpK(C - 75
eN ) || II kzl kll k lnléN k Zw) ( ZW)HLZ(IRl)

= |I7| Izk_g_lxk_ofo at{|£, (1% - k(tylnlngcz_{;)m .

g N I
SR, LRGP - 5

n m N\ m
+ fk(-zw)?k(z—w)K(t - -zw)K(t - 'Z—W')} .
[n], |m[<N
It follows by (3.3.5) and monotone convergence that

Ior [ 150]%te = [ R(t,t)dt. By (3.3.4) we obtain

(o]

[ R(t,5pX(t - gpdt = B [ x(OK(t - zpdt-X(zp}

-00

= F v £ °°f (DRt - =Ddt v T (o
(0L & [ H(ORCE - zpdtll ) Bl Gy 1}
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=] m 00 n .
= kzlxk’f‘k(m)_o{ fk(t)K(t - -zw)dt E

and thus (3.3.22) can be written as follows:

0 < 71 IR - DG K - )
lnlz [RGpt) - lmlzNR(z_vr;, Kt - 7]
(3.2.23) , CK(t - zw)ldt .
1

But by Theorem 3.3.3 we have for every t,seR

R(t,s) = ] R(t, 5K(s - ) ;

n=-co

substituting in (3.3.23) we obtain

2w s 1ITHH [ T IRC, Kt - m]at

-0 n>

+ Z RG> 70 | f Kt - 7 [+ [K(t - p]dt} .

In|<N |m|>N
Ck ,
Since KeS implies [K(t)| < % for each k = 0 and some Ce> 0,
, (1+t%)

and ]R(t,sjl < ¥R(t,t) » /R(s,s), we have that the first term on the

right hand side of (3.3.24) is less than

2,4 | |T||2.( f (1+tz)/§(t,t5 dt) n/2 1’112‘ z + 0 as N » =,
o In[>N 1+ (5 A

by (ii). For the second term, notice that
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2,2
e © [T (1ae?
[ IK(t - 5|+ |K(t - 5|4t < 8C,C, [ . dt
2 20 W 120 1eth)2 [1+(7%)2]
[1+ G 412
= 81C)C,—2 2]
[1+ (D ]

Thus the second term on the right hand side of (3.3.24) is less than

801G, T 1+ DRI, @]
NE!

. { /R((m/ZW),(m[ZW))J +0as N> x ,
mlN 1+

by (ii) and the result follows. 0

It should be noted that when R(t,t) is asymptotically monotonic

at to then conditions (i) and (ii) of Theorem 3.3.6 may be replaced by

fw(l+t4)/§(t,tj dt < o

=00



CHAPTER IV .

Sampling Expansions for Distributions and

Random Distributions

4.71. Introduction.

This chapter is concerned with sampliﬁg representations for
distributions and random distributions. The need to consider dis-
tributions (beyond classical functions) arises from the fact that in
many physical situations it may be imposéible to observe the instan-
taneous values f(t) (of a physical phenomenon) at the various values
of t. For instance, if t represents time or a point in space, any
measuring instrument would merely record the effect that f produces
on it over non-vanishing intervals of time I: [f(t)¢(t)dt, where ¢
is a '"'smooth'" function representing the measuring instrument, i.e.
the physical phenomenon is specified as a functipnal rather than a
function. vFurthermore, it is becoming exceedingly clear that the
tools and techniques of the theory of distributions are useful in
investigating certdain problems in many applied areas. It is thus of .

interest to consider distributions beyond functions.

4.2. Notation of Basic Definitions.

Let CZ = C:(IRl) be the class of all infinitely differentiable
functions with compact support. A topology t is introduced on
the linear space C: which makes it into a complete space: C:9¢n - 0
in T if there exists a compact set Ac]R1 which contains the
support of every i and for every non-negative integer k, ¢£k)(t)

+ 0 uniformly as n - o. C: with the topology T is denoted
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by D, and its elements are called test functions. The_members of the
dual D' of D are called distributions, and the value of a distribution
feD' at a test function ¢eD is denoted by f£(¢). A (weak-star) topo-
logy on D' is defined by the seminorms |f(¢)], feD', as ¢ varies
over all elements of D; thus, D'thf 0 weakly whenever fn(¢) + 0 for
all ¢eD.

The class S of rapidly decreasing functions consists of all

infinitely differentiable functions (¢eCw) for which
m, () ot <o
[t (W] <€y =<t

for all non-negative integers m,k. A topology on S is defined by the

seminorms

ol = sw  swp {+[th¥e™ @), mk=o0,1,2,...,
) R]_

Osnsm te
i.e., a sequence {¢n}:=1 is of functions in S is said to converge in S,
if for every set of non-negative integers, the sequence
{(1+|t|)m¢£k)(t)}:=l converges uniformly on Rrl. s is complete, and
the dual S' of S 1is called the class of tempered distributions. Simi-
larly, a (weak-star) topology is defined on S' by the seminorms |£f(¢)],
feS', as ¢ varies over all elements of S, i.e., fn converges in S’
if fn(¢) converges for all ¢eS. The space D'(S') is (weak-star)
sequentially complete, that is, if {fn}n is a sequence in D'(S') such
that {fn(¢)}n is a Cauchy sequence for every ¢<D(S), then there exists
a distribution feD'(S') such that fn - £ in D'(S'").

Finally, the space ¢” with the topology defined by the seminorms
P @ = 1 swle®™m , ¢,

’ O<ns<m teA

where A ranges over all compact sets in Hll and m over all non-negative



76

integers, is denoted by E.

The Fourier transform F(F(¢) = 8, $eS) is a one-to-one bi-
continuous mapping from S onto itself. If feS', the Fourier trans-
form T of f is defined by %(¢) = f($), ¢eS, and is a tempered dis-
tribution. If feS' and ¢eS, the convolution fx¢ is defined as a

function on Hil by
(£x0) (1) = £(1,$) , teR?,

where %(t) = ¢(-t) and the shift operator T, is defined by (Tt¢)(u) =

t
¢(u-t). fx¢eC has a polynomial growth and thus determines a tempered
distribution.

Suppose feD', f is said to vanish in an open set Uc]]Rl if f(¢) =0
for every ¢eD with supp(¢)cU. Let V be the union of all open sets
Ueﬂ(l in which f vanishes. The complement of V is the support of f.
Distributions with compact supports are tempered distributions. Now,
if f is a distribution with compact support (i.e., feS'), then f
extends uniquely to a continuous linear functional on E. If YeD is
such that y(u) = 1 on some open set containing supp(f), then yf = f
i.e. (W) () = £(44) = £(¢) for all ¢eS, but since e, (w) = 21t
is a Cw-function, f(et) = f(wet) exists,'énd thé distribution %ris

generated by the function %(t) defined on Hll by

(4.2.1) o) = fle,)
Indeed
(4.2.2) t=wn o,

and (wf)A (and therefore %) is generated by the ¢ -function (%*@)(t)
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which has a polynomial growth (see Rudin, 1973, p. 179). By choosing

9eS such that $ = {, we have

(Bd) (1) = (B (1) = E(x,9) = £(1,0)") ’

£(e d) = flvey) = f(e,) ,

and from (4.2.2), (4.2.1) is justified. Hence the Fourier transform
of a distribution with compact support may be thought of as a function
defined on H21 by (4.2.1).

Let (Q,F,P) be a probability space. A random distribution is a
continuous linear operator from D (or S) into a topological vector
space of random variables. Specifically, a second order random
distribution is a continuous linear operator from D (or S) onto

LZ(Q) = LZ(Q,F,P), the Hilbert space of all finite second moment

random variables.

4.3. Sampling Expansions for Certain Distributions.

In this section we establish a sampling theorem for tempered
distributions whose Fourier transforms have compact supports. A
distribution feS' is said to be W-bandlimited, W > 0, if supp(%) c
(-W,W). The class of all W-bandlimited distributions will be denoted
by B0

Let D[-W,W], W > 0, be the class of all C”-functions ¢ with
supp(¢) < [-W,W], and define Z(W) L& D[-W,W] = {$eS: ¢eD[-W,W]}.
Pfaffelhuber (1971) stated that if HeBY(W) and h is its Fourier trans-

form (defined as a function on Hil), then

s o - 1 v s

n=-o
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and the series converges absolutely in Z'(W) (the dual of Z(W)).

(4.3.1) means precisely that, for every ¢eZ(W),

00 o0

e = ] nep [ 2B s,

and the series converges absolutely. Campbell (1968) had already
noted that (4.3.1) does not hold pointwise for arbitrary bandlimited
distributions. Though (4.3.1) is correct, the arguments presented in

its proof are not convincing.

The followingblemma is a modification of Lemma 1 of Pfaffelhuber

(1971), and will be needed in the proof of theorem 4.3.1.

Lemma 4.3.1. Let feS' be such that f has compact support. Let
E be a closed set properly containing supp(%), and ¢ any test function
with support E and y = 1 on some open set containing supp(%). Then

f is uniquely determined by its restriction to D(E), i.e., the values

£(6), 8D(f), by

(4.3.2) £(¢) = £(Ux¢) , ¢eS .

The shift operator Ty is defined on D'(S'), for every Zeﬂll,

by _
(1,5 () = £(t_9) » 9eD(S) ..

A distribution feD'(S') is said to be periodic with period T > 0, if
(4.3,3) (TTf)(¢) = f(¢) , for every ¢eD(S) , -

and T is the smallest positive number for which (4.3.3) holds.

We now state and prove our result,.
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Theorem 4.3.1. Let feS' be a tempered distribution such that

 has compact support, and let the closed set E and W > 0 be such
that E 2 supp(f) and the translates {E+2nW},'n # 0, are disjoint
from supp(%). Let o and ¢ be any test functions such that y has
support E, and o = 1, ¢ = 1 each on some open set containing

supp(%). Then

(4.3.4) £6) = [ flr o)(r K@) , 9eS ,
=W W
where K, (t) = 7%-£ 2™ty () du and Ky(9) = [ Ky(£)4(t)dt, ¢eS.
1f £B(W), then
(4.3.5) £(¢) = nz-mf('f_p_“) (T (G (Bxe) , ges
W W

where G(t) = S54HE , and Gu(9) = | Gu(Do(D)dt , geS.

Proof. We first show that the sequence of partial sums

SN = z§=-NT-2an , N> 1, converges in S'. For any ¢eS,

N A
I (tpy) @)
n=-N

Sy ()

N A
z f(T?.nwtb)

n=-N

l
h
—_
]
-
S
%
—

~ N
(4.3.6) £E YL Toud o
n=-N

where £e¢D is a test function such that £(t) = 1 on some open set

containing supp(%). We now show that the sequence
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@N(t) = E(t)Z§=_N é(t-2nW), N = 1, converges in S. Since ¢eS,
there exists a constant B > 0 such that |¢(t)| < B(1+t2)-1 for all

teHRl, and thus

2
l6(t-20W) | < —-1-3—_—-2- < 2B -it—j
: 1+(t-2nW) - 1+(2nW)

Since £&eD, we have supp(g) < [-C,C] for some C > 0 and |&(t)]| <
for some A > 0. It then follows that for all teDRl and non-negative

integers m,

(4.3.7) uﬂtnlau)lZNvamwﬂ

< 20B(1+C)™(1+C%) Z —1 o <=,

n=-o 1+(2nW)
i.e., the sequence of partial sums on the left hand side of (4.3.7)
~ converges uniformly on R1. Hence the sequence (1+]t|)m@N(t), N=1,
cénverges uniformly on DRl for every m = 0. Similafly, it can be
shown that for every m,k = 0, the sequence (1+|t|) Q(k)(t) N=>1,
converges uniformly on B(l, i.e. {@N}, N=1, converges in S, and since $
is complete, ité limit ¢ belongs to S, and @N +~ ¢ in §. It follows

from (4.3.6) that
Sy(®) = £o) > £(®) , as N>

and since S' is (weak-star) sequentially complete, then there exists
a tempered distribution FeS' such that Sy > F in S'.

Therefore, F = lim Sy = e

N-oo

distribution with period 2ZW. It follows that F has the Schwartz-

N=-o _anf is a periodic tempered

Fourier series (Zemanian, 1965, p. 332)



4.3.8) F= ] v, =] a_e_,ins',
n=—00 = -00 W m-
where et(u) = eZTTitu , and

_1
a_ﬂ— W F(Ue- _Il_) s
2W 2W
where Ueuzw is a unitary function (Zemanian, 1965, p. 315), i.e.

UeD and Zor::_ooU(t—ZnW) = 1 for a1l teR}. From (4.3.8) we have

W a = ) (T_mef)(Ue- N

w W

= 1 f(,lle ).
m=-00

T oW
Since f has a compact support and UeD, then there is only a finite

number of non-zero terms in the last summation, and hence

Ma =£([] Tomdle )

w W
(4.3.9) = f(e_ _n) = f(oce- _n) = f(r_ _Ila) .
' W W 2W

From (4.3.8) and (4.3.9), we have that

(4.3.100  E@) = [ mfr de (6) , 0e0(E) ,
e W W
iR
WU

o« T ~
where e _(6) = [ e 6(wdu = 8(- . Thus

=1
W

® ]_ AN AN
I 35 £t @WbGp , 80(m) ,
n=-oo W

it
iy >
~
D
Nt
'}

(4.3.11) £(8)
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and by Lemma 4.3.1 we have that for every ¢eS

(4.3.12)  £(0) = £s) = 5 ] E£(r 8) (§n0) G

W
~ X/\ o
(since yx¢ = (Y¢) e D(E)). But

n

) () = [ b - DDAt

1]

W [ Ky(t - me(t)dt

(4.3.13) Wit K@), ¢eS,

2W
and (4.3.4) follows from (4.3.12) and (4.3.13).

To prove (4.3.5) notice that when 6eD[-W,W],

. n
Wri=u

e (®=/e " owa
W

™
2

W .
sin w(2Wt+n) 2
2W_{, T (ZWE) 8(t)dt

Wt GO .
W

It follows from (4.3.10) that for @eﬁ[—W,W],

£ = £(0) = | f(r D Y@ ,
=W W

and (4.3.5) follows by Lemma 4.3.1. , 0

Theorem 4.3.1 shows that a tempered distribution f with compact
spectrum can be reconstructed via (4.3.4) from its values (samples)

at the translates of an arbitrary but fixed test function o which



83

equals one on some open set containing supp(%). On the other hand,

if we denote %(et) by f(t), then from (4.3.9) we have
f(r 6) = fle ) = £(;3) , and (4.3.4) reads
2W W
£0) = I £t K)(©®) , ¢eS, :
- W

so that a tempered distribution f with compact spectrum can be recon-
structed using the samples of the function f(t) = %(et).

We now show that the sampling theorem for tempered distributions
with compact spectrum includes as special cases the sampling theorems -
for conventionally bandlimited functions (Example 4.3.1) as well as

for bandlimited functions in Lz(uk) (Example 4.3.2).

Example 4.3.1. (Conventionally bandlimited functions). Let

feLZ(IRl) be a continuous function such that f has compact support

E. Then f determines a tempered distribution:
(4.3.14) f(¢) = [ £()o(¥)dt , o¢eS ,

and its distributional Fourier transform (denoted also by %) is

defined by %(¢) = f(a), ¢eS, or equivalently by
£) = /| Fwewdu , ¢eS .

£ (as a tempered distribution) is supported by E. Hence (4.3.4)
applies and, if W > 0 is defined as in Theorem 4.3.1, we have from
(4.3.14)

. W mi
fr @) = Ee ) = [ Fwe
W -W

u

n
W _ n
du = £ (-ZW) .

=
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For v > 0, define the function

- - ot
C\) eXp{i——‘%'f} fOrll'\')'l <1
6, () = v .
t
0 for I'\)-l >1,

where C_ = [ exp&——;l——}dt. For each v > 0, ¢_eD and [ ¢_(t)dt = 1,
v -00 1- (E) 2 v -0 v .
v

and for each continuous function g and every teﬂil,

0o

/ g(u)¢v(t-u)du + g(t) as w0, From (4.3.4) we thus have that
for each tenll and v > 0

(4.3.15) [ f(w¢ (t-wdt = ] £z [ Kylu-gp o, (t-wdu

=00

Since f and Ky are uniformly continuous, we have for each fixed teIR1

and neN

fmf(u)¢v(t~u)du > f(t) as w0

Kyl - 0, (t-Wdu > Ky(t - 70

Now by Theorem 24 of Lighthill (1958; p. 64), if for any sequence

{bn} which is O(n) as n » =, Zn=-wbnan,v is absolutely convergent

- and tends to a finite limit as v - 0, then
(4.3.16) lim )} a = Y lim a
’ v+0 n=-e

But, for each fixed teﬂil,
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0

L Ib, £ [ Kylu-zpo,(t-wdyl

=-00 + 2—W- ~-00

— 2% B(1+t2)k{ ) ~—|—“-I—} <o,
wot K =-0 (1+ (_Egz)k

AT
since f is bounded,]bn]s Bin|, and for k > 1,

2.k
ny o k k (1+u™)
[Ky(u - 59| < 5% S 2Cy ——(1+(2$)2)k

It follows that the right hand side of (4.3.15) satisfies the condi-

tions leading to (4.3.16), and hence by letting v¥0, we obtain

(4.3.17) £(t) = § EGK(t - o) , teRD,

n=-o

which is the sampling theorem for a conventionally bandlimited. func-

tion with compact spectrum.

Example 4.3.2. (Bandlimited functions in Lz(uk)). Let feLz(uk),

k = 0 , be a continuous function. Then f determines a tempered dis-
tribution by (4.3.14). If its distributional Fourier transfqrm t
has a compact support, then (4.3.4) applies and we have
£(r 0 = fe ) = £(zp
Al A
(see Lee, 1979). Since f is a ¢”-function and |£(t)] < Ck(1+lt])k,
for constant Ck > 0 (Lee, 1977), then (4.3.15) holds and following
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the arguments usedAin Example 4.3.1, we obtain (4.3.17) which is
similar to (3.2.3) and is identical to (3.2.4). It should be noted,
though, that (4.3.4) cannot be obtained from Campbell's result |
(Theorem 3.2.4), since the convergence in (3.2.4) is not uniform

on compact sets.

4.4, Sampling Expansions for Random Distributions.

In this section sampling expansions for stationary random distri-
butions are considered. Let X =" {X(¢), ¢eS} be a second order random
distribution. X is said to be weakly stationary, if for every h > 0

and ¢,yeS,
E(r,X(6) 1, X(¥) = EX() * X(¥)) .

If X is a weakly stationary random distribution (WSRD), then there

~ exists a unique tempered distribution peS' such that for every ¢,PeS,

(4.4.1) . R($,¥) = E(X(¢) » X(¥)) = o(¢#)) ,

where m(t) = P(-t) (Ita, 1954), and p has the spectral representation

(4.4.2) () = [ $Wdu(w) , ¢S ,
where u is a non-negative measure on R’ such that J 1Y N
) -0 (1+u2)k

for some integer k. In this case X is said to be of type k, and u
is called the spectral measure of X. |

Let B* be the set of ail Borel sets with finite u-measure. An
Lz(Q)-valued function Z defined on B* is called a random measure with

respect to u if
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E(Z(B1)°Z(B2)) = u(BlnBz) ’ Bl,BzeB* .

Hence E(Z%(B)) = u(B), and Z(B;) L Z(B,) if By and B, are disjoint.
Since u is o-additive, then Z(B) = Z:=1Z(Bn), whenever By,B,,...
are disjoint sets in B* with U:=1Bn = B, It follows by (4.4.1)

and (4.4.2) that there exists a random measure Z with respect to u

such that
X(¢) = [ $(wdzZ(u) , ¢eS .

If H(X) is the linear subspace of LZ(Q) generated by {X(¢),0eS}, then
H(X) and Lz(u) are isometrically isomorphic under the correspondence
X(¢)1—> &, ¢eS. A WSRD X is said to be Wy-bandlimited, W, > 0, if

C
u i [-WO’WO] } = 0.

Theorem 4.4.1. (a) If X = {X(¢), ¢eS} is a WO—bandlimited WSRD,

W > WO’ 0aeD and YeD[-W,W] with a(t) = 1 = ¢(t) on [—WO, 0], then for
every ¢eS,

(4.4.3) X(9) = § X(t 0)(t G (¥x¢)
nEW W

in mean-square, where GW(¢) = [ §%%W%EHE o(t)dt.

(b) Let X = {X(¢), ¢S} be a WSRD with spectral measure u which
has compact support. Let the closed set E and W > 0 be such that
E 2 supp(n) and the translates {E+2nW} , n # 0, are disjoint from
supp(u). Let o and ¢ be any test functions such that y has support

E, and a(t) = 1 = y(t) on supp(u). Then
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(4.4.4) X(¢) = I X(r 0)(t KJ(®) , 9eS,
n=-oo Q-W- iw' .

in mean-square, where Kw(t) = 2_%[. [ ) e2771’tu du.
E

Proof. To prove (a), first let ¢eS be such that $eD[-W,W] .
Then ®(u) = zzz_w&; (u+2nW) is a ¢”-function which is periodic with
period 2W and has the Fourier series
isu

s U.GIRl ,

=5

0

: A _ 1 n, "
(4.4.5) oW = ] gy dlzpe

n=-o

which converges uniformly on IRl. Since $eD[—W,W] R

(r G () = [ SBTNED) o)
Al -®

Wrisu
_ 1 W "a
= I e ¢ (u)du

1
we have for the mean square error

N A
ek@) = BIX(®) - ] X D 6]
n=-N W W |
W . h
0 . N T =2
<) ey - 1 geigpe T ma
- 0 n=—

‘There exists a constant M > 0 such that for all N and uElRl,

R N m 2 u
[$(u) - XN—Z—V}VM?%)e W | <M.

- N
N mwu

Since, by (4.4.5), Zn=—N ﬁ qb(—z-%)e converges to $(u) on

[—WO;WO] , by the dominated convergence theorem, efl(d)) + 0 as N » o,
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Thus for every ¢e?3[-W,W] , we have

(4.4.6) X(@) = ] X(r 8 G .
W

Now for every ¢S and ¢ as in part (a) of the statement of

the theorem, we have

" "
X(9) = [ d(wdz(uw) = [ $(uw)é(u)dz(w)
o )
W0 .
(4.4.7) ‘{I Wx) N (Wdz () = X(P#p) ,
0

v
where x¢ = (y$)"D[-W,W], and (4.4.3) follows from (4.4.6) and (4.4.7).
The proof of part (b) is similar to that of (a) with the obvious modifi-

cation and hence is omitted. 0

It should be noted that, since o = 1 on [—WO,W'O],

W . n
R 0 -mi Fu
X(r @) = [ e dZ(u) ', nelN .
w M |
If we define
, Wo
x(t) = [ e MWy | tem?l
-WO

then {x(t), te]Rl} is a weakly stationary WO—bandlimited stochastic

process, X(t n&) = x(z—;lv-), and (4.4.3) reads

2W

(4.4.8) X(9) = ] x(gp @, G) @x0) , ¢eS ,
n=-o T

W
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i.e., the random distribution X is reconstructed using the samples

of the ordinary stochastic process x.‘ Hence there is a one-to-one
correspondence between Wo-bandlimited weakly statioﬁary random dis-
tributions X and Wy -bandlimited weakly statlonary processes x deter-
mined by X(¢) = [ 0&(u)dZ(u) and x(t) = f Yo 21T1tudZ(u) and satisfying
(4.4.8). _WOF Yo

We now show that the sampling theorem for bandlimited weakly

stationary random distributions includes as a particular case the

sampling theorem for bandlimited weakly stationary processes.

Example 4.4.1. Let x = {x(t), teﬂll} be a measurable, mean-square

continuous, weakly stationary process which is WO-bandlhnited, i.e.,

Wo .
(4.4.9) x(t) = [ e 2™tz

0
where Z is a random measure with respect to the spectralymeasure u of

X with u{l:-WO,WO]C} = 0. Then x determines a WO?bandlimited WSRD by
_ WO | ,
X(¢) = [ $(WdZ(w) , ¢eS ,
_WO
" which can also be written as
, Wo 3 . o _
X(¢) = & ([ & P (t)at)dz(w
- 0 -0

[o0]

= [ x(©$(v)dt ,

-00

where the latter integral exists both with probability one as well
as in quadratic mean. Then by (4.4.4) we have for each teﬂkl and

v >0,
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o 0]

(4.4.10) [ x(Wo (t-wdu = [ x(z [ Kylu - 500, (t-u)du
n=-o -00

-00

in duadratic mean. As in Example 4.3.1,

o0

/ x(u)¢v(t-u)du -+ x(t) as wo

-0

[ve]

in quadratic mean, | Ky(u - §%P¢v(t-u)du > K, (t - 2%) as w0, and
the right hand side of (4.4.10) converges in quadratic mean to

® XK, (t - =3). We thus obtain
n=-o" 2§ W W

x(t) = § XKt -2, teR}

n: -00

in quadratic mean.
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