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1. INTRODUCTION

1.1 General Remarks

The basic idea of sampling is probably almost as old as mankind
and possibly even preceded it as some animals appear to have the knack
of tasting a part of the food offered to them and of rejecting the
whole meal on the basis of just one portion tasted. The assumption
that a sample can adequately, though not completely, reflect the
population seems to have logical foundations. Nowadays the taking of
samples is an accepted practice in a wide variety of disciplines. The
doctor accepts the findings of a small sample of blood in making his
diagnosis; a tea or wine taster rejects the merchandise after sipping
only a few drops. Savings in time and money are not the only virtues
of sampling. The results from a well planned sample survey can be more
accurate than those from a poorly organized complete census. Sampling
is the only feasible practice where tests to destruction are undertaken
or where the population is too large or infinite in size. It is noted
by Deming (1950) that sampling is not mere substitution of a partial
coverage for a total coverage but is the science and art of controlling
and measuring the reliability of useful statistical information by the
application of the theory of probability.

The publication of Jacob Bernoulli's Ars Conjectandi, in 1713, was
a milestone in the history of probability theory and was also the first
known formal approach to a study of the theory of sampling. Other
publications prior to 1900 which contribute to the theory of sampling

are rare, Only those by Poisson and Lexis are regarded as basic to



(N% SRR P

samplingetheory. Poisson geve results underlying the theory of

A

stratlflcatlon, and Lex1s was the first who dealt with the theory of

cluster sampllng.

The credits for using randomization in sampling from finite
populations are usually given to Neyman (1934), Qhose peper'mafks the
beginning of the theory of probability sampling.  Some of the many
important developments in sampllng theory that have taken place since
the appearance of this paper can be brlefly mentioned as follows.

k a Hansen and Hurwztz (1943) introduced the ideas of sampling with unequal

7‘ selection probabilities in conjunction with multistage Sempling.
Midzuno (1950) and Horvitz and Thompson (1952) generaliZed thisvtheery
by applying afbitrary probabilities to the selection of Sampling unifs.

;g“ : Si'nce, 1950, new procedures and estimal:ors for sampling and subsampling

- within primary sampling units Have been’develeped. Among them are by

Narain'(1951), Yates and Grundy (1953); Raj (1956), Durbin (1967) and

?. ' Sampford (1967).

The concept of population as used by statistlcians_mey differ
cpnslderably from that used by biologists and social sclentists°
] , -Stafisticians, especially samplefsurvey statistlcians, tend to regard

a population as a set of isolated objects or sampling units such that

any interrelationships that exist among them can perhaps be used to

R AN

organize the field work but otherwise ignored. When the objects are

A B

assembled into classes or groups such as strata or clusters of sampling

M B

units, they still are regarded as collections that merely create the
. minimal bonds of common membership in logical assemblages of elements.

The major objective of study is to learn about the mean or total of




some characteristic measured on each object. For these purposes the
units might as well exist in isolation of each other. The important
relations of interaction and structural.position of the units are not
considered at all.

In nexus sampling, as defined by Stephan (1969)1, these relation.
ships are not ignored. 1In fact, the objective is to learn about the
structure of the relationships. The data in which nexus sampling is
involved arise in sociometry, the study of interrelationships within
human groups, in studies of traffic flows within transportation net-
works or analogous systems. They are also encountered in neurological
studies, in studies of political and industrial organizations, and of
the diffusion of rumors or technological innovations, in systems of
personal influence and political power structures and in many other
situations.

The sample survey theory and techniques for this type of popula-

tion is in its early stages of development.

1.2 Sampling from a Graph

Nexus sampling is concerned with the extent, concurrence,
redundancy, complexity and many other featurés of the systems of
relationship among the units in the population. The information that
one is seeking may be available not only at each unit for that partic-

ular unit, as in the traditional sampling, but also at several units

1He defines nexus sampling as a process of extracting from a
portion of a system information about the entire system, in particular,
information that is not merely a summary or tabulation of the proper-
ties of the elements that make it up (see Stephan (1969), p. 91).



since the information may involve the relationship among these units.
In many situations, the information obtained at each unit is supple-
mentary or complementary to that obtained from each of two or more
units. An essential part of the theory of nexus sampling is the in-
clusion of the formulation of the situétion with respect to the
available means of access to the units, the manner in which the infor-
mation is stored in the units and the possibility that the information
may be obtained by examination of links between the units.

These relationships between pairs of units and among many units
may be expressed abstractly with the aid of graph theory. In this
thesis, sampling from a special kind of graph will be considered.

Thus it is necessary to review a small portion of graph theory.

Graph theory is a branch of mathematics dealing with the abstract
notion of structure. The field originated from the work of Fuler
(1707 ~ 1783) and has been significantly advanced by such men as
Cayley, who was interested in structural problems in chemistry;
Kirchhoff, who dealt with electrical network theory; and numerous
engineers working with communication systems. A digraph2 is a special
kind of directed graph that will be studied extensively in this thesis.
The theory of digraph is concerned with patterns of relationships
between pairs of abstract elements. Some precise notions of directed

graphs now will be defined.

2A term suggested by G. Polya (see Harary et al. (1965), p. 2).



A directed graph3 G consists of a nonempty set V, a set A,

disjoint from V, and a mapping f of A into V x V, where V x V is the
set of all ordered pairs of elements of V. The elements of V are

called vertices or points, and those of A are termed directed lines or

simply lines. The mapping f is called the directed incidence mapping

associated with the directed graph G.

If a ¢ A and £(a) = (vl’VZ)’ where vy and v, € V, then the line a

is said to have v, as its initial point and v, as its terminal point.

Two distinct lines ap and a, € A are parallel if f(al) = f(az),
i.e. if a, and a, have the same initial point and the same terminal
point. Two distinct lines are said to be disjoint if they have no
points in common.

If a € A and £(a) = (v,v), for some v € V, then a is called a

loop. A point v € V is called an isolated point if there is no v, eV

and a € A such that f(a) = (V’Vl) or f(a) = (vl,v).

In applications, a graph is commonly interpreted as a network,4

and vertices are called nodes or junctions and lines are called links.

These terms also will sometimes be used in this thesis.
A digraph D is a directed graph such that the set V of points is

finite nonempty with no parallel lines and no loops.

BSee, for example, Ore (1962), p. 2. Undirected graph is defined
similarly except all the lines are undirected; hence there is no dif.
ference between the initial point and terminal point (vide infra).

4
Harary et al. (1965) state that a network consists of a finite
nonempty set of points, a finite set of lines, an incidence mapping
with no parallel lines and a value assigned to each line.



It is clear from the definition of a digraph that its set A of
lines is finite (possibly empty).

A digraph D is symmetric if for every line a € A éuch that
f(a) = (vl,vz), there is a line b € A such that f£(b) = (vz,vl). It is

complete symmetric if every pair of distinct points is joined by two

lines, one in each direction, i.e. for every visV, €V, there are
a,b € A such that f(a) = (vl,vz) and f(b) = (VZ’V1)°

A subgraph S of a dig;aph D is a digraph whose points and lines
are points and lines of D. This means that S consists of a subset Vl
of V, the set of points of D, and a subset A1 of A,.the set of lines of
D, such that a line a ¢ A with f(a) = (vl,vzj, Vs V, €V, is also a
line in Al if and only if Vs vy € Vy,

It may happen that one is interested in the number of directed
liness in a population digraph D. In this case, a sample of points in
D can be taken and the subgraph corresponding to the sample of points
might be considered. TFrom this subgraph iﬁ turns out that one can
estimate the parameters of interest. It should be noted that point.
sampling from a population digraph is a special kind of nexus sampling.
The resulting data are obtained at the points on the relationships
between all pairs of points in the sample. Measuring at an individual
point alone will not yield any useful information.

Although other examples ofractual digraphs will be introduced

later it may be helpful to illustrate the restrictions to no loops nor

SEquivalently, one may want to estimate the linkage density or
linkage proportion which is the ratio of the number of lines to the
number of possible lines, This quantity is more convenient when the
interest is in comparing graphs with different numbers of nodes.



no parallel lines. 1In a graph showing money flows among banks or
telephone calls among households a loop has no meaning. In a graph of
shortest routes among street intersections parallel lines would not

appear.

1.3 Statement of the Problem

This thesis will consider methods of cluster point-sampling both
with and without replacement from a (finite6) population digraph.
Estimators appropriate for the sampling procedures will be presented
for cases where clusters of graph nodes are of equal size or of unequal
sizes. 1In most cases, it will be seen that the methods of traditional
sampling can be applied to the population digraph and the estimators
involved are adapted accordingly. To make a contribution to the theory
of sampling, specifically, sampling from a graph, the thesis proposes:

(1) to examine configurations of certain graph parameters with
regard to the clusters of points in a population digraph, viz. to
survey the problem of counting in a clustered population digraph or
subgraph the numbers of (i) lines, (ii) ordered pairs of points with
two lines, (iii) ordered triples of points with two lines, (iv) ordered
triples of points with four lines, (v) ordered quadruples of points
with two disjoint lines, and (vi) ordered quadruples of points with two

pairs of disjoint lines;

6A graph G with a finite vertex set V and a finite line set A is
said to be finite. The finiteness of the population is assumed here
from the definition of a digraph. Asymptotic results can be obtained
by considering the population as drawn from a superpopulation and some
use will be made of this possibility later on in section 4.6.1.



(2) to present new estimators of certain graph parameters and
their variance estimators when the commonly used methods of cluster
sampling are applied to a population digraph which contains clusters
of the same number of graph nodes;

(3) to consider estimators of certain graph parameters and their
variance estimators when various sampling methods are applied to a
population digraph which contains clusters of unequal numbers of graph
nodes;

(4) to extend the estimators in (3) to two-stage sampling, using
simple random sampling to select subsamples in the second stage.

It should be noted that the scheme of this study is to utilize
existing methods of cluster sampling form ordinary populations and to
present estimators when these methods are applied to a population
digraph. As for two-stage sampling, in general, once the clusters
have been sampled, the second.stage units in each selected cluster can
be sampled with any method. However, simple random sampling will be
used. This thesis will not concern itself with sampling beyond the
second stage.

The widespread use of cluster sample designs and of multi-stage
designs reflects primarily the reduction in costs per observation that
these designs achieve. 1In sampling human populations it is obvieusly
less expensive to interview 15 households in one city block than it is
to interview 15 households scattered over the city. Likewise, it is a
savings to be required only to construct area segments for 10 counties
of a state selected as first stage units rather than to draw out area

segments to cover the whole state as required in a design without



stages. In graph sampling the same savings in costs may be expected
and thus such designs will find wide acceptance. In anticipation of
these developments this thesis provides the basic results for cluster

and two.stage sample designs,
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2. REVIEW OF LITERATURE

2.1 Introductory Statement

The main purpose of this thesis is to study various sampling
procedures that may be applied to a clustered population digraph. 1In
pursuing this goal it is useful to keep in mind (1) the way required
infermation on linkages is stored with regard to the clusters of graph
nodes and (2) how clusters can be used in drawing the sample, These
topics have been discussed in several papers that will now be reviewed.
This survey of pertinent literature then is divided into two parts:

(1) existing methods of cluster sampling and estimation, and (2) pre-

vious works on sampling from graphs.

2.2 Methods of Sampling and Estimation

The theory of sampling finite populations with equal probabilities
and without replacement began to develop in the early 1900's. Papers
by Isserlis (1916, 1918), Edgeworth (1918), Tschuprow (1923), and
Splawa-Neyman (1925) all considered estimation of the mean of a finite
population using simple random sampling. They all gave formulae for
the first four moments of the sample mean. Questions concerning with-
replacement sampling were raised by Basu (1958) and Raj and Khamis
(1958) who considered inverse sampling with equal probabilities in
which a predetermined number Vv, of distinct sampling units appeared in

the sample,7 They showed by different methods that the estimator of

7Among the many important results they presented, Raj and Khamis
(1958) also gave an incorrect expression for the variance of the with-
replacement estimator based on distinct units and Chikkagoudar (1966)
derived the correct formula for this variance.



11

the population mean based on distinct units was more efficient than
that based on all units (including repetitions) in the sample. The
same conclusion about the efficiency of the estimators was reached for
the case of fixed sample size.

The possibility of using unequal probabilities to select the
sampling units to increase precision of the estimators was first con-
sidered by Hansen and Hurwitz (1943). They proposed this method as a
part of a stratified two-stage sampling scheme. The method was con-
fined to samples of one primary unit per stratum with probabilities
proportional to some measure of size. The secondary units were
selected with equal probabilities and without replacement.

Midzuno (1950) generalized the Hansen and Hurwitz approach to
sampling a combination of n units with probability proportional to
some measure of size of the combination. His procedure is the same
as that in which the first unit is selected with probability propor-
tional to some measure of size of the first unit and the remaining
n - 1 units are selected with equal probabilities and without replace-
ment.

Madow (1949) made contributions to the theory of systematic
selection of several clusters of sampling units with probability
proportional to a measure of size,

Horvitz and Thompson (1952) pointed out a limitation of the Hansen
and Hurwitz scheme. They argued that an unbiased estimate of the
variance of the Hansen and Hurwitz estimator could not be obtained
from the sample elements. Horvitz and Thompson provided a general

method for dealing with sampling without replacement from a finite
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population with arbitrary probabilities of selection. They were first
to formulate general classes of estimators. Three classes of
estimators were given with respect to the order of appearance of the
units in the sample, the presence or absence of a given unit in the
sample, and the sets of units comprising the sample. They have pro-
posed a linear unbiased estimator (now commonly referred to as "the

Horvitz-Thompson estimator") of the population total:

™Mz

YHT 1 ys/ﬂé ’

s

where Ty is the probability that the unit at the s-th draw be included
in the sample of size n, and Ve is the value of the unit at the s-th
draw. The variance of YHT and its unbiased estimator were also

presented. The variance estimator was given as

n

~ 2
V(YHT) = Ny
s=1

n
2
s(l"ﬂs)/ﬂs * Zs,ysg'(ﬁss'uﬁsﬂs')/ﬂss'ﬂsﬂs' °

s

Yates and Grundy (1953) recognized the fact that the Horvitz and
Thompson variance estimator could take on negative values. They gave

an alternative estimator

n
> 2
VYG(Y) - Sisl(ys/ﬂs o= yS‘/TTS') (TTSTrS' = ﬂSSY)/nSSY

which was believed to be negative less often. Sen (1953) and Raj
(1956) showed that VYG(§) would be positive in at least two situations,

namely:
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(1) when the first unit was selected with probability propor-
tional to size and the remaining n - 1 units were selected with equal
probability and without replacement (Midzuno (1950)), or

(ii) when the first unit was selected with probability propor-
tional to size and the second unit with probability proportional to the
sizes of the remaining units, for the case n = 2.

Narain (1951) presented a two-stage sampling scheme. Two clusters
were selected without replacement and with probability proportional to
a certain function of size to make the total probability of selection
of any cluster proportional to size. Then n secondary units were
drawn from each selected cluster with equal probabilities and without
replacement.

Sukhatme and Narain (1952) considered a scheme where primary units
were selected with replacement and with probabilities proportional to
size, and the second-stage units were drawn without replacement and
with equal probabilities. The number of second-stage units drawn from
a selected primary unit was determined by the number of times the
primary unit appeared in the sample, 1If a primary unit appeared A
times in the sample, then mA second.stage units, m a positive integer,
were drawn. The efficiency of the plan was compared with that of an
analogous plan in which the second~-stage units were selected inde-
pendently every time a particular primary unit occurred in the sample.
It was found that the method proposed was more efficient.

Brewer and Undy (1962) modified Narain's (1951) method in which
two units were selected with probabilities proportional to size and

without replacement. The equations for the selection probability
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function were examined and revised, and an iterative method of the
solution was derived.

Sampford (1962) presented methods of cluster sampling for clusters
of unequal sizes. He introduced inverse sampling with probability
proportional to size in which the drawing continued until n + 1
distinct clusters were obtained at the (r + 1)~th draw. The last
cluster was discarded and the sample contained n different clusters in

r draws. He used as an unbiased estimator of the population mean

in which he considered ri as the number of times that cluster i

occurred in the sample, the mean of cluster i, and Mi the size of

Yy, "

l =
cluster i. An unbiased estimator of the variance of y; was also pre-
sented.

Durbin (1967) proposed a procedure for the selection of two
sampling units without replacement with probability of inclusion
proportional to size. The first unit was chosen with probability Py
and the second with probability proportional to
p.{(1 - 2p )_1 + (1 - 2p )_1} j #£1i, where p, = x /£x. and x, was the

j i j ’ ’ i i’ i

size of unit i, i =1, 2, ..., N. An alternative and simpler approxi-
mate method was also proposed. Two units were selected with replace-
ment and with probability proportional to size. If the two selections
resulted in two different units, the sample was accepted. 1If they gave

the same unit, the unit would be retained as the first member of the

pair, and the other member would be drawn.
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Sampford (1967) extended Durbin's (1967) method to n > 2. He
presented the method of achieving m ; np, by selecting up to n units
with replacement, the first drawing being made with probabilities P;»
and all subsequent ones with probabilities proportional to pi/(l._npi);
and rejecting completely any sample that did not contain n different

units,

2.3 Previous Works on Sampling from a Graph

‘Work concerning sampling from a graph has been mostly on the
distributions of certain statistics arising from two types of sampling.
These two types were distinguished by Mahalanobis (1944) and are:

(1) Non-free sampling - Two samples of r, and r, points are

selected at random and without replacement from a population of n

points, r, + r < n. The T points are known as black (B) points, the

1 2
r, points as white (W) points and the remaining n - r, -1, points as
red (R) points.

(2) Free sampling - n independent trials are performed, each

resulting in the event B with probability Py in the event W with
probability Pys and in the event R with probability 1 - Py - Py- A
point nﬁmber 1 is alotted the color indicated by the outcome of the
i-th trial.

The point of interest lies in some statistics concerning the
number of joins among black points, among white points, or among black
and white points. Mahalanobis (1944) obtained the distribution of the
number of patches or runs (chains of adjoining cells filled with speci-

fied colors) when black and white cells were arranged on a line., These
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problems have been treated at greater length by Moran (1947a, 1947b,
1948) , Krishna Iyer (1948, 1950a, 1950b, 1951, 1952) and Freeman (1953).

Bloemena (1964) considered the most general case where a popula-
tion of n points was given together with an n x n matrix with elements
m; satisfying: (i) my, =m, for i £, (i1) m, =0, (ii1) ;mfj > 1
for each i, and (iv) 0 < mij < w. (When all mij are integers,Jthe
population may be interpreted as a finite symmetric multigraph8 of n
points with no loops.) The distributions of certain statistics involv.
ing the number of joins, arising from free and non-free sampling, were
studied in some detail, and a great deal of notation was introduced,

The theory of sample survey methods and estimation for a popula-
tion graph is still in its early stages of development. Coleman (1958)
pointed out that survey research methods, used in studying social
organization, often led to the neglect of social structure and of the
relations among individuals. A few sampling procedures suitable to
social studies were suggested. They included, among others, snowball
sampling in which the survey proceeded from an initial sample to the
consecutive stages by way‘of the information obtained in the previous
stages. Goodman (1961) presented the mathematical theory of snowball
sampling in detail but the graph structures considered were limited to
only a few special cases. Snowball sampling is an attempt to use the
interrelationships among sampling units to guide the selection process

in sample survey.

SSee, for example, Flament (1963), p. 45.
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Hayashi (1958) considered a population of N points such that the
relation between point i and point j was a numerical value eij measured
by a survey. The population may be viewed as a valued graph,9 A
simple random sample of n points was taken in order to estimate the

index of cohesion

N
I = I e,,/N(N-1
A

He gave an unbiased estimator of I as

n
x = I xst/n(n -1,

s#t

where X . was the relation of the point s to the point t in the sample.
The true variance of x was given but no variance estimator was pre-
sented in the paper.

Hayashi (1958), in the same paper, also considered briefly the
case where a population contained two groups of elements of sizes NA’
NB with N, + N, = N. A sample of size n, was taken from group @,

A B

& = A, B, using simple random sampling. He gave

- nA nB
y = (I/an) = Ty,
AB AP 5=l s1=1 %%
as an unbiased estimator of
Oup = (/NN = =g o,
1A=l JB=1 A-B

1bid., p. 45.



18

where 8; 3 represented the relation of element iA in group A to
A°B

element jB in group B, and Ve gt the sample value of the relation of
A™B

element Sa in A to element sé in B. The variance of §AB was presented.
Proctor (1966, 1967) considered simple random sampling from a
population undirected graph with N nodes. When a sample of n nodes was

taken from the population, he gave

n

L = (2/a(n - 1) = a |,
21 s<g! 88

as an unbiased estimator of the linkage density

N
Ay = (2/N(N - 1)) z Aij 5
i<j
where
1 if nodes s, s' in the sample were linked,
a . ={
S8 0 otherwise ,
1 if there was a link between nodes i and j in
and Aij = { the population,

0 otherwise .

The variance of {21 was given as a linear function of the parameters,
the A's, so that its unbiased estimator could be obtained easily.
Sherdon (1970) worked on simple random sampling from a population
digraph. Unbiased estimators of the number of directed lines and other
parameters were given together with their variance estimators. The
results were presented in terms of certain graph quantities chosen as

convenient for simple random sampling. However, they do not appear to
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be as convenient when applied to simple random sampling of n clusters

from a population digraph of N clusters.
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3. GRAPH STRUCTURE IN A CLUSTERED DIGRAPH

3.1 Preliminary Definitions

The relationships among all pairs of units in a given population
may be represented abstractly as a digraph. Fach unit may be con-
ceived of as a point or vertex in the digraph and a relationship from
a unit i to a unit j as a line from point i to point j. Consider, for
example, a sociometric structure where the units are people and rela-
tionships among pairs of people are interpersonal choices obtained from
a questionnaire. People may be interpreted as points of a digraph and
the relationships as lines,

A digraph from which a sample of points or clusters of points is

taken is called a population digraph.

When a sample is taken from a population digraph, the subgraph (of
the population digréph) whose points are in the sample is considered.
The information obtained from this subgraph will be used to estimate
parameters of interest. In this connection the following notion is
useful.

A subgraph S of a digraph D is called a EEEEE.EEEBE}O if S conw.
tains no isolated points. A count graph with k points and t lines is
called a (k,t)-graph. Two digraphs D and D' are equivalent if there
exists a one-to-one correspondence between their points which preserves
their directed lines. Non-equivalent digraphs are called distinct.

Suppose a population digraph D contains N distinct points. In

certain situations, one may be interested in the number of lines or its

10Bloemena (1964), p. 12,
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equivalent, the linkage proportion, in D. This total will be labeled
the parameter X in the following notation. The letters X, Y, and Z's
with subscripts will be used to represent the parameters of interest.
First of all, Aij is defined as

1 if there is a line from point i to point j,
Ai'
J 0 otherwise .

Then the others are defined as:

N

>
i

2 s 9

% A1
4

N

bX AijAji s
1£]

=<
it

N
Z = b (A
(i,3,K)7#

+
158k Y ARk T At T ARy

N
bN (A, A, +
1,3, ik

+
2AijAjk AijAkj) ,

N
Z = 3 A, A
L ij"kp ’
(1}J}kﬁp)% I EP
N
= 2
Z N [(AijAji)(A

Dt (ALLA )AL A D]
(15,004 R

ikAkl

N
= 4z (A

AL (ALA L),
(i,j,k)% ij i ik ki

N

Z = z (A

O
(1,3,k,p) £ P P

AL
ij7jd

where (i,j,k,...)# means the points i,j,k,... are all distinct.
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As the formulae show, X is the number of lines in thé digraph D.
Y is the number of ordered pairs of points in D with two connecting
lines, one in each direction. Zl is the number of joined ordered
triples (of points) in D with two lines, at least one from the first
point. 22 is the number of ordered quadruples in D joined in pairs by
two lines, having the first and third points as initial points, Z3 is
the number of joined ordered triples in D with two pairs of lines,
Z4 is the number of ordered quadruples in D joined in pairs, first with
second and third with fourth, each by two lines. The (3,2) ~-graphs
are equivalent, and so are the (3,4)-graphs

A, A, and A, A
ij jk ij

(A 5859) (Byphyy

ki
) and (AijAji)(AjkAkj)° These appear in Z1 and ZB’
respectively. Whenever a sample subgraph is considered, lower case
letters (e.g., aij instead of Aij) will be used to indicate these same

quantities, TFigure 3.1 gives count graphs for the terms appearing in

the above discussion.

3.2 Clustered Digraph

Now suppose that the point set or vertex set V of a digraph D is

the union11 of a finite number N of disjoint sets

= + + .. T .
\ V1 V2 VN

These sets may be regarded as clusters of points of the digraph D which
are formed in some way. For example, where points represent house-

holds, clusters may be composed of those households in a city block.

1 , . .
The usual notation, the "sum", is used here for the union of
pairwise disjoint sets.
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Count Graph Notation Count Graph Notation
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Figure 3.1 Count graphs and notation
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The notation introduced in 3.1 will be used in this and subsequent
sections. The structure of lines in D with regard to the clusters will
now be considered. Let Mi be the number of points in Vi’ i=1, 2, ...,
N and let MO = igl Mi be the total number of points in V. Consider the
quantity X, the number of lines in D as defined earlier. With regard
to the clusters in D, these lines can be classified into two types.
Lines of the first type are those within each cluster, that is, those
with both the initial and terminal points in the same cluster. The
second type consists of those lines between two clusters, that is,
those whose initial and terminal points are in different clusters.
-Let Au(i)v(j) be defined as

1 if there is a line from a point u in cluster i
to a point v in cluster j,

Aaciyv(y) = {

0 otherwise,

for i,j =1, 2, ..., N. Then clearly,

N N
X = 121 Xpy * iij Kig) 2 (3.1)
M,
1
where X(i) = uiu‘ Au(i)ux(i) ) (3.2)
M, M,
i J
and fap T B A A -3

Similarly, the quantity Y consists of two types of lines as does

X, and



25

N N
Y = Z Y + L Y,y (3.4)
i=1 (i) i%j (€%))
M,
1
where YW T g e@e @t e 3-3)
M, M,
r 3]
and Yap T E 5 v d@ew (-9

Z1 and Z3 each consists of three types of terms, the within
cluster, the between ordered pairs of clusters and the among three
clusters, Z2 and Z4 each consists of four types of terms by consider-
ing up to four clusters. Upon considering the structure of these

quantities more closely with regard to the clusters of the digraph,

the following quantities appear to be worth.distinguishing:

N N N
z =5z, + £ Z ..+ 5 Z. o, (3.7)
P MOy TED gy gy 1A
where
M,
L
1O T e Cuwe @R @
PR e @A @) T @ e wyar gy Go®
and
_ () 2 (3) @)
1) T han Y Aan T Pian PG

(5) 4 5 (7) (8)
Than Tfian TP T Pian @9
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Also
E B TO N iij 315) * (i,?,k)# 3 (1k) (3.38)
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1
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M. M, M

(3) B i j k
10 T G en el @y @’
B (1w Ay’ (1)) 7 (3.58)
and
Mi Mj Mk Mp
gy 2020 B2 GugyvAvgew)’
(3.59)

TR [OX

These quantities will appear in later sections where various
sampling procedures and estimators are considered. In Figure 3.2
count graphs for these quantities are shown with the minimum number of

points in the clusters involved, and with the minimum number of lines.
3.3 Examples

3.3.1 Example 3.3.1

Let D be a complete symmetric digraph with N points. Then it is
immediate from the definitions that X = N(N - 1), Y = N(N - 1),
Zl = 4N(N - 1)(N - 2), 22 =NN - 1I)(N - 2)(N - 3), Z3 = 4N(N - 1) (N-2),

and Z4 = NN - I)(N ~ 2)(N -~ 3).

3.3.2 Example 3.3.2

Suppose D is a complete symmetric digraph consisting of N clusters

of points Vy, Vos «ees VN of sizes My, My, -en, My respectively. Let
N

MO = X Mi' Then, from the preceding example, X = MZO(MO - 1),
i=1

Y = MO(MO - D, Z; = 4M0(Mb - 1)(Mb - 2), Z, = MO(M.0 - 1)(M0 - 2)(Mb-3),

23 = 4M0(MO - 1)(Mb - 2), Z4 = MO(M0 - 1)(Mb - 2)(Mb - 3.
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Count Graph Notation | Count Graph Notation | Count Graph Notation
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Figure 3.2 Count graphs in clustered digraphs
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Also, from the definitions, = Mi(Mi -1 =Y

X1 (i)’
Koy = MM = Yogays 2y gy = 9404 - D - 2) = Z3 (1)

= M. MM =
i

“rap T OG0 - D 0n - D) =2 R TR

3i9)7 “1138)
Zyciy =M 0% - DO - 2Dy - 3) = 212
ZZ(ij) = Z{Mi(Mi -1 (Mi - 2)Mj +MiMJ, (Mj 1) (Mj -2)} +3Mi(Mi 1)Mj (Mj -1
“qiy)
ZZ(ij’k) = z{Mi (Mi - 1)Mj,Mk +MiMj (Mj - 1)Mk +MiMij(Mk =D} = 24(ijk), and
“acigep) MMM = Zacigie)

Upon summing and simplifying, the values of X, Y, Zl, Zz, 23 and

Z4 are obtained as previously stated.

3.3.3 Example 3.3.3

Let D be a digraph with four equal size clusters as shown in

Figure 3.3.

Cluster 1 Cluster 2

Cluster 3 Cluster 4

Figure 3.3 A digraph with clusters of equal size
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Consider various count graphs associated with this digraph. The
results from counting are summarized in Tables 3.1, 3.2, and 3.3.

The quantities which do not appear in these tables and the quanti-
ties involving ordered pairs or triples or quadruples which are not
shown in the tables are all zero.

Using these tables, it is found that X = l6, Y =10, z, = 42,

1

Zy = 188, Z, = 16 and 2, = 64,

Table 3.1 The number of lines within clusters for example 3,3.3

1 o Yo e Lo B 4o

1 5 2 16 2 0 0
2 3 2 0 4 0 0
3 1 0 0 0 0 0
4 4 4 8 0 8 0

Total 13 8 24 6 8 0
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Table 3.2 The number of lines between two clusters for example 3.3,3

3 ) @) 6)
~ 2 F Y Chapy Mgy Phan by Ay
1 2 0 0 0 0 0 0 0
1 3 1 1 0 0 4 2 6
1 4 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0 0
2 3 0 0 0 0 0 0 0
2 4 0 0 0 0 0 0 0
3 1 1 1 4 2 0 0 6
3 2 0 0 0 0 0 0 0
3 4 1 0 2 2 2 0 6
4 1 0 0 0 0 0 0 0
4 2 0 0 0 0 0 0 0
4 3 0 0 0 0 -0 0 0

Total 3 2 6 4 6 2 18
B Y 6 B B ¢y 59 @) @ 3)

27, Nl e N N2Z07 N2 e o (B2 N2 22z ..
U2 [P2Ga P2 P2 an 143G [P (e %4 |2
1 2 0 15 0 15 0 0 0 4 4
1 3 2 5 4 11 0 4 4 0 0
1 4 0 20 0 20 0 0 0 8 8
2 1 0 15 0 15 0 0 0 4 4
2 3 0 3 0 3 0 0 0 0 0
2 4 0 12 0 12 0 0 0 8 8
3 1 4 5 2 11 4 0 4 0 0
3 2 0 3 0 3 0 0 0 0] 0
3 4 4 4 0 8 0 0 0 0 0
4 1 0 20 0 20 0 0 0 8 8
4 2 0 12 0 12 0 0 0 8 8
4 3 0 4 0 4 0 0 0 0 0

o
o~
>~
0
S
o
o~
o

Total 10 118 134
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Table 3.3 Lines among three clusters for example 3.3.3

L3k Zé%ijk) zzéiijk) Zé%ijk) zéiijk) 2 (13k) Zziiijk) 24 (14K)
13 2 o0 6 0 0 6 4 4
13 4 1 8 0 0 9 8 8
31 2 0 6 0 0 6 4 4
31 4 o0 8 1 0 9 8 8
34 1 0 10 1 1 12 0 0
34 2 0 6 0 0 6 0 0
Total 1 44 2 1 48 24 24

3.3.4 Example 3.3.4

Proctor (1960) reported that in conjunction with the sociological
study of Turrialba communities made in 1948, questionnaires were
administered to heads of households in San Juan Sur and Atirro.
Responses to the sociometric question "In case of a death in the
family, whom would you notify first?" for 75 families in San Juan Sur
are shown in Figure 3.4 in which families are arranged in eight
clusters. 1In this digraph, the families are identified as points and
the responses are lines.

It is found, for example, that X(S) = 39, Y(l) = 12, 21(2) = 14,

222 T2 B35y T8 Zyqgy T8 Xppy =L Zy(qyy =28, Zy g5y =29,
22(1438) = 2. With complete enumeration, the following values are
obtained: X = 197, Y = 106, Zq = 1912, Z, = 36528, 23 = 472, and

Z4 = 10556.
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4. SAMPLING CLUSTERS OF EQUAL SIZE

4,1 1Introductory Remarks

Assume that a population digraph, from which a sample of point
clusters is taken, consists of N mutually exclusive clusters Vi, Vys
coey VN of sizes Mis My; eues MN’ respectively. When possible standard

notation will be used, whereas many of the additional symbols used are

defined where introduced. The following are of general use;

N = the number of clusters in the population,

n = the number of clusters in the sample,

v = the number of distinct clusters in the sample,

i, i, k,p = cluster indices for the population,

s,s',s",s" = orders of clusters drawn,

d,d*,d", 4" = orders of different clusters drawn,

M, = the number of points in cluster i,
N

M0 = Mi the total number of points in the population,
i=1

u,u’',v,v',... = point indices in appropriate clusters,

n, = the number of times the i-th cluster appears in the

sample when using sampling with replacement and n is

N
fixed in advance, Z n, =n,
i=1

r = the number of times the i-th cluster appears in the
sample when using sampling with replacement until the
(n + 1)-th different cluster (n fixed in advance) has

N
been obtained on the (r + 1)-th selection, X r,

=r,
i=1 *
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p. = the probability of selection of cluster i at a draw,
i
N
 p, =1,
i=1 "
™ = the probability that cluster i is included in the
N
sample, I m =n,
. i
i=1
nij’“ijk”" = the inclusion probabilities of clusters i, j;

i, j, k; ... in the sample.

Parameters are represented by capital letters and their sample
values by the corresponding lower case letters.

In this chapter, the population consists of clusters having the

same number of graph nodes. This means M1 = M2 = L.,. = MN = M and
N

>z Mi = NM = Mb. It is quite common to use sampling with equal
i=1

probabilities when the sampling units are of the same size. In
subsequent sections, sampling with equal probabilities with and without
replacement will be considered. A two-stage sampling scheme appropri-

ate for this type of population will also be mentioned.

4.2 Sampling without Replacement

4,2.1 The Sampling Procedure

From the population digraph with N point clusters, each of size M,
a sample of n clusters is selected. The method of selection is such
that every one of the (g) possible samples has an equal change of being
chosen. 1In practice, the sample is drawn cluster by cluster. A series
of n random numbers between 1 and N is drawn in succession. When a

number has been drawn, it is not replaced. At any stage in the draw,
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this process gives an equal change of selection of all the members not
previously drawn. The sample consists of the clusters identified by
the set of numbers drawn. This sampling scheme is called simple random

sampling.

4,2.2 Estimators of X and Y

Consider the following estimators

n n
X, = (N/n)si.l gy ¥ (N(N -~ 1) /n(n - 1)) sis' % ggty 2 (4.1)
M M M
REEE X() T e u@uwi @) s T E ) Pfus)vish

1 if there is a line from a point u in the s-th
drawn cluster to a point v in the s'-th drawn

= 12
au(s)v(s') cluster,

0 otherwise,

~ n n
and Y = (N/n) I Ve TN 1) /n(n - 1))S§S, Y (ssty (4.2)

M

MIETE Y (g) T fu@uw @ N @uce)’ ™

M M
z Z

ol vep u(®v(s) V(s u(s)

V(ss')

It can be shown that X  is an unbiased estimator of X, and YU is

U

an unbiased estimator of Y. For example, using the idea of an

12To the purist in sampling theory it may seem inconsistent to
speak of order of draw when the sample has been defined, as above, by
a set of units. Any arbitrary ordering that will serve to carry out an
orderly summation could be used instead. It just seems more picturesque
to use the terminology of order of draw.
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indicator function suggested in sample survey work by Cornfield (1944),

one lets

{ 1 if cluster i is in the sample,

0 otherwise, for i =1, 2, ..., N.

Then clearly, E(ai) = n/N = E(ai), E(aiaj) = n(n-1)/N(N- 1)

N

n(n-1)(n-2)/N(N-1)(N-2)

_ 2, _ 22
E(a,aj) = E(aiaj) = E(aiaj), E(aiajak)

=

N

1
il

E(a )y = E(aiaﬁak), and E(aiajakap) nn-1((m-2)(n-3) /

%1%
N(N-1)(N-2)(N-3), where the subscripts are all distinct. Writing
. N N
Xy = (N/n)i§1 (i)ai~+(N(N_1)/n(n_1)) iZ° X(i5)%%5 o (4.3)
= ]
and taking expectation, it follows from (3.1) that E(ﬁU) =X .
In case one is interested in the linkage densities kX==X/MO(M0.-l)

and XY = Y/MO(MO..I), the corresponding unbiased estimators are,

respectively

XXU = XM,y - 1) (4. 4)
and

_— ?U/Mo(Mb -1 . (4.5)
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. 4,2.3 Variances of the Estimators

The variances of iU and YU are found to be

N
V() =<@Vm-1>{i§10%ﬂ Yoy TR TR’

N
(3) (4) (7 (8) (L
gy CHan Tap TPap THan Taan
(5)

+ 22, ) } + ((N(N-1) /n(n-1)) - 1) zj (X(ij) + Y(ij)
7 (1) 22 L, (6 7(2) 7(3) )
1(1J) 1(1J) 1(iJ) 1( J) 2(13) 2(13)

N @

+ ((N(n-1)/n(N-1)) - 1) = zz( )

1%’ 13

’ . N

+ ((N(N-1) (n-2) /n(n-1) (N-2)) - 1) = (Zy ..
@,5,0f HEW
(1) @) (4) (5)
2 T %G T P T % (e’

/ N (3)

+ ((N(n-2) /n(N-2)) - 1) M 27
@, i,0f 29
/ N
+ ((N(N-1) (n~2) (n-3) /n(n-1) (N-2) (N-3))-1) o Z, ...
(1,5,k,p)# 2L
(4.6)
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N
= ((N/n) - 1) { by (ZY(i) tZygy ¥ 24(1))

i=1

N

2) ) () (4)
gy Mhan T ¥sap T Paan T Maay’ J

N
’ ((N(N"l)/n(n“l))'l).§°(2Y<ij> 22505 Pty * Pahy)
171

(3)
((N(n-1) /n(N-1)) - 1) z 2,4 9

i

+

N
((N(N-1) (n-2) /n(n-1) (N-2))-1) X (Zy,. s
4, 5,004 2

+4-

(1) (3)
P50 T i)

: (2)
((N(n-2) /n(N-2)) - 1) by 22
(1,3,k)# 4@

+

N
((N(N-1) (n-2) (n-3) /n(n-1) (N-2) (N-3))-1) z
(1,3,k,

+

Z, , .. o
p)# 4(iikp)

(4.7)

The proof of (4.6) is straightforward. Squaring both sides of

(4.3)

= (N /n ) { z X2

+ WP -2/ -1 { e

N
2
R I AR O E }

N 2,2

. . X
2y an T Eanon®

(continued)
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N
2
+ s (X,. .. X,. ER a, a, + (X X .
(i,3,k) % (i1 Ok) UJ)(kD i (137 (k)
2 N }
)a a .a, + bH (X,.,.. X Ya.a.a, a
(lJ) (kj) k (i,3,k,p) 2 (1)) kkp) "1 kP

2 aZ)

N
2 2
+ (N7 (N-1) /n° (n-1)) { iij Zey®an?i® T2 ) Xan iy

N

. (4.8)

(i,?,k)% 2% 1) %1%5% } ’

and taking the expectation of (4.8) and subtracting from the result

X2 =X+ Y + Z1 + 22 (see section 9.1), (4.6) is obtained. V(?U) can

be derived similarly. The variances of AX and kY are obtained from

- ~ U U
V(XU) and V(YU) in an obvious manner.

4.2.4 Unbiased Estimators of V(ﬁU) and V(§U)

Note that V(ﬁU) and V(§U) are linear functions of some graph
parameters., Unbiased estimators of them may be obtained by finding
unbiased estimators of the parameters involved. Taking the sampling
scheme into consideration, it is seen that the following are unbiased
estimators of V(§U) and V(§U), respectively.

PN n
V) = @/ (/) - 1) & (x

R OO RS TO IO

n
oy {0 F @ 0,
s%s'

25 (7) (8) (D) (3
l(ss )+ 22 1(ss?®) 2z 2(ss") *2z 2(ss'))

(continued)
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n
(1) (2)
+ ((N(N-l)/n(n-l)) -z (x(ss')-ky(ss‘) 1(ss') *z l(ss')

‘s#s’

.3 , (0 2 (%) 23 )
l(ss') l(ss') 2(ss') 2(ss’)

n
+ ((N(n-1)/n(N-1)) - 1) Z é?)ss') }

S!

+ (N(N_l)(N-Z)/n(n-l)(n-Z)){((N(le)(n=2)/n(n~1)(N_2)) - 1)

2 , (D (2) L (@)

i.)sn)%(zl(ss' "y T Eo(ssts™) TZa(ss's™) T Z2(ss's")

L) 5 2O
Z5(ess™) * ((N(@-2)/n(N-2)) BRI ICAP

+ (N(N-1) (N-2) (N-3) /n(n-1) (n-2) (n-3)) ((N(N-1) (n-2) (n-3)/

n
n(n-1) (N-2) (N-3)) - 1) (S}ii,s”, n')ié 2(SS' Mg m) o,
(4.9)
and
N n
vy = O/ (®/n) - 1) sf-l (zy(s) ¥ “3(s) T Z4(s))

n
| | (2) %) (1)
+ (N(N-1) /n(n-1)) {((N/“)”l)sis'(4z3<ss’) HA230ss") TP (ss )

PG

* 4(ss ))

(continued)
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n
22D (3)
+((N(N'1)/n(n'l))"l)s§sr(2y<SS'> Z3ss') T 223 (s ")
(2)
+ 224(ss'))
n
+ ((N(n-1)/n(N-1))-1) = i?is,) }
S,

+ (N(N-l)(N~2)/n(n-l)(n-Z)){((N(N~1)(n~2)/n(n-1)(N=2))-1)

n
95 (1) (3)
(s ?' s") £ (23(33i ") 4(SS' " *2a 4(ss‘s"))

n

. 25 (D

+ ((N(n'z)/n(N"z))"l) $ L1
(S,S'}S”)jé 4(55 )

+ (N(N-1) (N-2) (N-3) /n(n-1) (n-2) (n-3)) ((N(N-1) (n-2) (n-3)/

n(n-1) (N-2) (N-3)) - 1)

n
Z z Pglgmry e _ (4.10)
(S’S"S")S"' )% 4(SS S'S )

The lower case letters represent quantities counted on the sample

subgraph.

4.2.5 An Example
Consider a population digraph consisting of 20 clusters each of 4
nodes. A simple random sample of 4 clusters is taken from this popula-

tion. Suppose that the subgraph for this sample is that in example 3.3, 3.

Then by (4.1)

= (20/4) (13) + (20(19)/4(3))(3) = 160 .
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Similarly, Y, = 103.33, KXU = 0.0253, and kYU = 0.0164.
An unbiased estimate of the variance of ﬁU is computed from (4.9) as

vR) = (20/4)((20/%) - D (13 + 8 + 24 + 6)

+ (20(19)/4(3)){((20/4)-1)(6 +4 +6 +2 + 10 + 6)
+ ((20(19) /4(3)) - 1) (3 + 2)
+ ((20(3)/4(19)) - 1)(118)}
+ 20(19) (18) /4 (3) (2)){((20(19) (2)/4(3) (18)) - 1) (L +2 +1)

+ ((20(2)/4(18)) - 1) (44)} = 6695.3457 .

Similarly, v(?U) = 2072.3582, V(XX ) = 0.0001676, and
U

A~

v()\Y ) = 0.00005188.

U

4.3 Sampling with Replacement

4.3.1 The Sampling Procedure

A sample of n clusters is drawn one by one with replacement and
with equal probabilities from a population digraph with N point
clusters, each containing M points. A simple procedure is to draw n
random numbers between 1 and N and identify these numbers (including
repetitions) with the clusters which are enumerated beforehand. This
process gives an equal chance of selection of each of the clusters at

each draw.

4,3.2 Estimators of X and Y

For the above case of sampling with replacement and with equal

probabilities, there is more than one unbiased estimator for each of
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X and Y. The estimators based on all, possibly duplicated, clusters

in the sample are

n 2 n
(N/n) X x + (N"/n(n-1)) =
/ . s=1 (s) / s%s‘

A

r

% (gs1) 7 (4.11)

and

n 2 n
(N/n) Szl gy * @ /na-1) sis' Y (ss') ? (4.12)

>

I

WR

where x are defined as in section 4.2.2.

(8)” Y(s)? F(ss')? Y(ss')

Suppose among the n clusters in the sample only v clusters are

different. The estimators based on these v different clusters are

. v v

XD = (N/v)dil Xy * (N(an)/v(v-l))didx % adry (4.13)
and

n v v

Yoo = (N/v)df1 Yy * (N(qu)/v(vnl))did' Y(dary ? (4.14)

where d,d' represent the orders of appearances of different clusters
in the sample.

These estimators are unbiased for their respective parameters,
provided n > 1 and v > 1. If n, is the number of times that cluster i
appears in the sample, i =1, 2, ..., N, then, from Appendix 9.2.1,
E(n,) = n/N and E(ninj) =-n(n_1)/N2° So E(ﬁWR) = X, and E(QWR) = Y.
To show unbiasedness of ﬁWRD observe that E(§WRD) = E1E2(§WRD)’ where

E2 is the conditional expectation given v, and E, is the expectation

1

over V. Note also that for a given number v of distinct clusters, the
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sample of distinct clusters is a simple random sample selected without
replacement. Since EZ(XWRD) =X, it follows that E(XWRD) = X,

Similarly, E(Y ) =Y.

WRD
The densities LX and XY may be estimated unbiasedly in an obvious

manner.

4.,3.3 Variances of the Estimators

Using Appendix 9.2.1 and equation (4.8) with ay replaced by n.,

it is immediate that

N
V(Xp) = [(¥/m) (1+ (a-1)/N) - 13121(}((1) Yy T TPy

N
LY/ (Lt -0/8 =11 2 (22345 +22 oy +22{ () 4220

14

+

2y (D (5)
2Zyi3) T iy’

+ [O7/a(a-1)) (1 +2(0-2) /N + (2-2) (2-3) /D) - 2 : <X<1J> i

LD L@ (5) (6) 2) 3)
1G9 Than TAan Than Traan Thag’

(4)
+ [(n- 1)/n-1] Z Zz( )
¢ @) /o) (L5 (B /) 1] 3 g +2D
(i,j,k# G 25k
L2 L ,® 25)

2(ijk) TP2(igk) E2(ijk)

(continued)
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/ 5 (3)
+[(-2/n-1] = 2250
3,04 2

N
+ [(n-2) (n-3) /n(n-1) - 1] X
(i,3,k,p)

, 2y (15kp) ? (4.15)

N
= [ (N/n) (1 + (n-1) /N) - 1]131(23((1) 2301y T2 (1))

@D 2B D@

N
FIO/ A D/ -1 B 2y Ay 22 Gy PPy

i#]
2 2 N
+ [(N"/n(n-1)) (1 +2(n-2) /N + (n-2) (n-3) /N )=_1]-§'(2Y(ij)
i#j
(L (3 @ |
PPy TGy TG
N
(3
+[(n-1)/n-11 5% 2,74,
143 4(i3)
+ [(N(n-2) /n(n-1)) (1 + (n-3) /N) - 1] g (Z3 "k)'+22212'k)
(i,j,k)% (1J (lJ
(3)
" (i)
N
(2)
+ [(0-2)/n-1] = 22,57
(1, 5,l04 10
/ N
+ [ (n-2) (n-3) /n(n-1) - 1] z z, ... . (4.16)
(1,5,k,p)# +(3kR)

Expressions for V(§WRD) and V(§WRD) are complicated due to the

random variable v. They can be derived using a theorem formalized by
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Madow (1949), namely

V(XWRD) - Elvz(XWRD) * VlEZ(XWRD) 5 (4.17)

(where E2 and V2 are expectation and variance given v, and El and V1
are expectation and variance over v) and the values of El(l/v),
El(l/(v-l)) and El(l/v(v_l)) derived in Appendix 9.2.1 for v > 1. From
. S _ . A _ ~2 2
(4.17) with VlEZ(XWRD) =0, it follows that V(XWRD) = ElEZ(XWRD) - X",
22 , , 22
The value of EZ(XWRD) is found in the same manner as E(XU)u After

simplification, it is found that

N
Vg = [NE{ (/W) - 1] {ifl(x(i) ey i) Ty’

N
(3) (4) (7 (8) (1) (3)
+ i?.j(zzl(ij) +Zzl(ij) +221(ij) +221(ij) +222(ij) +222(ij))}

N
2D, ,@

+ [NN-DE (1/v(v-1)) - 1] & (X .. +Y . +277, .
1 i3 (1D @D TLED T1IED
(5) (6) (2) (3)
Than Thian TRan Fhap’
F IOV 1)) (1 - E, (1/v)) - 1] 2 2
1 i%j 2(1j)
N
+ [(N(N-1) /(N-2)) (B (1/(v-1)) - 2B, (1/9(v-1))) - 1] &
(1,3,K) #

. W, ,@) %) (5)
Crago TR0 2G50 TP TR ]

N 3)
+ [(N/(N-2)) (1 - 2E1(1/\))) -1 = ZZZ(ijk)

(1,3,0)#

(continued)
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+ [(N(N-1) /(N-2) (N-3)) (1 - 4E{ (1/(v-1)) +6E; (1/v(v-1))) - 1]

N
MY

. (4.18)
(i:j}k}P)ié

Z .. .
2 (ijkp)

~

V(Y

WRD) is of similar expression, namely

g | |
V(g = (9 (/% - 11 2 Fw T e’

N
(2) ) 1) %)
Ty MBap Tap T Paan TGy’ }
+ [N(N-1)E, (1/v(v=1)) - 1] g 2y 1221 4073
1 gy ap THap THan
)
* P4ig)

E)
FLOV@-D) - B (/W) =11 2,5
if

3
N .

+ [(N(N_l)/(N_Z))(El(l/(v-l)) _2E1(1/v(v-1))) -1] =
(1,3, #

(1) (3)
" Caago T TP

N
(2)
+ [(N/(N-2)) (L - 2E,(1/v)) -1] = 22 %7
' (1,3,04 0

+ [(N(an)/(N_Z)(N_3))(1=-4E1(1/(vn1)) +6E1(1/v(v-1)))- 1]

N
z

. (4.19)
(i,3,k,p)#

Z, .. .
4(1ikp)
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The variances of the density estimators are obtained from (4.18)

and (4.19).

4.3.4 Unbiased Estimators of the Variances

To obtain unbiased estimators of the variances in 4.3.3 note the

following expectations:

N N
2
E[(N/n) > Z %) = Z Yy B /n(n-1)) i Fgeny] = 1§j X(igy 7
n N

3
E[(N"/n(n-1) (n-2)) = z C o] o= by Zo
(s,8',84A 187807 g 4 g 1EIR)

4 n N
E[ (N /n(n-1) (n-2) (n-3)) b nguny 1= z Zyo s
(s,s g ",)% 2(ss s ) (i,j,k,p)# 2(1ijkp)

and similar expressions for other statistics which involve one, two,
three and four clusters of points. When only different clusters in

the sample are considered, the following are true:

N Vv N
E[(N/v) z x(d)] E (i)’ E[ (N(N-1) /v(v-1) did‘ x(dd,)] = iij x(ij),

v N
E[(N(N‘l)(N‘z)/v(“‘l)(V'2>)(d}§q’d”)% 21 (ddaramy =(i}?}k)% 29 15k
v
E[(N(N_l)(N_Z)(N-3)/v(v_1)(vm2>(v-B))(d,d’fd",d”‘)% Z) (dd'dranty )
N
= z

Z
- 2(ijk ?
(l:J}k:P)% (13kp)
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and similar expressions for other statistics involved. Note also that
ce s > > .
it is assumed here that v £ 4, and n = 4., From these observations the

following estimators are unbiased for their respective parameters.

V() = /) [(/n) (1+ (a-1) /W) -1 2 RO RMORNSTORNSIOY

(3) )
/1) {{0V/0) 1+ (@-2) /) - 1] ;ﬁ (21 sy *2%1 (55

+

22D 40, (B, (D5 )y

* l(ss ) 1(ss?') 2(ss?') 22 2(sst)

n
+ [(N*/n(n-1)) (1 +2(n-2) /N + (0-2) (n-3) /N%) - 1] 772 (% (1)
s#s'

ey (2) (3) (6) 2 (2)
* y(ss‘) 1(ss ) e 1(ss') *z l(ss’) Tz 1(ss') 2(ss’)
23 )
2(ss')

+

n
[(n-1)/n- 1] ; 250y |+ 0P /ac-D) (-2 { (G2 /
s#s!

n
n(n-D)(1 + (n-S)/N) - 1] b¥ (z oot
(S,S',S")% 1(5;5 s 8 )
(1) (2) (4) (5) )
2(s ] ,s") 2(s s' ) 2(s s ,s") 2(s s',s")
n
*l@-/n-1) 2 ézs's") }

(s,8",8")#

n

(' /n(0-1) (0-2) (0-3)) [ ((1-2) (n-3) /n(n-1)) - 1] =
(S,S',S", Sm )74

+

Z)(ss's"s™)y  ? (4.20)
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(N/\))[NEl(l/\))_lj Z (X(d) y(d) +Zl(d) +zZ(d)>

- e /ooen) { e am -1 ; 2] Qary 221 Qhary

257D (8) (1 (5)
¥ 221caan F1caary ¥ aan T adn)
> (D
P LOEDEAMOD) 1T 5 G5y * a7t
2 (2) (5) (6) (2) (3)
* 21aany FA1¢dary TA1eadY) T22eaany t22caan)
v 4
IO/ @D A-E /M) -1] £ 2P
d;éd' 2(dd")

-1 (4-2) /9= (0-2) {L 101 / (82)) (8, (1/ (v-1)

v
2D
- 2B (1/v(v-1))) - 1

E].( /\)(\) ))) ](d,g",d");é (Zl(ddldﬂ) Z(ddldn)
2 (2) (4) (3)

Z2(dd'a"y T%2(dd'd" F%3(ddrany’

; 5, (3)
IO/ (N-2)) (1~ 2E,(1/v) - 1] = 22, Gdramy

(d,d*,d") ¢
+ (N(N=1) (N-2) (N-3) /V(v-1) (v-2) (v-3)) [ (N(N-1) /(N-2) (N-3))

Vv

. (1..4E1(1/(v_1)'+6E1(1/v(v_1))) -1] b
(d)d',d"’d"')%

Zo(dadraramy ¢ (4.21)
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Similar expressions for V(YWR) and V(YWRD) will not be presented
here. 1In practice, however, V(XWRD) and v(YWRD) are replaced by
Vl(XWRD) and Vl(YWRD) in which 1/v, 1/v(v_1), and 1/(v_1) are put in

place of El(l/v), El(l/v(v-l)) and El(l/(vml)), respectively,

4.3.5 An Example

Suppose a sample of 5 clusters is drawn one by one with replace-
ment and with equal probabilities from a population digraph mentioned
in example 4.2.5. These 5 clusters are assumed to be those in example
3 with cluster number 4 appearing twice. The subgraph for this sample
is presented in Figure 4.1, Notice that nodes 13 and 17, 14 and 18,
15 and 19, 16 and 20 refer to the same entities. Since loops are not
permitted in digraphs, these pairs of nodes cannot be joined, Notice
also the formation of lines between nodes in clusters 4 and 5. Tt may
be thought of as the result of putting two identical plates of points

on top of one another and projecting them onto a single plate.

5
From the subgraph, it is found that SEI X(s) = 17, Sist X(ss') =12,
5 5 4 4
szl Y(S) M sis‘ y(ssl) - dil X(d) - did' X(dd,) B
4 4
dil y(d) =8, did‘ y(dd‘) = 2. Hence,
Kpp = (20/5) (17) + ((20)(20)/5(4)) (12) = 308
Ropp = (20/4) (13) + ((20) (19)/4(3)) (3) = 140 .

Similarly, ¥ . = 248, XXW =0.04873, i, =0.03924,
R WR

Y o =103.33, XXW = 0.02215, and A = 0.01635.
WRD RD AYWRD
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Cluster 1 Cluster 2

Cluster 5

Cluster 3

Figure 4.1 Subgraph for a sample

Using (4.20), an unbiased estimate of the variance of QWR is
V(X)) = (20/5) ( (20/5) (1 +4/20) -1 ) (67)
+ (20(20) /5(4)) [{ (zq/5)(1-+3/20).n1 } (152)
+ {(20(20) /5(4)) (1 +2(3)/20 +3(2)/20(20)) -1}}(70)
+ (4/5 -1)(222) ]
+ (20(20) (20) /5(4) (3)) [{(20(3)/5(4)) (1 +2/20) - 1} (42)
+ (3/5-1)(236) ]

+ (20(20) (20) (20) /5(4) (3) (2)) (3(2)/5(4) - 1) (32) = 16921.1667.
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similarly, v({ ) = 8978.912, v(XXWR) = 0.0004236,

A

v(R, ) =0.0002248, vl(QWRD) = 6696.4192, v, (Y ) = 2072.3582,
WR

vl(XXw ) =0.0001677, and vl(iY ) = 0.00005191.
RD WRD

4.4 Simple Random Sampling of nM Points

4,4,1 The Sampling Procedure

Consider now a population digraph consisting of NM points not
assigned to clusters and the set of lines among these points. From
this population a simple random sample of nM points is taken. The
quantity M is retained in the notation so as to facilitate comparison

with the cluster sample results of section 4.2.1.

4.4.2 FEstimators of X and Y

In this situation the parameters will be defined as in section
3.1, except that the upper limit for all summations involved is NM
instead of N. For example, X = fgj Aij where Aij =1 or 0 according
as there is a line from point i to point j or not.

When one considers a simple random sample of nM points from a

population of NM = M, points, unbiased estimators of X and Y become,

0

respectively
X = (MyQMp-1)/mM(ne-1)) x , (4.22)
and 7 (0, (y-1) /o (nM-1)) y , (4.23)

where



nM nM
X = X 'ass" and y = Z ' a g1y s and
s#s s#s

1 if there is a line from the s-th sample point to the
s'-th sample point,

ss .
0 otherwise .

Unbiasedness of the estimators and the variances of the estimators

may be derived easily. Let

1 if points i and j are in the sample,
tio
J 0 otherwise ,

for all i,j =1, 2, ..., NM; i#j. Then clearly, E(t:}) = nM(nM-1)/

M, (-1 5 E(tijtik) = aM(aM-1) (aM-2) /i (1) (4, -2) = E(tijtjk), and

E(t ) = oM(nd-1) (nM-2) (nM-3) /My (M~1) (M,-2) (4~3), for & =1 or 2

15 kp
and the subscripts i,j,k,p (=1, 2, ..., MO) are all distinct. Writing

la) NId »
X = (Mb(Monl)/nM(nM-l)) iij Aijtij’ it follows that E(X) = X. Similar-

ly, E(f) = Y. Unbiased estimators for the densities KX’ and AY are

obtained in an obvious manner from X and Y, namely

x/nM(nM-1) (4.24)

%
and XY

y/nM(nM-1) . (4.25)

4.4.3 Variances of the Estimators

To obtain the variances of X and Y note that X2 = X-%Y-FZI-FZZ,

2
and Y = 2Y + Z3 + Z4 as in the case where clusters are taken into
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consideration. Also

X2 = M, (M, -1) /oM (nM 1))2{ Ng (A,, + A, A )t2
It R I - PR 157317 i3
i#j
M 2 2
+
oz (Aiinkf*AijAki)tijtik'+(AijAjk APy Biy Bk
(1)J;k)%
NM

+ z (A, A )t .t } .
. ij 'k ik
(1}J}k:P)% 1 %p 1 %p

By applying the formulae for the expectations of the t's to the last

expression, V(ﬁ) now may be obtained from E(ﬁz) - Xz. V(Y) may be

derived similarly. The results are (4.26) and (4.27).
V) = (M) (4,1 /aM(aM-1) - 1] (X + Y)
+ [MO(Moul)(nM-Z)/nM(anl)(MO_Z) - 1] Z,
+ [Mb(Mb_l)(nM_Z)(nM~3)/nM(nM~1)(MO—Z)(Mb_3) - 1] z,.
(4.26)
V(Y) = [My (M,-1) /oM(aM-1) - 1] (2Y)
+ [MO(MO-l)(nM-Z)/nM(anl)(MO_Z) - 1] z,
+ [MO(MO-l)(nM~2)(nM-3)/nM(nM_l)(MO_Z)(Mb~3)=-1] Z, (4.27)

Sherdon (1970) has also obtained V(ﬁ) and V(?) using a somewhat

different approach.

4.4.4 TUnbiased Estimators of V(i) and V(f)

The parameters that appear in the variance formulae may be

estimated without bias for this sampling scheme. In addition to X and
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A

Y, unbiased estimators for other parameters are, respectively,

Zy = (M) (My-1) (4,-2) /mdM(aM-1) (mM.-2) ) zy (4.28)
7, = (0 (- 1) (4)-2) (My~3) /od (M- 1) (md-2) (nM-3)) z, (4.29)
Z, = (1 (M) =1) (M)-2) /mde(nM-1) (nM-2)) =, (4.30)
z, = (1) O =1) (M=2) (24 -3) /mde(nM-1) (a4-2) (AM-3)) 2, (4.31)

where lower case letters represent counts made from the sample sub.
graph. Unbiased estimators of V(i) and V(Y) are now obtained by using
the above estimators in place of their respectively parameters that

appear in the variance formulae.

4.4,5 An Example
Using digraph in example 3.3.3 as a simple random sample of nM = 16

points from a population digraph consisting of NM = 80 points, it is

found that x = 16, y = 10, z, = 42, z, = 188, Zy = 16, and z, = 64.
Hence, from (4.22)
X = (80(79)/16(15)) (16) = 421.28 .

Similarly, Y = 263,30, iX = 0.06667 and A, = 0.04166. An un-

biased estimate of the variance of X is computed from (4.26) with
appropriate replacement and turns out to be
v(X) = [80(79)/16(15) - 11(80(79)/16(15)) (16 + 10)
+ [80(79) (14) /16(15) (78) - 1]1(80(79) (78) /16(15) (14)) (42)
+ [80(79) (14) (13)/16(15) (78) (77) - 1](80(79) (78) (77)/
/ 16(15) (14) (13)) (188)

= 7281.4849 ,
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. Similarly, unbiased estimates of other parameters of interest are

v(¥) = 10841.5983, v(XX) = 0.0001823 and v(XY) = 0.0002714.

4.5 Two-Stage Sampling

~4,5.1 The Sampling Procedure

Let us assume the existence of a population frame consisting of N

first stage units (clusters) each of size M. From this population a
simple random sample of n clusters is selected. At the second stage,
a simple random sample of m points is selected from each of the n

clusters already drawn in the first stage. The selection of these n
subsamples is done independently from each other. The data on links
to all other units then are collected from these subsampled units.,

. Each subsample is treated as a cluster of graph nodes in the sample sub-

graph of the original digraph.

4,5.2 Estimators of X and Y

Consider the following estimators of X and Y:

n n
X, = (M(U-1) /om(m-1)) z xm(s)-+(N(N_1)M2/n(n_l)m2) Zxggrys (4:32)
s=1 s#s
n n 2 2 n
Y, = (MWM(M-1) /nm(m-1)) Sflym(s)~+(N(N_1)M /n(n-1)m )SzS'ym(Ssv), (4.33)
m m m
where m(s) uiu,au(s)u'(s)’ “m(ss') uil vil Bu(s)v(s') ’
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1 if there is a line from the u-th point drawn
from the s-th drawn cluster to the v-th point
drawn from the s'-th drawn cluster,

a 1
u(s)v(s? 0 otherwise |,

and ym(s)’ ym(ss‘) are subsample values defined similarly,

Both iT and §T are unbiased estimators of X and Y, respectively.
This may be seen by considering E(ﬁT) = ElEZ(ﬁT), where E2 is the con.
ditional expectation over all selections of n sets of m points from
given clusters 1, 2, ..., n already drawn in the first stage, and E1 is
the expectation over all possible samples of n clusters. If

1 if unit u of the s-th drawn cluster is in the
subsample,

“u(s)
u(s 0 otherwise |,

then clearly,

M
B, [ (1U-1) /m(m-1)) %, o] = (M(M_l)/m(m_l))uzu‘au(s)u,(S)Ez(tu(s) €0t (o)
M
A AROTUO R O
and
M M

2,2 2,2

Ep L/ % ooy = 47 /m%) I I fueyvisH B tuge) sy
M M
T o oo fuevsh T Xes

Hence,
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n n
E1[(N/n) Sil X(s) + (N(N-l)/n(n_l))S§S' X(ss')]

E(}?T)

Similarly, E(QT) =Y.
The densities AX and AY are estimated unbiasedly by

AXT = XT/MO(MO_l) and AYT = YT/MO(Mb-l) , respectively.

4,5.3 Variances of the Estimators

The variances of the estimators mentioned in this section may be
derived by utilizing a conditional argument similar to that in section

4.3.3. Since

n

+(N(N-1) /n(n-1)) =

n
EZ(XT) = ®/n X(s) shs’ x(Ss‘) ?

s=1

it follows that VlEZ(iT) is as equation (4.6). Writing out ﬁ% and
taking expectation given n first stage units, and subtracting the

parallel expression for [EZ(}ET)]2 from the result, it is found that

n
v, = (/) I LD /@D - D Gy + )
+ (M(M-1) (m-2) /m(m-1) (M-2) - 1)21(8)
+ (M(M-1) (m-2) (m~3) /m(m-1) (M-2) (M-3) - 1)z2(s)]

2 2,2
+ (N(N-1) /n(n-1)) {s;zés'[(M /m” . 1) (x(ss,) +y(ss.))

(continued)
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L L@, () ®)

2 2
M (m-1) /m” (M-1) - 1) (zl(ss') z]_(ssf) ]_(ss')+zl(SS')

+

(2) (3 )]

M (m-1) 2 /m? -1 - 1) (257 sy *250nsny

+

n
.y 5 [(M/m.,l)z e
(S,S',S”)% l(SS S/)
(D (2) (4)
* (M(m"l)/m(Mul)_’1)(z2(ss's") +Z2(ss's") +ZZ(ss's")
(3)
+ ZZ(SS'S”))] }

) L@ (D

n
(-1 /?(el)) oz [fm - D) (22y) oy +22y )y 42200

s#s’
(8)
" zzl(ss‘))
+ (M(@-2) /m(M-2) - 1)(2z§](")ss,) +Zz§"?>ss,))] . (4. 34)

Upon taking the expectation of (4.34) over all possible samples of

n clusters, Elvz(ﬁT) is obtained as:

' N
E,V,(Xp) = (N/n) { 151 [ (M(M-1) /m(m-1) - 1) (X(i) + Y(i))
+ (M(M-1) (m-2) /m(m-1) (M-2) - 1)21(1)
+ (M(M-1) (m-2) (m-3) /m(m-1) (M-2) (M-3) - 1) z, (i)]

g .
+ iij[(M/m- 1) (zzﬁ)ij) +zz¥(*)ij) +zzﬂ)ij) +zz§§)ij))

+ (M(m-2) /m(M-2) - 1) (zzé%)ij) +2z§2j))] }

(continued)
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+ (N(N-1) /n(n-1)) { z [ / 2.1
=]

@n Vg

9 9 (1) ) (5) (6)
+  (m-1) /m" (M-1) - 1) Gy Tadp T2 1in Ay’

+ 0 @D/ D% - 1 28 +2$) )

2(i3)  T2(ij
; /
+ [M/m-1)zZ, ..
(1,1, £ HEHW
(1) (2) (4) (5)
+ (M(m-l)/m(M~1)“1)(zz( ) 2(13k) +22(ijk) 2(1Jk))] }

(4.35)

Adding (4.6) for lez(iT) to (4.35) gives

. N
V(Xp) = 151 [(NM(M_I)/nm(m_l)‘.1)(X(i)-bY(i))

+ (NM(M-1) (m-2) /nm(m-1) (M-2) - 1) Z

1(1)
+ (NM(M_l)(mu2)(m-3)/nm(m_1)(M_2)(M=3)=~l)22(i)]
+ g [NN-D)M*/n(a-Dm? - 1) (X, .« +Y,...)
14 i) ~dn

+ (N(le)Mz(mml)/n(nml)mz(M-l),,1)(z§%§j)-+z§%ij)

(5) (6)
Than T Aa?

(3) (4) (7) (8)
/- D gy 22 gy 2 gy 22 )

+ (NM(m-Z)/nm(Mmz)a.l)(2z§%;j) + zzéii ))

(continued)
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+ (N(N_l)Mz(m_l)Z/n(nml)mz(M_l)z.u1)(Z§%§j) +z§%1j))
+ (N(n-l)/n(N_l)=.1)Z§?1j)]
: /
+ z [(N(N-1) (n-2)M/n(n-1) (N-2)m - 1)Z, ..
(1,3, 4 LR
+ (N(N-l)(n-Z)M(m_l)/n(n_l)(N_Z)m(M_l)‘-1)(Z§%ijk)

(2) (&) (5)
+ zZ(ijk)'+ZZ(ijk) +zz(ijk>)-+(N(n,2)/n(N-2).,1)

. 2283

2(13k) ]
N
+ (i’j?k)p)% (N(le)(n_2)(n~3)/n(n_1)(N_Z)(N~3)‘ml)Zz(ijkp).
(4.36)

V(§T) may be derived similarly and the result is of similar form
but the parameters are replaced as in Table 4.1. 1In fact, the
correspondences can be applied in all situations involving the estima.-

tion of X and Y.

4.5.4 TUnbiased Estimators of V(ﬁT) and V(§T)

Since V(XT) and V(YT) are linear combinations of parameters, un-
biased variance estimators may be obtained by inserting unbiased
estimators of the parameters involved. An unbiased estimator of V(XT)

is thus:



Table 4.1 Corresponding parameters in V(}ET) and V({ET)

Parameters in V(X,) Parameters in V(QT)
*w T Y Y1)
21(1) | 23(1)
Z2(4) Z4(1)
Xan Yy | (i)
Zf%ij) * Ziiij) 2z§%ij)
zziﬁij) * 22§?§j> 4Z§%ij)
Z{?ij) Zf?ij) 2z§%§j)
225215) * zzi%ij) 4Z§?ij)
24 2y
2565 * % 22,1y
Zé?ij) Ziiij)
2535 2,3
zf%ijk) * Zi?ijk) Zzé%ijk)

i%ijk) * Zf?ijk) zzgiijk)
Zé%;jk) * é%;jk) zzizijk)
2250 110 22,6 510
Zé?ijk) * zé?ijk) 222?§jk)

7. .. ' 7, ..
2(ijkp) 4(ijkp)
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n
v(X) = (N/n) sil[(1\11‘4(1’-[“-1)/nm(mml) - D (M(M-l)/m(m—l))(xm(s) +ym(s>)

+ (NM(Mul)(m-2)/nm(mm1)(Mn2)=.1)(M(M~l)(M=2)/m(m_1)(m~2))z1m(s)

+

(NM(M-1) (m-2) (m-3) /nm (m=1) (M-2) (M-3) = 1) (M(M-1) (M-2) (M-3) /

m(m~1)(m-2)(m=3))22m(s)3

+ (N(N-1) /n(n-1)) z [ (N(N-1)M /n(n_l)m - 1) M /m CIp
s%s' m(ss')
+ ym(SSX))
L N 1>M m-1) M M-1) LD L@, O
n(n- 1)m (M-1) o (m 1) 1m(ss') 1m(ss’) Im(ss?')
» (6) )
lm(ss‘)
- u” M-1) 5, (3 2 (&) (7 €))
N (nm b m? (m-1) (22 1m(ss‘) lm(ss’) *2z lm(ss') *toz lm(ss'))
NM(m-2) > (M—l)(M~2) (22 ey +22)

(nm(M_Zi - D o (mul)(m 2) 2m(ss’') 2m(ss‘))

N(N-l)M (m-1)2 D M (M. 1) 2

(2) (3)
' n(n D12 P (m-l)> @om(sst) ¥ P*am(ss))
Moo poween? @
n(N-1) - mZ(mml)z Zm(sS')
N(N-1) (N-2 n 3
4 N(N-1) (N-2) 5 NE-D ()M gy M

—§'zlm(ss' ™

n(n-1) (n-2) (s,8',8" # [ n(n-1) (N-2)m

(continued)
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3
N(N-1) (2-2)M(m-~1) M>(M-1) , (1) (2)
CED D=L - &3(m;13 om(ss's™) *Zom(ss's™

) &)

ZZm(ss's") * zZm(ss‘s”)

3
N(n-2) M (M-1) (3)
* (n(N-Z) - D m3(m_1) ZZZm(ss‘s")]
n 4

L N(N-1) (N-2) (N-3) s NO-D) (n-2) (1-3) gy M
n(n“']-) (n-2) (n"3) (S, s ',S”, g )% n(n-l) (N-»Z) (N-3) H—lz"-

z2m(ss's"s’”) ’ (4.37)

where the x, y, z values are subsample values defined similarly to

x , . and x 1y In section 4.5.2. An unbiased estimator of V(Y,) is
m(s) m(ss') T
similar except that x, y, z values are replaced using the correspond-

ences in Table 4.1.

4,5,5 An Example

Suppose a simple random sample of 4 clusters of points is taken
from a population digraph consisting of 20 point clusters, each of size
10. At the second stage a simple random sample of 4 points is taken
from each of the selected clusters. The 4 subsamples are selected
independently from each other. Assume that the sample subgraph for
this sampling scheme is that shown in example 3.3. 3. Applying (4.32),

it is found that

_20(10) (9) 20(19) (10) (10)
I YA N &) RS N T N (Y N Y I ©)

>

i

1081.3125 .
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A »

Similarly, Y, = 695.8750, A, =0.02717, and XY = 0.01748.
T T

From (4.37), an unbiased estimate of the variance of QT is found to be
v(X) = 257366.34013. Similarly, v(¥p) = 85004.01412,

V(iX ) =0.0001625 and v(7\Y ) = 0.,00005366.
T T

4.6 Comments on the Sampling Procedures

4.6.1 A Superpopulation Model

In the process of doing an actual sample survey, the sampler has
the task of deciding among the designs already presented which one
should be applied. There is no simple general rule for deciding which
design is best. Usually, one considers the relative precision of
sampling designs involved. The comparison of variances of the
appropriate estimators is carried out either for fixed total sampling
costs or for equal sample size ignoring costs.

The investigations of the relative precision of sampling designs,
however, become difficult when we are concerned with finite populations
where no functional form of the distribution followed by the data is
assumed. A way out of this difficulty, suggested by Cochran (1963), is
to regard the finite population as being drawn at random from an in-
finite superpopulation which possesses certain properties. The results
obtained do not apply to any single finite population but rather to the
average of all finite populations that can be drawn from the super-
population. This approach has been used in the following subsections

to study the relative precision of the sampling designs.
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Assume that a population digraph D is drawn at random from a
superpopulation of digraphs each of N clusters and each cluster con-

sisting of M graph nodes such that

= = =]_ =
Py ury = 1 =P BlA (gyyqqy =11 =2y s
for all nodes u # u' and for all clusters i # j, and the events in-
volved are independent. Then for any estimator ﬁA of X, it follows
that

V(X) = E\V,(X) + VE (X)), (4.38)

where E2 and V2 represent the expectation and the variance respectively
of sampling from a given digraph D and E1 and Vl operate over all
possible digraphs D from a given superpopulation. If Ez(iA) =X (i.e.,

the estimator is unbiased), then
V(X = BV, (X)) +E (XD - [E ()]
R = BV, XY + B &) - [E®] .

From the practical standpoint, there is interest only in Elvz(ﬁA),
the average variance due to sampling, and not in VlEz(iA) the variance
due to constructing the finite population. Note, however, that the
quantity VlEz(ﬁA) = El(XZ) - [El(X)]2 is a constant for any estimator,
ﬁA’ which is unbiased for X. For the above superpopulation, it is

found from the definitions given in section 3.2 that, when iA is un-

biased
‘ ~ _ 2
VlEZ(XA) = NM(M_l)pl(l_pl) + N(N-1)M pz(l-pz) . (4.39)

Thus the comparison of variances using V(XA) is in fact between the
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terms E1V2(§A) except when the ratios of the variances (instead of

EIVZ(XA)) are considered.

4.6.2 On Sampling with and without Replacement

Note that to estimate the number of lines in a population digraph
D from a random sample with replacement, two estimators are given,
namely equations (4.11) and (4.13). 1In sampling from an ordinary
population, Basu (1958) and Raj and Khamis (1958) have shown that an
estimator of the population mean based on only the distinct units in the
sample is uniformly more efficient (in the sense of smaller variance)
than the one based on all the units (including repetitions) in the
sample. The same conclusion should be expected here for the case of
sampling from a population digraph. The point of interest lies in the
comparison of sampling with and without replacement.

Assume that the population digraph D is drawn at random from a
given superpopulation mentioned in section 4.6.1. Since VZ(QWR) is the
same as given in equation (4.15), it follows, upon using the defini-

tions in section 3.2 and simplifying, that

B V,(R ) = NMM-1)[1/n- 1/0N]p, (1-p,)
3 2 2
+ NT(N-DM[1/n(n-1) + 2(N-3)/nN Ip, (1-p,)
2

+ N (N-DMp2/n(n-1) (4. 40)

and
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V) = (VMOM-1)/m)[1 + (n-1) /N]p, (1-p;)

£ (P OLDM /D)L + 22 /N + (1-2) (0-3) /¥ Tp, (L-py)

+ ZNZ(N_l)M4p§/n(n_l) : (4.41)

Similarly,
B)V, (Ker) = NMQM-1) [E; (1/Y) - 1/N]p; (1-p,)
+ N2 (1) MR, (1/9(v-1)) S 1/N-D Tpy (1-p,) (4. 42)

and
V) = MMM E; (1/W)p; (Lopy)

+ N (1) AR (/9 (v-1))p, (1-p,) (4.43)

where E1 on the right hand side of equations (4.42) and (4.43) has the

same meaning as in section 4.3. Also
Elvz(iu) - NZM(M_l)[l/n-m1/N]p1(l-p1)
+ M)W 1/n@-1) - 1/NE-D Tpy(1-p)) | (4.44)
and
V&) = (OH0ED /)y (Lpp) + 0P -D W aeD)p, (Lpy) - (4.45)

To compare XU with either XWR or XWRD note that application of
Cauchy's inequality, (Zaz)(sz) > (Zab)z, gives El(l/v) 2 1/E1(V) > 1/n
and El(l/v(v-l» 2 1/El(v(v,1)) > 1/n(n-1). Hence, it is seen that

XU is uniformly (in Py and p2) more efficient than XWR and XWRD'



76

4.6.3 Cluster Sampling and Simple Random Sampling

In previous sections, estimators of X and Y are presented for
various sampling schemes. 1In particular, it is useful to consider the

advantages of cluster sampling. In this section, an attempt to compare

A

‘XU and § as given by equations (4.1) and (4.22), respectively, will be

presented., Assume that a population digraph D is drawn at random from
a superpopulation in section 4.6.1., Then V(ﬁU) is given as in equation

(4.45) which may be rewritten in another form
V&) = M/n(n-1)) [ (n-1) M-1p, + (N-1)° Mp, ]

+ (1/n) NPM(M-1) (an--nM_l)pi + 2N (N (-1 pop,

+ (1/n(n-1)) N (N-1) 2% (n2? o2 Dps - VML -1)py + (v-1yMp,, 1%,

(4.46)

Similar derivation gives

VE = M (D) aM(ee1)) [(4-Dp, + (-D¥p,]

+ oM (M-1) (24-1) p3/mM(aM- 1) (M4-2) (WM-3)) [ (2N + WA + 6nae?

+ 8nM2 + 5NM)

- (nzNM3-+4n2M3-FnNM3-+3nNM2-%2NM2-+6nM~+6)]

+ VM (NM-1) (N-1) py /mt(nM-1) (M1-2) (M-F)[ (n2N2* + mae® + 4nae’

+ 4uNM +202M +2NM% +20M + 30M) - (2Nt +4nZed + ol

+ wM? +8nm? +6) T

(continued)
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+ (2N2M4(NM-1)(nM-Z)(N_l)(M_l)/nM(nM_l)(NM_Z)(NM_3))(nNM+N_4n)

'pyPy - NU[Q@-Dpy + (NDdp, 17 . (4.47)

It is not easy to compare (4.46) and (4.47) since the algebra
involved is messy. In general, it is expected that V(X) is less than
V(ﬁU). There are instances, however, where V(XU) is less. What
follows below is an attempt to point them out. Note that iU and X are

based on the same number, nM, of graph nodes and

VO V(K = (M2 (N-n) (M-1) /n(0-1) @4-1)) [ (2-D)py - (N-Dp,]

+ (V2 (Nem) (4-1) p /m (aM-1) (104-2) (NM-3)) {[ 22 + 204

+ 3NM +2M) - (20NMZ + 2NM + 6) Ip, - 4(N~1)M(NM-DM_1)p2}

+ (N2 (Non) (N-1) (M-1) p; /n(n-1) (nM-1) (NM-2) (NM-3)) [ (NM

2

+ 2nNMZ +20M + 2M + 6) - (202M% +2NM7 + 5NM +20M) ] .

(4.48)

Hence, ﬁU is more efficient than X if

(@) N +2n? +2mM? +2M +6 2 2nM +20M% +5NM +20M ,  and

, >
(ii) P]_ = maX(A)B)Pz b
where A = (N-1)/(n-1) and B = 4(N-1)M(NM-nM-1) /[ (82M> +20M% + 3NM + 20)
- 2ot +2md? +6) 7.
Suppose P; =P, = P, say, then V(XU) and V(ﬁ) take on simple

expressions, namely

¢ NZM(N2M - 2NM +0M - 0 + 1) p(L-p) /n(n-1) , (4.49)

(NM(NM-1)) 2p (1-p) /nM(nM-1) . (4. 50)

and V(ﬁ)
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In this case, it is seen that

VX - VE = NM(Nn) 2 (-1 p (1-p) /n(aM-1) (n-1)

which is zero if M = 1 but positive if M > 1. Hence, whenever Py =Py
and M > 1, X is more efficient than ﬁU' The reason would seem to be
that ﬁU acts like a stratified sample design with separate treatment
for within-cluster and between-cluster links. If there is, in fact,
no difference in linkage density then the stratification feature is a

hinderance in estimation.

If Py = 0, then it follows from (4.48) that

i

V(§)~V(§U) NZMZ(N-n)(Mul)pl/n(anl)

+ (NZMZ(N-n)(M-l)pi/n(nM_l)(NM_Z)(NM-B))[(NZMZ—+2nM2

+ 3NM +2M) - (zm\IM2 +2NM2 +6) 7.

2

Hence, it is concluded that if Py, = 0 and NZM -+2nM2-+3NM-+2M >

2nNM2-+2NM2-+6 (which is usually true), then ﬁU is more efficient than

X.

On the other hand if Py = 0, it follows from (4.48) that

VR -V(®) = NQMZ(N-n)(N_l)(M=1)p2/n(n-1)(nM_l)

- (NZMZ(N-n)(le)(M_l)pg/n(nM-l)(NM-Z)(NM_3))[(N2M2-+2nNM2

2

+ 20M° +2M +6) - (2n2M2 2

+2NM~ +5NM +2nM) ] .

So if p; =0 and n > 1, (NM-2) (NM-3) > (n_1)p2[(N2M2-+anM2-+2nM2

2

+ 2M~+6)»-(2n2M -+2NM2~+5NM-+2nM)] (which is usually the case), then i

is more efficient than XU°
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Table 4.2 presents examples for the above cases. The relative
efficiency (EIVZ(X)/EIVZ(XU)) of XU to X is presented for N = 100,

M

20, n = 10 and different values of Py and Pye Here, A = 11 and

B

i

4.546. It happens that X is more efficient than X if Py 2 llpZ;

U
, ) . _ <
or p, = 0, and the reverse is true if P; = Py OT Py 0 and P,
0.00956.
Note also that since V E (X ) = (X) is a constant, the above

comparison is in fact between E \Y (XU) and E (X) To obtain these

values subtract (4.39) from (4.46) and (4.47), respectively.

4.6.4 One-Stage vs Two-Stage Cluster Sampling

Again regard a population digraph D as a random event from a
superpopulation in section 4.6.1. Using the value of VZ(XT) as given
by equation (4.36) and the definitions in section 3.2 together with

equation (4.39), it is found that

BV, (X) = MM -1)[1/mm(n-1) - 1/M@-1) 1p, (1-p,)

+ N (N-1) 22 M /n(n_l)m - 1/N(N-l)]p2(l “P,) (4.51)
and
V&) = NZMZ(M-I)2p1(1_p1)/nm(m-l) +NZ(N_l)2M4p2(1_p2)/n(n-1)m2. (4.52)

It should be noted that the total number of graph nodes in this
two-stage sample is mm. To compare one-stage and two-stage designs the
estimators should be based on the same number of graph nodes. Since the
total number of graph nodes in a one-stage cluster sample is nM the two-

stage sampling will involve sampling of nM/m clusters in the first



Table 4.2 Relative efficiency of iU to X for N = 100, M = 20, n = 10

P1 Py 1%, (0 /57, (%)
0. 1500 0.0100 1.0427
0. 2500 0.0200 1.0268
0.9000 0.0800 1.0520
0.9900 0.0900 1.0540
0.0250 0.0010 1.1127
0.1500 0.0010 2.1304
0.0100 0.0100 0.9204
0.7500 0. 7500 0.9204
0.9000 0.9000 0.9204
0.0010 0.0000 11.0682
0.2500 0.0000 15.4286
0.0000 0.0010 0.9125

0.0000 0.0090 0.9125
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stage and subsampling of m graph nodes from each of the selected

clusters. The variance of ﬁT based on nM graph nodes is then

BV, (Rp) = NZM(M~1)2{1/n(m_1)_,1/N(M,1)]p1(1_p1)

+ NZ(N_l)zM?[M/n(nM_m)==1/N(Nm1)]p2(l_p2) , (4.53)
and
vy = NZM(M_l)zpl(l_pl)/n(mnl)-FNZ(an)2M3p2(l_p2)/n(nM_m) . h.5h)
Using (4.44) and (4.53) or (4.45) and (4.54), it follows that

ElVZ(XT)-ElVZ(XU) = V(XT) - V(XU)

(MQt-m) /o) {(@1-1) / (m-1)) py (L-p )

- (=D (n-1) (1w ) p, (L-p,) | - (4.55)

W . . W >
Hence, XU is more efficient than XT if pl(l“pl)/PZ(l“pz) =cC,

where C = (N-l)zM(m_l)/(n-l)(nM_m)(M-l). Otherwise, XT is more
efficient.

Table 4.3 gives examples for the above discussion. The relative
efficiency (E1V2(XT)/E1V2(XU)) of XU to XT is presented for N = 100,
M =20, n=10, m = 5 and different values of Py and Py Here

23.5141. It is expected that iU is more efficient than ﬁT if

I

C

pl(l_pl)/pz(l_pz) is larger than 23.5141. ﬁT is more efficient in

other cases.

4.6.5 Cost Consideration--an Illustration

Up to now sampling costs have been ignored in the comparison of

various sampling designs. There are instances where costs are major
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Table 4.3 Relative efficiency of ﬁU to §T for N = 100, M = 20, n = 10,
P1 Py Py (1-pp) /P, (1-p)) AACRILRACS
0. 1500 .0100 12.8788 0.9652
0.2500 .0200 9.5663 0.9543
0.9000 .0800 1.2228 0.9265
0.0250 .0010 24,3994 1.0029
0.1500 .0010 127.6276 1.3122
0.5000 .0010 250.2503 1.6247
0.0100 .0100 1.0000 0.9257
0.1000 . 1000 1.0000 0.9257
0.7500 . 7500 1.0000 0.9257
0.9000 .9000 1.0000 0.9257
0.0010 .0000 o 5.1667
0.7500 .0000 o 5.1667
0.0000 .0010 0.0000 0.9224
0.0000 .0090 0.0000 0.9224
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factor in the selection of a sampling scheme for a sample survey. What
follows is an illustration of how costs can be taken into consideration
for the selection of an appropriate sampling design.

Suppose that a certain fixed total cost is available for a sample
survey to estimate X from a population digraph D regarded as a random
event from a superpopulation in section 4.6.1. The sampler is to choose
between a single.stage and a two-stage cluster sampling. Assume that

for a single.stage cluster sampling the cost function is

Cy =cg * cynM + c,n , | (4.56)

where o is the basic cost of organizing the survey, ¢y the average
cost in recording each graph node and c, the average cost of traveling
among clusters. For a two-stage sampling, assume that the cost func-

tion takes on the form

C, = ¢ teqnam + c,n (4.57)

where n, is the number of clusters sampled in the first stage.

When CS C, is fixed, it is seen that

t

n

. n{(M+c2/c1)/(m+c2/cl)] s (4.58)

or, in practice, the nearest integer.
Then from (4.51) and (4.52)
E v, (X) = NMF-1)°[1/ 1) - 1/NM(M-1)Tp, (1-p.)
128 = - ngm(m-1) - M-1)Ip; (1-py
+ ¥ ) AP [ /n (n, - D - 1/NQN-1) Ip,(1-p,)

(4.59)

and
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vy = NZMZ(M_l)zpl(l-pl)/ntm(m-l)
+ NZ(N_l)2M4p2(1mp2)/nt(nt_1)m2 : (4. 60)

So, from (4.44), (4.45), (4.59) and (4.60),

BV, (Rp) =BV, (X)) = V&) - V(&)

1

¥Afp, (1-p) (1) [MQH-1) fm(m-Dyn, - 1/a]

m(an)ZMpz(lmpz)[1/n(n-1)..Mz/mznt(nt_l)]}.

(4.61)

Hence, from (4.61), it can be concluded that for simple cost

A

+ + = + + i
o t oM c,n and C, € T eqnm toc,n, XU is

more efficient than iT if pl(lupl)/pz(lupz) > F, where

functions CS = ¢

F = (N-1)%ME/(-1)D, D = M(M-1) fm(m-1)n_ - 1/n, and E = 1/n(n-1) -
Mz/mznt(nt-l), n_ = n[(M+c2/c1)/(m+c2/c1)]. iT is better if the
inequality is reversed. 1In a rough sense pl(1~p1) reflects variation
within clusters while pz(l_pz) measures variation between. When varia-
tion within clusters is larger the estimator ﬁU based on observing the
complete cluster is superior to ﬁT based on a subsample from the
clusters.

Table 4.4 gives the values of E1V2(XT)/E1V2(XU) for N = 100,

M =100, n =5, m = 20 and various values of cz/cl, P1 and Py-
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Table 4.4 E1V2(XT)/E1V2(XU) for fixed total cost N = 100, M = 100,
n=5 m=20

P by p(lep/py(depp) cpfeg F AMCRYLANCS
0.1000 0.0010 90.0901 10.0  -232.4602 1.7677
0.2500 0.0010 187.6871 10.0  -232.4602 1.9686
0.7500 0.2500 1.0000 10.0  -232.4602 1.5768
0.1000 0.0010 90.0901 5.0 - 90.6069 1.3679
0.2500 0.0010 187.6871 5.0 - 90.6069 1.5468
0.7500 0.2500 1.0000 5.0 - 90.6069 1.1929
0.1000 0.0010 90.0901 1.0 54.8383 1.0609
0.2500 0.0010 187.6871 1.0 54.8383 1.2216
0.7500 0.2500 1.0000 1.0 54.8383 0.9038
0.0010 0.2500 0.0053 1.0 54.8383 0.9019
0.1000 0.0010 90.0901 0.5  75.9844 1.0238
0.2500 0.0010 187. 6871 0.5  75.9844 1.1820
0.7500 0.2500 1.0000 0.5  75.9844 0.8673
0.0010 0.2500 0.0053 0.5  75.9844 0.8673
0.1000 0.0010 90.0901 0.1  93.5015 0.9944
0.2500 0.0010 187. 6871 0.1  93.5015 1.1505
0.7500 0.2500 1.0000 0.1  93.5015 0.8416

0.0010 0.2500 0.0053 0.1 93.5015 0.8398
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5. SAMPLING CLUSTERS OF UNEQUAL SIZES

5.1 1Introduction

Suppose that a population digraph D contains N mutually exclusive
clusters of unequal sizes My, My, «so, My When the cluster units.
contain different numbers of points, it seems natural and in many cases
is efficient to sample with unequal probabilities, although sampling
with equal probability is also convenient and is used in some situa-
tions.

In traditional sampling, where the relationships among sampling
units are disregarded, the following methods of sampling and estimation
have been discussed in the literature and are suggested here for use
in graph sampling. For the sake of the present discussion, assume that

the population total Y is to be estimated.

5.1,1 Simple Random Sampling

n clusters are selected at random, without replacement, and each
cluster having the same probability of inclusion in the sample. There
are three estimators in general use (Cochran (1963)). They are un-
biased estimator, ratio estimator and an estimator based on unweighted

mean of the means of the sampled clusters which are, respectively

n n n n
Y, = (N/n) = Vgr Yp = MO( z yS/ z MS) and Y, = (Mo/n) E‘-YS s
s=1 s=1 ° s=1 s=1
M
S
where Vg = jfl ysj’ Vo = ys/Ms’ ysj = measurement made on the j-th
N
unit in cluster s, and M, = I M
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Both Y_ and Y, are biased when M,, i=1, 2, ..., N are not all
R 2 i J J J
n
equal, YR because of the appearance of the random variate £ MS in the
s=1
denominator and Y2 because cluster means are not weighted proportional

to their sizes.

5.1.2 Sampling with Probability Proportional to Size and with Replace-
ment

When all the cluster sizes Mi are known, a method suggested by
Hansen and Hurwitz (1943) is to select the clusters with probabilities
proportional to their sizes. To avoid bias, this is usually carried out
with replacement of selected clusters. 1In this case, an unbiased

estimator of Y is

n
Ypps = (My/m 8%1 Vg s

where §S = yS/MS is the mean of the s-th drawn cluster (which, of
course, may be the same as any of the previously drawn clusters).
When the sizes of the clusters are known only approximately,

sampling may be carried out with probability proportional to an

N

estimate Mi of size M;. 1In this case, if M6 = Mi, then an un-
i=1

biased estimator of Y is

7.

(=]

Yppps = Mg/ o1

= _ ,
where now Yq yS/MS.

If the cluster means §s are estimated by subsampling, it is
generally recommended that a separate subsample be drawn for each

appearance of a cluster in the sample.
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5.1.3 Sampling with Probability Proportional to Size and without
Replacement

This is a method that has been suggested to overcome the relative
inefficiency of sampling with replacement. It is a compromise between

5.1.1 and 5.1.2. Two possible estimators have been suggested. They

are
. n
Y3 = 3 (ys/ﬂé) s
s=1
and
. n
Y, = y/m) ZF_,
s=1

where T is the probability that cluster s will appear in the sample.
§3 is unbiased, but it requires a knowledge, usually to be gained
only by a most arduous computation, of the M for all clusters appear-
ing in the sample. §4 is biased unless a sampling procedure can be
used such that the probabilities of inclusion m, are proportional to
the cluster sizes (Horvitz and Thompson (1952)). The evaluation of the
variances of the estimators for such schemes and their estimators re-
quires a knowledge of the probabilities of inclusion Tygt» @0 even more
troublesome computation than for the ﬂé’s, for all pairs of clusters

1

s, s  appearing in the sample,

5.1.4 1Inverse Sampling with Probability Proportional to Size

Sampford (1962) proposes a with replacement procedure as in 5.1.2
but does not stop when n clusters have been selected. Instead, the

sampling continues until the sample contains n + 1 different clusters
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which occurs on, say, the (r + 1l)-th drawing. The last drawn cluster
is then discarded and the sample of r drawn clusters contains n dif-
ferent ones. When ros i=1, 2, ..., N is defined as the number of
times cluster i occurs in the sample, an unbiased estimator

of Y becomes

=<
]
LI ae B~

Yiri/r .

In this chapter, the above mentioned four sampling schemes are
applied to a population digraph with point-clusters of unequal sizes.
Due to the need to estimate graph moments with a point in each of four
clusters in order to apply the accompanied formulae for estimation of
variances of the estimators, samples of sizes n = 1, 2, 3 will not be
considered. Only single-stage cluster sampling will be dealt with in
this chapter, while extension to two.stage sampling will be presented

in the next chapter.

5.2 Simple Random Sampling

5.2.1 The Sampling Procedure

A sample of n clusters is selected from a population digraph D
consisting of N point-clusters of sizes Mi’ i=1,2, ..., N, The

selection is carried out so that every one of the () possible samples

5 =2~

has an equal chance of being selected. 1In practice, a table of random

numbers is used as already explained in section 4.2.1.
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. 5.2.2 Estimators of X and Y

In section 5.1 three estimators in general use with simple random
sampling from a population consisting of clusters of unequal sizes were
introduced, The corresponding three types of estimators of X and Y,

the parameters of interest, for a population digraph D ares

n

n
Xy = (M/n) Sf__:l Xegy (N(N-1) /n(n-1)) s;zs“ X (ss') ? (5.1)
N n n
Y, o= (V/n) Z Ve (N(N-1) /n(n-1)) s;zs‘ Y (ssty (5.2)
— n n
2 X + X X
_1 (3 ¢ (8st)
A s=1 s#s
XR = Mb(MO'l) - 5 (5.3)
I MM-1) + £ MM,
' s=1 S S Sfl-S' S 8
n n
%y Ly
(s) ¢ 7 (ss")
s s=1 s#s
Yo = MyMy-D [ — — , (5.4)
oM M- + 2 MM,
s=1 s%s' 58
R N n
Xow = (.>_: Mi(Mi_l)/n) {; x(s)/MS(MS..,l)
i=]1 s=1
N n
+ (iij MiMj,/n(n..l)) stg x(ss,)/MSMS, 5 (5.5)
. N n
and Y, = (E Mi(Mi-l)/n) by y(s)/MS(MS-l)
i=1 s=1
N n
Tz MiMj/n(n_l)) by y(ss,)/MSMS, 5 (5.6)

. £ s#s'
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where
M MM,
s s

S
() 7 gy Cu@u @ s T E ) fuevs)

1 if there is a line from a point u in the s-th
drawn cluster to a point v in the s'.th drawn
cluster,

0 otherwise ,

the order of draw, and y

i (s)

and y<SS defined similar-

P

=

ti
™M=

=

[%4]

[

ly to X(S) and X(Ssi)u

ﬁU and §U are unbiased estimators of X and Y, respectively. This
can be proved exactly the same as in section 4.2.2. The other two types
of estimators are biased. The ratio estimators iR and QR turn out to
involve estimated variances that are too complicated to be useful and
they will be dropped in the discussion from now on. It should be noted
that when all Mi are equal, iUW is the same as iU; and similarly for

YUW and YU.

5.2.3 Variances of the Estimators

First note that in the development of V(iU) and V(§U) in section
4.2.3, cluster sizes have no effect on the variance formulae. Hence,
V(ﬁU) and V(YU) are given by equations (4.6) and (4.7), respeétively.

The variance of X V(iUw), is derived from the relationship

UW’
~ ~2 & 42
V&) = B - [EE 1T,

where
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]

. N N
Eyy = (2 M, (M,-1)/n) =z (X(i)/Mi(Mi_l)) E(a,)
i=1 i=1

N N
+ (= MiMj/n(nml)) L (X

/M. M.) E(a.a,)
1#3 1%3 1] 1]

(i3

N N
(2 M 0-D/) L F /M -1

N N
+ (% MM/NEN-1) = (X, /MM) ,
iféj 1] i j (lJ) 1]

1 if cluster i is in the sample,
0 otherwise,

and E(ﬁﬁw) is obtained similarly to E(ﬁuw). This turns out to be

N ) .
, [ .lei M, -1) ] N ) )
VD = 1= = (L.n/N)iEl(l/Mi(Mi_-l) ) gy *Yay T2y T )
N
[.ioMiMj]z N 2 2
17
+ T DNED [1..n(n_1)/N(N_l)].Z.[(l/MiMj)(X(ij) +Y(ij)

i#]

D @ L O L@ 0
PRay Thay Than Tan Tan Y]

N N
[ 2, 01-D[ £ M, ] .
; A=t nN(N_l)l?éJ (1-n/N) 'Z.[(l/MiMi ,-1)) (zzfzgj)

i#4

(4) (1 2 (7 (8)
+ 2zl(ij) +zzz(ij)) + (1/Mi(Mi-l)Mj,) (2zl(ij) 229 55y

(continued)
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22(5) )]
n 2
i- Ne 1.
* N G - ﬁ)iij(l/Mi(Mi'l)Mj M5-1)25 59
N
[ = MM 12 N
L _if 1] @-2 _n(mly o Ll
(- DN(N-1) ‘N-Z - N(R-D (1,7, M"‘"‘—iMij 1(1jk)
2 e
1(1Jk) 2(1Jk) 2(1Jk)
1 (2) (@) (L - (2)
e Gy PP TR TR K ]
MMM,
N N
[ =M, 1)][ZMM] g
+ i=1 i£] (n -2 29 s 1
nN(N-T) N2~ W (i, 1,104 T 0D
(3)
© 2250151
N
[ = M.M.]2 N
ity 4 (n-2) (n-3)  n(n-1),

+ ( - ) >
n(n-1)N(N-1) “(N-2) (N-3) N(N-1) (1,3, :P)% MkM

ZZ(ijkp) . (5.7)

V(§UW) is similar to V(iUw) except the parameters appearing in the

formula are different. Table 4,1 can be used to obtain V(QUW) from

5.7).
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5.2.4 Unbiased Estimators of the Variances

Unbiased estimators of V(iU) and V(§U) are given by (4.9) and
(4.10), respectively. If the sizes of all clusters in the population

digraph D are known, an unbiased estimator of V(XUW) is given by

N 2
[ ZM,(M,-1)]
. i1 iy . n . .
A — A==/ = M4 1)]7 ®(o (o) TP1(s) TP2(s)
N
% M, 1°
i n(n-1) (D
+ [n(n_l)]z (1 N(N-l)) ? , —’_‘“—Z[M " ] (XGS,)+}7(SS:) 1(SSI)
22 e 5 (6) +2(2) +2(3) )
1(ss') l(ss‘) 1(ss') 2( D) 2(ss')
N N
[ = M, (M - = M, M ] n
+ i=1 * if] (l-n/N) = [ > ! (2253) ;
n (n_l) S%s‘ MSMS,(MS,-l) (ss?)
95 (®) (D)
+ l(ss')+2 2(ss'))
1 (7 (8) (3)
oo Pilesh TP 1ssny T2 (ss )]
sV's s
N 2
[ ZM, (M -1)]
S R (N-1) -1 o Izl 1
2 D) \W-T ™ XN st M (L -DH_, (_,-D)
2 &)
2(ss')

(continued)
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N 2
[ =M. M,] n
, =1 1T (Ne2) ne2 _n(a-1), 5 [ 1
[n-1)" 2 N2 NOEDT (et e,
(1) (3) (4) (3)
(Zl(ss's")'+zl(ss's”) +Z2(ss‘s”) +22(ss's"))
1 (2) (4) (1) (2)
+’i_i7—§__'(zl(ss's") +Zl(ss's”) +z2(ss's") +22(ss‘s”)):|
s s's"
N N
[ ZM, (M,-D][ = M.M,]
S T i£3 37 (w-2) @=2 _ny ;
nz(n_l) (n-2) 'N-2 N (s,8',8M#
1 (3)
. MSMsiMs”(Ms""'l) ZZZ(SS:SH)
N
[ = MiMjJZ )
+ (N-2) (N-3)  ((n-2) (n-3) n(n-lyy 3

(n-2) (n-3)" “(N-2) (N-3) " N(N-I)

[n(n_l)]2 (s,8',s",8™)#

z
. 2(ss's"s")
MSMS IMS ”MS g1t

, (5.8)

where the lower case letters represent sample values and s, s', s", s"
the orders of draws of the clusters.

An unbiased estimator of V(§Uw) is of similar expression, Only
the sample quantities x's, y's and z's are replaced using the

correspondences in Table 4.1.

5.2.5 An Example
To illustrate the procedure and estimation mentioned in this

section, assume that a population digraph is that in example 3.3.4.
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To estimate X and Y, a simple random sample of 4 clusters is taken from
the population., Using a table of random numbers, suppose the sample
contains clusters 2, 5, 6 and 7. A summary of counting various quanti-

ties is given in the following tables:

Table 5.1 Lines within clusters for example 5.2.5

St N By Yy fies) %23 Pae) 4(s)
1 2 6 7 4 14 24 0 8
2 5 6 11 6 56 49 8 16
3 6 10 23 18 145 343 72 228
4 7 7 14 10 98 79 48 36
Total 29 55 38 313 495 128 288

Table 5.2 Lines among three clusters for example 5.2.5

' " (L (3)
S S s Z2(ss's") zz2(ss's”)
1 3 2 0 22
1 3 4 0 28
4 1 2 0 : 22
4 1 3 1 46

Total 1 118
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— —_ 1] Hi (111
zZ(ss's"s"‘) =0, Z4(ss‘s”s"') =0 for all s, s', s", s and all

other statistics not appearing in these tables are zero.

Using (5.1), it is found that

X, = (8/4)(55) + (8(7)/4(3))(2) = 119.33 .

A

Similarly, ¥, = 76, A, =0.02151 and A, = 0.01369.
U U

An unbiased estimate of the variance of ﬁU is computed from (4.9) and

found to be

V(X = (8/4) (8/4 - 1) (901) +(8(7)/(4/3)) ((8/4 - 1) (102)
+ (8(7)/4(3) - 1) (2) +(8(3)/4(7) - 1) (2130) }
+ (8(7)(6)/4(3) (2)) ((8(7) (2)/4(3) (6) - 1) (1)
+ (8(2)/4(6) - 1) (118)} + 0
= 349.8035 .

Variance estimators of the others are found similarly and they are

v(§U> = 338.1857, V(AXU) = 0.00001136, and v(XY ) = 0.00001098.
U

N

To obtain XUW and YUW’ it is found that iElMi(Mi_l) =710,

N 4
L MM, = 4840, = x(s)/MS(Ms-l) = 1.1889,

1#] s=1
4 4
Sily(s)/MS(MS_l) =0.7714, and = y(ss,)/MSMS,

% /M M 0.0405
X H 1 = ° J
ohat (ss') ss

= 0. Application of

(5.5) gives

227.37 .

ﬁUw = (710/4) (1.1889) + (4840/4(3)) (0.0405)
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A~

= 136.92, = 0.0410, and A = 0.0247.
b, y,

Similarly, YUW

An unbiased estimate of the variance of X _. computed from (5.8) turns

W
out to be
V&) = 710" (1_ 4/8) (0. 3691 +(4840)” (1 - 232 (0.0008)
2 AL Y6
2
710 (4840) (710)%(7)
+ ey (1-4/8)(0.0433) +~——xl (3/7 - 4/8) (1.0482
3 @ 3)

710 (4840) (6)
4(4) (3) (2)

+

(2/6 - 4/8) (0.0530) + 0

= 4986.9224,

Similar computations give other variance estimates:

v(¥ ) = 2236.5353, v(A, ) =0.0001619, and v(h ) = 0.00007261.
o b o

5.3 Sampling with Probability Proportional to Size
and with Replacement

5.3.1 The Sampling Procedure

One of the most commonly used varying probability sampling schemes
is that in which the sampling units are selected with probability
proportional to a given measure of size. The size measure is in
general the value of an auxiliary variable related to the characteris.
tic under study and may, in particular, be the cluster size Mi' This
sampling scheme is called probability proportional to size sampling and
has been discussed by Hansen and Hurwitz (1943).

The selection of n clusters with probability proportional to size

Mi and with replacement may be carried out by forming the cumulative
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sum of the Mi's. Then one selects a cluster by drawing a random number

N
between 1 and M, = I M, , and identifying the number drawn with a

0 j=1 T
cluster. It is clear that the probability of selecting the i-th clus-
ter is Mi/MO' The process is repeated n times to obtain a sample of n
clusters. This is sometimes called the cumulative total method.

An alternative method which avoids the cumulation of cluster sizes
has been suggested by Lahiri (1951). The procedure consists of the
following steps:

(1) Select a number at random from 1 to N. Suppose the number s
is selected.

(2) Select another number at random from 1 to T, where T is

greater than or equal to the maximum of the M,'s, i = 1, 2, ..., N,
i

Suppose the number t is selected at this step.

A

(3) If t M, then cluster s is selected into the sample. Other-
wise, cluster s is rejected and the above process is repeated until a
cluster is accepted into the sample.
(4) Repeat the steps until n clusters are selected into the sample.
To find the probability that a cluster i is selected at an effec-
tive draw (this means draw into the sample) note that cluster i may be
selected at the first draw or at some subsequent draw preceded by in-

effective draws. The probability that cluster i is selected at the

first draw is Mi/NT} and the probability of rejecting a draw is

N
(1/NT) % (T-M;) =1 . M/T, where i = MO/N. Hence, the probability of
i=1

selecting cluster i at any effective draw is

s 1 w/md - a/7 1L -
(Mi/NT)ji:O(l_M/T) = (Mi/NT) (1-@Q-#/7))"" = Mi/MO .
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The choice of one of these methods depends on the cost involved.

1 C2 are costs of cumulating the sizes and writing down the

cumulative total per cluster, and C

Suppose C

3 is the cost of selecting a random
number. Then the cost of using the cumulative total method is

N(C1 + C2) + nCS, and the expected cost of using Lahiri's method is
2n(T/b7I)C3 (since T/M is the expected number of draws required to

select a cluster and each draw involves two random numbers). Hence,

Lahiri's method is to be preferred to the cumulative total method if
T/ < (1/2) (1+®/n) [(c +c,/cl) .

In the case of drawing a sample of 5 clusters from the population
of 75 households in San Juan Sur (see Proctor (1960)) as given in
example 3.3.4 one may guess that T = 30 will suffice and that C1 = 0.1
minute, C, = 0.5 minute and C4 = 3 minutes, and so Lahiri's method
would not be preferred. Notice, however, that if N were to increase
with all else remaining the same, then at N = 135 the two methods cost
the same, while for larger populations Lahiri's method would become
superior. Unfortunately, for larger populations, T may need to be

raised and this will make the Lahiri's method more costly.

5.3.2 Estimators of X and Y

In sampling with probability proportional to size and with replace-

ment, it can be shown that

n n
XPPS - (Mo/n) z x(s)/Ms +(M(2)/n(n_1)) Z x(ss')/MsMs‘ P) (5.9)
s=1 s%s'
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and §PP = (Mo/n) z 3 ()M T 0% /n(n_l)) : y(ss,)/ Mo (5.10)

where s represents the order of draw, are unbiased estimators of X and

Y, respectively.

Let n,, i=1,2, ..., N be the number of times that cluster i
N

appears in the sample so that £ n, =n Then from Appendix 9.2.1,
i=1

E(ni) = nMi/Mb and E(ninj) = n(nml)(Mi/MO)(Mj/Mo), i#3j. So

N N
E(X = n Z X, , E(n, M + n(n-1 Z X E(n,n,)/M.M,
(Rppg) = /) T X1y BCny) /iy + 4 2 /n(n-1)) 2 K™ P/,
=X .
A similar argument gives the proof of unbiasedness of Y .. The

PPS

corresponding unbiased estimators of the densities AX and KY are,

respectively

X

Ay = (/G- and Ay, = (1/MO(MO_1))§PPS .
PPS P

5.3.3 Variances of the Estimators

Writing

N ‘N
e 2
Xopg = M4,/n) iElx(i)ni/Mi +(Mo/n(n-l))iiZé‘.jX(ij)ninj/MiMj s

and subtracting X2 =X +Y + Z, +7Z2

taking the expectation of ﬁz 1 2

PPS

from the result, the sampling variance of XPPS is found to be
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N
V(X ) = (Mo/n) ‘izl(l/Mi)(l-.Mi/MO)(X(i)~+Y(i)-+zl(i) +zz(i))
N Nb 1 o2 MiMj

D L@ (5 ©) L, 2 L3
TGy TRdEn Yhan Yhan Fhdn TPasy

M, M,
+ L 12 Fi}.)(zzm 12288 4070 vyl 12 dy
0

M, 1(i3) 1(ij) 2(1i1) Mj M,

C02® B D 1)
#1an TP TPy’ TEy “2an]

N
1 1 (1) (3)
+ 0z [ —— ((n-2)-2(2n-3) )(z +7.77
(i,j,k)% -1 M, Mb 1(ijk) 1(ijk)
(4) (5) j (2)
2(13k) + 2(le)) _—T'ﬁ_'((n'z) -2(2n-3) 0)(Zl(ijk)‘
(4) Z(l) Z(Z) ) - 4 (3) ]
1( jk)  2(ijk)  2(ijk) M 2(le)
I; o (n-2)(n-3) Dz (5.11)
(1,3, k,p)# MO n(n-1) ~ 2 (ijkp) ’

One uses the results in section 9.2.1 to obtain the expectations of the
functions of n, with p; = Mi/MO, i=1, 2, ..., N, required in finding

is of similar form and is

The variance of Yp,q, V(Yppg) 5

E(XPPS)

derived by using Table 4.1 to obtain the correspondences between the

parameters in the formulae.
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5.3.4 Unbiased Estimators of the Variances

In order to derive unbiased estimators of V(ﬁ ) and V(Y,..) one

PPS PPS

notes that

=

E[ z (M, /nM ) (1-M /M )x( )] = z (M /nM ) (1-M, /M )x( )E(ni),

s=1

and similarly for other expectations involved. Thus an unbiased

estimator of V(X___) becomes:

PPS

)

N
pps) = (/0% "Sfl(l/MS) (1-M /M) (x

ORMORRTONRID)

2
n M MM
1 1 1 0 n-2 s's'
+ T (1L+ M +M ;) - 2(2n.3) )
s#s! n-1 MM n-1 MsMs' My 8 s’ MoMo
ey (2 L, ()

(X(ss') * y(ss‘) 1(ss') +z1(ss') Z1(ss') l(ss')

(2) NE)
2(ss') “2(ss")

+ é_ (1- 2 /v )(ZZ(ZiS,) 22 ](.?)ss‘) +22 é?is )
o (3) (4) (1) L (&)
T (L= 2y /M) (22 gy #2270y +225 (gg0y) - %9 (ss "
* (5,5 g oy (n-lb)d(zn-zT MMlM " [nll I:O ((n-2) - 2(2n-3) %
<z£%lss " e es sy s insre™) F oS cagrany)

(continued)

]
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(1) (2) (3)
Z2(ss's”) ZZ(ss‘s”)"4ZZ(ss's")]
2
n M
0 1
- % 2(2n-3)
(s,s',8",8"" ) # (n_l)z(n-Z)(n_B) M Mg Mgt

~

ZZ(SS'S"S'“) ) s (5.12)

1"t

where s, s', s", s"' represent the orders of draws. An unbiased

estimator of V(? ) is obtained similarly. Table 4.1 is used to

PPS
obtain the correspondences of the quantities in the estimators of the

variances.

5.3.5 An Example

Suppose a sample of 5 clusters is drawn with probability propor-
tional to cluster sizes and with replacement from the population
digraph in example 3.3.4. Assume that clusters 5, 2, 2, 7 and 6 are
drawn in that order. The subgraph for this sample is shown in Figure

5.1, and a summary of counting appears in the accompanied tables.
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mple 5.3.5

Figure 5.1  Subgraph for exa
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Table 5.4 Lines within clusters for example 5.3.5

st My Ry Yy Pie) Fags) Pas)  Za(s)
1 5 6 11 6 56 49 8 16
2 2 6 7 4 14 24 0 8
3 2 6 7 4 14 24 0 8
4 7 7 14 10 98 79 48 36
5 6 10 23 18 145 343 72 228

Total 35 62 42 327 519 128 296




Table 5.5 Lines between two clusters for example 5.3.5

12

22

16

16

12

22

16

16

32

52

44

44,

18

Total

(continued)
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“2(2543) T %2(3542) T “2(4235) T Z2(4325) ~ I+ ALl other

quantities not appearing in the above tables are zero.

Utilizing the above information, it is found that = X(s)/Ms =

s=1
5 5

8.4667, S§S'X(SS,)/MSMS. = 0.4690, Sily(s)/Ms = 5.5620, and

5 A

by 'y(ss,)/MSMS, = 0.2222. Hence, from (5.9), X,,o = 258.91 and

s#s
Y. = 145.92. Also A, = 0.04665, = 0.02629.

PPS AXPPS XYP]?S

Applying (5.12), an unbiased estimate of the variance of ﬁPPS is

found to be

vR D = (75/5)2(105. 6198 + (1/4) (361.7467) + (75/4(3)) (-5.7305)

PPS

- (75(75) /4(4) (3) (2)) (0.0222)}

35761.4775 .

Similarly, v(¥...) = 18130.7700, v(iX ) =0.001161, and
PPS

PPS

v(i ) = 0.0005886.
XYPPS

5.4 Sampling with Probability Proportional to Size
and without Replacement

5.4.1 The Sampling Procedure

The procedure being considered now is a combination of the first
two sampling procedures mentioned in this chapter. In practice, it
arises fairly often with multistage stratified sampling in which
large naturally clustered units of unequal sizes constitute the first
stage of sampling (see Cochran (1963)). For example, counties in the

United States are not of equal sizes. 1In general, sampling without
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replacement prdvides a more efficient estimator than sampling with
replacement. Although there has been considerable development in
the realm of sampling with varying probabilities without replacement
since 1950, most of the procedures, estimators and variance estimators
are complicated and hence are not too commonly used in practice.

Many deal with the special case where sample size is 2, 1In sampling
from a digraph, a sample of size at least 4 should be considered so
that variances of the estimators involved may be estimated unbiasedly.
Consequently, only simple procedures applicable for n z 4 will be
mentioned here.

Suppose n clusters are selected from N clusters with probability
proportional to cluster size at each draw without replacing the
clusters already selected in the previous draws. The sampler may
apply the methods in section 5.3.1 at an individual draw. The prob-
abilities of selection at the first draw are given by [pi: P; =
Mi/M , L =1, 2, ..., N}. Those at the second draw when cluster i
has been selected in the first draw are (pj/(l_pi): j #1i}. Those
at the third draw when clusters i and j (j # i) have been selected at
the first two draws are {pk/(l..pi..pj)g k # 1,3}, and so on. The

inclusion probabilities 5 (which will be needed for

1 'IT o
ij? ijk’  ijkp
estimation purposes) may be, but not easily, calculated. This

sampling scheme does not yield m proportional to Mi; For example,

if a sample of two clusters is selected by this scheme, then

N N
= + - = + - - -
M= P, jiipjpi/(l p,) =p,(l jflpj/(l P:) - p;/(1-p))

which is not proportional to Mi’
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Some simple methods of drawing a sample of n clusters so that
mo= nMi/MO, n > 2, are those given by Madow (1949), and Sampford
(1967). Narain (1951), Yates and Grundy (1953) and others have given
procedures of determining working probabilities [p£] to be used at
different draws so that T, = 0P, where P, is the probability that
cluster i is selected first. They are mostly too complicated and
consume too much computer time.

Sampford's method of drawing n different clusters from a popula-
tion so that T o= nMi/M0 is known as a rejective method. The method
consists of selecting up to n clusters with replacement, the first
drawing being made with probabilities Mi/MO, and all subsequent ones
with probabilities proportional to Mi/(l_nMi)’ and rejecting complete-
ly any sample that does not contain n different clusters. This
method is equivalent to sampling without replacement with ™=

nMi/MO’ and is relatively convenient in practice. See Appendix 9.3

for details.

5.4,2 Estimators of X and Y

There are two estimators of the population total suggested in
the literature for this type of sampling from an ordinary populatien.
The estimators below are their generalization to sampling a popula-

tion digraph. Two possible estimators of X are

) n n
X = Zx, /n+ % x, /0, (5.13)
Uo o=1 (s)' s s%s‘ (ss')’ ss
N N
ZM - MM,
~ 7 - 2 g 1
g == (s (s) _y  if] s 88D (5,14

7
UWO | n o=1 MS(MS-l) n(n-1) s%s’ MsMs'
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XUO is unbiased but XUWO is biased for X. The corresponding

estimators of Y are obtained from XUO and XUWO upon replacing x

(s)
. > I3 I3 o d
y(s) and x(ss') by y(ss‘) XUO is an adaptation of the Horvitz an

Thompson estimator. To show that it is unbiased one lets

1 if cluster i is in the sample,
0 otherwise .

Then, clearly, E(ai) =T, and E(aiaj) = nij’ for all i, j =1, 2,
.y N, 1 % j. Hence
) N N
E = X X,.\E(a; ot X m. =X .
() = 2 X(4)ECa))/ 2 Fap®es a )/

A

XUwo is an estimator of X based on the unweighted mean of

sampled cluster means, and

. N N
By = (2M; Mg=D/0) € 2 X gy /M 01-1)

N N
+ ( ZMM/n(n_l))( zx

/M M, ) . (5.15)
A3 "

(1) "]

5.4.3 Variances of the Estimators

The variances of the above mentioned estimators can be derived

in a straightfprward manner. Observe that

i N2 N

X0 ~ | 1(1)61/”-'-2[X s 23/

2 2
(1) (1% J/ iﬂj’ +(X(ij) (13) (Jl) i J/ ij

2 : 2
2% . X .. a’a,/nm , +2X X . .a.,a/mm,,
W @Eni .J/ i 1] (N 1 J/ j lJ]

(continued)
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N
: 2
TS o FFanTan a5 hd e

2
+ (X,... X, +X ... X, ,Ja.,a,a /T, T,
Koy X s FRan T M Mk
+ zx(ij)x(k) aiajak/ﬂijﬂk]

N
+ by X, .. X a.a.a, a /ﬂ.,ﬂ
.. i kp) i ik ij'kp ?
(i, 3,k,pA k) Lkt iy ke

and the a's are either 1 or 0 according as the clusters involved are

in the sample or not. Upon taking the expectation of ﬁ%o and sub-

tracting X2 =X +Y+2Z, + Z from it, V(fUO) is obtained as:

1 2
. N
Ve = B (/) Ry #X iy Py )

N

’ iij[((l‘“ij)/“ij)(x<ij>‘+Y<ij>'*Zfiij>'*zf%1j>f+ziiij>
"2y T Yy /M en gy
+ 2z£?)ij) +2z§§)ij)) + ((1~'|'|’j)/1'|‘j) (22523) +2zﬁ)ij))
R CIR AN AN RS
v 2 2 L ,®

m
2¢O e ™0 /MM Caigg 24 (i

(continued)
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7 (1) (2) 3
Zy 0 22 T e M0 225 (i )
N
' (i,j?k,p)% M 51651 5 e /1 5 Tep? 22 (1 3kp) (5.16)

Using Table 4.1,

~
the variance of Y

V(YUO), is obtained from

vo’
(5.16). Taking the expectation of iéwo and subtracting from the
result by the square of (5.15) one obtains the variance of iUWO as:
VR ) = ( e M, -1) /o) 2+ & (L) M2 QL -0 D) (X, +Y,,. +2Z
WO o oy e W T "W
+ ZZ(i))
+ g((n ™oy /M, (M, -1)M, (M 1nyzH
P F kA D e E e 1 N J
+ (ng/n(n_l))Zg (m. . (1-m )/MM)(X + 7D
(2) (3) (6) (2) 7(3)
Y2Gan Than Yhan Than Tan’
N
2 (1) (3) (@
S N o MO i i a0
(5) 2 (2) (4)
2y 5T MM (2 T2 (1)
(1) (2)
2y YR (g0 ]
g /
+ s (M. . =T, .7 ) /MM MM)Z, ..
(i,3,k%,p)# i13kp™ i3 kp’ /i JMk p’ 2(ijkp)-

(continued)
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5 [(ﬂij(l-ﬂi)/Mi(Miul)Mj)

2
) +(ﬂij(l_nj)/MiMj(Mj~l))

(3)

2 (1K) (5.17)

N N 2 N
F(EML-D)( 2 MiM,)/n (n-1))
i=1 iy~ i#]
(7) (8) (5)
"CRan PPPray TR
(3) (4) (1)
@2y TPy TPy’
N
' (i,?,k)% (M 53 5 /MMM 00 -1)) 22
V( UWO) may be obtained from (5.17) by using the correspondences

in Table 4.1.

5.4.4 Estimators of the Variances

Unbiased estimators of V(XUO) and V(XUWO

) are readily obtain-

able, provided m, m, T, T are all greater than zero for all
i, j, k, p. They are, respectively
vk, = S§1(<1-né)/n§>(x(s)-+y(s) *2) gy 26y
* Sgs,[((l-ﬂss‘)/ﬂis')(x(ss') TVissy T iils') iils')
T A N OTREI(CELAVL L
°(zz£le') iils ny 2z éils y) *(A=m ) /m T )
(@2 0gny T2 (hgy H 225 (0e1y)

(continued)
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n
D
- mom (
T Zr " [((Mggrgn ﬂés‘ﬂss")/nés' ss’ ss's")(zl(ss‘s")
(s,8",8")f

(3) 4+, RE) )

Z1(ss's”) z2(ss's”) 2(ss's™)

(2)

+ - T ™ T m Z
((ﬂss‘s" Mss? s‘s")/ ss’ s's" ss's")( 1(ss's™)

G €)) (2)

1(ss's™) +z2(ss‘s") +zZ(ss's"))

(3)
Mogrgm 22 )]

+ T T T
((nss‘s" s" ss')/ s" ss' s 2(ss's"

™ T m
2 SHSIH)/ SSI S"SH! SStS"SYH)

. ZZ(SS‘S"S'”) s (5~18)

and
X ) = I;.MMl)/)zn(l /MZM 12 + +
v &yo) = (i=1 ; M;-1)/n 2 (L-m) /M M -1)7) (% gy + 5y 21 (4)

+ ZZ(s))

2 %
+ <<“ss'-“s”s«>/“ss'Ms<Ms-1>Msr-1>>zz<ss'>,

s#s'

N 2 P 2.2
+ (.Z MiMj/n(n-l)) : % ((1_ﬂSS')/MSMS')(X(SS') +y(SS')
i#j s#st

(1) (2) (3) (6) (2) (3)
21 (ss'y TZ1(ss) TZ1(ss') T21(ss') TZ2(ss') TZ2(ss

n
2 1
* z [((ﬂés's"-ﬂés'ﬂés”)/ﬂés's"MsMs'Ms”)(zi(is’s")

(SJS!)S")%

(continued)
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(3) 5 () (5) )
l(ss s") 2(ss s”) 2(ss s™

2 2
Mg /T MM M 28D

+ 1(ss

- TT
ss's"” ‘gg!

(4) (D (2)
1(ss s™) +22(ss’s").+22(ss‘s"))]

n

+ Z ((Tr 1 it - [ﬂ 17 Hf)/ 11 IHM M M HM HY)

ss's''s SSs §''S ss's''s

(S,S',S",S”')%

Z
2(ss's's"')

N N 9 - n 5
+ (CZ M0 -D) (2 MM /a° (D) 2 [((L-m) A (1 =DM, )
i=1 i#]j s=8
(7 (8) (5) 2
(Zzl(ss') +2z l(ss?) *+2z 2(ss )) +((l"ﬂs')/MsMs'
(3) (4) ey
°(Ms‘-1))(zzl(ss') 2z 1(ss") *+2 22 (ss! ))]
n
+ (S i’l S”)% ((TTS 'S”—ﬂsnﬂss')/ﬂsS'S”MSMS IMSH(MS”-]'))
J 2
22(3 (5.19)

2(ss's™y s °

Using the correspondences in Table 4.1, unbiased estimators of

V(YUO) and V(YUWO) are found from (5.18) and (5.19), respectively.

5.4.5 An Example

A sample of 4 clusters is obtained from the population digraph
of 8 clusters in example 3.3.4 by sampling with probability propor-
tional to size and without replacement. Using, say, Sampford's
rejective method to obtain the sample, assume that the sample

contains clusters 2, 5, 6, and 7. Then the inclusion probabilities

are given in example 9,3.3 and the values of useful statistics are
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given in example 5.2.5. Hence,

4
by x(s)/ﬂé = (7/0.32) +(11/0.32) + (23/0.5333) + (14/0.3733)
s=1
= 136.8810 .
4 4
Similarly, = 'x(ss,)/ﬂés, = 18.9127, = y(s)/ﬂé = 91.7902, and
s#s s=1
4 ”~
sis'y(ss')/ﬂés' = 0. From (5.13), X, = 136.8810 + 18.9127 =

155.7937. Similarly,

YUO = 91.7902, RXUO = 0.02807 and

~

= 0.01654.
KYUO

Using the appropriate inclusion probabilities and statistics, it

is found from (5.18) that an unbiased estimate of the variance of iUO

is

2907.2673 +167.6701 +1401. 8406 - 4256. 3442

V(ﬁuo)

+ 44.8276 - 3016.8892 +0

-2751.6278 .

similarly, v(¥,,) = -450.8144, v(XXU ) = -0.00008933, and
0
v(ly ) = -0.00001464.
U0
Using (5.14), it is also found that

ﬁuwo = (710/4) (1.1889) + (4840/4(3)) (0.0405) = 227.36.,

~

similarly, ¥ = (710/4) (0.7714) +0 = 136.92, A, = 0.04097,

uwo WO

and XY = 0.02467. Their variance estimates are obtained from
Uwo

(5.19)
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v (X = (710/4)2(002311=.0.3407)-+(4840/4(3))2(0.0008 -0.0002)

UWO)

+ (710 (4840) /4(4) (3)) (0.0268 - 0.0586)

-2148.4709 ,

V({E ) = -2.8671 V(A ) = -0.00006975, and v(A ) =
2 >
TWO UWO

UWO
-0.00000009308.

It is clearly seen from this example that variance estimators of
graph parameters can take on negative values, This is of no great
surprise since the same also happens for some unequal probability
variance estimators for ordinary populations. (See Yates and Grundy

(1953), Sen (1953) and Raj (1956)).

5.5 Inverse Sampling with Probability
Proportional to Size

5.5.1 The Sampling Procedure

In this sampling scheme clusters are selected as in section
5.3.1, namely, with replacement and with probability proportional to
cluster sizes, but the selection continues until the sample contains
n + 1 different clusters, where the last cluster happens to be drawn
on the (r + 1)-th drawing while n is fixed in advance. The data on
the last cluster is then discarded and the observer is left with a
sample of r clusters, n of which are different.

The presence of the last cluster in this sampling scheme is a
device to avoid bias. The feature may be compared with the method of
"inverse sampling for attributes" (Haldane (1945)), in which sampling

continues until a predetermined number k of units possessing the
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attribute has been drawn. An unbiased estimator of the population
proportion of units possessing the attribute is the corresponding
sample proportion, excluding the last unit drawn. Since the last
unit drawn will always possess the attribute, its inclusion will

introduce bias.
The present sampling scheme has been termed "inverse sampling

with probability proportional to size" by Sampford (1962).

5.5.2 Estimators of X and Y

Let r, be the number of times that cluster i appears in the
N
sample, r, = 0, 1, 2, ...; i =1, 2, 3, ..., N, so that % r; =r.
i=1
Then unbiased estimators of X and Y are, respectively

N N

s 2

Xy = Moii;l(rix(i)/mi) +M0i722j (rirjX(ij)/r(r_l)MiMj), (5.20)
and

Tor = Mbizl(riY(i)/rMi)-+Mbi§j(rier(ij)/r(r_l)MiMj) . (5.21)

For the proofs of unbiasedness of the estimators, one requires
results from Appendix 9.2.2, namely: E(ri/r) = Mi/MO and
2 -
E(rirj/r(rnl)) = MiMj/Mb“ By inserting these, it follows that
E(ﬁUI) = X and E(QUI) = Y. TUnbiased estimators of the densities
AX and KY’ if desired, are obtainable from X1 and Yyp in an obvious

manner, namely

A

Ay = iUI/MO(MO_l) and XY = ?UI/MO(MO~1) .
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5.5.3 Unbiased Estimators of the Variances of ﬁUI and §UI

Note that the true variances of both iUI and §UI can be obtained

as in previous sampling schemes by developing V(ﬁUI) = E(ﬁgl) - X,

2

and V(Y ) = E(Y Since E(X ) and E(Y ) involve taking

UI)
expectations of some functions of T, which become complicated
expressions (see Appendix 9.2.2), both V(ﬁUI) and V(QUI) themselves
are complicated. They need not be written out here. However, their
unbiased estimators, namely v(iUI) and V(QUI), are no worse and so

they will be presented.

Note that upon using Appendix 9.2.2 with P, = Mi/Mo’ it is seen

that
5 ;o N N
X" = E MOE (x(l)/ )(r(r =) /r(x-1)) +M 7zé (x( ) (J)/ )
(rirj/r(r_l))
s ¥ 2.2
+ M l;v;J(( (13) (ij)x(ji))/MiMj)(ri(ri_l)rj(rj-l)/r(r_l)
(r-2) (r-3))
+ g X, X +X,. .\ X )/MZM 1 /
b .2 DO 39X iy T X qa gy Foreny ) /MMt (xy (rp-Dry
(1yJ;k)7é
r(r-1) (r-2) (x-3))
(K Ky XX ) /MMM ) (x, T, (x,-1) T,/
(1) 7 (k) (AP RPTITLTIR LTINS k
r(r-1) (r-2) (r-3)) ]
4 N
+ My (i,j?k,p);é X (i (kp)/Ml JMkMp) (rlrJrkr /r(r-1) (r-2) (r-3))

(continued)
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+ (ZX(j)X(ij>/MiMj)(rirj(rj_l)/r(r-l)(r_Z))]

N -
3 .
+ My (i,?,k);é (2K (1 X 5y MMM (47,1, /2 (x-1) (2-2))

(5.22)

Note also that

N
_ 2 2
E(X P = EMiZ‘. (X )/M)( /r)+M i(x() (J)/MM)(rirJ,/r)

N
+ M4 >z (X
%144

2
an FanFan M D >< ’r /r (-5

N
4

" T s F¥anTan Fan e’ M)
. (rirjrk/rz(rml)z)

+ ((X )/MlM Mk)(r r T /r (r-1) )]

an*anw XapnFan
4 N
o <i,j,zk,p>;é (1) X epy M) (i 7y /7 (D)

R (2K, X, MM, (221, /r2 (£-1)) + (2%, X, . o /M, M)
Y2 o anMly i M an’ti
. (riri/rz(r_l))]

N
+ M Z

(2%, X, . /MMM ) (r.t.1, /t2(x-1)) .
(i,j,k)% (GO E ) L A 'S i7"k J

(5.23)
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Hence, an unbiased estimator of V(}EUI) is given by

v(iUI) = Mg z [(r /r)(r /rn.(r _1)/(r_1))(1/M )(x(l) @ F 2100

25101
N 2
+ i?j(rirj/rMiMj)[(MO/MiMj(rml))(rirj/r(r-l)..(ri~1)(rjn1)/
(L (2) (5)
D@D Ry Tay Tan Pan ey
(6) (2) 7(3)
PGy TP2an tRaag’
+ (MO/Mi(r-l))(ri/ru_(ri_l)/(r_Z))(22521.)‘+ZZ£§ZJ)
(3)
22,0 ))
(3) (4)
+ (MO/Mj(rnl))(rj/r.a(rj_l)/(r-Z))(Zzl( 9 221(13)
(L (4)
+ 22, 2 (i )) +(1/r..1/(r~l))22(ij)]
N
+ (i,?’k)% (Morirjrk/MiMijr(r-l))[Mb(ri/r(r_l),.(ri_l)/
(1) (3) (4) (3)
D E g g Mo T
(2) (4)
+ Mo(rj/r(rml)‘.(rjul)/(r_Z)(r-3))(Zl(ijk)~+Zl(ijk)
7(D 7(2) (3)
2( i " 2(1Jk)) +(1/r - 1/ (x- 2))222(ijk>]
: y /
+ X (M r, r r.r M.MMM r(r-1)) (1/r(xr-1)
(L3,k,pF O LI

- 1/(x-2) (x=3))z (5.24)

2(ijkp)J °
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An unbiased estimator V(QUI) of V(QUI) is obtained from (5.24)

by using the correspondences in Table 4.1.

5.5.4 An Example

Suppose that a sample is drawn from the population digraph given
in example 3.3.4 using inverse sampling with probability proportional
to size described in this section with n = 4., Let s denote the order
of draw and i the cluster number as usual. Assume that the result is

as shown in the following table.

Table 5.7 A sample for example 5.5.4

] i MS
1 5 6
2 2 6
3 2 6
4 7 7
5 6 10
6 1 13

According to the sampling scheme, cluster number 1 is discarded
and the sample contains only clusters 5, 2, 7 and 6 with cluster 2
appearing twice and the rest once. Using the results from example

5.2.5, it is found that
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iUI = 75 { (2(7)/5(6)) + (1(11) /5(6)) + (1(23)/5(10))
+ (LA /5M) T+ (75)7 1 @D (1)/5(4) (6))10))
S OIOVEIOIOIOMNY
= 150.06.
Similarly, ¥ _ = 83.43, A, =0.02704 and i, = 0.01503.
UL "1 N

An unbiased estimate of the variance of X is computed from

UT

(5.24), and turns out to be

V(ﬁmﬁ = (75)2 { 0.5929 +0.0475 +0.3054 - 0.5358 - 0.0012 - 0.3250 +0)

=471.3750 .

Similarly, v(¥ ) = 322.3125, v(i, ) = 0.00001530, and
Ul

v(iY ) = 0.00001046.
U1

5.6 Selection with Arbitrary Probabilities

5.6.1 Sampling without Replacement

There are times when selection of clusters with arbitrary prob-
abilities (not necessarily proportional to Mi) is necessary or more
convenient. For example, Hansen and Hurwitz (1943) have suggested
that if the total number of points M0 is known but the individual
cluster sizes Mi are known only approximately, then selection with
probabilities approximately proportional to sizes will be almost as
efficient as selection with exactly proportional probabilities,

When a sample of n clusters is selected cluster by cluster

without replacement using arbitrary probabilities at each draw, an
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unbiased estimator of the number of lines X of the population

digraph is

n n

uA = Si:lx(s)/ns + s;zés'x(ss')/ﬂss' s (5.25)

-~

X

where X(s) and X(ss‘) are sample quantities and the m's are the in-
clusion probabilities. The values of the m's depend on the selection
probabilities used. This estimator is an extension of the Horvitz
and Thimpson estimator for ordinary populations and may actually be
applied to any sampling scheme. For example, if Sampford's rejective
method (see Appendix 9.3) is used with 12 arbitrary so that T, = np,,
then the other inclusion probabilities can be computed by the formulae
given there. The true variance of £UA is given by (5.16) and its un-
biased estimator by (5.18). The estimation problem of Y is readily
solved using the correspondences in Table 4.1.

Suppose that the selection of clusters is done with equal prob-
abilities at each draw. Then it is seen that iUA = §U as given in
(5.1), and also (5.16) and (4.6) are identical. It can be concluded

A~

that the estimator XUO as given by (5.13) is quite general. Only the
inclusion probabilities depend on the sampling scheme and the selec-

tion probabilities used.

5,6.2 Sampling with Replacement

Consider a sampling with replacement scheme from a population
digraph consisting of N clusters such that at each draw cluster i,

i=1,2, 3, ..., N, has the probability Py of being drawn, P;

N
arbitrary and 2% P, = 1. Two cases are worth considering.
i=1
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5.6.2.1 The Case of Fixed Sample Size. Suppose that a sample

of n clusters (n fixed) is selected with replacement from a population

digraph using arbitrary probabilities Py~ Let n, be the number of

N

times that cluster i appears in the sample, 3 n, =n. Then E(ni) =
i=1

np, and E(ninj) = n(n~l)pipj, for i % j (see Appendix 9.2.1). Hence,

it is immediate that unbiased estimators of X and Y are, respec-

tively
. n n
X, = (1/m) s§1X<S>/pS + (1/n(n-1)) sisrx<53'>/psps' ; (5.26)
and
) n n
Y, = (1/n) s§1y<8>/ps + (1/n(n-1)) S§SIY<SS'>/pSpS' : (5.27)

Using Appendix 9.2.1, the variances of £A and YA are found

~
similarly as in previous cases. The variance of XA is

N
V(X = iizl(l/npi) (1-p) (X4 Y05y T2 +22(i))
N
+ i§j<1/n>[<1/<n-1>pipj>(1+(n-2)<pi+pj>=-2<2n_3>pipj>

(D) (2) () (6)
<X<Lw'+Yuj>*Zluj>+zluj)+zlﬁj>+zluj>

2213 T2 (i3 115 T221(i9)
(5) (3) %) 1)
22 (5gy) T/ (-2p) (22775 4y + 220 G4y 42257 )
(&)
- Ly ]

(continued)
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N
(1)
+ X (1/m) [(1/(n=-D)p_) ((n-2) - 2(20-3)p,) (Z,, .
(1,3,k)# * i’ L(igk)

7(3) (4) 7 (5)
21450 TPa(igo R i) T/ @D ((n-2)

(2) (4) ©) 7(2)
_2(2n_3)pj)(21(ijk)"le(ijk)'+zz(ijk)'+ 2(le))

(3)
422(1Jk)]
N
+ b} ((n-2) (n-3) /n(n-1) -1)2Z, ., s (5.28)
(:i-:j)k)]?)l-'é 2(13kp)

and its unbiased estimator is

- n
v(X) = (/) (1/n) Szl(l/pi)(l—ps)(x(s)-+y(s) T29¢s) +Zz(s))

n
+ (U/n@-) = (A/pp )1/ (a-D)p_p, ) (1+(n-2) (o +p 1)

s#s '

2 (1 (2)
(ss") +y(ss') 1(ss‘) +Z1(ss')

2(2n—3)psps.)(x

23 (6) (2) (3)
1(ss') e l(ss ) +z2(ss') ez 2(ss'))

N (8) (3)
*((L-2p) /) (229 (g ooy +227 oy F225 5 0y)
+((L2pg ) /oy ) 2P 1y 2a (P waa) L)

2 (&) ]
2(ss')
n
+ (1/n(n-1) n-2)) % (1/pp P m [(1/(n-1)p ) ((n-2)
(s,s',s8")
(1) 2 (3) 2 (%) D G )

- 2(2n—3)Ps) (zl(SS' ") ]_(ss' ") Z(SS 2(55'5”)

(continued)
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+ (1/(1-Dpy ) ((1-2)-2(20-3)p,) (2 g g1 gy +21 g0 1)
(1) 2 (2) (3)
2(ss s") 2(ss s”)) 4z 2(ss’ s”)]
n
+ (1/(]:1-1) (n-2) (n-3)) = (1/PSPS |PSHPS:H)

(S)SI)StY}Sni)ié

((n-2)(n-3)/n(n-l)..1)z2(SS,S”S”,)j (5.29)

where s, s', s", s"' represent the orders of draws.

5.6.2.2 Inverse Sampling. The sampling procedure as

described in section 5.5.1 may be carried out using arbitrary prob-

ability of selection. The estimators of X and Y given by (5.20) and

(5.21) may be generalized to and used in the case of selection with

arbitrary probability. Since E(ri/r) =Py and E(rirj/r(r_l))

= Pipjﬁ

(see Appendix 9.2.2), unbiased estimators of X and Y are, respective-

ly

and

N N
= % (r,X /rp ) + I (r, T X /r(x-1)p, p,), (5. 30)
j=1 (D 141 A R E %))

>

IA

N
/rp ) + 1§J(r r.yY j)/r(r_l)pipj) . (5.31)

>

N
TA if TR

Note that, for example, X_, may be rewritten as

IA

n

n
X = Zl(x(s)/rps) + Si

IA . (X(Sse)/r(r-l)PsPS:) s

Sl

where s, s' represent the orders of draws.
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The true variances of the estimators X_, and Y_,  are of complex

IA IA

expressions which are functions of the &.function defined in Appendix

9.2.2. Derivation similar to that indicated in section 5.5.3 yields

an unbiased estimator of the variance of XIA as

n N
v(Xp) = i§1[<ri/r><r1/r‘-<ri~1>/<r-1>><1/Pf><X<i)‘*Y<i)‘+zl(i)

+ Zz(i))]

N
+ ¥ (rirj/rpipj)[(1/(r_1)pipj)(rirj/r(r-l)-=(ri_l)(rj_1)/

i#]

N
+ z

1,3,k #

(1) (2) (3)
(r-2) =3 KXy iy Y2y TP TAdn

7(6) Z(2) 2(3) ;
1( k), 2(13) 2(13)

b1/ (D) (ry/r - (xy-D)/ (20 2210 o 2200
(5)
MRS TERY
* (/R (xy/7 - gD/ (2-20) 22y gy +22 g
(1)
* 22y

+ (1/r..1/(r_1))2§%1j)]

(rirjrk/r(r-l)PinPk)[(1/Pi)(ri/r(r-l)=-(ri~1)/

(1) (3) (4 (5)
(r_z)(r~3))(Zl( k) 1(13k)+22(ijk)+ 2(le>)

(continued)
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(/b (ry/r(r-D) - (x,-D)/ (x-2) (£ 2{0) 11

(4) (L) (2) 3
20 TR (i) T /T -1/ @222 ]

2(13k)
N ) / /
+ ) (r,r.r.r /r(r-1)p.p.p.p) (1/r(x-1) - 1/(x-2) (r-3))
(L, 3,k,pf -3 EP 1°37kp
" 23 (13kp) (5.32)



134

6. TWO-STAGE CLUSTER SAMPLING

6.1 Introductory Remarks

Various sampling procedures that may be applied to a population
digraph with clusters of equal or unequal sizes have been considered.
The clusters are aggregates of points or nodes of the digraph. When
the cost of sampling has to be limited or other cost factors have to
be taken into consideration, it is natural to select and measure only
a sample of elements in any chosen cluster. This is a subsampling
technique or a two-stage sampling, the last name being due to
Mahalanobis.

In subsequent sections, two-stage sampling as applied to a
population digraph with different size point clusters will be con-
sidered. Sampling from a population of clusters of the same size is
a special case of what will be presented in these sections. It is
assumed throughout this chapter that the first-stage units or primary
units are clusters of points (nodes) of the digraph and the second-
stage units are points of the digraph. The clusters are selected in
the first stage by various sampling procedures presented in Chapter 5.
If the i-th cluster which contains Mi points is selected in the first
stage, then in this chapter it is assumed that a simple random sub-
sample of m, points from the i.th cluster be drawn.

The subsample values will be indicated by additional subscript,

m. For example,

Mg ms ms'
(1)

Xm(s) - uiu,au(s)u'(s)’ Z1m(ss') =z 2 a

uml vyt SO V(D ule)vi (s
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where

( 1 if there is a line from the u-th point
drawn from the s-th drawn cluster to the
v-th point drawn from the s'-th drawn cluster,

au(s)v(s‘) = W

0 otherwise .

\

The first-stage values will be written without m as before. Let

E2 represent the expectation given the first-stage units (clusters).

Then it can be shown that the following relationships hold:

By (% cs)) = (g (m -1 /M M -D)x 5, (6.1)
CARY = (g (m -1 /M QL-1)Y oy (6.2)
By(Zinesy) = @g(mg=D) (m -2 M (-1 (M -2z oy (6.3)
Ey(Zonesy) = Mg(mg=1) (my=2) (m-3) /My (1) (M-2) (45-3)) 2 ) 5
(6.4)
Ey(Zanigy) = @@ D) (m-2) M (M-1) (L -2))2g gy (6.5)
E) (24 (sy) = (m (m -1) (m-2) (m-3)/ M (M -1) M -2) M-3))Z oy >
(6.6)
Ey(Rnissy) = (mmg /MM D% vy (6.7)
EyUn(ssty) = Mglgi/MMDT (gq1y (6.8)

@)
(msms' <ms'-l)/MSMs'(Ms'_l))zi(ss‘)’ o=1,2,3,4,

(o)
2(zlm(ss'))

E

(ms(ms-l)ms‘/MS(MSa-l)MS,)zi?)SS,), ®=5,6,7,8,

(6.9)



(o)
EZ(ZZm(ss’))
(0
E2(23m(ss'))

(@
E2(24m(ss‘))

()
EZ(Zlm(ss's"))

% (ms(ms-nms,(ms,_l)/MS(MS_l)MS,(MS,-l))z("’)
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(g (ng, D) (mg, -2 Mo, (g -1 (112250

w=1,

2(ss’) ’

¥=2,3,4,

()

[ (g (mg-1) (m-2)m M Q1 -1) QL -2)M Dz, oy

(mgm, (m,-1) MM_, (M_,-1)) zg‘z’)s

s1)? o=1,2,

(6.11)
([ (mgmg (ng1-1) (g -2) MM, (04 -D) Q1 =225 00 oy
=1

(%

2

f (ng (mg-Dymg (g -1 o, (1M, 1<)zl )

@=2,3,

| @ (-1 (mg-2)m, /(1 -1) (a2 )z
o=4,

(6.12)

<,
(msms !mS”/MSMngS")Z]('(lSIS")’ Q’=1)2,3)4, (6- 13)
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" &
(mgmg (g = Dymy M O DM D250 s @=1,2,
(Q'/) _ (Ol) _
E,(z Im(ss's n)) = 1 (msms,mS”(mSn-l)/MSMS,MS,,(MS,,-l))zz(SS,S,,), =3,
|(m, (m -Lym_,m_/M_ (4 -1)M_,M .,)zé(ls, ), a=4,5,
(6.14)
E (z :g;,)(ss| n)) = (m m ,m n/M M M ”)Z:g()ss rgity o=1,2, (6. 15)
(msms ' (ms '-1)mS"/MsMs t (MS r"l)MSn) ZZE?)SS'S”) s O= 1
() _ )
E ( 4m(ss S")) - (msms'msn(ms'—l)/MSMS'MS”(MS”—]‘))ZZ{-(SS S")’ o= 2,
(@) -
(m (m_-1)m_ ,mS”/MS(MS-l)MS,MS,,)z4(SSiS,,), o=3,
(6.16)
EZ(ZZm(sS'S"Sm))= (msms'ms"msm/MSMs'Ms"MSm)ZZ(ss'S"Sm)’ (6.17)
EZ(ZZ{.m(SS'S”S"'))z (mSmS'mS”mSm/MSMSKMS”MS"')zll-(ss's”s”') s (6.18)

where s, s', s", s"' are all distinct.

For example, if one lets

1 if the u-th point of the s-th cluster drawn is in
the sample,

tu(s)

0 otherwise,

then
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M
s

2
(u,u’, u");é

Ez(zlm(s)) - (au(s)u'(s)au(s)u"(s)
T 2u(syut ()%t (s)u"(8) T Pu(s)ut (s)2u" (s)u' (s))
EZ(tu(s)tu'(s)tu"(s))

= (ms(ms_l)(mS-Z)/Ms(MS-l)(MS_Z))ZI(S) .

6.2 Clusters Selected by Simple Random Sampling

Consider the case where n primary units (clusters) are selected
with equal probabilities and without replacement from a population
digraph consisting of N mutually exclusive clusters of sizes M1, My,

.o MN as in section 5.2. 1If cluster i is selected in the first stage,
then m, secondary units (points or nodes) are selected from cluster i
with equal probability and without replacement.

An unbiased estimator of the population parameter X for this two-
stage sampling scheme is

n
XTU = (N/n) si (xm(s)Ms(Ms_l)/ms(ms’l))

1
n
+ (N(N-1) /n(n-1)) = t(xm(ss,)MSMs,/mSms,) . (6.19)
s#s
This may be seen clearly by considering E(XTU) = ElEZ(XTU)’ where
E2 is the conditional expectation over all selections of My, Moy oee,
m nodes from a given set of clusters 1, 2, ..., n already selected in
the first stage, and E1 is the expectation over all possible samples of

n clusters from the population of N clusters. Using (6.1) and (6.7),
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it is seen that

N n n
E, Xy = (/n) ZEe (N(N-1) /n(n-1)) sis«x@S') ;

and hence, by (5.1), ElEZ(XTU) = X.

Similarly, an unbiased estimator of Y is given by
N n
Ypg = V) 2 (g 01-D) /mg (mo-1))

n
+ (N(N-1)/n(n-1)) = ym(ss,)MSMS,/msms,) . (6.20)
s#s"

The variances of the above estimators may be obtained using the

conditional argument V(ﬁTU) = E1V (X)) + VlE (i ), where El, E., V

2V TU 2VTU PAGEN R

and V2 have obvious meanings. VlEZ(ﬁTU) is given by equation (4.6),

2(XTU) needs derivation. Using the relationships

~2 : 2 2 . . A
VZ(XTU) = EZ(XTU) - [EZ(XTU)] and those in section 6.1, it is found

whereas ElV

that

- n
Rpp = /2% 5 L0400 fm (-1 - 1) Gy )
s=1

+ (M, (M -1) (mS-Z)/ms(ms_l) (M_~2) - 1)z1(s>

+ (M -1) (m-2) (ms-3)/ms(ms-l) (M -2) (M -3) - 1)22(5)])

. n
+ (N(N_l)/n(n-l))zek Z (MM /mm - 1) (sst) ¥ (ss1)
sfs’

+ QU (mg1) /mm, 0,-1) - 1) (2 o)y +2{ 1))

(continued)
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+ 1 (ng-D) gm0t -D) - D { gy +2 {0 )

+ (MM, (1) (m 1) fmm, (M -1) (M, -1) - 1) (zéas')

" zé?is'))]
* (SE,,S,,)% [04y/mg = D (1 (g gmy +21 (agrgm) * Clgi/mgs = D)
' (zﬁ)ss*s") +z](.l(+is‘s"))
0D DDy 2D
+ (1) /n” (n-1)) ¢ z oL /m -1y (ZZS)SS,) +zz£f(‘ls,))

s#s
Q1 /mg =1 (2250) )+ 220 0) 01 (mg-2) /m 1,-2) - 1)

(3)

) zz2(ss')

+ Q1 g -2) fm 4 -2) - D225 ) )

Taking E1V2(§TU) and adding to (4.6), the result is the variance

of XTU as follows:

A N
V&) = 151[ (Nt (11 -1) /om; (m;-1) - 1) (X gy +Y59)
+ (W, (M, 1) (mi-Z)/nmi(m,i_l) (M, -2) - 1)21(1)

+ (N, (M -1) (m;-2) (m, -3) /nmi(mi-l) (11, -2) 1, -3) -1 Z, (i)]

(continued)
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N
l7223[(1\1(1\1_,1)»4 M, /n(n- Dm, m, - 1) (x(lj) (ij))
(1) 7(2)
+ (N(N-l)MiMj (mj_l)/n(n_l)mimj (Mj-l) -1 (Zl(iJ) 1(13))
(97(3) (4)
* /o - 1) Q2 gy + 22 )
* (NN, (1) /n(n-Dmgmy 041 - D 217G ) 4257 5))
(7) (8)
+ (MM, /mm - 1) (22 55y 22 (45 ""(NMj(mj_Z)/mnj(Mj_Z)ml
(1)
"2%5(19)
+ (N(N_l)MiMj (@;-1) (my-1) /n(n_l)mimj 01;-1) @1y-1) - 1)
. (2) (3)
RS ROY
+ (8(-1) /n(8-1) - D250) 1o + O, (@ -2) /o, (4;-2) - 1)
(5)
2]
> (1) (3)
(i’?,k)% [ (N(N-1) (nnZ)Mi/n(n-l) (N-2)m, - 1) (Zl(ijk) +7 1(le)
(2) (4)
+ (N(N-1) (n_z)Mj/n(n_l) (N-Z)mj - 1) (Zl(ijk) +zl(ijk))
(1)
+ (N(N-1) (n_Z)Mj (mj_l)/n(n..l) (N-Z)mj (Mj-l) -1 (ZZ(ijk)
2D
2(1Jk)

+ (N(0-2) /n(N-2) - D2257)

(continued)

)

)
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+ (N(N-l)(nmz)Mi(mi-l)/n(n_l)(N-z)mi(Mi-l).,1)(zéﬁijk)
(3) '
* 25151 ]
N
+ by (N(N-1) (n-2) (n-3) /n(n-1) (N-2) (N-3) - 1)Z. .. ..
(i,j,k,p)j’é 2(13kp)
(6.21)

Note that if m, = Mi’ then formula (6.21) becomes (4.6) as it
should, aqd also note that when Mi = M and m, = m, for all i =1, 2,
.., N, then V(ﬁTU) becomes V(ﬁT) as given by (4.36) which should be
the case. Using the correspondences in Table 4.1, V(§TU) is obtained
from (6.21).
An unbiased estimator of V(iTU) may be obtained by finding un-
biased estimators of the parameters appearing in the variance formula.

It is found to be

n
V() = (N/n) SEI(MS(MSwl)/mS(mS_l))[(NMS(MS_l)/nmS(mS_l)=.l)(xm(s)

* Yngey) T ((g=2)/(m-2)) (WM (M -1) (m -2) /o (m 1) (4, -2) - 1)

"Z1m(s)

* ((1g-2) (M-3)/ (m-2) (mg-3)) (M (M -1) (m_-2) (m_-3) /am_(m_-1)

(MS-Z)(MS_3)..1)z2m(S)]
n
+ (N(N-1) /n(n-1)) i (MSMS,/mSmS,)[(N(Nwl)MSMS,/n(n-l)mSms,-l)
s#s'

(xm(ss‘)'+ym(ss‘))

(continued)
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RIS RIS

-+

+ N(N-1) (N-2)

* GED -Dm_;

M,-1) NQ-DMM, @ ,-1)

(M 1"1) NM 1
s' 1y (223

(m r=1) (nm . Im(ss?')

(MM-1) N(N-DMM_, (m_-1)

(m -1) (n(n-l)m m ,(M -1 D (z

(M 1)
@D G

g N

(8)
Im(ss?) 22

-1)(2z

M, -1 (1, -2) WL, (m_,-2)

@, D@2 (nm 0L )

M,-1) (M, -1)

mvl)(z

2 (&)
lm(ss')

(5)
lm(ss') 2

Im(ss')

- 1) (22D

N(N-1) (m_-1) (m_,~1)
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(1)

2(2) )
1m(ss')

lm(ss')

)

(6)

1m(ss

ry)

)

2m(ss'))

23 )

@)
& (m 7 Gaop - P

(M,-1) (4_-2)
m_-D) (m_-2)

(NMS(mS—Z)
nmS(MS-Z)

n MSMS 'MS 1

(n(n_l)(MS-l)(MS,-l)

Zom(ss")

(3)
- D2z Zm(ss’)]

“1 (2

2m (ss') 2m(ss’)

N(N-1) (n-2)M_ 1

n(n-1) (n-2) z mm_ ,m
(s,s',8M# s s''s"

2 (3

lm(ss's

H))

N(N-l)(n~2)MSi b (2)

Im(ss's™)

(M -1 N(N-1) (n-2)M_, (m_,-1)

B IS VT o V) Eow s Ml

Nevewy -Dm_ - D (20 (sstsh

2 () )

1m(ss' ™)

(1)

2m(ss's™)

(2)

2m(ss's

H))

(continued)
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M_y-1)
s N(n-2) (3)
¥ (msn-l) (n(N-Z) - l)222m(ss‘s")
(Mg-1)  N(N-1) (n-2)M_(m_-1) %) 5)

* (mS-I) (n(n-l)(N~2)mS(MS_1)°"1)(22m(ss‘s").+22m(ss's"))]

N(N-1) (N-2) (N-3) : MMy Mt

n(n— 1) (n-2) (n—3) (S’ s T 5 S") Sni )/l— msms ,mS"mS 1t

(N(N-l)(n_Z)(n-B)nml)
n(n-1) (N-2) (N~.3)

2m(ss's®s"") ° (6.22)

Unbiased variance estimator, V(YTU), of V(QTU) may be obtained

from (6.22) using the correspondences in Table 4.1 which are also true

for subsample values.

Example 6.2.1:

Suppose that from a population digraph in example 3.3.4 the first-
stage sample in example 5.2.5 has been drawn by using simple random
sampling. Furthermore, a subsample of 4 nodes is drawn from each
selected cluster using again simpie random sampling. Retaining the
node numbers as in the population in example 3.3.4, it is assumed that

the following subgraph for the two-stage sample is obtained.
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s=3

Figure 6.1 Subgraph for a two-stage sample in example 6.2.1

The results from counting the subgraphs are shown in the follow-

ing tables.

Table 6.1 Lines within clusters for example 6.2.1

s I My Xpegy  Ym(s)  Zlm(s)  Zom(s)  Z3m(s)  Z4m(s)

1 2 6 5 4 7 8 0 8
2 5 6 5 4 15 0 8 0
3 6 10 4 2 7 2 0 0
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(3) ) (3) ) o
222m(412) 10, 222m(413) 8. All other quantities are zero.

From the above results, application of (6.19) yields

>

U (8/8) {(6(5) (5)/4(3)) + (6(5) (5) /4(3)) + (10(9) (4)/4(3))

+ (7(B) (D/4(3))} + (8(D)/4(3)) ((7(6) (1) /4(4))}

171.26 .

"~

Similarly, Y

= 112.00, %, =0.03086 and A, = 0.02018.
U Mgy Ny

~

An unbiased estimate of the variance of XTU is obtainable from (6.22)

and turns out to be

V<§TU) = (8/4) (1920.25) + (8(7)/4(3)) (~360.6246)
+ (8(7)(6) /4(3) (2)) (-70.6313)
= 1126.7357 .
Also v(¥,) = 566.7334, v(i, ) = 0.00003658 and v(iY ) =
10 TU
0.00001840.

6.3 Clusters Selected with Probability Proportieonal to Size
and with Replacement

Suppose that n primary units (clusters) are selected in the first
stage with probability proportional to size Mi and with replacement as
in section 5.3 from a population digraph with N clusters of points.

If the i-th cluster is drawn, a subsample of m, points is drawn from
it by simple random sampling. If the i-th cluster is drawn more than
once, then a subsample of m, points is drawn each time the cluster is

selected and independently from other such subsamples.
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To obtain an unbiased estimator of X note the relationships (6.1)

and (6.7) together with (5.9). It is apparent that an unbiased

estimator of X is

TPPS = (M /n) SZ X m(s )(M 1)/m (m -1)

2 n
+ (Mo/n(n_l)) sisyxm(SSW/msmS‘ . (6.23)

Similarly, an unbiased estimator of Y is

— (Mo/n) Z Jm(s) (tty-1) /mg (m - 1)

+ (Mg/n(n_l)) z ym(ss,)/ . (6.24)
sfs'

The variances of the above estimators and their unbiased estimators
can be derived similarly to those in previous sections., The results

are presented below.

. N
VEpppg) = iil(l/n) [, (1 -1) /my (m,-1) - 1) (X )

) "YW

+ (M, (M, -1) (mi-Z)/mi (m, -1) (M,;-2) - 1)21(1)

+ (M (M- 1) (mi-Z) ,(mi.,3)/mi(mi._1) (M, -2) M, -3) - 1) ZZ(i)]

N
2
+ i;zé:j (1/m)[(1/(n-1)) (Mo/mimj + (n_Z)MO(l/Mi + l/Mj) - 2(2n-3))

Fap Fap’

(continued)
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(1/(n_1))(Mg(mj_l)/mimj(Mjnl)-+(n~2)MO(1/Mi-+1/Mj)

M @

T 203 2y G5y Y2 ()

(3) (4)
(Mo/mj..Z)(Zzl(iJ)«+221(13))

(1/(n_l))(Mg(mi_l)/mimj(Miml)-+(nm2)Mb(1/Mi'+1/Mj)

(3 (6)
- 2(2n~3))(Zl( 9 21(13))

(7) (8)
(Mb/mi.-Z)(zzl(iJ) +221(1J))

(D
(Mo(mj-Z)/mj(MjnZ)‘wZ)ZZZ(ij)
(1/(n.1))(M§(mi_1)(mj_l)/mimj(Mi.l)(Mj_l)+(n_2)M:0(1/Mi

(2) 73y )

F LM - 2209 (25 5y Y255 gy) - B (i)
(4, (m-2) /m (4, 2)¢.z)zz§i) ]
D (@D (D /. - 2(2a5) @D
(i,3,k)# 071 1(i3k)
O
1(1Jk)

(1/ (1)) (@-DUp/m, - 2(20-3)) (257} 11y 24 (15109

1/ (2-1) (-2 (1) /m 01,21 - 2209 B0

(2) (3)
T2k T ¥ (1K)

(1/(n~1))((n_Z)Mb(mi_l)/mi(Miul)‘.2(2n_3))(Z§?ijk)

(continued)
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7(3)
2(1_’]k)):|

N
+ p) ((n-2) (n-3) /n(n-1) - 1)z

(6.25)
(i:j:k:P)%

2(1ikp) -~

An unbiased estimator of V(X ) turns out to be

TPPS

vpppg) = (1/n° )si(M (M -D) /g (-1)) [ O M- /m (m-1) - D) (o

MO(MS_l)(mS-Z)

* ym(s)-+((Ms'z)/(ms"z))(ms(ms_IXMB-Z) - l)Zlm(s)
(M 2)(M =3) M (M 1)(m -2)(m -3)
" @D @) (m @ D LD (3 " Dz)n(s)?
2 2
1 2 Y 1 M 1.1
+ z [ ( + (n-2)M), (z— + =)
nz(n_l) s;ésY MMt (n-1) MMyt 0 Ms Ms'

LMD M @ -D)

0
+ ey @D (msms'(Ms'“l) + (n_Z)MO(l/MS+1/MSr)

- 2(20-3)) (2D +223) ")

Im(ss?") Im(ss

W -D) Mg (3) )
* (ms,-l) (ms,”'z)(zzlm(ss')-Fzzlm(ss'))
2
1 (M =1) Mb (mS ~1)

= @D (msm LD + (n"Z)MO(l/Ms+1/MS')

(5) 2 (0)
- 2(20-3) (210 1y FEI o0y

(continued)
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M- M D, ®

+ (m -T) (E;""z)(zzlm(ss') zzlm(ss‘))

(Msr"‘l) (MSI"'Z) MO (msx"z)

(D
Mo L e ) Ml

2m(ss’)

L 0D QD Mm@, -1)

fET @ D@, 5D (msms,(MS-l) Y

+ (n-2)My (1M +1/M )

(2)

- 2<2n"3))(22m(ss‘)

+ Z(3) ) _ (MSl) (Msr"'l) 2(4)
2m(ss') (mS_l)(mS,_l) 2m(ss')

1,-1) (M,-2) My(m_-2) e

@D @m,-2) (mS(MS_Z) Im(ss')
3
n M M
) - z m m g [nll ((n-2) ﬁg
n" (n-1) (n-2) (s,s',sM# s st s" " s
(D (3)
- 2(211"'3))(zlm(ss's”)-{rzlm(ss‘s"))
M
1 0 (2) (%)
* E:T-((n_Z) E;T'” 2(zn""B))(zlm(ss's")-*nzlm(ss's"))
(M ,-1) M (m r"‘l)
1 s 0 Vs (L
PET @, oD ((n-2) o 2(20-3)) (2 g 1gmy

@

z2m(ss's")

(Msn—l) A (3)
- (msn-ii z2m(ss's")

(continued)
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1 Mg-D My (mg-1) )
AT @ STy ((n-2) AQLID) 2(2n-3)) (25 g5 ts™

(3)
+ zZm(Ss's"))]
n M4
+ 1 hM 0
n(n-1) (n-2) (n-3) (s,s" s". g™ )74 mSmS'mS”mS'”
29 25

(n-2) (n-3)
(W - l) 2m(ss's"s’”) (6=26)
The variance and variance estimator of § may be obtained from

TPPS
(6.25) and (6.26) with the application of the correspondences in

Table 4.1.

Example 6.3.1: A sample of 5 clusters is drawn with probability
proportional to size and with replacement from a population digraph
in example 3.3.4. Assume that the sample is the same as in example
5.3.5. A subsample of size 4 is drawn by simple random sampling from
each cluster in the first stage. Since cluster number 2 appears twice
in the sample, two independent subsamples are drawn from it. The
results from drawing the subsamples are shown in the following sub-
graph, and the results from counting are shown in the accompanying

tables,
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Figure 6.2 Subgraph for a two-.stage sample in example 6.3.1
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Table 6.3 Lines within clusters for example 6.3.1

St My Fy mgs) Zlm(s)  “2m(s)  Z3m(s)  Zhm(s)
1 5 6 5 2 16 2 0 0
2 2 6 2 2 0 0 0 0
3 2 6 3 2 0 4 0 0
4 7 7 3 2 4 0 0 0
5 6 10 2 0 0 2 0 0
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All other quantities not appearing in the tables are zero.

Using (6.23) with the above data, it is found that

TPPS

s

(75/5) L(5(5) /4(3)) +(5(2) /4(3)) + (5(3)/4(3) + (6(3) /4(3))

+(9()/4(3)} + (75(75) /5(4)) (((2 +3 +1) /4(4)) )

= 318.44 .
Similarly, Y = 122.82, A = 0.05738, and A -
TPPS AXTPPS kYTPPS
0.02213,
An unbiased estimate of the variance of ﬁTPPS is calculated from

(6.26) and turns out to be

v (X (1/5(5)) (55971.7475) + (1/5(5) (4)) (1638321.5391)

TPPS)

+ (1/5(5) (4) (3)) (~2542514.0721) + O

]

10147.0384 .

Similarly, V(YTPPS) = 2140. 7440, V(AXTPPS) = 0.0003294, and

A

V(?\Y ) = 0.00006950 .
TPPS

6.4 Clusters Selected with Probability Proportional to Size
and without Replacement

As before, assume that a subsample of m, points is selected by
simple random sampling from cluster i with Mi points already drawn in
the first stage but by the method of section 5.4 (ifff’ with prob-
ability proportional to size and without replacement). The selection
of n subsamples is assumed to be independent from each other. Noting

the relationships (6.1), (6.7) and the estimator X.. as given by (5.13)

3¢}
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an unbiased estimator of X for this sampling procedure is found to be

A

= M (M 1)/m (@ ~1)m + z x MM /mm mogs (6.27)

X '
TUO s=1 m(s) odg! m(ss') s

where T_, Megt are inclusion‘probabilities for cluster s, clusters
s, s' in the first stage sample as in section 5.4. An unbiased

by replacin b and
y replacing Xm(s) y ym(s)

may be derived

estimator of Y is obtained from XTUO

xm(ss') by ym(ss')' The sampling variance of XTUO

similarly to that in the previous section and it turns out to be

VX, ) = [(M M,-1) /m (m -Dym - 1) (X )

HMZ

TUO () ()

i

+ (M (M -1) (mi-Z)/mi(mi-l) M, -2)m, - 1) (zl(i))

+

1 (M, -1) (m, -2) (mi-3)/mi (m;-1) (1, -2) (M, -3)m, - 1) (22(1))]

N
+Z[(MM/mm'rr 1) X oy )
145 @ g

D, @
- DGy TGy

-+

MM.(m,-1)/m.m, (M,.1)T, .
(e, M, (@ -1) /mpm, Qe =Dy

(3) (4)
+(Mj/mj'rrj-1)(221( 9 221(1J)>

(5) 7(6)
+ (MiMj (mi-l)/mimj (Mi-l)“rrij - 1) (zl(ij) 1(13))

(7 (8)
+ (Mi/mirri -1 (2zl(ij) 221(13))

(1)
+ (MJ, (mj-Z)/mj (Mj..z) my - 1)222(13')

@ ¥

+ (MiMj (m, ~1) (mj-.l) /mimj (1, -1) (Mj.-l) ;g 5 (ij) Z, T

(continued)
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+ (ﬁ /n ﬁ l)Zéﬁ)J)-f(Mi(miNZ)/mi(Mi_Z)TE=-l)Zzéiij)]
+ g [(m, M. /o, m, T, 1) (z(l) 23 )
Ry ijk 1/71 1§ ik 1(ijk) = “1(ijk)

(2) (4)
1Jk J/ ﬂi ﬁ )(Zl( jk) Zl(ijk))

+

1
+ (M (g 1)/m aL-Dym, ., '1)(25(3__-]1{) * é%)ljk))

(3)
(M 51/ 5T = D 22575 51y
(4) (5)

g My (=D /my Q=D T - D2y Gy T2 1) ]

N .

-1 . .
s e il D2 o
An unbiased estimator of the variance of ﬁTUO is
R n
V(XTUO) - Sil(Ms(Ms_l)/ms(mswl)né)[(MS(MS"l)/ms(msml)ﬂé"'1)(Xm(S)-+ym(S))

+ ((MS-Z)/(mS‘-Z)) (M Q1_-1) (mSuZ)/mS (m_-1) M -2) T - 1)z1m(s)

*((Mg-2) (M,-3) /(g -2) (m-3)) (M, (M -1) (m -2) (m-3) /m (m 1)

SECRICIOLAES ENRS
n
* Sfés, QL /momy o D LAM /mam - D) (R iy P gy
+ (01,1 / (g =1)) QL (-1 /mm =D - D) a0
](.ri)(ss'))

(continued)
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(3) (4)
((Ms'-l)/(ms‘ﬁl))(Ms'/ms‘ﬂs'-ﬂl)(zzlm(ss') +zzlm(ss‘))

(01 -1) /@ -1)) (LM, (m_-1) fmm_, (M_-1ym__, - 1) (z{f&ss,)

(6)
* Zlm(ss'))

(7N (8)
((Msml)/(mswl))(Ms/msﬁs_ 1)(Zzlm(ss') +Zzlm(ss‘))

((MS,_l)(MS,-Z)/(erml)(ms,m2))(MS,(mS,-Z)/mS,(MS,NZ)ﬂS,-al)

(1)
) zz2m(ss')

(Ms"']-) (MSI"]-) ( MSMS' (ms'l) (msr"l) 1) (z<2) +Z(3) )
(ms-l)(ms,-l) ﬂés,msms,(Ms-l)(Ms,;Iff" 2m(ss’) 2m(ss’)

(oD 00D T

(ms-l)(ms,-l) (ﬂéﬂé, 2m(ss?’)

01 -1) @ -2) M (m_-2)

()
@ D@ 2 a2 - D om(ss )]
; MgMg 1 Mg [( TTss‘s"Ms 1)(2(1)
- [
(S,S'}S”)jé ﬂSS'SHmSmSYmS" TrSS'TTSS”mS lm(ss's™)
(3)
* Zlm(ss's”))
T 1 M t
ss's’ s (2) &)
(ﬂss’ﬂs’s”ms' _l)(zlm(ss‘s”)'lem(ss's"))
(Mg -1) ( Mogtgmilgr (Mgi=1) _l)(z(l) +5(2) )
(ms,_l) ﬂéS'ﬂé's”ms‘(Ms'"l) 2m(ss's™) Jm(ss's™
(Mgu-1) ( ﬂés‘s"__l)ZZ(3)
(msu-l) Mgt Mg 2Zm(ss's™)

(continued)
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. (Ms—l) ﬂSS'S”MS(mSnl) 1) (2(4) + (5) )]
(msnl) T%S,T%S"mS(MS_l)" 2m(ss’'s™  “2m(ss‘'s™)

N ; MSMS 'MS"MS 13 ﬂSS 1gltgs 1l
(S,S',S",S”')fé TrSS'S"S'" msms‘ms”ms'” ﬂSSXnS”S"'

Z2m(ss’s”s'") (6.29)

It is assumed in (6.29) that all inclusion probabilities are non-
zero. The variance estimator of the unbiased estimator of Y and its
unbiased estimator are readily obtainable from (6.28) and (6.29),
respectively, by using the correspondences in Table 4.1,

Example 6.4.1: Suppose that a two.stage sample in example 6.2.1 is

obtained by the sampling method in this section. Then upon applying

(6.27), it is found that

Xpgo = (6(5) (5)/4(3) (0.32)) + (6(5) (5) /4(3) (0. 32))
+ (10(9) (4) /4(3) (0.5333)) + (7(6) (7) /4(3) (0.3733))
+ (7(6) (1) /4(4) (0.0870))
= 252.06 .
Similarly, Y. = 165.63, A = 0.04542 and A = 0.02984,
Tuo AXTUO XYTuo

An unbiased estimate of the variance of XTUO is computed from

(6.29) and turns out to be

6015.0953 - 9184.5850 +4643.3121 . 6048.3048

Vv Xpyo)

~4574.4824
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Similarly, v(§

TUO) = .1420.6569, V(KXTUO) = .0.0001485 and

v(i\y ) = -0.00004612.
TUO

6.5 Clusters Selected by Inverse Sampling with Probability
Proportional to Size

Suppose that a sample of n different clusters is selected in the
first stage as in section 5,5 and a subsample of size m, is drawn from
each selected cluster i. These subsamples can be used to find un-
biased estimators of X,,, /M, and X, ., /M.M, in formula (5.20 and

(1)/ i (13)/ i (5-20),
hence yields an unbiased estimator of X for this two-stage sampling

scheme as

. N
Xor = lexm(i) O -Dx; /m; (m 1)
, N
+ M, Z rirj/r(rml)mimj . (6.30)

X P
. /o, M{L
3 (1))

An unbiased estimator of Y is of similar form. Using the
relationships in section 6.1 and the argument as in section 5.5.3, an

unbiased estimator of the variance of XTUI is found to be

N
V(Xpyp) = Mg{i§1<r1/r) (r;/t - (x;-1)/(x-1)) (04 -1) M;my (m, -1))
[ (M;-1) /my (my-1) - 1) e +ym(i))
+ (M (M, -1) /mi(mi_l) - (M,-2) / (m,-2))z, (1)

+ 0, 0L -1) /my (m-1) - (M, -2) (1, -3)/ (m, -2) (mi_a))ZZm (1]

(continued)
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N
+ i;sz(rirj/rmimj)[(l/(r_l))(rirj,/r(rnl)

2
- (r;-1) (rj_1>/(rm2> (r-3)) (MO/MiMJ.)

Ottty /mgmy = D G35y ey

. CIRG
"My /ngmy - D /D) Gy gy )

(5) 2(6)
+ (MiMj/mimj - (Minl)/(mi..l))(zlm(ij) 1m(13))

+ MM /mm - (-1 041/ (@1 @g-1)) (zéi)(ij) + éi)(lj)))

+ (1/(r-1)) (rj,/r - (rj_l)/(r-Z)) (MO(Mjml)/Mj (mj-l))

() 49y
(0t/my-1) 224055y + 221 p))

* Gty - 01y-2) /@ 228500 )

+ (1/(x-1)) (ri/r,., (ri~1)/(rn2)) (MO (Miml)/Mi(miml))

(7) (8) (5)
((4,/m,~1) 220,054y 2200 py) @/ - (Mi=2)/(mi_2))222m(ij))

* (1/r -1/ (1) ((4-1) (4, -1/ (- 1) (mj_l))zéi)(ij)]

N
+ z M, r.r,r, /e{(r-Dm,m.m Y[ (r./r(r-1) - (r.-1)
1,1,k £ 07173 k/ ik 1/ i /
(r-2) (r-3)) (M,/M,)

(L 2 (3)
(@4 /mg -1 2100 51y 2101510

4 5
O /mg - -1/ (mg-1)) (Zém)(ijk) Tz ém)(le)))

(continued)
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t(@y/r(-D) - (r;-1)/(x-2) (x-3)) <MO/Mj>

((Mj/mj"l)(zfiiijk)“*Ziiiijk))
* QL /ng - MDD (g Faai )
+ (l/r_.1/(rm2))((Mkml)/(mkml))ZZéiiijk)]
N
+ (iﬁjfk,p)# (rirjrkrp/r(rml))(1/r(rm1)u=l/
(£-2) (£-3) Mg/mym mm Yz, 3o (6.31)

The expression for the true variance of iTUI will not be written
out here. Table 4.1 may be consulted to obtain the variance estimator
when estimation of Y is involved.

Example 6.5.1: A sample of 4 different clusters is selected in
the first stage using inverse sampling with probability proportional
to size as in section 5.5 from the population digraph in example
3.3.4. Assume that the sample is the same as in example 5.5.5. A
subsample of 4 graph nodes is selected from each of the clusters 2, 5,

6, 7, using simple random sampling. Suppose that subsamples obtained

are the same as in example 6.2.1. Then an unbiased estimate of X is

ﬁTUI = (75) ((2(5) (5) /5(4) (3)) + (1(5) (5)/5(4) (3)) + (L(9) (&) /5(4) (3))
+ (1(6) (7) /5(4) (3))} +(75) (75) { (1(2) (1) /5(4) (&) (4))}
= 226.41 .
Similarly, ¥ _ = 142.50, X = 0.04079 and A = 0.02568.
TUT >\XTUI 7\YTUI
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An unbiased estimate of the variance of XTUI computed from (6.31)

is

~

v(X

TUI) (75) (75){0.0957 +0.0068 - 1.1960 - 0.6354 +0}

-9725.0625 .

I

Similarly, v(Y

) = -3702.3750, v(A, )=-0.0003157 and
TUT AXTUI

A

v ( ) = -0.0001202. -
>LYTUI

6.6 Clusters Selected with Arbitrary Probabilities

6.6.1 Sampling without Replacement

Suppose that a sample of n clusters is selected in the first
stage, cluster by cluster without replacement using arbitrary prob.-
abilities at each draw. In the second stage, a simple random sub.
sample of size m, is taken from each selected cluster i.

Similar argument to other sections produces an unbiased estimator

of X as

n
= XX
S_

~

n
XA (Msml)/ms(msml)ﬂé‘+ T X m

m(s)Ms . m(ss‘)MSMs’/ms s'sst

=1 s#s

(6.32)

where the inclusion probabilities Mgs Mgt depend upon the selection

probabilities used. The true variance of £TUA is given by (6.28) and

its unbiased estimator by (6.29). The estimator given by (6.19) is

also a special case of X with mo= n/N and Mgt = n(n_l)/N(le), for

TUA

all s, s'. The problem of estimating Y needs no additional comment.
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6.6.2 Sampling with Replacement

Consider the case where clusters are selected in the first stage
with replacement so that at each draw cluster i has probability Pys

i=1,2, ..., N, of being drawn, where p, are arbitrary and

I M=

P, = 1. 1In the second stage, a subsample of m, points is selected
i=

by simple random sampling from each cluster i already drawn in the

first stage.

6.6.2.1 The Case of Fixed Sample Size. Suppose that a fixed

number n of clusters is selected in the first stage with arbitrary
probabilities Py and with replacement. Subsamples are selected in the
second stage as mentioned earlier in section 6.3. Let n, be the

number of times that cluster i appears in the sample, i =1, 2, ..., N,

N
% n, =n. Consider (6.1), (6.7) and (5.24). Then an unbiased estima-

i=1

tor of X for this sampling scheme is

N n
XTA = (L/n) si Xm(s)MS(MS—l)/m’s(ms“l)ps

1

n

+ (1/n(n-1)) % Xm(ss')MsMs*/msms'psPs' . (6.33)
s#s'

The variance of ﬁT may be derived from

A
V&) = BV, (Rp) + VE, (Kpy)

and it turns out to be
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2

V(XTA) = ii.l(l/n)[(Mi(Miul)/mi(mi_l)pi - 1) (x(i) +Y(i))

+ (M, (M4-1) (m, -2) /mi (m;-1) 1, -2)p, - DZ, (1)

+ (1 (4 1) (m, -2) (mi_3)/mi(mi_1) (M, -2) M;-3)p, - 1)22(1)]
N

+ 724 (1/n)[(1/(n.-l))(MiMj/mimjpipj +(n-2)(l/pi + l/pj)
iF]

- 2(2n“.3))(x(ij) +Y(ij))
+(1/(1-1)) QM (1) fuym, (M, =D oy + (n-2) (1/p + 1/p})
- 2= g 2 )
(3 (%)
" My/mgpy D) 2Ry 22 ()

+ (1/(n-1)) (MM, (m, 1) /mimj a1-1p;p, + (n-2) (1/p, + 1/pj)

- 2(2n-3)) (zﬁ;j) + zf?)ij))

(1
" 222(1)

+ (1/(n-1)) (MiMj (m, -1) (mj,_l) /mimj (1, -1) (Mj,ml) PPy * (n-2)

C /ey F1/p ) - 2@0-9) 25 v2i ) <28

2(13)  "2(i1 2(13)
+ (M, (m;-2) fm (M, -2)p, - 2)222%]
N (1)
+ X o (/) [(1/ (n-1)) ((n~2)Mi/m.ipi - 2(2n-3)) (zl(ijk)
(1,3,

(continued)
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(3)
* 213k

-+

(2) (&)
(1/(n_1))((nm2)Mj/mjpj,=2(2nm3))(Zl(ijk)-+Zl(ijk))

(1)
(1/ (a-1)) (-2 (my-1) /my (M,-1)p - 2(20-3)) (255 19

-+

L (D (3)
F 2y 130 " 42 (11

(1/(n_1))((n-Z)Mi(miml)/mi(Mi_l)pi=_2(2n_3))(2§?1jk)

+

(5)
O

N
+ ) ((n_..z)(nm3)/n(n..1)_.1)z2
(i,3,k,p)#

(ijkp) (6.34)

Since, for example,

n
E,E, Sfl(MS(Msml)/ms(msml)pSuﬂ1)(MS(Msul)/ms(msml)ps)xm(s)

1

n
E, Sfl(MS(MS~1)/ms(mS"1)PS=~1)(1/PS)X(S)

[

n Zl(Mi(Miml)/mi(miml)pi=~l)X(i) s

1

it follows that an unbiased estimator of V(iTA) is

~ n
v(Xy) = (1/n%) E 01 0D /(- Dp) L1 G- /o (gD - )

sy *Tm(sy) * ((Mg=2)/ (@y-2)) Q1 (M -1) (m-2) /m_ (m_-1)
P(M-D)p - Dy (M-2) (=3) / (m -2) (m -3)) (4 (_-1)

F(mg-2) (m -3) /m (m 1) (M_-2) M ~3)p_ - Dz, ()] continued)
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n
(t/a* (1)) Z M /mm b p [/ (1)) MM,/
sFs'

Moy PP * (1-2) (1/pg +1/p 1) - 2(20-3)) G ooy

+ ym(ss,))

(1/(m-1)) (g -1) /(g -1) MM, (1) /mm_, (M_,-1)p_p,,

1
+ (n~2)(1/Ps“*1/PSe)"z(zn”3))(z£miss')-Pziiiss'))

<<MS,-1>/<mS,~1>>(Msr/msrpsf-z><2z§jissg)-+zzfiiss,)>

(1/(2-1)) ((@g-1) / (m-1)) MM, (m -1) fmm_, M -1)p _p_,

+ (n_z)(l/ps +1/ps,) - 2(2n_3))(z£i)(ssg) +z£:1)(SSV))

(7) (8
((Msul)/(msml)) (Ms/msps -2) (zzlm(ss') +ZZlm(ss '))

(-1 M -2)/(m_-1) (m-2)) (M (m,-2) /m_, (M, -2)p_, - 2)

(1
nZZZm(ss‘)

(1/(m-1)) (Qtg-1) (Mg -1) /(1) (m 1) QLM (me-1) (mg, 1)/

mm_, (M.-1) G ,~D)p_p_,

+ (n-2) (1/ps * 1/ps o) - 2(20-3)) (zéi)(ssf) +z§;)(ssi))

4
(-1 (Mg~ / (1) (=) fr oo

()

((Ms-l)(MS-Z)/(mS_l)(mSMZ))(MS(mSNZ)/mS(Ms_Z)pS.n2)222m(ss

l)]

(continued)
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n
+ (/0% (n-1) (n-2)) = (MM M o/mm m D PP )
(s,8',8™) 7é
(D 3

(LA (=D (DM /mep, - 2(20-3)) (p7gg gy * 210 0516

(1 (1-13) (=DM /g By = 2(20-3)) (2fpy gy 2 {ar o)

+

+

(MS r"'l)/(msi“‘l) (n“’l)) ((an)MS, (mS x"’l)/ms 4 (Mst“l)psl = 2(2n"3))

(3)

2m(ss's™)

. (z(l) ) +Z(2) )) - ((Msnml)/(ms,,-l))ll-z

2m(ss's" 2m(ss's"
+ ((Ms-l)/(ms-l) (n-1)) ((0-2)M_(m_-1) /mS M,-Dp_ -2(2n-3))

2@ w23

+
2m(ss's') zZm(ss’s”)

n
(1/n(n-1) (n-2) (n-3)) Z MM_ M M .,/
(S}S',S”)S”,)}'é S s 8 s

+

msms 'ms"ms"'psps 'ps"ps'”) ((n-2) (n_3)/n(n-1) - 1)

'ZZm(ss's"s”') (6.35)

Note that the results in section 6.3 are special cases of the
above with P, = Mi/Mb’ i=1,2, ..., N.

6.6.2.2 The Case of Variable Sample Size. Suppose that a sample

of clusters is selected in the first stage by inverse sampling with
arbitrary probability of selection so that n different clusters are

obtained in r draws and cluster i appears r, times in the sample,
N
z r,
i=1

It

r. In the second stage, a subsample of m, nodes is selected

by simple random sampling from each cluster i drawn in the first stage.
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An unbiased estimator of X for this sampling scheme is

" N
Xpp = if (i) T M, (M, l/m (m,~1)rp,
N
+ I x r ,M.M./m, m r(r-1 . 6.36
DR §/mmT(r-p;p, (6.36)
The true variance of i involves the ¢.function as defined in

TTIA
Appendix 9.9.2 and will not be written out here. Using the results
in section 6.1 and the argument as in section 5.5.3, it is found that
an unbiased estimator of the variance of ﬁTIA based on subsample values

is
N 2
v(Ep) = ifl(ri/r) (x;/7 - (xg-D/(x-1)) (4, @4 -1) /my (m - 1) p))

S[Q1 01D /my (m 1) - D) (x )

n(i)  Tm(i)

+ Q1 (M -1) /my (my -1 - (Mi.~2)/(mi_2))zlm(i)

M (M -1) /mi(mi_l) - (M;-2) (1, ~3) / (m,-2) (m,-3))z, (i)]
N

+ ? (rirjMiMj/ i JplpJ) (1/(x- D) (x;r /r(r D - (r;~1) (r -1/
173

(r-2) (£-3)) (1/pyp D LOLM /mmy - 1) Grp 69 #5054y

M, /m my - (M- 1)/( ~1)) (2 inlz)(ij) fri)(lJ))

(3) 2(8

M /oy - (1) / (. AN @y P

: (2) 2 (3
+ (MiMj/mimj - (M, 1) (Mju..]ﬂ) / (mi.-l) (mj“l))(zzm (ij) Z o (13))]

(continued)
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-+

+

-+

_i_

.i_

+

(1/(r~1))(rj/r—a(rj-l)/(r~2))(Mjml)/(mj~1)Pj)

(3) (4)
lm(ij)+2 lm(lj))

(D
(Mj/mj-(Mij)/(mj_Z))Zzzm(ij)]

-[myﬁj-n<h

(1/(x-1)) (x;/r - (x;-1)/(x-2)) (M;~1) / (m-1)p,)

17

-[(Mi/mi‘.l)(2z(7) + 228 )+ (e, /m - (M,-2)/

lm(ij) lm(1 )

5)
(m 2))2z2 i )]
(17 = 1/(x-1) (1) (-1 /g -1) (- D)z o
N
p) (r,r,r, M, M M /r(r- Lm, mm PP P )< (x,/r(r-1)
(i,3,k)# ik 1Tk k J k7 M
- =D/ (2-2) (223) (/o) [ My /g - D {0
3 ) (5)
Z1m(13k) -F(Mi/mi"(Miml)/(mi"l))(ZZm(ijk)-FZZm(ijk
&)
ry/T(E-1) - (r3-1)/(2-2) (2-3)) (/2 D [0 /my - 1) (2 0
NOTI
1m(13k)

(1) (2)
(Mj/mj'°(Mj“l)/(mjﬁl))(ZZm(ijk) Tz 2m(1jk))]

(1/r.~1/(rm2))((Mkwl)/(mknl))ZZéiiijk);

N

% (rirjrjrp/r(rml))(1/r(rw1).,l/(r_Z)(r-S))

(i,j,k,p);’é

-<1/pipjpkpp><Mi M, M /m ) (4ikp) -

(6.37

2

)]

)
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Yrras
from (6.37).

Table 4.1 may be consulted to obtain an unbiased estimator,

of Y from (6.36) and an estimator of variance of YTIA
If the densities are of interest, they can be estimated by using iTIA

and QTIA provided M0 is known. Unbiased estimators of the variances

involved may also be obtained in a straightforward manner, although

they are not simple expressions.
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7. SUMMARY

7.1 Summary and Conclusions

In this thesis methods of point-cluster sampling both with and
without replacement from a population digraph have been considered.
The parameters of interest are X, the number of (directed) lines, Y,
the number of ordered pairs of points with two lines, and their
standardized equivalents, the linkage densities AX and XY, The
configurations of these parameters and others used in estimation were
discussed with regard to the clusters of points in the population
digraph or their sample statistiecs for a subgraph.

When the population digraph from which a sample is taken consists
of N clusters of the same number M of graph nodes, it is customary to
sample with equal probabilities. The methods of sampling n clusters
with equal probabilities both with and without replacement were con-

A

sidered. It was noted that an unbiased estimator of X, X _, in simple

UJ
random sampling (without replacement) was more efficient than that

in sampling with replacement. Simple random sampling of n clusters was
also compared with simple random sampling of nM points from the popula-
tion digraph, disregarding the presence of the clusters. The compari-
son was made using a superpopulation model. The instances where one

is better than the other were pointed out. An extension of the simple
random sampling of n clusters to two-stage sampling was also mentioned.
Relative efficiency of one and two-stage designs was discussed using
the same number of observations, and also the same total cost. In

every case considered, an unbiased estimator of the variance of the

estimator was given in terms of sample subgraph quantities.
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The later part of the thesis was concerned with methods of sam-
pling from a population digraph consisting of clusters of unequal
numbers of graph nodes. The methods mentioned were:

(1) simple random sampling,

(2) sampling with probability proportional to size and with
replacement,

(3) sampling with probability proportienal to size and without
replacement,

(4) inverse sampling with probability proportional to size, and

(5) sampling with arbitrary probabilities.

Appropriate sampling techniques of the various sampling schemes
were reviewed and estimators of the parameters of interest were given.
Unbiased estimators of the variances of these estimators were pre-
sented.

Two-stage sampling schemes where clusters were selected in the
first stage by the above mentiened sampling schemes were alse con-
sidered in the last sections of the thesis. Unbiased estimators of

the variances of the estimators were given in terms of sample values.

7.2 Suggestions for Future Research

There are many possibilities for future research in the area of
sampling from graphs. ©Note that approaches similar to the one in this
thesis may be applied to population graphs more general than a
digraph, for example, to a population valued graph, directed or
undirected. The results obtained may be much more complicated than
those for digraphs. This may call for different notation (see, for

example, Bloemena (1964)).
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An extension of the results in this thesis to multi-stage
sampling needs to be investigated. 1In three-stage sampling, for
example, the primary units may be groups of clusters of graph nodes.
The graph structures with regard to the primary units would need to be
defined similarly to those for clusters that were presented in this
thesis. Then various sampling schemes could be studied.

It should be noted that in this thesis only cluster point-
sampling was considered. An alternative study might be done on pair-
sampling. For example, sampling units are ordered pairs of points or
ordered pairs of clusters of graph nodes. Various sampling schemes may
be considered using the frames just described. Tt might be interesting
to compare the results with those from point-.sampling. Other interest-
ing schemes can be devised as mixtures of these two types of sampling.
For example, one might consider using cluster point.sampling in the
first stage and using pair-subsampling in the second stage.

The notions of sufficiency and that of the associated minimum
variance estimator have not been widely applied in sample survey
theory. Basu (1958) used sufficiency and the Rao-Blackwell theorem for
the coﬁparison of estimators in sampling with replacement. (Also see
Kendall and Stuart (1966), p. 170.) Other writers have tried to use
sufficiency or to propose other criteria of desirability for estimators
with little widespread acceptance. The reason for this may be the fact
that sample survey theory deals with finite populations, the digraph
parameter space is Mb(MO-l)-dimensional space, but MO is very, very
large, and sufficiency needs to be defined in terms of a partitioning

of the sample space (Blackwell and Girshick (1954)). This line of
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reasoning leads to the unordered sample data as sufficient, but does
not simplify the problem any further. The situation is akin to that in
regression theory when all of the x-values are taken as parameters
("incidental parameters" as mentioned in Kendall and Stuart (1961),

p. 384).

Another possible investigation concerns empirical studies of the
estimators presented in this thesis. There is a need to write computer
programs to calculate the statistics appearing in this thesis. Then
use empirical sampling to compare the variances of the estimators,

Many populations, real and artificial, need to be included in the
investigation.,

When one begins to construct populations of graph, "superpopula-
tions" as defined in section 4.6.1, the device of randomly generating
these is suggested. This was, in fact, done in section 4.6.1l. The
random process of that section was not deemed sufficiently realistic so
that estimation of its parameters (p1 and Py> the within-cluster and
between-cluster linkage densities) could be taken as the objective of a
sample survey in place of estimating the actual density, KX’ of the
finite population graph. It can, however, be expected that work on
probability mechanisms for creating population digraphs will uncover
some that will be sensitive enough to mirror the graph configurations
actually found in nature. When this is accomplished then greater use
can be made of the more traditional statistical machinery for estima-
tion and testing. ,

A further extension of the theory that awaits some work on the

mechanisms of graph formation is the location and definition of
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quantities, other than just the linkage densities, that would be
worthy of estimation. These new graph parameters would presumably be
statistics reflecting the influence of the parameters of the stochastic
mechanism used to generate the population graph.

Another interesting investigation is a study of the asymptotic
properties and small or moderate sample size properties of estimators
in this thesis. Here in the finite population field, asymptoticity,
the mode of approach to the asymptote, needs to be clarified.

Different writers use it in different ways. Usually, one considers the
case when sample size gets very large along with N, the population size
(Cochran (1963)). The variances and variance estimators in this thesis
are of complicated expressions and one may hope that when sample sizes

get very large these expressions may become simpler. If so, the whole

theory may thus gain wider popular acceptance.

Finally, other types of sampling and estimation might be con-
sidered. The effects of stratification, for example, would be an
interesting study. So also would a study of the effects of changing
cluster sizes or changing the way clusters are formed. In short, all
of the problems of sampling (Cochran (1963)) can be reformed to deal

with graph populations.
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9. APPENDICES

9.1 Products of Some Parameters

Let D be a population digraph with N clusters Vis Vo5 voe, V of
Ml, My, wevs MN points, respectively. For any i =1, 2, ..., N, it
follows that

M,
2 _ 2
Yo T LI e @]
M,
1

2
e Laur@ @@ @’

]

M,
1
* (u,ﬁ”u")% (AU(i)U'(i)Au(i) U,"(]'_) +Au(i)l.ly(i)AU."(i)u(i)

Ay a @ Aar @) e (@) Tru@ ut () Pe" (Wat (1)
M,
1
+ (u’u'?u"’um )fl_ Au(i)u'(i)Au”(i) L (1) 5

where A ,.. ,,.. =0 or 1 as defined in section 3.2. Since
u(i)u’ (i)

2 o : ; .
Au(i)u'(i) = Au(i)u'(i)’ the definitions in section 3.2 yield

2 —_—
fw Tt o Tham T e ©-D
Similarly,
Y2 =y, +2z + 7 (9.2)
@ " @ Thm e '
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For any i, j =1, 2, ..., Nwith i # j, it follows that

Xk ~ Zé?ij) ) (9.3)
X%ij) “Xap T Zf?ip *Z{‘aj) +Z§%)ij) ; (9. 4)
Xap¥an = Yap PAAn i i) - (9.5)
Y*ap ZfZ;j>'*zf?§j> +Z§§;j) ’ (9.6)
ad XX =Z£:(3)ij>”§gj>+zé?ij) : (9.7)
Similarly,
YYo= %Oy - (9.8)
Yap - Y(ij)"*2§%1j>'+Z§§§j>'*ziiij> . (9.9
antan Y (9.10)
Twtan T 22§?1j> " Zé?ij} : (9.11)
¥y ¥ag) =”ﬁ%>+éaﬂ' (9.12)
For any i, j, k = 1, 2, ..., N, all different, the following

products can be expressed as the sums of other quantities:

= 2D g™ (9.13)

Xanfaw = 1 T f2in

(3) (5)
X(ij)X(ki) zl(ijk) " ZZ(ijk) ’ (9.14)
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XapXen = 2@ T L2
= (3
M XXy T g
Also Y, Y, . = z$D) + 723

AN T T 3@ T Ay T Yy Ykl

@ W
Tap¥ae = 23 T Zadi T Yan Y
and Y (2)

wian T Aadm

For i, j, k, p =1, 2, ..., N, all different,

relationships hold:

Xapn®wpy = “2(iskp) ’
and Yo Yap T ik

Next, consider the product

N N
= [ Z X 1
@ " % X1

]
I

N 2 N
RGP AN OWCY i FanFon

P2y Xy T E X’

the following

(9.

9.

.

(9.

(9.

9.

9.

9.
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15)

16)

17)

18)

19)

20)

21)

22)

(continued)



N
+ z

(1,3,

186

o4 Canan TFanTen FanFan FanFe

t 2%y

N
+ z

(i,3,k,p)#

X1 % kp)

Using the previous results and simplifying gives

2 .
= + + + .
X X Y Z1 ZZ

Similar argument yields

o~

2
= -+ o
Y 2Y 23 + Z4

(9.23)

(9.24)

The following identities are useful in reading example 3.3.2:

(iJij:P)%

N 2 N 2 N
[ 2 Mi] = 3 Mi + 2 MiM' 5 (9.25)
i=1 i=1 igg *
N 3 N 3 N 2 N
[ 2M;]" = ZM +35MM + 3 MMM (9.26)
i=1 i=1 % i3 Y (1, 5,04 T
N N N N
and [ % Mi]4 = 3 Mi + 4 5 MiM + 6 % MiM,Mk
i=1 i=1 i£i - (4, 5,04 T
N
+ 2 MMMM ., 9,27
M (9.27)
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9.2 Note on Sampling with Replacement

9.2.1 The Case of Fixed Sample Size

Suppose a sample of n units (n fixed) is drawn with replacement

from a population containing N units such that at each draw the i-th

N
unit (i =1, 2, ..., N) has the probability P, z p, = 1, of being
i=1

drawn. Let n, be the number of times that unit i appears in the sample,

N
Z D, = Then the joint distribution of the ni's is the multinomial

i=1

distribution
n, n n
n! 1 2 N
i — P, P eos P R (9.28)
DyeDyeon Dy 1 2 N
with the characteristic function
N it, 0
8(t) = (zp,e HY, (9.29)
j=1
where t = (tl’ t2’ ceey tN)
Using &(t), the following expected values are obtained:
E(ni) = np, , (9.30)
E(ninj) = n(n.l)pipj 5 (9.30)
E(ninjnk) = n(n-l)(n.z)pipjpk P (9.32)
E(ninjnknp) = n(n_l)(n-Z)(n.n?:)pipjpkpp 5 (9.33)
E(n2) = np,[1 + (n-1)p, ] (9. 34)
i i i-’

B(nin) = n(a-Lpp[l+ (a-2)p,] , (9.35)
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B(nn}) n(n-p;p 1+ (0-2) (p; +py) +(0-2) (a-3)p;p,] ,

(9.36)

li

and E(nin,n

I » n(n—l)(nwz)pipjpk[l + (n-3)p,], (9.37)

where i, j, k, p are all distinct.
Let v be the number of distinct units that appear in a sample of
size n selected by the above mentioned scheme. Let U be the prob-

ability of inclusion of the i-th unit in the sample, ﬁi the prob-

ability of exclusion of the i-th unit in the sample, ﬂij’ ﬁij’ etc. are
defined similarly for i, j, ... =1, 2, ..., N. Write
= +a, +... 0
v a; +a, ay
where
1 if the i-th unit is in the sample,
a, =
i
0  otherwise .
In the expansion of (a1 + a, oo aN)a, the sum of the
1.% %
coefficients of terms of the form a;ra,"e..an with m < N, o, >0
m
and Y @, = a is
.1
i=1
m.a
qn(a) = AD

where A is the difference operator with unit increments,

m n j m
AE(x) = Z (-1)7(

) £Gomm- ).
=
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For any positive integer a, it follows that

a N Oll 012 a/m
EV) =E[ £ 5%, a;78, ...a "1, (9. 38)

m=1 2

, N . .
where X, denotes the summation over (m) combinations of m of ai's from

1
815 8y weey A and 22 denotes the summation over all products of the
o, o o m
type a la 2 a ™ with >0 and L @, = a
YPe€ 81 &y vy % e S
i=1
o, ¢ o
; 1_72 m, _
Since E(Z‘.za1 a, ...ay ) = ﬂlZQ,.mCm<a) P
a N . .
E(v) = = Cm(a) ZI'l-nlz‘,“m : (9.39)
m=1
In special cases where 7, |, , =T for every set of m
ii,...1 12...m
172 m
distinct units il’ iz, seoy im,
a N N
BV = mfl (mP Cm(a) ™2...m ° (9.40)

>
Let u, = 1 - a;s i=1, 2, ..., N. Assume that v =1 or

.

12...8 = 0. Then, for any positive integer a,
a N a
E(L/V) =EQ/(N - Zu)")
i=1

N
= (18 EQ - (= ui/N))“"a .
i=1
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.ﬁtiting (L-0"2=1+ g Afgr;'it follows that
. : s r=1 e - )
E(L/V®) = amh + z (a /) B( z 4]
' r=1 i=1 .
| | °& 2
=(1/N)[1+ Z»(Ar/N) E( zl zlzz 1y um)]
(9.41)
Using (9.39) and simplifying give
A=t s s S 1 @
EQL/VY = (N + 1 Q) T , - + ...
m=1 . 12.-om (N-m)a (N_m—-]-l-)a
) o | |
DT 2L o (9.42)

It can be shown in a similar manner that for any integer a # 0,

N-1

mf)=N-+z (.7 )fm-ma’
‘m=1 1M2.. , ®=0
N-1 - a m a m,. .a
=N+ I T M2, LW QMo ® 4 (f QN

m=1
(9.43)
‘In fact, Pathak (1961) proved thé following general theorem. -
Theoremrg.lv If £(Z) is any function of Z,0<2z = N defined in
the domaln for- whlch the infinite expansion in power of Z is p0551b1e,

~ and if the expectation can be taken term by term, then

N-1 ,
E(£(W) =£(0) + z:l<zln12 2 [EM-) - (DE@mD) +.00 + (1) £ .
m= .

(9.44)
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Proof:; Let £(Z) = X ArZr. By (9.43)

r=.oo

N-1
r o m r
AN+ 2 (Em, )8 (%)

= 00 m=1 %x=0

E(£(V)) ]

It
Il M 8

r

N-1
£T(N) + = (&
m=1

m)AWf(N_x)

m
1"12... <=0

which is (9.44).

Note that for m < N,

. |
2 (-1 / (N-mtr) = m!/N(N-1)... (N-m) ,
r=0

and for m < N-1,

m
s (-l)r(T)/(N-m+r)(N-m+r_1) = (m+l) !/N(N~1)... (N.m-1).

r=0

In sampling with replacement with equal probability,

_ n,n
™2..om = @ /N

and

(N-m) B/N" .

s }
1l
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(9. 45)

(9.46)

(9.47)

(9.48)

Hence, in such a sampling scheme, using (9.42), (9.45) and (9.48),

it follows that

EC(L/V) = (1N ™1 s2™ty eyl

(9.49)
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similarly, for v 2 2, (9.44), (9.46) and (9.48) yield

n.l n-1 n-1
B(L/v(v-1)) = (/N[ + 2D e
2n.l
fo+ DT T, ©.30)
and
el N ™t g™l
E(Y/(v-1) = (/N7 g + 53 i
2n_l
. #2709 (9.51)

9.2.2 The Case of Variable Sample Size

Suppose that a sample is drawn unit by unit with replacement from
a population of N units such that n + 1 distinct units (n predetermined)
are obtained and the last unit is discarded from the sample. Let Ly

i=1, 2, ..., Nbe the number of times that unit i occurs in the sample

N .
and X r, =r. Let P; be the probability of selection of unit i at
i=1
N
any draw, X P, = 1, TLet Tk be a set of k units and P(Tk) = X P,
i=1 ieT,

Then the probability that a set Tn of units in the sample contains

units il’ iz, sy in with unit iS occurs r, times and the (r +1)~th

s
unit is unit j, is
r,
n i n
pjr' I p, / 1 rot, (9.52)
s=1 s s=]1 s
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n S n
Let M(Tn,r) =r! I p, / 0O r,! Summing (9.52) over
s=1 s s=
i g Tn,lthe probability that the sample contains elements of Tn’ with

unit is occurring r, times, is
s

[1- P(T)IM(T_,T) . (9.53)

Let % denote the summation over all possible r = (ri s ey

r>l 1
> N
r, ) with r, = l, s =1, 2, ..., n; let £ denote the summation over
n 8 T,
N N
all possible sets T of n units drawn from N; Iy s le the summa..
T
n n

tions over all possible sets T, containing unit 1, units 1 and 2,

respectively. Then

N
2 [1-P(T)] £ M(T,r) =1, (9.54)
T n r>1 n
0 2
N
and E(r;/r) = T [ P(T)] = M(T ,1)(r, /1) . (9.55)
r>1
T s
n
v

Let EC denote the summation over all possible set Tk of k units drawn
Tk

from a set of v units subject to the restriction C on the content of

Tk.
Lemma 9.1: If f(Tk) is any function defined for any set Tk’ then
N n n n N
£[1-p()] = (-D™F 5z £y = £ ™ &Y 5 oeroyre)].
n C k n-k C k k
T k=1 k=1
n Tk Tk

(9.56)
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Proof: The left hand side of (9.56) may be written as

n nok P N
r (-1) . ( Z, [1-P(T)OPE(T,)
C T n k
k=1 T T k
k n
- , N-k
The number of sets Tn containing Tk is (n k) and any element not

. . N~k-1
in Tk appears in (n_k_l) of them., So
N N-Kk N
, [1-B(T)] = () - &, B(T)
k T k
n n

N-k N-k Nok.1
() - [0 P - (T I1p(r) 1]

- (Ngfﬁl) [1-p(T )] , and (9.56) follows.

Lemma 9.2: (Sampford)

n ris n n nok B
Tori Dp; /O r l= 2 3 (1/(L-P(T)) . (9.57)
r>1 s=1 s s=1 s k=0 Tk
n ri
Proof: Consider I Py ® in the expansion of the right hand
s=1 s

side of (9.57), in which only m of the elements of r = (ri s T, 5 euuy,

r, ) are nonzero. Such a term can result from any Tk containing m units
n
l-m >
and there are (k m) such Tk (for fixed k = m), and each will contribute
T,
n i
the term r! II Py /

r, . to the summation. Hence, the
s=1 s s

1 s

[ =]
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n ri
coefficient of I P, 8 is
s=1 8
0 ifm<n,
n D n
s (DY Y/ nor, = n
k=m k~m s=1 ‘s r*/ Or, ! ifm=n
s=1 s

In (9.57), replacing p, by x 1 Py and dividing the result by

x on both sides yield

n n
g e, o ()™ s /&) (9.58)
>l k=0 Tk

i

Let E'[f(E)] b¥ M(Tn,r)f(f)

r>l

N
£, [1-P(T)] E'[£(D)] .

T
n

it

Then E[f(f?]

Differentiating (9.58) with respect to Pys multiplying the result

by Py and integrating both sides with respect to x over the range x to

o yield
r o n-k n
L OM(T_,x) (r;/D)x™" =p;, T (-1)77F 5 (1/(x-P(T)) . (9.59)
n’ 1 1 1 k
r>l k=1 T
k
In (9.59), letting x = 1 gives
n ook n
E'(rl/r) =p; I (-1 - Z; (l/(luP(Tk)) . (9. 60)
k=1
T

k
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Similar manipulation gives the following relationships:

E'(ry(ry-1)/r(2-1))

E'(rlrz/r(r_l))

E‘(ri/rz)

E’(rlrz/rz)

E'(rirz/rz(r_l))

E'(riri/rz(r-l)z)

i

n n

o 2 DY s a/army) o6
- -
o n-k ‘
PPy B DT 3, (1/(1-B(T})), (9.62)
T
o n 8(T ) +1 3(T,)
Py Z D™z [py 50T )LT POTYT T P($ 3
k=1 . i LE-P (T ~P (T
K
(9. 63)
n ok D @(Tk)-+1
PPy E (D B Py’ oY
T
k
n n 28(T ) + P(T,)
PP, = ™ %, Ipg K 5 k
- IR
5(T,) ] 5 o5
. , (9. 65
P(Tk)f1~P(Tk)]
n n—k n
P1P, kz_:2<m1> 2y, [3(T)/P(T)
Z .
+ plé(Tk)[ZP(Tk)-BJ/P(Tk)[lmP(Tk)]
(28(T) [3-P(T) ] +R(T,))
T PPy 3
[P(T) 1 [1-P(T,) ] (9. 66)

- 2, 8(T) [2-P(T) /IR (1) 1°[1-R(T) 11,
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n

£ (rl 2 3/r (x-D% = P1PyP3 23( Ok 2123

M3

Ty

*lpy 3
[P(T) 1 [1-P(T) ]

§(T,) [2-P(T)]

- —— (9.67)
[B(T)1%[1-P(T) ]
k n 28(T )~+P(Tk)
B (ry7yr/r (1) = P1P,P3 2 (n° 123
k=3 T, [P(Tk)] [1- P(Tk)]
(9.68)
E'(r1r2r3r4/r2(r_1)2)
n 2%(T, ) [3-P(T,) ]J+P(T,)
=P1PyPaP, £ (-7 kzﬁz34 et :
k=4 S ICRENERICNR
(9.69)
E‘(rlr2r3/r(r_1)(r_2))
n
= pyP,P, z z (D™ “ 5, (/-R@Y),  (9.70)
Tk
E'(r1r2r3r4/r(r-l)(r—3)(rm4))
n n
T
k

9.71)
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E'(rl(rl-l)rz/r(r-l)(r-2))

2 n n
e, I n" le(l/(lmP(Tk)), (9.72)
2
T
k

E'(rl(rl_l)r2r3/r(r~l)(r~2)(rm3))
2 n n
= PPpPy I (- D 2,y (I/A-P(TY), (9.73)

k=3
T

and  E'(r(r;-Dr,(r,-1) /r(r-1) (£-2) (x-3))
n n
=pips = (D™ 5, (/A-PTY),  (9.74)

k=2
T

where @(Tk) = [l_P(Tk)]ln[l-P(Tk)]/P(Tk)

~(N-n)

Note that, for m < n, (l4x) (l+x)N_m = (L) ™ may be

written as

. .- (Nem .- n.m

; Z (- 1)1(N n+1 l)x1; ; 5 (N_m) Ji -~ 5 <n;m)xa

i=0 T =0 17 a=0
Considering the coefficient of xn_kxk"m = %™ in the above

relationship yields, for m < n,
n-k N-k-l, N-

N e Ton S (9.75)
Kk n-k k.m

=m

Let £(T,) = [1_p(Tk)]‘l. Then, by (9.56) and (9.75),

N n n
5 [1-0(T)] = (D)™ z:c (1217 = = (DML 5 -,
n k=1 T k=1 -k T
k k

(9.76)
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where C is the condition that the set Tk contains a set of m specified

elements, m < n.

N

Using the relationship E(f(r)) = 2 [1_P(Tn)]E'(f(£)), (9.76),
T
n

and the equations (9.60).(9.74) with 1, 2, 3, 4 generalized to units
i, i, k, p, the following theorem is proved.

Theorem 9.2: Consider a sampling scheme in which the units are
drawn one by one with replacement from a population containing N units
until (n+l) distinct units are obtained. Suppose that this is achieved
on the (r+l)-th drawing, and upon discarding the last unit, the sample
contains n distinct units in r drawings. If s i=1,2, ..., N, is

the number of times that unit i appears in the sample and P, is the

N
probability that unit i is selected at any draw, I P, = 1, then for
i=1

i, 3, k, p =1, 2, ..., N all distinct, the following relationships

hold:
E(ry/7) ol (9.77)
E(r; (r,-1) /r(z-1)) = p]?_ , (9.78)
B(ryry/x(x-1)  =ppy (9.79)
n N (T H+1
B(xy/r) =2y 2 COTECED 3 ey - 200, 0.60)
_ "
n N (T, )+1
-k N-k-1 k
B(r r, /") = ey £ DTN 5y Ty (9.81)
- T

k
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2,2 ~ B onok Nk, N Pg[28(TOAR(TO T &(TY)
E(rirj/r (r-1)) = Pipjkfz(-l) e iij[ L “P(Tk)]}
k
(9.82)
22,2, 2 B nek Nekol, ¥ 2(T ) [2B(Ty) -3]
E(ryr/t" (-1 = PPy 2 DD jij [p, 2
k
FaQU-P@Y] 22 (32 1L
P(Tk) i3 [P(Tk)]3
&(T, ) [2-P(T,) ]
.3 k L (9.83)
[P(T,)]
E(rirjrk/rz(rml)z)
n
=ppip I (DT I
m=3
N 28(T) [3-P(T)1+2(T) (T )[2.P(T)]
Z; jklPy 3 — 7
[P(T )] [P(T )]
m
(9.84)
2
E(rirjrk/r (r-1))
' n m oNm1 N 28(T)+P(T)
=p.p,p, = (™ Fh 5 . (9.85)
iYi'k =3 n-m Tle [P(Tm)]2
m
2, .2
E(rirjrkrp/r (r-1)%)
oo » yrem oL g; 28(T ) [3-B(T ) J+P(T )
i %k Pr=s, n-m iikp [P(Tm)]3
m

(9.86)
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E(rirjrk/r(r..l) (r-2)) = PyPyPy (9.87)
E(rirjrkrp/r(r..l) (r-2) (r-3)) = PiPiPP, (9.88)
B(r, (r;-Dr /r(z-1) (r-2)) =pp, (9.89)
B(r, (r;=Dr,7 /7 (x-1) (x-2) (£-3) - pipjpk , (9. 90)
and  E(x; (r;-Dr (r,-1) /r(r-1) (2-2) (1-3)) = pipjz. u (9.91)

9.3 Sampford's Rejective Method

9.3.1 The Method

Suppose that a sample of n units is to be drawn without replace-

ment from a population of N units so that ﬂi = np,, where P; is the

N

probability that unit i will be selected in the first draw, Z p; = 1.
i=1

There are ﬁany ways that the required probability np, can be achieved.
For example, it can be achieved by evaluating the required prob..
abilities for all possible samples and selecting one, This is quite
impractical even for moderate N. Sampford (1967) gives a simple method
to obtain such a sample. It consists of the following steps:

(1) Draw the first unit using the probabilities Pi so that cluster
i has probability Py of being drawn.

(2) Draw the second, third, ..., n-th units with replacement and

with probabilities proportional to Ai = pi/(l_npi), This means that

N

on each draw after the first each cluster i has probability ki/ z Xi of
i=1

being drawn.
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(3) Reject the sample that does not contain n different clusters.
In practice, a sample is rejected as soon as repetition occurs.
(4) Repeat the steps, if necessary, until an acceptable sample

is obtained.

9.3.2 To Prove That the Method Yields ™, = 0p,

i
Let S(m), m < N, denote a set of different units il’ i2J vy im
and let L be defined by L, =1, L = % A, A ...\ , for
m 0 i i i
S (m 172 m

1 <m <N, where the summation is over all sets S(m) drawn from the
population of N units. Let Hn(i), Lm(ig), ... be defined similarly
for the subpopulations obtained from the original population by omit-

ting unit i, units i and j, ..., respectively.
n-r
Lemma 9.3: If G(n, r; k) = X A, Ai ceo A, (l-rpk-. by
S(n-r) 12 n.r u=1
kgS

pi )}
u

where the summation is over all sets of n.r units which do not contain

unit k, then

n t.r+l
G(n, r; k) = (l-mp) I tL t/n - . (9.92)
: t=r -
n.t - NeT :
Proof: 1 - TPy - = p, = (l/n) (r(lmnpk) + = (1_,npi ); .
u=1 u u=1 u

So G(n, r; k) = (1/n) { r<1-npi)Ln_r(E> + H(n, r; k)} ,

n.r
where H(n, r; k) = X Ki Xi °"°Ki by (fL-np_:L )
S(n-r) 1 72 n-r u=1L u

kgs

Since kj(l_npj) = pj, for all 3 =1, 2, ..., N, each temm of

H(n, r; k) consists of (n-r-1) A's and one p, say P, with t # k and ht
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does not appear in the product. For a particular product of \'s there.

are (N-ntr) such terms, one for each possible value of t. Hence

NnTwl
H(n, r; k) = % N U (l.p, = £ p.)
S(n-r-1) *1 ) ‘ner+l k u=l ‘u
kgs
N.r.l
= z A, A, o.oA, [1-(x+l)p, - = p. +rp, ]
S(n-r-1) 112 I e k=1 g Kk
kgs
= G(n, r+l; k) + rpkLn_r_l(E) . (9.93)
Observe that Ln-r(k) = Ln_r - Xk anr_l(k)" Hence
G(n, T; k) = (1/n) {r(lwnpk)Ln T G(n, r+l; k) }
n.1l
tor+l -
= (1_npk) = (th_t/n r ) + (l/nn r)G(n, n; k).
t=r

And from the definition,

G(n, n; k) = Lo () (l-np) = (Lnp) = (Lemp )L, .

So G(n, r; k) is as in (9.92).
To select a particular sample S(n) comnsisting of the units il’ 12’

. in with probability

P(S(n)) = Kn

I ™MB

p, I X, =mnk_ A A .. A (L. Zop, ),
1 tuv=l N R W) Tn =1 *y

vhu

u

where Kn is a constant multiplier which will turn out to be



204

n
R = ( & (th_t/nt))‘l, (9.95)

n t=1

note that

N
PEM) = ® (2 )™y,

i=1

coefficient of ti °°'ti in W(t), where
1 n -

N
W) = (I pit)(

N
%
i=1 i=

N n.l
he/ BT

1 1

the probability generating function for a sampling procedure in which
the units are selected with replacement, and drawing the first unit
with probatilities P, and all the others with probabilities Ai/igl Xi.
Since by the above scheme the probabilities of all samples with no
repetitions are proportional to those required by P(S(n)), these
probabilities may be obtained by drawing a sample with replacement and
rejecting it if it contains repetitions and repeating the process until

an acceptable sample is obtained. Now

me = > P(S(n))
S(n)
keS
n
= nK I A, A L. A (1. T op)
n s(n) 1Y *n u=1 k
kes
n t
= nKnKk(l~npk) til (thmt/n )

n
_ t
= npk(Kn t§1(th"t/n ) .






