
ABSTRACT

BOLES, JOHN A. Hybrid LES/RANS Simulation of a 10◦ Double-Fin Crossing Shock Flow
at Mach 8.28. (Under the direction of Professor Jack R. Edwards).

The simulation of a Mach 8.28 10-degree double-fin crossing shock flow using a

hybrid large-eddy / Reynolds-averaged Navier-Stokes (LES/RANS) solver is presented in

this work. The solver blends a Menter two-equation model for RANS with a Yoshizawa

one-equation subgrid model for the LES calculations. The solver uses a flow-dependent

transition function based on wall distance and a modeled form of the Taylor microscale.

Turbulent boundary layers are initiated and sustained in the inflow region using a recy-

cling/rescaling technique applied to the fluctuation fields. The hybrid LES/RANS model

is tested using both Menter’s Baseline (BSL) and Shear Stress Transport (SST) models

for the RANS closure. These results are compared to pure Menter BSL and SST RANS

results as well as with the experimental data of Kussoy and Horstman [1]. This study

concludes that while the hybrid LES/RANS model outperforms RANS calculations in the

inflow region where the flow is nominally two-dimensional, it significantly overpredicts the

wall heat transfer rates in the region of the crossing shock interaction. Possible explanations

for this behavior as well as plans for future attempts at solutions to these shortcomings are

provided.
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Chapter 1

Introduction

The evolution of turbulence modeling has depended on a balance of numerous

factors. The chief concern of a turbulence model is to accurately reflect the physics of a

given fluid flow. Another consideration is the simplicity of a model’s implementation into a

computational fluid dynamics (CFD) code. As would be expected, the more accurate meth-

ods typically require more computational storage and are more computationally expensive.

Turbulence modeling also requires the resolution of many different spatial and temporal

scales in its computations. These requirements bring to bear the factors of computational

requirements for both processing power and storage. Different approaches to these problems

have yielded a myriad of models for turbulent flow. Many of these models are well-suited to

only a small subset of physical problems. Applicability of a model to a specific problem or

to a broad set of problems is another consideration that must be taken into account when

developing or choosing a turbulence model.

Direct numerical simulation (DNS) can theoretically be used for all imaginable

types of problems. DNS is simply a complete time-accurate, three-dimensional solution

of the Navier-Stokes equations. In theory, this would be an accurate numerical solution

to the exact flow equations. Unfortunately, these computations are generally prohibitively

expensive computationally at this time for flows of practical interest. The main limitation

is that to use a DNS simulation, vastly different scales must be resolved by the grid. The

computational domain must be able to resolve the smallest fluctuations as well as have a

domain large enough to contain the largest fluctuations. For the foreseeable future, DNS will

likely only be used for very simple canonical cases for use in verifying other methods [2, 3]

since its computational costs are so high.
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The Large Eddy Simulation (LES) approach was developed to reduce some of the

computational requirements of DNS. This method directly calculates the large fluctuations

(or “eddies”) while using mathematical models to represent the smallest, subgrid-scale

(SGS) eddies. The justification for this modification is that the large eddies carry most of

the Reynolds stress, while the smaller eddies are weaker, and thus less critical [4]. Because

of this modeling of the smallest eddies, the grid resolution requirements for LES are not

nearly as strict as those of a DNS simulation. A major limitation of LES modeling is that

for wall-bounded flows, the turbulent scales near the wall are all small. Thus the grid

resolution required near the wall is nearly equal to that of a DNS simulation.

The Reynolds-averaged Navier-Stokes (RANS) approach is the cheapest compu-

tationally of the three major approaches to turbulence modeling. RANS relies on time-

averaged versions of the Navier-Stokes equations to predict the turbulent stresses. This

method performs quite well for attached flows, especially considering its modest computa-

tional requirements. Unfortunately it is not equipped to accurately predict highly-separated

or unsteady flows – conditions more suited to an LES or DNS calculation.

Hybrid models attempt to combine the best elements of LES and RANS to make

a computationally efficient method relative to full LES computations. Spalart, et al. [5]

developed one of the most widely-used methods of this sort, known as Detached Eddy

Simulation or DES. The idea behind this approach is to use the wall distance to determine

at any given point whether the solver should use RANS or LES, with RANS close to the

wall. This approach, in its basic form, relies solely on geometry and the computational

mesh to define the distinct RANS and LES regions. As a result, grid generation is very

important and is impractical for internal flows, as the flow structure normally cannot be

predicted, thus a suitable grid cannot be generated to properly handle the positioning

of the RANS/LES juncture. Forsythe et al. [6] have used the DES method to simulate

the F-15E at a high angle of attack and at a flight Reynolds number. Reasonable grid

convergence was reported by the author. The DES simulation showed similar results to a

RANS simulation of the flow, while requiring approximately seven times the computational

cost of the RANS method on the same grid. With this additional computational cost, the

DES method had the advantage of being able to capture the unsteadiness of the flow –

which is of importance to the aeroacoustics and aeroelasticity community, among others.

Aside from grid generation, another challenge of DES is the initialization of LES fluctuating

quantities at the RANS/LES interface from the Reynolds-averaged flow quantities in the
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RANS region [7]. Dahlström, et. al [8, 9, 10] proposed turbulent fluctuations obtained

from generic DNS simulations be added to the momentum equation at the LES side of the

unsteady-RANS/LES juncture. Basu et. al [7] attempted two different DES variants, the

first variant increases the turbulent kinetic energy dissipation rate and the second reduces

the turbulent kinetic energy itself. Both variants used a limiter that is a function of the local

turbulent length scale and the local grid dimensions to achieve their respective variations.

Spalart et al. [11] devised the Delayed Detached Eddy Simulation (DDES) recently

to remedy the problem of “ambiguous” parallel grid densities. This problem relates to the

fundamental workings of the DES method. The original DES relied solely on grid spacing

to determine RANS and LES zones. Whether due to flow conditions (such as a thick

boundary layer or boundary layer separation) or complex geometry, some grids had parallel

grid spacing that was small enough in relation to the boundary layer thickness to trigger an

LES designation by DES while still in the boundary layer. This switch to LES erroneously

reduced the eddy viscosity in the boundary layer region without being able to resolve the

required velocity fluctuations for LES content. This in turn reduced the Reynolds stress

without the necessary increase in resolved stress. Spalart et al. refer to this phenomenon as

Modeled Stress Depletion or MSD. They have proposed a solution to this problem which is

inspired by the Shear Stress Transport method of Menter [12]. This modification calls for

a redefinition of the DES length scale to depend on an eddy viscosity model as well as the

grid spacing, in the hopes of avoiding MSD. It was concluded that this simple modification

prevents MSD except in extreme grid cases.

Batten et al. [13] developed what they have termed as the Limited Numerical

Scales (or LNS) approach. This method attempts to generalize the embedding of LES (or

DNS) regions within a RANS-modeled flow. This is achieved by identifying the resolvable

and unresolvable fractions of the turbulence kinetic energy and their dissipation rates using

the ratio of the product of the turbulence length and velocity scales for the RANS and LES

(or DNS) formulations.

There is particular interest and research in the area of shock-wave/boundary-

layer interaction. The prevalence of these interactions in nearly all high-speed flows makes

a detailed understanding of the phenomena very desirable. The double-fin crossing shock

cases such as those reported by Kussoy and Horstman [1], Thivet et al. [14], Knight et al.[15],

Gaitonde et al. [16] and Garrison et al. [17] provide highly three-dimensional, unsteady test

cases of oblique shock-wave/boundary layer interactions for turbulent flow models. The
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structure of these flows has been investigated for decades. There are predominant features

of all the cases involving hypersonic flow over a flat plate with sharp, double-fin geometries.

These include oblique shock-waves formed at the leading edges of the fins. These oblique

shock-waves cause separation in the turbulent boundary layer downstream and consequent

separation shocks. The separation shocks and the incident “inviscid shocks” reflect off

of each other. For more detail of the shock structure see Garrison et al. [17]. Vortical

structures are formed because of this separation. The main vortical structures of the flow

are two counter-rotating helical vortices that are roughly stream-aligned. There are also

counter-rotating vortices from entrained flow under the main vortices. These vortices bring

high-energy fluid into the interaction [16]. More detail about the vortex structure can be

found in [16]. The flow reattaches close to the fin wall along a line of reattachment. The

flow structure on the bottom wall was detailed in [15, 16, 17].

There have been numerous attempts to model the double-fin shock-wave/turbulent-

boundary-layer interaction computationally. Gaitonde et al. [16] used a Baldwin-Lomax

algebraic model in conjunction with the compressible Navier-Stokes equations to model a

Mach 8.28 symmetric 15◦ case. This study showed good agreement with experimental data

except for off-center heat transfer rates. Narayanswami et al. [18] performed the same case

as Gaitonde et al. using both the Baldwin-Lomax algebraic model and the two-equation

Rodi (modified k − ε) turbulence model. This study showed similar results to Gaitonde,

noting good agreement with experimental data for yaw angle and surface pressure but an

overprediction of heat transfer with significant disagreement for off-center data. Thivet et

al. [14] performed three double-fin interactions at Mach 4 (7◦ × 7◦, 7◦ × 11◦ and 11◦ × 11◦).

This study focused on improvement in the heat transfer predictions using the k-ω RANS

model. It concluded that the high levels of heat transfer could be linked with high levels

of TKE and the attachment to the bottom wall of the vortices downstream of the primary

oblique shock-wave. Heat transfer coefficients were lowered (though not to experimental

levels) by implementing the Durbin correction [19] which introduces a dependence of the

model constant Cµ on the velocity gradients.

Some have attempted to improve the traditional RANS-type formulations in order

to be able to predict these types of flows more accurately. Gerolymos et. al [20, 21] applied

new methods for computing Reynolds stresses that do not depend on geometry or wall

distance. Wall distances and unit normals are replaced by functions of the gradients of

turbulent length scale and anisotropy tensor invariants (see [21] for a detailed discussion of
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model details, development and validation). The authors concluded that not only did this

modification allow for implementation of the turbulence model into complex geometries,

but also improved the results of their model on simple flows.

Strides have been made at NCSU to develop a hybrid LES/RANS method that

relies upon the flow itself, not the grid, to determine a smooth RANS-to-LES transition. In

this model the RANS model is taken to be a near-wall closure in an otherwise LES-modeled

flow [22]. This approach has shown promising results for nominally two-dimensional shock-

boundary layer interactions [23, 24]. This study will attempt to simulate a highly three-

dimensional internal flow. The simulation is based on the double-fin 10 degree crossing

shock interaction performed by Kussoy and Horstman [1]. This interaction features strong

separation due to an interaction between the boundary layer with oblique shock waves.

The motivation for using a hybrid model for this flow is the potential to better predict

off-center properties of the flow which are difficult with RANS calculations. Also, heat

transfer predictions for RANS calculations are not as accurate as required and a time-

accurate model with the abilities of LES to capture separated flows could prove valuable

in accurately predicting heat transfer. To the knowledge of the author, there have been no

numerical simulations of the 10 degree case of Kussoy and Horstman, though there have

been many simulations of the stronger 15-degree case [25, 18, 16].

The study details the governing equations involved in deriving this hybrid model,

followed by the numerical procedure used to discretize and solve the governing equations. A

description of the particular methods for this hybrid model including the recycling/rescaling

technique and the blending function are detailed. A comparison of the hybrid LES simula-

tion of this flow with experimental data and RANS solutions follows. Flat plate profile data

for the incoming boundary is first used to test the model’s ability to capture the correct

boundary layer growth. Finally, the full interaction is discussed at length. Conclusions

based on these results are then discussed with an outline of future plans for work on the

model.



6

Chapter 2

Governing Equations

2.1 Navier-Stokes Equations

The governing equations for fluid dynamics are the Navier-Stokes equations. These

equations consist of equations for energy, momentum and continuity. The Navier-Stokes

equations without body forces or external heat addition can be written as follows:

∂ρ

∂t
+

∂ρui

∂xi
= 0 (2.1)

∂ρui

∂t
+

∂ρuiuj

∂xj
= − ∂p

∂xi
+

∂τij

∂xj
(2.2)

∂ρE

∂t
+

∂ρHui

∂xi
=

∂

∂xi
(ujτij − qi) (2.3)

where

E = CvT +
1

2
ρuiui (2.4)

H = CpT +
1

2
ρuiui (2.5)

τij = µ

(
∂ui

∂xj
+

∂uj

∂xi
− 2

3

∂xk

∂uk
δij

)
(2.6)

qi = −µCp

Pr

∂T

∂xi
(2.7)
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When doing computational fluid dynamics problems, it is often more convenient for these

equations to be written in what is known as conservative form:

∂~U

∂t
+

∂ ~E

∂x
+

∂ ~F

∂y
+

∂ ~G

∂z
= ~S (2.8)

The conservative variable vector, ~U is defined as:

~U =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ

ρu

ρv

ρw

ρE

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2.9)

The flux vectors, ~E, ~F and ~G can be split into inviscid and viscous fluxes as follows:

~E = ~Ei − ~Ev =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρu

ρu2 + p

ρvu

ρwu

ρHu

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

τxx

τyx

τzx

uτxx + vτyx + wτzx

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2.10)

~F = ~Fi − ~Fv =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρv

ρuv

ρv2 + p

ρwv

ρHv

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

τxy

τyy

τzy

uτxy + vτyy + wτzy

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2.11)

~G = ~Gi − ~Gv =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρw

ρuw

ρvw

ρw2 + p

ρHw

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

τxz

τyz

τzz

uτxz + vτyz + wτzz

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2.12)

The ideal gas equation is used to relate thermodynamic quantities:

p = ρRT (2.13)
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For the turbulent calculations in this study, the standard compressible Navier-

Stokes equations as presented in this section are not solved. Instead, the Reynolds-averaged

form of the Navier-Stokes equations are solved in the RANS section and the filtered Navier-

Stokes equations are solved in the LES section.

2.2 Filtered Navier-Stokes Equations

Large Eddy Simulation models require filtering of the governing equations into a

resolvable-scale components and subgrid-scale (SGS) components. For a generic property

A:

A = Ā + A′ (2.14)

where Ā is the filtered component of the property. A generic filter is of the form [4]:

Āi (xi, t) =

∫ ∫ ∫
G (xi − ξi, ∆) Ai (ξi, ∆) d3ξi (2.15)

The filter function is normalized as follows:

∫ ∫ ∫
G (xi − ξi, ∆) d3ξi = 1 (2.16)

where

∆ = 3
√

∆x∆y∆z (2.17)

The filtered forms of the Navier-Stokes equations are as follows:

∂ρ̄

∂t
+

∂

∂xi
(ρ̄ūi) = 0 (2.18)

∂

∂t
(ρ̄ũi) +

∂

∂xj
(ρ̄ũiũj) = − ∂p̄

∂xi
+

∂

∂xj

(
τij + τS

ij

)
(2.19)

∂

∂t

(
ρ̄Ẽ
)

+
∂

∂xj

(
ρ̄H̃ũj

)
=

∂

∂xj

[
ũi

(
τij + τS

ij

)
− (qj + Qj)

]
(2.20)

where filtered pressure is p̄ = ρ̄RT̃ . The filtered total energy and total enthalpy, Ẽ and H̃
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are as follows:

Ẽ = CvT̃ +
1

2
ũiũi + k (2.21)

H̃ = CpT̃ +
1

2
ũiũi + k (2.22)

where k is the subgrid scale turbulent kinetic energy per unit mass:

k =
1

2
(ũiuj − ũiũj) (2.23)

The Boussinesq eddy viscosity approximation and the gradient-diffusion approximation are

typically used to calculate the Reynolds stresses and subgrid-scale heat flux:

τS
ij = µt

(
∂ũi

∂xj
+

∂ũj

∂xi
− 2

3

∂ũk

∂xk
δij

)
(2.24)

Qj = −µtCp

Prt

∂T̃

∂xj
(2.25)

where µT is the eddy viscosity and is determined by the turbulence model that is used.

Turbulence Closure

Most simply, in LES the large scale eddies are computed and the eddies smaller

than the SGS eddies are modeled. Because LES simulations directly calculate the larger

fluctuations and leave modeling only for SGS fluctuations, it is far more versatile than meth-

ods that rely solely on modeling of turbulent fluctuations. Because the smallest fluctuations

are modeled, cells and time steps can be much larger than DNS simulations.

The Yoshizawa [26] one equation subgrid model based on solving for turbulent

kinetic energy is used.

ρ
Dk

Dt
= Pk − ρCd

k
3

2

∆
+

∂

∂xj

[
(µ + µt)

∂k

∂xj

]
(2.26)

where

µt = ρCs

√
k∆ (2.27)
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The model constants used by Yoshizawa were slightly altered in order to set Cd = 1.0 and

Csmag = 0.1, and using the following equation [26]:

Csmag =

(
C3

s

Cd

) 1

4

(2.28)

A value of 0.04641 for Cs satisfies that relation.

2.3 Reynolds-averaged Navier-Stokes Equations

The Reynolds-averaged Navier-Stokes equations facilitate turbulent averaging in

order to model the temporal fluctuations due to turbulence and effectively remove them

without removing other time-dependent aspects of the flow. For a generic quantity A, its

value can be equated to the sum of a time-averaged quantity Ā and a fluctuation in that

property A′:

A = Ā + A′ (2.29)

The time-averaged quantity Ā can be calculated over the time period T with:

Ā =
1

T

∫ T /2

−T /2

A(~x, t + τ) dt (2.30)

For compressible flows, such as the one in question in this study, this averaging

can cause fluctuations between density and other flow variables. In order to avoid these

explicit fluctuations, density-averaging [27] can be used:

Ã =
ρA

ρ̄
(2.31)

where

A = Ã + A′′ (2.32)

and

ρA′′ = 0 (2.33)

When using this averaging process, known as Favre averaging, the Navier-Stokes equations
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are in the same form as the filtered Navier-Stokes Equations:

∂ρ̄

∂t
+

∂

∂xi
(ρ̄ūi) = 0 (2.34)

∂

∂t
(ρ̄ũi) +

∂

∂xj
(ρ̄ũiũj) = − ∂p̄

∂xi
+

∂

∂xj

(
τij + τR

ij

)
(2.35)

∂

∂t

(
ρ̄Ẽ
)

+
∂

∂xj

(
ρ̄H̃ũj

)
=

∂

∂xj

[
ũi

(
τij + τR

ij

)
− (qj + Qj)

]
(2.36)

The momentum equation requires defining a Reynolds stress term, τR
ij and the turbulent

heat flux:

τR
ij = −ρ̄u′′

i u
′′
j (2.37)

Qj = ρu′′
j h

′′ (2.38)

The same approximation can be made for heat flux as with the LES (Eq. 2.25).

For this study the two-equation turbulence model developed by Menter [12] was

used. Two variations (Menter BSL and Menter SST) were used for turbulence closure.

Menter BSL Turbulence Closure

Menter’s model was used as a turbulence closure model for the RANS simulation in

this study. The Menter Baseline model (Menter BSL) is a two-equation model [12] that uses

Wilcox’s k-ω model [4] near the wall and the k-ε model in the outer part of the boundary

later. This is achieved by transforming the k-ε model into a k-ω form and employing a

blending function to transition between the two. This allows for the use of the Wilcox k-ω

near the wall with its ability to model viscous wall-bounded flows. The k-ε model can be

used away from the wall where the k-ω model has been shown to be very sensitive to ω

freestream conditions [28]. The only difference between the transformed k-ε model and the

k-ω model is the addition of a cross-diffusion term in the ω equation:

Original k-ω model:

Dρk

Dt
= τij

∂ui

∂xj
− β∗ρωk +

∂

∂xj

[
(µ + σk1µt)

∂k

∂xj

]
(2.39)
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Dρω

Dt
=

γ1

νt
τij

∂ui

∂xj
− β1ρω2 +

∂

∂xj

[
(µ + σω1µt)

∂ω

∂xj

]
(2.40)

Transformed k-ε model:

Dρk

Dt
= τij

∂ui

∂xj
− β∗ρωk +

∂

∂xj

[
(µ + σk2µt)

∂k

∂xj

]
(2.41)

Dρω

Dt
=

γ2

νt
τij

∂ui

∂xj
− β2ρω2 +

∂

∂xj

[
(µ + σω2µt)

∂ω

∂xj

]
+ 2ρσω2

1

ω

∂k

∂xj

∂ω

∂xj
(2.42)

Equations 2.39 and 2.40 are then multiplied by a blending function F1 and Equations 2.41

and 2.42 are multiplied by (1-F1) and the two equations are added together. The combined

equations are as follows:

ρ
Dk

Dt
= Pk − ρβ∗kω +

∂

∂xj

[
(µ + µt)

∂k

∂xj

]
(2.43)

Dρω

Dt
= Pω − βρω2 +

∂

∂xj

[
(µ + σωµt)

∂ω

∂xj

]
+ 2 (1 − F1) ρσω2

1

ω

∂k

∂xj

∂ω

∂xj
(2.44)

where:

Pk ≡ µtS
2 (2.45)

µt = ρνt = ρ
k

ω
(2.46)

and

S =

[
∂ ~ui

∂xj

∂ ~uj

∂xi
+

∂ ~ui

∂xj

∂ ~ui

∂xj
− 2

3

(
∂ ~ui

xi

)2
] 1

2

(2.47)

The blending function F1 is given by:

F1 = tanh (arg4
1) (2.48)
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Table 2.1: Model constants for Menter BSL and SST

Model Constant (inner) BSL (Wilcox) (outer) k-ε (inner) SST (Menter)

σk 0.5 1.0 0.81

σω 0.5 0.856 0.5

β 0.0750 0.0828 0.0750

β∗ 0.09 0.09 0.09

γ 0.5532 0.4404 0.5532

arg1 = min

[
max

( √
k

0.09ωy
;

4ρσω2k

CDkωy2

)]
(2.49)

where y is the distance to the nearest surface and CDkω is as follows:

CDkω = max

(
2ρσω2

1

ω

∂k

∂xj

∂ω

∂xj
, 10−20

)
(2.50)

The model constants between the transformed k-ε and k-ω equations must be blended in

the same way, with φ1 indicating an inner (Wilcox k − ω) value and φ2 indicating an outer

(k − ε) value:

φ = F1φ1 + (1 − F1)φ2 (2.51)

The model constants for k-ε and Wilcox’s k-ω can be found in Table 2.1.

Menter SST Turbulence Closure

Menter showed that his shear stress transport model was an improvement over

the Menter baseline model and other two-equation turbulence models [12]. The SST model

improves performance for adverse pressure gradient flows. It does so by accounting for the

transport of the principal turbulent shear stress by including the term:

Dτ

Dt
=

∂τ

∂t
+ uk

∂τ

∂xk
(2.52)

Menter’s implementation of this term into his two-equation model stemmed from

the Johnson-King algebraic model [29]. The Johnson-King model uses the Bradshaw as-

sumption [30] that shear stress in a boundary layer is proportional to the turbulent kinetic



14

energy, k (with a1 = 0.31):

τ = ρa1k (2.53)

Whereas, standard two-equation models use the following definition for shear stress:

τ = µtΩ (2.54)

where Ω = (∂u/∂y). Menter re-worked this equation to be used in his eddy viscosity model

by redefining the eddy viscosity as follows:

νt =
Ak

max(Aω; SF2)
(2.55)

This equation makes use of a blending function, F2, such that the use of Bradshaw’s as-

sumption is limited to wall-bounded flows:

F2 = tanh(arg2
2) (2.56)

arg2 = max

(
2

√
k

0.09ωy
;
500ν

y2ω

)
(2.57)

Some of the model constants must be adjusted for the shear stress transport modification.

These values can be found in Table 2.1.

2.4 Hybrid LES/RANS model

The hybrid flow solver combines the Menter-closed RANS model and the Yoshizawa

one-equation model in the transport equation for turbulent kinetic energy:

ρ
Dk

Dt
= Pk − ρ

[
Γβ∗kω + (1 − Γ) Cd

k
3

2

∆

]
+

∂

∂xj

[
(µ + µt)

∂k

∂xj

]
(2.58)

where:

Pk ≡ µtS
2 (2.59)
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µt = ρνt = ρ

[
Γ

k

ω̃
+ (1 − Γ) Cs

√
k∆

]
(2.60)

and

S =

[
∂ ~ui

∂xj

∂ ~uj

∂xi
+

∂ ~ui

∂xj

∂ ~ui

∂xj
− 2

3

(
∂ ~ui

xi

)2
] 1

2

(2.61)

∆ = 3
√

∆x∆y∆z (2.62)

In Eq. 2.60 ω̃ represents the turbulence frequency as modified by the SST:

ω̃ = max

(
ω,

F2S

A

)
(2.63)

When the Menter BSL model is used, ω can be substituted for ω̃. The equation for turbu-

lence frequency is in the Menter form, without any direct influence from the hybrid blending

function, Γ:

Dρω

Dt
= Pω − βρω2 +

∂

∂xj

[
(µ + σωµt)

∂ω

∂xj

]
+ 2 (1 − F1) ρσω2

1

ω

∂k

∂xj

∂ω

∂xj
(2.64)

where the production term, Pk and Pω were modified so that they were limited to no greater

than 25 times their destruction terms:

Pk = min
(
µtS

2, 25β∗ρkω
)

(2.65)

Pω = min
(
γρS2, 25βρω2

)
(2.66)

Equations 2.58 and 2.64 combined with the filtered Navier-Stokes equations (Eqs. 2.18-

2.20) (noting the difference in the calculation of Reynolds stress versus sugrid stress for

the RANS model) make up the full equation set. When the assumptions which have been

detailed in the preceding sections are applied, the model is closed. For a complete set of

model constants used, see Appendix A.
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Blending Function

The blending function is based on a ratio of the closest wall distance d to a modeled

form of the Taylor microscale, λ:

Γ =
1

2

{
1 − tanh

[
5

(
κ√
Cµ

η2 − 1

)
+ φ

]}
(2.67)

where:

η =
d

Aλ
(2.68)

The φ term is used to set the value for the blending function where the LES and

RANS contributions are equal. For this study a value of 0.0 was used throughout (which

translates into an equal contribution at Γ = 0.5). With this form of blending function, the

physical location of this point can be shifted easily by changing the value of A. Using the

log-law expression ω = uτ/
√

β∗κd in the equation for Taylor microscale, it can be shown

that:

λ =

√
ν

Cµω
(2.69)

When this form is used, an estimation for the RANS/LES juncture (defined as Γ = 0.5)

can be made using the wall coordinate d+. Using log-law expressions it can be shown that

d+ = A2 at the RANS/LES juncture (see Appendix B).
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Chapter 3

Numerical Methods

3.1 Coordinate Transformation

The governing equations are solved in a computational space that is transformed

from the Cartesian space. In order to use the Navier-Stokes equations in computational

space, the following transformation is used:

ξ = ξ (x, y, z)

η = η (x, y, z) (3.1)

ζ = ζ (x, y, z)

The Navier-Stokes equations were converted into computational space. Equation

2.1 can be rewritten as follows:

∂ ~U
∂t

+
∂~E − ~Ev

∂ξ
+

∂ ~F − ~Fv

∂η
+

∂ ~G − ~Gv

∂ζ
(3.2)
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The conservative variable vector can be written:

~U =
1

J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ̃

ρ̃ũ

ρ̃ṽ

ρ̃w̃

ρ̃Ẽt

ρ̃k

ρ̃ω

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(3.3)

The inviscid fluxes can be rewritten as follows:

~E =
1

J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ̄Ũ
ρ̄ũŨ + ξxp̄

ρ̄ṽŨ + ξyp̄

ρ̄w̃Ũ + ξz p̄

ρ̄h̃tŨ
ρ̄kŨ
ρ̄ωŨ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

~F =
1

J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ̄Ṽ
ρ̄ũṼ + ηxp̄

ρ̄ṽṼ + ηyp̄

ρ̄w̃Ṽ + ηzp̄

ρ̄h̃tṼ
ρ̄kṼ
ρ̄ωṼ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

~G =
1

J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ̄W̃
ρ̄ũW̃ + ζxp̄

ρ̄ṽW̃ + ζyp̄

ρ̄w̃W̃ + ζz p̄

ρ̄h̃tW̃
ρ̄kW̃
ρ̄ωW̃

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(3.4)

The viscous fluxes are as follows:

~Ev =
1

J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

ξxi
(τi1 + τ ′

i1)

ξxi
(τi2 + τ ′

i2)

ξxi
(τi3 + τ ′

i3)

ξxi

[
ũj

(
τij + τ ′

ij

)
− qi + q′i

]

ξxi
(µ + σkµt) |∇ξ|2 ∂k

∂xi

ξxi
(µ + σωµt) |∇ξ|2 ∂ω

∂xi

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(3.5)
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~Fv =
1

J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

ηxi
(τi1 + τ ′

i1)

ηxi
(τi2 + τ ′

i2)

ηxi
(τi3 + τ ′

i3)

ηxi

[
ũj

(
τij + τ ′

ij

)
− qi + q′i

]

ηxi
(µ + σkµt) |∇η|2 ∂k

∂xi

ηxi
(µ + σωµt) |∇η|2 ∂ω

∂xi

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(3.6)

~Gv =
1

J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

ζxi
(τi1 + τ ′

i1)

ζxi
(τi2 + τ ′

i2)

ζxi
(τi3 + τ ′

i3)

ζxi

[
ũj

(
τij + τ ′

ij

)
− qi + q′i

]

ζxi
(µ + σkµt) |∇ζ|2 ∂k

∂xi

ζxi
(µ + σωµt) |∇ζ|2 ∂ω

∂xi

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(3.7)

where σk and σω are calculated using the Menter blending function as in Eq. 2.51. The

contravariant velocities used above can be calculated as follows:

Ũ ≡ ξxũ + ξyṽ + ξzw̃

Ṽ ≡ ηxũ + ηyṽ + ηzw̃ (3.8)

W̃ ≡ ζxũ + ζyṽ + ζzw̃

and the Jacobian, J can be defined as follows:

J =

∣∣∣∣∣∣∣∣

ξx ξy ξz

ηx ηy ηz

ζx ζy ζz

∣∣∣∣∣∣∣∣
(3.9)

3.2 Low-Diffusion Flux Splitting Scheme

Edwards’ LDFSS(2) [31] is used for the inviscid fluxes. The scheme requires that

the flux be split into pressure and convective components. For illustrative purposes, only
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the flux in the ξ direction is shown:

~E = ~Ec + ~Ev =
1

J

(
ρU ~Ec + p ~Ep

)
(3.10)

~Ec =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1

u

v

w

ht

k

ω

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, ~Ep =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

ξx

ξy

ξz

0

0

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(3.11)

The convective fluxes are defined as:

~Ec
1/2

=
|∇ξ|
J

a1/2

(
ρLC+ ~Ec

L + ρRC− ~Ec
R

)
(3.12)

where the interface sound speed, a1/2 is defined as follows:

a1/2 =
1

2
(aL + aR) (3.13)

and

C+ = C+

V L − M+

1/2
(3.14)

C− = C−
V L − M−

1/2
(3.15)

where

C+

V L = α+

L (1.0 + βL) ML − βLM+

L (3.16)

C−
V L = α−

R (1.0 + βR) MR − βRM+

R (3.17)
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M+

1/2
= M1/2

(
2pR

pL + pR
− δ

|pL − pR|
pL

)
(3.18)

M−
1/2

= M1/2

(
2pL

pL + pR
− δ

|pL − pR|
pR

)
(3.19)

and

α±
L,R =

1

2
[1.0 ± sign (ML,R)] (3.20)

βL,R = −max [0.0, 1.0 − int (|ML,R|)] (3.21)

M1/2 =
βLβR

4

[√
1

2

(
M2

L + M2
R

)
− 1.0

]2

(3.22)

The left and right Mach numbers are defined using the interface sound speed:

ML,R =
ξxuL,R + ξyvL,R + ξzwL,R

a1/2 |∇ξ| (3.23)

p±L,R =
1

4
(ML,R ± 1.0)2 (2.0 ∓ ML,R) (3.24)

This numerical scheme was extended to second-order spatial accuracy using the SONIC-A

ENO scheme as derived in Ref. [32]. For the purposes of this description, let the symbol

φi denote any primitive variable (ρ,u,v,w,T ,k and ω were extrapolated in this simulation).

The higher-order extension is implemented using a monotone interpolation as follows:

φ+

i−1/2
= φi + ai

(
xi+1/2 − xi

)
(3.25)

φ−
i+1/2

= φi + ai

(
xi−1/2 − xi

)
(3.26)

where, for the SONIC-A scheme:

ai = sign (ti) min

[∣∣(t−i + t+i
)∣∣

2
, max (2|si|, |ti|)

]
(3.27)
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where:

t−i = si−1/2 + di−1/2∆x (3.28)

t+i = si+1/2 − di+1/2∆x (3.29)

ti = minmod
(
t−i , t+i

)
(3.30)

si =
1

2
sign

(
si+1/2 + si−1/2

)
min

(∣∣si+1/2

∣∣ ,
∣∣si−1/2

∣∣) (3.31)

where si+1/2 and si−1/2 signify linear slopes:

si+1/2 =
φi+1 − φi

∆x
(3.32)

si−1/2 =
φi − φi−1

∆x
(3.33)

and di+1/2 and di−1/2 are defined as follows:

di =
φi+1 − 2φi + φi−1

∆x2
(3.34)

di+1/2 = minmod (di, di+1) (3.35)

di−1/2 = minmod (di, di−1) (3.36)

These 1-D definitions can be similarly implemented in the j and k directions since there

are no cross terms in the monotone interpolation. In some cases where dispersion was a

problem near the walls, the more dissipative Van Albada limiter [33] was used for a few

iterations to damp out these problems.
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3.3 Time Integration

Second-order temporal accuracy was achieved through the use of a planar re-

laxation sub-iteration procedure and the Crank-Nicholson time discretization. A Crank-

Nicholson discretization was used in time to form the unsteady residual, R:

Rn+1,k = −Un+1,k − Un

∆t
+

1

2

(
R
(
Un+1,k

)
+ R (Un)

)
(3.37)

In Eq. 3.37, the n and n + 1 superscripts represent the current and next time

level. The k superscript represents the current subiteration level. For each time level

the solution was iterated in k to a desired convergence or number of subiterations. The

solution, in primitive variables, was updated at the subiteration level as follows for a single

grid point [34]:

−Rn+1,k
i,j,k =

[
1

∆t

∂U

∂V
+

1

2

(
Ã − ∂S

∂V

)]n+1,k

i,j,k

∆V n+1,k+1

i,j,k +

1

2
B̃∆V n+1,k+1

i,j−1,k +
1

2
C̃∆V n+1,k+1

i,j+1,k + (3.38)

1

2
D̃∆V n+1,k+1

i,j,k−1
+

1

2
Ẽ∆V n+1,k+1

i,j,k+1
+

1

2
F̃∆V n+1,k+1

i−1,j,k +
1

2
G̃∆V n+1,k+1

i+1,j,k

Details on the calculations of the flux Jacobians Ã - G̃ can be found in [31]. The

implicit calculation of the system Jacobian matrix Ã in Eqn. 3.38 is approximated by

a symmetric planar Gauss-Seidel (SPGS) algorithm. First matrix elements in the same

i = const plane are denoted as D as shown in Ref. [35]:

D =
1

∆t

∂U

∂V
+

1

2

(
Ã − ∂S

∂V
+ B̃ + C̃ + D̃ + Ẽ

)
(3.39)

The off-plane components can be grouped as follows:

L = F̃ (3.40)

U = G̃ (3.41)
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Then Eqn. 3.38 can be reduced using SPGS as follows:

(D + L)n+1,k
(
Dn+1,k

)−1

(D + U)n+1,k ∆~V n+1,k+1 = −Rn+1,k (3.42)

This algorithm was implemented by using a forward and backward sweep in the ξ direction:

forward : ∆~V
n+1,k+1/2

i =
(
Dn+1,k

i

)−1 (
−Rn+1,k

i − Ln+1,k
i−1

∆~V
n+1,k+1/2

i−1

)
(3.43)

backward : ∆~V n+1,k+1

i = ∆~V
n+1,k+1/2

i −
(
Dn+1,k

i

)−1

Un+1,k
i+1

∆~V n+1,k+1

i+1
(3.44)

The block pentadiagonal matrix was solved using an ILU factorization. The primitive

variables was then updated as follows:

~V n+1,k+1 = ~V n+1,k + ∆~V n+1,k+1 (3.45)

3.4 Recycling Procedure

The simulation used a recycling and rescaling procedure to initiate and sustain

large-scale turbulent structures in the flat-plate inflow region of the domain. This was

achieved by separating the fluctuating and mean components of the flow properties (u, v,

w, T and P ) at a specified recycle plane downstream of the inflow plane. The fluctuating

components were then scaled and super-imposed onto a RANS mean inflow. For the turbu-

lent quantities k, ω and µT , the property itself is imposed on the inflow plane. For a generic

property q, the fluctuating and mean components (denoted as q′ and q̄, respectively) can

be found as follows:

q̄ =
1

tf − ti

∫ tf

ti

q dt (3.46)

q′ = q − q̄ (3.47)

In order to avoid imposing the freestream property fluctuations from the recycle

plane onto the inlet plane, a function based on y/δ (denoted here as f) was used. It does

so by reducing the influence of the fluctuations of velocity, temperature and pressure on the
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Figure 3.1: Blending functions for recycling/rescaling procedure

inlet flow away from the edge of the boundary layer. This procedure allowed for the RANS

mean inflow to be maintained in the freestream.

qinl = qRANS + fq′resc (3.48)

For the turbulent properties k, ω, and µT , the same function is used to blend from the

rescaled property to the RANS mean inflow property:

qinl = (1 − f) qRANS + fqresc (3.49)

where

f =
1

2

[
1 − tanh

(
2
yinl

δinl
− 4

)]
(3.50)

The variables q′resc and qresc represent the rescaled fluctuation of a property and

the rescaled property, respectively. A plot for Eqn. 3.50 can be found in Fig. 3.1. The

transition point of the function (f = 0.5) occurs at twice the imposed boundary layer

thickness at the inflow plane (y = 4.130cm). The rescaling of properties (for turbulent

properties) and property fluctuations (for other properties) is handled differently between

the inner and outer parts of boundary layer. This is accomplished by using a blending

function, W (also shown in Fig. 3.1) in the following way:
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qresc = qrec

(
yinl

Rβ

)
(1 − W ) + qrec (yinlRδ) W (3.51)

q′resc = q′inn (1 − W ) + q′outW (3.52)

with

W (η) = min

(
1

2

{
1 +

1

tanh (4)
tanh

[
4 (η − B)

(1 − 2B) η + B

]}
, 1

)
(3.53)

q′inn = q′
(

yinl

Rβ

)
(3.54)

q′out = q′ (yinlRδ) (3.55)

and

η =
yinl

δinl
(3.56)

B denotes the location of the transition point from the inner and outer boundary layer and

was set to 0.2. For this study the values Rβ = 0.987, Rδ = 1.074 and δinl = 2.065 cm were

used. The density in the inlet plane was calculated from temperature as follows:

ρinl = ρold
inl

T old
inl

Tinl
(3.57)

where the superscript old represents the value for those properties before the current recy-

cling/rescaling step.
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Chapter 4

Implementation

The runs investigated in this study were based on the crossing shock, turbulent

boundary layer interaction at Mach 8.3 of Kussoy and Horstman [1]. The freestream con-

ditions can be found in Table 4.1.

4.1 Geometry

Flat Plate

A flat plate solution was first done in order to develop the incoming boundary layer.

The flat plate was 20 cm x 15.2 cm in the streamwise (X) and spanwise (Z) directions. The

domain extends 20 cm in the normal (Y ) direction. The grid for the coarse solution of the flat

plate contained 81x145x61 points (691,200 cells). The fine grid solution doubled the number

of points in the streamwise and spanwise directions, giving 161x145x121 points (2,764,800

cells). Points were evenly distributed in the streamwise direction and were progressively

Table 4.1: Experimental Conditions

Description Experimental Condition

M∞ freestream Mach number 8.28

δ∞(cm) boundary layer thickness 3.25

δ∗∞(cm) displacement thickness 1.26

Reδ∞ Reynolds number 1.7 × 105

P∞ (Pa) freestream static pressure 430

Tw (K) wall temperature 300

T∞ (K) freestream static temperature 80
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clustered toward where the fins will be in the spanwise direction in preparation for later

runs which will have fins just downstream of the flat plate. Cells were bunched toward the

flat plate in the normal direction. The grid spacing in the wall-normal direction is constant

throughout the domain.

Double Fin

The three-dimensional domain consisted of a 20 cm (in the flow direction) x 15.9

cm (in the transverse direction) flat plate (as explained in the previous section) followed by

two perpendicular 10◦ fins (see Figure 4.1). There is also an outflow region past the throat

which was 15 cm in the streamwise direction and 15.2 cm in the spanwise direction. The

grid of the crossing shock calculation consisted of the same flat plate region was discussed

previously in the inflow region (691,200 cells for the coarse grid solution and 2,764,800 cells

for the fine grid case). Past the flat plate region, there were two 10◦ fins followed by a

throat. The fins were 31 cm in the streamwise direction. The throat was 9 cm in the

streamwise direction and approximately 4.27 cm in the spanwise direction. The throat and

fin section grid was 81x145x121 points (1,382,400 cells) for the coarse grid and 161x145x241

points (5,529,600 cells) for the fine grid. The outflow region was discretized with 41x145x31

points (691,200 cells) for the coarse grid and 81x145x181 points (2,073,600 cells) for the

fine grid. This makes for 2,764,800 cells in the coarse grid case and 10,368,000 cells for the

fine grid case for the entire domain. An XZ cut of the coarse grid can be found in Fig. 4.2.

The blocks for each processor are outlined in red. For the fine grid case, an equal number

of points were used for each block, with four blocks for each of the coarse grid blocks.

4.2 Boundary Conditions

The walls of the domain had a no-slip boundary condition. There was also what

has been termed a “isothermal ghost cell” [36] temperature boundary condition at the walls.

Instead of setting the wall cell face to the wall temperature as with the standard isothermal

wall condition, this condition imposed the wall temperature at the ghost cell:

Tghost = Twall (4.1)

This allows the actual wall temperature to vary with applied heat loads. In the spanwise

direction in the flat plate section, there was a periodic boundary condition. At the extreme of
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Figure 4.1: Double Fin Schematic

Figure 4.2: Coarse Mesh
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Figure 4.3: Boundary Conditions

the normal direction and the streamwise direction (at the outflow planes), there was a simple

extrapolation boundary condition. The inflow condition depends on the recycling/rescaling

procedure explained in Section 3.4. These conditions are shown in Fig. 4.3

4.3 Initialization

As mentioned earlier, LES/RANS flat plate solutions for both the fine and coarse

grid cases were used to initialize the crossing shock interactions in the flat plate region.

A RANS solution was performed for the entire interaction for the coarse grid in earlier

work. [37] For the coarse grid case, the region downstream of the flat plate was initialized

with the RANS solution. For the fine grid case, the region downstream of the flat plate

was initialized using an interpolated solution from the completed coarse grid LES/RANS

hybrid solution. The simulation was allowed to run until the heat transfer levels sufficiently

stabilized at the wall. Once this had occurred, statistical data was collected. For the RANS

cases, the inflow plane was set to a RANS solution.
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Chapter 5

Results and Discussion

5.1 Flat Plate Results

Before running the entire crossing-shock simulation, the flat-plate section of the

experiment was simulated. This step was necessary to validate the recycling/rescaling

procedure and its ability to develop and maintain a realistic boundary layer. As mentioned

earlier, periodic boundary conditions were used in the transverse direction. Extrapolated

boundary conditions were used in the outflow plane and in the positive y direction. No-slip

and isothermal ghost cell conditions (as explained in Sec. 4.2) were used for the flat plate.

A recycling/rescaling procedure was used for the inflow plane. An in-depth study of the

flat-plate results can be found in Ref. [37]. From this source it was found that the LES to

RANS transition factor A should be set to 25 (which leads to a predicted transition point

of d+ = 225) for best agreement with the data of Kussoy and Horstman [1].

This study showed similar trends. Experimental profiles were measured 3 cm

upstream of the vertical fins. The computational results from this location are compared

to the experimental values to validate the simulation before any shock interactions occur.

The results were time-averaged for the cases using the unsteady hybrid model. Statistics

were gathered for 18.6ms of physical time for the BSL case and 14.0ms of physical time for

the SST case. Unless otherwise noted, all the cases shown in this section are for the fine

grid case, with either a RANS turbulence model or our hybrid LES/RANS model.

The velocity and transformed velocity profiles, seen in Figs. 5.1 and 5.2, predicted

by the hybrid models show good agreement with experimental data. The predicted Mach

number profiles in Fig. 5.3 all fall below the experimental values. This is likely due to the
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Figure 5.2: Van Driest-transformed velocity profile in flat plate region



33

y (cm)

M

0 1 2 3 4
0

1

2

3

4

5

6

7

8

9
Kussoy and Horstman
Hybrid SST
Hybrid BSL
RANS SST
RANS BSL

(a) Full Profile

y (cm)

M

2 3 4
6

6.5

7

7.5

8

8.5

9

9.5
Kussoy and Horstman
Hybrid SST
Hybrid BSL
RANS SST
RANS BSL

(b) Detail

Figure 5.3: Mach number profile in the flat plate region

Table 5.1: Heat transfer 3.0 cm upstream of fins

Case Heat Transfer (W/cm2)

Experiment 10400

Hybrid SST 11200

Hybrid BSL 14349

RANS SST 12647

RANS BSL 13187

over-prediction of the temperature by all models tested, as can be seen in Fig. 5.4. And,

since the hybrid SST model best-predicted the temperature profile, it is also best-predicts

the Mach number profile. Table 5.1 shows the wall heat transfer three centimeters upstream

of the fins. As the temperature profile would suggest, the predicted heat transfer at the

wall is higher than the experimental heat transfer for all the cases. As with the temperature

profile, the hybrid SST heat transfer prediction was the closest to the experimental data.

This correlation does not hold for all the cases though – the hybrid BSL model with the

highest predicted heat transfer rates at x = −3.0 cm would be expected to have the highest

temperature profile as well. Instead, both of the RANS cases have the higher temperature

profile prediction than the hybrid BSL case.
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Figure 5.4: Temperature profile in flat plate region

Figure 5.1 shows that the size of the velocity boundary layer was well-predicted in

all cases. A detail of the transformed velocity boundary layer can be found in Fig. 5.2(b).

It was not entirely clear whether the thermal boundary layer was correctly sized between

the four different runs. Fortunately a detail of the Mach profile (5.3(b)) can provide some

insight. The RANS cases slightly underpredicted the size of the Mach boundary layer. Since

the velocity profile was predicted correctly by the RANS models, it can be assumed that

that the RANS models incorrectly modeled the size of the thermal boundary layer.

The laminar viscosity profiles in Fig. 5.5 showed similar trends for all models. The

turbulent viscosity profiles (Fig. 5.6) on the other hand show major differences between

the hybrid and RANS predictions. As expected, the turbulent eddy viscosity for the hybrid

models was far smaller than predicted with RANS. Also of note is the decrease in eddy

viscosity due to the SST modification to the Menter model for the hybrid cases. This

phenomenon was noted in the development of the Menter model [12]. A plot of the resolved

and modeled TKE profiles is shown in Fig. 5.7. The hybrid SST model showed higher

resolved TKE (in green) and lower modeled TKE (in red) than the BSL model. The

SST modification also increased the TKE of the RANS model slightly. Resolved TKE is

calculated as follows:

kresolved =
1

2ρ

(
ρu2 + ρv2 + ρw2 − ρu

ρ
− ρv

ρ
− ρw

ρ

)
(5.1)
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Figure 5.5: Laminar viscosity profile in flat plate region

The modeled TKE predictions for both hybrid models are lower than the RANS prediction.

The blending function is also shown, and the transition point to the LES model is slightly

below y=1.0 cm. By this point, the resolved TKE for both hybrid models are quite close

and slightly higher than the pure RANS TKE.

Contours for TKE can be seen for the four different models in Fig. 5.8. Curiously,

the time-averaged TKE contours for the hybrid cases displayed asymmetry and streak-like

patterns when they should have been homogeneous in the transverse direction, if sufficiently

statistically converged. The hybrid BSL case showed less extreme changes in the transverse

direction, but was still not homogeneous. This behavior suggests that the vortical structures

that are characteristic of unsteady LES flows (which can be seen in Fig. 5.9) kept the

same basic structure and position throughout the simulation. It would be expected for

the flow to be more randomized and thus, the time-averaged data in the flat plate would

be effectively uniform in the spanwise direction. This problem could be attributed to the

recycling/rescaling procedure used in the simulation. The placement of the recycling plane

10 cm from the inflow boundary may not give the flow enough time to change significantly

from its inflow state before it is recycled. The recycle plane was located at x=10.0cm. It

can be seen in Fig. 5.10 that there is periodicity in the temperature contour. The period

was approximately 10 cm in the streamwise direction. Animated contours of temperature

show that these periodic contours do not move much in the transverse direction. Differences
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Figure 5.8: Time-averaged turbulent kinetic energy (TKE) at y = 1.0cm upstream of the
fins
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Figure 5.9: Instantaneous 3-D temperature contour, hybrid SST case

in the transverse homogeneity could also be attributed to the fact that the hybrid SST case

was run for less physical time than the hybrid BSL case.

5.2 Crossing Shock Results

First, to get an idea of the flow structure of the interaction, two-dimensional slices

of the temperature contour along the XY center plane, the bottom surface (y = 0.0038m)

and numerous XZ planes along the length of the domain are shown in Fig. 5.9. The

boundary layer separation due to the crossing shock interaction is evident. The oblique

shocks are evident as they approach the center from the leading edges of the double fins

Also vortical structures along the centerline toward the bottom wall are present. There is

also evidence of high heating loads in the vicinity of the crossing shock interaction. The

heat transfer in this region is of particular importance for the design of hypersonic inlets.

When viewing just the center plane (Fig. 5.10) the shock front itself is clearly

visible just aft of the boundary layer separation. The turbulent boundary layer growth is

also more visible in this view. The boundary layer is clearly growing along the length of the

flat plate. Also of note is the very periodic nature of the boundary layer. Ideally a boundary

layer with a more random structure would be modeled. Unfortunately this periodicity is

at least partially a consequence of the recycling procedure detailed in the previous section.



39

Figure 5.10: Instantaneous temperature and blending function contours (dark for RANS,
light for LES) in the XY plane – the red contour indicates µt/µ∞ = 20
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Figure 5.11: Centerline pressure

The blending function is shown just beneath the temperature contour to show its dynamic

nature. A contour for µt/µ∞ = 20 is shown in red on the same plot as the blending function.

As expected, the blending function correlates nearly exactly with the eddy viscosity. After

the separation of the boundary layer, the flow was modeled almost entirely by the LES

model.

For comparison to experimental values, time averaging was required. Unlike the

flat plate results, data for the complete interaction could not be averaged in the transverse

direction due to the three dimensional nature of the interaction. This time averaging re-

quired much longer computational runs for statistical convergence. Both Menter SST and

Menter BSL results are shown for the RANS and hybrid cases. The centerline wall pressure

profile (Fig. 5.11) showed good agreement with experimental data for all cases attempted.

The error bars shown for surface pressure were given by Kussoy and Horstman [1] to be

±10% or ±80N/m2, whichever is greater. The RANS SST case shows the best agreement

with experimental data, with the RANS BSL case also showing good agreement. The hybrid

cases only fell outside the experimental margin of error at about half the stations, though

its prediction is not as good as the RANS cases. The hybrid cases tended to overpredict

the pressure profile while the RANS BSL case tended to underpredict it.
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Figure 5.12: Centerline heat transfer, experimental error bars in blue

The centerline heat transfer results were not nearly as consistent with the exper-

imental data. The coarse grid results for the hybrid cases looked promising, with a profile

that improved upon the RANS case and fell within the experimental error (±10%) for nearly

every point (Fig. 5.12(a)). The refinement of the grid yielded higher heat transfer for the

hybrid cases (Fig. 5.12(b)). As can be seen in Fig. 5.13, the instantaneous heat transfer

values for the hybrid cases are smilar to those predicted for the RANS cases. The time

averaging though, showed reduced off-center values for the hybrid cases. The centerline

heat transfer was increased, however, as the hotter off-center fluid was transported toward

the center due to the unsteadiness of the flow. A characteristic of the SST modification to

the Menter model is the reduction of eddy viscosity and the turbulence length scale. This

reduced eddy viscosity allowed for less damping of the temperature fluctuations and more

movement of the hotter off-center fluid toward the centerline. This was likely the root of

the increased heat transfer for the SST cases over BSL cases. This modification did not

seem to affect the flow adversely in the flat plate region, though in the converging section

the heat transfer is more severe.

The RANS models did a good job in predicting the centerline properties, but when

comparing the predicted pressure and heat transfer data in the transverse direction with
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Figure 5.13: Wall heat transfer contours, top - instantaneous contours for hybrid models,
middle - time-averaged contours for hybrid models, bottom - RANS contours
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experimental measurements, there was not much success with any model. The transverse

pressure plots show a reasonable agreement with experimental data with exception of the

last station. The first station shows good agreement with experimental data for all models.

The RANS models predicted the transverse pressure at the second station well and the

hybrid models overpredicted the peak in pressure at the centerline (as can also be seen in

Fig. 5.11). Only the RANS BSL case was able to capture the transverse pressure profile

for the third station, while the rest overpredicted the pressure in the centerline region.

Experimental flow-field pitot pressure data was provided by Kussoy and Horstman [1].

Contour plots for all four fine grid cases follow (with identical contour levels for comparative

purposes). Station 1 (Fig. 5.16) is situated 18.0 cm aft of the double fin leading edge and is

upstream of the oblique-shock crossing position. This is evident by sharp pressure gradients

in the transverse direction above y = 4.0 cm. All of the models capture the shock position

well. The differences among the pitot pressure contours appear more in the structure of the

flow closer to the body. The hybrid SST case clearly shows evidence of multiple vortical

structures. It is also notable that the hybrid SST solution is slightly asymmetric; running

the case further would have resulted in a more symmetric solution. This asymmetry may

also be tied to the lack of randomization upstream in the flat plate section as discussed

in the previous section. At Station 2 the RANS cases exhibit more extreme variations in

pitot pressure. Upon examination of the static pressure contours, no significant differences

between the schemes could be found. The calculation of pitot pressure used is as follows

for supersonic flow (for locally subsonic flow, the stagnation pressure is used):

PT2 = P1

γ + 1

2
M2

1

(
γ+1

2
M2

1

2γ
γ+1

M2
1
− γ−1

γ+1

) 1

γ−1

(5.2)

Since the pitot pressure is only dependent on static pressure and Mach number, the Mach

number contours are also compared at station 2 (Fig. 5.20). The RANS cases show lower

Mach numbers for the majority of the flow below y = 4.0 cm, which would explain the lower

minimum pitot pressures for the RANS case. This, however, does not explain the higher

peak pitot pressure for the RANS cases. This phenomenon can be explained by the low

pressure which comes higher off the wall for the hybrid case than the RANS cases. The

reduction of extrema in the hybrid cases was due to the unsteadiness of the method and

the fact that the data shown was time-averaged. The extrema in pitot pressure oscillated

with the flow in the unsteady hybrid cases, thus with time averaging of flow properties,



44

z (cm)

p
/p

∞

-4 -2 0 2 4
2

2.5

3

3.5

4

4.5

5

Kussoy & Horstman
Hybrid SST
Hybrid BSL
RANS SST
RANS BSL

x = 18.2 cm

(a) Station 1

z (cm)

p
/p

∞

-4 -2 0 2 4
4.5

5

5.5

6

6.5

7

7.5

8

8.5

9

Kussoy & Horstman
Hybrid SST
Hybrid BSL
RANS SST
RANS BSL

x = 26.0 cm

(b) Station 2

z (cm)

p
/p

∞

-3 -2 -1 0 1 2 3
4

5

6

7

8

9

10

11

12

13

14

15

16

17

Kussoy & Horstman
Hybrid SST
Hybrid BSL
RANS SST
RANS BSL

x = 34.0 cm

(c) Station 3

z (cm)

p
/p

∞

-3 -2 -1 0 1 2 3
8

9

10

11

12

13

14

15

16

Kussoy & Horstman
Hybrid SST
Hybrid BSL
RANS SST
RANS BSL

x = 38.3 cm

(d) Station 4

Figure 5.14: Transverse surface pressure, fine grid
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Figure 5.15: Transverse wall heat transfer, fine grid
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Figure 5.16: Pitot pressure contours (PT /PT,∞) at station 1 (x = 18.2 cm)



47

Figure 5.17: Pitot pressure contours (PT /PT,∞) at station 2 (x = 26.0 cm)
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Figure 5.18: Pitot pressure contours (PT /PT,∞) at station 3 (x = 34.0 cm)
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Figure 5.19: Pitot pressure contours (PT /PT,∞) at station 4 (x = 38.3 cm)
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these extrema were smeared over a larger area. The difference between the pitot pressure

contours for the hybrid and RANS cases could also be due to the fact that pitot pressure

itself was not time-averaged for the hybrid cases, but instead was calculated from time-

averaged Mach number and static pressure. This same phenomenon can be observed in

Figs. 5.18 and 5.19.

In order to better understand the structure of the vortical structures formed by

the shockwave boundary layer interaction, contours for helicity for each run are shown

in Figs. 5.21-5.24. Vortices in this crossing shock interaction act to bring higher energy

flow down to the wall, resulting in higher heat fluxes at the wall. Helicity is defined as

the dot product of velocity and vorticity. It is effectively the degree to which the fluid

moves in a helical path, with the sign indicating whether the helix is rotating clockwise

or counterclockwise. The contour lines indicate constant lines of helicity (±1 × 106m2/s2,

±2 × 106m2/s2 and ±5 × 106m2/s2). The range for the flood contours is more narrow

(between −1 × 105m2/s2 and 1 × 105m2/s2) so that the locations of weaker vortices are

visible. Figure 5.21 shows that both hybrid models are asymmetric about the centerline.

There are two main counter-rotating vortices at every station with smaller (normally less

intense) counter-rotating vortices surrounding the main large vortices. The contour lines

at station 1 show that the hybrid models have a large intense section of the main vortices

with the hybrid SST model showing the largest area with helicity above 5 × 106m2/s2 and

the RANS BSL model having the weakest. This trend of the hybrid models and the SST

modification increasing the intensity of the main vortices holds for the second station as

well. Other than very weak and narrow vortices present above the main vortices for the

RANS models, the overall structure of the vortices is similar among all models. The main

center vortices lose much of their strength by station 3 and 4 while the wall vortices gain

strength. The RANS SST predictor shows small vortices above the main center vortices at

station 3. By station 4 all the models show these two counter-rotating vortices above the

main vortices, though they are by far the largest in the RANS SST case and are barely

visible in the hybrid SST case. The side-wall vortices weaken substantially at station 4 as

well. The vortices on the bottom wall are stronger at station 4 for the hybrid models; this

could be reason for the higher centerline heat transfer for these models.

The multiple vortical structures can be observed in the turbulent kinetic energy

contours as well (see Figs. 5.25 - 5.28). The TKE contours show major differences between

the RANS and hybrid models in their predictions of the vortical structures and the flow
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Figure 5.20: Mach contours at station 2, x = 26.0 cm
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Figure 5.21: Helicity contours at station 1, x = 18.2 cm
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Figure 5.22: Helicity contours at station 2, x = 26.0 cm
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Figure 5.23: Helicity contours at station 3, x = 34.0 cm
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Figure 5.24: Helicity contours at station 4, x = 38.3 cm
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near the body. The most notable differences are at stations 3 and 4. At these stations, the

hybrid models predict vortical structures that are stronger close to the bottom wall than

the RANS cases. This difference could provide a further explanation of the higher wall heat

transfer for the hybrid models. The predictions for the side wall TKE look similar for all

models with the exception of station 4. At this last station, there is a high heat transfer

load on the side walls centered around y = 4 cm for the hybrid SST model. This load does

not correspond to a strong side wall vortex at this location (see Fig. 5.24). In fact, the

RANS SST case shows the strongest side wall vortices near that location and has far lower

heating loads than the hybrid SST model. The cause of this heating is not clear.
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Figure 5.25: TKE contours at station 1, kresolved shown for the hybrid models (x = 18.2
cm)
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Figure 5.26: Resolved TKE contours at station 2, kresolved shown for the hybrid models (x
= 26.0 cm)
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Figure 5.27: TKE contours at station 3, kresolved shown for the hybrid models (x = 34.0
cm)
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Figure 5.28: TKE contours at station 4, kresolved shown for the hybrid models (x = 38.3
cm)
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Chapter 6

Conclusions

A hybrid LES/RANS model for simulating a crossing shock interaction has been

presented in this study. This model incorporates fluid properties as well as wall distance

into its computation of the transition from RANS to LES. This computation was compared

with experimental data and RANS data, using both the Menter BSL and Menter SST for

the RANS closure. The RANS model was used as a near-wall closure for a flow otherwise

modeled by LES with Yoshizawa’s subgrid kinetic energy model for closure.

The upstream boundary layer growth on the flat plate was well-predicted by the

hybrid model, with the SST variation performing best. There was a significant improvement

over the RANS calculations. The velocity profile for the hybrid case was particularly well-

matched. The temperature profile was underpredicted for all the models tested, with the

hybrid SST model performing the best still.

The hybrid method did not do as well in modeling the crossing shock interaction.

Coarse-grid simulations of the entire interaction suggested that the hybrid model would

be an improvement over RANS simulations. Unfortunately this trend did not hold with

grid refinement. Both RANS models predicted nearly every experimental quantity provided

more accurately than the hybrid LES/RANS models. The most glaring differences among

the models were found in the predictions of wall heat transfer. The hybrid models greatly

overpredicted heat transfer while the RANS models did an adequate job of predicting the

centerline profile. No models accurately predicted the transverse wall heat transfer

One notable observation in this work is that LES is being used for nearly all of

the flow downstream of the crossing shock. This could be a cause of the high heating loads

for the hybrid SST model because the grid is not resolved enough close to the wall. As a
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result, the near-wall turbulence intensity is over-predicted, which causes the over-prediction

of heat transfer at the wall. This is also supported by the fact that the wall heat transfer

prediction was reduced for the hybrid BSL case; this model generally yields higher eddy

viscosity levels and thus turbulent fluctuations are reduced compared to its Menter SST

counterpart. A possible solution to this problem is increasing the value of the transition

parameter A so that the LES transition happens farther away from the wall.

Also, the more extreme 15◦ double fin case detailed in Ref. [1] needs to be tested.

This simulation is more difficult because the shock wave is more intense, causing a larger

separation in the flow in the converging solution. The resolution of the boundary layer on the

fin walls is not adequate to capture the large-scale turbulent structures. The ramifications

of this limitation are not as evident for the 10◦ fin case as was run in this study because the

crossing shock does not impinge on the fins. It is expected that the 15◦ fin case [1] would

be more sensitive to the boundary layer treatment.

Another possible avenue for future improvement of the method is to make the

inflow boundary and the recycling/rescaling technique more random. As it stands now, the

incoming turbulent boundary layer is extremely periodic. It is not clear if this has a signif-

icant negative impact on the solution, but a study into the effects of greater randomization

could prove valuable.
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Appendix A

Model Constants

σk1 = 0.5 σk2 = 1.0
σω1 = 0.5 σω2 = 0.856
β1 = 0.0750 β2 = 0.0828
γ1 = 0.5532 γ2 = 0.4404
β∗ = 0.09 Cµ = 0.09
Cs = 0.04641 Cd = 1.0

For the constants used in the Menter RANS regime of the flow, the combined constants

(σk,σω,β and γ) can be found as follows (with φ being a generic constant):

φ = F1φ1 + (1 − F1) φ2 (A.1)

The constants detailed above are assuming Menter RANS BSL. For the SST modification,

σk1 = 0.81.
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Appendix B

Blending Function Proof

This appendix will prove the claim that d+ = A2 at the RANS/LES transition

point when assuming log-law relations. The blending function, Γ is defined as:

Γ =
1

2

{
1 − tanh

[
5

(
κ√
Cµ

η2 − 1

)]}
(B.1)

At the RANS/LES transition point Γ = 0.5 thus:

1

2

{
1 − tanh

[
5

(
κ√
Cµ

η2 − 1

)]}
=

1

2
(B.2)

tanh

[
5

(
κ√
Cµ

η2 − 1

)]
= 0 (B.3)

κ√
Cµ

η2 − 1 = 0 (B.4)

with

η =
d

Aγ
(B.5)

γ =

√
ν

Cµω
(B.6)

d+ =
duτ

ν
(B.7)
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then Equation B.4 yields:

A2 =
d2

γ2

κ√
Cµ

(B.8)

=
d2

(
ν

Cµω

) κ√
Cµ

(B.9)

The log-law assumption gives:

ω =
uτ√
β∗κd

(B.10)

which when applied to Equation B.9 gives:

A2 =
d2

(
ν
√

β∗κd
Cµuτ

) κ√
Cµ

(B.11)

=
duτ

√
Cµ

ν
√

β∗ (B.12)

using Equation B.7:

A2 =
d+ν
uτ

uτ

√
Cµ

ν
√

β∗ (B.13)

=
d+
√

Cµ√
β∗ (B.14)

Since Cµ = β∗ = 0.09, A2 = d+.
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