
Stepwise Con�dence Intervals without MultiplicityAdjustment for Dose Response and Toxicity StudiesJason C. HsuDepartment of StatisticsThe Ohio State UniversityColumbus, OH 43210-1247 Roger L. BergerDepartment of StatisticsNorth Carolina State UniversityRaleigh, NC 27595-8203November 30, 1998AbstractNot all simultaneous inferences need multiplicity adjustment. If the sequence of in-dividual inferences is prede�ned, and failure to achieve the desired inference at any steprenders subsequent inferences unnecessary, then multiplicity adjustment is not needed.This can be justi�ed using the closed testing principle to test appropriate hypotheseswhich are nested in sequence, starting with the most restrictive one, but what hypothe-ses are appropriate may not be obvious in some problems. We give a fundamentallydi�erent, con�dence set-based, justi�cation by partitioning the parameter space nat-urally and using the principle that exactly one member of the partition contains thetrue parameter. In dose response studies designed to show superiority of treatmentsover a placebo (negative control) or a drug known to be e�cacious (active control), thecon�dence set approach generates methods with meaningful guarantee against incorrectdecision while previous applications of the closed testing approach have not always. Ap-plication of the con�dence set approach to toxicity studies designed to show equivalenceof treated groups with a placebo is also given.1 Stepwise Con�dence Sets without Multiplicity AdjustmentSuppose data Y has a distribution determined by the parameter � 2 �; the parameter space,and � 2 �ci ; i = 1; : : : ;m; are multiple comparison inferences of interest. For example,suppose � = (�1; : : : ; �k); a vector of mean e�ects of k treatments, where �1 is the meanof the control. Then in one-sided comparisons with the control where signi�cant di�erenceinference is of interest (as in dose response studies, for example), the desired inferencesare �i > �1 + � where � de�nes practical signi�cant di�erence, so �ci = f�i � �1 > �g,i = 2; : : : ; k: In multiple comparisons with the control where practical equivalence inferenceis of interest (as in toxicity studies, for example), if �i and �1 can be considered practicallyequivalent when �1 < �i � �1 < �2; then �ci = f�1 < �i � �1 < �2g, i = 2; : : : ; k: Suchmultiple comparisons do not need multiplicity adjustment in some situations. One suchsituation occurs when it is desirable to give the inferences in a speci�ed order, and failureto achieve the desired inference at any step renders subsequent comparisons unnecessary.This situation arises in dose response and toxicity studies, where �2; : : : ; �k correspond to1



increasing dose of a substance. In dose response studies, it is desirable for a method to notdeclare a lower dose to be e�cacious if it does not declare a higher dose to be e�cacious.This can be achieved by answering the question \is �i > �1 + �" in a stepwise fashion,continuing only while the answer is in the a�rmative. Likewise, in toxicity studies, it isdesirable for a method to not declare a higher dose to be safe if it does not declare a lowerdose to be safe. This can be achieved by answering the question \is �1 < �i � �1 < �2" ina stepwise fashion, continuing only while the answer is in the a�rmative. We describe ageneral method of providing con�dence sets � 2 �ci in a stepwise fashion without multiplicityadjustment, stopping at the �rst i for which such inference is impossible.In this section, we de�ne our stepwise con�dence set procedure and prove that it has thecorrect coverage probability. In the sections which follow we show that, in dose response andtoxicity studies, our con�dence set approach is more reliable in generating simple methodswith meaningful guarantee against incorrect decision than other approaches.De�nition 1 Let �� � �. A con�dence set, C(Y ), for � is directed towards �� if, forevery sample point y, either �� � C(y) or C(y) � ��.For our one-sided signi�cant di�erence inference example, �ci = f�i � �1 > �g. Con�-dence intervals for �i��1 of the form C(Y ) = (L(Y );1) are directed toward �ci : If D(Y )is any 100(1 � �)% con�dence set for �, thenC(Y ) = ( D(Y ); if D(Y ) � ��;D(Y )S��; otherwise;(1)is a 100(1��)% con�dence set for � that is directed toward ��. In our practical equivalenceinference example, �ci = f�1 < �i��1 < �2g so if Di(Y ) is a con�dence set for �i��1 thenCi(Y ) = ( Di(Y ); if Di(Y ) � (�1; �2);Di(Y )S(�1; �2); otherwise;is directed toward �ci :In general, suppose the inferences � 2 �ci ; in the order i = 1; : : : ;m; are of interest.Theorem 1 Suppose, for i = 1; : : : ;m; Ci(Y ) is a 100(1��)% con�dence set for � that isdirected towards �ci and Cm+1(Y ) is any 100(1 � �)% con�dence set for �. Let M denotethe smallest integer i such that Ci(Y ) 6� �ci if such an i (1 � i � m) exists, otherwise letM = m+ 1: De�ne �0 = ; (so �c0 = �) andC?(Y ) = �c0\ � � �\�cM�1\CM (Y ):Then for all � 2 � P� f� 2 C?(Y )g � 1� �:Proof: De�ne �m+1 = �: For i = 1; : : : ;m+ 1; let�?i = �c0\ � � �\�ci�1\�i:2



Then �?1; : : : ;�?m+1 partition the parameter space �: ClearlyC(Y ) = m+1[i=1 (Ci(Y )\�?i )is a 100(1 � �)% con�dence set for � because if � 2 �?i thenP� f� 2 C(Y )g = P� n� 2 (Ci(Y )\�?i )o = P� f� 2 Ci(Y )g � 1� �:Noting that(a) Cj(Y )T�?j = ; for all j < M (if such j exists) since �?j � �j ;(b) �?j � �c0T � � �T�cM�1T�cM for all j > M (if such j exists),(c) �cM � CM(Y ) since if M < m + 1 then CM (Y ) 6� �cM implies �cM � CM (Y ) while�cm+1 � Cm+1(Y ) trivially,we have C(Y ) = m+1[i=1 (Ci(Y )\�?i )by (a)= m+1[i=M(Ci(Y )\�?i )by (b)� �CM (Y )\�?M�[��c0\ � � �\�cM�1\�cM�= ��c0\ � � �\�cM�1\�M\CM (Y )�[��c0\ � � �\�cM�1\�cM�by (c)= ��c0\ � � �\�cM�1\�M\CM (Y )�[��c0\ � � �\�cM�1\�cM\CM(Y )�= �c0\ � � �\�cM�1\CM (Y )= C?(Y ): 2Note that our method provides con�dence sets Ci(Y ) for � in a stepwise fashion, stoppingat the �rst i such that Ci(Y ) 6� �ci : Step 1If C1(Y ) � �c1then assert � 2 �c1 and go to Step 2;else assert � 2 C1(Y ) and stop.3



Step 2If C2(Y ) � �c2then assert � 2 �c2 and go to Step 3;else assert � 2 C2(Y ) and stop....Step mIf Cm(Y ) � �cmthen assert � 2 �cm and go to Step m+ 1;else assert � 2 Cm(Y ) and stop.Step m+ 1Assert � 2 Cm+1(Y ) and stop.Note the wide applicability of this method. So long as individual 100(1 � �)% di-rected con�dence sets are available, regardless of how the associated statistics are jointlydistributed, the method applies, and Theorem 1 guarantees that the error rate is properlycontrolled.This method readily provides a stepwise test forH0i : � 2 �i versus Hai : � 2 �ci ; i = 1; : : : ;m;(2)as follows. The test �i which rejects H0i when Ci(Y ) � �ci is a level-� test:sup�2�i P� (�i rejects H0i)= sup�2�i P� (Ci(Y ) � �ci)� sup�2�i P� (� 62 Ci(Y ))� �:Thus, if one executes �i in the sequence i = 1; : : : ;m, stopping as soon as a �i accepts,then by Theorem 1 the Familywise Error Rate (FWER) (cf. Hochberg and Tamhane 1987for de�nition) is no more than �: The con�dence set we give is now the simplest knowncon�dence set associated with any stepwise test, simpler than the one associated with theMPGN method discussed in Section 2.1.One can apply the the closed testing principle of Marcus, Peritz, and Gabriel (1976) totest the hypotheses H0i : � 2 �i; i = 1; : : : ;m: This principle tests all possible intersectionsof the null hypotheses, each at level-�; rejecting a resulting hypothesis only if it and allother resulting hypotheses implying it are rejected. Suppose �1; : : : ;�m are nested in thesense that �1 � � � � � �m: Then for any I � f1; : : : ;mg the intersection of fH0i; i 2 Ig isH0h where h = minfi : i 2 Ig: Thus in this case it follows from the closed testing principle4



that multiplicity adjustment is not needed in testing H01; : : : ;H0m in that sequence if onestops as soon as a hypothesis is accepted. As shown by Maurer, Hothorn, and Lehmacher(1995), when �1; : : : ;�m are not nested, this result can still be proven using the closedtesting principle by appropriately modifying the null hypotheses. But our con�dence setderivation shows the closed testing principle is not needed in the proof.For compatibility with existing literature, our presentation in Sections 2 and 3 is interms of the one-way modelYia = �i + �ia; i = 1; : : : ; k; a = 1; : : : ; ni;where Yia is the ath observation under the ith treatment, and �11; : : : ; �knk are i.i.d. normalwith mean 0 and variance �2 unknown. We use the following notations,�̂i = �Yi = niXa=1 Yia=ni;�̂2 = MSE = kXi=1 niXa=1(Yia � �Yi)2= kXi=1(ni � 1);for the sample means and the pooled sample variance. The upper 100� percentile of aStudent's t distribution with � =Pki=1 ni � k degrees of freedom is denoted by t�;� .2 Dose Response StudiesAppropriate dosing of a drug is important in biopharmaceutics. Let �1 be the mean ofthe control group, which may be a negative control group receiving a placebo, or an activecontrol group receiving a standard drug known to be e�cacious. Let �2; : : : ; �k be the meanresponses corresponding to increasing dose of a test drug. In practice, dosing is determinedby two quantities,� minimum e�ective dose (MED)� maximum tolerated dose (MTD).The minimum e�ective dose of a drug is the minimum dose such that the mean responseat that dose is signi�cantly better than the mean response of the controls. The estimatedMED, dMED; is determined statistically from the observed dose response relationship, wherethe response is an endpoint which measures e�cacy. The estimated MTD, dMTD; on theother hand, is determined from observed adverse events in terms of both anticipated andunanticipated endpoints. As the determination of dMTD appears to be non-statistical atpresent, our discussion concentrates on the determination of the dMED: For convenience, wewrite MED = i and dMED = i to mean the true MED or the estimated MED is the dosecorresponding to �i: We shall assume that a larger �i indicates a better average outcome.Suppose the control group is a negative control group receiving a placebo. If the drug isnot expected to be deleterious, then de�ning MED as the minimum dose i such that �i > �1makes sense only when it is known from biology that the response follows a threshold model.Otherwise, MED = 2, the lowest dose to be compared with the placebo in the study. Thus,5



if the response curve is expected to be continuous, then MED should be de�ned as theminimum dose such that the mean response at that dose is clinically signi�cantly betterthan the mean response of the negative controls, i.e.,MED = minfi : �i > �1 + �g;(3)where � > 0 de�nes a clinically signi�cant di�erence. For chronic peripheral arterial occlu-sive disease, for example, in terms of percent improvement in walking distance, � has beende�ned to be 30% (CPMP/EWP/233/95).Suppose the control group is an active control group receiving a drug which is known tobe e�cacious. Then, in so-called non-inferiority trials, MED can be de�ned by (3) with �either positive, zero, or negative, so long as � > �� where �� represents the known quantitywhich is the mean placebo e�ect minus the mean active control e�ect.Note that, in general, it is possible that �i � �1+� for some i: This can certainly happenin the active control setting. Even in the negative control setting with � = 0; this can occurif the response has what the ICH (International Conference on Harmonization) guidelineE4 on dose response studies calls an inverted U or umbrella shape (ICH E4 Section 3, p.6), meaning that �i; i = 1; : : : ; k; �rst increases then decreases as i increases.Under a one-way model, our stepwise con�dence set method (which we shall refer to asthe DR { for dose response { method) takes the following form.Step 1If �Yk � �Y1 � t�;� �̂p1=nk + 1=n1 � �;then assert �k > �1 + � and go to Step 2;else assert �k � �1 > �Yk � �Y1 � t�;� �̂p1=nk + 1=n1 and stop:Step 2If �Yk�1 � �Y1 � t�;� �̂p1=nk�1 + 1=n1 � �;then assert �k�1 > �1 + � and go to Step 3;else assert �k�1 � �1 > �Yk�1 � �Y1 � t�;� �̂p1=nk�1 + 1=n1 and stop:...Step k � 1If �Y2 � �Y1 � t�;� �̂p1=n2 + 1=n1 � �then assert �2 > �1 + � and go to Step k;else assert �2 � �1 > �Y2 � �Y1 � t�;� �̂p1=n2 + 1=n1 and stop:Step k
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Assert mini=2;:::;k �i � �1 > mini=2;:::;kf �Yi � �Y1 � t�;� �̂p1=ni + 1=n1g and stop.To better understand how this stepwise method operates, let Step M (1 � M � k) bethe step at which the stepwise method stops. If M > 1; then the stepwise method declaresdoses k�M +2; : : : ; k to be e�cacious. If M < k; then the stepwise method fails to declaredoses 2; : : : ; k �M + 1 to be e�cacious, and gives a lower con�dence bound (which is lessthan �) for �k�M+1� �1. If M = k; then the stepwise method gives a lower bound on howe�cacious every dose is. This lower bound is greater than �.If the dMED determined by the DR method is smaller than the dMTD; then a rangedMED; dMED + 1; : : : ; dMTD of safe and e�ective doses is obtained. Note that, in contrast,applying Dunnett's (1955) method to compare �2; : : : ; �k with �1 will not necessarily pro-duce a contiguous set of e�ective doses. Having a therapeutic window of safe and e�ectivedoses is desirable. For example, the manufacturer may prefer a dose toward the high end ofthe range, to better compete in the market place, while the regulatory agency may prefera dose toward the low end of the range, to better safeguard the consumer. A wide thera-peutic window can facilitate �rst choosing a higher dose for the prescription version, andlater a lower dose for the over-the-counter version of the same drug. In the next section,we compare our approach with other approaches.Instead of Theorem 1, an alternative derivation the DR con�dence set is to invoke theconnection between tests and con�dence sets (Lehmann, 1986, p. 90), as indicated for thecase of � = 0 below. Let�k = f�k � �1g;�i = f�i � �1 < minf�i+1; : : : ; �kgg for i = 2; : : : ; k � 1;�1 = f�1 < minf�2; : : : ; �kgg;so that � = Ski=1�i; and �i \ �j = ; when i 6= j: For each �0 = (�01; : : : ; �0k) 2 �i; i =2; : : : ; k, de�ne �i(�0) to be the usual size-� t test forH0 : �i � �1 � �0i � �01 vs. Ha : �i � �1 > �0i � �01;i.e., �i(�0) = 1 if Ti = �Yi � �Y1 � (�0i � �01)�̂p1=ni + 1=n1 � t�;�:For each �0 = (�01; : : : ; �0k) 2 �1; de�ne an intersection-union test �1(�0) forH0 : minf�2; : : : ; �kg � �1 � minf�02; : : : ; �0kg � �01vs.Ha : minf�2; : : : ; �kg � �1 > minf�02; : : : ; �0kg � �01with �1(�0) = 1 if T1 = mini=2;:::;k �Yi � �Y1 � (mini=2;:::;k �0i � �01)�̂p1=ni + 1=n1 � t�;�which is a level-� test because its rejection region is contained in the size-� rejection regionof H0 : �m � �1 � minf�02; : : : ; �0kg � �01 where �m = minf�02; : : : ; �0kg: Then, C(Y ) =7



Ski=1f� : � 2 �i and �i(�0) = 0g is a con�dence set for � with coverage probabilityexactly 1�� for all � except for � 2 �1 (for which the coverage probability is greater than1 � �). But C(Y ) is tedious to describe even for k = 3. Note that if M > 1; then, for�0i = �01, �k; : : : ; �k�M+2 reject, so the con�dence set C(y) does not include any points in�k; : : : ;�k�M+2: The DR con�dence set is in fact f� : � 2 �k�M+1 and �k�M+1(�0) =0gSSk�Mi=1 �i (with the understanding that Sk�Mi=1 �i = ; if M = k); and thus containsC(Y ): If � 2 �m; then the DR con�dence set has the same coverage probability 1 � �as C(Y ) if �i � �1 ! +1 for i > m; but becomes increasingly conservative (has highercoverage probability) as �i � �1 ! 0+ for i > m: However, it can be shown that if onededuces con�dence limits on �i � �1; i = 2; : : : ; k; from C(Y ) by �nding the suprema of�i � �1 for � 2 C(Y ); the con�dence limits given by the DR method result.2.1 Comparison with other approachesPrevious formulations of the MED problem have cast it as one of testing a family of nullhypotheses of equalities against various alternatives. A method which controls the FWER oftesting equalities is only guaranteed to be a con�dent inequalities method. But the desiredinferences in the MED problem, �i > �1+�; are directional. We will show in fact that mostmethods that have been proposed are not con�dent directions methods. That is, they donot control the probability of declaring an ine�ective dose to be e�ective. To control thedirectional error rate, the null hypotheses must be directional themselves, as we now show.The MED problem can be formulated as one of testing the family of hypothesesHy0i : Skj=if�j � �1 + �g(4) versusHyai : Tkj=if�j > �1 + �g(5)for i = 2; : : : ; k; because if Hy0i is rejected, then there is evidence that doses j; j � i; aree�ective. Since the alternative Hyai implies the alternative Hyaj when i < j; one takes as MEDthe lowest dose i for which Hy0i is rejected. If a method strongly controls the familywiseerror rate (FWER) of testing (4) at �; then the probability of declaring a dose as the MEDwhen either it or a higher dose is ine�ective is no more than �: Since Hy0k � � � � � Hy02;to control the FWER, the closed testing principle of Marcus, Peritz, and Gabriel (1976)states Hy0k; : : : ;Hy02 can be tested in that sequence, each at level-�; stopping as soon as ahypothesis is accepted. It thus remains to �nd a suitable level-� test for each Hy0i: Fori = 2; : : : ; k; let �ti be the size-� test which rejects H0i inH0i : �i � �1 + �(6) versusHai : �i > �1 + �(7)when �Yi � �Y1 � t�;� �̂q1=ni + 1=n1 > �:Because Hy0i is expressed as a union, by Berger (1982) the test �yi that rejects Hy0i if andonly if �tj for H0j ; j = i; : : : ; k; all reject is a level-� test of Hy0i. The resulting closed test of8



the hypotheses Hy02; : : : ;Hy0k using �y2; : : : ; �yk reaches the same decision about MED as theDR method, and can be thought of as the testing version of the DR method. In this testingform, the DR method �rst performs a size-� one-sided t-test comparing �k with �1 + �:If the test accepts, then it stops and asserts nothing. If the test rejects, then it asserts�k > �1 + �; and proceeds to a size-� one-sided t-test comparing �k�1 with the �1 + �;and so on. (Note that the pooled estimate �̂ for � is used in the standardization of the tstatistics.)If the MED problem were posed as one of testing (6) versus (7) instead, declaring dose ito be e�ective if H0i is rejected, then any test which strongly controls the FWER of testing(6) controls the probability of making the directional error of declaring �i > �1+ � when infact �i � �1+�: One can use the simultaneous lower con�dence bounds on �i��1 in Dunnett(1955), or the ones in Bo�nger (1987) (which were also independently given in Stefansson,Kim, and Hsu, 1988) to test (6), rejecting H0i only if the lower bound on �i� �1 is greaterthan or equal to �: Stefansson, Kim, and Hsu (1988) showed that the latter con�dencebounds correspond to the closed test of (6), which was proposed in the multiple testingsetting by Marcus, Peritz, and Gabriel (1976) and in the ranking and selection setting byNaik (1975). If we de�ne Ti = �Yi � �Y1 � ��̂p1=ni + 1=n1 ;let [2]; : : : ; [k] be the random indices such that T[2] � � � � � T[k]; and let d[i] be the criticalvalue of Dunnett's (union-intersection) test forHz0i : k\j=if�[j] � �1 + �g;then this closed test (call it the MPGN method) has the same form as the DR methodexcept �Yi � �Y1 � t�;� �̂q1=ni + 1=n1 � �in each step is replaced by T[i] � d[i]:The simulation results described in Section 2.3 indicate that when �i increases as i increases,the DR method tends to infer an MED that is closer to the true MED than Dunnett'smethod and the MPGN method.Instead of testing (4) against (5), a second approach to the MED problem is to formulateit as one of testing the multiple hypothesesH�0i : ��1 = �2 = � � � = �i(8) versusH�ai : ��1 = �2 = � � � = �i�1 < �i(9)for i = 2; : : : ; k; with ��1 = �1 + �: To strongly control the FWER, since H�0k � � � � � H�02;the closed test of Marcus, Peritz, and Gabriel (1976) tests H�0k; : : : ;H�02 in that sequence,stopping as soon as a hypothesis is accepted. If �i is a level-� test for H�0i; i = 2; : : : ; k; thendMED is taken to be the smallest i such that all �j , j � i, reject. Since the hypothesis (8)9



implies the hypothesis (6), which in turn implies the hypothesis (4), a level-� test for (4)is also a level-� test for (8). Thus, some authors have viewed the DR method in its testingform as one of many stepwise tests generated by applying the closed testing technique to (8).We will show, however, that the formulation of testing (8) versus (9) fails to di�erentiatebetween methods which control the directional error rate of declaring a �i > ��1 when�i � ��1 from those that do not. That is, even though both the formulations of testing (4)versus (5) and testing (8) versus (9) lead to stepwise testing with no multiplicity adjustment,only the former formulation guarantees the directional error rate is controlled.For example, Ruberg (1995) and Tamhane, Hochberg, and Dunnett (1996) studied meth-ods based on size-� contrast tests �cii for H�0i (with � = 0) of the form�cii = 8>><>>: 1; if Pkj=1 cij�̂j�̂qPkj=1 c2ij=nj > constant0; otherwisewith ci = (ci1; : : : ; cik); Pkj=1 cij = 0; ci1 < 0; cii > 0 and cij = 0 for all j > i: Even thoughthese methods strongly control the FWER of testing (8) at �; they do not generally controlthe probability of incorrectly declaring a non-e�ective dose as e�ective at �: Bauer (1997)showed this for the case of k = 3; but it occurs for all k � 3: The problem is that theclinical error of incorrectly declaring �i > �1 + � when it is false is not counted as an errorin testing (8). That is, the family of null hypotheses in (8) is too small a subset of the entireparameter space to o�er meaningful protection against incorrect decision making.We show in fact unless the contrast tests method is the testing form of the DR method,which is the special case of ci1 = �1; cii = 1; and cij = 0 for all j 6= 1 and i; it will notcontrol the error rate of declaring a �i > ��1 when �i � ��1: Consider a contrast tests methodthat is not the DR method. Then, some comparison is not a simple pairwise comparisonbetween �i and ��1. Let i� denote the largest index that is not a simple pairwise comparison.Then, 2 < i� � k and, for all i > i�; ci1 = �1; cii = 1; and cij = 0 for all j 6= 1 and i;but there is a j (1 < j < i�) with ci�j 6= 0: If we �x �1 and all �h (1 < h < i�; h 6= j) butlet �j = (�2ci�i�=ci�j)�i� ; �i� ! �1 and �m ! 1 for all m > i�; then all �cmm (m > i�)as well as �ci�i� will reject with probability approaching one and dose i� will be incorrectlydeclared to be e�ective.The simulation results described in Section 2.3 in fact indicate that, compared to themethods based on linear, Helmert, and reverse Helmert contrasts discussed in Tamhane,Hochberg, and Dunnett (1996), the DR method does as about as well as the best methodfor each of the response shapes studied but is the only method which always controls theerror rate.Indeed, the lower con�dence bound on �i� � �1 obtained by pivoting the �ci�i� test is�1 regardless of data. This can be seen as follows. The test�cii� (�01; : : : ; �0k) = 8>><>>: 1; if Pkj=1 ci�j(�̂j � �0j)�̂qPkj=1 c2i�j=nj > constant0; otherwiseis clearly a size-� test for H0 : �1 = �01; : : : ; �k = �0k: If we �x all �̂j (1 � j � k); �1; and all10



�h (1 < h < i�; h 6= j) but let �j = (�2ci�i�=ci�j)�i� ; then as �i� ! �1;Pkj=1 ci�j(�̂j � �j)�̂qPkj=1 c2i�j=nj ! �1:Therefore, the set of (�01; : : : ; �0k) for which �ci�i� (�01; : : : ; �0k) accepts always includes a se-quence for which �0i� � �01 ! �1: Thus, by the usual correspondence between tests andcon�dence sets, the lower con�dence bound on �i� � �1 is �1 regardless of data. That is,the rejection of (8) in favor of (9) does not, in general, support �i > ��1.A third approach to the MED problem that has been taken is to test the hypothesesH��0i : ��1 = � � � = �i(10) versus H��ai : ��1 � � � � � �i with at least one strict inequality(11)for i = 2; : : : ; k using the size-� likelihood ratio test �LRi ; and then take dMED to be thesmallest i such that all H��0j ; j � i; are rejected (e.g., Williams 1971). However, the size-�likelihood ratio test for (10) is not necessarily a size-� test for (6). For example, supposek = 3; � = 0 and �1 = 0 = �3 so that H03 in (6) is true, while �2 ! 1: Then with aprobability approaching one the isotonic regression estimates of �2 and �3 under (11) become(n2 �Y2 + n3 �Y3)=(n2 + n3) while the isotonic regression estimate of �1 remains �Y1: Thus theprobability that the likelihood ratio test rejects (10) and �3 > ��1 is incorrectly declaredapproaches one. Again, the rejection of (10) in favor of (11) does not, in general, pivot toa positive lower con�dence bound on �i � �1. For example, when k = 3 and n1 = n2 = n3;the lower con�dence bound on �3 � �1 obtained by pivoting �LR3 is �1 regardless of data.This can be seen as follows. The test �LR3 (�01; �02; �03) which is �LR3 applied to the shifteddata (�̂j � �0j ; j = 1; 2; 3) and �̂ is clearly a size-� test for H0 : �1 = �01; �2 = �02; �3 = �03against Ha : �1 � �01 � �2 � �02 � �3 � �03 with at least one strict inequality. If we �xall �̂j ; j = 1; 2; 3; and �1 but let �2 = �2�3; then as �3 ! �1; the isotonic regressionestimates of �1��01; �2��02; �3��03 become ((�̂1��01)+(�̂2��02)+(�̂3��03))=3: Therefore,the set of (�01; �02; �03) for which �ci�LR (�01; : : : ; �0k) accepts always includes a sequence for which�03 � �01 ! �1: Therefore, by the usual correspondence between tests and con�dence sets,the lower con�dence bound on �3 � �1 is �1 regardless of data.The motivation for this third approach is presumably to take advantage of the powerof isotonic regression when �i is suspected to decrease as i decreases from k to 2: However,even though the validity of the DR method does not depend on the validity of this suspicion,the simulation results described in Section 2.3 indicates the DR method takes advantage ofthis suspicion when it is true to much the same extent that Williams' test does.Finally, sampling as well as con�dence set construction can proceed in a stepwise manner.First the control group and dose k are sampled. If dose k is found to be e�cacious, dosek � 1 is sampled, and so on. Failure to declare a dose i to be e�cacious renders samplingat doses lower than i unnecessary. This modi�ed method has the distinct advantage ofreducing the exposure of patients in clinical trials to possibly ine�ective doses. To analyzethis stepwise sampling plan, the DR method is modi�ed so that t�;�i �̂i replaces t�;� �̂ in11



comparing �i with ��1; where �i = n1 +Pkj=i nj � (k � i+ 2) and�̂2i = Pn1a=1(Y1a � �Y1)2 +Pkj=iPnjb=1(Yjb � �Yj)2�i :2.2 An exampleTo illustrate the DR method and its di�erence with Dunnett's method and the MPGNmethod, consider the data in Table 1, taken from Ruberg (1995). If � = 7; then Table 2Table 1: Sample dose-response dataDosage Sample Mean Std. dev.Group (mg/kg) size response response1 0.0 6 25.5 2.62 0.5 6 23.9 4.03 1.0 6 27.7 3.34 1.5 6 33.4 2.35 2.0 6 40.5 10.56 2.5 6 57.9 9.97 3.0 6 74.4 14.68 3.5 6 73.4 7.69 4.0 6 73.5 4.510 4.5 6 76.2 7.9shows the 95% lower con�dence limits on �i��1, i = 2; : : : ; 10; given by the three methods.(Note that, for compatibility, the inference given by the MPGN method is presented in termsof its associated con�dence bounds, as described in Bo�nger, 1987, and Section 3.1.1.2 ofHsu, 1996). Thus, whereas both Dunnett's method and the MPGN method �nd Doses 6,: : : ; 10 to be e�ective (with an dMED of 2.5 mg/kg), the DR method �nds Doses 5, : : : ; 10to be e�ective (with an dMED of 2.0 mg/kg).2.3 A simulation comparison of methods for dose response studiesA simulation study was conducted to compare the behavior of the DR method with meth-ods based on linear contrasts, Helmert contrasts, reverse Helmert contrasts, and Williams'test (as described in Tamhane, Hochberg, and Dunnett 1996). For each of four meancon�gurations with k = 6; 10,000 multivariate normal random vector with the identityvariance-covariance matrix were generated. Figures 1-4 compare the distributions of MEDsinferred by the �ve methods. The graph in the upper left corner of each �gure shows thetrue response corresponding to each dose level, with �1+ � indicated by the horizontal line.In these �gures, an inferred MED of dose level 7 means none of the dose levels is inferredto be e�ective. The nominal error rate � was 5% for all our simulations.The �rst two �'s are monotonically increasing, for which all �ve methods control theerror rate. For these two �'s the methods can be compared In terms of how close the12



Table 2: 95% simultaneous lower con�dence limits on �i � �1Group Estimated DR MPGN Dunnett'sdi�erence di�erence method method method2� 1 �1:6 { �11:52 �12:733� 1 2.2 { �7:72 �8:934� 1 7.9 0.40 �2:02 �3:235� 1 15.0 7.00 5.08 3.876� 1 32.4 7.00 7.00 21.277� 1 48.9 7.00 7.00 37.778� 1 47.9 7.00 7.00 36.779� 1 48.0 7.00 7.00 36.8710� 1 50.7 7.00 7.00 39.57inferred MED is to the true MED.For linearly increasing response � = (1; 2; 3; 4; 5; 6) and � = 1:5; a method commits anerror only if it infers MED = 2. Figure 1 shows that the linear contrast method, Williams'test, and the DR method do well, while the methods based on Helmert contrasts and reverseHelmert contrasts tend to infer an MED that is somewhat larger.For logarithmic response � = (0:00; 2:08; 3:30; 4:16; 4:83; 5:38) and � = 2:7; a methodcommits an error only if it infers MED = 2. Figure 2 shows that Williams' test and theDR method do well, while methods based on linear, Helmert, and reverse Helmert contraststend to infer an MED that is somewhat larger.For inverted-U response � = (1; 2; 3; 4; 8; 2) and � = 1:5; a method commits an error ifit infers any dose level i (2 � i � 6) to be the MED. Figure 3 shows that Williams' test andmethods based on linear and reverse Helmert contrasts have very excessive error rates.For U-shaped response � = (7:0; 3:5; 0:0; 2:0; 4:0; 6:0) and � = 0; a method commits anerror if it infers any dose level i (2 � i � 6) to be the MED. Figure 4 shows that the methodbased on Helmert contrasts has rather excessive error rates.In short, the DR method does about as well as the best method for each of the responseshapes studied but is the only method that always controls the error rate. Also, the othermethods are not con�dence set methods. They are testing/decision-making methods, and wehave compared the DR methed with them in that context. But, the DR method additionallyprovides a con�dence bound for the �rst none�ective dose. Or, if all doses are deemede�ective, the DR method provides a lower con�dence bound on how e�ective they are.None of the other methods provide this additional inference.A separate simulation study was conducted to see whether the DR method takes advan-tage of suspected monotonicity in the response, compared with Dunnett's method and theMPGN method which do not. For linear response with � = (1; 2; 3; 4; 5; 6); 10,000 multi-variate normal random vectors with the identity variance-covariance matrix were generated.Suppose � = 1:5; then dose levels 3 - 6 are truly e�ective. Since all three methods controlthe error rate, we compare them, in Figure 5, in terms of the distribution of the numberof truly e�ective doses they infer. As can be seen, the DR method does take advantage13
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of suspected monotonicity in the response, tending to infer more truly e�ective doses ase�ective than the MPGN method and Dunnett's method.
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 Figure 5: Histograms of numbers of truly e�ective doses inferredThe DR method makes an inference of the form, \all doses greater than dose i are e�ec-tive." It is not designed to detect e�ective doses in the middle of an inverted-U (umbrella)response such as in Figure 3. Dunnett's and the MPGN methods could identify such asubset of e�ective doses. If an inverted-U response is suspected, the DR method shouldnot be used, although it will maintain the correct error rate in this case, as in all cases.Dunnett's and the MPGN methods are not stepwise methods and would not possess theadvantages of stepwise sampling described at the end of Section 2.1. A stepwise method,similar to the DR method, that would be appropriate for inverted-U responses is describedby Berger and Boos (1997).3 Toxicity StudiesConsider toxicity studies designed to assess the safety of a substance at various dose levels.Let �1 be the mean response of the negative control (placebo) group. Let �2; : : : ; �k�1 be18



the mean responses of k � 2 dosed groups, and let �k be the mean response of a positivecontrol group which is typically included in a toxicity study. Toxicity analysis is an examplewhere the desired inference is practical equivalence between �i, i = 2; : : : ; k � 1; and �1:The rationale for the inclusion of a positive control group is that, if the study fails to detectsigni�cant di�erence between the positive and the negative control groups, which are knownto be di�erent, then any lack of observed signi�cant di�erence between a dosed group andthe negative control group may be due to failed experimentation instead of closeness of theirmean responses. Suppose �i can be considered equivalent to �1 if �1 < �i��1 < �2:Withoutloss of generality, we can assume ��1 = �2 = � > 0 (for otherwise we can base our inferenceon �Yi� �Y1�(�1+�2)=2, i = 2; : : : ; k�1:) Then �c1 = f�k > �1g and �i = f�i��1 2 (��; �)g,i = 2; : : : ; k � 1.Under a one-way model, ( �Yk � �Y1 � t�;� �̂p1=ni + 1=n1;1) obviously is a 100(1 � �)%con�dence interval for �k � �1 directed toward f�k > �1g: For i = 2; : : : ; k � 1, letD�i = minf �Yi � �Y1 � t�;� �̂q1=ni + 1=n1; 0g;D+i = maxf �Yi � �Y1 + t�;� �̂q1=ni + 1=n1; 0g:Then, Di = 8><>: (D�i ;D+i ); if D�i < 0 < D+i ;[0;D+i ); if D�i = 0;(D�i ; 0]; if D+i = 0;is a 100(1��)% con�dence interval for �i��1 (cf. Berger and Hsu, 1996). Therefore, using(1), if we let Ci = ( Di; if Di � (��; �);DiS(��; �); otherwise;then Ci is 100(1��)% con�dence interval for �i��1 directed toward (��; �). We now showmaxi=2;:::;k�1maxf�D�i ;D+i g is a 100(1��)% upper con�dence bound for maxi=2;:::;k�1 j�i��1j, and this con�dence bound will be used at the last stage of the stepwise procedure. Letj be such that j�j � �1j = maxi=2;:::;k�1 j�i � �1j. If �j � �1; thenP ��j � �1 < maxi=2;:::;k�1�Y i � Y 1 + t�;� �̂q1=ni + 1=n1��� P ��j � �1 < Y j � Y 1 + t�;� �̂q1=nj + 1=n1�= 1� �:A similar proof holds for the case of �j < �1:Our stepwise con�dence set method (which we shall refer to as the TX { for toxicity {method) is as follows. Step 1If �Yk � �Y1 � t�;� �̂p1=nk + 1=n1 � 0then assert �k > �1 and go to Step 2;else assert �k � �1 > �Yk � �Y1 � t�;� �̂p1=nk + 1=n1 and stop:19



Step 2If D2 � (��; �)then assert �2 � �1 2 (��; �) and go to Step 3;else assert �2 � �1 2 C2 and stop:Step 3If D3 � (��; �)then assert �3 � �1 2 (��; �) and go to Step 4;else assert �3 � �1 2 C3 and stop:...Step k � 1If Dk�1 � (��; �)then assert �k�1 � �1 2 (��; �) and go to Step k;else assert �k�1 � �1 2 Ck�1 and stop:Step kAssert maxi=2;:::;k�1 j�i � �1j < maxi=2;:::;k�1maxf�D�i ;D+i gand stop.To better understand how this stepwise method operates, let Step M (1 � M � k)be the step at which the stepwise method stops. If M = 1; then the sensitivity of theexperiment is inadequate, and a lower con�dence bound (which is negative) for �k � �1 isgiven. If 1 < M < k; then a con�dence set for �M ��1 which contains (��; �) is given, andthe con�dence intervals �i��1 2 (��; �) for i = 2; : : : ;M � 1 are given if M > 2: If M = k;then a common con�dence interval for �i � �1, i = 2; : : : ; k; which is entirely contained in(��; �) is given.Recall from Section 2 that, instead of Theorem 1, the DR con�dence set can be al-ternatively derived by partitioning the parameter space, applying an appropriate familyof tests to each subspace, then invoking the connection between tests and con�dence sets.This same technique can be used to alternatively derive the TX con�dence set, with eachsubspace in the partition being the subspace that a step of the TX method seeks to ruleout (e.g., f�2 � �1 � ��gSf�2 � �1 � �g in Step 2), then applying tests appropriate foreach subspace.
20



3.1 Comparison with other approachesA common practice of analyzing toxicity data for both carcinogenicity and systematics isto test the hypotheses of equalities between the negative control (placebo) group and thedosed groups, H=0i : �i = �1 versus H=ai : �i 6= �1;(12)for i = 2; : : : ; k; with a small p-value associated with Hk and large p-values associated withHi; i = 2; : : : ; k � 1; adjusted for multiplicity, taken as evidence of safety. This is unrea-sonable because p-values do not provide quantitative information. In fact, regarding car-cinogens, the U.S. Environmental Protection Agency (EPA) states, \There is theoreticallyno level of exposure for such a chemical that does not pose a small, but �nite, probabil-ity of generating a carcinogenic response," i.e., the EPA's position is all H=0i : �i = �1,i = 2; : : : ; k � 1; are false a fortiori. Thus, when toxicity studies are formulated as in (12),non-carcinogenicity of any substance can be contradicted by conducting a well controlledexperiment with a large sample size. On the other hand, under this formulation, safety ofany substance can be concluded by conducting a small, sloppy experiment which includes apotent positive control. A signi�cant p-value associated with the positive control does notlend support to the interpretation that non-signi�cant p-values indicate practical equivalencebetween the associated treatments and the control; it merely indicates �k � �1 2 (0;1):Adequate \power" designed into a study lends at most partial support, because the \power"of a test of homogeneity includes the probability of directional errors. Even if the samplesize were computed to ensure that all su�ciently large di�erences are detected in the rightdirection (cf. Appendix C of Hsu, 1996, for such computations), there still needs to be alinkage analysis quantifying the consequence of error in the speci�cation of � in the samplesize computation on the multiple comparison inference, which we have not seen done. Werecommend taking the direct approach of the TX method. (Perhaps, the � that would havebeen speci�ed in the sample size calculation as the di�erence which should be detected withadequate \power" can serve as the � de�ning practical equivalence.)For a single dose i in a general toxicology setting, Stallard and Whitehead (1996) pro-posed, in e�ect, to conclude j�i��1j < � if a 100(1�2�)% con�dence interval for �i��1 iscontained in (��; �): Note however, as Theorem 5 of Berger and Hsu (1996) shows, unlessthe con�dence interval is equal-tailed (as Di is), the probability of an incorrect conclusionmay be higher than �:If the establishment of equivalence between �i; i = 2; : : : ; k � 1; and �1 were posed astesting the hypotheses H 6=0i : j�i � �1j � � versus H 6=ai : j�i � �1j < �;then Dunnett's (1955) two-sided simultaneous con�dence intervals for �i��1 or their step-wise version by Bo�nger and Bo�nger (1995) can be used to assess whether �i��1 2 (��; �),i = 2; : : : ; k � 1: But either method may declare a noncontiguous set of doses as safe.Hauschke (1997) and Neuhauser and Hothorn (1997) have formulated the comparisonsof �2; : : : ; �k�1 with �1 in toxicity studies as tests of the one-sided hypothesesH�0i : �i � �1 � � versus H�ai : �i � �1 < �:21



Table 3: Spleen weight (in grams) of male ratsTreatment Dosage Sample Mean SEMLabel (mg/kg per day) Size Weight Weight1 = None (Saline) 0 20 147.6 8.82 = Oral rIGF-I 0.01 20 147.2 5.73 = Oral rIGF-I 0.1 20 149.6 5.84 = Oral rIGF-I 1.0 20 147.1 6.65 = S.c. Infusion rIGF-I 1.0 10 239.6 17.9In toxicity studies for which this formulation is appropriate, our general con�dence settechnique can be applied with �c1 = f�k > �1g and �i = f�i � �1 < �g, i = 2; : : : ; k � 1:The TX method can be modi�ed, as in Section 2.1, if sampling, as well as con�denceset construction is stepwise. The TX method is modi�ed so that t�;�i �̂i replaces t�;� �̂ incomparing �i with ��1; where �i =Pij=1 nj � i and�̂2i = Pij=1Pnjb=1(Yjb � �Yj)2�i :With this method, failure to declare dose i to be safe renders sampling at doses higherthan i unnecessary. This modi�ed TX method has the distinct advantage of reducing theexposure of patients in clinical trials to possibly toxic doses.3.2 Bovine Growth Hormone Toxicity Study ExampleThe use of bovine growth hormone is controversial (as the articles, both titled \UdderInsanity," in Consumer Reports, Consumer Union, 1992, and in Time magazine, Horowitzand Thompson, 1993, indicate). Writing for the Federal Food and Drug Administration(FDA), Juskevich and Guyer (1990) reported on a number of experiments which did notindicate bovine growth hormones would be harmful if present in milk consumed by humans.A subset of the data from one experiment included in that article gave absolute weightsof various organs measured from control hypophysectomized rats and hypophysectomizedrats treated orally with the peptide hormone Recombinant Insulin-Like Growth Factor-I(rIGF-I). In addition to groups given rIGF-I orally, one group was given a negative \salinecontrol," and another group was given rIGF-I via a subcutaneously (s.c.) implanted osmoticminipump as a positive control. Spleen weights of rats treated for either 17 days by gavageor 15 days by continuous subcutaneous infusion are given in Table 3. (To keep the discussionsimple, data from one group of rats given bovine serum albumin as a negative \oral protein"control are not included here.)Juskevich and Guyer (1990) assessed bovine growth hormone safety by testing the mul-tiple hypotheses of equality (12). Adjusting for multiplicity in accordance with Dunnett's(1955) two-sided method, they reported on the non-signi�cant p-values associated withH=0i; i = 2; 3; 4; and the signi�cant p-value associated with H=05: Partly based on the non-signi�cant p-values of the treated groups (excepting the positive control group) in this and22



other similar data sets presented in their paper, Juskevich and Guyer (1990) stated, \There-fore, the FDA scientists concluded that the use of rbGH in dairy cattle presents no increasedhealth risk to consumers." Apparently, the FDA formulated this safety study statisticallyas a signi�cant di�erence problem: the substance is considered safe if there is no statisti-cal evidence that it causes any change. However, a large p-value associated with a test ofequality does not necessarily imply that the di�erence is close to zero.We believe that the comparison of the three levels of orally fed bovine growth hormonewith the saline control should be formulated as a practical equivalence problem: Weight gainsin rats given any growth hormone are close to weight gains of rats given the saline control.Juskevich and Guyer (1990) did not describe any sample size computation to suggest anappropriate �: Table 4 shows individual 95% con�dence intervals for �i � �1; i = 2; : : : ; 5(Di for i = 2; 3; 4), 95% TX simultaneous con�dence intervals assuming � = 25; and 95%Dunnett simultaneous con�dence intervals. Thus, for � = 25; the TX method is able toinfer practical equivalence, while Dunnett's method is not.Table 4: Individual and simultaneous 95% con�dence intervals on �i � �1Group Individual TX Dunnett'sdi�erence interval interval interval2� 1 (�18:43; 17:63) (�20:03; 20:03) (�27:51; 26:71)3� 1 (�16:03; 20:03) (�20:03; 20:03) (�25:11; 29:11)4� 1 (�18:53; 17:53) (�20:03; 20:03) (�27:61; 26:61)5� 1 (69:91;1) (0;1) (58:80; 125:20)
4 Concluding RemarksThat some simultaneous inferences need no multiplicity adjustment has been perceived,in the hypotheses testing setting, as a consequence of the closed testing approach. Wehave shown that the reason is more fundamental: if the sequence of individual inferencesis prede�ned, and failure to achieve the desired inference at any step renders subsequentinferences unnecessary, then con�dence sets for such inferences can be obtained withoutmultiplicity adjustment.Deciding what doses are safe and e�ective are inherently decision problems. For theseproblems, the most relevant quantity to consider is the probability of making an incorrectdecision, which is not necessarily the same as arti�cial constructs such as the familywiseType I error rate. As we have demonstrated, careless formulation of these problems as testsof equalities have led to statistical methods which do not control the probability of makingan incorrect decision. A better approach is to state the desired inferences �ci on whichcorrect decisions depend, and then act as one would when � 2 �ci only if a con�dence setC(Y ) for � is contained in �ci :
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