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SUMMARY

A computational method is described for calculating the free vibrations of thin finite
cylindrical shells with a surrounding fluid gap. The surrounding fluid may have an axial
steady velocity. The method can be used as an aid in vibration analysis of thin-walled
cylindrical parts of reactor core and coolant circuit structures.

The influence of axial flow velocity on the free vibrations of a finite cylindrical shell
has been studied theoretically and experimentally by Paidoussis and Denise, J. of Sound
and Vibrations 20 (1972) No. 1, 9-26. The theoretical analysis in this publication relies on
a numerical evaluation of the complete infinite series solution of the equation of motion
for the shell and implies a considerable amount of difficult iterative work.

In the present paper an alternative computational method is described, based on a Ray-
leigh-Ritz procedure and utilizing a series of beam functions for the radial displacement
amplitude of the shell. The linear matrix equation for the vector a of unknown displace-
ment amplitude coefficients resulting from this procedure has the following form

(S+5* +iQ,B— Qi (M+M*)a =0

where Q, is the dimensionless frequency and the matrices S*, B and M* discount the in-
fluence of the fluid. Once formulated, the above matrix equation can be solved in a very
straight-forward way.

The influence of all types of so-called regular boundary conditions for the shell is taken
into account, thus allowing for all possible combinations of clamped, simply supported,
fixed supported, relaxed simple supported and free edges. For an originally motionless
fluid a simplified method has previously been proposed by one of the authors SMiRT-3,
Paper F8/4), using only the first term in the series solution for the radial displacement
amplitude of the shell. It was pointed out that sometimes numerical difficulties could oc-
cur and resulted from negative added fluid masses. In order to avoid these difficulties a
revised fluid-shell model is introduced in the present paper in which a rigid cylinder with
the same radius as the outer radius of the cylindrical shell is added to each side of the
cylindrical shell. Next, a series of travelling waves with different wave lengths in the axial
direction is created, the sum of which satisfies the desired boundary conditions for the
cylindrical shell and the condition of zero displacement for the rigid cylinders.

For an originally motionless fluid, the influence of the coupling effect between the dif-
ferent beam functions is analysed numerically and a comparison is given with experimen-
tal evidence.

For a fluid with an axial steady velocity, the above computational method is applied
to the clamped-clamped and the clamped-free shells analysed by Paidoussis and Denise
and a good qualitative agreement could be observed.
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Introduction

The calculation of the free vibrations of circular cylindrical shells of finite length
with and without fluid has been of interest to engineers and scientists for a long time
An excellent survey and discussion of the literature on the free vibration problem of

eylindrieal shells without fluid has been given by Leissa [ﬂ,

The free vibrations of a finite cireular eylindrical shell with an originally motionless
fluid heve been treated a.o., by Berry and Reissner [2] , Bentley and Firth [3] , Chen [4]
(internsl fluid column) and by Levin and Milan [5] and Van Cempen and Huétink [6]
(external fluid gap).

The studies in [2] , [3] , [4] ana [5] are restricted to so-called shear diaphragm
boundary conditions at both ends of the shell, thus considering only travelling waves

of goniometrical form in the axial direction of the shell. The influence of different
boundery conditions (es for a clamped-free shell) is accounted for in [6] . The
computational model of [6] will be revised in the present paper to overcome numerical
difficulties which could sometimes occur and resulted from negative added fluid masses.
In the revised fluid-shell model, shown in fig.1, & rigid cylinder with the same radius
as the outer redius of the inner shell is added to each side of the cylindrical shell and
e geries of travelling waves in the axial direction is created, the sum of which satisfies
the desired boundary conditions for the cylindrical shell and the condition of zero

displecement for the rigid cylinders.

The influence of axial flow velocity on the free vibrations of & finite cylindrical shell
has been studied theoreticelly and experimentally by Paidoussis and Denise [7] .

The theoretical enalysis in [7] relies on @ numerial evaluation of the complete infinite
series solution of the equations of motion for the shell and implies & considerable amount
of difficult iterative work.

In the present paper an alternative computational method is described, based on a
Rayleigh-Ritz procedure and utilizing a series of beam functions for the radiasl dis-

placement amplitude of the shell.

The most important cylindricel shell notations are visualized in fig.1. The solution for
the displacements has to be periodically with respect to the dimensionless circumferential
coordinate g and therefore is written as follows

u = Un(a)cosnﬁ e ot , V= Vn (a)sinng elwnt , W= Wn(a)cosns etupt (1)

where Un(a), Vn(a) and Wn(a) are unknown functions of the dimensionless axial coordinate

a = x/R, whereas @, is an unknown frequency and t denotes the time. The a dependent

displacement functions are choosen as

M M M
= t = =

U (a) I AL X (wa), v (a) = 2 Aemxm(umot), Wn(a) I
m=1 m=1 m=1

A3mxm( u o ) (2)
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where Ay (i =1,2,3; m = 1, ... M) are unknown amplitude coefficients, while Xm(umd) is the
mth eigenfunction of & free transverse vibrating beam witl the same length, having similar
boundary conditions. w is the leading paramet r occurring in the characteristic equation
for the beam, whereas an accent denotes a differentiation with respect to o.
The displacement solutions (1) end (2) are substituted int> the virtu.l work equation for
the shell, which is based on & modified energy functional for thin, e astic, homogeneous
and isotropic cylindrical shells as proposed by Koiter [@ . From the resulting quation
the following linear algebraic equetions for Ajm can be derived

2 g I:D]f;— oy Dli““ni] By = 0

ko (3)
( =1,2,3; k=1,2 .., M)

where the coe ficients ng end D? depend on n, Poisson's ritio Vv , t e ratio h/R and the

integrals
1R l{R 1{R
J 1 ' "
, X, X, da, . Xy X! da, , x5 X do (4)

2
v 02 R2 wnz, E being Young's

. L . 2 _
while §.. = 1if J end 0 if i # j and Qn = <

1)
modulus and ps the specifie mass of the shell.
For non-trivial solutions, the dete minant of the coefficints, resul .ing from eqs. (3) has
to be set equal to zero. As a result, a 3Mth order charact:ristic equ ion for an is
obtained. The above result differs f: om the solition presented by one of the authors at the
previous SMiRT conference [6] in that a coupling effect between the d fferent be m functions
is accounted for. The numerical consequences of this effect are given in table 1 for the
clamped-free cylindrical shell investigated by Resnick and Dugundji [ﬂ , using an energy
method equivalent to Reyleigh-Ritz, he first beam functio and Sande s shell theory [10] .
Is is conclud d that the case M = 2 satisfies f>r most practicel purp ses from the
computational point of view.

The equation (3) can be written in m rix notation as foll ws

2
(8 -9 “Ma=0 (5)
n = km km
where S contains the elements Dij ,» M contains the elements Di and a is a vect r with

elements Ajm (j = 1,2,3; m= 1,2 .. M).

3.The influence of an incompressible fluid.

The fluid is assumed to be invisecid, rotation-free, incompressible and non-heat-conducting.
A velocity potential ¢ is introduced for the disturbed fluid motion, satisfying the
boundary condition

(3¢ =g ¥ 9w
3! 0=1" B3 * U g (6)
at the cylindrical shell, UL being the steady flow velocity and p the dimensionless radiel
coordinate r/R.
The governing equation for ¢ is Laplace'sequation, the generel solution of which is taken
iw t
as
¢ = ¢n(a,p) cos nBe ©° (7
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with Ao A

9, = § (AJ. e"J" + Bie T ) [Dj I, ()\J.p) +E Y, (Ajo)] (8)

where Jn and % are Bessel functions of order n, }j is an unknown parameter and Aj’ BJ’

Dj and Ej are arbitrary constants to be determined from boundary conditions.

For a clamped-clamped shell with an originally motionless fluid (UL= 0) the above solution

has been worked out in [d directly by satisfying the boundary condition (6) in which ¢

andy can be replaced by the expressions (8) for ¢n and (2) for wn,respectively. As a

result a particular set of values of Aj’ Aj and Bj was obtained.

The remaining constants Dj and Ej were found in [6] by satisfying in addition the condition
(%) p=Ro/g _° (9)

at the rigid outer cylinder. It can easily be seen that the method presented in Rﬂ is

applicable to all types of so-called regular boundary conditions for the shell, i.e.

clamped, simple supported, fixed supported, relaxed simple supported and free edges.

During the presentation of [6] at the previous SMiRT conference numerical difficulties were

mentioned which could sometimes occur and resulted from negative added fluid masses.

Basically these difficulties are caused by the fact that the above direct method of

solution is not capable of satisfying boundary conditions for the fluid in the planes

o= 0 and o = l/R. Consequently unrealistic fluid pressure distributions could occur near

those planes. Fig.2 shows an example of such a pressure distribution.

In order to avoid the difficulties mentioned above a revised fluid-shell model is intro-
duced in the present paper. The leading philosophy behind this model is that, in an
unbounded fluid ares, no disturbing influence due to shell vibrations can be observed at
a sufficiently large distance from the shell.

As indicated in fig.1, a rigid cylinder, with the same radius as the outer radius of the
inner shell, is added to each side of the cylindrical shell, resulting in a totel length
1, of the revised cylinder. The dimensionless axial coordinate o is replaced by the
coordinate ax shown in fig.1.

On behalf of the philosophy mentioned above, the pressure distribution in the boundary
planes ax = 0 and a* = lL/R can be assumed to be approximately uniform.

As a consequence, the boundery conditions in the planes u* = 0 and a* = %E for the velocity

potentiael may be approximated by
1
. L
6 =0 if o =0 ana of = L/ (10)

The general solution (8) satisfies the boundary conditions (10) if

A, =i 4R s A. = -B. = (say) 0.5 (j = integer) (11)
J 1, J J
In that case the coefficient ¢n of the velocity potential becomes
. % . .
O = g sind™R | 1 (d2EBy 4 g g (d2ER) (12)
j Jn 1 Jn

in which In and Kn are the modified Bessel functions of order n, while Dj and Ej are

constants to be determined from the boundary conditions (6) and (9).
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In view of (12), the right-handside of (6) is developed in a Fourier sine series with
respect to o*. After using (1), (2) and (7), the following modified boundary condition is
obtained
3¢n N igpo® M 2R % *
(3 = r stz oag B o(mie A% ey R (13)
p=1 =1 L o= = J J
where
axz £ 0‘*2 *
A2 [ ox sindTBE g% 3 * o oy gipdTRR g% (14)
J o ov,* m 1 Jm ok m

For given values of j, m and R/1L and for given boundary conditions for the inner

cylindrical shell at o * and o X

, the integrals A.* and B.=t can be evaluated numerical~
1 2 Jm Jm

ly.
Nc;w, the constants Dj and Ej can be determined from the boundary conditions, resulting in

the final solution for the velocity potential ¢.

The pressure p due to the disturbed fluid motion can be obtained by linearizing

Bernoulli's equation with respect to ¢

p=-g (+u 3 (15)

vhere o is the specific mass of the fluid.Substitution of the solution for ¢ into this

equation leads to the following expression for p

p= pn(ot,p) cos nB e unt (16)
where
M ® o0
2 * . * x % %
= - [ J . . . . +

Py T7PL m; A3m[ wp R I A7, Sitep ey U j: B5n 83{0np) + A7, 85(che)}

2 o % %

+ U I B, S,

LR;Z 5m slose) (17
with
s_(u*p)=_2 . ]'TTR(!*
(%% e sin( 1 -) (18)

In the latter expression the index I denotes a differentiaation with respect to the argument.
The influence of the fluid on the free vibrations of the shell can be established by
assessing the virtual work of the pressure p at the shell surface and adding the result to
the right-hand side of the virtual work equation for the shell. The linear equations for
Ajm resulting from the extended virtual work equation e¢an be written in matrix form as

follows

—

s+sf+inB-0fmM+u)Na=o (19)

where the matrices g*, B and f discount the influence of the fluid. In the notation of
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eqs. (3) the matrices §?, B and M# have only non-zero elements at positions corresponding

with the elements D33km.

Once formulated, the matrix equation (19) can be solved in a very straight-forward way.
Consequently, it is believed that the above computational method is much easier for

practical use by engineers then the method described in [ﬂ .

Results and discussion,

The computational method described in the preceding section will now be applied to the
clamped-free rubber shell analysed by Paldoussis and Denise [7] and conveying an internal
fluid flow and an external fluid with UL= 0.

The cylinder and the fluid have the following geometrical and physical characteristics:

1/R = 12.9, h/R = 2,29 x 1072, v = 0.50, pr/pg = 0.13Th x 1072,

Calculations of the frequencies as functions of the flow velocity were conducted for n=1,2.
The ratio lL/l and the value of M have been teken equal to 2 and 3, respectively.
Lower values of M did not lead to acceptable results. The results are shown in fig.3,

plotted in the frequency plane with the dimensionless flow velocity

U = UL/ {E/ [ps(]—v2)1 }% as a parameter. For U # O the frequencies are complex. As can

be seen the results based on the computational method described before gre in fair
qualitative agreement with the results obtained by Paidoussis and Denise [ﬂ . For small U
the system is damped in all modes, the frequencies heving positive imaginary parts. For
higher U, however, the modes corresponding to the second Qn value become less damped and
the corresponding frequency curves eventually cross the real axis at points where the real
parts of the frequency are finite, establishing the existence of unstable oscillations
which are called flutter,

It is remarked that the frequency behaviour for clamped-clamped shells is somewhat different
in that the frequencies remain real at low U values. Again a fair qualitative agreement

could be observed with the results obtained by Paidoussis and Denise.
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206
280
379
kg5

PRESENT PAPER 2)
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M= 3,
m=1,2,3

4026
2176
1230
75
551
65
uTh
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Exact
M= L; aolution
m=t,2,3,4 Morley-

Koiter eqg.

Ml
187 -
L6k us6
237 233
177 115
206 203
280 279
311
ugh
HN= b
w=1,2,3,U4
koot
2160
1226
73
550
46l

TABLE 1. THEORETICAL ASD EXPERIMENTAL FREQUENCIES (cps.) FOR A CLAMPED-FREE SHELL;
1/R = .13, R/h @ 415, h = 0.178 mm (= 0.0070 in), E = 0.683 x 10'! N/n?
(= 9.9 x 106 pai), v = 0.3, pg ® 2T1h kg/m3 (= 2.5k x 107 1besec?/in).

1) Sanders eq.

¢) Morley-Koiter eq.
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Figure.3 ARGAND DIAGRAM OF THE DIMENSIONLESS FREQUENCY
8y AS FUCTION OF THE OIMENSIONLESS FLOW
VELOCITY U FOR A CLAMPED-FREE SHELL.



