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ERRATA SHEET

Notation 92(3) will mean page 92, line 3 .

iv(18) Replace m = my by w = [ | .
u(12) Replace 2 by z
6(11) Replace /N ¥0, by /NN .
N1“2 , Nl*Nz )
13(2) Replace mm, - my < 0by mm, - ms >0 .
19(9) Read N(eg) as N, -
a? a2
21(5) Replace (1~ = by (1 - E) .
21(6) Replace 28 by aB
22(1) Read as b L e
. THE

23(1) From - %ﬁ to the end of 1line 2, is to be enclosed in square

h brackets.
2L(6) Put ) after —5 .

n
27(1y) Put ~s between I, and I,q
29(18) Replace f(x) by ’f(x)‘ and 0 <c <o byO<ec<oo
WR(7) Insert a multiplier ?n on the right .
51(5) Replace 16 by 6L . (and this corresponds to p = 2.)
62(9),113(7) Replace nmy - by !nt‘ .
62(18), 92(3), 115(7) Replace m, by ‘ m3|
69(15) Replace l¢(t)-¢(t)l by |d(t) - (tﬂ
70(1k), 88(16) Replace e™Y by ™' .
81(9) Put dy after Km(v) .
85(7) Read W (v) = .
90(5) Replace Y by X .

103(5) Read % as = .
119(15)  Replace V >mm, by |V| > l nm3| .

135(11) Replace e 2 by e 2 .
139(18) Replace suffices by suffixes .
140(6),(10) Replace r by vy .

73 251J
141(6) Replace—~—?— by
%i3 0 Cig

142(9) Read (. as J(. and 145(7) Read o9 as oz, .
i 1 z4 i
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Wo scientific investigation can be finalj

it merely represents the most probable
conclusions which can be drawn from the

data at the disposal of the writer. A
wider range of facts or more refined
analysis, experiment and observation will
lecad to new formulae and new theories.

This is the essence of scientific progress.”

Karl Pearson 1898
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INTRODUCTTON®

In his paper "On a statistical problem arising in the classi-
fication of an individual into one of two groups" [~50_72, the late

Professor /braham Wald made an attempt to put the theory of discrimi-
nant functicns on rigorous mathematical foundations. He demonstrated
by using very ingenious geometrical arguments spread out over several
* lemmas that a function V = nt/ ["(;—ml)(l—mg)-mg _7 can be taken as

the classification statistic instead of /N1N2 U, where

P D /1
U= 3 2 s13zi(§j-§j) is the usual discriminant function with the
i=1 j=1

population parameters replaced by their sample estimat es, and N1 and N2
are the sizes of the two samples from the two p-variate normal popula~-
tions, and n = Ny, + N, - 2. Wzld also obtained the joint distribution
of my, m, and my = f(ml, LY mB).

It would be desirable to obtain, in a usable form, the distri-
bution of V from f(ml, m,, m3). Such a simplification appears
extremely difficult. It is related to the problem of the non-central
Wishart's distribution for which T. W. /nderson and M. ‘. Glrshick
were ahle to obtain manageable expressions only for two or less

variables. It seems that this general distribution of the discrimi-

nant function, or the classification statistic as Wald calls it,

lSponsored by the 0ffice of Naval Research under the contract for
research in probability and statistics at Chapel Hill. Reproduction in
whole or in part is permittzd for any purpose of the United States Gove=.
ernment. '

°The numbers in square brackets refer to the bibliegraphy listed
at the end. :
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would involve the figurative distance, A, between the centers of the
two populations. One approach to this highly involved distribution
would be to obtain‘a series of powers of A with each coefficient in-
voiving n and p. The present work is chiefly concerned with the
examination of the first term of this series with special attention
to its value when n 1is large.

In the first cha ter of the present work, a brief historical
introduction to the theory of discriminant functions is fellowed by
a mathematical formula ion of the problem following Wald. The re-~
sults obtained by him and also by some subsequent workers on the prob-
lem are briefly described.

The next two chapters deal with thé problem of finding the dis-~
tribution of V 1in the null case, by supposing that n = N1+N2 -2
is a laree number. Explicitly this problem can be stated as follows:

p-3  n-p-l
2

=
T
=

dmldmgde

vihere M =1”m1 m.3 *y  to find the distribution of V suitable
l

Given f(ml,mz,mB)dmldm24m3= Const. |

LMy M

for large n.

It will be noticed that the sample sizes, N, and N,, do not
separately occur in the Joint distribution and the assumption that n
is large, which is obviously milder than the assumption that N1 and

N2 are both large, introduces certain simplifications. One simplifi-

cation that is obtained is that the statistic itself avproximates nm3
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because of the order in probability of the variables entering inﬁo the
distribution. The same assumption entails simplifications both in the
integrand and in the domain of integration.

In the second chapter, which can be regarded as dealing with
the mathematical aspects of the prcblem, methods have been developed
which will enable us to evaluate triple integrals giving the moments
of v= ‘nm3‘ « An upper bound to the error in using these simpli~
fications is also worked out which enables us to vut reliance in the
approximations in suitable cases.

The third chapter deals with the asymptotic distribution prob-
lem. After finding an expression for the kth moment of v, we obtain
the asymptotic distribution of v both for even and for odd values
of p. For even values of p, the uniqueness of the distribution, which
iéfdbtained by the help of its moment generating function, is also es-
tablished. For odd values of p, use had to be made of an integral
equation due to S. S. Wilks /755_7; and, because of the fact that we
are considering only the principal term in the kth moment ef v, the
uniqueness of the result cannot be guaranteed. This section is tﬁere-
fore preéented on a heuristic basis and has to be left for further
discussion and rigorization.

In Chapter IV we have obtained an asymptotic series for the dis-
tribution of w = ’mB[ , which is proportional to v. This is done
by observing that for a fixed w the range of integration for my and

m, is a lenticular region enclosed by two hyperbolic arcs in the plans,



w = a constant. Integration is carried out over this region by using
suitable transformaticns, and the first three terms of the asymptotic
series are obtained. For thé first approximation, we have also dis-
cussed the method of finding the tail areas.

Chapter V deals with the special case N, + N, = 20, p = 3.
-In this case, the first seven moments of V are found, and use is
made of the inequalities due to Tchebycheff and Markeff in setting up
bounds on probabilities of the type P(V.E £). These limits are rather
crude due to the fact that a small number of moments is being used.
The example, however, illustrates ene way of proceeding to discsver
something about an unknown distribution when its first few moments are
known.

Chapter VI contains a few remarks on the non-wull cass., It
-starts with expressing the joint distribution of my, My, and m3 dis~
cussed by Sitgreaves /L5 / in another form suiteble for large n.
This chapter also contains a brief discussion of the asymptotic distri-
bution of U for p = 1, In the next section we exemplify the differ-
sntial method by finding the mean and variance of U. The concluding
section of this chapter deals with finding the variance of the linear

discriminant function when the samﬁling fluctuations of the means are

t&ken into account. In the last chapter are listed a few unsolved prob-

lems related to the problem of classification.



CHAPTER I

A PROBLEM OF CLASSIFICATION CONSIDERED BY WALD

1. Introduction.

The problem of classification is the problem of assigning an
individual (or an element), on which & set of measurements is avail-
able, to one of several groups or populations. The problem admits
a simple solution when the distributions of measurements in the al-
ternative populations are completely knewn or what is the same thing
as saying that the sizes of the samples available from the various
populations, on the basis of which we have to make a decision, tend
to infinity, so that the sample estimates of the parameters tend
stochastically to their population values. If, however, the samples
are not large, the problem becomes rather complicated.

Research in this area of Multivariste Andl ysis was started with
‘his introduction of the linear discriminant function by Sir Ronald A.

Fisher /710_7 in 1936. The linear discriminant function is

D = iglfizi, in which 2z = (z, oo zp) is the new observation, and
the coefficients (i’ following Fisher, can be obtained by maximizing
the square of the difference of the expectations of D 1in the two
populations divided by the standard deviation of D, The linsar dis-
criminant function provides the best solution of the problém of classi-

fication provided that,

(1) The number of alternative populations is two,



(2) The form of the distributions in both populations is
multivariate normal,

(3) The parameters are all known,

(4) The covariance matrices of the two populations are equal.

It may be remarked that Welch 1-53_7 observed that even
without making any assumptions of normality or equality of covar-
iance matrices, the problem of obtaining the best function to dis-
criminate betﬁeen two completely speéified populations may be
solved. He demonstrated that the desired function is simply the
ratio of -the two probahility distributions, and the criterian level
to which this function is referred is deduéible either from Bayes!
Theorem with given a priori probabilities or by the use of a lemma
by Neyman and Pearson [-32_7 when the errors for the two hypotheses
are minimized in any given ratio. He proved that under the four
assumptions stated above the funcition obtained in this manner is
identical with the linear discriminant function,

Von Mises Z~31_7 considered the problem of classification
when the number of populations is m, and showed how to subdivide the
sample space into m parts so as to minimize the maximum error of
misclagsification.

Rao.Z'39_7 gave explicit Bayes solutions with given a priori
probabilities or ratios of errors for the alternative populations,
and discussed the construction and use of doubtful reglons and re-

lated problems,



In all these cases it is assumed that the distributions are
completely specified. If, however, as will frequently be the case,
one cannot justify the supposition that the distributions are com-
pletely known, and the only information at hand is what is contain-
ed in the samples available from various populations, we run into
rather complicated distribution problems.

Wald /50 _7 in 194k set out to solve the problem of classi-
fication for the case of two alternative populations. Instead of
using a distribution-free approach he simplified it further by in-
troducing the following two restrictions:

(1) The form of the distributions is multivariate normal.
(2) The two populations have the same covariance matrix.

Though it would be desirable to solve the problem without.
making either of these assumptions, sti11 one can argue that in
many practical problems arising in numerous fields of scientific
inquiry it is not unreasonable to make the two assumptions stated
above.

In this chapter we propose to give 2 mathematical formula=-
tion of the problem, and to state the conclusions of Wald, and of

subsequent workers on the problem.

2. Statement of the problem.
X379 Xyp e e e xlp.\
X . A <
(2.) Let X = 21 2p
X e e . X
Nyl Nlp




(2.2) and Y =

yN 1 » . L] . yN 2 p
N ~

be two random samples from two variate normal populations TTX'
and 7(y both having the same, though unknown, covariance matrix

Z, and different unknown mean vectors

o o= (ul hp o o pp) and
v = (v1 Vo e e vp) respsctively.
. (2.3) Let 7 = (zl Zy eee zp)

be an observation on a new individual which is known to have come
either from 7Tx or from 7Ty’ but is distributed independently
of both x = (x; +is xp) and y = (yl ‘o yp), the two sets of
variates corresponding to 7Tx an@ 7Ty respectively.

On the basis of the information supplied by X, Y and Z the
statistician has to make one of the following decisions;

(1) &y tze ),

(2) d, 12 ¢ 7Ty s

such that if the probability of one type of misclassification is
held fixed, the chance of second type of misclassification is min-

imunm.
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3 As an example of the importax;,ce of this problem we can cone-
gider a candidate applying for admigsion to an institution with
certain test scores. He may have te be accepted or rejected de-
vending on his chances of success or otherwise on the basis of the

scores of candidates admitted in previous years.

L. The statistic proposed by Wald.

(h'v.l) Wald considered as classification statistie

P P o4s |
U= 3 3 so z,(F, - X,) obtained by considering this problem
i=1 j=1 17
as one in testing the hypothesis _HX:- 2 &,'ﬂx against the alternae
tive that
Ht z¢
J -R‘S’
and by replacing the population values of the parameters by their

optimum estimates obtained from the samples in the statistic ob-

tdined by using the fundamental lemma of Neyman and Pearson. Thus

[ 7= Ly 77

where
Moo e
El(xia-xi)(xja-xj)+ il(yiﬁ-yi)(ij-yJ)

Nl + N2 - 2
and
(4v3) X - / - /
R X, = Ix N Vi = 2 ¥, N, .
i a=1 ia/.. 1 i p= 1{3/ 2



The statistic U can be rewritten as

/ N.+N
L.l ' U= / 1 2 Z 5 SlJ
where ‘
- N N
(h'S) . Z? = (y:j“xj / N +N2 3 1, 2 veees P
and where
2 = (zl oo zp)
and

) *

are distributed independently of each other according to p-variate

normal distributions with

-

w if z e 7TX

E (2) =
v if =z ¢
" 7Ty
and
/Ny,
E (Z ) =/ "ﬁ-—" (vau)
1%
and with the same covariance matrix /To,. 7.

ij —

Since the Sij are distributed independently of the set
(zl oo Zp’ zi ces z;), the distribution of U remains unchanged

if we define

(h.é) S, = / n



where

n = Nl + N, =2

and writing (siJ) for (sij)-l s Wald observed that the distri-
bution of U is the same as that of
p p 13

La7) V=3 3 s

t t,
1=1 3=l i,n+l “j,n+2

where the probability element of tia is given by

(1.8) S N T
[} eXp - . +
(2m)ERSEE) T ? ofmlem L&
+2
g (t )2 g (4 )2 / 7? n")‘1' dt
- 4+ -
il 510 I A e B A - ia
where
= p
(L.9) P=(pyPy - v o P

C = t‘ § L] L4 . t
(*1%, p)

are certain functions of Wis ¥y and cij’ i, =1, 2 ... p.
Here Wald introduced two sets of numbers (ul eoe un+2) and

(v, +ee'v_.,) satisfying the relations
1 n+2 &

n¥2 5 n¥2 5 | n+2
(14.10) Zu = Zv =1 and 5 uwv = 0
a=1 ¢ =1 ¢ e=1 ¢ ¢



and using a very ingenious geometrical argument, concluded that the

distribution of Vv is the same as that of

(L.12) 2
(1-m )(]_-m2)-m
where
p
m1 = 2 u?
=l ©
P o9
(hol?) m2 = E Va
a=1
p
m3 = Zuv

and the joint probability distribution of T 5Ty and m3,is given by

\ m
13) 2(mymym, )i, o i 5 F(m,)F ), (——m
( R Vi (Lm, (1my) P "y Vi,

-1,

F (1em,)® )¢ 2
n+2-p 1’ n+2« o +2-p _
v/ ( l-ml)(l-m27

p ?
§.+m2i‘~t.) .

2 hy
m, £ p, #2m, I p t
1 421 1

1=1 % 3 a1

=

} dmldm?de .



D
where :t'_i = 2 ¢

J

. b and B is the constant of integration, in
g=1 ¢ ja ,

the domain 0 <m <1, 0 <my <1, - V/mm, <m < /mm, , and

zero otherwise;

5 3
' 1 2
where _Fk(t) = —-%—-—-—— t e ,
k
2r )
k k=3
r(3)
and G(8) = —e (1) 2,
e
5. Further work on the problem.

Anderson /- 1 ] considered the statistic
(5.1 W=23 s, (5,5 )- %22 (4% )(F.%,)
A_ - 1T 2 3TN
13 i3
which is much like U, since it differs from U by terms independent
of z = (zl o o 0 zp), the measurements observed on the new in-
dividual. Hé cvaluated the expected value of the matrix of non-

central Wishart variates occuring in the joint distribution of m

l,
™, and m3 in the special case when
(5.2) o = kb .
t = k26

Sitgreaves /L5 _/ gave an analytic derivation of the dis-
tribution of W 1in the case considered by Anderson and also obtain-

ad exactly the congtant of integration in the joint distribution
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of m, pB. We shall refer to the following result from her paper

in the next chapter.

/ =
(5.3) r\mIQOB) dr dm,ydm,

| n—p-l
r(Z)e T(kl . )‘M'gz_ |1 - n

r(EP2) (2P r(&h)r(3)

o T +3) 2.3 o
jfo F(§~+j)jl ( ) o+ 2k k2m3 + komy) ,
where |
0s<m <1
0<m <1
|u] > 0 ]1 - M|. > 0
where

. M N = /[ ml m3 ]Is/}
[ L mymy

and A = 8! 2716, and where k. k, are defined in(5.2).

Earlier Harter /716_7 in 1951 corisidered the joint distri-

bution of my, m, and my of (L.13) in the degenerate case

Pi =0= gi , =1, ,o.p and obtained the approximate distri-

bution of m3 in the special cases



11
(1~a) n even, p odd

(1=b) n even, p even,

The technique he used in deriving this distribution was
esscntlally expanding the two binomials constituting the integrand
in the joint distribution of m m, and m3 of(h.lB)in the degen-
erate case, and integrating with respect to my and then with re-
spect to m, The number of terms in the distribution of m3 thus
obtained depends on n, which is not a small number in any practical
situation. Moreover the solution thus obtained is not an asymptotic
geries in which the leading terms could be considered as approxi-
mating the true distribution for large n.

The latest paper in historical order of development of the
theory of discrimination is that of Rao /)0 7, in which he devel-
oped some general methods by using the ideas of sufficient statis-
tics and fiduecial probability distributions, by using which, the
discrimination problem can be solved utilizing only the sample in-
formation. The distribution problems connected with thé test

criteria suggested in the paper have, however, yet to be tackled.



CHAPTER II

ON AN ASYMPTOTIC EVALUATION OF A TRIPLE INTEGRAL

1. Infroduction.

The integral with which we shall be concerned in this chapter
is the one oﬁtained from the Joint distribution of w, s My and ma,

given by Wgld ZT50 73 by putting pi =0=1 12 12 1,2,004,D

For the sake of convenience, we shall refer to this case as the Central
case or the Null Case. In this chapter, we shall find the value of

the integral for large values of n, which is equal to Nl + NQ - 2, by
introducing certain simplifications both in the integrand and in the
domain of integration., Justifications shall be given for the simpli-
fications introduced, and the final result shown to be & valid
asymptotic apvroximation in the sense of Poincare. Moreover, an upper

bound for the error involved in the asymptotic approximation will be

found.
2. The integral and its domain.
The triple integral to which we refer corresponds to
.Iz_é n-p-1
2
(m,m, m§) erl ~m ) -mg)-m3;7 dm, dm dm5
(2.1) f(mlQOB)dm dmedm5 = over D

0 elsevhere.

where the domain D is defined by the following inequalities which
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insure a real, positive integrand in its interior.

0g<m <1

0<m. <1
=~ % =
mlm2 - m5 5 0

(1-m1)(l-m2) -m

n

>0 .

W

The inequalities in (2.2)'show that the domain is bounded
by two right elliptical cones in three-dimensional space having
vertices at (0,0,0) and (1,1,0) respectively and having a common
base in the plane m, + m, = 1.

We define two other domsins Dl and D2 as follows:

O<m <1 0gm <1
0L <1 0<n, <1
(2.3)  Dy: nm m? m > 0 Dy (1-m ?(-l.-m ) - m2 >0
172 3 - 1 Z RS
ml + m, < 1 m1 + m, 2 1.

(2.4) Then it is easy to see that D = D. + D,, except for the set

1

of points lying on the plane ml + n, = 1, which are counted twice.

The truth of this statement can be seen easily by noticing
that the regions defined by the two domains are the interiors of

two cones, one obtainable from the other by a simple transformation
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and lying on opposite sides of the plane m; + m, = 1 in the space

of three dimensions. Moreover, except for the points lying on the
plane my +m, = 1, the two regions are mutually exclusive because
the point set corresponding to Dl lies on the origin side, whereas
the other corresponding to D2 lies on the non-origin side. The fact
that Dl and D2 between themselves include all the points of D can be

seen by observing that

2
m.m., ~m, > 0,
i < -

p) o .
: p———— - - -
(2.5) m 4+ my <1 (L-m; ) (1-m,) mg > 0,
: 2
and (1-m1)(1~m2) - g >0,
> - z
(2.6) m, +m, >1 mm, - mg 20,

1 2 -

where —=——="">> 45 read as "imply".

As a consequence of this result, we can find the value of an

integral over D by adding up its values over the two domains Dl and

DQ. The fact that points lying on the plane m, +m, = 1 have been

taken twice would not meke any difference because they form a set

of Lebsegue measure zero.

3. Order of the varisbles m, o, and m

5

To examine the order of the variables m, B, and mj, we have
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first to define them following the original paper of Wald /507.
For the seke of clarity, therefore, we add the following paragraph.
Denote by 8 the 2n + 1 dimensional surface in the 2n + &4

dimensional space of the variables L EAREL NPy vl,...v defined

by the following equations:

Zu. =32 v, =1
p=1 P pe1 P
(3.1) n+2
Zuv=0.
=1 BB

Let Upeedlpny VaeeoV h be random variables whose Joint

probability distribution function is defined as follows: the point

(ul...un+2,v1...un+2) is restricted to points of S whose probability

density function is defined by

(3.2)

as__
fds )
8

Then for eny subset A of 8§, the probability of A is equal to
the 2n + 1 dimensional value of A divided by'g ds. It should be
noted that the probability density function (3.2) 1is identical with

the probability density function we would obtain if we were to assume
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that UpseeosU oy VisreesV, o are independently, normally distributed

with zero means and unit variances and calculate the conditional den-
sity function under the restriction that the point (ul,...,un+2,

ViseeesVos belongs to 8.

Variables ml, m, and m5 which are equal respectively to

2 p
2 u.v
ooy BB

[ge
T ™MB

?
1 P B
can be redefined by using (2.1) as follows:

p n+2

2
m, = / T
1 BlB galf’
T, n+2
(3.3) - m,= I VS T v°
2 Ty B B
yo) /'n+2 o B2
m, = £ u,v / I ou v s

where p is the number of variables and n = N + N2 - 2 is the number
of degrees of freedonm.

With this explanation about the variables entering into the
disgussion we shall prove the following theorem:

Theorem (1). The variables m,, m, and my defined in (3.3) in

terms of u, and Vs i=1,2,...,m+2, which are N(0,1). variates; are of

order u™t in the probability sense.
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Definition. We write x = o, lf?(g)_jz and say that xg is of

[ 4

probability order 0 ztf(N);7 if for each ¢ > O there exists an

A, > 0 such that /7P | %y | SA, £()_7 2 1-¢ for all values of
N> No(e)p

Proof of the theorem:

Since Uy and Vis i=l,...,n+2, are all independently, normally

distributed with zero means and unit variance,

- 1 p-l oy p yR-ptl i=
(3.4) f(mi) dm, = R my (1 mi) dm,, i=1,2
2
*y
since each of m. and m, is of the form = .
1 z 2 2
Xl + x2

Thus

. b |
E(mi) = —%= and

(3.5)
. _p(n-p+2) = 0 (}_2_) ;

\'
= (0+2)° (e 3)

1)

’

and by Tchebycheff's inequality, namely
) P k1 1

it is immediately seen that for given e there exist kl and ke such .

that

(3.7) P(
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Hence m. and m

1,
1 ., are of order 5 in probability.

To see that m, is also of order % in the probability sense,

3

we note that

(% u v
L ou, v
(3.8) me = b=t ° P
' 3 n+e o n+e 5 *
X u, % v,
p=1 P p=1 P
| P P ., P ,
(3.9) But Luwv, < I uy v,
B=l ﬁ B f}-"—l B B=l b
? 'u2 g v2
. B . B
_ 2 =1 lF}:
(3.10) therefore my < %?E . . n+é . .
Z u z vB
B:l B B:l
(3.11) Hence m? < mym, because of (3.3).

From this, by noting that m. = OP(%) and m, = Op(%), we conclude

1 2
that

1
m5 = Op(.fl-) .

b, An important limit.

In this section we shall prove a result which will be help-

ful in finding asymptotic values of triple integrals of the type



19

. b
! v v v m n l1-m. m
172 3 1 3 1 73
(k.1) ffj m, m, m dm. dm,.dm
] 1L 72 3 m3 m,, m5 1-m2 1772773
D

where b is a large number, The result can be stated as

Theorem 2., If o, Dy, My are random variables as defined in

3
3, each depending on n, and each being of order n'l in probability,

then

. 2
ey T L0m)0m) a7
-n(mifmg)

Proof: We shall replace m., m, and m, by %, % and % respectively.

17 72 3

The variables o, § and y are therefore of order one in probabil-

ity. This means for a given ¢, there exist numbers N(e), Ale’ A2€

and A, , such that
3¢

P(ﬁ 2A2€) _<_ € b4

P(y 24, ) < e for n > N, -

Y

If in (4.3) each of Ay Ay and A, is replaced by A, = max (Ale’

2¢e 3e
A2€, ABE)’ the inequalities will still hold. In terms of these

variableé we have to show o n
orp | B~y
plim [1 - —-h—' + —;1-2——-_7
(14- .)-l-) = 1 .
, n ——3> 00 e P



That is, plim £(Q,B,7) = 1, where

(L.5)  £(a,B,7) = e0£+{3 [l sz + ap-y 7

n 2 -
To show this we consider the. funciéion

(k.6) g(c,B,7) = log f(x,B,7)

and expand it by Taylor's Theorem, with a remainder after two

terms, namely

(5.7 &(,8,7) = 8(0,0,0) + @+ B3y + 7 3 ) &0,0,0)

d d 3,2
+ (a&-‘+63§+ 75(‘).},') g(e,%,¥) ,

where - 0 0<
0Ld < B
oV <7y .
We have

2
o 0B - -
gla,B,7) =a+p+nlog /1 - ”EE + _E;%_ 7,

so that



Also

d 1-3
(6
(1-Ha-5 -2,
n
og '2%
g&-?‘-
o7 g A
(l"'ﬁ)(l"'ﬁ')"-z
n
2
1 B
Fo_ Z5t " )
X 5 2
[ -5a -8 - L7
2
. 1 o
Bag=“ﬁ(1'ﬁ
852 . 2
- [a-pa-d 57
2
2 o B, 2Bty
24 R LomoEt T/
3 2

2
[a-90-9-57



2g T /n° ,
ool ~ 5
; 2
Ja-9Ha -8 . L, 7
> (1-8 -2
o8 n ’
Xy o
2
Sa-%a-5 - -17;2_7
O - &) -i-g»
By 2

. )2 0og Og

Nov g, 5= » %S ore all zero for (¢,8,7) = (0,0,0).

Thus (4.7) gives

(4.8) g(a,B:7) =R, = %— B * % ~ % g,
+ OB By Y By t MU &

where the value of each of the derivatives involved is calculated

at (6,6,¥). This gives



2 2

2
$ ¢
(h.9) By = s -FO-p -HFO-P

2 > ,
4 8 ¢  ov-V gﬁw } ,57¢ & 2yonlr ¢
sl-z-g¢ 2 ) - 3 2 ""n"'e“(l r?) el 1-3)

2%, 02, o
, 5 et s
(k.10) R, < max 5 and
(1__2_13‘:-9.2)
n 2
n

2@l a2t -

H+ ) +-—.—5- +—u
n n n
P 2
24 A
(l""ﬁ""-g)

in the probability sense; where the two expressions inside the
brackets in (4.10) are calculated from (4.9) by crnsidering the

fact that 32 may be positive or negative. Since A is finite and

independent of n , therefore both the expressions tend to zero &as

n tends to infinity or

Plim R2 = 0

n > (O




Hence
pLim P/ - EL . C‘ié7f7 C plme? -1
g1 ®
That is, [Al - %r-;—fé + O‘Béy ] is asymptotically equivalent to
a— n -
e'a'B in the probability sense. Note: An alternative proof of the

statement (4.2) shali be provided if we are able to prove that

(4.12) plim [n log (1--1:1+-I-1~ +c_/ = 0,

n—>00

where c stands for @ + B , and h = ap - 72 and ¢,B and y are res-

tricted by the conditions (4.3).

Since 0 < 1 + <1, 0< -2y«
inc Sl-m -m,+om -0y<1, 0< (7 ) S .
It is easy to verify that
(4.13) X <log (1-%)< -2 2‘2
’ % = 08 n’ = n'2n2 ’

in which the lower bound is written by observing that

2 3 2
X X X X X X
- log(l - H) =B‘+ ,'2;2"*' ;}3 * eee SE"“' ('ﬁ) + (—) + e 8,
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A

and this series adds up to ;%; .

The uge of (4.13) gives

Thus

- 2
c h h
hn - con + ch < g_n log(l - = ;2 Y+ ¢ <5 -

n2 -cn+ h

and both the limits coverge to zero because of the restrictions

(4.3). This proves the statement (4.12) and hence the Theorem.

5. A triple integral.

In this and the remaining sections of this chapter, we shall

confine ourselves to the study of the integral

, 2:2 n-g-l
(5.1) I = UDJ (wym, - m?) [ =)@ -my) - 2_7 am, an dn

where D is defined in (2.2) . To find an asymptotic approximation

to the value of I we first write

(5.2) I=1I,+1,,
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where I, and I2 denote the values of the integral over D1 and DQ.

1l

To find Il’ we shall first evaluate the integral

2
(5.3) I;1 = 4[[} (mlm2 - oy ) e dmldmedm3 s
Dy

and then find an upper bound to

(5.4) E= I, -1I

that is, an upper bound for the error committed in replacing the

n~g-l
2

the factor Zf(l-ml)(l-m) - mg ;7 in the integrand by

- glmy + my)
e °. . Using (5.3) and (5.4), we can state that

(5.5) 1, ~E<I; <1, + E.

It will then be demonstrated that both the error committed in

approximating I by I.., and the value of I2 are negligible as com-

11
pared to the least possible to value of Il' Mathematically
lin =2~ =0
‘ 11

n

> w



and
(5.7) lim e =0 .
Ill - B
N —— 0 ’
As a consequence of (5.5) and (5.6) we can write
(5.8) L Iy oo

and as a result of (5.1), (5.7) and (5.8) we can write
(5.9) I~1,

This will be the general line of argument to be followed in
6btaining an asymptotic approximation for the value of I.

It would appear from Theorem 2, proved in Section &, that
n-p-1

n
: - plmprmy) 2 2
the approximation e for ZTl-ml)(l-mz)-m5;7  is

* *
valid only in the domain D C:Dl which is such that throughout D

the variables m,, i=1,2 and 3 are OP(%). We shall, however, work in

terms of the division Dl and D2 of the total domain and use the ex-

ponential approximation over the whole of Dl because of certain sim-
plifications which result. Justification of the resulfs thus ob-
tained is provided by two factors:

(1) The integrand shows that almost the whole of the density

is concentrated in that part of the domain Dl which is close to the
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@D

. .
origin. In fact, if we define a domain D ¢{ D by the inequalities

H
B
J
B
(¢S]
v
o

(5.10)

IA
=R o

then it is shown in section 11 that D* contains almost the whole of
the density. This is probably the mailn reason why the exponential
approximation, which is true over the domain D*, gives close results.

(2) The discussion on the uppef bound to error given in
gection T actually proves that the loss of accuracy in using

n-p~1
2 2 . g a
instead of Zfll-ml)(l-mg)—m3;7 is negligible when

n
- §(ml+m )

n is large.

It may also be remarked at this point that the exact value of
I is known from Sitgreaves /45 7. It would appear obvious, there-
fore, that the asymptotic value of I could be obtained from the
one given by Sitgreaves by using Stirling's approximetion to I'(x).
This would no doubt hold true provided we were interested merely in
the asymptotic value of I. The reason, however, for our following
an independent approach is that we are interested in finding the
solution to a distribution problem. The techniques €nd simplifica-
tions used in the asymptotic evaluation of I, which emerge mainly as

& result of the supposition that n tends to infinity, will be used

in evaluating the limiting moments of a certain statistic, to be
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called Wald's approximate classification statistic. This distribu-

tion problem will be our subject of discussion in chapter III.

6. The integral over Dl’ an asymptotic approximation.

n-g-l
dn

1 4m dm,

(6.1) Let I, jj (m;m ﬂl ml)(l- ) ms__7

where D1 is defined by the following inequalities:

2
mlm2 - m5 2 0
m, +m < 1
(6.2) 1ol -
0 5 ml < 1
0 < m, <1 ;

and where m, = OP(%) for i=1,2, and 3. We shall replace the second

- _(m

m, )
factor in (6.1) by e 1™

» but the operation of integration
after this replacement needs some Jjustification. There is no loss
of generality if we consider a similar univariate case and prove
that it is possible to replace a binomial raised to a large power by
an exponential factor to which it increases. We shall state_this
result formally as

Lemma. Let £(x) be a function of the real varisble x, such that

f(x) < A if 0<x<c, where 0<c < o0,

Then
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/c(l - 57 £(x) ax

(6.3) lim 9 S = 1,
-X
n ——> 00 e f£(x) dx
4

Proof

7 C
(6.k) Let I, ={ £(x) /(1 - 5P - e™ 7 ax.
Then (6.3) states that lim | I, ‘ = 0.

n —> 00

It is known that

2 _-X
X e

n

-X X\
e —(l-"ﬁ) S

(6.5) 0

IA

(See, for instance, Whittacker and Watson /5% 7/, page 242). There-

fore, using this and condition (1), ve get

x2e™% x“e™*
(6.6) Id_<_A/ e sA/ e .
0 ]
This shows that for all c
r'(c)
(6.7) Ig < A=

The quantity on the right hand side of (6.7) is positive and tends
to zero as n increases. Hence (6.3) is established.

We shall rewrite (6.1) as
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p-3

n
i =(m,+m,)
(6'8) Ill = I[J (m1m2 - mg) e e2 1= dmldm,ade

Dy

and evaluate Ill’ an asymptotic approximation to Il' This will be
fellowed by a Section on an upper bound to the error in using Ill
in place of Il'

To integrate with respect to m5 we first put

7 _ ¥ 1/2
(6.9) my = (mlmet.) .
Thus
1 p-2 1 P-3 n(
e - = =2 - =(m,+m,)
7.2 - L R~ D

(6.10) I, = /Ky;!’ (mlmg) t* © (1-8) T e dtdmldmz.

£7%=0
Integration with respect to €egives
6 rdr@sh (¢ B2 By my)
(6.11) I;q= -Ezi;____. (mlmg) e dmldme.

2

0< ml+ m, <1

Making the transformation

[

<
Z cos @ ,

(6.12) .,

z s8in” @ ,

B8
u

mB
]

we have .
B(mlmg)
d(z,6)

2z sin © cos @ ;



and so (6.11) becomes

1 -1 n
F(g)P(Eg—) p-1 - % p-1  p-1l
(6.13) I 7 —— 2 z e cos @ sin © dzde.
rz) z=0 Q=0

Integration with respect to @ yields

(6.14) I, =

1y.,p-1 Pyp(P ' n
. F(§)F(—§~) P(g)P(g) ///l e- 3% pel

Z dz;
11 ?
r r(p)
z=0
and putting gz = t we obtain the form
'z
. 1 -1 2
2 P MEIMESI@ -t p-1
(6.15) 1., = (%) et at.
11 n
I'(p)
0
Now for large n it is well kunown that
n
'2- 00
(6.16) R S et Pl gy |
0 0
. 2. F p-1 D
(6.17) (6.15) gives I, ~ () I(z) r(==) r) .

This further simplifies to

(6.18) 1.~ d(p-2)t

.
De



To be more exact we can write

o
8
8

(6.19) et Pl gt - e Pl gy - et ¢P 1 ap |

s

and successive integratibn by parts shows that the right hand side

of (6.16) reduces to

’ p-1 p-2
1 n p-1
(6.20) r(p) - (3) = -3 2= _ .,
: 2 n/é 2 n/b
e e
Pt nP-1
which can be written as I'(p) - 0O } . Since tends to zero
B /o B /o '
e e
as n tends to infinity,
hn (p-2)! hn(p-2)1
(6.21) Ill ~ T—— ,and Ill = T(l“"ﬁn) .

We will show in Section 7 that the error in taking I11 as
an appfbkimétion o the ¥alue of Ii is negligible in comparison te
the valuérof-Ii&“” R S

It may be remarked in passiuyg that the integral occuring in
(6.11) could also be evaluated by usin g Dirichlet's formula lfSh,

D. 258;7 namely
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'al-l a,-1 a -1
JJ f 6,7ty e by f(tl-yté..&tn)dtl...dtn

(6.22) 1 n

r(a) Tay) .. I‘(ozn)/ iilozi--l

I‘(al-t- Oy + ves ocn)

f(z)dz .
0

7. An Upper Bound to Error.

In this section we shall consider the following problem:

How much error is committed by replacing

n-p-1
2

(1 - m, - Wy + mym, - m%)

by n
- z(my+m.)
e

in the tripgle integral (6.1) over the domain Dl? We shall consider

two separate cases,

n-p-l
(a) When (1 - m -m, +mm, - mg) e S e- §(ml+m2)
and
- 2(m+m,) : ] n-g-l
(B) e ° + 2 >(l'm1'mg+mlm2-m§) ,

and find an upper bound to error in both cases. ‘The larger of these
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shall ultimately be taken as the upver bound.

Case A.~ Let Id "denote the difference
1

, 2
2 2
(7.1) (mlmz-m;) {' /1 - m - m, o+ mm, - m3;7

: | : : ,
Idl will not decrease if in the factor /1 - m - b, +omm, - m3_/

m.+m

we omit m2 and replace m,m, by (_}5_2). Making these changes, we get

3

p-3
e n_p_]_ _ E
2 s(myrmy)

(7.2) 1, < (mmen?) /(1 - Lk
y a, = mty-ng) /1 - = | ) - _/dm. dmdn..
5 |

The variable m5 can be integrated out by using the transforma-

tion

n, = (m.m ﬁﬁl/é and then
b 172 » =
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- ’ - -p-1
r(Z)Ir () ( )_13_2_2 -k me)n :
(1.3) I, & ——rm mm) © /11 - -5
! r(®) L

’ n

- =(m,+m,)
21 72

- _/ dm,dm,

Using (6.22) in the double integral involved in (7.3), we get

1
t 1 p-1, _,p n
r(z) r(&=)r(3) p-1 - , 0Pl =32 ,
(7.1) I, £ /] & /(1-35 ~-e _7dz ,
. = r(p) 2
1 t=0
Replacing 2/ by t, (7.4) becomes
1
ORC-DHIN : p-1 o inep-l _-nt
(7.5) 1, < 6 2 tP7/(1-8) -e v _Jat .
1
t=0
The expression
(7.6) S L

can be written as

(1.7 (1 - )BP-1 _ g (op-1t o (o)t



can be written as
(7.7) (1 - g)P-Pt o glap-n)e g l)e

which can further be written as

(18) (o - S L () o+ B ‘P‘gi“ s

and using the fact that 1 - y < e’ we find as a first approximation

that

(1.9) (1 -t - &< (-t - &8 (pr1)t .

This reduces to

' 1
(7.10) (1 - t)n - ént_<_ 't (p+ 1)t

by using the well known inequality

! 1
(7.11) 0< @'V (1) <™,

Using (7.10) in (7.5), ve get
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1
2
rdyrEhrE
(7.12) Id < (‘) ( e ) (é) 2P P (P*l)é(n-p_l)t at .
1 I'(p)
t=0

The integral in (7.12) can be simplified by replacing

(n-p~1)t by w and extending the upper limit of integration for w

to infinity instead of n-g—l

This will only increase the upper bound for Id , and ve get

1
a simpler result, namely
0.0}
1y /D=1y /P
IrF)Ir(E=r(s) .r -
(1.13) 1, < o=t B (p+l)p+l wP e aw .
1 r(p) (n-p-1)

On simplifying (7.13) we obtain

< G (ptl)? ] 1
17 (p-1) (n-p-1)P**

2

(7.1%) I4

which gives an upper bound te error in case A,
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Case B. Now suppose

n
- 3lmymy) 2
e >/1-m -m, +mmy - oy 7 )

and let

p-3 n-p-1

s 5 ; [ - %kmi+m2)A‘\ 5 2
(7.15) Idl =)£[Y}mlm2-m5) L e - Z’l-ml-m2+m1m2m5;7 ‘}

D

1
X dmldmedm5 .

Omitting the factor mlmz-m;, which is non-negative in the

domain of integration, one can write that

B3 -p-
2 _ - plmpmy) e
(7.16) Idl < | (mlmz-mB) Z e - (l-ml-mz) » —7dmldmgdm5.

D

1

Integrating out my by the same transformation as was used

in Case A, we get



Lo

NONC=SN 5 ) a-p-d
(7.17) T, < @ /} m) /‘ el (1mym) = 7

1 I‘(p)

0<m+m <1

X dmldm2

Using (6.22) on the double integral involved in (7.17), we

obtain
1
1 -1 n n-p-1

. TEHTEHTE) bl " B2 z
(7.18) Ig < 5= /e - (1-2) as .

1 I(p)

z=0

Write

. B n-p-1 _ptl _n'z n'
(719) o2 -(1-2) 2 =e % e 2.(-2)°,
where n' = n-p~1 . Then

n n-p-1 n'z

- (1 - 2) .
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Since ™V < 1, as a first approximation, we can write

. n, n-p-1 _n =
(7.21) e2 -(1-2) ° <e? -(1-2)" ,
and the use of (7.11) gives

n n-p-1 n'

[ ' - -é-—-Z

(7.22) e 2. (1 - 2z) e < g—zd e

1
Iyp/P-1l\n/P ‘ n-p-1
F(3)M (=50 (3) - z
* 2 2 2 1 n-p-l 2
z=0
We put n—g-lz = w to get
n-p-1
2
prl.,1l\.,p~1 P
(v o < TEIGE) TR P e g,
e a, = ptl )
1 (n-p-1) r(p)
w=0

- Extending the range of the integral to infinity and integrating, we

get



. * L2 Pl oa(p-2)t Fprp) = —on(prl)!
(1:25) Ty (n‘p”l) 2P=°r(p) (o) (p-1)(n-p-1

yPr

*
The larger of the bounds I and I namely
4y dy

(7.26) e STy
(p-1)(n-p-1)%"

can therefore be taken as an upper bound to the error involved in

replacing the factor raised to & high power in the integrand by an

exponential factor. It may be remarked here that (7.26) gives only

a first approximation for the upper bound to error, and that a

closer bound would be obtained if we considered four terms in the
expansion of e'(p+l)t in (7.8), and three terms in the expansion

ptl

- e,

of e 2 in (7.20). Needless to say, we can get closer and closer

bounds by considering a larger number of terms in (7.8) and (7.20).
It should be noted that the result (7.26) enables us to put greater

confidence in our approximation of the value of I, which is of order

lp; because (7.26) asserts that the maximum error committed by‘
n

supposing that I, is approximated by I iz of order 1 ; and
1 11 np+1
therefore negligible for large values of n.
R
D
1
The bound 8“(?;1)' L T can be rewritten as ——LT
P (n~p-l)p+ np+



1 < for large n.

(n-p-1)F** nP"!

by using the inequality

Thus
By
16n(prl)t L _ 71
T = say.

np+l np+1

(7.27) "Brror <

As a result of the discussion in Sections 6 and 7 we can write

a formal proof of

Theorem 3.

Proof:

From the results of Sections 6 and 7 we can write

' J
. .. D
N hﬂgp-z)ls‘ 1
where ‘ Jb ‘ < RD = Eéi%%til‘ and lim . { &, Yy=0
1% 1 P N ~——=>00

Multiplying both sides of (7.28) by np, and taking the limit as n
tends to infinity, of the right hand side in |
J,
P Dy
(7.29) 0PI, = bn(p-2)t + 2 + Un(p-2)t 6

the truth of Theorem 3 is established.

8. The integral over D,.




L

We now consider the integral

p-3 n-p-1
(8.1) 1, = )[}( (mlmz-mg) 2 .Z—(l-ml)(l—mg)-m§;7 e dm, dm,dn ,

[

where D2 is defined by the inequalities

2
(1-ml)(1-m2) - g > 0
m, 4+ m > 1
(8.2) 1 e -
0 < m, <1
0 < m, <1 .
To integrate (8.1) with respect to Wy, We make the transforma-
tion
» 1
2
(8.3) m, = [ (1-my)(1emy)t 7
1
so that dm, =1 ra- -)72t2dt
2 4~ D/ e .
Then
. p-3 n-p
) 5] )
*8,4) I, = j/;()f lﬁlmg'(l°m1)(l'm2)t;7 Zrlfml)(l’mgl7
t=0
_ 1 n-p-1
2 z
t (1-t) dt dm, dm,.
If we notice that
1

F(a,b,c,x) = —zggé%%——)j/[ Gb'l(l - G)cnb'l(l - ex)®
0
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(8.5) provided that ‘ X i < 1, we can rewrite (8.4) as

5 ___E \ ~p+l)
6.6) 1= (| (mymy) © [m)(my)7 ® TrEEE
: 2
ml+m221
' l-m, )(1l-m,)
. p-3 1 n-p+2 ( 1 2
PL-%5 5 TE o T, 7 dmy dmy.
This step is Jjustified by the fact that
(8.7) Gom)Um) - >1
. - <1, since m+ m, >
m,m, 1 2 )

in the domain under consideration; except that on the surface of
the plane m,+ m, = 1 ve have an equality sign in (8.7). But the
omission of the point set determined by the plane m1+ m, = 1 does
not alter the value of IE’ gince it forms a set of measure zero,

(8.8) Since F(a,b,c,x) = 1 + %E X + a(a+1%?(b+l) NI

where, for the hypergeometric function involved in (8.6), we have

= n—£+2, we see that F gives a rapidly convergent series suitable

for asymptotic purposes. Since a = - 352 and is non-positive for
P 2> 3, it gives rise to a terminating series if p is odd and is

> 3. 1In all the other cases we shall have an infinite series in

which the rth. term is of order %_1 . Hence for asymptotic purposes
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the first term in the expansion of F(a,b,c,x), namely unity, will
provide a reasonably good approximation.

With these considerations in view, we can rewrite (8.6) as

-p+1
(8'9) 12‘ r(n_p*_g j/ (mlm Kl'ml)(l" 2)7
2
n +m > 1
-5 -E+2
- §T§E%T57 //;/ le-ml)(l~m217 “ dm, dm, + ree
ml+m221

Each of the double integrals involved in (8.9) can be changed
to a repeated integral and evaluated. As an example, we consider

the first one, namely

p-5 -P
(8.10) /1;{ (mlmT 1(1-m )(1-m?)'7 dm, dm,.

m,+m, 2 >1

This can be written as

gel
[
\S )
o]
[
ol

p=3 n-p p:3
(8.11) m ° (l—ml)—é_ m, © (1-m,) ° amam, .

&

Integration by parts shows that
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; 23 2-p p-3 n-pt2
(8.12) / m22 (1-m,) 2 an, n-§+2 (1-m)) 2 n, c .,
l-ml
p-5 n-pth
n?;EQ ‘'n §+u . (1~m1) ¢ my <
p-7 n-ptb
n3522 . nggﬁq . n-§+6 . (1-ml) ¢ m1.2 + oeee e

Using (8.12) in (8.11) we get the series:

. 1

a-1 n-3 T
(8.13) ﬁ:%?ﬁ le (1-m, ) 2 dm,+ n?;fz ) n_§+%//f mlg(l'ml)—ﬁ_dml
m1=0 A
; n+> n-7
¥ nPI;?-Q ' nlj;fu - n_§+6/ m:é—(l-ml)—z_dml .

Writing the values of the integrals involved above, (8.13)

gives rise to the series:

ntl | n-1 0+ 3 E:é
(8.14) 2 FERINE) s o TG
. n-pe I'(n) nept2 n-p+-i T(n)
o3y p B3y |
p-3 p-5 2 M(==Ir(==) « ...

* +
1= 2 ) - )4— ! - 6 ¢ L) .
n-pt n-pt+ | n-pt (o)
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Similarly we can find the series expansions for the values
of the remaining double integrals involved in (8.9). Using (8.14)

as the value of (8.10), and similar values for the other integrals

(8.9) gives
2
(n-p) P 1
8.15) 1, = n{n-p)t 2| o+ oo(—=—) .
( < (n-2)t(n-p+2)2"P | p(BREE 22"

e

Use can be made of Stirling's approximation to the value of ['(x),

namely

(8.16) Mx) = e™ x 1+ _l§ + e 7

Equation (8.15) shows that the principal term in the value of I,

is of order —%_E’ where the actual value o:f‘,I2 differs from the
n 2

principal term by terms which are of order % = and higher.

n’2

9. An upper bound to the value of Ig.

We can start from (8.6) and write

2 p(z) 2Ll

(9.1) I, = // (m,m. ) [(l—ml)(l-m ) 7 oo .
M=)

m +m >l

p-3 1 meprz (17my)(1-mp)
F( ? b4 2, 2} 2 m.m
12

) dml dm2

.
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where it is known that
(1-ml)(l-m2

(9 ‘2) S 1.
moy

The maximum value of the hypergeometric series involved

(l-ml)(l—mg)
will correspond to the case in which =1, and in
01%2

that case, using the formule

(9.3) | ‘F(a,b,c,l) ?gzzgggzz:gg , we get

Iz )P(——- =k
(9.4) 1I,¢ (m,m, [(1 -m, } (1-m,) 7 dm, dm, -

r(=
—§— m +mp>1
mfmzﬁ
(9.5) Since (l-ml)(l-me) < (1 --—3 )y
(9.4) can be rewritten as
T(3 )P( m.+m,. n-p

2 1 ¢

(9.6) I, < jj (mym (1 - —5=) dm, dm,, .
2 l_<_m +m, S.:
Transformation

(9.7) m, = 2 cos2 e

1l

. . 2
'l’ m, = 2z sin @



reduces (9.6) to

s X
-2 ; 2
F(%-)F(-I%—) pe2,, g 0P P2 P2
(9.8) 1,2 — z° “(l-=) sin @ cos 6 d@ dz .
2 - n-1 2
r(=")
z=l 6=0
By using the formulae
b
T  a-l b-l 1 r(%}r(%)
(9.9) )/ sin @ cos 6 46 = 3 e for
arb
M=~

0

integration with fespect to 6, (9.8) reduces to

_ 2
1 -2 -1 -1,
riz)r&=) rEsrEe) i i
(9.10) I, < mbommi e ___ 2 P2(1-2)0"P gz,
' 2 = n-1 r{p-1) 2
-
z=1
This inequality is the same as
1y 02, p-1,.,p~1 1
rz)r(=) I(==)r(=")
2 2 42 2 p-1 p-2 o Y2-P
(9.11) I, < P(n'l T(5-T) 2 w¥ T (1-w) aw .
2 w=l
2

Observing theat

1 1
/[' wPe (1-w)"P gu = n-i - n?-el wpr(l-w)n'P+l dw,
/ P tnpr1) PP
3 ' 1
2

we have
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(0.12) rHr(ER)  rEHrEs) . |
' e = F(E%l r(p-1) 2°°P " (a-ptl)

Inequality (9.12) shows that we can find a number RD2 such that

BDe
(9.13) I, < SEE

Slight simplification would indicate that if n is so large

that Stirling's approximation for r(n) is valid then RD = 16
2

would give a liberal upper bound.

10. Comparison of Il and 12.

In Section 8 we proved that

1
(10.1) I, = + 0Of
2 n22n n32n

), where ¢

is some constant, and in Section $ we established that
(10.2) I2 < -—5'72,;5 ,

A comparison of these results with the value of I, nemely

n

J
_ ba(p-2)t,o D
(lQ.B) I, ————5———(1+3n) v 1
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where Jb is a certain constant less in absolute value than another
]

known constant which is independent of n,. shows that

I

(10.4) lim 33 =0 .
n ———> 00 1

This statement follows from the obvious fact that 2% tends to
infinity more rapidly than n® where p is finite. This means
that the relative contribution of the domain D2 to the value of
the Integral I carried over D is negligible in the limit.

Theorcm (k).

b H .,
~ (10‘5) I~ b D 8). L j.’-f-»,"ﬁ'-.::
P Ll
Proof'.
From (5.2) I = I, + I, Using (10.4) we have I~1, and
- O)
from theorem 3, I,~ Eﬁig_gli . Hence Eﬂiﬁggl;, which cen also
n ' n

be written as F(%)P(E%E)P(g)'(g)p, is an asymptotic approximation

to the value of I.

As a further check of the correctness of our approximation

I,., we can compare it with the exact value of the integral

11

referred to in Section 5. That value can be written as

o m(p-2)!
s  n(n-l)...(a-ptrl) *

(10.6) I
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where the subscript 's' is for the author of the formula. Compar-

ing it with I., written in (10.5), we have

11
T - n(n-1)...(n-p+l)
lim T = 1im = = 1,
n —> 00 8 n =——> 00 n?

Hence our approximetion is asymptotically equivalent to IS, the

exact value, in the sense of Poincaré /13 7.

»*
11, The integral over the domain D .

*
Domain D was defined in Section 5 as that subset of D1 in

s - 1 i
which m, = Op(E) for i=1,2 and 3. Since - ,ﬁifmz < ug < Vﬁlme s

’ *
one way of characterizing this domain would be to say that D

corresponds to the inequalities

v
sje o

172
0 <n

(11.1) m.m, - mg

IN

1t

where A is a finite number, independent of n.

We can evaluate the integral over D* as follows: Let

P22 . B(m+m.)
* 2, 2 2v71l T2
(11.2) I /{]ﬁ (mlmg-mB) e dm, dm, dm5.

*
D

by the usual transformation gives

5 .

Integration with respect to m



r(z)r(23) B2 . Empmy)
(11.3) T = —_§Z§;ji—- //i// (m;: m,) e 12 dm, dm, .
2

O, +m, <A /n
‘o 2
Putting m, = 2 cos ] , and
n. = 2 singe

and integrating out 6, we get

A
* P(%)F(Q%E)F(g) n p-1 _~ gz
B T(p) = °

(11.4) I dz .

z=0

Substituting w for % z, (12.%) can be written as

A
2
Iz )F( R4r(E) P
* 2 2 p-l =W
(11.5) I = F(p) (E) // W e  dw
w=0
Thus
D=1\ /D 00
Iz )P( ) 5 1 .
(11'6) I* = “(’) \‘) /-F(P) - /}( WP ! e v dw;7)
A
2
which on further simplification gives
00
*_lm(p-2)t | bno L
(11.7) I 5 T S

nﬂ$>\\\§_\\
<
e
¥
'—J
[0)]
&
[o7}
=



Comparing this value with the exact value IS we have

. 00
I* 1 p-1 -w
(11.8) lim = =1 - Gt ,/( woT e dw,
n —> oo Ts p-l)s
: A
2
*

which is also = lim I .

0 —> o0 111

Since A might be a large number though not of the order of

n, hie term

(11.9) T / WPt eV au

A
2

shall be small compared to 1; e.g., for p=3 and A=200, we get

00
‘(}T}TYT j WPl e aw = e 1%/ 100% 200+ 2 7,
A .
2

which will give a small fraction, and the fact is established that
aimost the whole of the density is concentrated in the domain D*
near the origin. Eéuation (11.8) would indicate that even for A
a5 smull as 10, and p = 3 say D* accounts for more than 99 per
ceﬁt of the density. 1In practice, hovever, A can be taken larger,

consistent with (11.1).
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Another point needing clarification is the use of the
: *
exponential approximation over the domain - Dl- D . At this

stage the justification is provided by the upper bound to error
n-p~l

.
-~ ={m.+m,)
involved in using e 21 instead of lﬂi—ml)(l-mz)-m§;7 e

inside Dl’ vhich was worked out in Section 7. The upper bound to

"

error for D1 was found to be pil « A closer bound can be worked
n

out for the domein Di- D', and it can be shown that it is a

constant times the same upper bound multiplied by an integral of

This upper bound can be obtained by following the same

lines as those followed in Section 7.
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12, Summary of Chapter II.

In this chapter we have considered the asymptotic evalua-

tion of the integral

p-3 n-p-1
(12.1) f(m -mB) ﬂl'ml)(l'mg)"mg_j 2 d_mdm2 3

where D is determined by the fact that both factors involved in
(12.1) are non-negative, and 0O <m <1, i=1,2. Two simplifica-
tions used in the evaluation of I are:

(1) D can be split up into two domeins, Dy and D,, by the

plane m.+ m,= 1. The contribution due to the domain D?, for

1
which m1+ my 2> 1 is negligible in the limit, in comparison with
that of Dl'

(2) The integral over Dl is evaluated by replacing the

n=p=1

n
22 - p(m +my)
factor Z’(l-ml)(l-mg)-m3;7 by e 1 . The Jjustification

for the approximation thus obtained is provided partly by the
probability order of the variables, and partly by the bounds to
error found subsequently.

With these simplifications it is proved that

(12.2) Loobn(p-2)t &,
P

and that the exact value of I can be written as
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| b, b

> =~ hnlp=20t, .0 1 2 1

(12.3) T == . (1+ch)+ =1 + st 0(—3—3)
n n n 2 n’2

where the second term is the remaining contribution due to Dl’
and the remaining terms give the integral over D2. Bounds have

been found, (7.27), for Jbl and, (9.13), for the integral over

D These have been shown to be negligible as compared to the

2'

D)1
principal term in the value of I, giving ba(p-2)! as an asymptotic
’ P
n

approximatidn to the value of I.



CHAPTER TII

ON THE ASYMPTOTIC DISTRIBUTION OF WALD!S CLASSIFICATION

STATISTIC IN THE NULL CASE

1. Introduction.

We are dealing with the problem of classifying an individual
into one of two groups or populations guch that the information re-
garding the two populations is based on two samples of sizes Nl and
N2 respectively. One may be called npon to consider the following

three situations:

(4) N, and N, large,
(B) Ny + Ny or n( =N +N, - 2) large,
(¢) N and N, small.

The study of case A is equivalent to the study of a linear
function of normal variates, that is, treating the statistic U, de-
fined in Chapter I, or the linear discriminant function, as normally
distributed with means and covariance matrix replaced by their sample
estimates to get the mean and variance of the approximating normal
distribution. This case has been completely exploited by several
workers in this field.

The results available in case C have been summarized in

Sections L and 5 of Chapter I. The difficulties involved in obtaining

iy
from the

) (1—m1)(l-m2)-m§

the exact sampling distribution of v

joint distribution of ml’m2 and m, being substantial, it makes sense

3
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to ask whether it would he possible to get the distribution of ‘V in
case R. Obviously the results obtained would not be as exact as one
would like to have, but they should be better than the large sample
normal approximation of case A. It is thus in the sense of large n
that we shall use the words "asymptotic" and "limiting", and it should
be noted that the assumption n large is less restrictive t han the
assumption Nl and N2 both large.

In this chgpter we shall find the asymptotic moments of a
statistic v which will be called Yald's approximate classification
statistic, and then. use those moments to find the limiting distribu-
tion of v, in the null case, s eparately for even and for odd values

of vp.

2. Wald's approximate classification statistic and its moments.

From Chapter I we recall that Wald expressed the statistic ulti-

mately as a function of three variables, and stated that

nm

3

(2.1) V= 5
(l-ml)(l-mg)—m3

can be considered as the classification statistic.

We can rewrite V as nm3‘Z_l-ml-m2+mlm2-m§._7-l, and so

(2.2) V= nm3(l +¢€)

by Section 2 of Chapter II. Thus, by a convergence theorem due to
Kolmogoroff /= 25 7, the distribution of V can be well approximated

by the distribution of nm, as stated by Wald. There is no loss of

3
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generdity in considering

(2.3) v = l nm3!
as the statistic instead of nm3. We shall refer to this as the approxi-
mate classification statistic of Wald, as against the exact statistic

V suitable for small samples.

24, Iimiting moments of the statistic.

48 a first step in finding V}es the kth moment about the origin,

we shall discuss briefly the value of the integral

NPl

. p=3
(k)a ?{ k 2y 2 - R - 2
(2.3) 1 ]‘ nmy (mjn% nb) /(1 ml)(l 5) s _J dmldmgde .
48 v
If we recall the discussion about the domain D from Section 2, Chap-
ter II, it can be easily seen that the integral can be written as the
sum of two integrals over the interiors of the two cones defined by

D and D..

1 > Thus (2.3)  can be written as

) SRR P I

where ng) and ng) denote the values of the integrals over the two

cones D1 and D2 .

Dafine
p-3

. p-3 _ _( o
(2.5) (k) %/{Jl{ 3 (m1m2 m3) 2 s s dm dm dm3 .

By the procedure followed in Section 6, Chapter II, we get
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(2:6) 19 Pr(elyr By @) S ave

‘which, for k = 0, gives I,. of Chapter II.

11
By following the methods of Section 7 and 3 of Chapter II, we
can show that the upper bound to the error in estimating ng) by

k 1 k) .
Igl) is of order ;5:1 , and an upper bound to the value of Ig ) is

of order —-%——
3/2.n °
n 2

Thus we can write

2.1y 10 =2E)P r(k+l)r(k+p)r(pgl)‘Zf;+q;7¢,;Dl,+ I

2
where
(2.8) T ng) I§§)
and
(2.9) I, - ),

Tt should be noted that it is the upper bounds to, and not the

exact values of, ID’ and ID that are kmown; and to avoid dupli-
1 2

cation in their derivation, since they are obtained in exactly the
same way as similar bounds were found in Chapter II, we write the re-

sults, They are

k+p+1_k
n

(2.10) I, < i IERrER) () (koo )y

)
Dl n-p+l
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and
r(k‘*l)r(n (R )r(BE) o

Iﬂ"1)1‘03-1) P¥K=P( 1) paksel)

(7.11) ID?f (
T T

It is easy to see from (2.7), (2.10) and (2.11) that

( -jfﬁtﬁj

A) lim =0, and
n-—>0on mnl

(B) lim ——— =0,

n —> 00 pin I(k)
showing thereby that ID and ID are negligible in comparison with
1 2
the principal term in the value of I(k) .
Dividing (2.7) by I11 we get the expression for the asymptotic

moments, namely

(2.12) ok F(k+l)r(k+p) [/ 1% J+ R {k,n)- (kyn)
. v, = Flve /¥ R Ak,n)+ Ry (k,n) ,
k r(-é)r(-g) -7 - RDl LD,
where
D v EGHIER (ep)opl)  priiee
(2.13) Ry (kyn) = == < s
1 11 r(-e-)r(ﬁ) " (n-ps1)¥*P
and T
b,  rEhHrEAreEt P

(2.1L) Ry (k,n) =

11 r(n"g‘ )r(p-l)zn"k‘r" --r(g)r(%) ' (n-p+k+l)'



65

We shall rewrite (2.13) and (2.14) as

(2.15) R (k,n) < =R (k,n) and
Dl - nl
(2.16) RDz(k,n)‘f %32(k,n) ,
where
prk+1l, k+1

2
(n-p=1) P r(5)r(B)

(2.17) R (kc,m) = r(Egl)r(Egg)(k+p)(k+p+l)

and »
k+lyp N= p~l :
M=) (==)T(57) Priel

2
r(n+k-l)r<p_l)2n+k'_ T(%)T(%) {n-p+k+1)

.

(2.18)  R,(k,n) =

We will also write (2.12) as

? . ‘o= e {3 "y . ' > .
(2.19) Vie vk+(1+3)fE_Dl.(k,n)+RD2(k,n)
We will refer to '§L as the principal term in the value of Vies be-

cause, as can be easily verified,

Ry (k,n)
(2.20) lin  —=—— =0
n —> Q0 ,‘\)k
Ry (k,n)
(0.21) 1im EV =0 .
N > 00 Vk

To conclude this section, therefore, we can state that (2.19)

gives the kth moment v, ; and, because of (2.20) and (2.21), we
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can write
o~
(2 02?) Vk ~ Vk .
3. The asymptotic distribution of v for p = 2m .

Tn this section we shall find the asymptotic distribution of
v for even values of p. By applying the general result we shall

also explicitly obtain the distribution for p = 2, L anag 6.

Lemma 5.1.

(3.1) R (k) < Ml(k) = r’(-k-gl)l‘(l—‘-;—p-)(mp)(kgrpﬂ) pP2k+2
and
r(EE)r(2gt)

for largen ,

(3.2) R.(k,n) < M,(k) =
20 SR e

where Rl(k,n) and R2(k,n) are defined in (2.17) and (2.18) .

Proof:
p+k+12k+l
(3.3) R.(k,n) = rcelyp(kiRy (erp)(keprl) P -

1 2 2 F(%‘)P(%)(n—p.pl).k+p+l

The maximum value of ——-r-l—-.a-ﬁ;.,s 2 for n,> 2p + 2, and
(n-p=1)

I‘(-".l?)r‘(‘g)%z q, thorefor: thesruth of (3.1) is astablisghed.

To prove (3.2) we consider
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3.1 R, {k,n) =
? r(p-l)r(vz)r(@ r P—"—*;—i 25 (neprkel)
’ 1 2 L ass
We first note that el < n for all lsrge nj and since m <1
) F(E:g >
for all large n and "ETE“T- <1 for &1l n > 5, (3.2) follows.
I'(~—5—)
Lemma 5.2
The ssries
tk
(3.5) (1) 27 ()
and
tk
(3.6) (2) 2 g Mylk)

are both convergent.
Proof?

Let uk denote the kth. term of the series. For the series

(3.5), we have
k

(3.7) u = gy TEITEERIkep)(keepr) 28722
The ratio
k+1 k+p
u r'(=5=)r(=5=)(k+p)
(3.8) k _ k+l 2 .

ey BT r(-‘%—%r(-k—*-»gﬂ)(wwe)

Using Stirling's approximation to factorials, we have
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u
(3.9) lim K - 1inm l“"1()

K > 00 uk+1 k —=>00 i

This simplifies to

. 1 .
(3.10) 1im uk =§%‘—' .
-k —> 00 “k+l
00
The ratic test stabes that the behavior of a series 2 uk is deter-
k=0

mined by the following formulat

p
J Series converges if c>1 ,

Uy
(3.11) If 1im
k —>00 “k+l

= c The test fails if ¢ =1 ,
\) Series diverges if c <1 .

-~

Application of this formula shows that series (3.5) converges if
t < 1/2

Consider now the series (3.6). Since

PR CONE

(3.12) u =-----r
KR re-nr@)re)
k+l
I'(—%-)
(3.13) ko k1 ,
EY t (k+2)
(3.11) 1im - = 00,

K ——> 00 k+l

so that the series (3.6) converges for all values of t . In particular,

therefore, we can say that for <'% both the series (3.5) and
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(3.6) are convergent.
In

C(3as) vy = v L1ve T RDl(k,n)-b Ry, (sn)

there are three error terms if we appreoximate Vi by ';L. Since the

other two are negligible in comparison to the upper bound to RDl(k;n),

it will be enough to consider the contrihution of this to @#(t) the
moment generating function of V).

We define

~

00

(3.16) g(t) = kiom- Vi
then by (2.19)
~ k
(3.17) #(t) = glt) + 3 E-r Ry (kyn) + &
kM

where e, is the coniribution due te other error terms and 1s easily
seen to be an infinitesimal of an order higher than that of %.

By virtue of Lemmas 1 and 2, we write (2.17) as

( oo .k
(3.18) 17(8) - #(8)] < ?llkio o Ry (k,n)ve_

uniformly for all gti < !TO§ < % .

Therefore by Paul Levy's theorem /9, p. 96 _7

(3.20) |r(m = F | < £,
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where Fn( v) denotes the sequence of cumulebive dist~ibution functions
corresponding to ¢n(t) s and F(v) corresponds to E&t). Thus we
have proved the following theorem:
Theorem 5.

If Fn(v) is the sequence of cumulative distribution functions
corresponding to Ve for large values of n, and F(v) is the distri-
bution function corresponding to 'VL, then given e, there exists

an Ns’ such that F(v) -Fv) | <e for n >N5 .
: n

Theorem 6.
When p, the number of variables, is even, the asymptotic dis-

tribution of v is given by

(3.23) f(v)dv = ;1 bj fj(v) dv ,

J=1

where 2m = p,

‘ -1:%-57 vJ-le-J v 2 0
(3.24) £, (v) = , !
J 0 otherwise

and where the b.'s are suitable constants depending on m.

Proof: Let p = 2m.

~ TR
£0 T T
2
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On exp:nding the right hand side of (3.26), we get

. - _ y ;
(3.27) A (k+2m 2)(k+2méﬁzl.ﬁg (kerh)(kv2) r%mj .

The moment generating function for the corresponding diétribution is

given by
oo .k

S
gt) = = T Ve s
k=0 kit 'k

or

(+2m=2) (k+2m=l) ... (k+l)(k+?)

o~ k
t
(3.28) #t) = 2 =

'(m)

This can be rewritten as

dm-l

S k+m-1
(3.29) #(t)=c, s It e

K2, e, =2 Ztk+l+coztk ’

2 1dt

m=-2

where CoC1 e Cp.y ATE constants‘depending on m and these are ob-
tained by comparing the coefficients of like powers of k in (3.28)
and (3.29). The uniqueness of the solution for c0Cy eoe Cp g follows
from the fact that each of the expressions (3.28) and (3.29) consists
of a factor ﬁk multiplied by a polynomial of degree m-1l in k.

We can write (3.29) as

m 60 mei

~J
(3.30) gt) = 2 ¢ 5 A (gem-dy
L ML
. @ . O
For further simplification, we write 3 ogml 23 tk),

k=0 k=0
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m-i
which can be expressed as - and the operations of summation

and differentiation can be interchanged in the region of convergence

of the series, namelyi v l <1,

Also, since

m-1 ,m-i m-1
VA ~(1-t"1 )41
(3.31) PR 1(1 t ) = mpi Z~ 1-t /s
and further
_ dm-l /_- mgl-ltx , 1 7‘ dm—i ( 1 )
dtm-i = =1 1-t — dtm-i 1~%
(3.30) becomes
' o~ m dm-i 1
¢(t) = Zc i e (-l—__g) °

g=1 W1 ggMd

This can be rewritten sas

(3.32) &Z;) N ¢ = DL I =
=1 "1 (1o)m L g (eg)™iH

is the moment generating function

It is well known that

(1-t)°
of
T%Ejva—le-v v>0
(3.33) £,(v) =
0 v < O

Hence we can write the distribution whose moment generating function

is (3.32) a8
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8

¢k . f Av) dv .
1 m-i Tm-d

(3.34) f(v)dv =
i

b

This can be expressed in a slightly better notation by writing j for

m-i., This completes the proof of theorem 6.

Special Cases.

(i) p= 2.

The kth moment is given by

k+1, ., k+2
I{=5=) (==
~
(3-35) . Vk = ?/_ e 2k ’
’ m
which on simplification gives
o~
(3.36) Ve = k!

The corresponding moment generating function is

A~ Q0 Kk
(3.37) gty = 2 ¢ ,
k=0
which can be written as
(3038) g(t) = T:E °

From (3.38) we conclude that

e Vdv if v>0

(3.39) f(v)dv = .
0 otherwise

(i1) p = L.

For p = L we have



: k+1, . k+
o EDE L
(B'ho) \Jk= : 2 ==—-2—-— k!l
-
vT
The moment generating function for this, namely
~ 00 tk
(3.11) gt) = = (ks2)
k=0
can be rewritten as
~/ k+l k
(3.42) B1) = 2 aa() v 23
at’ 2 2
k 7 k
This on simplification becomes
1 1 1
(3.43) #2) = [ 5+
(1-t) (1-t)
The distribution of v 1is therefore given by
(3.44) flv)dv = -2:'=(ve"v + e'v) dv .
(111) p = 6.
The moments in this case are given by
-~ F(E%E)P(E%é) k
(3.L45) v, = 2 ,
/® T(3)

which simplifies to

(3.46) ’;; = iEinékigl k! .

Th



The corresponding moment generating function is

-~ k (esly) (ks 2)
(3.47) ) - 3 o Lekjtie?)
which can also be written as
~ 2
(3.18) t)=L 3 D (k2 L3 5 digkrly, 3 opsd)
) g [ TE T i

Following the argument used in Theorem 6, this simplifies to

~ 2
s 0o gy i
which gives ‘
~
(3.50) #(t) = L 3 . 3 .

n(1-¢)3 ' 8(1-t)°  8(1-t)

The distribution to which this refers is obviously

(3.51) £(v)av = %V2e~V + '%Ve"v + %e-v)dv .
L. in integral equation due to Wilks.

S. S. Wilks /55 _7 considers the moments and distributions of
some statistical coefficients related to samples from a multivariate
no;mal population, and exhibits a new method of attack. He considers
two integral equations which he calls Type A and Type B, and uses
their solutions in deriving some now well known distributions. The

first result adapted for the present use can be written as follows:
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If

00
P(al+k)P(a2+k)

k - K
0

o)

$

wherc k's and a's are real and positive and B and f(v) are

independent of k, then

v
-3 a,-1 00 X
2 2 8y =8,=1 Bx
F(al)i‘(ag) 0 ~

The integral in (L.2) can be expressed in elementary functions when
aq=a, is half of an odd integer; and this case, as we shall see later,
corresponds to the distribution of v defined in (2.3) for even
values of p. If, however, a) =8y is an integer, the integral is

a Bessel function and this situation arises if p is odd. Before

using (4.2) in finding the distribution of v, we shall, for the sake

of completeness, add a note on Bessel functions.

5. A note on Bessel functions.

The equation

' 2
2 d dw 2 2, .
(5.1) 7 g;g - (z°-n°) = 0

is called Bessel's differential equetion of order n, and Bessel
" functions are defined with reference to this equation. Tts only
singularities are at 2 =0 =and 2 = 00

% solution in series of (5.1) near the origin can be obtained
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00 .
by supposing that w = 2° & azt is a solution. It is found
i=0

that the discussion can be divided into four cases.

(a) n#1i, n# 21;1 where i stands for an integer.

In this case there are two independent solutions:

(5.2) Jn(Z) and J_n(z) ,
~where
(5.3) ) 3 T g

r=0 I'(r+1)I'(n+r+1)

and 1s analytic for all values of 2z except possibly z = 0, It

is called Bessel's function of the first kind.

(b) If n =i an integer,
Jn(z) and J_n(z) are two linearly dependent integrals

satisfying the relation
n
J_n(z) = (-1) Jn(z) .

In this case the solutions are

(5.4) Jn(z) and Yn(z)
where ‘
n-1 -n+2r
(5.5) v (2) = J_(2) log z - & 2 lord)i (g
' 1 (eo] (_1)r 2 n+2r
-5k T 5 L #x) + Fnsr) 7,
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where

(5.6) #r) = +%+...-rl-, r= 1,2,%, +.. and $(0) = 0 .

=l

Yh(z) is called Ressel's function of the second kind.

(¢c) If n = 2+l
2
(5.7) Jn(z) and J_n(z) are two linearly independent integrals.

(@) If n=0

-1 2
(5.8) Io(z) = .go ( (3) *
=0 fr(re1) 78
and
) r2) =g (2) log z s 2o - 20 (1+ 3) 2 (14 £43)m
(5-9 YOZ ""JOZ 0g 2 —2-—--2-2-—:):— +§_+m 2+34’.'

are the two solutions.
Yb(z) is Bessel's function of the second kind of order zero.
Sometimes a function Gn(z) is used instead of J_n(z) or
Yn(z) asthe second solution of the Ressel's differential equation.

It is defined by

(5.10) Gn(z) = ?‘Egﬁ'ﬁﬁ e J_n(z) - gTinm Jn(z) 7

where n 1s not an integer; and

Y () - & (2
(5.11) Gn(z)==bn o

L ~7

2cosnn

when n is an integer.



Ifwe put 2z = iv in (5.1), the result is

2
(5.12) v2 E_g + v EH - (n2 + v2) w=0 ,
dv

which is known as Bessel's transformed equation. Two solutions of

(5.12), namely

00 1

(5.13) 1 (v) = 1™ (iv) = % (Fymrer
n’ a(t r=0 I'(r+1)T(n+r+1) 2

and

(5.114) Kn(v) = 18 Gn(iv) = ZT I (v) - I, (v) 7

2 sin nn

ars called respectively the modified Bessel functions of the first and
second kinds of order n.

If n is a positive integer,

(5.15) I_ (v) I (v) s

and

(5,16) Kn(v) = lim Kn+e(V) .
g me=> 0

6. Distribution of v for odd values of p .

In (2.22) we proved that

L TERIE®)

(6.1) ‘ Vi ~ Ve T T 2
r(.g) r(5)

I

which pives only the prineipal term in the value of Vi "Since ws



are not using the exact value but only an asymptotic approximation

- . : 00

for the value of //( ka(v)dv , the results obtained by the use of
0

(4.1) and (1;.2) can not be presented as being final. MNoreover, since
the paper of Wilks referred to in Section ), depends heavily on Stek-
loff!s paper on the theory of closure as epplied to the problem of
moments / 47 _7/, which is not easily available, the distribution for
0dd values of ©» is here presented on a heuristic basis. It may
turn out to be the correct distribution, but it has to be left for
further discussion and rigerization,

Consider again the equation (6.1). If
(6.2) a=ve

then
1 P
I'(k+ §)r(k+ 12) 22k

%ky
r(z)r(3)

(6.3) E(uk) = B(v

Comparing (5.3) with (4.1), we have

(6.4) | B =1L, a) = and a, = % .

o

In this case (L.2) gives

- g B%g o _po U
4 L= du /// X 2 Ix dx
0

(6.5) f(u)du=
| r(3) £

Putting
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(6.6) u = v end p=2m+1 s
we get v2
2m o0 ~(x Ei)
(6.7) £(v)dv =-—2%—~%2———— ./// e dx .
2 “T(g)F(m) 0

According to Watson /52, p. 183 J the integral
v
00 X~ 1%
~m~1 .
)[ x 8 dx , has been studied by Poisson, Glaisher, Kapteyn
0
and others. The result stated in Watson is

m -(x+ ﬁ;)
(6.8) Km(v) = %(%) ,/( e x .
O -

This reduces the distribution of v to the form

(6.9) f(v)dv = Km(v) .

v
m=L/% r(m)

2
Putting m =0, 1, 2, ... in this, we get the distribution of v for

p=l, 3, 5, see o

T The use of a differential equation in the evaluation of an

integral.

In Section 6 we found that

-1 - X L
(7.1) f(v)dv = _{p ldv ’/( x ° e R ax
2P P(§)T(g) 0
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where p 1is the number of variates in the underlying normal distiri-

butioms,

A known technigue for evalunating

2
o _ p+l ey ¥
(7.2) ¢(v)=/ X T I
0
is as follows: Put x = -g-— in (7.2) to get
Pl l(z2+ -YE)
(7.3) #v) =2° / 15 22 .
0
Now we define
o Ly D)
(7.4) Y(v) = / 2 77 o 2w,
0

where
v Z 0 .

Since the conditions for differentiation under the integral

sign are satisfied, we differentiate \}/(v) with respect to v and

get

2
1, 2 v
: 0 1 - E(Z + ;g)
(r.5) . Y(v) = —v/ = e dz .
' : o )
Similarly
2 2
1.2 v
00 - (Z + ) 00 (z 4 ......)
(7 6) "( )__ 1 § ‘;ﬁ + 2 1 -2 Z |
. Y V)= o~ -5 v —m e Z .
0 2 o 2
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Now 2
90 Y il
a0 [ i Bl Ty * @
/0 2 Z zZ 00
2 2
- . L6t 5
= d ~_1 a z 7dz= 1 e 2
% L T - ,P-1
0 : 0

which is equal to zero identically therefore, using this identity we

obtain, from (7.Lh), (7.5) and (7.6), the following differential equa-

tion .

1 ! '
(7.8) v \f’(v) + (p~2) Y (v) - vY =0 .
The value of @(v) can be found by using the solution of this and the
fact tha

v =

(7.9) #(v) = - v">.27.
8. The asymptotic distribution of v for even and odd values of p.

We shall, in this section, derive the distributions of v again

by stafting with the result,

2

-1 ® Pl X
(8.1) f(v)dv= ) ldv X 7 e Ix dx , and
2p I‘(?)r(g) 5 ‘

by evaluating the integral involved by the help of (7.8) and (7.9).

We divide the discussion into two cases.

Case A. P =2, Ly eus



8L

(Al) et p=2

The differential equation (7.8), in this case, reduces to

(8.2) (D%-1) Y(v) = ©

where the symbol D stands for the operation of differentiation.

(8.3) Y(v) = e’ + Be™"
is the solution of (8.2). Also for p = 2
2
o - %(22+ 2%)
(B-h) \V(v) =_/// e z dz

by definition.

This gives
(8 0) = //’_I a Y =0
.5) ' AR (00) =
Thus —
(8.6) Yi(v) =V/g eV
and hence
(8.7) -\-{,—(—‘Q 23/2 _ 5 1 .31’ - v

where @(v) stands for the integral occuring in (8.1).
Hence we have the result

(8.9) A f(v)dv = e dv .

(4,) Letp =L.
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2
Here . . ~-%(z2+-§§)
(8.9) Yi(v) = /// —5 e dz
5 2
but from (8.4) and (8.6)
00 =~ %(22+ 2;) :
(8.10) e 2 §v = //é e,
0 v

Differentisting both sides of (8.10) with respect‘to v eand dividing

by ~v, we get

/o v

(8.11) RS2 V/zzt_ L '
Thus

(8.12) #(v) =-:li;£22 25/2 _ L /x ve";’+.e;"V

v

Hence from (8.1)

(8.13) f(V)dv = %(S_V + ve-v) v

(8,) p=6.
g 2

ere o - %(z2+ Xf)

(8.1L) V(v) = '/// EE o z .

2

0
Using the reasoning of example 2, we get

-V, .~V
(8.15 ), Y (v) =V/-§ XE_V-B.E—
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Therefore

2 -V - L, =T
(8.16) g(v) = 23 /n X2 +3ve +3e .

v

This value substituted in {B.9) gives the following distribution for

p = 6.

2 -y

-V - -
Je +3ve +V €

T av .

f(v) dv =

The process can obviously be carried on to get the distribu-

tion of v for all even values of p.

Case B. P =3, 5, ec0o

(Bl) Let p = 3.
The differential equation satisfied by Y (v) in this case

reduces to
n 1
(8.17) vy Yy vyl =0 ,

which is the modified Bessel equation of order zero, and is satisfied

by
“\-}’(V) = Ko(v) .
Therefore
H
‘ Vi) e Folv)
(8-18) ¢(V) T - v 27 = —)4 ---_‘-;———- .
But

(8.19) Ké(v) = - Kl(v)



(see for instance, Watson /752, p. 79 7 )
Therefore

hKl(v)
(8.20) g(v) =

v

Substitution of this in (8.1) gives

(8.21) f(v)dv = ZVSV Kl(v)
(BE) Let p =5,
2

Here o - %(22+.z§)

(8.22) H/(V) = /// —% e 2 dz .
a z
But from (Bl)
00 - .].'(z2+ .Y...)

(8.23) dz = Ko(v) .

Cx\

ISRN
o]

3]

Hence, on differentiating with respect to v and transposing suitable

factors, we get

'
~K_(v) K, (v)
— O l L]
(8°2h) W(V)‘* v =z -
Thus
1
, ~vK, (v) = K (v)
(8.25) #v) =~ ,
v
which, by using the formula
(8.26) vK;(v) - nKn(v) = -vKn+l(v)

gives
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Kz(v)
(8.27) ¢(V) =T
v
and consequently
2
(8728) f(v)dv = T%E Kg(v)dv

as the distribution for p =15 .

This process can obviously be continued to obtéin the asymp-
totic distribution of v for all odd values of .

This section also shows that wezget the same distribution of
v for p~ 2m by the two methods, namely

(1) The use of the moment generating function ,

(2) The spplication of the integral equation given in Section L.

9. Note on the construction of tables.

csse A (When p = 2m)
The distribution of v in this case is

m
(9.1) f{v)dv = 2 b.f.(v)dv
g=1 9 3

where
- 1 vj~1 ~-]j
- e v >0
FZJ§ -
fj(V)’"
0 otherwise

r._..._,-\/\

and where the bj’s are constants which can be found for any given

integral value of m.
i 00

The evaluation of the integrals of the type /// £(v)dv can
x
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2
obviously be made to depend on tahles of ;{‘ distribution with even
degrees of freedom. For illustration it will be enough to consider

the cases when p =2 and p = L.

(9'2) (Al) For p= 2"

#(v)dv = e 'dv
2
and the substitution v = &£~ shows that
2
(9.3) Pv >2) = B( X% > 2)

which gives the method of tabulating areas for the distribution of v.

In this particular case it may be more convenient to use the

tables of exponential function.

(AQ) p =l
Here
(9.h) fly)dv = %'(e"V + ve dv .
- | "
Putting v = =5~ this becomes
3@2 ‘yﬁ
(9.5) £(XB)aHe - % [ 3 25X i"jf:?e 2 a7 .

The two frequency functions inside the square brackets arefYL? fre-
quency functions for two and four degrées of freedom. Consider the

following table giving tail areas for these distributions.



“l’ 9C

v | Lk.00 L.2 Lk .6 1.8 5.0 5,2
(9.6) o 1.13534 .122h6  .11080 10026 .09072  .08209  .OTL27
L |.40601  .37962 (35457  .33085  .308LL 28730 .26739

from table 7, Pearson and Hartley / 35.7. Averaging these as suggest-

i
ed by (9.5), we have the following table for P((>LJ >x )=P(v > %),

x . Lk L.2 .ol L6 b8 5.0 5.2
b 27068 2510 23269 21556 19958 .18L70  .17083

From this table it is possible by linear interpolation or by
using the formulae for imterpolation when the arguments are not
equally spaced, to find the values of x corresponding to D= .25,
P= .20 =atc.

Similar remarks apvly to the cohstruction of tables for p = 6,

8_, s 2

Case B, p=12m + 1.

For this case we proved in Secticn 6 that
f(v)dv = C vam(v)dv

Tables for these distributions can be constructed by using

~ the series for Km(v) and integrating term by term.
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10. Summary of Chapter III.

In this chapter we have discussed the distribution of v = nt}'

for large vdlues of n. The kth moment E(vk) is found in Section 3

by following the methods of integration developed in Chapter II. These
moments have been used in finding the asymptotic distribution ef v

for even values of p by the help of the corresponding moment generat-
ing function. For obtaining the large sample distribution of v for
odd values of p, use has been made of an integral eguation due to

S. S, ¥Wilks.



CHAPTER IV

AN ASYMPTOTIC SERIES EXPANSION FOR THE DISTRIBUTION OF

W= m3 IN THE NULL CASE

1. Introduction.

Harter /718_7 has obtained the distribution of my as a double
series by starting with the joint distribution of My, M, and m3 of
Wald in the special case when p g = 0= ti’ which we call the null
case, and which has been the subject of our discussion in the pre-
ceeding chapters. The seriss cbtained by Harter would present diffi-
cultiss in practical applications. since in any practical situation
the number n, which is determined by the sizes of the two samples,
will not be very small. For large n the investigator wishes to use
that distribution of m3 in which the ratioc of each term after the
first to the preceeding term is of order n“l. It is also obvious
that the main point in getting such a series is to obtain terms beyond
the first. Of these, however, the second and third approximations are
of chief interest and are doubtless easier to calculate than any of
those of higher order. Recause of these considerations in this chapter
we shall obtain the first three terms in the distribution of w = (mB\
~as an asymptatic series. For the first anproximation the constant ef
integration will be found, and the method of finding the tall areas
for the construction of tables will alse be discussed.

It might be noted that the statistic w is % times the statis-

tic v defined in Chapter IT. Towards the end we shall also compare
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the result. of this chapter with that of Chapter IIT.

2. in asymntotic series fer the distributiorn.

We consider the joint probability distribution of my, My and
w, which is the same as the probability distribution of My, My, and m3

except for the constant of integration because
f(ml, m,, m3) = f(ml, My, -m3)
Let ¢ denote the constant of integration. Then
b =
(2.1) f(m.l, m,, W) dm, dm,dw

-3 n-u-1

C(mlmQ-Wij?i[‘(l-ml)(1~m2)uw2 7 dm. dm,,dw

The region of integration is determined by

2
MMy~ >0
, 2
(l—ml)(l-m?)~w >0
(2.2) D= ,
1> my >0
1> m, >0
which alse determines the range O =<w < % for the variate w = ’mBI .

To integrate with respect to my and m,, we shall keev w
fixed, and put m, =x+y and m, =X -y . This gives

=3 n-p-1

(2.3) f(x,y.w)dxdydw = ?C(r2~y2-W2 ~?izf(x~l)2-y2~w?_ e zdydw .




ol

For fixed w, the two expressions in the brackets in f(x,y,w)
are zero on hyperbolas in the (x,y)~plane. M.reover x + y =0 and
x -y=0 are the asymptotes of xz—y2=W2, and x +y -1=0 and
X -y ~-1=0 are the asymptotes of the hyverhola (x - 1)2 - yz = w2.
The region of integration fer x and y 1s thus the area enclosed
by the two hyperbolas and is shewn in the figure on the adjoining page.

The coordinates of the points of intersection 4 and B ef

the two hyperbalas are

1
-rh b
i
o~ 1 1 27
B [E:’E‘W) 7 .

The probability distribution of w will be given by the following

double integral:

(2.) flw)aw = 2

[ep]
\\
\
)
ll\)

~
no

4
N
3
M

/(x - 1)?~y2 - w?_7 e dx dy dw .

Put

(2.5) 2%2 =r



°5
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and

n-p~1 _
2 a -

/2 2

Also replace the positive root V y +W by a .

To perform the integration with respect to x, we shall suppose
y to be constant. Using (2.5) and by noticing the symmetry of the

integrand in y, we can write (2.)) as f(w)dw, where

\/ % -W.2 l-a
(2.6) £lm) = ke ///’ (xz-ag)#z-(r-l)2-32_7qu dy .
Ty=0 X=3
Let
2 -1)°-4°
(2.7) (1-v)° = 15—1:533— .

This transformation sets up a one-to-one correspondence between the
values of x and the values of v. Furthermore, as x increases from
a te 1l-a, v increases monotonically from zero to one.

From (2.7) we have the following?

(2.8) (x-1)%-22 = (1-2a)(1-v)°
(2.9) x=1- //;2+(1—?a)(1—v)2
(2.10) x2-a2= 2a(1-2a) v /1 1-3ava’ g o ald-es) 2. 7

1-a " Za(l~a) 2(1_3)2
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1
(2.11) dx = Ei;E(I—VQZ—l- 2(1-22) v+ —;:227 V2 7 ¢ dv .
1-a (1-a)° (1-a)

To examine the convergence of the series in v which will be
obtained as a result of this transformation, we regard v as a com-
plex variable and equate to zero the quantity under the radical sign
in (2.9). Thus, if v, denotes a singularity, then (I-V'O)2 =

2
IE?E , which gives

(201?) V() = 1 3 e— °

This shows that the twe singularities are situated on the iine parallel

to the imaginary axis at unit distance and are equidistent from the

point 1. Also

2
2 (1-a)
(°.13) Yo - T 1-2a
or
v - _1i-8

¢ J/T=53

Both the singularities lie outside the unit circle around the origin,

since (1-8)2 > 1 because a2 >0
1-2a

Using the transformation from x to v, we get
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w 1
V
(1-2a) r r 2q+1
(2.14) f(w)= 2 T+ 2 //// T @ v (1-v)
1-a) // :
=0 ( “¥=0

2
1-3a+ (1-2 2 r
T aBa a all-2a) 2 g7

(T-ay " ~ 2(1-3)2

1
™ol

dv dy .

(1-23a) 1-2a 2
[1- 282, _
(1~a) (1-a)2 /

We write (2°1h) after expanding the last two binomials, but

omitting terms involving cubes and higher powers of v since they

' will not affect the first three terms of the desired asympntotic series.

This gives

T2
Vi
(2.15) r(w) = 2rf20 / §1-2?r+1
-3

y=0

)q+r+l

1 -
[ Fawet (e G

v=0

2,2 ]
r Ve (r~1)(l-ga+a ) . a(l—Za)__7V2+ v g

é(1~a)2 La J
3 : /s 1-2a 5 _(a +ha—2)(l Qa) oo Javdy .
(1-a) ?(l-a)
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This can further be reduced to

/1 2
yumt 241+
+1+
(2.16) £lw) = 272 / %f;:-;—;—f— a*

y=0

1
p X ,
/ Vr(l_v)2q+1 {1+v/" 1-2a N I‘(l-3a+a ) 7

%0 - (1—3)2 2a(1l-a) -

L Va r(r-l%(l-}a;a2)2 _ ra(l-?ag
a (1-a) 2(1-a)

(32+ha~2)(l-23) N r(l-3a+32)(1‘2a) 7+ cus | dv dy
2(1_a)h 28(1—8)3 -

Integration with respect to v after replacing g and r by

their values in terms of n and p, gives

-2 p-3
(2.17) f(w)= 2 q / (1-2a) © a (n-p+1)I(==)
- P.:l I,(Qn-p+l)
J (1-a) ° 2

1+ - i=2e (p-3)(1-3a+32) p-1_ /- (p~3)(p—5)(1~36+a2)2
= (l-aj2 ha(l-a) = fn-prl & 32a2(1—a)2

(p~3)al1-2a) (a2+ha-2)(1-2a) (p~3)(1—3a+a2)(1-23)
- 5 - n + 3 7
(1~a) 2(1-a) 2a(l-a)
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O N O

vess dy o
(2n-p+1)(2n-p+3)

/

»

in which a 1is an abbreviation for-v/y2+w§. We shall write

Bl r(nep)r(E3)

(2.18) , g, =2 -
1 I,(2n g+1)

To integrate with respect to y we make the transformation

| .

/2 2

(2-19) z = 2w - 2 / y W .
2w-1

The limits of integra ion for z will be zero and one, since those of

y are zero and V!% -w2. Also 2z 4is a monotonically increasing func-

tion of y. This transformation will change the integrand essentially
into the product of two factors, one of which is a high power of 1-%
and the other a series of ascending powers of z. Thus (2.19) will
change the integral into a sum of beta functions suitable for giving
an asymptotic series for the distribution of w.

To effect this transformation we have to find the values of

various factors involved, and we have

1
2 2.2
)

(2.20) (y 4w = w/ 1+ }%éﬂ z 7
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2
(2.21) yz v wl ol /1 _1_;-_1_2;@ 5 o (1=2w)” 2 7,
Lyw
1
(2.22) 1- (Pl = (1 - w1 - T,
1
2 2,2
(2.23) 1-2(y° + w9 = (1 - 2w)(1 - 2) ,
and
1
2 -
(2.21) dy (1-2w)“/ 2w + (1-2w)z_]
’ dz 1 1
2 - 2
2"/ hw+(1—2w);_7
11 L
2 2 - = =
_w (1g?w) ’ 2[1+ 1-2w 2 7/71 + 1 2w . 7 2
The singularities 295" 29 and Z3 of the resulting series in 2
are determined by the eguations
(.25) 1+ 52 5 -0
1-2w
(2.26) 1l - s 0
and
(2.27) | 1+l[‘;—f:’z=o

respectively.
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From these we have

2w -

(2-28) Zl = m
2(1-w)
(2.?9) 22 = e
and
Lw
(2.30) Z3 = m .

Since the range of w is from 0 1o %, we find from the sbove three

equations

(2.31) -00 <z < 0

(2.32) 2 <z, <00

and

(2.33) -00 < 2 ‘< 0 .

3
In otherwords, two of the singularities lie on the negative half ef
the real axis and one on the positive side in the 2 plane. To be
sble to get a convergent series in 2z we have to make sure that these
singularities do not lie in the unit circle around the origin. To

examine this, we proceed to find the range of values of w for which

z > 1.
. . 2w . 1
(1) »! zl} >1 if yo5z > 1 or if w > I
(1) ZQ! >1 if 2%%532 >1 or if 2 > 1 which is true
Lw

o=

(1i1) [zBQ >1 if g% > 1 or if w >
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These investigations indicate that the resulting series in 2z will

converge for w > =, which does not cover the whole range of values

e

of w, which is zern to % . We shall, however, proceed to meke this
transformation and subsequently find the probability distribution of
w as a series of powers of % - Even the first approximation of the
resulting series will be shown to give close results, especially for
finding the right hand tail areas.

Making the transformation (2.19) in (2.17), we get:

n-1 p-2

(o) T L

o)
2

(2.3h)f(w)=01
2(1-w)

1 _ % ne-2 p-1 p-1
p 2 1-2w 2 1-2w .
j 2 (1-'2 ) [1"’ S Z—.7 [l- -m 2’7

Z‘—:

1

-

2
1+ lﬁéﬂ z ] {1 + ?ﬁgﬁ%i ¢1(z,w)

2

p-1
(2n-p+1)(2n-p+3) Folewle .. }dz ;

where ¢1(z,w) and ¢2(z,w) can be written down after making the

transformat ion in the rzlevant factors in (~.17). To get three terms
in the probability distribution of w we need only retain the term

independent of 2z and the term containing 2z from ¢1(z,w) and the
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term independent of 2z from ¢2(z,w).
If we retain only those terms in the various expansions involved

in (2.3&) which contribute to the first three terms of the desired

series, we get

(1=2w)

(2.38) flw) = o,
2(1—w)
1 l n—?

2
2 21-) 2 [1v lpmhe2w) <p—1)<§;i%(1-ew> EN

2]
i}
(@]

. (=D (-2w) | (p° ~1><1 ) 2,
L1 L (1=w) 30(1-w)° ’ 7
- 1-20, 3(1~2w)2
1- .
Z B 128w —7

p=l o~ 1-2w . (p-3)(2-3wrw)
I snpel (/ (1 W? phW(§~W) s 7
-(1-2w)2 _ o Leaw . (p- 3) (=110 Ju-1) Tov ver )
(l—w)3 (1-w)2 B2 (1-w)° -
p-1 Ve (p-s)(p-51<1—3w+w )’
(2n-p+1)(2n-p+37 32W (l-W)

(p~3)w(1 2w) _ (w +hw-?)(1 2w) , (p-3)(1~ 3w+w 2(1 2w) 7% g .
(1-W) 2(1-w)* 2w(1-w) -

Further simplification gives
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(2.36) £(w) = ¢y (1-2w) p_;
2(1;w) Z
1 1 n=2
2 2(1-2z) ° {:u[ LP-lgfql*?W) *'(pﬂ%l)%zw)

12w 5 ~(p=1)(p-3)(1-20)® | (pP-1)(1-2w)°
- T2+ +
B/ L 32u° 32(1-w)°

_3(1-2w)%, (p-1)2(-2w)® (p-1)(1-2w)°
1280° 16w(1-w) 32w(1-w)

_len@-an® 52,

32W LI }o

T 6.2

' 2
b=l p -1 -
{1 " Znprl Lh o+ B T (2n-p+1)(2n-p+371 Broo Jv .o } dz ,

where A, B and E are functions of w, and are known explicitly from

(2.35). For the sake of brevity we write this as

n-1 p"2 1

= 1 n-2
P, D - = D-c
1-2w 2 2 - 2
(2:37) f(w) = Cl ( ) p-Y ,/'Z (1-2z) °/ 1+Alz+Rlz‘+..._7.
2(1-w) © 2=0

' p_,l . - Lo P gy : - »
{l+ Toprl / A+Bz+'"—7+”(2n-p41)(2n-p+3) /[ B+ eei ¥ i } dz .
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The integral involved in this can be written ad

-1)E v
Zﬁ(*h-P+l)22n-p+3) on=- p+l (B+Ady )2+ 2° WAIREE '} dz )

where the terms in curly brackets are arranged in three blocks accord~
ing as they contribute to first, second and third aporoximations.

Integreting with respect to 2z, we have from these

(2.39) £(w) = o, (1=2w) = w '
p~-1
2(1-w)T
RS |
ENE 21, 1
I‘(E%J-‘) ?n- n+l 1-
Vs (Pz-l)E p=1 (B+AL )
L T2n-p+1)(2n-p+3) T2n-p+1)(n+1) 1
+ T——T%——‘j R 7+ es e
n+3)(n+l) 1 - r
where
= 1-2w (p--3)(1- W )

(7 WET



107

B = (1'2W)2 _leew (p-3)(hwh~llw2+7w—l)
(1a)® (1) B (1w

{

A = (p=1)(1-2w) . (p=1)(1-2w) = 12w
1 Liw ull-w) ow

s

_ (p-L)(p=3)(1-20) | (P-1)(1-20)®  3(1-2w)?

B
! 32u° 32(1-w)? 108w°
L (e-12a-2n)? | (peny-an? | Jo-1)(1-2w)? ’
TEw(1=w) 3ow( 1) g
and
‘ 2 ,
B = (9=3)(p=8)(1-3wrw’) _ (p=3)u(1-2w) _ (wo+lw=2) (1-2w)
32w2(1-w)2 h(l-w)e 2(1-W)LL
. (p=3)(a-3ww®)(1-2w)
2w(1--w)3
Furthermore,
1 -1
1 p-1 1 p-1 1
On-p+l ?ﬁ(l" n) =m ¢t Z“g + 0(—3) ,
- Il n
1 1 1
Bromieheody
n n
1 1 1
.. oty
(2n-p+1)(2n-p+3) Ln Y (nB)
1
1 1
(2n-p+1)(n+1) op2 ¥ O(;§) ?
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1 lv

L - Lo .
(n+3)(n+1)  n° 3

Using these in (2.39), the first three terms of the series

¢an be written as follows:

n-1  p=2 _p-1
(2.40) f(w)dw =K (l—2wj~2"w ,?—(l-w) e {1+ %Z'-B%; A+ oy 7+

-

, 2 2. R
/ iﬁil-)— A-p+ 'ELT-EE* P-%}-(Bm;\l)@sl A o(n‘3) j .

S“JFJ

Explicit expressions for the first, second and third approximations
can be written by substituting the values of A, B, Al’ AQ and E from

(2.39). This series can be written as

(2.11) £(w) = Kry(w)/2+ %x(w% Lou(w)+ O(—1-§) 7
n n

and is such that the ratio of each term to the preceeding term is % s
and is the desired asymptotic series.
3. The constant of integration for the first approximation.
The first approximation to the distribution of w 1is
p=2 _p-1 n~1
(3.1) flw) = Kle(l—w) T(I—QW)T + o(n™1)
where O <w 5% . The cors tant of integration can be found by start-

ing with the constant of integration of the triple integral found in
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Chapter IT or directly by integration from (3.1) as followst

% p-2 _p-1 n-1
(3.2) %— = /// w © (1-w)} 2 (1-2w) e dw .
1
0
Let 1=2w = y, then
lpl  p2 _pd
(3.3) %— - 2 // y 2 (1-y) 2 (1+4y) “ay .
1 /2 |

By comparine with the hypergcometric integral, we can write

n+ly. p
(3.1) 1 _ 1 F(—ﬁﬂ)r(ﬁ) p-1 n+l n+p+l 1)
) R T NP+l oy T T T ’
1 /7 rERD
Using the formula
(3.5) F(a)bacyx) = (]—“x)-a F(a,c-b,c, ‘)‘c‘}‘f"]'_' ) 5
we get
+1
()
(3.6) R pEzl P omepil 1
y K, D &P 5= 0 5 T3
3 (=3

2
Since the third coefficient in thehypergeometric series involved is
large, the value of the scries can be approximated by 1 for large n,

that is

(3.7) 1m R
n ~—>00 )

and we can write



120

1 , TEHG)
(3-8) .K-I ~~ D T n+p+l) .
» 2 (=5

Using Stirling's approximation, it can be further simplified te

r(g)
1 3
n

giving approximately the constant of integration in the first aporoxi-

mation.
L. The tail areas for the first approximation.
Let
1

5 2 p2  _pl opl

(4:1) Plx)= —ro w e (1w) 2 (e2w) ° dw .
p
rs) R

The transformation y = 1-2w reduces it to

b =% p=2 n-1

e e

P4 =5 -
n 2 2 2
(L.2) ¢(x>=-2-1 21“(}23) j y © (1-y) T (1#y) dy
0

This is the kind of integral we will have to evalvate for finding prob-
abilities of the tyve P(w > %).

We write the integral involved in (4.2) as:

b n-1
(14.3) u(t) = j yT My) dy
0
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where A(y) = (l—y) (1+y) . Integrstion by parts gives
2 p 2 2 )
(b.h) w(t) = T Ay) - E:T.// y © X (y)dy
0 0

This eives

n+l t n+l

= 7z
(4.5) u(t) = .n_f.I t x(t)~;1—f-I / y 2 A (y dy .

0

Performing another integration, we get

n+l n+3
(16) ) = Zr 8 EA) - ey £ M (0

n+3

t
b L
(“17(“3‘5/3’ M e
0

From (L.5) we can write

0+l 6 ol
: 2 7D 2 I
(L.7) u(t)—mt x(t)l = =3 / v aly)dy ,
0
p-2 _p-1
where \(y) = (l—Y)—?.(1+Y) K . O=zy=1
(L.8) ’X'(y)l =+E—'2'—2(l-y> +B—§—l-(l+y) z

H
and this shows that the maximum value of X (y) corresponds to the

111
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minimum value of y, which is zero, and

(1.9) V] smeE2

—

By taking account of this bound we can write (4.7) as

n+l t n+l :
(4.10) w(t) - ﬁgi fﬂﬁ—X(t) < 2§:i // &"?‘ dy ,
0
which is the same as
n+l 2%2
(.11)  wlt) - -ﬁ% v 2 als) < % .

The range of t 1is zero to one, and thus equation (4.11) asserts

that given &, we can find N such that

nrl
(4.12) w(t) = 2y ° Mt) | <& forn >N .
n+l
n+l
2 2. ,
o t “ A(t) can therefore be tsken as an asymptotic approxima-

tion of ult). Using this in (L.2) we get

lp n+l p~? p-1
2? ?(1 A “?‘(? )- =z 1
(b13)  ge)e 2R x Lo (1+om™) .
P(g)(n+l)
We can write this as
3B mipz  _pdl
©(ual) Pw > $)= 20" (1) x ° (2-x) ° [1v0(n7Y) 7

2
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which provides a formula suitable for finding the tail areas of the

tyoe (4.1).

5. Comparison with the results of Chapter TII.

We have shown in this chapter that if we omit terms of order %

p-2 1 n-1

I
(5.1) f(w)dw = C WT?_(1~W) —?¢(1~2w) —?_dw

To get the corresponding first approximation for the distribution of

the statistic v= nm, , we put w =-r‘{ in this, and get
p-2 - B n-1
(5.2) f(v)av = £ v e (1~ = 2 (1- 20y ? 4 .
P n n
. ) n-1l
Since —
1Um(1 - &) 2
. Nr=>00
(1) =1 |,
~v
e .
and
_p-1
lim (1--%) 7z
s N—=>00
(i1) =1 s
1
we can write (5.2) as
B-2 ",
(5.3) f(v) dv = Const. v 2 5. dv /1 + O(%) 7 s

which states that for large n, v is approximately distributed as
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')é§2 where thegyﬁ? has p degrees of freedom.
This is not in agreement with the probability distribution of

v obtained in Chapter III, and this discrepancy can be easily egplained
by the fact that the convergence of the series’in ¢ “in (2.38) ' :"
was not guaranteed for the whole region of w. It was seen oﬁ'pages
101-103, that convergencé of the series in 2z - from which we obtained
f(w) by integration would be obtained only if w >-% . However, it
appears that the two distributions would give close results if we are
interested in bhe tail areas. As an illustration we shall find approxi-

mately the 5 9% point for p = L by the results of the two chapters.

Fxample. To find x such that P(v >x) = .05 in the twe

cases

]

(1) fl(v) dv %(ve-v v eV) av

-v

(2) f2(v) dv ve = dv

From table 7, /735 7 we have the following values for the vprob-

ability integral of the ix,z—distribution.

Giving P(fX? 3’7Lg)

— 7
ﬂgwo 7.8 8.0 8.2 . 8.4 8.6 8.8
d.f .
P L0202} .01832 01657 .01500 .01357 .01228
I .09919 .09158 L0852 07798 .07191 .06630

Sum 11943 .10990 .10109 .09298 .085,8 .07858
fsum | 05972 0S5 05055 .OW6h9  .ok2Th 03929
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The last row gives probabilities ef the type P(ZV'>/)18) or
P(v > VO) say, and shows that spproximately P(v > L.l) = .05 if we

use (1). Also from the same table we find that P(v > 3.9) = .05 if

we use (2).

6. Summary of Chapter IV.

In this chapter we have considered the problem of obtaining an

asymptotic series for the distribution of w = m, by starting with

3

the joint distribution of Mys My and m, 1in the null case. The de-

3
sired distribution is obtained by integrating out my and m, over
a lens shaped region enclosed by £he two hyperboles m, m, =w2(a con-
stant) = (1-m1)(1-m2). To perform the two integrations, one with
respect to x = m o+ om, and the other with respect to y = m - m,
we have, at each stage, regarded the other variables as constants and

found a transformation which changes to integrand into a function of

the form Zci(l - z)b zi,'where b 1is a large number, and where 2
i

varies from zero to one. This leads us to a result of the type

L

né

lw) =K [—fl(w) + %f2(w)+ f3(w)+ cve _J s

First three terms of the asymptotic series have been obtained in
this mammer. For the first approximation we have also found the con-~
stant of integration, and discussed the method of finding tail areas.

In Section 5 we have compared the results of this chapter with

those of Chapter III.



CHAPTER V

THE APPLICATION OF TCHEBYCHEFF-MARKOFF INEQUALITIES

TO A SPECIAL CASE

1. Introduction.

This chapter will be confined to the discussion of the

special case p = 3 and N.+ N2 = 20. In this case, starting

1
from the joint distribution of m, By and m5, we shall find the
moments of the exact statistic V. These moments will then be
used in setting up bounds to probabilities of the type P(V < &)
by the use of some investigations due to Tchebycheff and Markoff
/487, /49 7. This will provide, on the one hand, some exact
results of some importance for this case, and on the other hand

illustrate what can be done when the first few moments of an

unknown distribution are known.

2. The integral over Dl‘

As before, we shall denote by I1 and 12 the integrals

over Dl and D2. Thus

' 7
(2.1) I, = [ff [(1-ml)(1-m2)-m§__7 dm, dm,, dmi.
Dy

Expanding the integral by the use of the binomial theorem, we

get
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7 '
(2.2) 320 (-g) (l-ml_m2)7 J (m1m2'm§)J dml dme dm3 .
Dy

Each of the integrals in this sum can be calculated by

first putting = (mlmet:)l/2 to integrate with respect to 1%,
then following the procedure of Section 6, Chapter II. The result

is

- 1 1
(2.3) Il = ﬂ_jp 30 - 16 + 35+ 30 ¢ 11 T8 12 *

1 + . 1 + 1
16 ~ 08 « 12 » 1L » 15 32 » 26 - 866 « 8 32 - 150 - 64 « ©

1 1
* TR TS5 150 B BB6 - 128 - 16 - 17 -7

which is therefore the integral over Dl'

3. The integral over De.

This has been found exactly in chapter II, but an indepen-

dent derivation based on geometrical considerations could be

given here.

n-4 :
(3.1) I,= ]J [(l-ml)(l-mg)-m;j 2 dm, dm, dm5 .

D,

The value of Ig-we wént will be obtained by putting n = 18.
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(3.2) In (3.1) put u= (ml + mg)/\/§
and v = (m; - m2)/’J§ .

Then let v r cos ©

L}

and ¢§m5 = r sin @ .

Then

o WP 2(- Bu) o

(3.3) 1= — J//// //// //// (1- \/Bu+2 -r _—*éd@drdu

Integration with respect to © and r is immediate, and yields '’

V2
/ e 5
_2y2n _ u
(3.4) I, =55 j (1- /2 u+ -2-) du.
i
V2
Putting u = /2 x and integrating we obtain.
¢
(555) I, = X H
2 (p-1)(n-2)2%70
end for n = 18, it reduces to
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- n —t
(3.6) I2 = 15 .

4, ‘The integral over D.

The value of I, the integral over D, is

5 Moments of V.

The kth moment Ve is given by !

T-k
(5.1) E(V )= T +I [f[[ 18m3) (l-m,-msrm m, 5) dmldede—7'

D + D

Due to the symmetry of f(mlm2m3) the joint density function of

k
m, ,m, and my in m3’E(V ) = 0 for 0dd values of k.

Putting k = 2, 4 and 6 in(5.1) and integrating as in

Section 2, we get the following moments:

6.5571637176,

L}

(5.2) My

By, u59.650u9u2728,

hg = 25661 .846546L

We know that V 2 n m5 since V equals n m3 divided by a
quantity which cannot exceed one, and in fact remains less than

one inside D. Thus, since the range of 18m3 is from -9 to 9,
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the range of V in the case under cousigeration is larger, say from
-a to a where a > 9,

We shall now use the moments obtained above in setting up
bounds for P(V < &) to get an idea of the exact simpling distribution

of V.

6. Some results due to Tchebycheff and Markoff.

We shall, in this section state without proof the results
which lead to the historic inequalities which were announced by
Tchebycheff and proved by Markoff, and which we shall use with the
moments obtained in the preceeding section. |
Theorem I. Any three consecutive polynomials in an arbitrary

sequence {pi(X)} of orthogonal polynomials satisfy the relation
(6.1) p,(x) = (ax + b ) p ,(x) - CPpn(¥) 5

where pm(x) stands for the mth orthogonal polynomial. Here

8 bm and cp are constants, an > 0 and Cp > 0 . If the highest

coefficient of pm(x) is denoted by k , we have

a
(6.2) am = im and cy = Sa
fp-1

The recurrence formula (6.1) is also true for.m = 1 if we

define p_,(x) = 0.

l(
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Theorem II. The roots of the equation pm(x) = 0 , where pm(x) is

the orthogonal polynomial of degree m associated with the weight
function ax) on the inmterval [(a,b) , are all real and distinct;
and all of them lie in the range of definition of the polynomials,

Theorem III. If

" o (2) - (%)
(6.3) v (z) = = — do(x) ,

Z-X

where o (x) is the weight function of the system of polynomials, then
¥'s satisfy the same relation (6.1) as the p's, though with different
initial conditions.

Definition., Let

(6.4) O] ‘;g‘

where wm(z) is of degree m-1 in z, whereas pm(z) is of degree m.

The c, are the roots of pm(z) = 0. Suppose & < ¢y < ¢y +ou < c. < b,

1

where (a,b) is the range of the basic function a(x). Then p; are

called the Christoffel numbers.
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Theorem IV. The Christoffel numbers are positive, and

B

o, = | @) =a®) - ala).

i

1

Note: Because of theorem IV there exist numbers dl < 62 < eee K dm—l

lying between a and b such that

P, = a(di) - a(di_l) » 1=1,2,..m5 dy=2,4 = b.
Theorem V. Cis Cp eoe Cp alternate with dl’ 62 e @05 that is
N < di < v

 ?

more precisely

a(ci + 0) - afa) <<x(di) - ofa) = 0,

1 ¢

T ™

d

<O£(Ci+l hd 0) - Q’(a), i= l,2,n0c m-1.

That is if F(x) is the class of cummulative distributions having

the given moments, then
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€y dy Cir1
i
darF(x) < aF(x) = % p, < ar(x) .
=1 Y
a a a
7. Application of Tchebycheff -Markoff Theorems to this Example.

We have the following matrix of the moments of the distribution

studied in this chapter:

g 1 0 6.557163716 0 459 630494 7
¢ V6.557165716 0 459 ,65049k 0
6.557163716 0 459 ,630L9k4 0 256661 .8465
0 459,630L9k 0 256661 .8465 0 o

in which all four principal diagonel matrices are positive definite.

Let

- & 4
(7.1) ph(x) =8, 8 X + &)X
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be one of the orthogonal polynomials in the sequence corresponding
to the frequency function of V which gives rise to the moments found

in Section 5. Then, by the definition of orthogonal polynomials,

(7.c) Ezfpu(x) . @k(x) 7 =0 it k<h

Taking Gk(x) = xk for k = 0, and 2 and noting that odd moments are

zero, we get the following equations for finding the coefficients in

(7.1):

8g + 6.5571657176a2 + 1459.63049k2728a) = O
(7.3) and

6.5571657176a0 + 459.63049427288, + 256661.8&65&64ah + 0

Teking &) = 1 in (7.3), we obtain /
(7.4) a, = 3532, 38864 g

and

a,. = -608.80z72k

as the solution of{?.j}.
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Thus

(7.5) ph(x) = x) - 608.80272&;:2 + 353%2,%0864

Solving p, (x) = O we get the following four values of x ,
4

arranged in increasing order of magnitude
(7.6) -34.726, -3.423, 3.423, and 34.726

Now the function Wh(z) can be found using its definition

given in (6.2}, which gives

and, using (5.2) and (7.4), this becomes
(7.8) Wh(z) = z5 - 60z .24556z

The Christoffel Numbers.

The Christoffel numbers as defined in Section 6 are the

numbers ey given by
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(7.9)

So we have to split

(7.10)

2> - 60z 245562
_ 2 - 608.80z72kz., + 3552.38864

_ into partial fractions. Write (7.10) as

(7.11) 4 — + +
z + 34, 26 z + 3,423 z - 3.423 z - 34.726

Comparing the coefficients of like powers of z in (7.10) and

-

(7.11) ve get

pl = p)-l- = ‘251
= 248

approximately, where 05 corresponds to c; the ith root of the

equation (7.5).
Thus we get the following table giving bounds to probabilities

by using the formula, (6.5).
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Table 7.12
Bounds for
Limits for ¢ P(V<E) =P

£ < -3k.726 P < ,251

-34.726 < £ < -3.423 0<P<.bo9
-3.423 < & < 3.423 251 < P < LTHT
3.423 < & < 3h.T26 D99 <P <L
34,726 < & STHT <P KL L

It can be seen that the bounds given above are far from
being close. For obtaining bounds which are sufficiently close
and thercfore useful we would have to calculate a large number of
moments. The labor involved in finding enough moments, and pro-
ceeding with subsequent investigation based on those, however, is

prohibitive of any such investigation in these pages.



CHAPTER VI

NON-NULL CASE

1. Introduction.

This chapter will be devoted to the study of the non-null case.
In these first few secfions w3 will consider the joint probability

distribution of m,, m, and my given by Sitgreaves /L5 7. This dis-

tribution corresponds to the statistic

s Y.4x
w=22s13(zi- J —J

i3

. - %,

)(yJ J)

and has been obtained under the restriction that the mean vectors of
the two populations are proportional to each other. For large n we
shall convert this into a different form. Some of the difficulties in
proceeding beyond that point will also Se discussed.

The next section will deal with the distribution of

? ? sijzi(ﬁj - ij) for the case p = 1, and on the assumption that
n 1is large so that 52 can be replaced by 62. This assumption re-
duces U to the product of two normal variates whose distribution is
known; see for instance /2 /, /78 7 and /27 7. It has not been
possible to extend this to the case p > 1.

In Section 7 of this chg ter we have exemplified the differential
method which was quite popular with statisticians a few years ago. The

illustration deals with the finding of approximations to the mean and
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varisnce of the statistic U for large sammles by taing into

account the sampling fluctuations of the sample means and covariances.
Higher moments can also be found but the algebra involved is very
heavy.

The concluding section of the chapter deals with a practical
suggestion for modifying the variance of the discriminant function of
R. A. Fisher by teking into account the sampling fluctuations of the
means. The sample covariances can be taken as the population co-

variances when n 1is large. Thus the statistic U in this case be-

comes U= 2 Z Giazi(ﬁ. -x.) .
i3 J J

?2. - The joint distribution.

The joint distribution of My, My and m3 given by Sitgreaves ig

(n+1 T(k1+k2) p~3 n-p-1

(2.1)f(m ,m2,m3> dmldmzde = r(n~p+2)r(n—p+l) (V-l)r(“)!M' lI-M)

00 r(---?— + J) ) (k » k )
¥ .__.._.._____.._.__ + k km,. + dm. dm.dm
=0 1§+ Sril R

where
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and klﬁ and k26 are the mean vectors.

Using the notation of the confluent hypergeometric series,

we can write (2.1) as

2
A 2.2
<n+1)r( n+2 -é‘-(k1+k2)

(2.3) f(mlm2m3) =

r<“‘§*2>r(n‘§*1>r<pgl>r<-§->

p=3 n-p-1
mj 3 qrm f

where

é-(klml + 2k k2m3 + k ) .

The function F(a,c,x) is also written as @(a,c,x) or as lFl(a,o,x),

and is known as the confluent hypergeometric function.

3. Notes for reference on confluent hypergeometric functions.

Consider the hypergeometric series

2
_ a.b ala+vl)(b)(b+1) =z
(301) F(a,b,C,Z) '"“1 + c 2 + C(C+1) '?"f + o0& e s

in which we suppose that beth a and c¢ are positive. F(a,b,c,%)
gives a power series with b  as the radius of convergence. It
defines an analytic function with singularities at 0, b, and oe. The
limiting case of this series as b —> oo defines an entire function
whose singularity at oo 1is the confluence of two singularities of

F(a,b,c,%) and which can be written as
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2
ax a(a+l) x
(3'2) F(a’C,X)al"-E-ﬁ-PE%E:.T% -?—,:"’ e 0 s

It satisfies the confluent hypergeometric equation:
d°y’ L d
(3.3) . X -—% + (¢ - x) 5% -ay =0 .
ax”
According to Batemen /L7, the asymptotic behavior of @(acx)
as a —> 00 has been discussed by Perron , Tricomi  and Taylor.

An asymptotic form of F wuniformly valid in the neighborhdéd of x=0

given by Taylor is

1 ¢ x 1
2R 373 3 - 3 -1
(3-)4) F(&,C,X) == F(C)(KX) e JC-l 1 Q(KX) ~7+ O( X ) ,

where ¢ and Kx are bounded, and K = c/2 - a, and J is the notation

for Bessel functions.

If x 1is hounded and bounded away from zero and

arg x = arg K < n , then

2 x 3_¢c 3_¢
(3.5) F(a,c,x) = ?Zr(c)ez KE 2 iﬂ 2
1 l - % ; %
2 5 L
01821(KX) + cee‘Qi(Kx) +(Kx) o/ exo Im(2kx ) _7J ,

where with s an integer, we have

- % i:ﬁ(E- %)(?cal) X

c.=(2 1) ‘e
1 , 1

(7s-2) m + & < arg(Kx)?,f (P8+¢l) ® - ¢

and
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u -% im (s+ %)(?c-l) x
02=(2 n) e

1
(25-1) n+ e < arg(Kx)2_f (29+2) = - ¢ ,

and where Im(y) denotes the imaginary part of y. The first of these

results will be used in simplifying the distribution givén in (2.3),

L. The asymptotic form of f(ml,m2,m3).

For large n, we have, by using (3.6),

2-p X
(11) PR, By = 1B)(- 2By B ey /4 SO 740(s) -
2
Let |
(4.2) p=2+la

where q 1s an integer. Then, for large n ,

X
(1.3) F(P%—?,_g,x) r(2q+1)(20-n-1)"%"g,, LA VEEIER T
Using the relation
(.h) 1.(2z) =17 g (i) ,

where In(z) stands for Bessel functions with purely imaginary argu-

ment, (1.3) becomes

X
(h.S)F(%E,-g,X) (~1)q1‘(2q+1)(2q-n-1)'q6212qf v(2n-la+2)x 7 .
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Using this, we can write the joint density function of my M, and m3 as

Nad) B2 2
(u.é)f(mlQOB)dmldmzde-—.oe e rlve || < | I-M | ¢

&1 2 17/(2n#ﬁip5x *7gd@idm§d@3 .

h{u

for all p satisfying (4.2); where
2

X=

r\)l >

1 17273 22

(kim + 2k .k m., + k2m ) .

LA, The difficulties in proceeding further.

Various methods have been tried to proceed beyond this point,
but none seems to work w ell. The main difficulty, even at this stage,
is, ﬁhat the coefficients in the expansion of the Bessel function in-
volved are increasing. As a consequence of this one would not be

Jjustified in omitting terms in the expansion of Ip 5 [ﬁ/§n+ﬁupx'_7
2

beyond the first few, and discuss the distribution of nt. The

difficulty would probably be removed if we consider small values ef
n, and try to integrate over the léns-shaped region of Chapter IV to

find the distribution of m,, but the objection to that would be that

3)

m, or nm, 1is not a suitable statistic for small values of n. This

3 3

discussion, therefore, had to be left at this point.

5. The distribution of U for large n and p=l, an independent.

approach.
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The statistic U reduces to z(}-i)/sz for large n, since
82 is then found from a large sample, and can therefore be replaced
by 02 to which it approximates. This does not imply that the
sample means can also be replaced by their population values since
for n to be large it is enough that one of the sample sizes is large.
Moreover, none of the means hés as many degrees of freedom as the var-
iance.

The distribution of z(3-X)/o° can be found under both the

hypotheses
(1) z ¢ 7?1 which is N(p,cQ)
(2) ze 7?2 which is N(v,c2)

as follows,

Let z & 7Tl. The statistic U can be taken as the product of

—-—

‘ 3*
two normal variates z which is N(u,az), and z =

]

which is

°

*
We can, instead of 2z and z , consider the variables u and
1
v, where u is N(m,c2) and v is N(0,c 2), where

12 Ny,
52 o

- oV ooV .
5 and m =y ;?— or v ;§~ 5 according as z ¢ 7(1 or

NlNQG
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The distribution of the product of two independent normal var-
iates is known from the work of C. C. Craig /78 7, Aroian /72 7 end

others, but for the seke of completensss we shall include a derivation.

Definition. x is said to be a Bessel varigte if

p-1 P
- 5
(5.1) f(x)dx = C x—§~ o & Ip_l(b x )x o<x<o ,
1 .
where Ip_l(bzg) is the modified Bessel function of the first kind as

defined by Watson /52 7.

We shall now state without proof two lemmas.

2 12 x2
Lerma 1. If x is N(m,0°), then }L« = =5 1s a Bessel variate.
o)

In fact, if 22 - m2/b2, then
] EYR
L2 12 1 "?7"2_:2"7% "%/“2 2.12 ‘:2L‘,\'2
(5.2)£('¢5,dx" = =5 e () “e LY T) e,
N SIS
. ?

' o
which shows that )( 2 is a Bessel variate with a= %, b=x .

Lerma 2. If Xy and X, are two independent RBessel variates with

respective distributicns

= j 2 1 =
f(xj)dxj ij e Ip_l(bxj)dxj, (3 =1, 2) R

then the. distribution of & =1x; - x, is given by
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"-]-'b2 2p-1
(£3) gne S - TR E () a
L] e mttm———{ — w— S ————————— 1 - ’
/n 2 r=0 2 ril(p+r) prr- 2

where Km( £) 1is the modified Bessel function of the second kind as

defined by Watson, or in Whittaker and Watson / 5L, p. 373 _7.

’ !
The distribution of U = uv where u is N(m,c2) and v is NO,o 2) .

<

¥

2

u v 2
== Then uv = const (n -4 7),

Let n=§+—c-, and

where nis N, V?) and ' is N(Z, VZ). Thus by lemma 1, both
2 . 2 . .
n and U ° are Bessel varides with a=1, b =

parametersj and by lemma 2, therefsre, the distribution of the product

is given by

wgb-'
IR

.
(5.4) £(M)au = & ™ U

K2(U)dU

S
e

rir(rs 1)2%T
2
and by noticing that

(2r)1 = 2% 1y D(r + %)/v’fﬁ .

We can rewrite this as.

-1 mz
o o 2:'? oo _or
(5.5) £(1)dU = 20— 3 (&) T K (U)du .
ot r=0 ¢ (er)t T

Replacing m by u = l’-:%- and by v = %&;"'v‘me get the distri-
o ' g
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butions under the two hypotheses.

6. The asymptotic mean and variance of the statistic U =

Zz s zi(-jj - Ej) by the differential method.
i

We shall, in this section, find the mean and variance of U,
approximately for large samples, by a method which was formerly quite
pooular and still is sometimes used. The object of the section is
mainly to exemplify this method, which can somctimes be applied in
getting mements of an unknown distribution. Some of the sets of condi-
tions under which the method is apnlicable are¢ discussed by Cramer
1“9 _7/ in Chapter 27, but we shall, like statisticians in the vast,
apply it without stepping to verify the validity of the application.
Because of the heavy algébra involved it will he enough if we con-

fine ourselves to the discussion of the first two moments.

. \ Let

(6.1) V=238 2 (5.-%)

be written as o

\

(6.2) ifl bizi s
where

6» b. = Z Sij(:- - 3{-. L]
(6.3) | 172 Yy - %s)
We define

(6.11) ds,, = 8,. =~ O, »

Then



(6.5) ~ E(dsij) =0

Following this definition, we let

(6.6) gstd = g1 1 U s

where

. - ij - -1

(6.7) Ls™ 7=/ Sij"7 .

We note that

(6.8) mlas™) £0 .

To find E(ds™):

Lot s™9 be expanded in Taylor's series. We have
. .. o i3 <2 ij
(6.9) s13=o-13+z:z°g dsk1+-]932222 s
k 1 %1 "k 1rt 0% %t
Theraefore
S1d 2 13
(6. 0)“<*s‘3) s sklw-;-'zz 5 g" = 8,195
k1 k1 k1lrt0%10%%¢ T

Since E(ds,.) = 0, this reduces to

kl)

2 13
5 29 ds, ,ds_, + ..o T .

1]
0 = ...E
(6. 1 ) Elas™)= / % T)le?DOrt kl rt

Z 7
klr
To evaluate this, we have %o find

bgo'ij '
(6.11) —ee and Blds, .ds_.) .
N leb Oy, kl 'rt

The later of these is known from Hotelling /723 7 as

138
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g, O + 0 .0
. - = %kr®1t ¥ %kt
(6.12) E(dsyqds ) = - .

To find the second order derivatives involved we proceed as
follows:
Consider the identities

. (1 ifrx-
(6.13) 2o Yo, = &Y .
. ik - %k .

1 0 ifk A j

Differentiating (6.13) partially with respect to o&ﬁ, we have

(6.1L) z /o 2o v o (8260 + 8258. 598) 7 =0
: ;£ %1 3o 1% * %B3= 84y )

where
1 if i=k=qg=28

(6.15) 5§ﬁ = /) .
0 otherwise

Using

' km m
(6i16) ie Oy = 8

in (6.1}) and simplifying, we get

D o™ - . aj Bm j am 33 2 m,
(6.17) ?)ca@ = & %P | B L (4 ) Gaﬁ ,

which provides a formula for the first derivatives.

If the covarieance matrix 2 dis the identity matrix, as can be
supposed for the statistic U, which is known to be invariant under none
singular linear transformations, then the ofs c¢an be replaced by

Kronecker deltas with the same suffices. Thus (6.17) simplifies to
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B ij J oam J m mj
(6.18) G = -8 53-% 5a*5ap s
af

which states that
ii

(6.19) g = -1
ii
13
g

(6020) o.. =R 1 s
1J

and that the derivative with respect to any other element is zerc.

2 1j
To obtain -%—g—,—-&—- we differentiate partially with re-
0 aﬁb rd
spect to G‘Yﬁ the equation:
ij . s cs 2 .
(6.21) Qo = —0aj0§i - oPIgot (¢99) 81
) GGB af

This givess

(6.00) 270 a3 2Ft s gy o
b caﬁb %rs 9 %ys 2 %s - 9 %s

pJ ‘4 33
Gai 0 g N 2033'3 g
¥ o

1J
saﬁ 5

Using (6.21) in (6.22) and replacing the o's by 6's as before, we

obtain
2 13 ] i .
(6.23) _?___SI____ = 53(555“- " 5551 - 683— ) +
o) v 8 vd
GBB Oy&

i, 0] Jjea aj
6,(8269 + 846> - %) 4
_B(GY 67y Y)



el ica o0l
5@(555Y + 855, 5Y6) +

8

1 5Bgd 4+ 5dsB _ sBJ
Sa(ﬁﬁév * BgP 5y5) *

5Py

~o5dgd - §JJ 13
VAL O W S

This gives

/ . 2 44
(A.on) . 02 =6
v O,
11
2 1]
(60?5) ) =0, (i % i) s
g, .
1]
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and all other derivatives of the second order are also zero.

Using these results in (6.10), we have
(6.26) Bast)) = 240w

To Pind B(ds JdsE®)

A . 13, gh Gij ogh
(6.27) E(ds™asP )= 22 2 2 =— . —— . E(ds,d
klrt K1 rt ~
Using (6.12), we can raduce this to
‘s iy gh
(6.2R) E(dsHas®)=L 527 2 - Z VAT
Dklrt k1 Ort r

i

Substituting the values of the first order derivative

7+

+Gdtclr 7 s o

in terms of &'s

from (6.18) on the supposition of % being the identity matrix, we get
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(6.29) E(dsljdsghxy
~-cheg  ogoh  cgh ST t.r -1
Z 5,8¢+ 5.6, 82 /i 5,8, + 8,67 7 = 8, .

1 .
In terms of o' s we can use the notation

. o,
(6.30) E(ds 9ds®P) ~ —3%$5 .
These results will now be used in finding E(y) and Var (U) .

(6.31)- To find E(U) = E /2 2 s¥a. (3. -%) T -

Since sla, Ty §j ~ ij are allindependently distributed, the

expectation of the product is equal to the product of the expectations.

(6.32) iz,) =y it 26 )(y
(6.33) E(yj - ij) = vy -uy=d, say
(6.31) m(std) = o1 %3 from (6.26)
- BT R R
n

6p s s .
== if i3
Thus

-3 6
D/ 6§ - Eg 7 .

(6.35) E(U) = 5 2 p,(v. - g
J



This reduces to

(6.36) E(U) = (1 +

To find vVarl(U)

We can write

(6.37)

-where

(6.38)

Define
(6.39)

where

(6..&0)

Then in 7('1 s

(6.}_].1) U

To find cb b

173

s W

(6.42)

and

(6.143)
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p
) 2w ld) + —— weld)
i=1 A
1#3
b > b
U= Z. = 2 b.z., ,
i=1 1 =1 d
o Ak - =
by i s (3, = %) -
ik
By = IZ(G dk’
dk=\1k"p,k .
ZZ/ u,“. ¥ see 7
- % i bt) -
13 1P %13 Jop

e start with
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From these two equations:

(6.14) o b, =322 /7d.d E(8s ik 3m)+clkc3mE[5(yk-xk) 8(F K ) T+ o

i"j km
Since
. . 6, .
(6.15) (65 KsgI™) ~ -%Qll{i-"
from (6.30) and
1 1
(6.L6) E /"S(yk-xk) S(y -X ) 7¥cy 3, y -x km( v 5 )
’ k Tk 1 2
(6.4l1) can be written as
o, .
(6.L7) % o~ Z3Z —-31-'-%12-@ dkdm + clkcho- (1 +.1{-T. ) .
i’ knm 1 2 .

But n_ 1 if 3=k

Zo km = H

m 0 otherwise
‘therefore we obtain

o,. .

(6.1,8) oy~ LZ A3k d,d_+ 013(% + % ) .

i’y km % ° 1 Y2
Using (6.48) in (6.41), we get
(6.49) 02~27{p Byoyy gy [ 22 Tijkm 44 +ci3(..+1 )]}

U i3 173713 T9len n | k'm l N2

Replacing B, and pj by their values from (6.39), we reduce this to

(6.50) o5~ 23522 [0 O'ii+——-:’-—-uu 744, + 33t (m*"‘-')ulu .
i3km J 13 M

If we supvose that £ = I, then (6.50) reduces to
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2 2 1 1 01 4
N - - - .
(6.51) oy v A +Z232Zum dkdméijkm p(N-bN);‘J.i
ijkm
where
p=332Maa .
k™m
km
7. Correction term for the variance of the linear discriminant
function.

Tn this section we shall find the variance of the statistic

% ij

(7.1) U =23%0 (¥. - X.)
ij Zi J J

which is the same as U with sij replaced by cij because of the
supposition that n is large. If N1 and N, are both large then
ij - ij can be replaced by the corresponding difference in the popu-
lations, namely Vj - pj, giving for U* a linear function of normal
variates. As an improvement we shall find the variance of U* by
taking into account the samplihg flucutations due to the difference of

sample means.

We have
(7.2) B(xy) = uys Elyy) = vy
(7.3) E(xyty )(xg0y) = 044 = E(y v )(y4vy)
= E(Zi-ui)(zj-uj) .
Let
(7.4) dy T vy ot iy
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and
-1

[MT=[oy T

. . * . . a3
The correction term for the variance of U" is the variance of U

on the assumption that z = (zl, Tps e zp) is fixed.

(7.5) 7 =2 2 M3, -~ )z,
11 S |
J
can be written as
) s o
3t / 1
(7.6) v o=/ % sy= 2o w, 2z, ,
v b WMoy i
where
y_~X
(7.7) W, = ~r X . ,
/l-v.l-
VAR !
so that
(?'8) g =g = g o
wrwt rt Z Zt
" 3
(7.9) U*+6U*==V/-§+-N‘- 2203(wj+ow o,
1 2 1
" Hence
3
(7.10) 65U =/-1%T+-§ 220 tw,a,
Vo1 T2 1)
and thus
H
(7.11) 2* = (% + % )ID DA oY z4 Zj
85U 1 "2 i3
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which will give the correction term. Since

4 13 } 13 .
(7.12) E i g; o™l zgay = 2,30 G di‘dj) ,
but
13 2 &3
(7.13) 2o, 00 =8,
i
and
(7.14) zZ cleid. = A say.
i3 J
(7.1?) gives
(7,15) EZZ oij 2.%2, =P + A2 .
i3 td

Adding this to the variance of the linear discriminant function

we have, for the corrected variance,

(7.16) 0‘2 =(1+.].‘. +l)A2+p(..]; +..]: ) .

¥ Nl N2 N1 N
This formula shows that the variance A% based on the assumption "N1
and N2 are large® is an underestima e of the correct variance of

the discriminant function, but that the difference approaches zero

as rapidly as N, and N

1 o approach infinity.



CHAPTER VII

SOME RELATED UNSOLVED PROBLEMS

In this chapter we shall describe very briefly some unsolved

problems related to the problem of classification.

1. On classification statistics of Wald and Anderson.

(a) The preceeding discussion deals mainly with the distri-

bution of the approximate statistic v = nm3 s, that is the statis-

tic whose distribution approximates the distribution of Vv  where

: nm,
v 2 for large n. We have discussed mainly the

= /)
(l-ml)(l-mQ)—m3

null case, and much work needs to be done in getting its distribu-
tion in the non-null case for the two statisties,
(1) Discussed by Wald /50 _7
(2) Discussed by Sitgreaves /L5 7 .
() Tﬁe exact treatment of the sampling distribution of V,

both in the central and the non-central cases is still wanting.

2. The gquadratic discriminators.

Let w and v denote the mean vectors of two p-variate normal
populations, and Zl and 22 the two covariance matrices. There are
three situations that may arise in discussing the problem of classi-

fication, namely
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(a) WAy and %, = I, s

1
(2.1) (b)  w=v and Z #3, ,
and (¢) w#V and Zq # Zy .

If we suppose &2ll ths population parameters to be known, then

in these three situations we get the following three statistics,

i3

U = 22 aVz,(v,-u,)

a i3 it J
5. = 3 - - - A3 g
(2.2) v : ? (2, = w)(zs = w) [0 -0 7

- “(, - iy _ _ _ 1%

U, i 3‘. Z (zi ui)(zj-p.j)cr (Zi vi)(z?j Vj)d' _‘7

where in Uq, [ 013_7 = _/_"cij_]-l R Z-cij _7 being the common co=-
. : ' . i3 ij%

variance matrix of the two populations, and o™, © in Ub and

Uc refer to the two covariance matrices in the two populations.

Thus the distribution problem underlying (2.1) (b) and (¢) are those
of a general indefinite quadratic form with zero expectations of the
normal variates in (b) but not :'Ln_(c). The importance of this prob-
lem has been stressed by Hotelling [22_7. This, of course, is under
the assumption that the population parameters are known which amounts
to saying that Ny —> 0o and N, —> oo, and would be a first step

2

in discussing the distributions of the statistics

(2.3) Wy =22 (2 - X ey - Xy) s st g
1]

and
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W o= -% T )edd L .= T 13
O ? ? Z_Zi Xi)(zj xj)s (z4 yi)(z'j yj)s 7 s

which 2re obtained from Ub and UC by replacing the papulation

values in UB and Uc by their estimates from the samples.

3. Possgibility of a different approach.

(a) It may be desirsble to discuss the distribution of U =

b gtd zi(Sr'j - Ej) by some independent method. Very often it is a
i

good start to examine in what form the non-centrality parameters would
enter into thé distribution. The answer to this sometimes mrovides a
key to the solution of the distribution problem. Furthermore some
questions related to the behavior of the test can be answered even
without finding the actual distribution in the non-null case.

(b) It might be worth while to try some altogether different
approach. It is possible that we run into some simpler distribution
problems. Papers of Rao / 32 _/ and Roy /~35_7 should be useful in

this connection.

L Efficiency.

(a) The idea of efficienéy in probleﬁs on classification needs
to be developed systematically, Kossack /726 7 took 1-P as the index
of efficiency where P 1is the common probability of thc two types of
misclassification over variations of the parameters involved. He;
however, considered oﬁly the univariate case. Pitman / 37_7 defined

it as the ratio of two sample sizes.
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These and other ideas can be zxamined in this conneqtion.

(b) If there are morc statistics than one for the same situa-
tion, then some measurc of reletiv: efficisncy is necded.

(¢) The discriminant function of R.A. Fisher or the statis-

tic

N

3 oY 7. (v, - u.) =2re based on the assumption that 21 = ?2 .
3 Ld J

One important problem that calls for investigotion is te exomine how

good is the linear discriminant function when sctually Zl # 22 .

5. The greatser mean vector.

Rahadur and Robbins /73 7 and Robbins /L2 7 have pointed out
that even in the univariate case of sorting numerous objects known
to helong to one or the other of two norm2l populations with the same
known variance, the obvious rule of classifying an object to the popu-
l=tion whoss mean is clossr to the measure of the object, may not bs
the best raule. Their objcctions apply to the corresponding mulbi-
variaste situntions and should be considered in problems of classifi-

cation in multivarizte analysis.
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