ABSTRACT

CONOVER, BRANDON L. Analytical Model of Particle Motion in Optical Interference
Landscapes and Laminar Flow. (Under the direction of Assistant Professor Michael J.
Escuti).

Optically defined one- and two-dimensional potential energy “landscapes” can cre-
ate characteristic forces and torques on nano- and micro-scale spheroidal particles that may
be specifically tailored to meet the manipulation and measurement needs within colloidal
hydrodynamic systems. Similar to optical tweezers, optical landscapes are able to selec-
tively sort, trap, mix, align, and order mesoscale particles, yet they hold the potential to
perform these tasks on a massively parallel scope.

While recent publications have provided both experimental and theoretical sup-
port of optical landscapes’ capabilities, none to date have derived an order-of-magnitude
approximation of the response of spheroidal particles within them. While almost all an-
alytical models of particle motion reported so far are limited to spheres, many particles
of interest are in fact shaped like disks and rods (e.g. blood cells, nanowires). This work
advances toward the goal of describing complete spheroidal particle response to laminar
flow and general optical landscapes of one- and two-dimensions.

Here we derive the optically induced force and torque from first principles, resulting
in a model capable of predicting results in agreement with previous experiments and theory.
A key prediction of our model is that highly selective trapping within the landscapes can be
achieved based on shape, in addition to size as described in the literature. In general, we find
that as particles become more oblate or prolate, they become easier to trap as compared to
spherical particles with an equivalent volume. Additionally, we find that a trapped elliptical
particle will align in its lowest energy orientation as dictated by the shape of the optical
landscape. Finally, we provide a brief comparison of one- and two-dimensional landscapes

and their effects on spheroidal particles.
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Chapter 1

Introduction

Optical trapping and optical tweezers have been important additions to the tool-
boxes of both experimental scientists and industry professionals in the past twenty years.
Non-contact and low-damage mesoscale particle control by optical means has revolution-
ized colloidal sorting, threatening to make obsolete other, less powerful and more damaging
choices, such as fluorescence activated systems. In addition, optically controlled manipula-
tion has made possible large-scale ordering of myriad particle types including semiconductor
nanowires and has far-reaching impact in the biomedical and lab-on-a-chip communities,
providing in vitro control of DNA and molecular motors, and hold promise in further minia-
turizing biological assays.

We can therefore say that the ability to selectively trap, sort, mix, align, and or-
der nano- and micro-scale particles using optical tweezers has become progressively more
enhanced in recent years. But while many of the objects of interest for this type of manipu-
lation are shaped like disks and rods (e.g., blood cells, nanowires) in addition to spheres, no
satisfactory theoretical model has yet been presented that completely describes the order-of-
magnitude phenomena and unique features of such shapes within optically defined potential
energy “landscapes”.

A brief review of the current literature reveals several treatments of spherical par-
ticles within electromagnetic fields but far fewer that explore the interaction of optical fields
with general spheroidal particles. This can be attributed to the difficulty that arises when

transitioning out of the spherical reductions, thereby reducing the number of symmetry



axes. Finding a solution to the interaction of electromagnetic fields with matter may be
done by solving the Maxwell stress tensor in the appropriate dimensions, by multipole ex-
pansions, or various other methods. Our goal is to solve the forces and torques imparted by
the electromagnetic field on and within the particles of interest. We approach this by first
principles, in an effort to model the translation and rotation of isotropic, dielectric particles
of arbitrary spheroidal shape (prolate, oblate, and spherical) under uniform laminar flow.
Our optical fields of interest are primarily one- and two-dimensional periodic interference
landscapes that may be formed by simple holography.

The impact of our work is twofold. First, like any accurate system model in which
one can reasonably expect the same results in experiment as in simulation, our model
provides the physicist, engineer, biomedical researcher, etc. with the means of modifying or
even creating an optical force manipulation process specifically tailored to his or her specific
needs—nanoscale assembly, fluid-borne particle sorting, or organic matter stress response
to name a few. Secondly, our model is a major step-forward in the analytical treatment of
general particles in general electromagnetic fields. We have transitioned beyond the sphere
and provide a complete description of particle behavior in these fields and laminar flow. As
such, our model will find itself just as at home with the engineer hoping to control solid
state molecular interactions as with scientists on the cutting edge of microfluidic systems
and applications.

In order to provide the reader with sufficient background to appreciate the achieve-
ment of our model, Ch. 2 explores the progression of optical trapping over the last forty
years with a focus on applications and areas related to our work. Many of the descriptions
of optical manipulations require a background in electromagnetic theory to be analytically
investigated. Ch. 3 is an effort to provide the theory necessary for validating our model
and its conclusions. An overview of Maxwell’s equations transitions into field-particle inter-
actions, dielectrophoresis, the physics of single-beam gradient force optical traps, and the
basics of microfluide systems. With all of these in mind, Ch. 4 provides a full derivation
and description of our model, including hydrodynamic aspects and particle-field interac-
tions. Ch. 5 looks at the application of one- and two-dimensional optical landscapes to our
model, providing several predictions of particle behavior under specific and general inputs
and environments. We summarize our findings in Ch. 6 and provide a brief look at our

future endeavors as they relate to our model.
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Chapter 2

Optical Manipulation Basics

In its simplest form, an optical trap utilizes electromagnetic radiation pressure to
control microscopic particles and organisms. More complex implementations lead to mas-
sively parallel arrays of optical traps and large-area, well-defined fields capable of colloidal
manipulation on a scale unmatched by other methods to date. In this section, several optical

trapping techniques are examined.

2.1 The origins of particle manipulation

Perhaps the most well-known and most often cited works concerning single-beam
gradient-force optical traps — often termed optical tweezers — are those by Ashkin and
co-workers [4, 7, 8]. These include perhaps the first observation of particle manipulation
using laser light: the “levitation trap” [4]. Such accelerates freely suspended micrometer-
sized dielectric spheres by means of radiation pressure until they are balanced by gravity
or pinned against an enclosing wall. This is possible by moderately focusing a single beam
of light into a particle-containing solvent.

Typically overshadowing the radiation pressure force is photophoresis—the net
transfer of momentum to the particle due to gas molecules rebounding from hotter sur-
faces with greater momentum than from cooler surfaces [41]. The “surfaces” in this case

are optical temperature gradients. This may be avoided by using transparent particles in
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Figure 2.1: Spherical Particle in an Optical Levitation System.

transparent media, e.g., silica or latex particles in water. Such a restriction, however, is
often unreasonable in reality when particle types and solvents cannot be specifically tailored
and photophoresis must be either be considered or reasonably neglected.

An optical levitation system may be represented as in Fig. 2.1. When a sphere
of high refractive index (n,), submerged in a liquid of lower refractive index (n,,), is in
the vicinity of a mildly focused Gaussian beam, it will be drawn in toward the beam axis
and accelerated in the direction of the light [4, 7]. If the particle radius is on the order of
the laser wavelength, mere milliwatts of power are necessary for levitation. At low enough
powers, the force of gravity is sufficient for an equilibrium to be reached with the radiation
pressure, and the particle may be trapped by the laser beam alone.

Optical levitation can be explained by means of momentum transfer as follows,
referring again to Fig. 2.1. Consider two rays, A and B, incident on the sphere where

the intensity of A is larger due to its proximity to the optic axis. Both rays will refract
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Figure 2.2: Spherical Particle in a Double Optical Levitation System.

twice upon traveling through the sphere, resulting in forces Fa and Fg in the direction of
respective momentum change. Resolving these into components yields a scattering force,
Fscat, pushing the particle in the direction of light propagation; and a gradient force, Fgaq,
drawing the particle toward the beam axis [6]. Should the liquid refractive index be higher
than the particle’s (n, > n,), the situation will reverse, resulting in a repulsion of the
particle from the beam axis. With an absent or negligible gradient force, only a scattering
force will exist.

Though the levitation system was groundbreaking, it is not what we now term
“optical tweezers” since it lacks the ability to completely confine particles in the direction
of light propagation. A balance with gravity is required to trap in all directions. Initially,
Ashkin and his coworkers attempted to overcome this by combining two opposing Gaussian
levitation systems to create a stable optical well [4]. As illustrated in Fig. 2.2, the scattering
forces cancel once the particle is drawn into the beam axes and accelerated to a symmetry
position.

Continuing work in the area of radiation pressure was performed mainly by Ashkin
and coworkers for several years resulting in many enhancements and applications. Highlights
include levitating charged and neutral liquid droplets in air (with diameters from 1 to 40
um) [9], trapping and cooling sodium atoms using the ponderomotive force existing on the
induced atomic dipole in an optical field gradient [5], and studying the optical scattering

from various spherical and nonspherical particles [10].
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Figure 2.3: Spherical Particle in an Optical Gradient Force Trap.

2.2 Optical Tweezers and the Gradient Force Trap

In 1986, the seminal paper on “optical tweezers” was published [8] followed closely
by works in which optical tweezers were used to manipulate biological particles [11, 12].
Both optical levitation and optical tweezers operate on the principles of optical radiation
pressure. The major difference is that optical tweezers employ a strongly focused beam
such that the axial gradient force is large enough to dominate the radiation pressure forces.
Such occurs when the beam rapidly diverges from the focal point [26]. To achieve this, con-
structions often employ microscope objective lenses with high numerical aperatures (N.A.)
and corrected abberations. Optical levitation, on the other hand, is dependent upon the
balance of the scattering force and gravity [8].

Optical tweezers are typically formed by focusing a coherent beam of light (often

a laser) to a diffraction-limited spot (often via a single objective lens). The physics of



formation may utilize ray optics to describe the light scattering and momentum transfer
associated with the particle being trapped. The electromagnetic energy stored in the fields
scattered and absorbed by the object is minimized [27]. In Fig. 2.3, two rays of a highly
focused beam are shown incident on a dielectric sphere. The sphere is assumed to be lossless
and on the order of 10 um in size. A pair of rays, A and B, is incident on the particle about
its center. The major momentum transfer from light to particle occurs due to multiple
surface refractions, resulting in net forces Fo and Fg directed down the beam axis toward
the focus. These are the trapping forces. Surface reflections contribute scattering forces,
but to a lesser degree.

Using a dipole approximation to describe optical tweezers is beneficial when the
same is to be developed analytically for subwavelength-scale (Rayleigh regime) objects. The
light field induces a dipole moment within the particle, resulting in an attractive force. The
resultant dipole moment is then drawn toward the focus with a force proportional to the
field gradients; i.e., the overall trapping force is proportional to the intensity gradients [27].
It is because of this that abberations within the trapping objective capable of reducing
intensity gradients must be corrected. A single efficient optical tweezer is capable of trapping
dielectric and metallic objects from less than 25 nm to several tens of pum, depending on

the optical power density at the trapping site [26, 53].

2.3 Arrays of Optical Traps and Diffractive Methods

While manipulation of a single trapped particle is a highly useful technique,
combining several traps into a single system enables massively parallel operations, multi-
dimensional traps, and highly ordered systems of particles—even with a single laser.

As discussed in Sec. 2.2, a strongly converging objective lens may be used to focus
the beam, forming a trap at the focal plane. A diverging beam will focus downstream of the
focal plane and a converging beam will focus upstream [26]. This single beam may then be
translated, thus translating the trap. This process is easier when the objective input angle
of the beam may be altered as illustrated in Fig. 2.4(a). With this system, tilting the mirror
will sweep the trap along a plane within the sample stage. This allows for arrangements of

multiple particles by pausing at each during the sweep.
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Figure 2.4: Creation of Multiple Trapping Sites by: (a) Mirror Rotation, (b) Beam Diffrac-
tion via Diffractive Optical Element(s).

By introducing a diffraction grating or similar diffractive optical element (DOE)
in the optical path prior to the objective lens, multiple trapping sites can be created simul-
taneously. As illustrated in Fig. 2.4(b), the angles of the beams output from the DOE are
predictable making the array of trapping sites predictable as well. In this system, there is
no need to move the mirror as the DOE controls all angles of beam travel. If a computer-
generated hologram is used in place of the DOE, a specific and often more intricate pattern
of trapping sites is created at the sample stage. Such a system is termed holographic optical
tweezers (HOTSs) [26].

Both of these methods can produce user-defined or user-controlled intensity profiles
making them quite tailorable to a specific task. HOTSs, for example, are created by a
computer program, can be implemented within liquid crystal displays (LCDs), and allow
for multiple trapping sites in multiple dimensions [40]. A holographically-generated optical
vortex, for example, may be used to trap low index particles [24].

All DOE-based trapping systems operate by placing the diffractive element in a
plane optically conjugate to the back aperture of the microscope objective [42]. This results
in an intensity distribution in the sample plane that is the Fourier transform of the pattern
within the element—a convenience to their creators.

In order to create trapping sites, DOEs modulate the amplitude and phase of the

incident light. However, kinoforms may be employed to increase optical throughput by mod-
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ifying only the phase. Such phase masks may also be etched onto glass via photolithography
as a more permanent option [42].

Using an addressable liquid crystal spatial light modulator (SLM) in conjunction
with three independent beams can further extend the abilities of HOTs. Such implementa-
tions are termed dynamic HOTs and are often able to be altered on-the-fly by an integrated
computer program, limited only by the characteristics of the SLM (such as pixel size) and

the time required to compute the hologram [42].

2.4 Optical Landscapes

The implementation of optical manipulation methods most applicable to this thesis
is that of “optical landscapes” described by the Grier group [36, 45]. Optical landscape is a
term coined to represent a periodically modulated area or volume, defined not by physical
terrain as ‘landscape’ suggests, but by a potential energy function. Such are usually created
and defined via the interference of two or more coherent beams of light. Within this thesis,
the term optical interference landscape will refer to optical landscapes defined exclusively
via the interference of two or more coherent beams of light while the term optical landscape
encompasses all optically defined landscapes—the more general term. The interest in a
particle manipulation sense arises because large gradients exist within these landscapes and
can be defined to impart specific translational—and in our case rotational—forces upon
micro and nanoparticles.

The Grier group uses a mathematical model to predict how spherical particles will
behave in certain optical landscapes. Perhaps most importantly, they find that within a
noninertial fluid flow, particles can become “locked in” the landscape (i.e., trapped) based
on optical parameters and particle size. Even at first glance, such results lend great promise
to non-contact optical sorting of mesoscopic objects. One of myriad advantages of using
such a method is the highly predictable and controllable responses of the particles within the
landscapes. By merely adjusting input power, flow velocity, or optical beam interference
angle, to name a few, one can define which particles will be locked in and driven in a
new direction and which will flow unaffected by the optical forces. The group applies the
framework to linear landscapes, revealing an algebraic sensitivity to particle properties, and

then to multi-dimensional landscapes, in which exponential size selectivity is available.
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The force driving the particles through the landscape may be exerted via gravity,
electrophoresis, magnetophoresis, or thermophoresis. All are used in practical fractionation
of objects. However, it seems that the simplest driving force is a uniform and constant
fluid flow, oriented at some angle with respect to the landscape’s symmetry axis. Without
a landscape, all particles would simply travel with the fluid flow.

Also necessary is a form factor that accounts for the dielectric and geometric
properties of the particle as it interacts with the potential energies at given locations within
the landscape. Such occur because particles of differing size will encounter the force of an
optical gradient at dissimilar distances from it. This is the critical criterion for fractionation
of particles within these optical landscapes. The form factor of a uniform dielectric describes
the matter-light interaction in a certain medium, taking into account geometry in applicable
coordinates and dielectric constants through polarizability.

Ultimately, the Grier group finds that ideal sinusoidal landscapes elicit fractiona-
tion that depends exponentially on particle size. It is crucial to note, however, that their
study is based only on perfectly spherical particles and does not allow for generalized in-
terference landscapes. As a result, they find no characteristic changes when the landscape
becomes two dimensional, all other parameters being equal.

On the whole, the work of Grier and his colleagues provides much of the thrust
of our work. We expand on their analytical approach in Ch. 4, taking into account general

spheroidal particles and fields.

2.5 Applications of optical manipulation

The focus of this thesis is the mathematical analysis of optical interference fields in
non-contact manipulation of particles on the order of the wavelength of the laser. This may
be implemented for a variety of applications from sorting a heterogeneous mixture of par-
ticles to massively parallel ordering of objects—similar or dissimilar. However, many other
applications of optical trapping and manipulation have been theorized and/or implemented.

Various other non-contact manipulation and sorting schemes exist. Sorting of
colloidal microspheres on the order of 1.1 pum to 3.2 pm has been shown using line optical
tweezers. The particles are driven past the tweezers by electrophoresis where larger particles

are trapped because of the size difference [19]. The idea of sorting particles based on shape
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arises in [49]. The authors apply rigorous diffraction theory to the analysis of the optical
force exerted by highly focused laser beams on elliptical nano and microcylinders. Most
interestingly, they find a shape dependent response of such particles to the optical fields.

HOTSs have been used in conjunction with SLMs for manipulation and assembly
of semiconductor nanowires into two- and three-dimensional structures, facilitating the cre-
ation of larger systems [1]. Rotation of these objects has also been demonstrated, albeit
by simply rotating the holographic plate. Three-dimensional arrangements of spheres and
organic particles have been arranged in gelatin by means of HOTs [34]. This approach
stalls the particles in their holographically-defined structure after the laser is switched off,
allowing for study of inter-cellular proximity in cell differentiation.

Other biological applications include in vitro control of DNA, molecular motors,
and various other molecules. Typically, a spherical bead attached to the object in question
is used as a handle controlled by the optical trap [28]. Other experiments include recording
light scattering diagrams from single living cells within an optical trap in order to determine
how cellular orientation exerts influence within the trap—an important step in improving
flow cytometry [55].

Applying torque to non-spherical particles has been attempted by various means.
An experiment in which a single trap is used to grab one side of a micro-object while
a piezoelectric transducer-driven stage is used to impart a flow-induced torque has been
described [56]. With 20 mW of laser power, ellipsoidal yeast particles and a two-sphere
system were rotated. A detailed study of liquid crystal orientation in electromagnetic fields
reveals that torque is exerted due to anisotropic molecular polarizability [52]. This torque is
balanced by the elastic torque from spatial variation and the viscous torque from rotation.
Liquid crystals, however, are able to preserve anisotropy on a macroscopic scale, thereby

preventing the physics of motion from being completely general to all particles.
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Chapter 3

Physics of Optical Manipulation

3.1 Maxwell’s Equations

An analytical discussion of time-dependent electromagnetic fields and their be-
havior must begin with Maxwell’s equations. Credit is due to James Clerk Maxwell for
realizing that the independent nature of electric and magnetic phenomena disappear when
in a time-dependent regime (e.g., Ampere’s law, V-J = 0, is incorrect except for steady-state
currents) [32].

As a set, Maxwell’s equations in SI units and differential form are:

V-D = p (3.1a)
0B
VxE = 5 (3.1b)
V-B = 0 (3.1c)
oD

where all five vector quantities are implicitly assumed to have a time-dependence, unless
otherwise noted. Electrical quantities are represented as E (electric field, V/m), D (electric
displacement, W/m?), J (electric current density, A/m?), and p (electric charge density,
A/m?). Magnetic quantities consist of H (magnetic field, A/m) and B (magnetic induction,
C/m3). The quantities here, as well as in the remainder of this work, in bold notation are

vectors.
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It will benefit us to relate E and B, the electric and magnetic field quantities, to
D and H, the corresponding derived fields, via the polarization P and the magnetization

M of the material medium. Assuming vacuum conditions, we write these relations as

D = ¢E+P (3.2)
1

H = —B-M, (3.3)
Ho

where ¢q is the electric permittivity and pg is the magnetic permeability. Ohm’s law may
be used to find J,
J =o[r|E, (3.4)

where o is the conductivity of the material. Concerning our dielectric particles of interest,
we can neglect any magnetization (allowing p to be always equal to pg) and assume a
source-free space, i.e., 0 and p are zero. However, concerning dielectric particles, vacuum
conditions cannot be assumed, and particle permittivites must be considered. As a result,

Maxwell’s equations can now be written as [32]:

V-E="2=9¢ (3.5a)
€
OH
E = 2 .
V x Py (3.5b)
V-H =0 (3.5¢)
OE
H = & 5d
V X 5 (3.5d)

We are now in a position to write the electromagnetic wave equation. Using
Egs. (3.5b) and (3.5d) to eliminate H, we find

iﬁQE[r,t]

2
p-_— 2ol
Vi v 9%t

(3.6)

~1/2

where v = (pe) , the speed of light in this system. We note that the speed of light in a

vacuum is

¢ = (poeo) /% = 2.998 x 10° m/s, (3.7)

and that the index of refraction of the dielectric particle is

ny = (;)1/2. (3.8)
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If we assume a source-free space and an isotropic material such that € is the same
for all field vectors, then the dispersion relation is k - r = w/v and the Helmholtz equation
may be written as:

V2E[r] + k*E[r] = 0, (3.9)

where k? is the wavenumber, equal to (w/v)?, and w is the angular frequency. We may find

similar expressions for H.

3.2 Polarizability

Being that we wish to develop a model consisting of light’s interaction with matter,
it is now necessary to describe how matter responds to the surrounding electromagnetic field.
As mentioned previously, the particles and fluids we discuss in this work are assumed to be
lossless dielectrics with linear and isotropic permittivities. Dielectrics differ from conductors
in that a steady current cannot flow in them and in that the external field will penetrate
to their interior [38]. As such, they must respond differently than conductors when in the
presence of an electromagnetic field. This response is termed the “dielectric polarization”,
or “polarization” of the particle, denoted as P, first defined in Eq. (3.2). Any dielectric in
which P is not zero is said to be polarized. We pay special attention to the polarization
relation, Eq. (3.2), in this section while neglecting the magnetization relation, Eq. (3.3),
because we are using nonmagnetic materials.

The polarization produced within the dielectric is a result of bound molecular
charge response. As these charges experience the applied field, they execute perturbed
motions, thus distorting the molecular charge density. Therefore, multipole moments in
each molecule are altered from their unperturbed state, the dominant moment being the
dipole [32]. These responses are illustrated in Fig. 3.1, where a dielectric and its component
molecules is shown in the absence of an electric field, (a), and again in a uniform electric
field, (b). Note how the molecules align themselves with the electric field, thus polarizing
the entire particle. Therefore, it is the sum of the dipole responses that comprises the
electric polarization. The polarization may now be referred to as the dipole moment per

unit volume [32].
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Figure 3.1: Dielectric Particle Comprised of Arbitrary Molecules in (a) the Absence of an
Electric Field and in (b) a Uniform Electric Field.

Let us look again at Eq. (3.2) and suppose the medium is isotropic. The induced

polarization, P, is now parallel to E with a coeflicient independent of direction,
P = eyxE, (3.10)

where ¥, is the electric susceptibility of the medium. Solving Laplace’s equation consider-
ing the boundary conditions of an electric field crossing a dielectric particle in which the

susceptibility takes a discontinuous jump, we find that the polarization of the particle is
P = (e, — €m)Eins, (3.11)

where E;,,; is the field inside the particle,

3em,

——E,. 12
€p + 2em (3.12)

Eint =

Using the real part of the Claussius-Mossotti factor, K* = (e, — €;,)/(€, + 2¢;,), we can

re-write the polarization as

P =3¢, R{K*} E,,. (3.13)
The polarizability of a dipole may be referred to as the coefficient of the polarization in
this form. However, its is more useful for us to use the form of [42], in which the case

of a spherical dielectric is considered. The polarizability of the matter-light interaction,

therefore, is written as

2
o =n,,a <m2+2> , (3.14)

in which the radius of the sphere is @ and m = n,/n,,. We can now have some analytical

insight into how non-spherical particles may respond in electromagnetic fields such as those
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Figure 3.2: Non-Spherical Dielectric Particle Comprised of Arbitrary Molecules in a Uniform
FElectric Field of Finite Width and its Resultant Rotation Direction.

that will be described later. If a uniform field is applied to a non-spherical particle as in
Fig. 3.2, the induced dipoles will attempt align themselves with the field as for the spherical
case. However, if the particle is not in an initial equilibrium alignment with the field, not
all dipoles will find their optimum alignment simultaneously. This has the effect of causing
a rotation of the particle into an equilibrium condition such that the dipoles experience

maximum field line interaction.

3.3 Electromagnetic Interference

In general terms, interference may be thought of as the superposition of two or more
electromagnetic waves in which the total electric field intensity at each point is the vector
sum of the individual waves. Before we arrive at an analytical expression for interference,
however, certain fundamental principles of energy and momentum must be briefly examined.

The potential energy density of an electromagnetic wave can be written as
ult] = uplt] + up[t], (3.15)

where ug[t] and up[t] are the energy densities of the time-varying electric and magnetic
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field components defined as [17]

uglf] = EEOE?[t]:%(E.D) (3.16)
upl] = QiOBQ[t]:;(B-H), (3.17)

where E[t] and Blt] are the magnitudes of the electric and magnetic fields, respectively.

The instantaneous transport of this energy per unit time (power) across a unit
area will have units of W/m? and will flow in the direction of the propagating wave. This
vector, then, is

S=c2ExB=ExH, (3.18)

termed the Poynting vector.

The electric field itself varies in time at a rate impratically high to detect (~ 10
Hz). The irradiance—the average energy per unit area per unit time, or alternatively, the
amount of light illuminating a surface [29]—however, is easily measured with sensors such
as photodetectors. To measure the irradiance, the time-average of the Poynting vector
magnitude, (| S |)7, must be taken, resulting in

cey
I=(S)r=-F, (3.19)

where FE is the amplitude of the electric field vector wave.
Interference results whenever two or more coherent electromagnetic waves are su-
perimposed, and generally produces a spatially-periodic irradiance profile (akin to a stand-

ing wave) [29]. The total electric field of N waves is
Eror =E; +Ex+ -+ Ey, (3.20)

where

E,.[r] = Ay, exp(iky, - 1) (3.21)

are the complex amplitudes of the m** plane waves that vary in space, whereas the amplitude-
polarization vectors A, can be complex-valued constants. The wave vector has a magnitude
k =| k |= 2m/X. The total electric field, on the other hand, is a real-valued vector that

varies in time and space, more specifically written as
Erorir,t] = R{E[r]exp(—wt)}

N
= % Z {Epn[r] exp(—wt) + Ep, [r] exp(uwt)} (3.22)
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where the notation E* refers to the complex conjugate of the vector. The time-average of

the electric field, a sinusoidal function of time, is
) 1 «
(Eror[r,thr = §E[T] - E*r], (3.23)

and the total irradiance may now be ascertained [22]

Ir] = Epn£<ETOT[r7t]>T (3.24)
— 3Bl Bl
0€0
ny N N

= N ;le A - A exp(v(ki— k) 1) (3.25)

Interference of two beams (N = 2) may be written as follows, with k; — ko as the

grating vector,

Ir] =z oc A2+ A2 +2A; - Ajcos((k; — ko) - 1). (3.26)

Neglecting phase factors and selecting k; and ko such that they are symmetric about the
Z-axis, then we find the expression for the interference of two coherent beams along the
X-axis:

In—g o< AT 4+ A3 +2A1 - Ay cos (2ksin(¢)z) (3.27)

where ¢ is the half-angle between the two beams. It is important to note that for intensity
interference to occur, the polarization of the beams must not be orthogonal. The bright
regions will be brightest when the two beams lie along the same axis. The period of
interference A is found via Bragg’s Law,

A
~ 2sing’

(3.28)

Fig. 3.3(a) illustrates the geometry of the XY plane including the wave vectors and in
Fig. 3.3(b) is the resultant one-dimensional interference pattern of bright and dark fringes.
When one or more coherent beams interfere in a specifically-defined arrangement in pho-
tosensitive material, well-ordered two-dimensional surface patterns and three-dimensional
volumetric patterns can result [23]. While the formation of all Bravais lattices via this
technique is particularly important for the fabrication of photonic crystals, our interest is

in the optical forces and torques that may be harnessed from these patterns.
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Figure 3.3: Interference of Two Coherent Beams: (a) Geometry in XY Plane; (b) Resultant
Interference Pattern.

3.4 Dielectrophoresis

Dielectrophoreis (DEP) may be defined as the motion imparted on uncharged
particles as a result of polarization induced within the particles by inhomogeneous electric
fields [46]. Tts primary advantage over electrophoresis, in the interest of this thesis, is the
elimination of the charged particle requirement.

DEP has become an important tool in biotechnology, used for trapping, levita-
tion, electrorotation, and travelling wave particle transport [33]. In an applied sense, only
two electrodes are required to elicit a DEP response. However, for more detailed and
specific trapping and manipulation applications, more complex electrode geometries are
implemented. Optoelectronic tweezers (OET), for instance, is a dielectrophoresis technique
permitting high resolution patterning of electric fields on a photoconductive surface for ma-
nipulating and trapping single particles, allowing parallel manipulation of up to 15,000 traps
onal.3mm x 1.0 mm area [20]. In comparison to all-optical methods as a sorting tech-
nique, DEP provides the greatest correlation because of its non-contact and low-damage
approach versus mechanical methods [3]. Experimentally, DEP has been shown to sort
various bacteria in a microfluidic flow via microfabricated electrodes [30]. Because of the
physical similarity of this process to that of optical tweezers and trapping, we here describe

the framework of DEP.
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3.4.1 The Dipole Moment Approach

Single Dipole in Non-Uniform Field

Effective moments, such as the dipole, allow us to calculate electric-field-mediated
force and torque on particles [33]. Consider a positive and a negative electric charge (¢ and
—q) placed a distance d apart in a non-uniform electric field, as in Fig. 3.4(a). The vector

dipole moment of this small electric dipole in a homogeneous medium is
p = q¢d. (3.29)

We retain the criteria that the field is divergence-free. The electrostatic potential due to
the dipole is defined as [33]
o= P T (3.30)

 Adwer3’
where r is the radial vector distance from the dipole center and €, is the permittivity
of the medium. Approximations may be made for the force and torque when the dipole
is small compared to the change in the electrostatic field. Therefore, we can write the

dielectrophoretic force and torque as
Fper = (p-V)Eq (3.31a)

MDEP = pXEo. (331b)

It is when the DEP force is large enough that trapping and levitation may occur.

Spherical Particle in Non-Uniform Field

To make the situation more applicable, let us now place a small dielectric sphere
of radius R and permittivity €, into the field, causing a perturbation and effecting a elec-

trostatic potential [33],
(€p — €m)R3Eqg - T

0¥ = 3.32
induced (ep — 2€m)T3 ( )

Comparing this equation to Eq. (3.30) results in an effective dipole moment,
Pers = dmenR{K*} R°Ey, (3.33)

where R{K*} is the real part of the Claussius-Mossotti factor, defined in Sec. 3.2. We note

that inclusion of the imaginary portion of K* would account for loss due to heating. Because



22

Figure 3.4: Dipole (a) and Sphere (b) in Nonuniform Electrostatic Field [After [33]].

we are considering the ideal case, such is neglected. The primary difference between the
induced dipole and the general dipole is that the moment for the lossless sphere will always
be parallel to Eg.

Substituting Eq. (3.33) into the equation for dielectrophoretic force, (3.31a), results

in the expression for the DEP force on a dielectric sphere in a dielectric medium,
Fpep = 21 R3¢, R{K*}VE}. (3.34)

Theoretically, we could also arrive at this solution for the force via the Maxwell stress tensor
because, by definition, the fields on any surface enclosing the particle must be indistinguish-
able. Thus the physical dipole and the dielectric sphere must yield the same result [33]. It
is the value of K that determines whether a particle will be attracted or repelled from a
region of strong electric field intensity, just as is the case for optical trapping (see Sec. 2.1).
A particle will be attracted when €, > €5, i.e., K > 0, and repelled when ¢, < €5, ie.,
K <0.

It is crucial to note that if we combine Eqgs. (3.33) and (3.31b), we will find that

the torque, M, is zero. This is because the dipole moment and electric field must always
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be parallel for the case of a spherical particle. This is not the case when the particle
is electrically lossy, possesses a permanent dipole moment, or, most notable within the
framework of this thesis, is nonspherical. Such is considered in our phenomenological model,
laid out in Ch. 4. As our model is a first order approximation, it is sufficient to neglect
corrections from higher order, multipolar contributions to the DEP force and is, therefore,

left to future work.

Nonspherical Particles in a Non-Uniform Field

The case of nonspherical particles in a non-uniform field, while not trivial, is later
discussed in terms of our model. We could pursue specific geometries such as hollow shells
or concentric dielectrics, however we will remain in the regime of homogenous dielectric
spheroids for simplicity and generality. We can furthermore assume that the electric field
does not vary within the particle due to changes in permittivity. While this is not fully cor-
rect for modeling such particles as biological cells due to their various internal components,

it is a good first order approximation for solving the optically induced force and torque.

3.4.2 The Maxwell Stress Tensor Approach

As mentioned earlier, one can arrive at the same expression for the force and
torque as in DEP via the Maxwell stress tensor formulation. This is quite simply because
the effective moment method is based on the Maxwell stress tensor method for homogeneous
media. We outline the latter approach here for a homogeneous spherical dielectric particle.

The stress tensor may be written in vector form as
1 1
T:e<E-E*—2E2>+M<H'H*—2H2). (3.35)

The dielectrophoretic force and torque imparted by the electromagnetic field on a particle

of volume V is then calculated, respectively, by
MDEP = %CLTAL X (T . ﬁ) dA, (3.36b)

where 7 is the unit vector normal to the surface and a is the particle radius [54]. Simpli-
fying these equations in the case of a static electromagnetic field will result in Eqs. (3.31a)

and (3.31b).
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3.5 Single Gaussian Trap Physics

Referring to Sec. 2.2, the primary force components within a single optical trap
include a scattering force in the direction of light propagation and a gradient force in the
direction of the field intensity gradient. However, this decomposition is but a convenient
means of describing and visualizing the trapping forces. Both forces actually arise from the
same physics. Some measure of light incident on the particle is scattered in all directions
while some photons may generally be absorbed (for a lossy particle). Both result in a
momentum transfer to the particle. Without a strong intensity gradient, the net forward
scattering force dominates and acts to propel the particle along the beam axis. If a sharp
gradient does exist, the gradient force arises in the direction of the field gradient by means
of a dipole moment within the particle, induced by the inhomogeneous electric field [42].

Three particle regimes exist: the subwavelength-scale Rayleigh regime where par-
ticle radius, a, is much smaller than the trapping laser wavelength, \; the Mie regime, in
which a >> A; and, albeit unfortunate for biological, polymeric, and similar applications
to be addressed later, the regime in which a is comparable to A. The first two have been
addressed several times within the literature as limiting cases for trapping force derivations
owing to the simplicity of such.

In the Rayleigh regime, optical forces may be calculated by treating the trapped

particle as a point dipole [42]. For a sphere of radius a, the scattering force is

Iyony,
Fscat: 0o s (337)

C

where o, the scattering cross section of the sphere, is given by

19287545 2 2
34 m2 + 2

The scattering force in is the incident light’s propagation direction and proportional to its
intensity. The gradient force of the trap is

Forad = ﬂVI, (3.39)
where [ is a given intensity profile and «, the polarizablity of the sphere, is given in
Eq. (3.14). It is important to notice here that the gradient force is proportional to the
laser intensity gradient and the polarizability. Therefore, this force will increase as the

focusing of the beam becomes tighter and/or as the particle radius increases. In addition,



25

the gradient force points up the gradient when the particle index is greater than that of
the medium (m > 1) and points down the gradient when the reverse is true (m < 1). For
stable trapping to occur, Fy,,q must be greater than Fj.q.

It is instructive to now visualize how the gradient force and intensity profiles are

related. We choose the form of a tightly focused Gaussian beam [51],

I[L, 2] = I (%Yexp (—%) : (3.40)

where Ij is the intensity of the incident light, the axial distance is z and the radial distance
is L = (22 + y2)1/2. In order to form a stable optical trap, we tightly focus the beam
such that the waist radius Wy is as close to diffraction limited as possible. We assume a
particle radius, 0.5 wm, that is less than the wavelength, A\ = 1.064 um. The particle’s
refractive index is 1.50, and the medium’s refractive index is 1.33. Fig. 3.5(a) illustrates
the Gaussian intensity profile along the x-axis by plotting the unitless normalized intensity,
I/1y. Fig. 3.5(b), then is the gradient force in units of Newtons in the same dimension.
Fig. 3.5(c) plots the same profile as (a) but in the axial distance, that is as we move away
from the waist of the beam along the propagation direction. Note that the normalized
intensity is broadened as compared to (a), showing us that the beam is tightly focused
in the radial dimension and diverges quickly in the axial dimension. Finally, Fig. 3.5(d)
plots the gradient force in the axial dimension. As expected, it is overall smaller than the
gradient force in the radial dimension, (b). In other words, the trapping force is stronger in
the radial dimension. Note that the scattering force does not depend on position. Therefore,
the gradient force at its strongest point—the center of the Gaussian intensity profile—must
overcome the scattering force in order to trap the particle.

When the particle’s radius is on the order of the trapping light’s wavelength (a ~
A), the previously described method is not applicable. Typically, electromagnetic theory
from first principles must be applied, requiring more difficult derivations. This becomes
a greater problem when we note that this limit (0.1\ — 10\) encompasses most particles
useful for trapping including dielectric spheres used as manipulation handles and biological
objects such as cells and bacteria [42]. The calculation of light scattering by particles—
especially those devoid of symmetry—on the order of the wavelength may be done via the
T-matrix method [43]. Using conservation laws, the incoming and outgoing fields may then
be used to determine forces, scattering matricies, momentum transfers, etc. In addition,

some of the theory of DEP may be applied to particles on this size order. Several methods



26

B 5, 08} (a) ]
N =
TS a 0.6 E
é f’é’ 0.4} i
o =
iz 0.2f .
0
10 8 6 4 2 0 2 4 6 8 10
X (um)
x 10718
21 (b) y
~~ 1 [ i
Z
N
= 0
]
on -1 | .
i <1
.2 L .
10
]
B .. 08
N
=% 06
S o
gﬁé 0.4
o =
Z 0.2
0
-1
x 10718
2
7~ 1
Z
N
= 0
B
[T 1
2t <
10 8 6 4 2 0 2 4 6 8 10

Z (um)

Figure 3.5: (a) Gaussian Intensity Profile in the Radial Dimension and (b) Corresponding
Gradient Force. (c) Gaussian Intensity Profile in the Axial Dimension and (d) Correspond-
ing Gradient Force.
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involving a complete solution of Maxwell’s equations in order to find the net radiation force
have been derived, including: describing the electromagnetic field of the incident beam
using the complex-source-point method [35], using infinite surface integrals to determine
the coefficients of the incident beam [25], and using finite surface integrals in order to
describe an arbitrary incident beam [13].

In the scope of this thesis, it is most instructive to discuss the series-form theo-
retical expressions for the net radiation force and torque for a specific spherical particle in
an arbitrary beam as described in [14]. We will consider a particle in the size range of 1
to 10 um, a T'E Myy-mode laser of beam waist ~ particle size and of wavelength < particle
size. It is also important to note that our particles are homogeneous, dielectric spheres
illuminated by a monochromatic electromagnetic beam.

Neglecting time dependence and assuming a steady-state, time-averaged condition,

the net radiation force is

Froq = fn - TdA, (3.41)

where the Maxwell stress tensor in vector form is best given by the Minkowski form in the
case of steady-state optical conditions, as in Eq. (3.35). The net radiation torque is also

found using the Maxwell stress tensor in vector format,
M, oq = —%ﬁ (T x r)dA. (3.42)

Solving these equations reveals a proportionality between the trapping force or torque and
the power, i.e., increasing the power increases both the force and torque. Additional means

of altering these parameters will be discussed within the context of our model.

3.6 The Basics of Microfluidics

The terms flow, fluidics, hydrodynamics, and the like are used extensively when
discussing macroscale fluidics. Although used for fluidics on the microscale, the physics
surrounding this regime are fundamentally different and must be taken into account when
formulating equations of motion [15]. In terms of biological applications, devices incorporat-
ing microfluidics, such as lab-on-a-chip, offer distinct advantages such as shortened reaction
times, smaller required reagent volumes, and portability. Specifically, analytical testing

involving amplification of DNA in a microenvironment is beneficial due to lower required
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sample volumes and rapid temperature cycling [18]. Integrating fluorescence spectoscopy
with microchannels allows for a highly efficient and portable system for measuring certain
chemical concentrations [31]. Simply shrinking macroscale devices to a smaller size will not

produce intuitive results—microscale physics must be understood beforehand.

3.6.1 Laminar Flow

While not exclusive to microfluidics, the concept of laminar flow is crucial to the
assumptions made in this thesis. It may be described as a condition in which particle ve-
locity within a fluid stream is not a random function of time [39]. In contrast, turbulent
flow is much more random making particle location prediction improbable. When imple-
menting microchannels, flow is practically laminar at all times allowing for movement of
fluid packets that stay intact and limited mixing between two neighboring streams (except
by diffusion) [15]. In addition, the laminar flow condition will allow spheroidal particles to

keep a stable orientation even while undergoing translational motion.

3.6.2 The Reynolds Number

The Reynolds number is a ratio of the inertial forces to the viscous forces [47] and
may be calculated by
(3.43)

where s is the fluid density, v is the characteristic fluid velocity, dj, is the hydraulic diameter
over which changes in the fluid velocity occur, and 7 is the fluid viscosity. The time, t, is a
measure of how long the velocity vector of the fluid flow changes appreciably in amplitude

or direction. Because t X v ~ dj,, we may write the Reynolds number as

R# = Svndh, (3.44)

A laminar flow is characterized by R# < 2300 and as turbulent when R# > 2300 [15].

The low Reynolds number regime is entered when channel size reaches below 100
wm and fluid velocity is on the order of 1 — 100 pwm/s [18]. It is here that R# ~ 1 and the
physics of the microscale become crucial: viscous forces dominate inertial forces, turbulence
is nonexistant, diffusion is necessary for mixing, and evaporation acts quickly on exposed

liquid surfaces. The flow is dominated by the pressure in the channel assuming v = 0 at the
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walls. Although flow profiles are not a primary focus of this thesis, it is important to be
clear regarding the boundary conditions. We assume, as is customary and established [16],
that there is no flow at the surface of a particle within the fluid. Such is termed “no-slip”

boundary conditions.
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Chapter 4

The Phenomenological Model

When under the influence of intense optical interference fields as described in
Sec. 3.3, particles of varying shape and size will exhibit motion and rotation on scales
determined by their physical properties and degree of interaction with the fields themselves.
Several models of such behavior have been published in recent years, implementing various
mathematical methods each operating on spherical approximations of the particles as well
as simplified approximations of the fields. As alluded to in previous sections, however, very
few perfectly spherical particles of mesoscopic size exist in nature. Blood cells, proteins,
polymers, bacteria, nanotubes, nanowires, and the like are best approximated as spheroids.
While the mathematics required for modeling spherical particle behavior often reduces to
highly manageable first order differential equations, the limits of practicality imposed by the
forced assumptions prevent accurate physical interpretation. In this vein, we have developed
an order of magnitude derivation of complete spheroidal particle motion under the influence
of general optical interference landscapes and laminar flow.

This model expands upon the aforementioned previous models and implements
several of their most valid assumptions. Our intent is to create a clear model encompassing
all spheroidal particles from disks to rods so as to provide a pathway to interrogate, fraction-
ate, and mix within a laminar flow containing some combination of inorganic (nanotubes,
nanowires, etc.) and/or biological (latex, cells, proteins, etc.) components.

Whereas others have calculated the full Maxwell stress tensor or derived optical

scattering coefficients in order to determine the particle-field interactions, our model avoids
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these often complicated methods in favor of a hydrodynamic balance approach. Our fields of
interest are one- and two-dimensional periodic interference landscapes. Such are physically
created by simple holography as described in Sec. 3.3.

Primarily, our model predicts that highly selective trapping and user-defined mo-
tion will occur within the fringes and spots of optical interference landscapes. Such is based
on particle size and shape. While other models have predicted and other experimentalists
have proven that size-based manipulation occurs, our work is the first published general
accounting of the shape dependency.

Additionally, spheroidal particles possess a significantly lower trapping threshold
than equivalenty-sized spheres. Others have theorized that the long axis of an optically-
trapped ellipsoid will align itself into a minimum energy configuration. In the case of linear
fringes, this equates to the particle being parallel with the fringe in the steady state. The
same has been demonstrated using elliptically-shaped traps. An analytical confirmation of
this situation is provided by our model, a simple demonstration of its validity.

What follows is the complete derivation and explanation of our model, an expan-
sion of our recent publication [21]. It is applicable to most any optical system in which
dielectrics are manipulated. While the description of the hydrodynamic force balance re-
duces to previously published findings, its generality is, as yet, unmatched. Where our

model ultimately surpasses others is in its description of the hydrodynamic torque balance.

4.1 Spheroidal Particles

Our model encompasses all ellipsoidal particles, not simply the ubiquitous sphere.
But in order to effectively demonstrate and communicate the value of our model and sub-
sequent results, it is important to first define ellipsoids and spheroids. A three-dimensional

ellipsoid can be described in Cartesian coordinates by

2 2 2
X z
— T 7y2 + == 1, (4.1)
ay a3 as

where the values of a, represent the particle radii in the u-directions. If two of these radii
are equivalent, the result is a spheroid. Fig. 4.1 illustrates the three spheroids to which
we will refer: (a) spherical, (b) oblate, and (c) prolate. The axis a, has radius a; and is

the major axis. Axes a, and a, have radii az and a3, respectively, and are the minor axes.
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(b) (c)

Figure 4.1: Spheroids: (a) Spherical (a1 = a2 = a3); (b) Oblate (a1 < a2 = a3); (c¢) Prolate
(a1 > az = a3).

Note that we set ao = az when defining our particles. Although our model is derived for
particles of the spheroidal class, such an assumption is not a requirement, and our model
may be applied to all particles of the ellipsoidal class.
Spheroidal types may be defined by their aspect ratios (major axis : minor axis)
and their ellipticities. An aspect ratio is typically reduced to whole numbers, such as 1: 4
for an oblate particle or 7 : 2 for a prolate particle. We define the ellipticity as
ellipticity = e®> =1 — @ =1- @, (4.2)

2 2
ay ag

a unitless parameter that will be useful when demonstrating the capabilities of our model.

4.2 Hydrodynamic Balance Equations

Using translational modeling alone, one may describe the motion of spheroidal
particles in a microfluid with a driving force. No rotation occurs under laminar flow con-
ditions as discussed in Sec. 3.6. It is the application of optical fields that induces rotation,
thus requiring the model to become torque-dependent. Concerning spherical particles, a
hydrodynamic force balance equation neglecting inertial effects—thereby neglecting parti-
cle mass—may be derived from the well-known Langevin equation of motion where particle
velocity is determined by the force exerted on the particle and any time-dependent noise
in the system. In order to stay general, our model must account for both force and torque
on rigid spheroidal particles in an incompressible Newtonian fluid. In this section, the force

and torque balance equations and their component terms are described.
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4.2.1 Force Balance

Tailoring the Langevin equation of motion to spheres and hydrodynamic systems
has been done in one dimension considering stochastic processes [48] and in two dimensions
considering optical interference landscapes [45]. For general spheroidal particles, however,
some modifications must be made. We neglect inertial effects (a valid assumption for laminar
flows and microfluidics) and take into account viscous flow and drag, stochastic and optical

forces. The resultant particle trajectory may be represented by

?[Q]% _ Flr, Q] + Fo + Hylf], (4.3)
where ? is the translational viscous drag coefficient tensor, F[r] is a spatially-varying op-
tical force field, Fy is a uniform driving force in the medium, and Hy[t] describes stochastic
processes. For our systems, we assume that the stochastic forces (including Brownian mo-
tion) are small relative to the optical and driving forces. We therefore neglect it without
detriment to the model. It is, however, important to stress that the rigid particles we as-
sume are small enough to be affected by stochastic forces but large enough for the fluid to

be treated as a continuum [50]. The position of the particle in question is denoted by the

vector, r = (x,y, 2).

4.2.2 Torque Balance

Recall that in a flow of only spherical particles, complete motion can be described
by the force balance equation alone. Because our model generalizes to spheroidal particles,
the optically-induced torque must be considered. Similar to the hydrodynamic force balance
equation, the torque balance equation includes drag and stochastic terms, representing
particle orientation at position r through

aQ

W’[Q]E = M[r, Q] + Hg[t], (4.4)

where 7’ is the rotational drag coefficient tensor, (2 is the angle vector (between the sym-
metry axis of the particle and the coordinate axes), M]|r] is the spatially-varying optical
torque field, and Hpg[t] describes stochastic processes that we similarly neglect. Note that
no flow-induced torque arises due to our negligence of inertial effects—all torques arise

from the optical interference field. The torque balance equation becomes zero for spherical
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particles, leaving only the force balance equation, effectively reducing our model to that

of [45].

4.3 Drag Coefficients

In similar modeling efforts, £ represents a coefficient tensor describing the instan-
taneous viscous drag on the particle in a given axial direction. If we consider a sphere
of radius a submerged in a microfluid of viscosity n, £ reduces to the scalar Stokes for-
mula [39, 46] related by & = 6mna. Because our work focuses on non-spherical particles,
the viscous drag tensor depends on the shape and orientation of the particle in addition to
its size. This prevents a simple reduction to scalar terms. The full tensor form has been
developed for spheroidal particles [2, 39] in the low Reynold’s number regime by solving the
linear Navier-Stoke’s equation allowing for a complete description of fluid motion.

The drag coefficient term arises from the force on the particle within this flow
assuming a no-slip and no-penetration boundary condition at the fluid-particle interface.
The force is an integration of the stress tensor and fluid pressure over the surface of the
sphere. While the process takes varying forms in the literature, the resultant drag coefficient
is the same,

> <
& =6mR, (4.5)

and is most easily calculated by means of the hydrodynamic “effective radius” of the
spheroidal particle, R a tensor of rank three with dimension of length [2]. Tt is deter-
mined by the particle’s shape, symmetry (prolate or oblate), and axial dimensions, a,. It
is important to note that for a spherical particle, the effective radius becomes the spherical
radius a, thus reducing the coefficient to that of the scalar Stokes formula as shown above.
The derivation of the effective radius tensor for a general non-spherical particle (in terms
of its major and minor radii) is involved, but fairly well-known [2, 37], and is summarized
in Appendix A.

Rotation transformations may be used to relate the general effective radius tensor
to the principle axis. In order to implement this rotation, we must define our coordinate
axes. Referring to Fig. 4.2, we define two coordinate systems to represent the particle
at any given location: a local (prime) system in which the primary axis (a;) lies along

the 2/-direction, and the two equivalent axes (a2, a3) lie along the §’- and z’-directions,
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respectively; and a global system in which the orientation of the particle may be any angle,
Q. Both position vectors, r and r’, are anchored at a shared origin.

Because we have defined the axes a2 and ag to be equivalent, a symmetry condition
arises that allows us to derive all further equations in two dimensions, x and y. Thus the
full three-dimensional tensor reduces to two-dimensional diagonal tensor. It should be
noted, however, that all of our assumptions, general equations, and the like may be applied
to a three-dimensional case without loss of generality or accuracy. Considering only two
dimensions provides a simplicity in our description, preventing cumbersome equations from
distracting the reader.

Therefore, the translational drag coefficient in prime (local) coordinates is ex-

pressed as follows:

&y = 6mnRy, (4.6a)
& = 6mnRy,. (4.6b)

Transformation to global coordinates requires a rotation transformation,

o 34
. S CR] : (4.7)

where ®~! is the inverse rotation matrix widely known as

1 cosf) —sin{2
0 Q] = . (4.8)
sin)  cos {2
Thus the necessary drag coefficients for the force balance equation may be calculated.

The particle’s instantaneous drag response during rotational motion must be de-

scribed by the rotational viscous drag coeflicient, «v. This is also a tensor given by
<>
Y =8t R3, (4.9)

which may also be derived from the Navier-Stokes equation [39]. The effective radius may
be calculated in the same manner as before, and rotation transformations may be applied
to account for given particle orientations, 2. It should be noted that the effective radius is

now cubed as the entire volume accounts for the drag.



36

Figure 4.2: Definition of Ellipsoidal Particle Axes and Coordinate System.

4.4 Optically Induced Force and Torque

It has been previously shown [45] that the spatially-varying force field of Eq. (4.3)
may be described by the impact of the optical interference field on a particle. For us to
achieve this, a derivation of the optically induced force and torque for our general model
is first provided. In order to show the validity of our expressions, comparison to DEP is
provided where appropriate.

First principles teach us that we are free to define the force vector as the gradient
of a potential. Therefore, we begin with the optically induced force in terms of a scalar
potential,

Flr,Q] = —VV]r, Q. (4.10)

Grier and coworkers [45] suggested that with only a few assumptions that the impact of an

optical field on a particle may be defined as a convolution:
Ve, Q) = (foI)[r, 9], (4.11)

where f = f[r,Q] is the particle’s form factor and I = I[r| is the optical interference
landscape. While the original work [45] assumes spherical particles, we generalize the form
factor to take into account size, index, and shape. It will be derived in detail in Sec. 4.5,
but for now, we must acknowledge that we are transitioning from a discrete particle to a

continuous form factor. Furthermore, the convolution of the form factor with I modifies the
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£

Figure 4.3: Definition of Axes for Form Factor / Optical Landscape Convolution.

local landscape based on the impinged particle’s size, shape, composition, spatial position
(r), and angular orientation (£2).

Let us now rewrite the force in terms of f and I,
Fr,Q=-V (fol)[r,Q]. (4.12)

Using properties of the operator V, we may apply the gradient operation to I directly,
resulting in

Flr,Q = — (fo V) [r, Q. (4.13)

We note that while applying the gradient operation to the form factor would ultimately
yield an equivalent result, the gradient of the optical landscape provides for a more intuitive
approach to explaining the results that follow. We choose to now represent the convolution

in integral form over the three-dimensional particle, d3z. This may be written as
Flr,Q] = — jf flr —x, QVI[x]d>z. (4.14)

The vector r is the position of the center of the particle while x is the vector from the
particle center to any other point. Both vectors are illustrated in Fig. 4.3.

The form of our integral is of an infinitesimal force, dF, over the infinitesimal
volume, d3z, defined as

Flr,Q] = 7§ dFd>z. (4.15)
So let us now write dF in the following manner:

dF[x,r,Q] = — f[r — x,QVI[x]. (4.16)
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Therefore, we have derived a description of the force at every point on the particle under
the influence of the optical landscape, beginning with first principles.

The reader is referred now to Eq. (3.34), the force induced by an electromagnetic
field as derived using the Maxwell stress tensor. Mathematically, our definition of force
agrees in that it and the stress tensor description are forms of the electromagnetic field
interacting with a specific environment in which energy conservation must be preserved. In
addition, should our force equation be applied to spherical particles in which orientation
is of no consequence, it reduces to the form derived in [45]. Thus, the analytical form for
the spatially-varying force field can be validated. This provides all necessary information
to determine how the particle will respond translationally to a given optical interference
landscape, I. Although an initial particle orientation, €2, is required to find the force, no
subsequent oreintation-related information may be ascertained.

Therefore, in pursuit of a model encompassing complete motion of spheroidal par-
ticles, we now develop an analytical form for the spatially-varying optical torque field. Such
a form has, to date, not seen publication to a satisfactory degree. Let us begin with the first
principle definition of torque, the product of some distance vector and a force applied at
the vector’s endpoint. Because we are using the same coordinate system, optical landscape,
and particle defined for the force derivation, let us also use the same applied infinitesimal
force, dF. Now, however, instead of integrating this force over all points of the particle,
we must integrate the product of this force and some distance vector over all points of the
particle. Keeping with the origin previously defined, let us define the distance vector as
(x —r). Since we are dealing with vectors, we must use the cross product operator in our
definition of torque:

Mir, Q)] = ?{(x —r) x dFd*z, (4.17)
where dF has the same form as in Eq. (4.16). We desire to write this equation in a form
incorporating a potential, similar to the optically induced force. This will allow us to use
our already-derived procedure for the form factor - landscape convolution. We proceed by
solving the integration, i.e., the sum of all the moments. Because we define the infinitesimal
moment to be the product of the the infinitesimal force and the distance from the particle

center, the solution becomes a cross product of the particle’s position vector and the force,
M[r,Q] =rx =V (fol)[r,Q], (4.18)

in which the the force of Eq. (4.12) is crossed with the vector r. Performing the cross
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product in two dimensions, considering, for the sake of this calculation, the convolution to

be the scalar term C' = (f o I)[r, ], proceeds as follows:
VxrC = VyyC—V,zC. (4.19)
We now show that the same result is found in the following manner:

rx-VC = —a2V,C+yV,C
= V5yC —VyaC, (4.20)

considering the identity involving a scalar and the cross product,
(CV)xr=C(Vxr)=Vx(Cr). (4.21)
As a result, we can now define a vector potential as
Alr, Q)= (rfol)[r,Q], (4.22)
which when used in Eq. (4.18) allows us to write
M[r, Q] =V x Alr, Q]. (4.23)

This is a proper form of the solution to Eq. (4.17) in that it takes into account the infinites-
imal force for all points at a given distance from the particle center, i.e., it is a sum of
all moments concerning the particle in our system. We now have the ability to determine
position and orientation for a spheroidal particle under the influence of an arbitrary optical
interference landscape given our stated assumptions.

Recalling Eq. (3.36b), the dielectrophoretic torque is found, in general, by inte-
grating over the Maxwell stress tensor crossed with a position vector. In a similar manner,
we may calculate the optically induced torque by integrating over the infinitesimal force,
dF, crossed with the vector x — r, as derived above. The validity in this approach arises
from first principles in that torque is a force multiplied by a distance. Integrating the cross
product of a distance vector and an infinitesimal force achieves the same result, as evidenced
in the DEP approach.

One may calculate the magnitude of the field-induced torque on an anisotropic
particle using the effective dipole method or the Maxwell stress tensor method [14, 44].

Our model, however, predicts that the optically induced torque arising from the gradients
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in the field is millions of orders of magnitude larger. Therefore, while spheroidal particles
may be rotated as a result of the optical field in general, we show that it is the modulation of
the field (i.e., an optical interference landscape) that results in torques appreciable enough

for controlled particle manipulation.

4.5 General Form Factors

4.5.1 Discrete Particles and Continuous Form Factors

As previously mentioned, we must transform from a discrete particle to a continu-
ous form factor in order to calculate the infinitesimal force on the particle. Such is required
for both the force potential, Eq. (4.11), and the torque potential, Eq. (4.22). The thrust
of this transformation is the need to know how the particle alters the landscape itself. In
other words, when we place a particle within the optical landscape, the electromagnetic field
and the particle interact. The field must compensate for a new boundary through which to
travel. Therefore, when a particle is present, we no longer have the landscape as described
by I, and we must determine how the field now behaves. This is done by the creation of a
form factor, continuous in the landscape space. Such must account for the particle’s polar-
izability (to define the field-material interaction), the particle’s dimensions (to determine
how much of the landscape must be altered, e.g., how many fringes are overlapped), and
the particle’s shape (to determine the differences in field-particle interaction throughout the
particle).

Let us begin by again letting a, to be the symmetry-defining axis, thereby set-
ting ay, = a.. Allowing the spheroidal particle to exist in a periodical optical interference
landscape, we can represent the form factor in local coordinates as

2 2
fIr'] = ay/ajaz exp <_§a% - éya%> , (4.24)

and in global coordinates as

(4.25)

Fi.9] = a/aras exp <_(3:COSQ + ysin Q)2 B (—xsinQ+ycosQ)2>

2 2
2a7 2a5
where x and y are components of the vector r and « is the matter-light interaction—a term

we will refer to as polarizability, similar to our prior discussion. The units, however, are of
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inverse velocity. The preceeding transform from local to global coordinate systems requires

a rotation transformation,

= lela] || (4.26)
where ©[Q] is the two-dimensional rotation matrix widely known to be

o0 - cos{) sin) . (4.27)
—sin) cos(

We may now compare the discrete particles to their respective form factors as illus-
trated in Fig. 4.4. Here we have renderings of the three particle types in three dimensions,
(a) prolate, (b) sphere, and (c) oblate, and their respective continuous form factors, (d-f).
The units of the color bars are arbitrary—effectively they show the relative impact of the
particle within the field. It should be noted that while the general shape of the form factors
mirrors that of their corresponding discrete particle shapes, the influence of the continuous
form factors reaches farther in all dimensions than do the particles. Therefore, the impact
of placing a particle within a landscape is that the local field may be altered enough to
affect the behavior of neighboring particles. Our model assumes this to not be of major

consequence in that particles are individually isolated to a sufficient degree.

4.5.2 Form Factor for the Scalar Potential

In order to solve the potential functions utilized in the optically induced force and
torque equations, it is desirable to use the Fourier convolution theorem, with which we may
write Eq. (4.11) as

V=(foD)r,Q = F! {f[k’]f[k', Q]} . (4.28)

We can take the Fourier transforms of f and I individually since each is a seperable equation.
Because the function I may represent any arbitrary landscape, its Fourier transform I
changes accordingly. However, the form factor remains consistent and its Fourier transform
is

f[k:;,, k;} = // fla',y]exp (—2772 (k;x' + k;y')) dx'dy/, (4.29)
yielding a scalar form factor,

flks, k] = 2maarazy/araz exp (—2n* (alk}? — a%k;f)) . (4.30)
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Figure 4.4: Rendering of Discrete Spheroids: (a) Prolate, (b) Sphere, and (c) Oblate; and
Respective Continuous Form Factors (d-f). Form Factor Units are Arbitrary.
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We then take the inverse Fourier transform of the product of Eq. (4.30) and the appropriate
equation for I, resulting in an expression for the scalar potential of Eq. (4.11). Examples

of such are derived and discussed in Ch. 5.

4.5.3 Form Factor for the Vector Potential

The solution for the vector potential, Eq. (4.22), follows a similar process. It is
important to note, however, that we now must convolve the landscape, I, with the product

of the form factor, f, and the particle’s position vector, r,

g=rf. (4.31)

It is important to note that g is a vector and its Fourier transform will be a vector, whereas
f is a scalar and its Fourier transform, Eq. (4.30), is a scalar.

In terms of the Fourier convolution theorem, the vector potential may be written
as

A=(gol)r,Q=F! {g[k’]i[k’, Q]} . (4.32)

Performing the Fourier transform proceeds as follows:

Julky, byl = // (2' cosQ — ¢/ sinQ) fla', 9] exp (—2m (k2" + kyy')) da'dy’ (4.33)
= —i27 (a%k‘; cos () — a%k; sin Q) flk., ky) (4.34)
gylkz, Kyl = // (2'sinQ +y' cos Q) fla', o] exp (—2me (k' + kyy')) da'dy’ (4.35)
= —127 (afkl,sinQ + a%k; cos Q) flk., ky). (4.36)

Thus we have defined the Fourier transform of the vector g in terms of f so that we may use
solutions for f , required for any optically induced force, in conjunction with the optically
induced torque. The next step is to take the inverse Fourier transform of the product of
Egs. (4.34) and (4.36) with the appropriate landscape expression to arrive at the vector
potential of Eq. (4.22). Such is discussed in Ch. 5.
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Chapter 5

Model Implementation and

Analysis

5.1 Equations of Motion

We are now in a position to implement our equations for the optically induced force
and torque. We choose to do this by first defining the force and torque balance equations
(Egs. (4.3) and (4.4)) in terms of differential equations of position. However, the flow force
must first be determined. Because we are exploring the response of particles in microfluidic
flows, we may use a uniform driving force, Fy. We use the force of the laminar flow as the

driving force, graphically F o, in Fig. 4.2. Analytically, we represent the flow force as
>
Fflow = § Vo, (51)

where the vector vq is the fluid flow velocity.
Subsequently, we may now write the equations of motion in the 2’ and 3’ directions,

respectively, as follows:
dx’ 1
d—mt me/ [z, 9, Q) + v cos O (5.2a)
dy’ 1 ro .
— = —=Fy Q 0. 5.2b
dt gy[Q] y[x7y7 }—’—UOSIH ( )
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Due to the laminar flow environment, there is no driving force term within the torque
balance, Eq. (4.4). That is, there is no flow-induced torque. Therefore, the differential
equation for orientation may be written in terms of the optically induced torque and the
rotational drag coefficient,

a1
— = -Ml[z',y/, Q). .
G =M. 9) (53)

Our next step is to determine forms of the optically induced force and torque so that particle

position and orientation may be determined for specific optical landscapes.

5.2 One-Dimensional Landscapes

5.2.1 Defining The Landscape

To illustrate the one-dimensional case, let us represent the optical landscape as a

sinusoidal interference pattern of bright and dark fringes,

Ile] = I <1 + cos <Zm>> , (5.4)

where A, is the interference pitch. Note that the only variance is in the Z-direction, so
that I[z] is symmetrical in the g-direction. Recall from Sec. 4.5 that we must transform

Eq. (5.4) into local coordinates,

2
I, Q) = I (1 + cos <A7T (2 cosQ — 3/ sinQ))) , (5.5)

T

and then into Fourier space,
- 1 1
1K, ) = 1o (5 (KL) 8 (5) + 50 (K, — 4) 8 (k) + B) + 56 (K, + 84) 8 (k) — @3))  (5.6)

where &, and k;, are the Fourier frequencies and

, _ cosQ)
in
g = = (5.8)
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Figure 5.1: (a) Variation in #-Direction for One-Dimensional Optical Landscape, and (b)
Resultant Optically Induced Force.

5.2.2 The Optically Induced Force and Torque

By solving the inverse Fourier transform of the product of Eq. (5.6) and Eq. (4.30),
we find the scalar force potential, V[r/,Q]. This information can now be used to solve for

the optically induced force in local coordinates. Broken into components, we have

Fylt', Q) = 2nlB,f (B, 5,)sin (iﬂ- (2 cosQ — ¢/ sin Q)) (5.9a)
F,y[r', Q] = —277[0%]? (Br, B,) sin (iﬂ (2' cosQ — ¢/ sin Q)) : (5.9b)

Although we can already make some predictions concerning particle behavior in this system
with the force terms alone, it is crucial to note that orientation information subsequent to
the initial position requires solutions to the optically induced torque terms. Therefore, the
torque as presented in Eq. (4.23) must be derived.

The forms of the optical landscape and the optically induced force are illustrated
in Fig. 5.1. The pitch of the interference pattern comprising the optical landscape is 25 pum.
This is somewhat arbitrary, assumed to be on the order of two to three times larger than
the particle diameter. In order to represent typical values for I and F', the total laser power
is 100 mW, and the characteristic laser spot diameter is 100 pum. A bright fringe in the
optical interference landscape exists at every maximum of I (—A, 0, A, etc.) and a dark
fringe exists at every minimum, as illustrated in Fig. 5.1(a).

The force, as expected, is proportional to the gradient of the optical landscape

in which the magnitude determines the local movement of the particle. At first glance of
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Eq. (5.9), for a particle placed at 0 < z < A/2, it may appear that the 2’ component acts
to push particles away from x = 0 and, thusly, away from a bright fringe. However, recall
that the polarizabilty, «, present in the form factor, is negative for higher refractive index
particles in a lower refractive index medium. Therefore, F,/ is negative in this instance and
pulls the particle toward the origin, working to trap it within a bright fringe. For further
clarification, the arrows drawn in Fig. 5.1(b) represent the forces on a particle at specific
x-coordinates. Negative forces move the particle in the negative Z-dimension and positive
forces move the particle in the positive Z-dimension. In other words, the optically induced
force is such that the particle will move toward the nearest bright fringe.

Now coupling Egs. (4.34) and (4.36) individually with Eq. (5.6) allows us to find
the components of the vector torque potential, A[r/,Q]. The torque may now be found
by plugging the resultant equations into the equation for optically induced torque in local
coordinates, yielding

M, Q] = —4x2I, (a% — a%) ﬂ;ﬁ;f (Br, — ;) cos (iﬂ (2 cosQ — ¢/ sin Q)) ) (5.10)

To illustrate the optically induced torque, we must assume certain particle types.
Fig. 5.2 contains three plots of optically induced torque for an oblate particle (a), a spherical
particle (b), and a prolate particle (c¢). The major axis of each is oriented at 4+ /2 radians
with respect to the x-axis. The torque on the oblate particle at /A = 0 is negative,
meaning the optical landscape acts to rotate the particle in the —§2 direction (referring to
Fig. 4.2). At other positions along the Z-dimension, the magnitude of the torque varies.
However, at all locations, the optically induced torque acts to rotate the particle into a
minimum energy configuration, 2 = 0 or 2 = 27w. The torque on the spherical particle is
always zero. As discussed before, all orientations of a spherical particle are equivalent, and
the optical field will impart no net torque. The torque on the prolate particle at /A = 0
is positive, meaning the optical landscape acts to rotate the particle in the +2 direction.

The minimum energy configurations for the prolate particle are 2 =7 or Q = —7.

5.2.3 Particle Response in Laminar Flow

We have derived analytical expressions describing the complete spheroidal particle
motion influenced by a one-dimensional optical landscape within a microfluidic laminar flow

environment. Perhaps the most striking result—especially in terms of sorting applications—
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Figure 5.2: Optically Induced Torque on (a) an Oblate, (b) a Spherical, and (c) a Prolate
Particle Resulting from the One-Dimensional Optical Landscape of Fig. 5.1(a).

of simulating this motion is that we show wvery high trapping selectivity among spheroidal
particle types, i.e., oblate and prolate particles are much easier to trap within the optical
landscape (with less optical power requirements) than are spherical particles.

This result may be illustrated in several ways, the first of which is is shown in
Fig. 5.3, a rendering of particle orientation and trajectory for each shape given a specific
normalized potential—a parameter having units of inverse volume, generalizing the data
for interference pitch, optical intensity, viscous drag, particle polarizability, and the driving

force for spherical, oblate, and prolate particles, respectively described by:

1/&uuvo cos
1/&uuvo cos @ (5.11)
1/&upvo sin(0 — w/2)

47T2I()|Oé|
A

NormalizedPotential =

The parameters used in this simulation include a particle volume (V) of 250 pm?, an
interference pitch (Az) of 15 um, a flow velocity (vp) of 9 um/s at a flow angle (0) of 7/9,
and an intensity (In) on the order of 5 x 1073 kW /mm?2. The particle polarizability (a) is on

the order of -2 ns/m yet its absolute value is used in calculating the Normalized Potential.
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Figure 5.3: Spheroidal Particle Behavior in a Laminar Flow and One-Dimensional Optical
Landscape for a Specific Normalized Potential.

Attention is drawn to the differences among the particle types in Fig. 5.3: the
sphere moves directly with the microfluidic flow (dashed line) at an angle of 7/9 radians with
respect to the X-axis, the oblate particle is immediately trapped, and the prolate particle has
a varying trajectory as it passes each bright fringe. While the optical landscape is unable
to sufficiently alter the behavior of the sphere, it is more than capable of manipulating
the paths of the oblate and prolate particles at the given Normalized Potential. Further
description of this result follows but the applicability to microfluidic sorting is immediately
apparent. By designing a system in which flow trajectory of different shaped particles in
the fluid can be varied by altering parameters in the Normalized Potential, it becomes
straightforward to sort the particles without causing detriment to their composition or even
the flow itself.

Another major finding of our work continues to becomes visibly apparent in the
described simulation: elliptical particles will align themselves within bright fringes in their
respective minimum energy configuration. Illustrated in Fig. 5.3 is that the prolate particle
aligns its major axis parallel with the bright fringe while the oblate particles aligns its
major axis perpendicular to the bright fringe. The spherical particle, as expected, shows
no rotation as there is no minimum energy configuration—all orientations equivalent. In

effect, the particles tend to fit as much of their volume within the bright fringe as possible.
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Although the prolate particle’s orientation varies at first while its position in the X-Y
plane is changing, it aligns itself in the minimum energy configuration even before its final
trajectory is determined. The oblate particle not only aligns itself as described but is also
immediately trapped within the bright fringe—a consequence of its ellipticity as it relates
to the Normalized Potential. The behaviors described herein may be altered by varying
certain parameters as discussed below.

In an effort to further visualize the variation in minimum trapping potential for
the three particle types, Fig. 5.4 plots the normalized minimum potential necessary to trap
a particle in a single bright fringe of the optical interference landscape based on particle
ellipticity. Each data line arises from a specific particle volume. We calculate this by first
letting d2’/dt and dy’/dt of Eqs. (5.2) go to zero and then calculating the points at which

the optically induced force just overcomes the driving force of the fluid, i.e.,

1
mFx/[:n',y',Q] > wvgcosd (5.12a)

1
mFy/[xl,y',Q] > wpsinf. (5.12b)

y

Lower normalized potential values equate to “easier” trapping ability. For smaller volumes,
a sphere (ellipticity = 0) requires the highest potential to trap while at higher volumes, the
sphere and particles approaching spherical are not trappable at any potential (represented
by the discontinuity in the data line). It is interesting to note that at ellipticities far from
spherical, the normalized potential values begin to merge, meaning highly elliptical particles
are easy to trap regardless of their volume.

It is now helpful to illustrate how particle trajectory changes based on the Normal-
ized Potential for specific ellipticities. Fig. 5.5 is a plot of averaged particle trajectory versus
normalized potential values for a constant particle volume of 250 um?>. We choose specific
particle ellipticities (-2, 0, +0.5) for this case. The averaged trajectory is represented by
tan(V¥) in an effort to show results in comparison with [45]. The angle, ¥, is measured
from the y axis of the global coordinate system, i.e., ¥ = 0 at y = 0, to the angle of flow.
In this case, ¥ = 7/9. Along the horizontal axis of the plot, tan(¥) is zero, meaning the
particle is trapped in a bright fringe. At the horizontal dashed line, the particle moves in
the same direction as the laminar flow, uninfluenced by the optical interference landscape.
Between these two extremes, the particle’s trajectory is altered by the landscape, but not

to an extent that complete trapping occurs.
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Figure 5.4: Normalized Minimum Potential to Trap Spheroidal Particles of Varying Volume.

\ Particles Move in

the Flow Direction

%
X
®

tan(w)

Particles Trapped
in a Bright Fringe

0 3 6 9
Normalized Potential (x1 016 m'3)

Figure 5.5: Averaged Trajectory, tan(¥), of Spheroids in a Laminar Flow and One-
Dimensional Optical Landscape for Various Normalized Potentials; Volume = 250 pms3.
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Fig. 5.6 is a plot of the normalized minimum trapping potential versus ellipticity
for the same particles. The chosen ellipticities are denoted in the plot by vertical dashed
lines and the normalized minimum potential for trapping in a bright fringe (tan ¥ = 0 in
Fig. 5.5) is found by drawing a horizontal line. Referring back to Fig. 5.5, this minimum
potential is the dashed vertical line. We can see that the normalized minimum potential for
trapping is met for the oblate particle but not for the other two. It is now apparent that
by altering the normalized potential of our system, e.g., translating the horizontal dashed

line left or right, we can choose which particles—if any—are trapped in the bright fringes.

5.3 Two-Dimensional Landscapes

We now wish to examine particle motion within the same plane as in Sec. 5.2 but
under the influence of an optical force field varying in both the #- and g-directions with
identical or dissimilar interference pitch values. Because only the landscape is being altered,
we begin with Eqgs. (4.3) and (4.4) as before. Our tasks now include deriving the force and
torque fields for a two-dimensional landscape and forming equations of particle motion for

this special case.
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5.3.1 Defining The Landscape

Let us define a two-dimensional landscape as

Iz, y] = I (1 + cos (Zm) + cos <Zy>> , (5.13)

where the interference pitch varying in the 2-direction is A, and in the g-direction is A,.

As in the one-dimensional case, we next transform to local coordinates,

2 2
I, Q) = I <1 + cos (F (2' cosQ — y’sinQ)) + cos <A7T (2'sinQ +y/cosﬂ)>> :

As y
(5.14)
and then into Fourier space,
IK,Q) = To(8 (k%) 6 (k)
30 (K, — 04) 6 (K, +3,) + 56 (K + 82) 6 (K, — )
g0 (K, = Q)5 (K~ ¢) + 56 (K, + Q)5 (K, + Q). (5.19)

where k;, and k; are the Fourier frequencies, (3, and (3, are given in Egs. (5.7) and (5.8),

respectively, and

, _ sin{)
, _ cos{)
G = A, (5.17)

5.3.2 The Optically Induced Force and Torque

The force potential is found as before, leading us to the optically induced force in

component form:

Fult',Q = 2nly(8.] (8, 8)) sin (2n8,a — 275,y)
T () sin (2nCha! + 2mCy) ) (5.182)
Fy[r',Q = —2rl (ﬁ;f (ﬁ;, ﬁ;) sin (2%5;:6’ - 271'6;,1/)

¢ F (¢, ¢ sin (2nChal + 2y ) (5.18b)
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Figure 5.7: Averaged Trajectory, cos(¥), of Spheroids in a Laminar Flow and Two-
Dimensional Optical Landscape for Various Normalized Potentials; Volume = 1500 pm?.

The optically-induced torque may also be found via the same process as for the one-

dimensional case, beginning with Eq. (4.22) and resulting in

M, Q] = —4x’Iy (af — a3) 8,3, f (8L, —B,) cos (2m 8, — 27 3,y')
+47 Iy (af — a3) (LG, f (¢, ¢)) cos (2, +2m(ly) . (5.19)

5.3.3 Particle Response in Laminar Flow

The differential components are found in much the same manner as before as
we choose to keep the same form for the driving force. The most striking result of this
landscape’s influence is the many trajectories available to particles depending on their type
and on the normalized potential of the system. Fig. 5.7, as in Fig. 5.5 for the one-dimensional
case, illustrates a form of particle trajectory as a function of the normalized potential.
However, tan(¥) is no longer a valid parameter because the trajectory may be any value
between 0 and /2. Therefore, we have chosen to use cos(¥). This specific simulation used
a particle volume of 1500 um? and ellipticities of (-2, 0, +0.5). In a steady state condition,
with A, = Ay, the oblate and prolate particles become trapped in a vertical fringe while
the spherical particle prefers the horizontal fringe. Note that no particle follows the flow
direction, ¥ = 7 /9. However, by simply altering the interference pitch values, one has very

selective control over which fringe, if any, will trap a certain particle.
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Figure 5.8: Spheroidal Particle Behavior in a Laminar Flow and Two-Dimensional Optical
Landscape for a Specific Normalized Potential.

Also of interest in Fig. 5.7 is that the prolate particle requires higher potentials
to trap than the spherical particle. This is in contrast to both the one-dimensional case
in which the spherical particle required the highest potential to become trapped and to
previously published results [45] stating there is no qualitative difference in two-dimensional
modulation of separable landscapes. We attribute the former to a fundamental change in
landscape representation from extended lines of traps to a parallel array of traps exerting
a very different influence on spheroidal particles. Or model does agree with the previous
results in terms of the spherical particle, but we do find a very noticeable difference in
general spheroidal particle behavior in the 2D modulated case.

Fig. 5.8, much like Fig. 5.3, shows how the various particle types change their
orientations and trajectories for a specific normalized potential (indicated with the vertical
dashed line in Fig. 5.7) within a two-dimensional optical landscape. Note that the spherical
particle is trapped before the prolate particle as discussed above.The parameters used in
this simulation include a particle volume (V) of 1500 um?, interference pitch values (A, and
Ay) both of 25 pm, a flow velocity (vg) of 9 pm/s at a flow angle () of 7/9, an intensity
(Io) on the order of 7 x 1073 kW /mm? and a particle polarizability («) on the order of -2
ns/m.

In sum, implementing our model within one-dimensional optical landscapes results
in particle behavior similar to that in previous work [45]. However, within two-dimensional
landscapes, we show behavior unseen by those neglecting shape, including a full spectrum

of influence in the X'Y-plane not bounded by the flow angle.
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Chapter 6

Conclusion

We have derived an order-of-magnitude approximation for the complete behavior of
motion of general spheroidal particles in optical landscapes and laminar flow. Our model has
been developed in a effort to further the area of mesoscale particle manipulation, accounting
for general spheroidal shape and general optical landscapes. Herein, we have provided
the background necessary for understanding electromagnetic interference, the interaction
between light and matter, dielectrophoretic forces and torques, various means of optical
trapping, optical potential energy landscapes, and microfluidics. It is the nexus of these
varied principles and scientific fields in which our model comes to light. Without microfluidic
principles, we could not make assumptions about inertial motion. Without electromagnetic
interference, we could not hope to create optical potential energy landscapes. Without
optical trapping, we could not fully explain how these landscapes influence particle behavior.
The interaction of all of these fundamentals are crucial to our model’s success.

Ultimately, where our model surpasses those that preceded it is in its ability to
take into account general optical fields and general spheroidal shape. While manipulation,
trapping, sorting, alignment, and ordering of spheres has been thoroughly addressed in the
literature, relatively few published works account for general spheroidal particles, thereby
leaving a gap in the theory that needs to be closed. Our model approaches this and shows
great promise in its ability to simulate objects such as blood cells, nanowires, polymers,

bacteria—the list goes on and on.
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We have shown that elliptical particles are easier to trap than are spherical—
a result with far-reaching impact into particle sorting and arrangement. In addition, we
have shown that two-dimensional optical landscapes provide enhanced control of particles
over one-dimensional optical landscapes, including a full X'Y-plane spectra within which to
manipulate, rather than being limited to the angle between the flow and a symmetry axis.

Should it prove to be as accurate in practice as we predict, our model will be the
new link between theory and implementation regarding mesoscale particle manipulation in
multiple dimensions. Ultimately, it is within in this transition from theory to practice that

its success will lie.
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Appendix A

Effective Radius Discussion

—
The effective radius, R, was derived in [2, 37] for use in the Stokes drag equation.
It is summarized here for reference and to support its usage in Ch. 4. For the case of motion

along some u-direction,

1 v
Ry=———5— Al
W= DT any (A.1)
where V' is the volume of the particle,
4
V= ?ﬂamayaz, (A.2)

a, is the principle radii along the direction of motion, @ is a factor determined by the
particle symmetry, and n, are the depolarization factors containing all necessary particle
shape information. The values of () and n, vary for prolate and oblate spheroidal particles.

We now let a, = a., allowing the symmetry-defining dimension to be a,. The

constant of symmetry, or ellipticity, may then be written as
ec=1—-=2. (A.3)

This allows us to distinguish between a prolate ellipsoid, 0 < €2 < 1, an oblate ellipsoid,

e? <0, and a sphere, e = 0.
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The depolarization factors can be found for both the prolate and oblate cases:

1—e¢? 1+e
Ny ‘pmlate = ER lln (1—6) - 26] (A.4)

1 1—e? l1+e
Ny |prolate= Mz ‘prolate = @ [1 - ( % > In (1 — 6) <A5)
1+ ¢
Ny |oblate = Tq(q — arctan q) (A.6)
q
1 [(1+¢
Ty ‘oblate: Ny ’oblate = TQZ ( p arctanq — 1) . (A?)
where ¢ = —e? > 0. The @ values also depends on particle symmetry in both the prolate
and oblate cases:
b2 1+e
Q |pr0late = ?Z In (1 — e) (AS)

2
Q |0blate = EZ arctan q. (Ag)



