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Summary

Clustering criteria, like the trace and determinant of the within groups
sum of squares matrix, can be related to models involving multivariate normal
distributions. Inherent in these criteria is a tendency to split a data set
into approximately equal sized groups regardless of fhe.underlying proportion
of mix, unless the groups are widely separated. In this paper we derive criteria
using a Bayesian approach which are more’senritive to disparate group sizes.
These are extensions of standard criteria which include the number of units
ass1gned to each sub-group, the number of sub-groups and the number of measure-
ments on each unit, as part of the criterion to be optimized. In addition, a
new criterion is deduced for the situation where the covariance matrices of the
clusters are not homogeneous. An example is included.

A Bayes criterion is also compared with the maximum 1ikelihood approach
of Wolfe (1967, 1969) and Day (1969). The results suggest that the solution
using the Bayes'ériterion will provide useful initial parameter estimates for
maximum 1ikelihood routines with mixtures of multivariate norﬁa]s.

1. INTRODUCTION

Numerous techniques are available for partitioning a set of observations
into homogeneous sub-groups. For example, the method of cluster analysis dis-
cussed by Edwards and Cava]]i;Sforza (1965)’measures homogeneity by minimizing
the trace of the within groups sum of squares, using an a1§orithm that imposes
a hierarchical structure on the sub-groups. In such cases the criterion and
algorithm together implicitly determines the definition of a cluster. Rao (1952}

states that a cluster has a very vague meaning and_perhaps the Kendall and Buckland

»’



(1958) definition as "a group of contfguous elements of a statistical population”

{s specific enough for most purposeé. An alternate approach is to first define

a cluster and then deduce the criterion which measures contiguousness or similar-
ity in a cluster. A subsequent step w§u1d be the devising of an algorithm to

~ determine clusters so defined This seéms preferable to the uncertain interbreta-
* tion of clusters 1mp11c1t1y defined by a criterion- a1g0r1thm combination.

The model discussed here is for a clustering situation where the sampled
population is thought to be composed of several distinct sub-populations and the
intent is to group together all thosé observations belonging to the same sub-
popu1ation As statistical structure, we suppose that éach observation arises
from one of a small number of different distributions, one modeling each sub-
population. Hence the model for the ‘population is a mixture, the component

distributions modeling the sub-populations. Various choices of distributions B

would lead to different criteria. Here they are taken as multivariate normals
.and this is the same model as discussed by Wolfe (1967, 1969) and Day (1969).
However, their approach is from a traditional point of view. Geisser (1966)

~ uses the same model andAa Bayesian approach, but assumes that the mixing weight
for each component is known. ' This model is also a special case of the model in
Scott and Symons (1971b), however a Bayesian pofnt of view is stressed here. A
discuséion of the approach in the presenf paper and thaf of Wolfe and Day is
presenfed in Section 4 along with a comparison of results from the two approachés,
using the Fisher Iris data.

. A cluster is defined as those observations coming from the same component
distribution in the mixture. The problem is fofﬁbiated as one of predicting the
éomponent origin of each observation. Scott and Symohs (1971b) approached this

problem using maximum 1ikelihood methods and found thét the solution is equivalent _-

to some standard clustering ‘methods, depending on the assumptions about the cova -

jance matrices of the multivariate normals in the mixture and assuming that the
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observations are equally likely fromvany component. This suggested that the

standard clustering methods would perform best when the sub-groups are repre-

sented in about the same proportions. The approach here is closely related to

- the joint normal classification of Geisser (1966), but with prior probabilities

of an observation coming from any component being unknown. Also to conform
with the clustering setting presented by Scott and Symons (1971b), sample data
from the components are presumed unavailable.

Two of the criteria derived are shown to be modifications of standard

-clustering criteria. The modifications primarily involve the number of units

assigned to each sub-group, the number of>sub-groups, and the number of measure-
ﬁents on each unit. The Bayes criteria are shown to be more sensitive to dis-
barate group sizes than the corresponding standard criteria. When the covariance
matrices of the component normals may not be presumed homogeneous, a new criterion
is deduced using the Bayes approach.
2. Bayes Approach . ' ‘

Let the sample consist of n independent observations Y = (X1’ cees Zn)’
th '

with Y; representing p measurements on the i“' unit. No provision for previous
semples from any of the components is made since little or no'prior knowledge

is available in most applications where clustering techniques are used. However,
in a more general discussion of classification such a provision is reasonable

and easily incorporated; see for example Scott and Symons (1971b5 and especially
Geisser (1966). The sampled population is mode]ed'by_a mixture of G p-variate
normal distributions with means Hys <oes Yo and covariance matrices §], sevs Lpo

th

Fach observation may arise from the g constituent normal with probability ng.

Then 0 < L 1forg=1, ..., G and an = 1.

A11 the observations from the same component in the mixture model are

‘ considered as a cluster. A sample observation Yi from a mixture model can be .

-
thought of as resulting from two random steps. First there is a multinomial

trial, specifically, the realization of an indicator random variable, taking



on the value g with probability ‘ng, which determines the component distribution

~ from which the observation is to come. Second, having identified the component

‘ origin for the observation, a p-variate normal observation is generated using '
the appropriate mean vector and covariance matrix. It is the result of the
unobservable multinomial trial for each observation y;» call it z;, that we would .

like to predict.

The device of introducing notation for the missing information on class
membership of an observation is not new. Hartley and'Rao (1968) use a "decision
; parameter" which takes on the value of unity if the gth group is the one selected
for the observation and zero if not. Witﬁ this parameter introduced and in an
ANOVA setting, they formulate the problem of classification of an observation of
uncertain class origin, or ANOVA cell, and the estimation of the usual parameters
‘ ofvan ANOVA as one single estimation prﬁb]em. They presume "pilot samples,” i.e., .

observations of known class origin as part of the available data. The class origin

, ‘ is presumed to be deterministic and, quite'appmpriately in their ANOVA setting, SO h

there is ho consideration of any réndom structure for determining the class origin
of an observation, such as a mixturevof the poSsib]e ANOVA cell origins for each
observation. Their main emphasis is on the estimation of the parameters of the
ANOVA model parameters when the class origin is uncertain for some observations.

The 1ikelihood of X is comp]ete1y determined by.the parameters @ = (n], cees
L E]'."" Mg Zys -ees §G) and = (z], cees zn). Note that 1 ¢ ?i < G and.
The 1ikelihood of the data then is given by

- e - . o ———

2; = ¢ with probability "g‘
R G ) %, 'Jmé -- ¢ -1 (1)
= - |l -l ’

L(Y|e.2) 821 my L] exp -%gzl ‘Zz A TR I C ‘
' g

where Cg is the collection of xi's with z; = 9, and ng is the number of observc-.

tions in Cg. Note that this 1ikelihood is conditional on a ‘specific va;lue of Z ‘;

@ and that there are " possibie allocations of the n observations to the G componei..s.



The clustering problem then is to find the optimum assignment of y; to the

components and hence to the clusters C], cees CG. A Bayes%an approach is taken

trial in the generation of each of the n observations. This requires the specifications

‘to Jointly predicting the most 1ikely outcome z; of the unobservable multinomial

of a prior distribution for 6, p(g), and the combination of this prior with the
likelihood (1). The paraméters 8 are averaged over since they are not of central
'interest. This is in contrast to the emphasis of Hartley and Rao (1968), where '
the parameters of the ANOVA model are of primary interest. Here the predictive
distribution of Y is of primary importance, i.e.,.the joint 1ikelihood of y; com-,

ing from the component identified by Zss i=1, ..., n. This can be written as
L(Y12) = fL(Y18,2) p(e)de, (2)
where the integration is over the parameter space of 8. Alternatively, the

predictive distribution, f(!lg), is the normalized L(![g) in (2). Following

Geisser (1966), this could be referred to as the jdint prior, rather than pos-

terior, predictive probabi]itonf Yi coming from component z; fori=1, ..., n,
since samples from the components of the mixture are not available in this clus-h
tering situation. |

The mode of L(Y|Z) is taken as thé'Bayes estimate of the cluster solution.
There are predictable difficulties in détermining this mode since the G" possible
values for Z are not ordered in any simple way. Local extrema are frequently
encountered in applications. The explicit form of (2) and a discussion of finding
the mode 6f (2)'is presented in the next sbb-sections for three cases considered
tg have the most practical importaﬁce.

2.1 Covariance Matrices Equal and Known

If §g =L forg=1, ..., G and £ is known, the pribr

e e .
. , . G
p(9) = ?(El"i""ic)"(“1""'“c)"_" Lill ng] (3) '

-orn.



is selected. This is the product of two independent priors of ignorance, one / .

for the means and the other for the mixing proportions. The choice is consistent
with a general philosophy in cluster danalysis that the data are to detérmine the
clusters. The priors chosen only delineate the bounds of the parameter space;
see Jeffreys (1961)70r Lindley (1965) for a further discussion.

The integral of the product of (1) and (3) over the parameter space can be
accomplished in two steps; The 1ikelihood factofs into a portion which in?olQes
‘only the mixinj proportions and the cluster sizés and the remainder, composed of
the determinant of the common and known covariance matrix and the exponential
portion. The integral over the mixing parameters amounts to the normalization of
a G - 1 variate Dirichlet distribution (see Johnson and Kotz (1972), p. 233) and
yields the terms» r(ng) = (ng -h that‘dépend on the cluster sizes.. Constants
1ike n = zn_ are not included. The integral over the mean vectors is the product -

g
of the normalization of G p-variate normals, all with the same known covariance

matrix. It contributes factors of n;%p and an exponential term of -%tr(Wg"]).

Similar details of the required matrix manipulations are given in Anderson (1958),

_ P. 46. ‘The result then, L(Y|Z), is proportional to

, 1 e |
exp { 4tr@rD) $ 1 { I'(a)n ?P )
where | '
G
tr(W 7) = ey 'L T (y-y) (5)

and 35 is the mean of those Yi allocated to the gth-group and W is the within
groups sum of squares matrix.

- The Bayes prediction of g, denoted g, is ?pgt allocation of each Yi» i=1,

«ess N, to one of the G components in the mixture that maximizes (4). Equivale-tlv '



the grouping minimizes the negative of two times the natural idgarithm of (4)

. ) OV‘V

tr(®) + 851{ P lnla ] - 2 1n[r(ng)1} | ®

with a pre-analysis rotation to remove correlaf%ons ;na étaﬁdardizé the variances

- of the observations so that L= {, the p x p idéntity matrix. For the situation
where §is known, this is easily accomplished by the transformation'f = Ty, where
‘T 1s the square root matrix or the transpose of the orthogonal matrix in the
spectral decomposition of the covariance matrixvg. Edwards and Cavalli-Sforza

11965) proposed the trace of the within sum of squares matrix, tr(g), as a
“clustering criterion.

The Bayes formulation (6) appends to tr(@) terms involving the number of
observations allocated to each component, the number of components and the number

of variates. The overall effect of these terms is to favor unequal splits rather

than equal ones. This can be seen in Tables 1 and 2 where the total contribution

of the Bayes modification is partitioned into pdrtions coming from the averaging

over the mixing parameters and the averaging over the means. The contribution of

the terms from the mixing parameters dominates that of the terms froﬁ the means,

except where the number of variables and number of groups becomes large relative

to the total sample size. This is evident in Table 2 for four groups and parti-

tions of 20 observations with four and eight variables. Also with fixed total

sample size and fixed number of groups, as more variates are added less importance

1s given to unequal splits, i.e., the value of the component from averaging over' ,g*

the mixing proportions becomes less negative. This provides protection aga{nst

’determining spurious clusters of unbalanced size due to variation in irrelevant

. .additional measurements. Analogus statements can be made for a fixed total sample.
size and a fixed number of variates as the number of groups increase. Also, hd]din!l'
the number of groups and the number of variables both fixed, the magnitude of the

contribution of the Bayes modification increases with the total sample size, pro-



viding additional sensitivity to disparate group sizes. The trace of the within

groups sum of squares, of course, enters the final determination of the clusters
and could be the deciding factor for clearly separated groups. In summary the
Bayes modification adds the potenfia] fof increased sensitivity to disparate
group sizes. ‘

“The Bayes modification of the trace of the within groups sum of squares will
be optimized by an allocation of the ﬁ observations fo the G groups which balances
the preference of rcompact, equal sized groups by the trace portion and the net
~tendency toward unequal sp1ifs by the terms involving the cluster sizes, number
of clusters and number of variables. As noted above, less weight is given to
- unequal sizgd splits when the number of variables and number of groups is large

relative to the total sample size. Ih such situations one could expect equal

sized cluster solutions, unless the groups are clearly separated and then the

trace of the within groups sum of squares alone could be decisive in determining
a sound cluster solution. (Insert Tables 1 and 2). /

The Bayes criterion with known mixing parameters would include the same
terms from averaging over the means and the term -2 I ng Tn (ng) rather than
-2 ln{r(ng)}, each sum being over g =1, ..., G, since no averaging over the
‘uncertainty of the mixing parameters would be required when they are known. Note
that if each group is equally likely as the origin of each observation, i.e.,
wg = G.l, forg=1, 2, ..., G, then.the sum over the G groups of this new term
is a constant whatever the cluster sizes. Hence the criterion
* | tr(W) + pg In(n.) (7)

, ~ g=1 g
Ys the Bayes ana]ogue'of the tr(g) criterion proposed by Edwa}ds and Cavalli-

. Sforza (1965). Note that the Bayes criterion (7) makes explicit use of the

-

assumption that each of the G components is equally likely as the origin of

any one of the n observations.
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The practical aspects of finding the allocation which minimizes (6), (7),

or the trace criterion alone requires search routines such as the one compiled

by McRae (1971). After saving the best of several randomly determined initial
allocations of Yi to'the G groups, his rbutine produces a relative minimum
for a chosen'criterion in the sense that any reassignment of one of the obser-

. vations to a different group results in a larger-value of the criterion, but
does not guarantee an absolute minimum. Although the mixture model accommo-
.dates the possibility of no.observation coming from any one group, generally
for cluster analysis applications the search over the 6" values of Zis re-
stricted to insure that at least one observation is allocated to each group.
Note that‘(ﬁ) is unbounded for any ng = 0 and clearly would not correspond to
a partifion of the observations minimizing (6) or (7).

2.2 Covariance Matrices Equal and Unknown

When §8 =z for g=1,...,G anﬂ,g-is unknown, the vague prior

G : N
p(®) = p(ﬂl,...,nG)p(gl,...;EG|§)p(§)‘< [gglﬂg] Igl-k(p+l) (8)

- [P .7 e e e . . -;‘ IR
is used to delineate the bounds of the parameter space. The prior on I, |I] 2(p+1)’

is a generalization of the 1/02 prior qf ignorance for the univariate normal

variance parameter discussed by Jeffreys (1961). 'It is of the general form

used by Geisser and Cornfield (1963) and is invariant under power transformations.
After forming the product of therlike1ihood (2) and prior (8), an integration

over the parameter sub-space of L is ré&uired in addition to that described in

Section 2.1. This involves the normalization of a Wishart distribution, the resu1;ﬁ“

of which can be obtained by inspection from Anderson (1958), p. 154. This contrib-

utes a factor containing the determinant of the within group sum of squares and

some constanfs. The ma'rginqi] 1ikelihood of the data given .an allocation Z, L_(Z!:\,.

then is proportional to



This is the Bayes modification of the determinant of the within groups sum of

10

Kn6) & X+
Wl™2
[W| gl_l [r(ng )n 1. {9) ®

The Bayes partition of the data into G groups maximizes (9), or equivalently,

Z m1n1mizes

v O - - . . . - -

(n-c)ln[lwl 1+ Z { p In[n ] - 2 1n[l'(n )] } . (10)
g=1 g 8

squares, |W|, a criterion proposed by Friedman and Rubin (1967). As in the
previous case the term involving the group sizes favors uneven splits, while
[W| tends toward equal group sizes when the separation is small between the
sub-populations. See Scott and Symons (1971b). A balance of compactness
within the various partitions along with the group sizes enters into the

determination of the Bayes estimate z for this situation. Notice that the ‘I'

emphasis on compactness is decreased as more groups are included, since the
reliability of the estimation of I is diminished with the addition of more

groups. The earlier discussion in Section 2.1 regarding the restriction of

‘the search over the " possible groupings of the n Y; for the best allocation

js also appropriate here. ,
‘Section 3 contains a compar1son of the performance of the Bayes modifi-

cation of the determinant of the within group sum of squares matrix and IHI-
The Bayes criterion (10) is more sensitjve to disparate gfoup sizes.

2.3 Covariance Métriées Unequal and Unknown |
In this situation wheré the covariance structure may differ from group

to group, the prior chosen is-

_ -1 | .
- G : -l e
p(8) = p(m,. .0y T { p(gglgg)p(gg) }<* [ mn ] H IZ l'&(p+l) (17)

g=1 | - g=1 8| g=1 o

B LT i e e R T O - - - o
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As with the prior (8), the parameter space is delineated with only vague

‘ apriori information in both the spirit of Jeffreys (1961) and cluster analysis. . ‘

The priors on the means and covariances for each group are 1ndependent of one
another and each is presumed independent of the prior on the mixing proportions,
The averaging of the nuisance parameters from the product of the 1ikelihood
(1) and prior (li) involves no different integrations than discussed in the -«
previous case. However some additional terms, which were constants with the
integration over the common unknown L, appear due to the normalization of a
Wishart distribution for each covariance matrix Zg, g=1, ..., G. With unequal
and unknown covariance matrices, the Bayes part1t1on of the data into G groups

maximizes

G
{|w |-%(ng ‘)ng"ip z’ﬁp‘" *0) I(n ) R riy(n S 1)]} (12)

g=1 9 4=1
‘ " where .
o = 2 () ) | n) @
g .
Equivalently Z minimizes

G ' p ]

21 (ng-1)1n[|!gll + pln[ng] - p(ng+p)1n[2] --2[1n[r(ng)] + iEllntl"(-’ﬁ{ngﬂnﬂ-1}?]]
(14)

S1tuat1ons involving unequal covar1ance matrices pose tremendous challenges
to c1uster1ng algorithms. One need only visualize two cigar shaped clusters with
common location and crossed orientation of the covariance matrices. Chernoff
(1970) comments briefly on this case, but the inherent difficulties are very
formidable unless the.clusters are well separated. A traditional analogue to the
. Bayes criterion (12) could be the product of the determinant of the 1ndiv1dual
. within group sum of squares matrices ) ” I _
The search over the G" possib]e part1t1ons of the n observations 1nto G ‘

groups needs further comment for this case. In addition to the remarks fo1low1ng



“to optimally allocate each of the n observations to one of several groups. The

L X

criteria (6) and (10), the search for Z must be further restricted so that ng 2 (pt1)

s0 that wg will not be singular. The search could be extended to include those '

partitions with lsng <P, ifone used !, the pooied within groups sum of squares,
to apbroxjmate Eg' One might rep];ce Egvby ngyln or (ng-Y)g/(n-G). This imposes
an average covariance structure on the clusters with ngsp, but allows an expanded
search for the opfimum allocation of the n observations to include all partitions
with tﬁe number allocated to each group being at least one, as with the two previous
cases. . '

2.4 Discussion of Apﬁroaches

In view of the statistical structure that is presumed to derive these

- criteria, they may be viewed as instruments of "simultaneous discrimination" or

“joint normal classification” as used by Giesserr(1966). The traditional clus-

tering criteria usually involve little distributional structure, but do attempt

criteria presented here are optimiied by a particular allccation of each of the .
observations, the parameters of the presumed distributions being of secondary
impoftance; The attention is focused on the predictive distribution of XIZ where

Z = (z], ;.., in) and z; is the-result of an unobservable multinominal random

vqriable that specifies the component origin of the observation Yi

3. Numerical Illustration of the Sensitivity of the Bayes
Criterion (10) with Disparate Group Sizes

The determinant of the within groups sum of squares matrix, [W|, and the

'Bayes critarion (10) derived in Section 2.2 were compared using various portions -

of the Fisher Iris data. (See Kendall and Stuart []966j, p. 318.) Briefly
.these data are 50 observation; on'each OfithPGE'tYPES'Of Iris: - Setosa; Versi- —— .
color, and Virginica. Each observation is composed of four measurements on th~

flower: sepal length, sepal width, petal length, and petal width. The Bayes . ‘

criterion (10) and |W| are each options in an approximate routine constructed

by McRae (1971) with slight modifications. | ~ '. §
-3
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As an initial investigation of the performance of the Bayes modification
. of |W|, five balanced data sets'were constructed involving the Versicolor and

Setosa plants and five balanced sets involving the Versicolor and Virginica
-plaﬁtsl. As can be seen in the top half of Table 3, there is no difficulty for
either criterion to identify correctly these equal sized groups of plants. This
is because the Setosa plants are so distant from the other two groups of fTowers.
The remainder of the comparisons invd!ve only the Virginica and Versicolor plants
so that a challenging separation problem iS présented to the two criteria.

The results for the sets of ten Versicolor and ten Virginica plants demon-
strate that the Bayes modification (10) can separate smaller balanced sets, as

* can be seen in the bottom half of Table 3 for the first and fifth grouping of

these p]antsf' The results with the sééond, third and fourth sets of ten, however,
reveal an intereéting feature of these data. aThe determinant criterion separates
‘ equal sized groups as expected. The Bayes criterion is identifying a portion of
the Virginica méasurements as at least as promineht as the Versicolor ones. This
is discussed more fully after the presentation of the analysis results for the
uﬁbalanced data sets.
tlnsert‘Table 3]

- A total of ten unbalanced data sets were constructed to test the Bayes mod-
ification of Iﬂl to separate the disparate sized clusters. Five unbalanced data
sets wére creaied by splitting the Versicolor plants into fi;e groups of 10 and
combining each sub-group with al 50 Virginica plants. Five more unbalanced
sets were produced in the same way by‘Sp]itting the Virginica plants into five
éroups of 10 and combining each sub-group with a?l 50 Versicolor plants.

| - [Insert Table 4]
The results are summarized in Table 4. Except for the two data sets dis-

. cussed below, the intreased.sensitivity'of the Bayes criterion (10) as compared with
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the standard |W| criterion is clearly demonstrated. Since the Versicolor and .

~ Virginica overlap slightly, the l!l criterion tends to split the combined 10

planps of one type and the 50 of the other type into two equal sized groups. -
" This s to be expectéd on theoretical grounds, since |W| is essentially the

- Bayes criterion for the situation of Section 2.2 with the added assumption that

the mixing parameters are assumed known apriori each to be G']. See (10),

(7) and from the related discussion with thé trace criterion the appropriate

Bayes modification can be seen. That is : - the Bayes inter-
pretation of |W| is essentially that each observation is equally likely from

‘either of the two groups. Allowing the mixing parameters to be unknown provides

the terms involving the group sizes, in particular the r(ng) factors, as part of
the criterion to be optimized, and hence the sensitivity to unequal group sizes.

The results in Table 4 with the Bayes criterion for the two data sets:

the 3rd 10 Versicolor with 50 Virginica and the 4th 10 Versicolor with 50 | .
Virginica,'may suggést that the tendency toward unequal group §izes is too

strong. The criterion in each case produces groups of about 10 and 50

observations. However, the smaller group of observations corresponds to

Virginica plants rather than the Versicolor ones, as can be seen from the number

of mis-classifications for these two unbalanced data sets. A glance at Figure 1

of the 3rd 10 Versicolor and 50 Virginica plants reveals a group of about 10

Virginica measurements about as equally pfominent as the 10 Versicolor ones.

Lt is this group of 10 or 11 Virginica bbservations that the Bayes criterion

groups as one cluster. A search around the allocation of the 10 Versiéo]or , .

(3rd or 4th set) to one group and the 50 Virginica to the other group by the

Bayes criterion (10) yields another local minimum. But as can be seen by
i



comparing the criterion values for the "solution start" row witﬁ the minimum in
. the "randdm start" row, the separation of the 10 or so Virgihica plants is pre-
ferred to that which splits off the 10 Versicéior plants.

| [Insert Figure 1]

This feature of the Virginica measurements brings to the front the funda-
mental question of judgin§ the significance of Cluster solutions. Is the
separation of the clusters statistically significant or is it a random feature
of the data set at hand? Clearly the upper 10 or 11 Virginica are competing
with the 10 Versicolor as the smaller group to be split off. As the 10 Versi-
éolor are moved away from the 50 Virginica, there is a distance (a separation
in the means for the two groups of about two standard deviations in each of the
fdur variables works) for which the Bayes criterion (10) correctly groups the |
10 Versicolor. At this distgnce !El still divides the data set into two equal
‘ groups, but as the separat_ion 71‘s increased more, Ilﬂl also makes the correct di-
vision. When is the separatfon statistically significant? Little is available
on this quesfion. See for example Engleman and Hartigan (1969) and more recently
Lee (1977). The problems of judging the significance between one and more groups
or more genera]ly between G = G0 and G =-G] are difficult. Wolfe (1971) also
addresses this problem.

4. Comparison with the Wolfe-Day Approach

Wolfe (1967,.1969) and Day (1969) approach the problem of estimating the
mixture component origin of the observations Y; in a rather indirect method.
Eftimation of @ is addressed first. Given estimates of the mixture paréméters,

estimation of the best allocation of the n observations to the G groups is

produced.
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The 11ke1jhood maximized by Wolfe and Day can be written as

n G :
MO - E | gyl < E e, (19

a marginal of (1), since the summation of L(ZIQ,Z) is over all G" allocations

z
Z

of the ny. to the G components. The npotation N (y.|u ,Z_ ) denotes the p-variate
~1 p=1'~9°~9

multivariate normal density evaluated at y, given y and I By maximizing (15)

~g ~g’

the maximum 1ikelihood (ML) estimates of the ng‘s, Eg

This approach then replaces the parameters by their ML estimates and asSigns each

's, and Zg's are obtained.

observation to the mixture component with the largest estimated density height,
scaled by its estimated proportion of representation in the mixture. That is for

Then for i=1, ..., n, ¥y.

g=1, ..., G, ™ is replaced by ﬁg, u by fi,and Z_by$ s

“g Vg ~g 7 =g’

is assigned to the component for which & Np(yilﬁg, fg) is the largest, ¢g=1, ..., G.

9 |
Notice that this procedure does not include the variability in the ML estimates of

the parameters. However, the Bayes solution averages the 1ikelihood over these .
nuisance parameters, thereby incorporating their variability into the estimation
of the optimum allocation of the observations.
[Insert Table 5.]
The performance of the Wolfe-Day approach is illustrated in Table 5.
Using a program supplied by Wolfe, the samé ten'unbalanced data sets presented
in Table 4 and in Section 3 were analyzed. The mixture of multivariate normals
was assumed to be homogeneous in the covariance matrices, i.e., corresponding
to the situation in Section 2.2. Two sets of results were obtained with Wolfe's
program: one using the_ihitig] esﬁimates for the parameters (ng's, Eg's, and g)

provided by the program and another using the best ‘Bayes criterion (10) solution

to estimate the proportions, means, and: common covariance matrix. Comparing




ir.

first the Bayes criterion solutions'with the solutions provided entirely by
Wolfe's program, the Bayes criterion does quite well. Wolfe's solutions a]so‘
have a tendency toward equal sized clusters as did the lﬂl criterion. The
solutions by Wolfe's program with initial estimates of‘the parameters based -
on the best solution with the Bayes criterion were very much like the Bayes
criterion (10) solutions. This is not surprising since as Day (1969) points
out, relative maxima are frequently encountered. However the fact that the
likelihood for these so]utions was ]arger in all cases is noteworthy. We also
note that in two cases the increase in the likelihood was at the'expense of a
few more iterations, but in about one-ha]f of the cases the increased likelihood
was complemented by a marked reduction in iterations.

These results suggest tﬁat the Bayés‘criteria might provide usgful initial
‘estimates for ML estimation routines for mixtures of multivariate normals like
Wolfe's. The use of a ciustering criterion to generate initial estimates for
ML routines is not . new; “in fact'WOIfé uses MacQueen;s (1965) clustering
brocedure together with a hierarchical grouping by Ward (1967) to obtain initial
estimates for .his ML equatiqns. However the Bayes criteria are derived for_thrée
specific situatioﬁs with a mix of multivariate normals; The demonstration of
improved performance by the Bayes criterion in Table 5 for these prel1m1nary
comparisons then is. not unexpected.

| 5. Further Discussion
. 5.1 Estimation of Parameters in Mixtures of Normals

Marrfott (1975) haé pointed out thaf'the approach of Wolfe and Day provides
estima;es of the parameters 8 which have asymptotically desirable properties.

'4 | It is also pointed out
that estimates of @ based on the partition Z that minimizes |W| are inconsistent.
This also applies to the Bayes modification. For example the distance bein-on .

the means will be over-estimated and the common variance for each measurement



will be under-estimated. This is due to the overlap of the mixture components

and the truncation process involved in the optimization to find z We note '

however that in spite of these obvious shortcomings, the estimatesAof ) based
on z still provide useful initial estimates for MLE routines, as pointed out -
in Section 4 and as shown by the results of Table 5;

More importantly, we note that in determining the optimum allocation from
the Bayes approach and from the Wolfe-Day approach, there is a difference in the
primary intent of each épproach. The clustering procedures provide an allocation
of each observation to one of several groups. The approach of Wolfe-Day is pri-
marily to obtain theAmaximum likelihood estimates of the parameters in the mixture.
fhe component origin estimation is a subsequent consideration, which proceeds as
'if)the ML estimates of the parametersuih the mixture are in fact the true values
~of 9. The Bayés approach described here focuses on the estimation of the compo-

nent origin of each observation, averaging over the uncertainty involving the

mixture parameters to determine tbe optimum component origin of each observation.
This is a difference in eétjmation philosophy of the two approaches. The Bayes
approach to estimating the parameters of the mixture would involve normalization .
of the product of the 1ikelihood (15) and a prior, p(g), for the mixture para-
meters to determine the posterior distribution of €. With vague forms of the
prior, such as those employed in Section 2, the Bayesrmode of the posterior
distribution of 0 and the maximum 1ikelihood esﬁimates of 8 would tend to be the
same with large samples. | »

5.2 Practical Computational Aspects
* The practical difficulties with determining eifher the ML estimate of g
or the optimizing allocation z are formidable. Both are plagued by relative .

minima.- With small samples one should feel more cohfident with the search

" routines for Z. Several approximate a]gorithﬁs are available to search for

. i C , :
the optimum partition into several groups. For example, see Forgy (1965),
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For example, see Forgy (1965), MacQueen (1965), Friedman and Rubin (1969),

and McRae (1971). These seem‘to work well in practice as illustrated by the
results in Table 5 using McRae's routine, but they provide no assurance that

the optimum has been reached. Relative minima present difficulties for such
routines; see Friedman and Rubin (1969), p. 1165 and the results in Table 3, 4
and 5. Feasible search routines guaranteeing an optimum over the g" partitions
are for the most part not available. See for example the difficulties with only
two groups and the simple tr(W) criterion examined by Scott and Symons (1971a).
Not only does the number of groups and sample size enter, but also the number
of dimensions. '

The maximum 1ikelihood approaches face conVergence problems and can produce
unreliable results with small samp]es;. For example with the>equa1 sized sets of
10 plants fn the Tower half of Table 3, solutions comparable to those presented
from the clustering criteria were produced for the fourth and fifth sets of ten.
For the first set of 10, a 19-one split was found as compared with a 10-10 split
for the clustering criteria. No solution was produced after 100 iteratibns for
the second and third sets. However with larger samples, the maximum 1ikelihood
approaches perform much better. This is fortunate, since the search routines
become questionable as the number of partitions possible increases exponentially
with the sample size. Consequently, to estimate the optimum allocation, one
can recommend the search routines with small samples, and the maximum 1ikelihood
rapproach of Wolfe-Day for large samples. Initial estimates for the ML routines
could be obtained utilizing the search routines over the whole data set, or

over subsets if the sample size is very large.
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TABLE 1

Contribution of the Bayes Modification Portion of Cluster Criterion (6) by Component
Total for Three Selections of Number of Variables and Two .Sample Sizes with Three
lected Allocations of the Number of Observations to Two Groups

— —
Bayes Component from | Component from Total Contribution
averaging averaging over of the Bayes
ber of Modification over the means | the mixing Modification Portion
: proportions
Variables Components
and Sample 2 .2 2
_Size Allocation nglm(ng) -29§]2n{1"(ng)} gil [Pln(ng)-ZR.n{I"(ng)]};
HPIGEEIAN B
’ 1, 19: 20 5.89 -72.79 -66.90
2 6, 14: 20 8.86 -54,68 ~45.82
10, 10: 20 9.21 -51.21 -42.00
1, 19: 20 11.78 -72.79 -61.01
4 6, 14: 20 17.72 | -54.68 -36.96
10, 10: 20 18.42 -51.21 -32.79
1, 19: 20 23.56 -72.79 -49.24
8 6, 14: 20 35.45 -54.68 -19.23
10, 10: 20 36.84 -51.21 -14.37
I 5, 55: 60 11.23 -335.00 | ~323.76
2 20, 40: 60 13.37 -291.94 -278.57
30, 30: 60 13.6% =~285.03 -271.42
5, 55: 60 22.47 -335.00 -312.53
4 20, 40: 60 $ 26.74 ~291.94 ~265.20
30, 30: 60 27.21 -285.03 ~257.82
5, 55: 60 44,93 =-335.00 -290.06
8 20,.40% 60 53.48 -291.94 ~238.47
30, 30: 60 54.42 -285.03 -230.61
.




TABLE 2

Contribution of the Bayes Modification Portion of Cluster Criterion (6) by Component

and Total for Three Selections of Number of Variables and Two Sample Sizes with Three

Selected Allocations of the Number of Observations to Four Groups

Bayes Component from | Component from Total Contribution
averaging averaging over of the Bayes
ber of Modification over the means | the mixing Modification Portion
. proportions
Variables Components '
and Sample ' 4 4 4
Size Allocation PEI tnin) <2 L wn{l(n_ )} | Zipga(n )-22n{r(ng)}1
- =] g g=‘l g g_—_" g9
g
B — -4 I = ——— 2T o]
1, 1, 1, 17:20 5.67 -61.34 -55.68
2 3, 3,7, 7:20 12.18 . . -29.09 -16.91
5, 5, 5, 5:20 12.88 ~25.42 -12.55
1, 1, 1, 17:20 . 11.33 -61.34 =50.01
4 3, 3, 7, 7:20 24.36 -29.09 -4.73
5, 5, 5, 5:20 25.75 -25.42 0.33
s 1, 1, 17:20 22.67 -61.34 ~38.68
8 3, 3,7, 7:20 48.71 -29.09 19.62
5, 5, 5, 5:20 51.50 -25.42 26.08
3, 3, 3, 51:60 14.46 -301.11 -286.67
2 10,10,20,20:60 21.19 -208.57 -187.37
15,15,15,15:60 21.66 -201.53 -179.87
3, 3, 3, 51:60 28.91 -301.11 ~272.20
4 10,10,20,20:60 42.39 ~208.57 -166.18
15,15,15,15:60 43.33 -201.53 -158.20
3, 3, 3, 51:60 57.82 -301.11 =243.29
%. 10,10,20,20:60 84.77 -208.57 -123.79
15,15,15,15:60 86.66 ~201.53 ~144.87
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