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MOLECULAR PHYSICS, 1982, VOL. 47, No. 2, 299-311 

Integral equations for fluids of  l inear molecu le s  

II. Hard dumbel l  solutions 

by F. LADO 

Department of Physics, North Carolina State University, 
Raleigh, North Carolina 27650, U.S.A. 

(Received 8 February 1982 : accepted 21 April 1982) 

The reference-hypernetted chain integral equation, incorporating a 
spherically symmetric approximation for the bridge function Bo(12), has been 
numerically solved for a fluid of hard dumbells over an extended set of 
densities and elongations. Comparison with Monte Carlo data shows that the 
spherically symmetric B0(12) is inadequate only when a large density is com- 
bined with a large elongation. 

1. INTRODUCTION 

The preceding paper [1] outlined a general procedure whereby any integral 
equation can be solved for the structure and thermodynamics of any classical fluid 
of linear molecules. Here we examine the implementation of this procedure for 
a specific potential, the hard dumbell model, and a specific integral equation, the 
reference-hypernetted chain (RHNC) equation [2]. 

Previous work on the hard dumbell model includes the original use of an 
integral equation for molecular fluids by Chen and Steele [3], who evaluated two 
coupled spherical harmonic coefficients of g(12),exp [fl~b(12)] using the Percus- 
Yevick closure. With the exception of the reference interaction site model [4], 
which constitutes a more limited approach distinct from the class of integral 
equations considered in this series, no other integral equation solutions have been 
reported for this model. Interest has focused instead on devising perturbation 
theories that might shortcut some of the computation entailed by the use of 
integral equations [5]. Since the hard dumbell model is itself the logical candi- 
date for a non-spherical reference system in applying perturbation theory, these 
approaches necessarily proceed from a spherically averaged reference potential. 
The method of averaging chosen by Smith and by Pertain and White [5] agrees 
with the general approach described in [1 ] in zeroth order. 

Some aspects of the procedure followed in using the RHNC equation for 
hard dumbells that are specific to these choices are presented in w 2 ; equations 
for the calculation of the free energy and pressure are developed here and some 
details of the numerical calculation are given. Up to 14 spherical harmonic 
coefficients were evaluated in the solutions reported, though it was found that 
essentially identical results could be obtained with fewer than half this number. 
These results, including a representative set of graphs of the various functions 
that appear in the analysis, are presented in w 3 and compared with the Monte 
Carlo solutions of Streett and Tildesley [6, 7]. 
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300 F. Lado 

2. FORMULATION OF THE PROBLEM 

The RHNC closure for the direct correlation function C(12) in terms of the 
pair distribution function g(12) is 

C(12) =h (12) - lng (12 )  exp [fir + B0(12), (1) 

where h (12)=g(12) -  1, r is the intermolecular potential, and Bo(12 ) is the 
bridge function for a ' reference '  potential r With h(12) eliminated in 
favour of the se.ries function 8(12)=h(12)-C(12) ,  equation (1) becomes 

C(12) = exp [ -  fir + 8(12) + B0(12)] - 1 - S(12), (2) 

and the calculation is for the spherical harmonic coefficients 8 h ~2m(r12) of 8(12) ; 
for an expansion of order M, we write [1] 

3 ( 1 2 )  = S(r l2  , Xl, x2, y )  

M M 
= E E Sh,=m(r12)~hm(x1)~'.~(x=)%*(-- 1)"T.n(Y), (3) 

m=O l,,l~=m 

where x=cos  0, y = c o s  (r162 ~lm(x) is the associated Legendre function 
normalized to 2, Tm(y ) a Chebyshev polynomial, and 

%n = 1, rn = 0 ,  
(4)  

=2, m>0.  

All other quantities can be obtained from the Sz, z2,n(r). The largest M used in 
this work is 4 ; since ~only even values of l give rise to non-vanishing coefficients 
for homonuclear diatomic molecules, this results in a maximum of 14 coefficients : 

Sooo S~oo S~oo 
S~2o $42o 

8440 

$2~1 S~21 
8441 

$22~ $42~ 
8442 

8443 

3444 - 

With M =  2, the rightmost column above is dropped and only five St, t .... appear 
in the expansion ; zeroth order contains just S000. 

The thermodynamic values that can be determined directly from a solution 
are the free energy A, pressure p, and compressibility X. 

In the RHNC approximation, the expression for the free energy is obtained 
by a generalization of the derivation in [1 ]. Writing the potential in the form [2] 

r ; ~)=r ~41(12), (5) 

with charging parameter ~: attached only to the increment r the steps followed 
in [1] produce the difference in free energy between the system with potential 
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The hard dumbell fluid 301 

~(12) ( ( =  1) and the reference system with potential ~o(12) (~=0)  as 

5 6 A / N  = ~ •  + 5zX&/N + [~A&/N, 

where 

(6) 

f lAA1/N = f i A ~ / N -  ~A~(~ (7) 

fiA A2 /N  = f l A z / N -  ~A2(~ (8) 

1 

f i A A a / N = - � 8 9  ~ dr ~ d~:(B(12; ~:)Og(12 ; ~:)/~:[000), (9) 
0 

with [1] 

f lA1/N = - �89 I dr(�89 + h(12) 

-g(12) In g(12) exp [fl~(12)][000), (10) 

1 dk 
f iA2/N = - ~p I ~ ~ {In Det[I + ( - 1) m p~m(k)] 

- ( - 1 ) m p T r [ ~ m ( k ) ] }  (11) 

and similar equations for the reference fluid. The brackets in these expressions 
denote an average over molecular orientations ; they are defined more generally 
for the inversion of, say, equation (3) as 

11 i , St"2"(r)=4-~ _, (1 _y2)1/2 -1 dx1 -1I dx2S(r, Xl, x2, y) 

• ~h.~(xl)ga,2,,,(x~) ( - 1) m T.~(y) 

- (S(12)[llgm). (12) 

The elements of the matrix h,,~(k) are the coefficients /~hl2,n(k), ll, la> m, of the 
Fourier transform of h(12). 

The RHNC approximationconsists in assuming that the bridge function 
B(12 ; ~:) in (9) does not change significantly as the potential is turned on from 
q~0(12) at se=O to q5(12) at ~:= 1. ' In this case, the ~: integration in (9) may be 
performed approximately to give 

f lAAa/N ~_ _ lp  I dr(Bo(12)[g(12) -go(12)] 1000), (13) 

so that the excess free energy is finally determined as 

f lA~x/N = flAex(~ + f lAA /N ,  (14) 

where Ae~(0) is the excess free energy of the reference system and all the terms of 
~XA are computable. 

As with other hard core models, the integration over intermolecular separation 
in the pressure formula, 

flp/p = 1 - ~p S dr(g(12)r~fi(o(lZ)/ar]O00), (15) 

must be performed analytically. Introducing the Mayer [-function 

[(12) =exp [ -  fi4(12)] - 1, (16) 
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302 F. Lado 

we write (15) as 

~P/p= l +-]rrp( i dr r3 g(12) exp [fl~(12)]~f(12)/~rlO00) 

= 1 - ] w p (  So dr f(12)O[r3g(12)exp [fi4~(12)]]/Or[O00) 

= l +~rrp( i dr O[rS g(12) exp [fi~(12)]]/~r[O00 ) 

= 1 + aZ~rp(iz g(~, $1, x2, y)lOOO), (17) 

which f(12) = - 1 with the specified orientations of the two molecules. 
(17) was first obtained by Chen and Steele [8]. 

The  calculation of the compressibility is straightforward : 

where ~ =~(xz, x~, y)  is the largest value of the centre-to-centre separation r for 
Equation 

o0 

pX/fl = 1 + 4rrp ! dr r 2 [gooo(r) - !], (18) 
o 

pX/fi= 1-4rrp drr 2 Cooo(r) . 
o 

or alternatively [3] 

(19) 

The  second form is more stable in numerical evaluations and was used to obtain 
the values reported in the next section. 

F i g u r e  1. 

j 7  

(1 j 

/ I 0,/I 
" 

Specification of molecular orientations. The z-axis passes through the molecular 
centres. (Only half the molecular axis is shown.) 

The  hard dumbell  potential itself is expressed in terms of the separations 
between the constituent hard spheres. Labelling the atoms of molecules 1 and 2 
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The hard dumbell [luid 

as a, b and a',. b' respectively, we  have (see figure 1) 

raa. =(A - B I  + B ~ - C) 1/2, 

r.b, = (A  - B 1 -  B2+ C)!/~, 

rb~, = (A + B 1 + B~ + C) 1/2, 

.rbb, = (A + B 1 - B~ - C) 1/2, 

where 
A = r 2 + 1 1 2 ,  

B 1 = rl COS 0j, 

C = l/Z(cos 01 COS 0 2 + sin 01 sin 0 2 cos q~12), 

303 

(20 a) 

(20 b) 
(20 c) 

(20 d) 

(21) 

(22) 

(23) 

with r the separation between molecular centres and l the interatomic distance 
within a molecule. For spheres of diameter or, the potential is then 

r = 0% if any r~ ,  < 

= O, otherwise. (24) 

For r less than 
(2S) 

there is overlap for all orientations, while for all orientations with r greater than 

r 1 = ~ + l (26) 

the potential is zero. Equations (20) can be solved for r at contact of the four 
a tom-atom pairs, from which the largest r can be picked for use in (17). 

The numerical evaluation of the coefficients glll2m(r), performed in the 
calculation as [1 ] 

1 n 
ght2m(r)= n E We~Wk2g( r, Xe~, Xk2, YJ) 

hi, k~, j = 1 

• ~'z,m(Xk~)~tem(Xke)( -- 1)mTm(yj), (27) 

where 
w~ = {(1 - Xk2)[P',,(Xk)]2} -1 (28) 

and xk, yj  are respectively the roots of the Legendre polynomial P~(x) and 
Chebyshev polynomial T~(y), will be most sensitive to the degree n in the region 
r 0 < r < rl, where the anisotropy of r plays a role. The  results of the next 
section were obtained with n = 2 8  in this interval. (There is some indication 
that this is only marginally adequate for the largest densities and elongations 
considered here.) Figure 2 illustrates the calculation for the first few coefficients 
of the Boltzmann factor for a pair of molecules, 

e h ,2re(r) = (exp [ -/3r (29) 

For r larger than rl, the integrand g(12) is much smoother ; here the coefficients 
gt~l~m(r) were determined using n = 14, until the anisotropic part of g(12) became 
so small that this quadrature could be avoided altogether by linearization of the 
anisotropic part of the exponential in (2). 
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304 F. Lado 

Figure 2. 

I.O 

E 

m 

~D 

o 

I I I I 

I I I 
I.O 1.4 

r/a- 

I 
1.8 

Spherical harmonic coefficients of exp [ - fl~(12)] for hard dumbells of elongation 
l=0.4a. 

For the specific choice of reference potential determining the bridge function 
Bo(12 ) in the R H N C  closure we have used the hard sphere model, as parametrized 
by Verlet and Weis [9] and Henderson and Grundke [10]. Better approxima- 
tions, incorporating some orientational dependence into B0(12), are doubtless 
possible ; this choice is a compromise between the desire to improve on the HNC 
closure [Bo(12 ) = 0] and the need to avoid materially increasing the computing 
time for an extended set of solutions. In the spirit of Rosenfeld and Ashcroft's 
view of Bo(12 ) as an adjustable function [11 ], the hard sphere diameter d for the 
spherically symmetric Bo(r12 ) is that of a sphere with the same volume as the hard 
dumbell, 

a = + i -  �89 (30)  

rather than any actual spherical core of 4(12) ; no attempt was made to find a 
' best '  value of the sphere diameter. (For numerical convenience, the diameter 
actually used to compute Bo(r ) was rounded to the nearest grid point.) The 
excess free energy of the hard sphere reference system, needed in (14), is obtained 
from the Carnahan-Starling equation of state [12]. 

3. RESULTS 

The R H N C  equation has been solved at four densities, pd3=0.2, 0.4, 0.6, 
and 0.8, and four elongations at each density, l/a=0.2, 0.4, 0.6 and 0'8. To 
permit comparisons of the gt,t2m(r) with the Monte Carlo results of Streett and 
Tildesley [6], additional solutions were obtained for elongations l/a=0.2, 0.4, 
and 0.6 at the respective densities pdS= 0.648, 0.784, and 0.896 (all three equiva- 
lent to pa3=0.5, as used in [6]). 

Functions of r and k were determined on a grid of 512 points in all cases, with 
Ar/a=O.02 and Ak=~r/NAr. (For the state with pd 3=0.8 and l/a=0.8, the 
interval was increased to Ar/a=0.03.) Iterations were continued until the 
largest difference between successive iterates of the St, bin(r) satisfied 

rjlSl,,2., ~ (r~)- St, t2m i" (rj) I < 10 -3. (31) 

Typically, S000(r ) was the last to reach convergence. 
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The hard dumbell fluid 305 

g 
o E~  

2.0 

,.0i 

0.0 

i 

- I 0  

I I \ I J t 

\ 

l 

. . . .  M : O  

- -  M:  2 AND 4- 

I I I I I I 
LO t.4 1.8 2.2 

r / o -  

Figure 3. The radial distribution function for hard spheres of diameter 1.16a and hard 
dumbells of elongation l = 0.4a at the density pd 3 = 0.8 for three orders of the spherical 
harmonic expansions. 

Figure 4. 

2.0 

I.C 

221 

- I  . (  - 

I 

1.0 

E 

I I I I I 

, / , 2 2 0  

I I I I [ 
1.4 1.8 2.2 

r/o- 

Spherical harmonic coefficients of g(12) for hard dumbells of elongation l =  0.4a 
at the density pd 3 = 0.8. 
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306 F. Lado 

25 

20 

A I 5  

( /3  

IO 

0 - - ~  

0 2.4 

I I I I 1 

s 
M=0 
M = 2 AND 4 

[ 1 I I I 
0.8 1.6 

r /o-  

Figure 5. Spherically symmetric part of S(12) for hard spheres of diameter 1,16a and hard 
dumbells of elongation 1 = 0.4a at the density pd ~ = 0.8 for three orders of the spherical 
harmonic expansions. For comparison of scale, S200(r) is also shown. 

I . O  i i i i i 

- - -  M = 2  

"~ 0.0 

I 

-I.O 0 0.8 1.6 2.4 
r/o- 

Figure 6. Spherical harmonic coefficients of S(12) for hard dumbells of elongation 
l=  0.4a at the density pd 3= 0.8 for two orders of the spherical harmonic expansions. 

A representative sample of the functions that appear in the calculation is 
shown in figures 3 through 9 for the state with density od3= 0.8 and elongation 
1/~ = 0.4. 

The successive stages of the centre-to-centre distribution function gooo(r) are 
shown in figure 3, beginning with the hard sphere go(r) for spheres of diameter 
d/cr (rounded to 1.16) and passing through the spherical harmonic expansions of 
S(12) of order 0, 2, and 4. There is no difference, on the scale shown, between 
the last two cases, indicating a rapid convergence of the S(12) expansion. The 
first four coefficients of g(12), in figure 4, are seen to retain the general form of 
their low density limit e h~m(r), with more pronounced structure. 
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The hard dumbell fluid 307 

s 

0 

-5 

- I (  

- 1 5  

-20  

-25 

I I I I I 

200  220  

. 0 0 0  

I I l I 
0 0.8 1.6 

r /~  
2.4 

Figure 7. Spherical  ha rmon ic  coefficients of C(12) for  ha rd  dumbe l l s  of e longat ion l =  0.4~ 
at the  dens i ty  pd 3 = 0-8. 

Figure 8. 

2.0 

to 

E 
,,, 0.(3 

? z  

-2.(3 a .  

l I I I I I } 

ooo /  1 

I I I I 
o 5.0 1o.o 

ko- 

I 
15.0 

Spherical  h a r m o n i c  coefficients of the  Four ie r  t r ans fo rm of h(12) for  ha rd  
dumbe l l s  of e longat ion  l = 0.4~ at the  dens i ty  pd 3 = O. 8, 
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308 F. Lado 

Figure 9. 

8.0 

~4.0 

0.0 

I I I I 

- - +  

- - -  I I  
\ . . . .  I - - -  \~ "\. 

I I I I I I 
1.0 1.4 1.8 2.2 

r /m 

Cross-sections through g(12) for the crossed, parallel, and T-shaped configura- 
tions for hard dumbells of elongation l= 0.4o at the density pd3= 0.8. 

The same stages in the calculation of S000(r ) are depicted in figure 5, along 
with S2oo(r) for a comparison of scale. Again, the M = 2  and M = 4  expansions 
yield the same curve. (Curiously, the hard sphere So(r ) is here a closer approxi- 
mation to the final S000(r ) than the M = 0  curve based on an angle averaged 
Boltzmann factor. This is not true in all cases.) The most noteworthy feature 
of this figure is the great disparity in scale between S000(r) and the first non- 
spherical coefficient S~00(r), giving graphic weight to the expected rapid conver- 
gence of the expansion of S(12). Additional harmonic coefficients of S(12) are 
shown in figure 6. On this expanded scale, a small change can be seen at very 
small r in going from the second order to the fourth order expansion. 

The same set of coefficients of the direct correlation function are shown in 
figure 7 as are given of g(12) in figure 4. As with S(12), the difference in scale of 
C000(r ) and higher coefficients contrasts with that of theg hg~m(r). The C ht~m(r) 
show structure both for small r (as in the series function S) and in the range of 
variation of the potential (as in the pair distribution function g). All coefficients 
quickly become very small outside the range of 4(12). 

Figure 8 shows the spherical harmonic coefficients of h(12) expanded in a 
frame with z-axis along k. Off-diagonal coefficients (/1 # 12) vanish identically 
at the origin ; for the case shown, the diagonal elements/~um(k) are all very small 
at k = 0 (except of course for l=  0). 

Concluding this sample of graphs from a single thermodynamic state, we show 
in figure 9 three radial slices of g(12) for the crossed (01 = 0~ = 412 =~r/2), parallel 
(01=02=7r/2 , 412=0), and T-shaped (01=~/2, 02=0 ) configurations. (The 
respective distances of closest approach are ro, ~, and �89 The 
monotonic decline of these cross sections in the vicinity of contact is in qualitative 
accord with the perturbation theory results of Melnyk and Smith [5] and the 
painstaking Monte Carlo calculations of Cummings et al. [13]. 
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The hard dumbell fluid 309 

Computed results at low densities are quite good. For a comparison with 
Monte Carlo data, we have chosen the density most thoroughly studied by Streett 
and Tildesley [6], pa3=0.5. At the elongations l/a=0.2, 0.4, and 0.6, this 
corresponds to the densities pd 3 = 0.648, 0.784, and 0.896, respectively. Figures 
10, 11, and 12 display the comparisons for the first few harmonic coefficients of 
g(12). Agreement is good at the smallest elongation, with only two peaks at 
small r being missed. As the elongation increases, these discrepancies at small r 
progressively worsen and spread to the main peak of gooo(r). This behaviour is 
not unexpected : the simple spherically symmetric approximation chosen here 
for B0(12) cannot adapt to changing asymmetry in the molecule and becomes 
progressively less adequate as this asymmetry increases. Because a meaningful 
increase in the degree n of the numerical quadrature for the gzl l~m leads to greatly 
increased computing times, it is not known what part, if any, of these disagree- 
ments stems from inadequacies of the numerical algorithm. 

2.0 

I I I I I I I 
I 

- -  RHNC 

I.C 

"D 

N 

O.O 

-I.0L "" 

Figure 10. 

1.0 1.4 1.8 2.2  
r/or 

Comparison of MC and R H N C  results for the spherical harmonics of g(12) for 
hard dumbells of elongation l= 0.2a at the density #d3= 0.648. 

Finally, the thermodynamic data obtained from the solutions of the RHNC 
equation are summarized in the table, along with the corresponding Monte Carlo 
values [7]. (The Monte Carlo pressure is the direct result of the simulation ; 
the free energy and compressibility are obtained from the excellent fit to these 
data given by Tildesley and Streett [7].) Here we see the same trends mentioned 
above. At low densities, the computed values a reun i fo rmly  good. With 
increasing density, a dependence on elongation in the agreement between the two 
sets of data becomes apparent ; the computed pressure in particular deteriorates 
quickly. 
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Figure 11. 
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._N 
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I I I I I I 

-I.0 

o ~  �9 M C  - - R H N C  �9 _ 

~ 1 4 9  t �9 ~ � 9  

e o *  

I I I I I 1 
1.0 1.4 1.8 2.2 

r / o -  

Comparison of MC and RHNC results for the spherical harmonics of g(12) for 
hard dumbells of elongation l = 0.4a at the density pd3= 0.784. 

I I I I I I 

2.0 
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oT 

1.0 

0.0 

./ 

�9 M C  

- -  RHNC 
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e o o e  �9 �9 

- t . 0  - -  

Figure 12. 

I 
I.O 

I I I I 
L4 1.8 2.2 

r/o- 

Comparison of MC and RHNC results for the spherical harmonics of g(12) for 
hard dumbells of elongation l =  0.6a at the density pd 3 = 0-896. 
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The hard dumbell fluid 311 

The free energy, pressure, and compressibility of hard dumbells from MC simulation and 
the RHNC equation using a spherically symmetric B0(12). 

/O r 

0.2 0-4 0.6 0.8 

gd 8 MC RHNC MC RHNC MC RHNC MC RHNC 

0.2 

0.4 

0.6 

0.8 

flA/N 0.494 0.489 0.513 0.510 0-546 0.546 0.600 0.600 
flp/p 1.56 1.56 1.59 1.59 1.63 1.64 1.70 1.71 
px/fl 0.433 0.437 0-422 0.426 0.404 0.408 0.377 0.384 

flA/N 1-16 1.15 1.21 1.21 1.30 1.31 1.44 1.46 
f3p/p 2-59 2.54 2.64 2.65 2.78 2.82 3-01 3-09 
PX/fl 0.192 0-193 0.183 0.187 0.170 0.174 0-153 0.160 

~A/N 2-11 2.09 2.21 2.22 2.39 2.44 2.68 2.79 
~p/p 4.45 4.33 4.59 4.70 4.95 5.18 5.48 6.12 
Px/fl 0.0843 0.0834 0.0798 0-0814 0.0727 0-0739 0.0632 0.0674 

fl~l/N 3.52 3.51 3.70 3.81 4.03 4.33 4.58 5.15 
flp/g 8.02 7.84 8.42 8-96 9.23 10.67 10.54 15.09 
px/fl 0.0354 0-0348 0.0334 0.0338 0.0300 0.0296 0-0256 0.0282 

Viewed as a feasibility s tudy of the procedure  outl ined in [1], the present  
results are encouraging. Even the simple,  spherically symmet r ic  approx imat ion  
for B0(12 ) produces  reliable data if not overly s trained by a large a s y m m e t r y  of 
the molecule at a high density. One may  hope to do bet ter  with an approx ima-  
tion that  will reflect the changing geomet ry  of the  molecular  species. 

I should like to thank  Professor Wil l iam B. Street t  for providing me with the 
tabulated data f rom his Monte  Carlo studies. 
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