
ABSTRACT 

CHEN, HONGJIANG. The Mechanical-Electrochemical Coupling Effects in Lithium-ion 

Batteries under Non-equilibrium Process (Under the direction of Dr. Hsiao-Ying Shadow 

Huang). 

 

Lithium-ion batteries have been widely used from power tools and portable electronics to 

electric vehicles. However, Li-ion batteries’ capacity loss and cycling aging at high (dis)charging 

rate (C-rate) have limited many potential applications and hindered development of emerging 

technologies. To improve the performance of Li-ion batteries, it is important to understand the 

coupling effect between the mechanical behaviors and the electrochemical response of 

electrodes, as the capacity loss and cycling aging are related to the mechanics of electrodes 

during (dis)charging. Moreover, based on the mechanical-electrochemical coupling effect, 

defects, such as dislocations, influence the states of electrodes in Li-ion batteries. However, few 

of study provided a systematic formulation that describes the coupling effect under strong non-

equilibrium process (high C-rate) and large deformation. The dislocation-electrochemistry 

relation has only been observed experimentally and has not been fully clarified.  

This research focuses on understanding the physical mechanisms of the mechanical-

electrochemical coupling effect and revealing the role of dislocations in the state transformation 

of electrodes in Li-ion batteries under fast (dis)charging process. By utilizing elastic mechanics 

for dislocations, we simulate the anisotropic stress and displacement fields of a LiFePO4 (LFP) 

particle containing different densities and orientations of dislocations. The kinetic performance 

influenced by the mechanical-electrochemical coupling effects are compared among different 

dislocation configurations in the LFP particle. In addition, to analyze the variations of phase 

transitions in electrodes, we model the free energy with path factors which depend on multi-

layered states described by a series of order parameters, based on non-equilibrium 



thermodynamics. The generation/annihilation of dislocations is coupled with the electrochemical 

reaction of Li-ion on the surface of electrode particles. The path of energy changing is dominated 

by the density of dislocations. Derived governing equations for the kinetics of the order 

parameters reveal the phenomena of abnormal phase transitions for LFP and layered oxides 

under high rate (de)lithiation, which agree with the existing experimental observations. 

Furthermore, to clarify the mechanical-electrochemical coupling effect for the electrodes with 

large deformation, we combine continuum mechanics, non-equilibrium thermodynamics, and 

variational theory to develop a generalized theory to describe the variations of Li-ion fractions, 

stress distribution, and electrode’s finite deformation over non-equilibrium process. The 

simulation for a Sn anode particle compares the influences of different C-rates on the states of 

the particle and the polarization of electrical potential.  

This research investigates the state evolutions for different electrodes of Li-ion batteries 

under non-equilibrium process, which provides insight to understand the features of electrodes 

and reveals strategies of improving the performance for Li-ion batteries.  
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CHAPTER 1 

Introduction and Literature Review 

1.1 Basic Structure and Electrochemistry of Lithium-ion Batteries 

The basic structure of typical lithium-ion batteries includes cathode, anode, separator, 

current collectors, and electrolyte [1]. The separator is placed between cathode and anode to 

prevent electrical short circuit. Li+ can move between anode and cathode by diffusing in 

electrolyte and passing through the separator, meanwhile, free electrons flow between anode and 

cathode through the current collectors and the external circuit [2]. The intrinsic chemical 

potential of Li+ in anode is higher than that in cathode, which produces a chemical force causing 

Li+ to tend to move from anode to cathode [3]. In the open circuit condition, without the 

diffusion of Li+, the chemical force must be balanced by an electrostatic force generated by the 

difference of the electrical potentials between the electrodes [3]. The electrical potential 

difference between electrodes under the open circuit condition is called open circuit voltage, 

which is determined by the chemical potential difference of Li+ between the electrodes [3]. If one 

electrode is defined as the reference electrode (i.e., zero electrical potential), the open circuit 

voltage is the open circuit potential of the other electrode (working electrode). In the charging 

(discharging) condition, the voltage between cathode and anode is higher (lower) than the open 

circuit voltage. This voltage deviation is caused by the polarization of electrodes, which involve 

following kinetic effects, (1) the activation of the electrochemical reactions, (2) the mass 

transport limitation of species, and (3) the resistance due to the contact problems between 

different phases and components in electrodes [4].  

Currently, three classes of cathode materials have been widely applied in commercial Li-

ion batteries: layered (LiCoO2 and LiNi1/3Mn1/3Co1/3O2), spinel (LiMn2O4 and LiMn3/2Ni1/2O4), 
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and olivine (LiFePO4 and LiFe1/2Mn1/2PO4), which respectively supply 2-D, 3D, and 1D 

diffusion channels for Li+ [5]. For anode, graphite and alloys (Si, Sn) are typical candidates [6]. 

Different cathode/anode materials have different electrochemical reactions and open circuit 

electrical potentials. For example, the half-cell reactions and the corresponding average open 

circuit potentials (Volt, V) for LiCoO2, LiFePO4, and graphite are listed below,

2 1 2 exLiCoO Li CoO x Li x+ −

− + +  with 4.2V vs. Li0/Li+ [5][7], 
4 4 eLiFePO FePO Li+ −+ +  

with 3.45V vs. Li0/Li+ [5][8], and 
66 e xC x Li x Li C+ −+ +  with 0.1V vs. Li0/Li+ [6][7]. The 

above symbol Li0/Li+ represents the Li metal electrode, which is the reference electrode for 

measuring the open circuit potentials of the different electrodes. The overall reactions for 

LiCoO2 and LiFePO4 cathodes with the graphite anode are 2 1 2 66 x xLiCoO C Li CoO Li C−+ +  

and 4 4 66LiFePO C FePO LiC+ +  respectively. 
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1.2 Mechanical Behaviors in Lithium-ion Batteries 

During charging and discharging, the concentration changes of Li+ in electrodes lead to 

the volume changes of electrodes [9][10]. Compared to the fully delithiated state, the volumes 

under fully lithiated state for LiNi1/3Mn1/3Co1/3O2, LiFePO4, and Sn are expanded by 5.1%, 

4.2%, and 283% respectively [6][11][12]. The deformation can lead to the mechanical stress 

inside electrode particles, especially when the concentration of Li+ is unevenly distributed due to 

the mass transport limitation or the phase separation [13]. The stress alters the chemical potential 

of Li+ inside electrodes, which changes the voltages of Li-ion batteries. In addition, the stress 

may decrease the mechanical reliability of electrodes. 

The performance and life of Li-ion batteries are related to the mechanical effects 

mentioned above, which have been revealed in several studies [14]. For example, Wang et al. 

[15] presented the crack-induced capacity fade of LiFePO4 during cycling. Piper et al. [16] 

reported that compressive stress may decrease the effective specific capacity of Si anodes. 

Cycling-induced crack propagation of a single crystal Si anode was observed and simulated by 

Shi et al.  [17]. For decreasing the capacity loss and improving the lifetime of Li-ion batteries, it 

is important to understand the relation between the mechanical behaviors and the electrochemical 

responses of Li-ion batteries.  

The mechanical behaviors of electrodes include the stress and deformation induced by the 

diffusion of Li+. Based on the assumptions of infinitesimal deformation and diffusion of Li+ 

governed by Fick’s law, the diffusion-induced stress of a spherical electrode particle was 

analytically solved by Cheng and Verbrugge [18]. Due to the simplicity of Fick’s law, the 

diffusion-induced stress may be simulated conveniently for more complicated geometry of 

electrodes [19], [20]. Kim et al. [21] used focused ion beam and scanning electron microscopy to 
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generate a reconstructed 3-D LiFePO4 model, whose simulated diffusion-induced Von-Mises 

stress was higher for a larger (dis)charging rate (C-rate). However, Fick’s law neglects the 

influence of mechanical behaviors on the diffusion of Li+. The stresses in electrodes have been 

shown to be coupled with lithium-ion diffusion and electrochemical reactions in several studies 

[16] [22] [23] [24] and furthermore influence the kinetic performance of Li-ion batteries. This 

influence may be reflected by the mechanical-chemical potential of Li+ which can be considered 

as part of the driving force of Li+ diffusion. To fully present the mechanical-diffusional coupling 

effect, some studies introduced the stress of electrode into their chemical potential models of Li+ 

[25] [26] [27] [28]. The stress-induced chemical potential of solid was initiated by Larche and 

Cahn [29] (Equation (1.1.1)): 

  ( )
1

3
PMV Tr = −σ σ , (1.1.1) 

where σ  is stress-induced chemical potential, PMV  is partial molar volume, Tr  is trace operator, 

and σ  is stress tensor. This coupling effect can be applied to describe the influences of 

dislocations on the performance of lithium-ion batteries. 
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1.3 Dislocation Induced Stress and Electrochemical Performance 

As the lifetime and performance of Li-ion batteries relate to the existing cracks and the 

mechanical-diffusional-electrochemical coupling effect in electrodes, the influences of 

dislocations on the mechanical stress fields of electrodes have been investigated in several 

studies: Liu et al. [30]  showed the coupling effect between dislocations, diffusion, and 

electrochemical reactions by modeling the stresses in a spherical electrode particle. Li et al. [31] 

simulated the cooperative surface and dislocation effects on the diffusion-induced stress in a 

spherical electrode particle. Zhu et al. [32] studied the dislocation effect on the diffusion-induced 

stress in a hollow spherical particle, in which the influence of the wall thickness of the hollow 

particle on the dislocation effect was discussed. Among the above contributions, dislocations 

were demonstrated to suppress the fractures in electrodes since the tensile stress in the particles 

could be reduced by the presence of dislocations. In contrast to the above positive influences of 

dislocations in electrodes, Yan et al. [33] observed the dislocation-based crack incubation 

mechanism in LiNi1/3Mn1/3Co1/3O2. Moreover, Singer et al. [34] reported that dislocation 

networks should be the origin of the voltage fade in lithium-rich layered oxides (LRLO) 

Li1.2Ni0.133Mn0.533Co0.133O2 during cycling because of the crystal structural changes resulted from 

dislocations. Thus, dislocations may have both positive and negative effects on the performance 

of electrodes and associated complicated dislocation-involved mechanics and electrochemistry 

have not been fully clarified yet. 

With the development of defect engineering [35] [36] [37], controlling the dislocations in 

electrodes has been considered as a potential strategy to improve the performance of Li-ion 

batteries. For example, in the study of Yan et al. [38], the engineered edge dislocations that were 

generated during the fabrication of Co3O4 electrodes modified the surface facets of Co3O4 
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nanosheets and improved the cycling efficiency of the electrodes.  It was observed that 

engineered dislocations have helped alleviate the volume change during cycling, supplied more 

nucleation sites for phase transformations, and promoted the diffusion of lithium-ions and 

electrons. Nevertheless, using the engineered dislocations to further optimize the electrodes of 

Li-ion batteries still requires a comprehensive understanding of the influences of dislocations on 

the particle deformation, ionic diffusion, and electrochemical reactions of electrodes. 

Most of the studies modeling the dislocation-involved stress fields in electrode particles 

were based on the assumption of isotropic materials while also neglecting the effect of the 

orientations of dislocations, which is over-simplified for an anisotropic material such as LiFePO4 

[12]. That is, material properties of LiFePO4 varies during (de)lithiation due to molar fraction 

changes of lithium [12][39]. Huang and Wang [40] had first incorporated a model from 

Indenbom and Lothe [41] to elucidate the mechanical effects of the dislocation orientation in a 

LiFePO4 particle. Furthermore, Dhiman and Huang [42] studied the influences of phase 

separation induced by the lithium molar fraction variations and different dislocation orientations 

on cyclic voltammetry (CV) behaviors for a LiFePO4 particle.  Specifically, the stress field were 

studied while incorporating the electrochemical reaction by using the modified Butler Volmer 

equation [42] [43]. 

In addition, dislocations can appear not only due to the fabrication of electrodes but also 

during the (dis)charging cycling. The state of charge (SOC) of an electrode particle is an 

important factor generating an array of dislocations in a particle during (de)lithiation. For 

example, in a thin film anode, lithiation speed and the diffusion layer thickness, which represent 

the SOC, highly impacted the nucleation and density distribution of the misfit dislocations in the 

anode, as reported by Li et al. [44]. Ulvestad et al. [45] observed that the dislocation lines in a 
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nano-sized LiNi0.5Mn1.5O4 cathode particle moved towards the boundary of the particle, in which 

the positions of the dislocation lines depended on the SOC of the particle. Nevertheless, the 

relation between the dislocation density and the SOC is electrode material dependent. Singer et 

al. [34] reported that the dislocation density of the LRLO particles is much more sensitive to 

electrical potential (i.e., an indicator of the SOC), compared to the LiNi0.8Co0.15Al0.05O2 (NCA) 

particle. Moreover, the correlation of the dislocation density to the electrical potential for the 

LRLO particles is observed to be related to the geometries of the particles [34]. Aforementioned 

studies suggest that these characteristics of dislocations have substantial effects on the 

electrochemical performance, which has not yet been investigated for LiFePO4. Due to the 

anisotropy of LiFePO4, it is arguable that the dislocation density should have a strong influence 

on the dislocation orientation, and vice versa. 

To further understand the effects of dislocations on the anisotropic electrodes with phase 

transformations such as LiFePO4, we focus on the influences of the dislocation density and 

orientation, the associated effective diffusivities of a LiFePO4 particle, as well as the related 

electrochemical performance of LiFePO4. Based on linear elastic mechanics, the superposition 

principle, and the mechanical-electrochemical coupling effect, the stress fields, displacement 

fields, and CV curves at different scan rates are studied and discussed. 
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1.4 Rate Capability and the Variation of Phase Transitions 

As one of the essential attributes for the Li-ion batteries needed to be (dis)charged 

rapidly, rate capability indicates the efficiency, stability, and reliability when batteries are under 

non-equilibrium process. Higher rate capability suggests that Li-ion batteries have less voltage 

polarization (power loss), more (dis)charged capacity (Coulombic efficiency), and slower aging 

(irreversible capacity loss) under high current (dis)charging. The phase transitions of electrodes 

have been considered as a significant factor influencing the rate capability of Li-ion batteries. 

The energy barriers of the nucleation and growth of new phases can be reflected in the chemical 

potential of Li and thus decrease the rate capability of electrodes by increasing the voltage 

polarization[46][47]. Compared to the solid solution phase, Li-rich and Li-poor phases have 

much lower Li+ diffusivity due to lack of interaction frequency between Li+ and vacancy, which 

suggests the larger voltage polarization. Phase transition induced voltage polarization with a 

higher electrical current makes the charging/discharging voltage arrives its maximum/minimum 

earlier, which decreases the total charged/discharged capacity[48][49][50][51]. The 

inhomogeneous stress field and the stress concentration caused by the Li+ miscibility gap for 

phase separation [13][52] decrease the mechanical reliability of electrode particles [53][54], 

which can be aggravated by higher (dis)charging rates (C-rates)[55][21][19]. Understanding and 

controlling the phase transitions of electrodes are therefore crucial for improving the rate 

capability of Li-ion batteries.  

Several studies applied diffraction techniques to seek the factors influencing the 

miscibility gap of Li+ in LiFePO4 (LFP), a commercialized cathode material with two phases 

separation [39], under equilibrium state. Kobayashi et al. [56] reported that the miscibility gap of 

Li+ in LFP decreases with decreased particle size at room temperature, and finally disappears 
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when particles are less than the limit size 40nm. Meethong and Huang [57] observed the LFP 

samples with different particle sizes under different temperatures, whose miscibility gaps are 

decreased with increased temperatures and decreased particle sizes, with the limit size around 

10-25nm for temperature from -20°C to 45°C. Besides particle size and temperature, the 

miscibility gap of Li+ in a nanosized LFP particle is strongly dependent on the overall Li+ 

composition of the particle, which is concluded by Wagemaker et al. [58]. The above changes of 

miscibility gap in LFP can be attributed to the coherency between Li-rich phase and Li-poor 

phase. To minimize the total free energy of particles, coherency induced interfacial strain energy 

strongly suppresses the phase separation and promotes the rate capability for LFP, as mentioned 

in Cogswell et al. [59] and Kasavajjula et al. [60]. However, even though the phase separation is 

suppressed by the coherency strain, the coherency induced inhomogeneous stress is an inevitable 

factor decreasing the mechanical reliability of particles [61].  

Besides decreasing the particle size, increasing the (dis)charging current can also 

suppress the phase separation for LFP. The operando Li+ composition of LFP particles in Lim et 

al. [62] shows solid solution at high C-rates (>~1C), phase separation at low C-rates (<~0.4C), 

and sharp interface between Li-rich and Li-poor zones after relaxation. The phase suppression 

for LFP under non-equilibrium process are also observed using diffraction techniques in Zhang 

et al. [63], Liu et al. [64], and Sharma et al. [65], where the diffraction peaks change their 

locations gradually instead of keeping static during (de)lithiation and recover to the normal 

locations of Li-rich and Li poor phases after relaxation. In addition, strong non-equilibrium can 

change the structure of LFP from order to disorder. The in-situ transmission electron microscopy 

(TEM) graphs in Niu et al. [66] display that LFP nanowires show meta-stable coexistence 

between crystal structure and amorphous structure under potentiostatic delithiation, during which 
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the amorphous structure locates by the boundary of nanowires. The crystal structure of LFP 

supplies a 1-dimensional channel for Li+ diffusion [67]. The structure change should alter the 

diffusion coefficient tensor of Li+ which is an important parameter influencing the rate 

capability. The formation of the non-equilibrium solid solution phase for LFP has been modeled 

in Bai et al. [68], in which the core factor controlling the suppression is the sensitivity of the 

exchange current density upon Li+ concentration. Zhao et al. [69] applied population dynamics to 

explain and model the diffraction graphs revealing the solid solution phases for LFP under 

nonequilibrium process. The modeling methodology in Zhao et al. [69] is designing the kinetics 

relation between the changing rate of Li+ concentration and Li+ concentration for counteracting 

the intrinsic driving force of phase separation, which is essentially equivalent to the methodology 

in Bai et al. [68]. However, the suppression symmetry between delithiation and lithiation in the 

results of both Bai et al. [68] and Zhao et al. [69] does not agree with that in experiments [62] 

[64]. The order-disorder transition of LFP under strong non-equilibrium state observed in Niu et 

al. [66] cannot be explained by the methodology in Bai et al. [68] and Zhao et al. [69]. 

To improve the rate capability, suppressing the phase separation is necessary for not only 

LFP, but also layered oxides. As the cathode materials with a single solid solution phase under 

equilibrium [39], layered oxides can generate phase separation under non-equilibrium 

delithiation, as shown in the XRD graphs in Li et al. [70], Lee et al. [71], Yoon et al. [72], and 

Zhou et al.[73]. Unlike LFP, the variation of the phase transition for layered oxides is not 

symmetric between delithiation and lithiation, i.e., the phase separation only appears during 

delithiation. Grenier et al. [74][75] and Robert et al. [76] attribute the variation of phase 

transition in layered oxides to the change of chemical reaction coefficient on particle surfaces 

and the insufficient Li+ mobility at the beginning of delithiation. However, quantitative 
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simulation and analysis were not supplied to validate the explanation in their studies. By 

combining the change of Li+ mobility and the population effect, Park et al. [77] simulated the 

variation of phase transition for layered oxides. The modeling methodology used in Park et al. 

[77] for layered oxides is equivalent to that for LFP in Bai et al. [68] and Zhao et al. [69], with 

the different material properties for the opposite kinetic effect, i.e., suppressing the phase 

separation for LFP and promoting the phase separation for layered oxides. In contrast to LFP, the 

asymmetry caused by the modeling methodology agrees with the observations for layered oxides 

mentioned above. However, the methodology generates strong asymmetry in the capacity loss 

between lithiation and delithiation, which is reflected in Park et al. [77] but much larger than that 

in experiments [70][74][75][76]. 

Therefore, existing contributions cannot well explain the variations of phase transitions 

for the electrodes under non-equilibrium processes. To seek a strategy for enhancing the rate 

capability of Li-ion batteries, this study considers that the phenomena (1) the variations between 

phase separation and solid solution for LFP and layered oxides and (2) the order-disorder phase 

transition for LFP structure are caused by the same mechanism but different material properties. 

As the density and orientation of dislocations can affect the stress and strain field in electrodes 

[10], the free energy change induced by dislocations causes the state transformation of electrode 

materials. Because dislocations are local defects throughout the crystal structure, increased 

dislocation may ruin the crystal structure and finally lead to the disorder. The mechanical-

electrochemical coupling effect [9] connects dislocations to the evolution of structural states. 

This connection plays a significant role in our mechanism for the variation of phase transitions in 

electrode materials. 
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1.5 Formulation for the Electrodes with Finite Deformation  

Deformation is one of the essential factors in the mechanical-electrochemical coupling 

effect. The diffusion induced deformation in LiFePO4 and layered oxides are usually analyzed 

using linear elastic mechanics since their volume deformation for full charging is around 4%, 

which is acceptable for the linear elasticity [12]. Moreover, the deformation induced by a single 

dislocation is also small enough relative to the whole particle [10]. To include the mechanical-

electrochemical effect, the stresses corresponding to both diffusion induced deformation and 

dislocation induced deformation can be directly substituted in Larche and Cahn stress induced 

chemical potential model (Equation (1.1.1)) when strains are small enough. The Larche-Cahn 

model is derived from the linear theory of elasticity and thus should be used based on the 

assumption of infinitesimal deformation. However, many alloy anodes of Li-ion batteries have 

large volume expansion and contraction during lithiation and delithiation, respectively [6][78]. In 

studies of modeling the finite deformation of electrodes, the mechanical-chemical potentials 

were formulated based on the Larche-Cahn model, even though the assumption of infinitesimal 

deformation is not possible [26] [27] [79] [80] [81] [82] [83] [84]. A formulation for the 

mechanical-diffusional coupling effect of the electrodes with finite deformation is still unclear. 

The diffusion of Li+ in an electrode is coupled with not only the mechanical behaviors 

but also the electrical potential of the electrode since the electrochemical reaction is related to the 

mechanical-chemical potential of Li+. The electrode at a higher (dis)charging rate (C-rate) has 

more capacity loss [85] and cycling aging [86], which may be related to the viscous effect of the 

electrode via the mechanical-chemical potential during faster deformation at the higher C-rate.  

The dissipation effect could become significant with larger deformation in electrodes because of 

their faster strain rates. However, few studies formulated the mechanical-diffusional-
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electrochemical coupling effect with solid viscosity. To this end, we adapt a non-equilibrium 

process with finite deformation to fully describe electrodes exhibiting different evolutions of 

strain and stress during lithiation/delithiation at different C-rates. 

In addition, the diffusion of Li+ can form creep strain or convection in an electrode 

continuum. On the scale of continuum, different atoms are indistinguishable. The stress of an 

electrode should be the statistical average of the atom interaction in the electrode [87]. Hence Li+ 

should share the stress and be treated as a part of the electrode. The electrode mass flow induced 

by Li+ diffusion corresponds to a partial deformation of the electrode continuum. This 

deformation can be considered as diffusion-induced creep strain [88]. In the measurement from 

Pharr et al. [89], the variation of electrical potential of a Si film electrode demonstrated transient 

trend reversal with each change of C-rate. This phenomenon may be related to the diffusion 

induced creep strain, as C-rate can directly influence the diffusion-induced creep strain. Selecting 

the matrix of the electrode, such as Si atoms of Si alloy anode, as the material configuration of 

deformation may mathematically obviate the diffusion-induced creep strain, meanwhile the 

convection induced by the mass flow must be included in the formulation of electrodes. To close 

this knowledge gap, we consider the diffusion-induced creep strain and/or the convection effect 

of electrodes in the current study. 

Furthermore, the diffusion of Li+ can generate phase separation for some electrode 

materials, such as LiFePO4, graphite and Si [6][90]. The diffusion-induced stress may be 

influenced by the phase separation [91]. Many studies that considered the phase separation and 

the mechanical-diffusional coupling effect incorporate a sharp interface between Li-rich phase 

and Li-poor phase [82] [92] [93], but the sharp interface can only be applied to special 

geometries such as film or spherical electrodes. To address this current limitation, our study 
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includes a continuous phase field in the formulation of electrodes to present the phase separation 

for general geometries. 

In this research, based on the continuum mechanics [94] [95], non-equilibrium 

thermodynamics [96] and variational theory [97], a formulation including convection effect is 

developed for the non-equilibrium process with finite deformation in electrodes of Li-ion 

batteries. Mechanics, diffusion, phase transformation, chemical reaction and electrical potential 

are fully coupled with each other in the formulation. We start with basic axioms such as mass 

conservation and the 1st law of thermodynamics to develop a general theory. The general theory 

is then applied to a simplified Li-Sn system. A set of equations is numerically solved for a Sn 

anode particle with an initial spherical cap geometry. This research uses a rigorous mathematical 

formulation to develop a generalized method to describe the evolutions of mechanical-

electrochemical behaviors of electrodes during (dis)charging at various C-rates. 
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1.6 Research Scope 

The goal of this research is to understand and model the states evolution of electrodes in 

Lithium-ion batteries during fast charging and discharging process, based on continuum 

mechanics and non-equilibrium thermodynamics. In our formulation, the mechanical behavior, 

Li+ diffusion and electrochemical reaction in electrodes are coupled together, which is known as 

the mechanical-electrochemical coupling effect. The mechanism of the influences of material 

defects, i.e., dislocations, on the electrochemical performance and phase transitions are 

elucidated, in which the mechanical-electrochemical coupling effect plays a significant role. 

Specifically, this research includes the following objectives. 

In CHAPTER 2, we investigate the effects of fixed dislocations on the electrochemical 

performance of LiFePO4 cathode. Based on dislocation mechanics and linear stress-induced 

chemical potential model, we numerically simulate the stress and displacement field induced by 

fixed dislocations in a single LiFePO4 particle. Cyclic voltammetry (CV) curves are generated 

for presenting the kinetic performance of the particle. We compare the mechanical responses and 

effective diffusivities for different densities and orientations of dislocations. 

In CHAPTER 3, we study the mechanisms of phase transition for electrodes. Dislocations 

and the mechanical-electrochemical coupling effect complicate the structure evolution during 

non-equilibrium process. Based on non-equilibrium thermodynamics, the abnormal phase 

transition patterns for LiFePO4 and layered oxides cathode during fast (de)lithiation are 

elucidated. The crystal-amorphous structure change for LiFePO4 under strong non-equilibrium 

state is included in the model. The dislocation in this part is kinetic with density change. The 

mechanism and model are validated by comparing (1) numerically simulated XRD graphs to 

reported experimental XRD graphs for LiFePO4 and layered oxides multiple particles 
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respectively, and (2) numerically simulated order-disorder phase field with experimental TEM 

graphs for a single LiFePO4 nanowire. 

In CHAPTER 4, to study the electrodes with large deformation, the modeling formulation 

is expanded to finite deformation, by combining continuum mechanics, non-equilibrium 

thermodynamics and variational theory. Solid viscosity, convection and diffusion induced creep 

are included. The rigorous mathematical formulation starts with developing a general theory 

based on fundamental axioms. Then the general theory is applied to a simplified Li-Sn system. 

Derived governing equations are numerically solved for a Sn particle. The simulation results 

compare the evolutions of mechanical and electrochemical responses at various C-rates. 

CHAPTER 5 summarizes the conclusions of this research. 

  



   

 

17 

 

 

CHAPTER 2 

Exploration of the Dislocation-Electrochemistry Relation in LiFePO4 Cathode Materials 

This chapter focuses on the influences of a few characteristics of dislocations on the 

electrochemical performance of an anisotropic cathode material, lithium iron phosphate 

(LiFePO4). Utilizing linear elastic mechanics and the superposition principle, we study stress and 

displacement fields of a LiFePO4 particle containing different densities and orientations of 

dislocations. With the mechanical-electrochemical coupling effects expressed by the modified 

Butler-Volmer equation and using the finite different method, the cyclic voltammetry curves for 

different dislocation configurations in the particle are investigated. 

The contents in this chapter are reproduced based on the published work below, 

Hongjiang Chen, Sangwook Kim, Hsiao-Ying Shadow Huang, “Exploration of the dislocation-

electrochemistry relation in LiFePO4 cathode materials”, Acta Materialia, Volume 237, 2022, 

118158, ISSN 1359-6454, https://doi.org/10.1016/j.actamat.2022.118158. 
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2.1 Modeling Method 

2.1.1 Mechanics of dislocations for LiFePO4 cathode particles 

The stress field resulted from a dislocation in a anisotropic material LiFePO4 particle is 

calculated using Equation (2.1.1) [41] as shown below, 
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2 2 2 22 cosx x y yr r r r   = − + , where 

ij  is the stress component 

of the particle, ( , )x yb b  is the Burgers vector of the dislocation, ijC  and mnpqC  are the engineering 

component and the theoretical component of the stiffness tensor of the particle respectively, 

( , )x yr r  is the radius vector in the particle with respect to the dislocation core. 

The displacement field resulted from a dislocation in a anisotropic material LiFePO4 

particle is calculated using Equation (2.1.2) and Equation (2.1.3) [41] as shown below, 
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where xu  and 
yu  are the horizontal and the vertical components of the displacement 

respectively.  , x , and 
y  are named auxiliary angles. 

During lithiation and delithiation, a LiFePO4 cathode particle has three stages: Li-poor 

phase, Li-rich phase, and two-phase coexistence [39]. Both Li-poor and Li-rich phases have the 

orthorhombic crystal structure [98], which satisfies the symmetry prerequisite of Equations 

(2.1.1), (2.1.2), and (2.1.3) [41]. The material properties (i.e., stiffness coefficients) of the 

particle at each stage during (de)lithiation are different [12]. In the two-phase coexistence region, 

we assume that the overall stiffness of the particle is a linear function  (i.e., rule of mixture) of 

the phase fraction of the Li-rich phase: ( )
4 4( ) ( )1ij p FePO ij p LiFePO ijC x C x C= − + , where 

px  is the Li-

rich phase fraction, 0px =  indicates the single Li-poor phase, 1px =  indicates the single Li-rich 

phase, 
4( )FePO ijC  is the stiffness component of the Li-poor phase, and 

4( )LiFePO ijC  is the stiffness 

component of the Li-rich phase [19] [99] [100]. This chapter emphasizes the influence of 

dislocation-induced stress on electrochemical performance. The material properties (i.e., stiffness 

and partial molar volume) of LiFePO4 are assumed to be independent of dislocations for 

simplicity. 

The auxiliary angles  , x , and y  in Equations (2.1.2) and (2.1.3) are obtained by 

numerically solving the equations below, 
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with the boundary conditions ( )0 0  = = , ( )0 0x  = = , and ( )0 0y  = = , where   is 

the azimuth relative to the Burgers vector, with the range  −    , and  D  is the finite 

difference matrix with respect to  . The derivation of Equations (2.1.4), (2.1.5) and (2.1.6) are 

shown in the Error! Reference source not found.. 

We use the superposition principle to calculate the stress and displacement fields induced 

by multiple dislocations in a LiFePO4 particle: the overall stress and displacement of a particle 

are the summations of the stress and displacement resulted from each dislocation calculated 

using Equations (2.1.1), (2.1.2), and (2.1.3). For simplicity, we use a 2-D particle model with the 

plane strain condition to investigate the stress and displacement fields resulted from dislocations. 

The geometry of the particle model is adapted from Dhiman and Huang [42], which is a 

rectangle of 100 nm   60 nm, containing 60 unit cells.  The size of the region dominated by the 

nonlinear deformation around a dislocation core is about 4 nm   4 nm [101], which is small 

enough compared to the size of the particle model. As the nonlinear effect is negligible, 

Equations (2.1.1), (2.1.2), and (2.1.3) are valid for the particle size 100 nm   60nm. We define 

the center of the rectangle as the origin of the Cartesian coordinate frame, in which the 

coordinate ranges of the particle are [-50 nm, 50 nm] for the x-axis and [-30 nm, 30 nm] for the 

y-axis. We assumed that the length of a dislocation line in our particle model is 90% of the 

particle thickness along the z direction, hence the dislocation density for one dislocation is 1.5

1010 cm-2, which agrees with the measurement in Singer et al. [34]. 
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To investigate the influences of the density and orientation of dislocations, we assign five 

dislocations at different locations: dislocation#1 at (-20 nm, -12 nm) with three different Burgers 

vector directions discussed below, dislocation#2 at (40 nm, 24 nm) with the Burgers vector (1, 

0), dislocation#3 at (25 nm, -15 nm) with the Burgers vector (-1, 0), dislocation#4 at (-40 nm, 17 

nm) with the Burgers vector (1, 0), and dislocation#5 at (0, -24 nm) with the Burgers vector (-1, 

0). Three Burgers vector directions at dislocation#1 are chosen from the set {(1, 0), (0, -0.6), (-1, 

0)}, where (1, 0) is named orientation-1, (0, -0.6) denotes orientation-2, and (-1, 0) represents 

orientation-3.  Five dislocations compose four groups with different dislocation densities for 

simulations: group A contains two dislocations (i.e., dislocation#1 and dislocation#2), group B 

contains three dislocations (i.e., dislocation#1, dislocation#2, and dislocation#3), group C 

contains four dislocations (i.e., dislocation#1, 2, 3, and 4), group D contains five dislocations 

(i.e., dislocation#1, 2, 3, 4, and 5), where each group includes three different orientations of 

dislocation#1 (i.e., (1, 0), (0, -0.6), or (-1, 0)). 

 

2.1.2 Kinetics of CV scan for LiFePO4 cathode particles 

During the CV scan of a LiFePO4 cathode material, the difference between the instant 

electrical potential of the particle and the equilibrium electrical potential of two-phase 

coexistence is named “overpotential” and denoted by , whose range is -0.3 V <  < 0.3 V. In 

a complete scan cycle,   changes from 0.3 V to -0.3 V with a scan rate ν, and then increases 

back to 0.3 V with the same ν. To present the detailed influences of dislocations on the kinetic 

performance of LiFePO4 materials, we simulate 5 different scan rates: 1mV/s, 2mV/s, 4mV/s, 

8mV/s, and 16mV/s. Collectively, a total of 61 simulations are conducted, including the case of 

perfect crystals with no dislocations. 
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As mentioned in Tang et al. [102], the required activation energy for the phase 

transformation from Li-rich phase to Li-poor phase decreases with increased , and eventually 

reaches zero at the critical overpotential c. In this regard, a LiFePO4 particle would 

spontaneously exhibit the single Li-poor phase when   c. During the quasi-equilibrium 

process, c has the lowest value
c
 = 30.283 mV [102]. As CV scans are non-equilibrium 

processes, the required c for CV scans should be higher than 
c
  due to electrochemical 

polarization [103]. Although the electrochemical polarization should be different for different 

electric currents, the required overpotential of LiFePO4 for generating Faradic current may show 

little variations in the CV scans at different scan rates, which is around 60 mV for scan rates 

from 0.5mV/s to 15mV/s [104] [105]. The total c hence should be around 90mV for different 

scan rates. For the sake of simplicity, we select that 3c c  =   in our simulation of CV scans 

with all five scan rates mentioned above (i.e., 1mV/s, 2mV/s, 4mV/s, 8mV/s, and 16mV/s). In 

addition, the critical overpotential of the phase transformation should have two values: a higher 

value and a lower one to present two boundaries at the two-phase coexistence region. The higher 

value c is the lowest overpotential for the Li-poor single phase (xp = 0), and the lower value is 

the highest overpotential for the Li-rich single phase (xp = 1). The lower value indicates the 

critical point of zero activation energy for the phase transformation from Li-poor phase to Li-rich 

phase.  For simplicity, it is acceptable to assume that the transformation from Li-poor phase to 

Li-rich phase is symmetric to the transformation from Li-rich phase to Li-poor phase, which 

indicates that the overpotential region of the single Li-rich phase is   -c. Thus, the phase 

fraction xp may be considered as a piecewise function of  as follows: xp = 0 for   c; 0 < 

xp < 1  for -c <  < c; and xp = 1 for   -c, where xp is assumed to be a linear function 
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of  in the two-phase coexistence region (0 < xp < 1). The stiffness coefficients of the particle 

during the two-phase coexistence depend on the phase fraction xp when  decrease from 90.849 

mV to -90.849 mV. 

As the process of the phase transformation during CV scans has been explicitly 

elucidated, we may use Fickian diffusion to simplify kinetics of the LiFePO4 particle, which are 

shown in Equation (2.1.7) and Equation (2.1.8) below: 

  2c
D c

t


= 


, (2.1.7) 

where c is the concentration of oxidized or reduced species, D is the bulk diffusivity, 2  is the 

Laplacian operator, and t is time. To solve Equation (2.1.7), we need one initial condition and 

two boundary conditions. The initial condition is ( ) *0O Oc t c= =  with ( )0 0Rc t = = , where Oc  is 

the concentration of the oxidized species, *

Oc  is the maximum concentration of the oxidized 

species, Rc  is the concentration of the reduced species. We use the semi-infinite boundary 

condition as the 1st boundary condition of Equation (2.1.7) since the thickness of the diffusion 

layer during CV scans is assumed to be very small relative to the size of the whole particle. The 

2nd boundary condition is given by Equation (2.1.8) below, 

  R

i
D c

F
= −  , (2.1.8) 

where i is the electric current density on the particle surface and F is the Faraday’s constant.  

The current density of a LiFePO4 particle is controlled by chemical kinetics on the 

particle surface, which involves the mechanical stress resulted from dislocations and the 

electrical potential of the particle. We adopt the modified Butler-Volmer equation [42] shown 

below for the current density i in Equation (2.1.8):  
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 ( )0 * *

(0, ) (0, )
exp exp 1O hAVG R hAVG

O R

c t F c t F
i i

c RT c RT

   
 

  −   −    
= − − −    

    
, (2.1.9) 

with 0 0i Fk= − , where 0i  is the exchange current density, 0k  is the reference pre-exponential 

factor, (0, )Oc t  is the concentration of the oxidized species on the particle surface, (0, )Rc t  is the 

concentration of the reduced species on the particle surface, *

Rc  is the maximum concentration of 

the reduced species,   is the symmetry factor in chemical kinetics, hAVG  is the average 

hydrostatic stress of the particle, R  is the gas constant, T  is temperature, and   is the partial 

molar volume of Li+ in the particle, which is assumed to be a linear function of the molar 

fraction of occupied Li+ sites as shown below, 

  
1

2 1
2

AVG Lik y
  

 =  − +  
  

, (2.1.10) 

where AVG  is the average partial molar volume of Li+, k  is a material property (i.e., fraction 

coefficient), and Liy  is the molar fraction of occupied Li+ sites. In the modified Butler-Volmer 

equation (Equation (2.1.9)),   is calculated using the value of Liy  on the particle surface 

governed by Equation (2.1.7) and Equation (2.1.8), hAVG  is the mean of the hydrostatic stress 

h  over the 2-D particle model, with ( )
1

3
h xx yy zz   = + + , where xx , 

yy , and zz  are 

stress components calculated using Equation (2.1.1), with x, y, and z corresponding to the indices 

1, 2, and 3, respectively. 

The kinetic performance of a LiFePO4 particle can be revealed by a single variable, 

named effective diffusivity, which represents the combined performance of the Li+ diffusion in 

the particle and the electrochemical reaction on the particle surface. We use the Randles-Sevcik 
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equation [106] shown below to calculate the effective diffusivity of the particle containing 

different dislocation groups: 

  

1

2

0.4463 RS
p O

FvD
i Fc

RT

  
=  

 
, (2.1.11) 

where 
pi  is the peak current density and RSD  is the effective diffusivity. 

 

2.1.3 Algorithm and parameters 

The simulation algorithm coded with MATLAB includes nine steps as follows: (1) We 

solve Equations (2.1.4), (2.1.5) and (2.1.6) to obtain the numerical auxiliary angle functions 

( )  , ( )x  , and ( )y  . (2) After discretizing the 2-D particle model, the stress components 

of all grid nodes are calculated using Equation (2.1.1) for each dislocation. (3) We calculate the 

angles between the radius vectors of all grid nodes and the Burgers vectors of dislocations, and 

then calculate the auxiliary angles of all grid nodes using the interpolation method with the 

numerical functions ( )  , ( )x  , and ( )y  . (4) For each dislocation, the displacement 

components of all grid nodes are obtained by substituting the auxiliary angles from step (3) into 

Equations (2.1.2) and (2.1.3). (5) We sum the stresses and displacements induced by all 

dislocations in the particle model. (6) By repeating steps (2) to (5), the average hydrostatic 

stresses at different phase fractions are calculated for all dislocation groups. (7) We calculate the 

numerical relations between hAVG  and   for all dislocation groups using the interpolation 

method with the relation between px  and   mentioned in Section 2.1.2. (8) Based on the 

numerical functions ( )hAVG  , we use the finite difference method shown in Bard and 

Faulkner [107] to solve Equations (2.1.7), (2.1.8), (2.1.9), and (2.1.10), and then obtain the 
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electric current densities for all scan rates and all dislocation groups. (9) We substitute the peak 

current densities from step (8) into the Randles-Sevcik equation (Equation (2.1.11)) to solve the 

effective diffusivities RSD  for all dislocation groups. 

In Equations (2.1.1), (2.1.2), and (2.1.3), the strategy of adapting phase fraction-

dependent anisotropic materials of LiFePO4 are obtained from Kim and Huang [19] and 

ChiuHuang and Huang [99] [100]. Other parameters used for the simulation are listed in Table 

2.1. For different distribution of dislocations at different scan rates, the ranges of Li+ fraction for 

two-phase coexistence during scans should be different. It is necessary to assign the range of Li+ 

fraction for one case of simulation to fit the material parameters in the modified Butler-Volmer 

equation and the partial molar volume of Li+ in the particle (i.e., Equations (2.1.9) and (2.1.10)). 

According to the open-circuit voltage of LiFePO4 shown in Yamada et al. [108], the range of the 

molar fraction of occupied Li+ sites for two-phase coexistence during the quasi-equilibrium 

process is 0.05 0.89Liy  . That is, Li-ion molar fraction 𝑦𝐿𝑖 = 0.05 when phase fraction xp = 0, 

and Li-ion molar fraction 𝑦𝐿𝑖 = 0.89 when phase fraction 𝑥𝑝 = 1. We select this range and the 

dislocations of group D/orientation-3 (-1, 0) with v = 0.65 mV/s as the conditions of fitting the 

material parameters 0k  in the modified Butler-Volmer equation (Equation (2.1.9)), AVG  and k  

in the equation of partial molar volume of Li+ (Equation (2.1.10)). 
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Table 2.1 Material parameters used for the simulation. 

 #Estimated value based on the results in Maxisch and Ceder [12]. ‡Estimated value based on the 

results in Churikov et al. [109]. †Estimated value fit to the results in Yamada et al. [108]. 

Parameter Unit Value Parameter Unit Value 

Oc  3/mol m  1106 # 0k  2 1mol m s− −   110-8 † 

Rc  3/mol m  1106 # T  K  298.15 

D  2 /m s  110-17 ‡ k  - 0.848 † 

  - 0.5 AVG  3 /m mol  1.510-5 † 
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2.2 Results and Discussion 

Figure 2.1 displays the stress and displacement fields of the LiFePO4 particle model with 

different dislocation densities, where dislocation#1 with orientation-1 (1, 0) and the phase 

fraction
px  = 0.9 of the particle. Group A includes dislocation#1 and dislocation#2. Group B 

contains dislocation#1, 2, and 3. Group C has dislocation#1, 2, 3, and 4. Group D includes all 

five dislocations. The Burgers vectors of dislocation#1, 2, 3, 4, and 5 in Figure 2.1 are (1, 0), (1, 

0), (-1, 0), (1, 0), and (-1, 0), respectively. As the directions of the Burgers vectors of all 

dislocations are (1, 0) or (-1, 0), only xu  shows the sharp interfaces which presents the location 

of slip planes of dislocations.  
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Figure 2.1 Stress fields and displacement fields of a LiYFePO4 particle for different dislocation 

densities when dislocation#1 with orientation-1 and phase fraction 
px  = 0.9. Group A has 

dislocation#1 and 2. Group B has dislocation#1, 2, and 3. Group C has dislocation#1, 2, 3, and 4. 

Group D has dislocation#1, 2, 3, 4, and 5. The Burgers vectors of dislocation#1, 2, 3, 4, and 5 are 

(1, 0), (1, 0), (-1, 0), (1, 0), and (-1, 0) respectively. With a higher dislocation density, the larger 

average value of hydrostatic stress  ( ) / 3h xx yy zz   = + +  suggests a higher electrical 

potential of the particle. The sharp interfaces in displacement fields indicate where the slip 

planes of dislocations are located.  
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Figure 2.2 shows the stress and displacement fields when the Burgers vector of 

dislocation#1 is (0, -0.6) (orientation-2). The phase fraction and the arrangements of 

dislocation#2, 3, 4, 5 in Figure 2.2 are the same as those in Figure 2.1, for easy comparison to 

demonstrate the effects of dislocation orientation. The slip plane of dislocation#1 with 

orientation-2 (0, -0.6) is presented by the corresponding sharp interface of 
yu  in Figure 2.2. The 

stress and displacement fields of the particle for orientation-3 (-1, 0) of dislocation#1 are shown 

in Figure 2.3, in which the phase fraction and the arrangements of dislocation#2, 3, 4, 5 are the 

same as those in Figure 2.1 and Figure 2.2. The sharp interface of xu  around dislocation#1 in 

Figure 2.3 indicates the slip plane of dislocation#1 with orientation-3 (-1, 0). 
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Figure 2.2 Stress fields and displacement fields of a LiYFePO4 particle for different dislocation 

densities when dislocation#1 with orientation-2 and phase fraction 
px  = 0.9. Group A has 

dislocation#1 and 2. Group B has dislocation#1, 2, and 3. Group C has dislocation#1, 2, 3, and 4. 

Group D has dislocation#1, 2, 3, 4, and 5. The Burgers vectors of dislocation#1, 2, 3, 4, and 5 are 

(0, -0.6), (1, 0), (-1, 0), (1, 0), and (-1, 0) respectively. With a higher dislocation density, the 

larger average value of hydrostatic stress  ( ) / 3h xx yy zz   = + +  suggests a higher electrical 

potential of the particle. The sharp interfaces in displacement fields indicate where the slip 

planes of dislocations are located.  
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Figure 2.3 Stress fields and displacement fields of a LiYFePO4 particle for different dislocation 

densities when dislocation#1 with orientation-3 and phase fraction 
px  = 0.9. Group A has 

dislocation#1 and 2. Group B has dislocation#1, 2, and 3. Group C has dislocation#1, 2, 3, and 4. 

Group D has dislocation#1, 2, 3, 4, and 5. The Burgers vectors of dislocation#1, 2, 3, 4, and 5 are 

(-1, 0), (1, 0), (-1, 0), (1, 0), and (-1, 0) respectively. With a higher dislocation density, the larger 

average value of hydrostatic stress  ( ) / 3h xx yy zz   = + +  suggests a higher electrical 

potential of the particle. The sharp interfaces in displacement fields indicate where the slip 

planes of dislocations are located.  
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In Figure 2.1, Figure 2.2, and Figure 2.3, from group A to group D, the average values of 

xx , 
yy , and zz  increase for all orientations of dislocation#1, which indicates a larger average 

hydrostatic stress for a higher dislocation density. Hence, using the modified Butler-Volmer 

equation (Equation (2.1.9)) yields that increasing the dislocation density may enhance the 

electrical potential of LiFePO4 cathodes. The sharp interfaces (i.e., lattice slip planes) in 

displacement fields in Figure 2.1, Figure 2.2, and Figure 2.3 reveal the dislocation-induced 

plastic deformation of the particle, where the existence of lattice slip plane is the key indicator of 

discrete plastic deformation at the interface. Of note, the total plastic strain of a crystal particle 

can be the accumulation of discrete dislocation plasticity from multiple dislocations. With the 

increased dislocation density, differences between the maximum and minimum displacement 

fields are observed, indicating enlarged average plastic strains for all orientations of 

dislocation#1 (Figure 2.1, Figure 2.2, and Figure 2.3). 

By comparing Figure 2.1, Figure 2.2, and Figure 2.3, we observe the effect of different 

dislocation slip directions, i.e., the dislocation orientation, on stress fields. As shown in Equation 

(2.1.1), the stress induced by each dislocation core is influenced by the dislocation orientation. 

The average stress of a particle is hence different for different dislocation orientations. For each 

dislocation density, the orientation-3 (-1, 0) (Figure 2.3) exhibits the highest average values of 

xx , 
yy , zz , and hydrostatic stress h  of the particle. Based on the modified Butler-Volmer 

equation (Equation (2.1.9)), we thus deduce that the particle with orientation-3 (-1, 0) for 

dislocation#1 exhibits the highest electrical potential in CV scans. 

The detailed influence of the dislocation orientation on the electrochemical performance 

of the LiFePO4 particle model is revealed by CV curves for different dislocation densities in  

Figure 2.4, where the scan rate of each CV curve is 16 mV/s.  In the gray region (-90.849 mV <
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 < 90.849 mV) in Figure 2.4, the LiFePO4 particle shows two-phase coexistence. The stiffness 

coefficients of the particle during two-phase coexistence depend on the phase fraction 
px  that is 

assumed to change linearly from 0 to 1 when   decrease from 90.849 mV to -90.849 mV.  For 

every orientation of dislocation#1, the CV curve with a higher dislocation density shows a larger 

shift and stronger distortion relative to the CV curve with no dislocation. This comparison 

indicates that the dislocation density may help LiFePO4 provide larger electrical power, 

suggesting better kinetic performance. By comparing Figure 2.4a-c, we observe the extents of the 

dislocation-induced shift and distortion of a CV curve relate to the dislocation orientation. For 

every dislocation density, the CV curve with orientation-3 (-1, 0) for dislocation#1 exhibits the 

highest electrical potential, and the CV curve with orientation-1 (1, 0) for dislocation#1 shows 

the weakest shift and distortion. We may hence promote the kinetic performance of LiFePO4 

cathode materials by increasing the density and tailoring the orientations of dislocations. 
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Figure 2.4 CV curves for different dislocation densities of a LiYFePO4 particle, where 

dislocation#1 with (a) orientation-1 (1, 0), (b) orientation-2 (0, -0.6), and (c) orientation-3 (-1, 

0). The scan rate of every CV curve is 16 mV/s. The gray region indicates the overpotential of 

two-phase coexistence ( 0 1px  ). From group A to group D, the dislocation density increases. 

For every orientation of dislocation#1, the CV curve with a higher dislocation density shows a 

larger displacement relative to the CV curve with no dislocation. The displacement of CV curves 

consists of shift and distortion, which depend on the density and orientation of dislocations. For 

each dislocation density, orientation-3 (-1, 0) displays the strongest shift and distortion, and 

orientation-1 (1, 0) shows the weakest shift and distortion. The kinetic performance of electrodes 

may hence be promoted by increasing the dislocation density and adjusting the orientations of 

dislocations. 
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To illustrate the effects of scanning rates, the influences of the density and orientation of 

dislocations on CV curves are presented in Figure 2.5, where the scanning direction and the 

overpotential range of two-phase coexistence (the gray region) are the same as those in Figure 

2.4. Both the orientation of dislocation#1 and the dislocation density of the particle influence the 

peak current density (i.e., the peak value of i ) and the peak overpotential (i.e., the value of   

corresponds to the peak current density) of CV curves. For each scan rate v in Figure 2.5, the CV 

curve in group D (i.e., contains the greatest number of dislocation density) with orientation-3 (-1, 

0) displays the highest peak current density and peak overpotential (Figure 2.5l). Based on the 

Randles-Sevcik equation (Equation (2.1.11)), the highest peak current density indicates the 

highest effective diffusivity, which implies that the effective diffusivity of a LiFePO4 particle 

may be increased by adjusting the characteristics of dislocations. With a higher scanning rate, 

dislocations have stronger effects on determining the peak current density and peak 

overpotential. By comparing the CV curves of group A with orientation-1 (1, 0) (Figure 2.5a) 

with the CV curves of group D with orientation-3 (-1, 0) in Figure 2.5l, we can see that (1) the 

peak current densities during delithiation increase from 1.267 mA/cm2 to 2.164 mA/cm2 (1.708 

times) for v = 1 mV/s, and from 7.325 mA/cm2 to 14.258 mA/cm2 (1.946 times) for v = 16 mV/s, 

and (2) the corresponding peak overpotential increase from 0.038 mV to 0.08 mV (2.105 times) 

for v = 1 mv/s, and from 0.042 mV to 0.106 mV (2.524 times) for v = 16 mV/s. This result 

indicates that the dislocation-promoted electrical power is larger for a higher scanning rate. 

Because a larger scanning rate represents a stronger non-equilibrium state of the particle, the 

electrochemical performance of LiFePO4 (dis)charged with a higher C-rate (i.e., under a stronger 

non-equilibrium state) may be enhanced by the existence of dislocations. 
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Figure 2.5 CV curves of a LiYFePO4 particle for different scan rates with different orientations 

of dislocation#1 and different dislocation densities. The gray region indicates the overpotential 

of two-phase coexistence ( 0 1px  ). From group A to group D, the dislocation density 

increases. For every scan rate (v), the peak current density (the peak value of i ) and peak 

overpotential (   corresponding to the peak current density) of CV curves depend on both the 

orientation of dislocation#1 and the dislocation density of the particle. The CV curves in group D 

with orientation-3 (-1, 0) (Figure 2.5l) display the highest peak current density and peak 

overpotential for all scan rates, which implies the highest effective diffusivity of Li+ and the 

largest electrical power. With a higher scan rate, dislocations have stronger effects on increasing 

the peak current density and peak overpotential, which suggests that the kinetic performance of 

the particle with a stronger non-equilibrium state may be promoted more by adjusting 

dislocations. 
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The average value of the hydrostatic stress, hAVG  in the modified Butler-Volmer 

equation (Equation (2.1.9)) is the key parameter connecting effects of dislocations and 

electrochemical performance for a LiFePO4 particle. With the increased dislocation density, the 

change of the average hydrostatic stress, hAVG , between different dislocation groups is 

presented in Figure 2.6a. hAVG  is shown to be larger than zero for every dislocation density, 

indicating the particle is in tension due to dislocations for both Li-rich phase (denote in  ) and 

Li-poor phase (denote in ). The modified Butler-Volmer equation (Equation (2.1.9)) suggests 

that 0hAVG   leads to the increase of electrical potential for the same current density, as 

shown in Figure 2.4 and Figure 2.5, which also increases electrical power. A varied hAVG  

value in Figure 2.6a suggests a nonlinear relation between the stress and dislocation density for 

the particle. By increasing the dislocation density is not sufficient to increase hAVG , because 

hAVG  is determined by both the location and the orientation of any additional dislocation, 

which is noticeable by comparing Figure 2.1, Figure 2.2, and Figure 2.3. Tailoring these 

characteristics of dislocations is essential for promoting the kinetic performance of a LiFePO4 

particle. 
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Figure 2.6 (a) hAVG , the change of the average hydrostatic stress of a LiYFePO4 particle when 

the dislocation density increases, with phase fraction 
px = 0 and 

px = 1. 0hAVG   indicates 

that dislocations may help LiYFePO4 be in tension. The nonconstant hAVG  shows the nonlinear 

relation between the stress and dislocation density. The difference of hAVG  between 
px = 0 and 

px = 1 induced by the phase transformation suggests the different effects of dislocations for 

different states of charge (SOCs). (b) RSD , the effective diffusivities calculated by the Randles-

Sevcik equation [107] for different dislocation densities with different orientations of 

dislocation#1. The particle with a larger dislocation density has a higher RSD , especially for 

orientation-3 (-1, 0), which implies that increasing the dislocation density and adjusting the 

dislocation orientation may promote the kinetic performance of the electrodes in lithium-ion 

batteries. 
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Because of the different stiffness coefficients between the Li-rich phase (denote in  ) and 

the Li-poor phase (denote in ), the hAVG  with 
px  = 1 is observed higher than the hAVG  

with 
px  = 0 for every dislocation density in Figure 2.6a. Based on the modified Butler-Volmer 

equation (Equation (2.1.9)), the electrical potential of a discharged LiFePO4 particle is hence 

increased more by the existence of dislocations than that of a charged particle. Therefore, among 

the particles with the same initial and final electrical potentials during (dis)charging, the particle 

with dislocations may have larger change of SOC than the particle without dislocations. This 

mechanism suggests that adding dislocations may help LiFePO4 cathode materials mitigating the 

capacity loss during (dis)charging. Figure 2.6a shows that the difference of hAVG  between 
px  

= 1 and 
px  = 0 is larger when the hAVG  of 

px  = 0 is larger, which suggests that a larger 

hAVG  from additional dislocations may increase the capacity. Thus, the increase of capacity 

could be achieved by carefully adding dislocations. 

The dislocation-affected electrochemical performance of a LiFePO4 particle can be 

reflected by the increased effective diffusivity as shown in Figure 2.6b. With the peak current 

densities during lithiation at different scan rates (Figure 2.5), the effective diffusivity RSD  of Li+ 

is calculated using the Randles-Sevcik equation (i.e., Equation (2.1.11)). RSD  is a parameter that 

reveals the combined effects of the bulk diffusivity D  of Li+ in the particle and the rate of the 

chemical reaction on the particle surface. A larger RSD  represents a faster (de)lithiation. Figure 

2.6b shows that RSD  is higher for a particle with higher dislocation density; and the increase rate 

of RSD  depends on the orientation of dislocation#1 and the dislocation density of the particle. 

For group D with orientation-3 (-1, 0), RSD  = 2.72×10-16 cm2/s, which is 3.3 times larger as 
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compared with RSD  for no dislocation (0.826×10-16 cm2/s). Hence, we may improve the 

effective diffusivity of LiFePO4 cathodes by introducing dislocations with increased density and 

carefully chosen orientation. In the observation of Singer et al. [34], the dislocation density was 

larger for a higher voltage of the cathode VS Li+ (a higher SOC). Although what they measured 

were Li-rich layered oxides, we may expect that the LiFePO4 cathode with a higher SOC has a 

larger effective diffusivity, once the orientations of dislocations are justified. 

Besides the increased density and carefully chosen orientations of dislocations, the 

variational partial molar volume of Li+ is also a key factor of the increased effective diffusivity 

in Figure 2.6b. This relation can be qualitatively interpreted by following steps: (1) The area 

under a CV curve between the minimal overpotential MIN  and the maximal overpotential 

MAX  during the 1st half scan is denoted by A , which is determined by the discharged electric 

charge quantity because of the equality below: 

  
2 2

1 1

MIN

MAX

t t

t t
A id ivdt v idt vQ




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


=  = = =   , 

where 1t  and 2t  are the initial and final time of the 1st half CV scan respectively; and Q is the 

discharged electric charge quantity. (2) As discussed above, dislocations may increase the 

capacity during (dis)charging. For the same scanning rate with the orientation of dislocation#1, 

the particle has more dislocations may thus be discharged with more electricity during the 1st half 

scan, suggesting that the absolute value of A for the CV curve should be equal to or larger than 

that for the CV curve of a particle with lesser dislocations. It is consistent with the CV curves 

observed in Figure 2.4 and Figure 2.5. (3) The CV curves with dislocations can be considered as 

being transformed from one with no dislocation. The transformation can be characterized by the 

displacement of CV curves relative to the one with no dislocation in the coordinate system, 
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which is shown in Figure 2.4c. The displacement of CV curves consists of a shift and a distortion 

which indicate rigid movement and shape changes, respectively. (4) The CV curves are 

generated based on Fick’s law (Equation (2.1.7)), whose boundary conditions include the 

modified Butler-Volmer equation (Equation (2.1.9)). Mathematically, the term hAVG   in 

Equation (2.1.9) represents the horizontal shift of CV curves in the CV coordinate system. If 

hAVG   is a constant value during scanning, the displacement of CV curves is horizontal and 

evenly distributed, as shown in Dhiman and Huang [42]. In this case, the CV curves for particles 

with different characteristics of dislocations should have the same shape at different horizontal 

locations in the CV coordinate system, and then the corresponding peak current densities of CV 

curves are all the same. (5) For variational   expressed by the molar fraction of Li+ (Equation 

(2.1.10)), hAVG   increases with the increased Liy  during scanning, suggesting that the distances 

of the horizontal shift of CV curves are smaller at the beginning of scans when Liy value is small. 

With a variational horizontal shift, to keep the absolute value of area A for the CV curve equal to 

or larger than that for the one for particles without dislocations, the CV curve for particles with 

dislocations would be distorted. In this case, the curves are no longer horizontally shifting with 

the same distance at different locations in the CV coordinate system. That is, distortion is 

introduced to compensate the effects of variational hAVG  , as shown in Figure 2.4c. (6) For a 

bigger hAVG  value, hAVG   has a larger variation, and it indicates a stronger distortion. This 

result explains that the particle with more dislocations exhibits a larger absolute value of the 

peak current density in the 1st half CV scan, as shown in Figure 2.4 and Figure 2.5. (7) The peak 

current density in the 1st half scan is used for calculating the effective diffusivity in the Randles-
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Sevcik equation (i.e., Equation (2.1.11)). Based on a variational  , the particle with a larger 

hAVG  value is therefore has a higher effective diffusivity RSD  as displayed in Figure 2.6b. 

As shown in Figure 2.4 and Figure 2.5, the CV curves for particles have more 

dislocations has stronger distortion, which makes the part of the curve of the 1st half scan closer 

to the part of the curve of the 2nd half scan. Mathematically, there should be intersections in a CV 

curve if the term hAVG   in Equation (2.1.9) is large enough. However, for LiFePO4 cathodes, 

the CV curve with intersections has not been observed yet in experiments. Due to the limited 

effective diffusivities, it might confine the influence of dislocations on peak current density. 

Dislocation-induced distortions of CV curves may hence be spontaneously restricted to avoid the 

intersections, which mitigate dislocation effects. 

Compared to the CV curves with the constant partial molar volume shown in Dhiman and 

Huang [42], the CV curves in this study are distorted due to the variational partial molar volume, 

as discussed above, suggesting that using carefully tailored dislocations to promote the effective 

diffusivity of lithium is suitable for the electrodes whose partial molar volumes are functions of 

the SOC or Li+ concentration. The variational partial molar volume may also be revealed under 

nonequilibrium state. Due to the solid viscosity during the nonequilibrium process, the volume 

change of electrodes may be delayed relative to the fraction change of Li+, which has been 

shown in the experimental study of Liu et al. [110] and modeling study of Chen and Huang [9]. 

The delay indicates that the effective partial molar volume is variational during (de)lithiation, 

even if the intrinsic partial molar volume is constant. The increase of the effective diffusivity is 

more noticeable for the electrode under a stronger non-equilibrium process, as mentioned above. 

To include the electrochemical polarization in the non-equilibrium process, the extent of two-

phase coexistence in CV spectra (the gray zone in Figure 2.4 and Figure 2.5) in this study is 
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wider than that in Dhiman and Huang [42], which makes the stiffness change induced by the 

phase transformation becoming more gradual. In contrast, the sharper change of stiffness in the 

narrower extent of two-phase coexistence in Dhiman and Huang [42] leaded to small fluctuations 

of CV curves in the two-phase coexistence regions (cf. Figure 4 and Figure 5 in Dhiman and 

Huang [42]). 

The dislocation density and dislocation-induced stress in most existing studies were 

formulated using below equations [111], 

  
c

b r





=


, (2.2.1) 

  d M b  = , (2.2.2) 

where  is the dislocation density,   is lattice contraction coefficient, b  is the magnitude of the 

Burgers vector, /c r   is the concentration gradient, d  is the dislocation-induced stress, M  is 

the Taylor orientation factor,   is the empirical constant, and   is the shear modulus. For 

example, Ma et al. [112] modeled the composition of   for dislocation-induced softening effect 

and incorporated d  in the plastic constitutive model of electrodes [113], which based on an 

assumption that dislocations should reduce strain energy (i.e., diffusion-induced stress). With 

this assumption and the traditional dislocation-induced stress model (i.e., Equations (2.2.1) and 

(2.2.2)), diffusion-induced stress was simulated to be reduced by d  in the electrodes with 

different geometries (Wei et al. [111], Li et al. [114], Liu et al. [30], Li et al. [31], Zhu et al. 

[32]), which is in contrast to our study about hAVG  shown in Figure 2.6a. This contrary exists 

because the above assumption is effective for spontaneously generated dislocations only, rather 

than pre-existing engineered dislocations investigated in this study. This is the reason why the 
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dislocations in above contributions [111] [114] [30] [31] [32] were named diffusion-induced 

misfit dislocations. Unlike the spontaneously generated dislocations, the engineered dislocations 

have freedom of orientation. Therefore the stress induced by engineered dislocations should be 

described by Equation (2.1.1) instead of Equations (2.2.1) and (2.2.2). Furthermore, Equations 

(2.2.1) and (2.2.2) are based on continuous dislocation density field and isotropic material 

property, which is only valid for large electrode particles and polycrystal. In contrast, our study 

focuses on nano-sized electrode particles. Compared to large electrode particles, a nanoparticle 

has lower quantity of dislocations and shows stronger trend of single crystal, therefore should be 

described by an anisotropic discrete dislocation model (i.e., Equations (2.1.1) to (2.1.6)).  The 

discrete dislocation model in this study reveals the singularity of stress fields at dislocation cores, 

as shown in Figure 2.1, Figure 2.2, and Figure 2.3, which indicates the influences of the 

distribution and orientation of dislocations. Although a smaller nanoparticle has less dislocations, 

the effect of the singularity of each dislocation core is relatively stronger on stress fields. Hence, 

it is more necessary to consider the discreteness of dislocations for smaller electrode particles. 
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2.3 Conclusion 

Based on linear elastic mechanics and the superposition principle, we have modeled the 

stress and displacement field induced by the dislocations with arbitrary distribution and 

orientations in an electrode particle. The dislocation-induced stress is introduced into the 

electrochemical reaction on the particle surface using the modified Butler-Volmer equation 

which is a boundary condition of Fick’s law used for governing the diffusion of lithium. The 

phase-fraction dependent anisotropic stiffness of electrode materials is incorporated in this study. 

The partial molar volume of lithium is considered as a function of the molar fraction of occupied 

Li+ sites during (de)lithiation. 

We reported the stress and displacement fields of a LiFePO4 particle model for four 

groups of dislocations with different dislocation densities. Every group includes a dislocation 

with a variational dislocation orientation. The CV curves of the particle for all densities and 

orientations of dislocations under different scanning rates are numerically solved using the finite 

difference method coded with MATLAB. The peak current densities in the CV curves are 

utilized into the Randles-Sevcik equation to identify the effective diffusivities of lithium 

corresponding to different dislocation characteristics. The influences of dislocations on CV 

curves and the effective diffusivity are compared with that of the electrode particle without 

dislocations. 

Compared to the electrode particle with no dislocations, increasing the dislocation density 

can add-up the average stress and the average plastic strain of the particle, which leads to higher 

electrical potential due to the coupling effect between the mechanical stress and the 

electrochemical reaction. The increased electrical potential indicates the increase of the electrical 

energy stored in the particle, which can be magnified by optimizing the dislocation orientation. 
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Increasing the dislocation density makes CV curves shift and distort, especially for a particular 

dislocation orientation, representing the improvements of electrical power and the effective 

diffusivity. Electrical power is improved dramatically when the particle is scanned at a higher 

rate. Thus, justified dislocations may improve the kinetic performance of electrodes, especially 

when the electrodes are under stronger non-equilibrium states. Based on the difference between 

the influences of dislocations on the two phases of LiFePO4, we infer that the capacity loss of the 

electrodes during (dis)charging may be alleviated by dislocations, especially for higher 

dislocation densities at certain dislocation orientations. 

This study has demonstrated the influences of the density and orientation of dislocations 

on the mechanical and electrochemical response of a LiFePO4 particle, which suggests the 

strategy of using engineered dislocations to further improve the performance of electrodes for 

lithium-ion batteries. Our methodology presents an insight to develop dislocation-involved 

mechanics and electrochemistry for battery systems. 
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CHAPTER 3 

Paths of Energy Change for Electrodes of Lithium-ion Batteries under Non-equilibrium 

Process 

3.1 Modeling Method 

3.1.1 Free energy with multi-layered states and path factors 

 The electrodes of Li-ion batteries can be considered as a system of Li+ sites that is 

partially occupied by Li+. The free energy of the system includes the part of structural free 

energy and the part of entropy induced by Li+ fraction change, as shown below 

  Sa a Ts= − ,  (3.1.1) 

where, T is temperature, s is entropy, and Sa  is the structural free energy that consists of the 

parts for occupied sites and unoccupied sites as below 

  S A A B Ba a y a y= + ,  (3.1.2) 

where, Aa  is the free energy of occupied Li+ sites, Ay  is the fraction of occupied Li+ sites, Ba is 

the free energy of unoccupied Li+ sites, and By  is the fraction of unoccupied Li+ sites, with 

  1A By y+ = .  (3.1.3) 

The free energies for both occupied sites and unoccupied sites depend on the multi-

layered states of material’s structure and can be expressed as below series of nested equations, 

  
IV IV IVP

X X X Xa a f a f a   = + +  , (3.1.4) 

  
III III IIIP

XK XK XK XKa a f a f a   = + +  , (3.1.5) 

  
II II IIP

XKL XKL XKL XKLa a f a f a   = + +  , (3.1.6) 

  
I I IP

XKLM XKLM XKLM XKLMa a f a f a   = + +  , (3.1.7) 
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  D R

XKLMN XKLMN XKLMN XKLMNa a a a= + +  , (3.1.8) 

with  ,X A B  and  , , , ,K L M N   , where , , ,K L M N  are energy indices for different 

layers,   and   stand for two different states in every layer, IVf  and 
IVf , IIIf  and 

IIIf , IIf  

and 
IIf , If  and 

If  are called path factors of states   and   for layers IV, III, II, and I 

respectively, which control the path of energy change during (de)lithiation. The path factors are 

determined by a series of order parameters   of the system and satisfy the identity below 

  ( ) ( ) 1f f   

  + = ,  (3.1.9) 

with  I, II, III, IV  .   is a continuous variable, of which the value change reflects the 

continuous variation between states   and   for every layer. The physical meaning of the 

multi-layered states and their corresponding values of   are listed in Table 3.1. IVP

Xa , IIIP

XKa , 

IIP

XKLa , and IP

XKLMa  are the free energies determined by order parameters IV , III , II , and I  

respectively. 
XKLMNa   is the free energy depending on the deformation of electrodes. D

XKLMNa  is the 

free energy influenced by dislocations, and R

XKLMNa  is the reference free energy of each state.  
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Table 3.1 Physical meaning of order parameters. 

 1 ( )  0 ( )  

I  Li-rich Li-poor 

II  Delithiation Lithiation 

III  Equilibrium Non-equilibrium 

IV  Crystal Amorphous 
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The number of layers is generally arbitrary and can be chosen based on the phenomena to 

be described. In this research, 4 layers’ structure have 3×25+30 individual energy terms. To 

decrease the complexity of modeling, we assume below energy relation between   and   states 

for layer IV, 

  
IV RS

X X X Xa r a a = +  , (3.1.10) 

where, IV

Xr is the relation coefficient between two energies, RS

Xa  is the reference energy for the 

relation. Furthermore, some differences between occupied and unoccupied Li+ sites can be 

assumed to be neglected for LiFePO4 and layered oxides, as shown below, 

  IV IV IV

A Br r r= =  , (3.1.11) 

  RS RS RS

A Ba a a= =  , (3.1.12) 

  IV IV IVP P P

A Ba a a= =  . (3.1.13) 

Above assumptions yield below expression for the structural free energy,  

  
IV IV IVRS P

Sa a f a f a  = + +  , (3.1.14) 

with  A A B Ba a y a y  = +  , (3.1.15) 

and  
IV IV IV IVf f r f  = +  . (3.1.16) 

To further simplify the free energy, we set 

  III IIIP P

Xa a =  , (3.1.17) 

  X X Xa a a  = =   (3.1.18) 

and  II IIP P

X La a =  . (3.1.19) 

Equations (3.1.6), (3.1.18), and (3.1.19) yield 

  IIP

X Xa a a = +  . (3.1.20) 



   

 

52 

 

 

Since the free energy of   state for layer IV is substituted by that of   state using Equation 

(3.1.10), only notation   is shown for index K in free energy, as shown in Equation (3.1.14). 

Hence index K can be deleted to simplify the expression of free energy terms as below, 

  
X LMN XLMNa a 

 =  , (3.1.21) 

  D D

X LMN XLMNa a =  , (3.1.22) 

  R R

X LMN XLMNa a =  , (3.1.23) 

  X LMN XLMNa a =  . (3.1.24) 

We use square, cubic, and biquadratic polynomial functions shown below to model the 

path factors and the order parameters determined energies, 

  ( )
2

(2) ( , )R Rf v v v v= −  , (3.1.25) 

  ( )(3) 2( ) 2 3f v v v v= − −  , (3.1.26) 

  ( )
2(4) ( ) 1f v v v= −    , (3.1.27) 

where v  is an arbitrary variable with reference value Rv . The path factors are cubic with respect 

to order parameters as below, 

  (3)( ) ( )f f  

  =  , (3.1.28) 

  
(3)( ) 1 ( )f f  

  = −  , (3.1.29) 

with  I, II, III, IV  . 

The free energy induced by dislocations consists of the strain energy from discrete 

dislocation cores, which has been studied in Chen et al. [10]. To simplify the modeling 

formulation, the dislocation-induced strain is considered intrinsic and excluded from the 

mechanical strain in the modeling formulation in this chapter. The free energy induced by 
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dislocations are modeled using homogenized dislocation density which includes the information 

of dislocation orientation. Like the mechanical strain, the dislocation density can affect the 

fraction of Li+, based on the mechanical-electrochemical coupling effect. We model the 

mechanical strain energy and dislocation induced free energy using the quadratic expression as 

below, 

  (2)1
( , , ) ( , )

2

R Ra C C f    =   , (3.1.30) 

  (2)( , , ) ( , )D D R D Ra Y H Y H f Y Y=  , (3.1.31) 

where,   and Y  are characteristic strain and characteristic dislocation density that respectively 

represent the changes of the mechanical strain and the homogenized dislocation density. In the 

paragraphs below we omit the adjective “characteristic” for convenience. We use 1-D modeling 

for simplicity, which does not include the tensor expression. Hence   and Y  are scalars in this 

study. C  and DH  are material coefficients. R  and RY  are reference strain and reference 

dislocation density. The terms of structural free energy for each state are yielded as below,  

  ( , ) ( , , ) ( , , )E R D D R R

X X X X Xa Y a C a Y H Y a

      = + +  , (3.1.32) 

  I I I (2) I IR( ) ( , )P P

X X Xa H f    =  , (3.1.33) 

  ( , ) ( , , ) ( , , )N R D D R R

X MN X MN X MN X MN X MNa Y a C a Y H Y a

      = + +  , (3.1.34) 

  
I I I(2) (2) I IR I(4) (4) I( ) ( , ) ( )P P P

X M X M X M X Ma H f H f      = +  , (3.1.35) 

  (2) (2) (4) (4)( ) ( , ) ( )P P R Pa H f H f         = +  , (3.1.36) 

with  II, III, IV  , where EC  and NC  are the characteristic stiffness for equilibrium state and 

non-equilibrium state respectively, IP

XH   is the structural parameter with respect to order 

parameter I  under equilibrium state. The order parameter determined free energy has square 
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and biquadratic terms for non-equilibrium state, where 
I(2)P

X MH   is the material coefficient for 2nd 

power term and 
I(4)P

X MH   is for 4th power term. After substitute above free energy terms into 

Equation (3.1.1), the total free energy of the system is below, 

 

( )

( )

( )

I II III IV

I I III III

I I I I I I II II

III III

I I I I I I II II

( , , , , , , )

( , ) ( ) ( )

( , ) ( ) ( , ) ( ) ( ) ( )
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A
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 (3.1.37) 

where, the entropy term is ( )( ) ln lnA A A B Bs y R y y y y= − + , with gas constant R . 

 

3.1.2 Governing equations for the kinetics of main parameters 

The free energy function (Equation(3.1.37)) includes 7 independent variables, which is 

called main parameters describing the electrode system. Based on non-equilibrium 

thermodynamics [115][116][9], the driving force for the evolution of each main parameter is the 

partial derivative of free energy with respect to the corresponding main parameter, as listed 

below, 

  2

A A A

A

a
K y

y



= − 


 , (3.1.38) 
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a





=


 , (3.1.39) 

  
Y

a

Y



=


 , (3.1.40) 

  2a
K 







 = − 


 , (3.1.41) 

where, A  is the chemical potential of Li+,   is characteristic stress, Y  is the chemical 

potential of dislocations,   is the potential of order parameter  , AK  and K  are the phase 

field coefficients for Li+ fraction and order parameter  , and 2  is the Laplacian operator. The 

kinetic equation for each main parameter is given by, 

  0A
A A

y
c J

t


+ =


 , (3.1.42) 

  L
t







= −


 , (3.1.43) 

  L
t







= − 


 , (3.1.44) 

  ( ) ( ) ( ) exp ( ) exp 1 ( )L L L L L

A A A A A AJ L f y A A       = − −  − − + 
 

 , (3.1.45) 

with  ( )( ) 1L

A A A Af y y y= −  , (3.1.46) 

and  
II II II II II( ) ( ) ( )L L LA A f A f     = +  , (3.1.47) 

  0Y Y

Y
c J

t


+ =


 , (3.1.48) 

  IV( )L

Y Y Y YJ L f  = −   , (3.1.49) 

with 
IV IV IV IV IV( ) ( ) ( )L L L

Y Y Yf R f R f     = +  , (3.1.50) 
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where, Ac  is the concentration of Li+ sites, AJ  is the molar flux of Li+ in electrodes, L  is the 

inverse of the solid viscosity of electrodes, L  is the mobility of order parameter  , AL  is the 

diffusion coefficient of Li+, L

Af  reflects the interaction frequency between Li+ and vacancies for 

diffusion, L  is the symmetry factor for the diffusion of Li+, LA  is the driving force coefficient 

for diffusion, which is controlled by the path factor with respect to II ,   is the gradient 

operator, Yc  is the characteristic concentration of dislocations, YJ  is the flux of dislocations, and 

L

Yf  revealing the influence of crystalline, which is controlled by the path factor with respect to 

IV .  

The diffusion of Li+ can be considered as the interaction between Li+ and the vacancies 

nearby. We introduce the transition-state theory to model the flux of Li+ (Equation (3.1.45)). The 

transition-state model is mathematically equivalent to the classic linear diffusion model when LA  

is small enough. A dislocation is generated by the movement of atoms in crystal. Based on the 

mass conservation of the moving atoms, dislocation density can be considered conserved [117]. 

The dislocation density Y  in this chapter is a continuous homogenized quantity which describes 

the quantity of dislocations in a tiny region of the particle. It includes information about Burger’s 

vectors and hence can be positive or negative. The mixture of positive dislocation and negative 

dislocation leads to their annihilation. We use Equation (3.1.48) and Equation (3.1.49) which is 

the kinetics for a conserved order parameter to govern the mobile dislocations in this chapter. 

Dislocations can be generated and annihilated on particle surfaces [45], which is named 

dislocation reaction. We consider that the dislocation reaction and the electrochemical reaction 

of Li+ are coupled together on particle surface. The reactions on the surface of particles are 

described as below, 
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  0N RA AI

k

I A h FJ=  , (3.1.51) 

  A
AI

RA

J
J

h
=  , (3.1.52) 

  Y
YI

RY

J
J

h
=  , (3.1.53) 

  F

AI A I A AYA r A = − −  , (3.1.54) 

  IV( )F

YI Y Y AYA r A = +  , (3.1.55) 

  I EF  + =  , (3.1.56) 

  
( )

0

1
( ) exp exp

AI AIAI AI
AI AI AI A

AA
J J f y

RT RT

 +   
= − − −   

    
 , (3.1.57) 

  
( )

0

1
exp exp

AY AYJY AY AY
AY AI A YI AY

AA
J J r J J

RT RT

 +   
= − = − − −   

    
 , (3.1.58) 

  
( )

0

1
exp exp

YI YIYI YI
YI YI

AA
J J

RT RT

 +   
= − − −   

    
 , (3.1.59) 

  ( )
A B
AI AIN N

AI A A Bf y y y=  , (3.1.60) 

  
IV IV IV IV IV( ) ( ) ( )F F F

Y Y Yr r f r f     = +  , (3.1.61) 

with the following meaning of symbols. NI  is the total electrical current of all particles. 0A  is 

the reaction surface area of every particle. RAh  is the reaction depth of electrochemical reaction. 

F  is Faraday constant. AIJ  is electrochemical reaction rate. YIJ  is dislocation reaction rate. RYh  

is the thickness of dislocation reaction. AIA  is the driving force of electrochemical reaction. I  is 

the chemical potential of Li+ in electrolyte. AYA  is the coupling force between electrochemical 
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reaction and dislocation reaction. F

Ar  is the coupling coefficient for electrochemical reaction. YIA  

is the driving force of dislocation reaction. F

Yr  is the coupling coefficient for dislocation reaction, 

which is controlled by crystalline ( IV ).   is electrical potential. E  is the equilibrium chemical 

potential of Li+ in electrolyte, which can be considered as a constant. 0AIJ  is reference 

electrochemical reaction rate. AIf  reveals the activity of Li+ in the reaction. AI  is the symmetry 

factor for electrochemical reaction. AYJ  is the coupling rate between electrochemical reaction 

and dislocation reaction. JY

Ar  is the coupling coefficient between two reactions. 0AYJ  is reference 

coupling rate. AY  is the symmetry factor of coupling reaction. 0YIJ  is reference dislocation 

reaction rate. YI  is the symmetry factor for dislocation reaction. A

AIN  and B

AIN  are the activity 

powers for occupied sites and unoccupied sites respectively. F

Yr   and 
F

Yr   are the coupling 

coefficients for crystal structure and amorphous structure respectively.  

The characteristic strain   is equivalent to the lattice parameters of electrode materials. 

We can compare the simulated X-ray diffraction (XRD) graphs yielded from   with existing 

experimental observations [64] [77] to validate the path altering mechanism of energy changing 

during (de)lithiation. The model for generating XRD graphs is given by, 

  1 = −   (3.1.62) 

  ( ) 2

X X X X( ) expREF

A If y A     = − −  , with  X ,    (3.1.63) 

  ( ) A( )
N

A H L Lf y R R y R

   

   = − +   (3.1.64) 

  ( ) B( )
N

B H L Lf y R R y R

   

   = − +   (3.1.65) 

  ( )IV I I

IV ( )f f f

      = +   (3.1.66) 
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  ( )( ) IVIV IV

IV IV IV IV( )
N

H L Lf R R R


    = − +   (3.1.67) 

  
V

k

dV =   (3.1.68) 

with symbols explained as blow.   is the location of the XRD peak. X  is the intensity density 

for phase X. 
Xf
  is the adapting factor depending on Li+ fraction. 

X

REF  is reference intensity 

density. 
XA  is accuracy coefficient. I  is input peak location.   stands for Li-rich phase and   

represents Li-poor phase. 
XHR  is the higher adapting reference factor for X phase. 

XLR  is the 

lower adapting reference factor for X phase.   is intensity density. 
IVf   is the adapting factor 

controlled by crystalline. 
IVHR  is the higher adapting reference factor for crystalline change. 

IVLR  is the lower adapting reference factor for crystalline change. 
IVN  is the sensitivity 

coefficient for 
IVf  .   is the total intensity of XRD. V  stands for the integral with respect to the 

volume of particle. 
k

 represents the summation of intensity for all particles. 

 

3.1.3 Numerical simulations 

Based on the path altering mechanism mentioned above, the state evolutions of LiFePO4 

(LFP) and LiNi1/3Mn1/3Co1/3O2 (NMC111) systems are numerically simulated under different 

(de)lithiation conditions by solving the governing equations using finite difference method. The 

simulation includes two parts as follows,  

a. The diffusion limitation of Li+ is neglected by directly inputting the change of Li+ 

fraction in a LFP particle. This setting is equivalent to that the diffusivity of Li+ is 

infinite, or the particle size is small enough to be neglected. This part can output the 
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curves of main parameters ( I II III IV, , , , ,Y     ) versus Li+ fraction Ay , and directly 

display the path altering phenomenon during (de)lithiation under different C-rates. 

This part is applied in Mathematica. 

b. The diffusion limitation of Li+ is included. The results in this part include XRD 

graphs and phase field evolutions for LFP and NMC111, which are compared to 

existing experimental observations [64] [77] [66], and used for validating the path 

altering mechanism. This part is calculated using Matlab. 

The particle sizes in the multi-particle systems simulated in this study obey the log-

normal distribution. The mean size and standard deviation for LFP is 186 nm and 0.35 

respectively. The mean size and standard deviation for NMC111 is 186 nm and 0.15 

respectively. We calculated the XRD graphs and Li+ fraction field evolutions for the multi-

particle systems under galvanostatic cycling with different C-rates (5C, 10C, 20C for LFP and 

C/15, 4C for NMC111). 270 seconds open circuit relaxation after 90 seconds 10C partial 

delithiation is included for LFP. In addition, the potentiostatic delithiation of a single LFP 

particle with size 300nm is simulated for 4V vs Li/Li+, which displays the order-disorder 

structure transition for LFP under non-equilibrium process. Based on symmetry, only half of the 

particle is modeled for every particle in the system. The concentrations of Li+ sites are 

4 32.2668 10 /Ac mol m=   for LFP and 4 35.1296 10 /Ac mol m=   for NMC111. Other parameters 

for LFP and NMC111 used in the simulations are displayed in Table 3.2 and Table 3.3, where Cl  

is the characteristic length which is the half of the mean size of particles. 
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Table 3.2 Material parameters for LFP. 

#Estimated value based on the results in Maxisch and Ceder[12] 

Parameter Value Parameter Value Parameter Value Parameter Value 

L

C

A RT

l

  0.1 

L

C

A RT

l


 0.3 A

  7 A

  7 

RSa

RT
 22.1824 

R

Aa

RT

  -2.3588 
R

Ba

RT

  -2.3588 
R

Aa

RT


 -0.03 

R

Aa

RT


 0 

R

Aa

RT


 -0.03 

R

Aa

RT


 0 

R

Ba

RT


 0 

R

Ba

RT


 -0.03 

R

Ba

RT


 0 

R

Ba

RT


 -0.03 

EC

RT
 2.28# 

NC

RT
 0.01 Yc  10 

D

AH

RT

  10 
D

BH

RT

  10 

D

AH

RT


 8.5 

D

AH

RT


 8.5 

D

AH

RT


 8.5 

D

AH

RT


 8.5 

D

BH

RT


 8.5 

D

BH

RT


 8.5 

D

BH

RT


 8.5 

D

BH

RT


 8.5 

IP

AH

RT

  2.5 
IP

BH

RT

  2.5 

I(2)P

AH

RT


 0.01 

I(4)P

AH

RT


 0.1 

I(2)P

AH

RT


 0.01 

I(4)P

AH

RT


 0.1 

I(2)P

BH

RT


 0.01 

I(4)P

BH

RT


 0.1 

I(2)P

BH

RT


 0.01 

I(4)P

BH

RT


 0.1 

II(2)PH

RT
 0.1 

II(4)PH

RT
 0.1 

III(2)PH

RT
 0.01 

III(4)PH

RT
 0.1 

IV(2)PH

RT
 0.01 

IV(4)PH

RT
 0.01 

RA

C

h

l
 7×10-3 

RY

C

h

l
 7×10-3 

0AI RA

A C

J h

c l
 3.088×10-4 

0AY RA

A C

J h

c l
 9.3×10-

6 

0YI RY

Y C

J h

c l
 70 2

A

C

K

RTl
 0.005 

I

2

C

K

RTl
 6×10-5 

II

2

C

K

RTl
 0 

III

2

C

K

RTl
 0 

IV

2

C

K

RTl
 1×10-5 

A

A C

L

c l
 0.0112155 L RT  12.471 

2

Y

Y C

L RT

c l
 0.01442 IL RT  2.4942 IIL RT  0.1247 IIIL RT  0.0748 
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Table 3.2 (continued). 

IVL RT  0.0249 
A

AIN  0.5 
B

AIN  0.5 
L

YR   1 

L

YR   0 IVr  0.7 
F

Ar  0.5 
F

Yr   3.6859 

F

Yr   6.5852 
JY

Ar  1 T  300 
R

AY   0 

R

BY   0 
R

AY   -0.05 
R

AY   -0.05 
R

AY   0.05 

R

AY   0.05 
R

BY   -0.05 
R

BY   -0.05 
R

BY   0.05 

R

BY   0.05 L  -0.5 AI  -0.5 AY  -0.5 

YI  -0.5 
R

A  1 
R

B  0 
R

A  1 

R

A  0.5 
R

A  1 
R

A  0.1 
R

B  0.35 

R

B  0 
R

B  0.5 
R

B  0.035 
IR

A  1 

IR

B  0 
IR

A  1 
IR

A  1 
IR

B  0 

IR

B  0 
IIR  0.5 

IIIR  0.5 
IVR  0.5 

REF

  1 
REF

  2.5     
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Table 3.3 Material parameters for NMC111. 

# Estimated value based on the results in Cheng et al. [118] 

Parameter Value Parameter Value Parameter Value Parameter Value 

L

C

A RT

l

  0.1 

L

C

A RT

l


 0.1 A

  10 A

  10 

RSa

RT
 3 

R

Aa

RT

  -2.3588 
R

Ba

RT

  -2.3588 
R

Aa

RT


 -0.03 

R

Aa

RT


 0 

R

Aa

RT


 -0.03 

R

Aa

RT


 0 

R

Ba

RT


 0 

R

Ba

RT


 -0.03 

R

Ba

RT


 0 

R

Ba

RT


 -0.03 

EC

RT
 1.245# 

NC

RT
 1.245 Yc  10 

D

AH

RT

  10 
D

BH

RT

  10 

D

AH

RT


 8.5 

D

AH

RT


 8.5 

D

AH

RT


 8.5 

D

AH

RT


 8.5 

D

BH

RT


 8.5 

D

BH

RT


 8.5 

D

BH

RT


 8.5 

D

BH

RT


 8.5 

IP

AH

RT

  0.5 
IP

BH

RT

  2 

I(2)P

AH

RT


 0.75 

I(4)P

AH

RT


 0 

I(2)P

AH

RT


 0.25 

I(4)P

AH

RT


 0 

I(2)P

BH

RT


 2 

I(4)P

BH

RT


 0 

I(2)P

BH

RT


 0.5 

I(4)P

BH

RT


 0 

II(2)PH

RT
 0.1 

II(4)PH

RT
 0.1 

III(2)PH

RT
 0.01 

III(4)PH

RT
 0.1 

IV(2)PH

RT
 0.01 

IV(4)PH

RT
 0.01 

RA

C

h

l
 7×10-3 

RY

C

h

l
 7×10-3 

0AI RA

A C

J h

c l
 1.365×10-

4 

0AY RA

A C

J h

c l
 3.69×10-

5 

0YI RY

Y C

J h

c l
 70 2

A

C

K

RTl
 0.005 

I

2

C

K

RTl
 0 

II

2

C

K

RTl
 0 

III

2

C

K

RTl
 0 

IV

2

C

K

RTl
 0 

A

A C

L

c l
 0.5 L RT  12.471 

2

Y

Y C

L RT

c l
 0.02884 IL RT  2.4942 

IIL RT  0.1247 
IIIL RT  0.0748 
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Table 3.3 (continued). 

IVL RT  0.0249 
A

AIN  0.5 
B

AIN  0.5 
L

YR   1 

L

YR   0 IVr  1 
F

Ar  0.2 
F

Yr   5 

F

Yr   5 
JY

Ar  1 T  300 
R

AY   0 

R

BY   0 
R

AY   -0.05 
R

AY   -0.05 
R

AY   0.05 

R

AY   0.05 
R

BY   -0.05 
R

BY   -0.05 
R

BY   0.05 

R

BY   0.05 L  -0.5 AI  -0.5 AY  -0.5 

YI  -0.5 
R

A  1 
R

B  0 
R

A  1 

R

A  1 
R

A  1 R

A  1 R

B  0 

R

B  0 
R

B  0 
R

B  0 IR

A  1 

IR

B  0 
IR

A  1 
IR

A  1 
IR

B  0 

IR

B  0 
IIR  0.5 

IIIR  0.5 
IVR  0.5 

REF

  1 
REF

  1     
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3.2 Results and Discussion 

Figure 3.1a-c displays the free energy of LFP for different dislocation densities. The 

lowest free energy locates on III IV( , ) (1,1)  = , III IV( , ) (0,1)  = , and III IV( , ) (0,0)  = , when 

0Y = , 2Y = − , and 4Y = −  respectively. With the physical meaning of order parameters listed in 

Table 3.1, LFP adopts the following paths to minimize the free energy. (1) LFP shows 

equilibrium state and crystal structure when there are no dislocations. (2) When dislocations are 

introduced with small quantity, LFP transfers to non-equilibrium state while keeping the crystal 

structure. (3) When the quantity of dislocations is large enough, LFP displays the amorphous 

structure with the non-equilibrium state.  
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Figure 3.1 Free energy of LFP vs. order parameters III  and IV  when dislocation density (a) 

0Y = , (b) 2Y = − , and (c) 4Y = − . For 2-dimensional LFP model, the component of IVζ tensor, 

IV

1  and IV

2 , independently affect the probability density function (PDF) of Li+ sites’ location in 

( )1 2,z z  space. LFP shows crystal structure for (d) both directions when  IV

1 1 =  and IV

2 1 = , 

and only one direction when (e) IV

1 1 = , IV

2 0 =  or (f) IV

1 0 =  and IV

2 1 = . 
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The crystalline parameter IVζ is a 2nd order tensor. For the dimension larger than 1, the 

components of IVζ  is more than 1 and can independently represent the structural order on 

different directions. As the 2-D space shown in Figure 3.1d-f, the probability density function 

(PDF) of Li+ sites’ location indicates the crystal structure on (1) both directions when the tensor 

components IV

1 1 =  and IV

2 1 = , (2) only one direction and the amorphous structure on the other 

direction when either IV

1  or IV

2  is 0. This feature explains the phenomenon shown in the in-situ 

transmission electron microscopy (TEM) graphs in Niu et al. [66] that the crystalline of LFP is 

different on different directions during relaxation (cf. Figure 2c in Niu et al. [66]). 

The path altering mechanism for LFP is clearly shown in Figure 3.2. For quasi-

equilibrium delithiation (0.1C), the chemical potential curve in Figure 3.2a shows the normal 

non-monotone shape for LFP. Although   and I  change linearly with respect to Li+ fraction in 

Figure 3.2d, the non-monotone chemical potential leads to the phase separation of Li+ fraction 

which makes both   and I  have two phases coexistence in the particle. Meanwhile, IV 1 = , 

III 1 = , and II 0.5 =  during the whole delithiation in Figure 3.2d respectively indicate the 

stable crystal structure, equilibrium state, and the intermediate state between delithiation state 

and lithiation state throughout the low C-rate delithiation process. Compared to other main 

parameters, dislocation density dominates the change of free energy. Increased electrical current 

leads to increased dislocations due to the coupling between the electrochemical reaction and the 

dislocation reaction on particle surfaces, and hence alters the path of energy changing. For 10C 

(delithiation) and -10C (lithiation), III  goes to zero at the very beginning of the processes 

(Figure 3.2e-f), which indicates that the non-equilibrium state of LFP appears instantly. 

Compared to 0.1C, the chemical potential of Li+ changes to monotone mode for 10C and -10C in 
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Figure 3.2b and c, which suggests the solid solution state of LFP throughout the (de)lithiation. 

The steep changes of I  and   in Figure 3.2e-i imply the rapid structure transition between Li-

rich state and Li-poor state for the whole particle during non-equilibrium process. The transition 

has hysteresis between delithiation and lithiation, which is caused by the energy barrier between 

I 1 =  and I 0 = . Because of the kinetic limitation of I , the hysteresis is stronger under 

higher C-rates. In addition, it is only the feature under high C-rates that II 1 =  for delithiation 

and II 0 =  for lithiation ( II  lines are covered by IV , III , and IV  in Figure 3.2e, Figure 

3.2f, and Figure 3.2i respectively), which implies that the structure of LFP is different between 

delithiation and lithiation during non-equilibrium process. When electrical current increases to 

30C, the structure of LFP transfers to be amorphous, as IV  going to zero shown in Figure 3.2g. 

Compared to 30C, Figure 3.2h and Figure 3.2i display faster changes of IV  for 50C and -50C, 

which suggests that the order-disorder transition can be expedited by increasing current. In the 

above phenomena, dislocation is the core for the variation of phase transition. Besides the 

electrical current, other external factors or approaches that impact the dislocation density on 

particle surface can alter the path of free energy change for the whole particle, which supplies 

potential strategies of improving or optimizing the performance of electrodes for Li-ion batteries. 
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Figure 3.2 Scaled chemical potential of Li+ in LFP at different fraction for (a) 0.1C delithiation, 

(b) 10C delithiation, and (c) 10C lithiation. The evolutions of main parameters with the same C-

rates are recorded in (d-f) respectively. The order-disorder phase transition is revealed under (g) 

30C delithiation, (h) 50C delithiation, and (i) 50C lithiation. 
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Figure 3.3a-c displays the XRD graphs of LFP under non-equilibrium cycling with 5C, 

10C, and 20C, in which the peak locations move continuously with little overlap between Li-rich 

phase and Li-poor phase. LFP changes its lattice parameters rapidly throughout the whole 

particle, which is consistent with Figure 3.2e-i. The displacement of the XRD peak for Li-rich 

phase is much larger than that for Li-poor phase. For 10C (de)lithiation, the XRD peak’s 

transition hysteresis between Li-rich phase and Li-poor phase is basically consistent with the 

hysteresis of I  and   shown in Figure 3.2e-f. For the cycle with a higher C-rate, the XRD 

peak hysteresis and the overlap between two phases are respectively weaker and larger than 

those under a lower C-rate. This tendency contrasts with what is displayed in Figure 3.2 because 

of the diffusion limitation included in the simulation for XRD graphs. With C-rate increased, 

following phenomena are shown in Figure 3.3a-c, (1) the intensity of Li-poor phase is 

decreased, (2) the maximum intensity is decreased, (3) the difference of maximal intensities 

between Li-rich phase and Li-poor phase changes from negative to positive, (4) the displacement 

of Li-rich peak is decreased, (5) the XRD pattern shows more symmetry between delithiation 

and lithaition, i.e., the hysteresis is weaker, and (6) the accuracy of XRD wave is decreased, 

especially for Li-rich phase.(7) the capacity for 5C, 10C, and 20C cycling are 0.7929, 0.7073, 

and 0.6109 respectively. Figure 3.3d shows 90 seconds delithiation with 10C rate followed by 

270 seconds open circuit relaxation, which is repeated by an extra cycle. Once the current is 

applied, the XRD peak during the delithiation part shows the non-equilibrium path for free 

energy change since the peak location is changed. In the relaxation part, LFP gradually transfers 

to two-phase separation, which represents the equilibrium state. The intensity of the Li-poor 

phase after second relaxation is higher than that after first relaxation because a higher fraction of 

Li+ sites has been delithiated. All above phenomena in our simulated XRD graphs in Figure 3.3 
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well agree with the experimental XRD graphs reported in Liu et al. [64], which validates the path 

altering mechanism for LFP under non-equilibrium process. Besides the main solid solution 

phases for LFP, the experimental XRD graphs in Liu et al. [64] display a slight background 

phase between Li-rich and Li-poor, which is relatively more noticeable for higher C-rates. The 

background phase may be a solid solution phase or the combination of multiple single phases 

with different lattice parameters spanning from Li-rich to Li-poor. Including the description of 

the background phase in the simulation needs to introduce more order parameters, which is 

omitted in this study for simplification.  
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Figure 3.3 Simulated XRD graphs and electrical potentials for LFP under (a) 5C, (b) 10C, (c) 

20C cycling, and (d) 90 seconds 10C delithiation followed by 270 seconds open circuit 

relaxation. The XRD peak location 0 and 1 indicate the lattice parameters of Li-rich phase and 

Li-poor phase under equilibrium state, respectively. The diffusional driving force coefficient LA  

satisfies / 0.1L

CA RT l =  and / 0.3L

CA RT l = . 
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Figure 3.4a, b, and c show the Li+ fraction profiles in ten LFP particles respectively for 

5C, 20C, and 90 seconds 10C delithiation followed by 270 seconds open circuit relaxation. 

Because of the size difference between particles, smaller particles will be consumed faster than 

larger particles, which is a feature of the population effect. The particle sizes adopted in the 

simulation obey the log-normal distribution. The mean size and the standard deviation are 186nm 

and 0.35 respectively, based on the experimental sample in Liu et al. [64]. Every particle is 

scaled to the same nondimensionalized size and simulated in half with symmetry. The left end 

and the right end of every particle are the center and the surface respectively. The Li+ fractions in 

Figure 3.4a and Figure 3.4b show gradual changes throughout the particles instead of sharp 

changes, which indicates the solid solution without phase separation. By comparing Figure 3.4a 

with Figure 3.4b, the fraction gradient of Li+ for 5C is less than that for 20C, because of the 

diffusion limitation. The differences of the Li+ fraction gradient between large particles and 

small particles keeps similar between 5C and 20C, which means that the population effect is so 

weak that should not be the reason of generating the solid solution state during non-equilibrium 

process. The altering between the solid solution path during delithiation and the phase separation 

path during relaxation displayed in Figure 3.4c is consistent to the feature revealed in Figure 3.2 

and Figure 3.3. Figure 3.3d and Figure 3.4c show that re-applying the electrical current under 

the phase separated state after the first relaxation makes LFP re-entering the solid solution state, 

which implies that the solid solution of LFP is a stable state instead of a transient kinetic state 

during (de)lithiation. 
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Figure 3.4 Li+ fraction profiles in ten LFP particles with different sizes that obey the log-normal 

distribution (mean size 186nm, standard deviation 0.35) during (a) 5C and (b) 20C cycling, and 

(c) 90 seconds 10C delithiation followed by 270 seconds open circuit relaxation. All particles are 

scaled to the same nondimensionalized size. Larger particles are marked by larger numbers. 

Based on the symmetry, all particles are simulated in half. The left end and the right end are 

respectively the center and the surface of every particle. 
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The solid solution phenomenon of LFP in Zhao et al. [119] is explained by the population 

effect and modeled using Fokker-Planck equation. Compared to our path altering mechanism, the 

modeling with Fokker-Planck equation lacks information about material properties and cannot 

clearly explain the variation for phase transition in detail. Based on the measured and calculated 

miscibility gaps between Li-rich and Li-poor phases for the LFP particles with different 

sizes[57][59], the partial delithiated particle of size 186nm should clearly show the sharp phase 

interface of the two phases coexistence with Li0.95FePO4 for Li-rich and Li0.05FePO4 for Li-poor 

in the particle under equilibrium. Therefore, the XRD intensity in the relaxation process shown 

in Liu et al. [64] (cf. Figure 2D) is dominated by the phase separation in particles instead of the 

single-phase particles of Li-rich or Li-poor. However, the phase separation is not revealed in the 

simulation based on Fokker-Planck equation in Zhao et al. [119], as the field information is not 

included. In addition, the simulation about relaxation and re-(dis)charging for the partial 

delithiated LFP is important since it can indicate the stability of the solid solution state, which is 

not validated with the Fokker-Planck equation in Zhao et al. [119]. In contrast to the phase 

transitions in Figure 3.3 in our study, the symmetry between delithiation and lithiation for phase 

transition in the simulation of Zhao et al. [119] does not agree with the observed symmetry of 

XRD graphs for LFP in Liu et al. [64]. Therefore, the solid solution phenomenon for LFP under 

non-equilibrium process is caused by the dislocation-induced path altering for free energy 

change rather than the population effect of electrode particles. 

In Figure 3.3, the intensities of Li -rich phase for delihiation and lithiation are like each 

other, which agrees with the experimental XRD graphs in Liu et al. [64]. This result is simulated 

based on unsymmetric diffusional driving force coefficient LA , with / 0.1L

CA RT l =  for 

delithiation ( II 1 = ) and / 0.3L

CA RT l =  for lithiation ( II 0 = ). If LA  is a constant and has no 
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difference between lithiation and delithiation, simulated XRD graphs will mismatch the 

experimental XRD graphs, which is shown in Figure 3.5 below. The intensity of the Li-rich 

phase in delithiation process is much larger than that in lithiation process. This comparison 

represents the necessary asymmetry for LA , which reveals that the structure of LFP is different 

between delithiation and lithiation. 

  



   

 

77 

 

 

 

Figure 3.5 Simulated XRD graphs and electrical potentials for LFP under (a) 5C, (b) 10C, and 

(c) 20C cycling. The XRD peak location 0 and 1 indicate the lattice parameters of Li-rich phase 

and Li-poor phase under equilibrium state, respectively. The diffusional driving force coefficient 

LA  is a constant that satisfies / / 0.15L L

C CA RT l A RT l = = . 
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Besides the change of lattice parameters, the order-disorder coexistence for LFP during 

non-equilibrium process reported in Niu et al. [66] can be simulated based on our formulation of 

the free energy with multi-layered states. Figure 3.6 shows the evolution of order parameter IV  

and the electrical current during the potentiostatic delithiation of 4V vs Li/Li+ for a single LFP 

particle with size 300nm, which includes following phenomena, (1) IV  near the surface of the 

LFP particle decreases to 0 rapidly right after 4V voltage is applied, (2) the depth of the 

amorphous zone is about 30nm, (3) the amorphous zone keeps unchanged until around 300 

seconds, (4) most of the amorphous zone recovered back to crystal structure after 300 seconds, 

but there is still a small part keeps amorphous stably, (5) The electrical current decreases to 

around 1C when LFP is recovered to crystal structure (300 seconds). The above phenomena all 

agree with the experimental observations of the in-situ TEM in Niu et al. [66], which validates 

the path altering mechanism in this study. 
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Figure 3.6 Profiles of (a) crystalline ( IV ) and (b) electrical current for a single LFP particle 

with size 300 nm during 4V vs Li/Li+ potentiostatic delithiation, where z1 is the spatial 

coordinate of the particle. Only half of the particle is simulated due to symmetry. 
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Figure 3.7a and Figure 3.7b display the simulated XRD graphs for NMC111 multi-

particles under C/15 and 4C cycles respectively. Under C/15 cycle, NMC111 keeps equilibrium 

with the normal solid solution phase, whose lattice parameter shows roughly linear change 

between lithiated state and delithiated state. The simulation for 4C displays the non-equilibrium 

process, in which NMC111 alters to phase separation path. Unlike the path altering for LFP 

shown in Figure 3.3, the variation of phase transitions for NMC111 is not symmetric between 

delithiation and lithiation since the change of the structural energy coefficient I(2)P

XLMH  between 

delithiation and lithiation for occupied sites is different from that for unoccupied sites. The above 

simulated phenomena for NMC111 well agree with the experimental XRD graphs reported by 

Park et al. [77]. The profiles of Li+ fraction in ten particles are presented in Figure 3.7c and 

Figure 3.7d, where the particles are scaled to the same nondimensionalized size. With 

symmetry, all particles are simulated in half. The sizes of the particles obey the log-normal 

distribution with mean size 186nm and standard deviation 0.15. Compared to the even 

distributed Li+ fraction for C/15 in Figure 3.7c, Li+ fraction shows phase separation under 4C 

delithiation in Figure 3.7d. Meanwhile, the difference of the changing rate of Li+ fraction is so 

small between large particles and small particles that no population effect is shown. Therefore, 

the reason for the variation of phase transition for NMC111 should be the path altering induced 

by dislocations instead of the population effect. In Park et al. [77], the phase separation for 

NMC111 is explained to be fictitious and modeled based on exponentially changed diffusivity 

upon Li+ fraction. However, the capacity loss between charging and discharging in the diffusion 

limited case and mixed-controlled case (cf. Figure S12a in Park et al. [77]) is much larger than 

the experiment measurement (cf. Figure 1e in Park et al. [77]). It also does not agree with the 

smaller capacity loss between charging and discharging in Pathak et al. [120]. Although the 
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strong diffusivity change can lead to the step distribution of Li+ fraction in particles during 

delithiation, it can also lead to strong capacity asymmetry between delithiation and lithiation, i.e., 

large capacity loss in a cycle, based on the reason below. Under high C-rate, an electrode particle 

can only be partially lithiated if Li+ diffusivity rapidly decreases upon the increase of Li+ 

fraction, because rapidly increased Li+ near the surface of the particle can blocked the migration 

of Li+ outside the particle. In contrast, the simulation of our path altering mechanism does not 

show the large capacity loss between delithiation and lithiation, which is a better explanation for 

the variation of phase transition for NMC111. 
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Figure 3.7 Simulated XRD graphs and electrical potentials for NMC111 multi-particles under 

(a) C/15 and (b) 4C cycles. The XRD peak location 0 and 1 indicate the lattice parameters of 

fully lithiated and fully delithiated equilibrium state, respectively. The Li+ fraction profiles in ten 

particles with different sizes that obey the log-normal distribution (mean size 186nm, standard 

deviation 0.15) are shown in (c) for C/15 and (d) for 4C cycles. All particles are scaled to the 

same nondimensionalized size. Larger particles are marked by larger numbers. Based on the 

symmetry, all particles are simulated in half. The left end and the right end are respectively the 

center and the surface of every particle. 
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3.3 Conclusion 

In this study, we have presented a mechanism to explain the variations of phase transition 

for LFP and layered oxides systems under non-equilibrium process. The core of the mechanism 

are the factors that alter the paths of free energy change during (de)lithiation, which are called 

path factors. Path factors assemble the terms of free energy within a multi-layered structure. The 

path factors in every layer are determined by states   and   whose physical meaning are 

different for different layers. The multi-layered states include Li-rich/Li-poor, 

delithiation/lithiation, equilibrium/non-equilibrium, and order/disorder structure, which are 

described using a series of order parameters. The total free energy of the systems includes 

different terms upon Li+ fraction, mechanical strain, dislocation density, and the order 

parameters, which are called main parameters. The dislocation density is a conserved quantity 

that includes the information of dislocation orientation. The process of generation or annihilation 

of dislocations on the particle surface is called dislocation reaction, which is coupled with the 

electrochemical reaction. Increased electrochemical reaction rate results in increased dislocation 

reaction rate and then increases the free energy of the system. To minimize the total free energy 

of particles, the path factors spontaneously alter the path of energy change for (de)lithiation, 

during which the fields of main parameters change continuously. Compared to other main 

parameters, dislocation density plays the most significant role in selecting the path since it 

dominates the free energy change. The governing equations for the kinetics of main parameters 

are solved using finite difference method. Our simulation includes the parts of neglecting and 

including the diffusion limit of Li+. Without the influence of diffusion limit, the path altering for 

(de)lithiation is clearly displayed in the evolution curves of main parameters versus Li+ fraction. 

To validate the path altering mechanism for the variation of phase transition, the simulations 
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with the diffusion limit of Li+ are compared to existing experimental observations. For LFP 

multi-particles, XRD graphs and Li+ fraction phase fields are simulated for the galvanostatic 

cycles with 5C/10C/20C, and the 90 seconds 10C delithiation followed by 270 seconds open 

circuit relaxation. The order-disorder coexistence for LFP is simulated for a single LFP particle 

under the potentiostatic delithiation with 4V vs Li/Li+. For NMC111, we simulated the XRD 

graphs and the Li+ fraction phase fields for C/15 and 4C cycles. All above simulation results for 

LFP and NMC111 well agree with the existing experimental observations, which validate our 

path altering mechanism for the variations of phase transitions. The dislocation induced path 

altering supplies potential strategies to improve or optimize the performance of Li-ion batteries. 

For example, the coefficients for the coupling between dislocation reaction and electrochemical 

reaction, or the initial dislocation density may be adjusted or optimized by using surface 

engineering methods. The development of defect engineering [35] [36] [37] may supply more 

potential approaches to control the dislocations in electrode particles and then adjust the layered 

material states following the path altering mechanism. Besides the four layers of states modeled 

in this study, the nested energy formulation can be expanded to an arbitrary number of layers for 

revealing more details or different phenomena. Our path altering mechanism is a generalized 

method that clarifies the variations of state changes for electrode materials. 
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CHAPTER 4 

Modeling and Simulation of the Non-equilibrium Process for a Continuous Solid Solution 

System in Lithium-ion Batteries 

This chapter considers the electrode of a Li-ion battery as a solid solution system. Based 

on continuum mechanics, non-equilibrium thermodynamics and variational theory, we develop a 

generalized theory to describe the variations of stress distribution, electrode material deformation 

and lithium-ion fractions of the solid solution system over a non-equilibrium process. The finite 

deformation, mass transfer, phase transformation, chemical reaction and electrical potential of 

the system are coupled with each other in a fully self-consistent formulation. We apply the 

developed theory to numerically simulate a Sn anode particle using the finite difference method. 

Our results compare the influences of different C-rates on the non-equilibrium process of the 

anode particle. 

The contents in this chapter are reproduced based on the published work below, 

Hongjiang Chen, Hsiao-Ying Shadow Huang, “Modeling and simulation of the non-equilibrium 

process for a continuous solid solution system in lithium-ion batteries”, International Journal of 

Solids and Structures, Volume 212, 2021, Pages 124-142, ISSN 0020-7683, 

https://doi.org/10.1016/j.ijsolstr.2020.11.014. 

  



   

 

86 

 

 

4.1 Modeling Method 

4.1.1 General theory 

The electrodes of Li-ion batteries can be considered as continuous solid solution systems, 

in which every component has finite deformation due to the volume change and mass transfer 

during (dis)charging. In this chapter, the finite deformation of an electrode system is formulated 

based on metric tensor [94] instead of deformation gradient tensor. The deformed configurations 

of the solution components in the electrode are considered as deformed metric spaces with 

curvilinear coordinate frames, where the components of tensors generally could be covariant or 

contravariant. The concepts of metric tensor and covariant/contravariant components of tensors 

are briefly introduced in APPENDIX B.1. Some terminologies and tensor indices are defined 

below: Reference space is used to refer to a metric space selected for describing the components 

and basis of tensors.  The operators and the tensor components are for the reference space unless 

otherwise specified. Lab space is used to refer to an inertial Euclidean space with a static metric. 

Moreover, lowercase English letters, uppercase English or Greek letters are used in 

superscripts/subscripts in this chapter, and details are as follows: 

a. Lowercase English letters. If there is no bracket, these items are the tensors’ spatial 

indices, and they obey Einstein’s summation convention. Superscripts indicate 

contravariant components, and subscripts indicate covariant components. 

b. Uppercase English or Greek letters. Normal superscripts/subscripts of a variable. 

They are not indices and do not obey Einstein’s summation convention. 

c. Within brackets. Indices that do not obey Einstein’s summation convention. 
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4.1.1.1 Mass conservation and kinematics of continuums for solution systems 

A solution system is composed of different matter components k . Every component 

corresponds to an individual continuous metric space, which can move and deform following the 

movement of a corresponding component relative to a static space. In general, due to the 

movement of the components, the coordinate frames of the corresponding spaces are curvilinear. 

We may select the metric space corresponding to any component as the reference space, in which 

the Lagrangian coordinate is used for the selected component and the Eulerian coordinate is used 

for all other components. In this chapter, the term “velocity” is the velocity relative to the 

selected reference space unless otherwise specified. In addition, the lab space is necessary for 

describing the deformation of a solution system. 

Based on mass conservation, the divergence theorem and the chain rule yield Equation 

(4.1.1)  used for the density change in component k. The derivation steps are shown in 

APPENDIX B.2. As shown in Equation (4.1.1), the local change rate in the density for 

component k is caused by the convective change rate of the density ( ) ( )( )k k
 v , the deformation 

of the reference space v , and local chemical reactions ( )
( ) ( )j j

k
j

J . 

  
( )

( ) ( )( ) ( ) ( )
( ) ( )k j j

k k k k
j

J
t


  


+ +  =


v v ,  (4.1.1) 

where ( )k
  is the mass density of component k, ( )k

v  is the velocity of component k in the 

solution system,   is divergence operator, v  is the velocity of the reference space relative to 

the lab space, 
( )
( )j
k

  is the mass stoichiometric ratio of component k in chemical reaction j , which 
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is less than zero for the components on the left of the chemical equation, and 
( )j

J  is the chemical 

reaction mass rate of reaction j . 

To describe the diffusion of components in a solution system, we introduce a mass center 

continuum for the solution system, in which the density and velocity are defined as follows: 

  
( )k

k

 =  and (4.1.2) 

  
( ) ( )k k

k

 =v v ,  (4.1.3) 

where   and v  are the density and the velocity of the mass center continuum, which are called 

the mass center density and the mass center velocity, respectively [94]. 

The diffusion flux and the mass fraction of component k are defined as follows: 

  ( ) ( )( )( )kk k
= −J v v  and (4.1.4) 

  
( ) ( ) /k kx  = , (4.1.5) 

where ( )k
J  and 

( )kx  are the flux and the mass fraction of component k, respectively [94]. 

With Equations (4.1.2) and (4.1.3), summing (4.1.1) for all the k components yields 

Equation (4.1.6), which describes the density change of the mass center continuum. Because all 

the components satisfy the conditions for mass conservation, the mass center continuum is also 

mass conserved. The chemical reactions are mass-conserved, and hence are canceled by the 

summation, as shown in Equation (4.1.6):  

  ( ) 0
t


 


+ +  =


v v . (4.1.6) 

    Combining Equations (4.1.6) and (4.1.1) yields Equation (4.1.7) with Equation (4.1.8) 

below for the changing rate of the mass fraction: 
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  ( ) ( ) ( )
( ) ( )j j

k k k
j

x J + =J  and (4.1.7) 

  
( )

( )k

k

dx
x

dt
= , (4.1.8) 

where 
•

 is the operator of rate, and 
d

dt
 is the total derivative operator over time of a tensor’s 

components for fixed mass center coordinates. In the selected reference space, the total 

derivatives for functions of coordinate iz  and time t  are calculated by the Equation (4.1.9) 

below, 

  i

i

d
v

dt t z

 
= +
 

 (4.1.9) 

where iv is the contravariant component of the mass center velocity and iz  is the contravariant 

coordinate of the selected reference space. 

The covariant component of the strain tensor for a continuum is defined as half of the 

change in the covariant component of the metric for the corresponding space [94]. Equation 

(4.1.10) shows the strain of the mass center continuum: 

  ( )
1

ˆ ˆ
2

ij ij ijg g = −  , (4.1.10) 

where
îj  is the covariant component of the strain tensor for the mass center continuum. ^ 

indicates that the component corresponds to the mass center space, ˆ
ijg  is the covariant 

component of the metric tensor of the deformed mass center space, and ijg  is the covariant 

component of the metric tensor for the initial mass center space. Above metric-based definition 

of strain for the finite deformation can be applied to the strains in different categories [94]: 



   

 

90 

 

 

elastic strain, thermal strain, plastic strain, concentration strain, etc. As proved in APPENDIX 

B.1, the strain tensor defined by Equation (4.1.10) is equivalent to the Green strain tensor. 

The total strain may be composed of multiple strains with different categories, which can 

be elastic, plastic, creep, etc.  For the mass center continuum, within the mass center space, the 

covariant component of the total strain is the summation of the covariant components of the 

strains in all categories [94], as shown in Equation (4.1.11): 

  ( )ˆ ˆ l

ij ij

l

 = , (4.1.11) 

where 
( )ˆ l

ij  is the component of the strain for the mass center space with category l, and the 

category may be elastic, plastic, creep, etc. Based on the metric-based definition of strain 

demonstrated by Equation (4.1.10), the additive decomposition of strain component shown by 

Equation (4.1.11) is valid for the finite deformation and consistent with the multiplicative 

decomposition of deformation gradient, which is proved in APPENDIX B.1. Please note that 

only the covariant components in Lagrangian coordinates satisfy the additive decomposition of 

strain component [94]. 

 

4.1.1.2 Momentum equation and energy equation 

The Cauchy stress in a solution system represents the statistical average of the atom 

interaction in the system [87]. As the atoms of all the components are indistinguishable on 

continuous scale, the Cauchy stress is related to the acceleration of the mass center continuum 

using the momentum equation as shown below [96], 

  ( )( )

L L

k k
k

 = +a p F ,  (4.1.12) 
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where La  is the acceleration of the mass center continuum relative to the lab space, p  is the 

Cauchy’s stress tensor of the solution system, and 
( )
L

k
F  is the specific body force of component k  

in the lab space. 

In the reference space, La  is calculated using Equation (4.1.13): 

  
Li

Li Lk Li

k

v
a v v

t


= + 


, (4.1.13) 

where Lia  is the contravariant component of La , Liv  is the contravariant component of Lv , 

which is the velocity of the mass center continuum relative to the lab space, and k  is the 

operator of the covariant derivative. 

The evolution of the solution system obeys the 1st law of thermodynamics. The energy 

equation of the system is formulated using the generalized D’Alembert principle below: 

  ( ) ( )( )

L L L

k ak k
kV V V A

u dV q dV dV W dA       = +  + +   F r p n r , (4.1.14) 

where u  is the specific internal energy of the mass center continuum, V is the volume of the 

solution system, q is the specific heat of the mass center continuum, ( )

L

kr  is the variational of the 

radius vector for component k in the lab space, aW  is the total virtual work of inertia force in 

the system, n  is the normal vector for the surface of the solution system, Lr  is the variational 

of the radius vector for the mass center continuum in the lab space, and A is the surface area of 

the solution system. 

On the continuous scale, we use the mass center continuum to represent the entire 

solution system. The mass center density and the mass center velocity are considered as the 

density and the velocity of the system, respectively. Hence, we use the mass center continuum to 

calculate the virtual work of the inertia force in Equation (4.1.14), as shown below: 
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  L L

a

V

W dV  = − a r . (4.1.15) 

 

4.1.1.3 Equation of the entropy production rate 

The evolution of a solution system satisfies the 2nd law of thermodynamics. Under 

nonequilibrium thermodynamics, the entropy production rate is composed of a series of 

generalized thermodynamic flows and forces that describe the system at non-equilibrium [96]. 

The derivation of the entropy production rate is based on the description of the internal energy. 

The solution system is represented by its mass center continuum, of which the total internal 

energy is a functional of the specific internal energy, which is shown in Equation (4.1.16): 

  ( )( ) ( )

( ) ( )
ˆ ˆˆ ˆ, , , ,l l

ij k ij k i k

m

U u s x x dm =   ,  (4.1.16) 

where U is the total internal energy of the solution system, s is specific entropy, ˆ
i  is the 

operator of the covariant derivative in the mass center space, and m is the mass of the solution 

system. 

The intensive thermodynamic functions of the solution system are defined as the 

functional derivatives of the total internal energy. With the mathematical relation between the 

functional derivatives and the partial derivatives, we define the homogeneous functions and 

inhomogeneous functions as shown below: 

Temperature T is defined as follows: 

  
, , , ,x x x

U u
T

s s



  

   
= =   

   ε ε ε

 . (4.1.17) 

Stress with category l, ( )lσ , is defined as follows: 
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( )

( ) ( ) ( )

( )

, ,

1 1 1ˆˆ ˆ ˆ
ˆ

l l

l ij l ij l ijk

HOM k INHl

ij s x

U
  

   


 
= = − 
 
  ε

. (4.1.18) 

With category l, the homogeneous stress ( )l

HOMσ and the inhomogeneous stress ( )l

INHσ  are 

defined below, respectively: 

  
( )

( )

( )

, , , ,

1
ˆ

ˆ
l l

l ij

HOM l

ij s x x

u


 


 
=  
   ε ε 

 and (4.1.19) 

  
( )

( )

( )

, , , ,

1
ˆ

ˆ ˆ
l l

l ijk

INH l

k ij s x x

u


 


 
=  
   ε ε 

 . (4.1.20) 

The category l can be elastic, plastic, creep, etc. The chemical potential of component k 

relative to component K  is defined by 

  

( )

( ) ( ) ( )

( ) , ,

ˆ ˆ

k k

i

kK HOM kK i INH kK

k s x

U

x


  




 
= = − 
 
  ε

,  (4.1.21) 

where the homogeneous relative chemical potential 
( )HOM kK  and inhomogeneous relative 

chemical potential 
( )INH kKμ  are respectively defined by: 

  

( )

( )

( ) , , , ,k k

HOM kK

k s x x

u

x




 
=  
   ε ε 

 and (4.1.22) 

  

( )

( )

( ) , , , ,

ˆ
ˆ

k k

i

INH kK

i k s x x

u

x




 
=  
   ε ε 

 . (4.1.23) 

Based on the definitions of the intensive functions above, we find Equations (4.1.24), 

(4.1.25), (4.1.26),  (4.1.27), and (4.1.28) for the entropy production rate by combining the 

conservation Equation (4.1.7), the energy Equation (4.1.14), and the divergence theorem. The 

derivation steps are shown in APPENDIX B.3. With Equation (4.1.24), we have the generalized 
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thermodynamic flows sJ , ( )lτ , 
( )kJ , and ( )jJ , and generalized thermodynamic forces T , ( )le , 

( )

L

kK , and ( )j

CA  [96]. The generalized thermodynamic flows can be expressed as functions of 

the generalized thermodynamic forces. Their models for a simplified case are shown in Section 

4.1.2.2. 

  
1

( ) ( ) ( ) ( )

( ) ( ):
K

l l L j j

s k kK C

l k j

T T J A
−

= − + −  +  J τ e J   (4.1.24) 

  ( ) ( )l l= −τ p σ   (4.1.25) 

  ( ) ( ) ( )

L L

kK kK kK  = +   (4.1.26) 

  ( ) ( ) ( ) ( )

L L L L

kK k K kK= − = −F F F   , and (4.1.27) 

  
1

( ) ( )

( ) ( )

K
j j

C kK k

k

A  
−

= −  , (4.1.28) 

where   is entropy production rate, sJ  is entropy flux, ( )lτ  is the dissipation stress with category 

l, ( )le  is the strain rate with category l of the mass center continuum, 
( )kJ  is the diffusion flux of 

component k, ( )

L

kK  is the potential energy of component k relative to component K in the lab 

space, ( )j

CA  is the specific chemical affinity of reaction j, and ( )

L

kK  is the potential energy 

corresponding to the body force in the lab space. 

 

4.1.1.4 Constitutive relations of state functions 

We selected T, ( )lε , ( )lε , ( )kx , and ( )kx  as the basic independent parameters to 

determine the status of a solution system. The other state functions of the solution system depend 

on these five parameters. To replace the specific entropy with the temperature as an independent 
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parameter of the state functions in Section 4.1.1.3, specific free energy Fa  is introduced by 

Equations (4.1.29) and (4.1.30): 

  Fa u Ts= −   (4.1.29) 

and 

1 1
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 ˆ ˆˆ ˆˆ ˆ ˆ
K K

l ij l l ijk l i

F HOM ij INH k ij HOM kK k INH kK i k

l l k k

da sdT d d dx d x     
 

− −

= − + +  + +     . (4.1.30) 

We assume that the 2nd order partial derivatives of Fa  is continuous. The homogeneous 

and inhomogeneous stresses are therefore a continuous function of T, ( )lε , ( )lε ,
( )kx , and 

( )kx . 

It is assumed that there is no crossed coupling between different categories of the 

(in)homogeneous stresses, i.e., 
( )( )

( )

ˆ /
0

ˆ

l ij

HOM

h

kl
l h

 




 
  =
 
 

, 
( )( )

( )

ˆ /
0

ˆ ˆ

l ij

HOM

h

m pq
l h

 




 
  =
 
 

, 

( )( )

( )

ˆ /
0

ˆ

l ijk

INH

h

pq
l h

 




 
  =
 
 

, and 
( )( )

( )

ˆ /
0

ˆ ˆ

l ijk

INH

h

m pq
l h

 




 
  =
 
 

. The homogeneous and inhomogeneous 

stresses with category l satisfy Equations (4.1.31) and (4.1.32): 

 
( ) 1 1

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ
l ij K K

l ijkl l l ijrsp l l ij l ijq l ijHOM
kl p rs kK k kK q k

k k

d C d C d dx d x dT 


    



− −

 

 
= +  + +  + 

 
    (4.1.31) 

and 

( ) 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ
l ijk K K

l ijklm l l ijklmp l l ijk l ijkq l ijkINH
lm p lm kK k kK q k

k k

d d d dx d x dT


    


− −

 

 
=  +   + +  + 

 
  ,   (4.1.32) 

where ( )ˆ l ijklC , ( )ˆ l ijrspC , 
( )

( )
ˆ l ij

kK , 
( )

( )
ˆ l ijq

kK , ( )ˆ l ij , ( )ˆ l ijklm , 
( )ˆ l ijklmp

 , 
( )

( )
ˆ l ijk

kK , 
( )

( )
ˆ l ijkq

kK , and ( )ˆ l ijk are the 

components of the coefficient tensors. 
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Similarly, the relative chemical potentials are continuous functions of T, ( )lε , ( )lε ,
( )kx , 

and 
( )kx . They satisfy Equations (4.1.33) and (4.1.34): 

  

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ,...

1 1
( )

( ) ( ) ( )

ˆˆ ˆ ˆ ˆ

ˆ ˆ

l ij l l ijk l

HOM kK kK ij kK k ij

l lk T

K K
kh i

h kKh i h

h h

s
d dT d d

x

dx l d x

    

− −

 
= − + +  

  

+  + 

 

 

   (4.1.33) 

and 

  

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ,...

21

( ) ( ) ( )

1 ( ) ( )

ˆˆ ˆ ˆ ˆˆ
ˆ

ˆ ˆ
ˆ ˆ

i l rsi l l rspi l

INH kK kK rs kK p rs

l li k T

K
i F
kKh h q h

h i k q h

s
d dT d d

x

a
l dx d x

x x

     

−

=

 
= − + +  

  

 
+ +  

   

 



 , (4.1.34) 

where ( )kh  and ( )
ˆi

kKhl  are the components of coefficient tensors.  

Because of the symmetry of the 2nd order derivatives of Fa , coefficients 
( )

( )
ˆ l ij

kK , 
( )

( )
ˆ l ijk

kK , 

( )

( )
ˆ l rsi

kK , and 
( )

( )
ˆ l rspi

kK  appear in both expressions of ( )lσ  and 
( )kK . The coefficients 

( )

( )
ˆ l ij

kK , 
( )

( )
ˆ l ijk

kK , 

( )

( )
ˆ l rsi

kK , and 
( )

( )
ˆ l rspi

kK  are named coupling coefficients of the mechanical-chemical coupling effect. 

 

4.1.2 Simplification and application 

The general theory in Section 4.1.1 may be applied to a simplified solution system that 

represents the tin anode particle in Li-ion batteries, based on the assumptions below: (1) This 

solution system is a binary system with isotropic materials. (2) The temperature of the system is 

constant and evenly distributed. (3) The body force is neglected. (4) The materials of the system 

have no memory effect. (5) Only the interstitial diffusion of Li+ in the Sn anode is considered. 
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(6) The electrochemical reaction of the Sn anode occurs only on the surface of the solution 

system. (7) The electrical potential is evenly distributed on the particle.  

In the tin anode, Li+ diffuse through the sites around Sn atoms. The solution system has 

two components, Li+ and Sn. We define three continuums: the Li+ continuum, Sn continuum and 

the mass center continuum. All three continuums have their corresponding deformed spaces. Li+ 

is defined as component 1 and Sn is defined as component 2. If there is no index of components 

marked in a function, that function is for the mass center continuum. 

 

4.1.2.1 Mass conservation and kinematics 

The boundary of the anode is determined by the boundary of the Sn continuum. For the 

convenience of setting the boundary conditions, we select the space of the Sn (component 2) as 

the reference space, of which the independent variables for the functions are ( )1 2 3, , ,z z z t , where 

iz  is the Eulerian coordinate of the mass center continuum and the Lagrangian coordinate of the 

Sn continuum.  

Selecting the Sn space as the reference space means that 
(2) =v 0 . The solution system is 

assumed to be a binary system. This system yields a simplified form of Equation (4.1.4), as 

shown in Equation (4.1.35) below, 

  (1) (2)=J v .  (4.1.35) 

Substituting Equation (4.1.35) into Equation (4.1.7), with the assumption that there is no 

chemical reaction inside the system, yields the mass conservation equation: 

  ( ) ( )(2)1
0x + =v  . (4.1.36) 
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For the binary system, the molar fraction and the mass fraction are related by Equation 

(4.1.37): 

  
(2) (1)

(1)

(1) (2)B

M x
y

N M x
 =  , (4.1.37) 

where
(1)y  is the molar fraction of the occupied Li+ sites,

(1)M  is the molar mass of Li+,
(2)M  is the 

molar mass of Sn, and BN  is the average number of Li+ per Sn when the anode is fully lithiated. 

We define the current density of lithiation as positive. The total current of the anode 

particle is as follows: 

  
(1)

1

A
I F dA

M
= −  v n , (4.1.38) 

where n  is the normal vector of the surface. 

Since only the interstitial diffusion is considered, we assume that the elastic strain and 

plastic strain rate of the anode particle are contributed from the Sn atoms, as shown in Equations 

(4.1.39) and (4.1.40): 

  
( ) ( )

(2)

e e=ε ε  (4.1.39) 

and 

  
( ) ( )

(2)

p p=e e  , (4.1.40) 

where ( )eε is the elastic strain of the mass center continuum, 
( )

(2)

eε  is the elastic strain of the Sn 

continuum, ( )pe is the plastic strain rate of the mass center continuum, and 
( )

(2)

pe is the plastic strain 

rate of the Sn continuum. In addition, we assume that the Sn continuum has only elastic 

deformation and plastic deformation. Since the reference space is the Lagrangian space of the Sn 

continuum, the additive decomposition of strain component demonstrated by Equation (4.1.11) 
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yields three kinematic relations for the Sn continuum, as shown in Equations (4.1.41), (4.1.42), 

and (4.1.43): 

  
( ) ( )

(2) (2) (2)

e p

ij ij ij  = +   (4.1.41) 

  ( ) (2) (2)

(2) (2) (2)

1 1

2 2

ij ijL L

ij i j j i

g
e v v

t t

 
=  + = =

 
 (4.1.42) 

  

( )

(2)( )

(2)

p

ijp

ije
t


=


 , (4.1.43) 

where (2)ij  is the covariant component for the total strain of the Sn continuum, 
( )

(2)

e

ij  is the 

covariant component for the elastic strain of the Sn continuum, 
( )

(2)

p

ij  is the covariant component 

for the plastic strain of the Sn continuum, (2)ije  is the covariant component for the total strain rate 

of the Sn continuum, (2)

L

jv  is the covariant component for the velocity of the Sn continuum 

relative to the lab space, (2)ijg  is the metric of the Sn space, and 
( )

(2)

p

ije  is the covariant component 

for the plastic strain rate of the Sn continuum. By substituting Equations (4.1.39), (4.1.40), and 

(4.1.41) into Equation (4.1.42), we have the relations between the deformation of the mass center 

continuum and the deformation of the Sn continuum as shown below,  

  ( )
( )

( )

(2) (2)

1

2

e

ij p L L

ij i j j ie v v
t


+ =  +


  (4.1.44) 

and 

  

( )

(2)( ) 1

2

e

ij ijp

ij

g
e

t t

 
+ =

 
 . (4.1.45) 

The constitutive equations for the finite deformation should be formulated based on rate 

functions. For the mass center continuum, the elastic strain rate is connected to its elastic strain 

by Equation (4.1.46) [94]: 
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( ) ( )

( ) ( ) ( )

e ek l
ij ije e e k

ij kj ili j k

v v
e v

t z z z

 
 

  
= + + +

   
, (4.1.46) 

where
( )e

ije is the covariant component for the elastic strain rate of the mass center continuum and 

iv  is the contravariant component of the mass center velocity. The total strain rate of the mass 

center continuum depends on the mass center velocity relative to the lab space, which is equal to 

the mass center velocity relative to the reference space plus the velocity of the reference space 

relative to the lab space. It yields Equation (4.1.47): 

  ( ) ( )(2) (2)

1 1

2 2

TT L L  =  +  +  + 
    

e v v v v , (4.1.47) 

where the first part ( )
1

2

T  + 
 

v v  is the mass center strain rate induced by diffusion, called 

diffusion-induced creep rate, and the second part is the mass center strain rate induced by the Sn 

continuum. 

 

4.1.2.2 Dissipation models of non-equilibrium process 

Equation (4.1.24) for the entropy production rate reveals 4 parts for the dissipation of the 

solution system: thermal, mechanical, diffusional, and chemical reactions. For the system with an 

evenly distributed temperature, thermal dissipation is canceled. The other three dissipations are 

modeled in this section. 

Because there is no memory effect, ( )p =σ 0 . The elastic stress is marked as σ . It yields 

as follows: 

  
( ) ( )p e= = +τ p τ σ . (4.1.48) 
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The mechanical dissipation is assumed to be related to ( )pe and ( )ee . Substituting Equation 

(4.1.48) into Equation (4.1.24) yields as follows: 

  ( )( ) ( ) ( ) ( ): :p e e p

MT = + +σ e τ e e  , (4.1.49) 

where M  is the mechanical entropy production rate.  For the term ( ): pσ e , we describe the 

plastic strain rate with the classic form of the plasticity flow as follows: 

  ( ) ( ) ( )2p P e=e S , (4.1.50) 

where ( )P  is the coefficient of the plastic strain rate, which is called the plasticity rate in this 

chapter, and ( )eS  is the deviatoric tensor of σ . 

Substituting Equation (4.1.50) into Equation (4.1.49) yields as follows: 

  ( )( ) ( ) ( ) ( )2 :P e e p

MT  = + +τ e e   (4.1.51) 

with 

  
( ) ( ) ( ): :e e e = =σ S S S . (4.1.52) 

Equation (4.1.51) reveals that   may be considered as a generalized force of the generalized 

flow ( )P . The function ( )( ) ( )P P  =  is modeled by introducing the transition-state theory into 

the plasticity. Atoms should pass the transition state for causing plastic deformation. This 

mechanism is named kinetic plasticity and is shown below: 

  ( ) ( ) ( )P P P  + −= − ,  (4.1.53) 

  
( )

( ) ( ) exp
p

P p AE
C

RT



   
= − 

 
 , (4.1.54) 

  
( ) ( ) ( )

0

p p p

A AE a K E
+ = +  , and (4.1.55) 

  ( )( ) ( ) ( )

01p p p

A AE a K E
− = + + , (4.1.56) 
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where ( )P   is forward/backward plasticity rate, ( )pC   are pre-exponential factors of the 

forward/backward plasticity rate, ( )pa  is a symmetry coefficient of the plasticity rate, K is the 

stress-activation energy coefficient, and ( )

0

p

AE is the reference activation energy of the plasticity 

rate. 

During plastic deformation, when some atoms are passing the transition state from the old 

state to the new one, that event corresponds to the forward plasticity rate. Additionally, some 

atoms may go back to the old state from the new one. This event corresponds to the backward 

plasticity rate. The net plasticity rate is the difference between the forward plasticity rate and the 

backward plasticity rate. The probability of passing the transition state obeys the Boltzmann 

distribution with forward/backward activation energy. The forward/backward activation energy 

is assumed to be linear with the  . 

The dissipation stress ( )eτ  in Equation (4.1.51) is known as viscous stress. We assume it 

as follows: 

  
( ) ( ) ( ) ( ) ( ): :e e e p p= +τ η e η e , (4.1.57) 

where 
( )eη  and 

( )pη  are the coefficients of viscosity related to elastic strain rate and plastic strain 

rate respectively. The existence of viscosities makes the non-equilibrium process stable. Solving 

the equations of the system may give divergent results if the coefficients of the viscosity are not 

carefully chosen.  

The material is assumed to be isotropic. Hence, 
( )eη  and 

( )pη  have simplified forms 

related to the metric as follows: 

  
( ) ( ) ( ) ( )

(2) (2) (2) (2) (2) (2)

e ijkl e ij kl e ik jl e il jk

H D Dg g g g g g   = + +   (4.1.58) 

and 
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( ) ( ) ( ) ( )

(2) (2) (2) (2) (2) (2)

p ijkl p ij kl p ik jl p il jk

H D Dg g g g g g   = + + ,  (4.1.59) 

where (2)

ijg  is the contravariant component of the metric tensor for the reference space, and ( )e

H , 

( )e

D , ( )p

H , and ( )p

D are material parameters.  

Substituting Equation (4.1.50) into Equation (4.1.57) yields a simplified form of ( )eτ  by 

cancelling the ( )p

H : 

  ( ) ( ) ( ) ( ) ( ) ( ): 4e e e p P e

D = +τ η e S . (4.1.60) 

For isotropic materials, the parameters are zero for the 1st and the 3rd order coefficient 

tensors [94]. Hence, for the diffusional dissipation, there should be no coupling between (1)J and 

( )j

CA , or between (1)J  and ( )le . The body force is neglected. It yields as follows: 

  (1) (1) (12)T = −J  , (4.1.61) 

where (1)  is the diffusional entropy production rate of the simplified system. The relation 

between (1)J  and (12)  is expressed as follow: 

  (1) (2) (12)

i ij

j

L
J g

T
= −    (4.1.62) 

with 

  ( )0 (1)LL L f x=  , (4.1.63) 

where (1)

iJ  is the contravariant component of Li+ flux, L is the thermodynamic coefficient of 

diffusion, and 0L is the reference thermodynamic coefficient of diffusion. Coefficient L depends 

on the mass fraction of Li+. According to Equations (4.1.4) and (4.1.5), (1)J is zero when (1)x  is 
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zero. Hence, L should be zero when
(1)x  is zero. Moreover, we assume that L is zero when the 

anode is fully lithiated.  

We set lithiation as the forward reaction. The chemical reaction on the surface is as 

follows:  

  A ALi e S LiS+ −+ +    (4.1.64) 

where Li+ is the Li-ion from the electrolyte, e - is the electron from the anode, and AS  indicates 

the site of Li+ in the anode. The surface region may not be considered as the binary system since 

there are more than two components on the surface. We define the Li+ from electrolyte as 

component 3. 

The molar electrochemical potential of the Li+ in the electrolyte is expressed as follows: 

  (30) (32) (1)M M F  = + ,  (4.1.65) 

where (30)M is the molar electrochemical potential of the Li-ion in the electrolyte, F is the 

Faraday’s constant, and   is the electrical potential based on the location of Li-ion. If the 

diffusivity of the Li-ion in the electrolyte is much higher than the diffusivity of Li+ in the anode, 

we may consider the electrolyte to always be in equilibrium relative to the anode. Hence, (30)M

should be constant and evenly distributed in the electrolyte. Substituting Equation (4.1.65) into 

Equation (4.1.28) yields as follows: 

  ( )(30) (12) (1)CM MA F M  = − + , (4.1.66) 

where CMA  is the molar chemical affinity.  
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We define the molar reaction rate MJ  with 
(1)/MJ J M= . Based on the transition-state 

theory, the function ( )M M CMJ J A=  is modeled by Equations (4.1.67), (4.1.68), (4.1.69), and 

(4.1.70): 

  
M M MJ J J+ −= − , (4.1.67) 

  
( )

( ) exp
R

R A
M

E
J C

RT


   
= − 

 
, (4.1.68) 

  ( ) ( ) ( )

0

R R R

A CM AE a A E+ = + , and (4.1.69) 

  ( )( ) ( ) ( )

01R R R

A CM AE a A E− = + + , (4.1.70) 

where 
MJ   is the forward/backward molar reaction rate, ( )RC   is pre-exponential factors of the 

forward/backward molar reaction rate, ( )Ra  is the symmetry coefficient of the molar reaction 

rate, and ( )

0

R

AE  is the reference activation energy of the molar reaction rate. 

 

4.1.2.3 Models of state functions 

For isotropic materials, ˆ ijklC  and 
( )

( )
ˆ l ij

kK  have simplified forms related to the metric tensor. 

It yields as follows: 

  ˆ ˆ ˆ ˆ ˆ ˆ ˆijkl ij kl ik jl il jkC g g G g g G g g   = + +   (4.1.71) 

and 

  (12)
ˆ ˆij ijg = , (4.1.72) 
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where   is related to the expansion ratio defined by 

( )

(1)

ˆ
ˆ

HOM

e

ij

ij ijg
x




 

 
= =  

  σ
.  The chain rule 

( )
(1)

( )

( )

(1) (1)ˆ

ˆˆ ˆ

ˆe HOM
kl

ij ij e

HOM HOM kl

e

kl x
x x




  

  

      
= −              σ

 yields the connection between   and  : 

  (3 2 )G   = − + , (4.1.73) 

where  is related to the partial molar volume PMV  by 

  
(1) (2)

1

3

PMV

M x


 = .  (4.1.74) 

Since for isotropic materials, the parameters are zero for the 3rd and 5th order coefficient 

tensors [94], we can cancel the ( )ˆ l ijrspC , 
( )

( )
ˆ l ijq

kK , ( )ˆ l ijklm , 
( )

( )
ˆ l ijk

kK , and 
( )ˆ l ijk  in Equations (4.1.31) 

and (4.1.32). There are 15 independent components for 6th order isotropic tensors [121]. With 

considering the symmetries of stress tensor and strain tensor, the number of the independent 

components for Λ  decreases to six: (1)
ˆ ˆ ˆij kp lmg g g , (2)

ˆ ˆ ˆij kl mpg g g , (3)
ˆ ˆ ˆik jl mpg g g , 

(4)
ˆ ˆ ˆik jp lmg g g , (5)

ˆ ˆ ˆil jm kpg g g , and (6)
ˆ ˆ ˆil jp kmg g g . For simplicity, ˆ ijklmp

  and (12)
ˆ ijkq  are 

expressed in only one component of them. Hence, we assume  

  ˆ ˆ ˆ ˆijklmp ij kp lmg g g  =   and (4.1.75) 

  (12)
ˆ ˆ ˆijkq ij kq

I g g  = .  (4.1.76) 

By substituting Equations (4.1.75) and (4.1.76) into Equations (4.1.31) and (4.1.32) , 

Equation (4.1.18) yields the model of the objective elastic stress rate Ω  as shown below,  

  ( )
( )2

( ) 2

(2) (1) (2)2
xij ijkl e ij m ij ij ij

kl m x

d f
C e e g x f e g

dt



      


 = − + +  −   (4.1.77) 
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with 

  
( )

(1)

e m

x m If x  =  + . (4.1.78) 

The relation between the objective elastic stress rate and the elastic stress is as follows 

[94]:  

  
ij i j ij

ij pj iq k

p q k

v v
v

t z z z

 
 

   
 = − − +

   
. (4.1.79) 

The relative chemical potential (12)  is divided into an ideal part and an excess part. The 

entropy of the ideal part obeys the ideal solution model [122]. We assume that specific entropy s  

is independent of 
(1)x  and ( )lε . Hence, combining Equations (4.1.21), (4.1.29), (4.1.30), 

(4.1.31), (4.1.33), and (4.1.34) yields the relative chemical potential model below. The derivation 

steps are shown in APPENDIX B.4. 

  
(12) (12) ( )

(1)

EX EXk e m

D mk
v K e hx

t z

  
+ = +

 
, (4.1.80) 

  
(1) 2 ( ) 2

(12) (2) (12) (1) (12)

(1) (2) (2)

1
ln ln e mB

I m EX

y N
RT y K x

M y M
   

 
= − −  −  + 

  

, (4.1.81) 

  
(2)

D

T
K

x
 = − , and (4.1.82) 

  (3 2 ) TG   = − + , (4.1.83) 

where (12)EX  is the excess relative chemical potential, h is the material parameter of the relative 

chemical potential, calculated by (2)/hRTh k RT M= , R is gas constant, (2)y  is the molar fraction 

of unoccupied Li+ sites, (12)K is the material parameter of the relative chemical potential, and T  

is the thermal expansion ratio. 
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4.1.3 Numerical simulation 

4.1.3.1 Transformation of equations and numerical method 

For the convenience of simulating Sn anode particles, we transform the following 

equations into conducive forms for linearization: Equation (4.1.36) for mass conservation, the 

momentum Equation (4.1.12), the diffusion Equation (4.1.62), Equation (4.1.54) for the 

plasticity rate, Equation (4.1.68) for the chemical reaction rate, and Equation (4.1.81) for the 

relative chemical potential. The derivation steps of the transformation are shown in APPENDIX 

B.5. The transformed equations are shown below: 

The equation for mass conservation is transformed into: 

  

( )( )

( )( )

20
(1) 1 (1) (2) 1 (1)

(1)

20
(12) (2) (12) 0

ij

L i L j

ij

L IE i L j IE

L R
x f x g f x

M

L
f g f

T



 

 −  +  
 

 −  +   =
 

,  (4.1.84) 

  with ( ) ( ) ( )
3

1 2 (2)

(1) (1) (1) (1)

(1)

1 1 1

N

N N

L L

B

M
f x A x x x

N M

  
= − − +  

 
   

 ,   (4.1.85) 

and 

  ( ) ( ) ( )
3

1 2

1

1 1 (2)

1 (1) (1) (1) (1)

(1)

1 1 1

N

N N

L L

B

M
f x A x x x

N M

−

− −   
= − − +  

 
   

 , (4.1.86) 

where (12)IE  is inhomogeneous and an excess part of the relative chemical potential and LA , 1N , 

2N , 3N  are material parameters related to Lf . 

The momentum equation is transformed into: 

  
(2) (2)

(2) (2) (2) (2)

L iji
jij k i L L kj mi

j k j k m

v gv
p v v v v g g

t t

 

 = +  + +     
 (4.1.87) 
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  with ( ) ( ) ( ) ( ) ( )

(2) (2) (2) (2)2 4ij ij ij kl ik jl e p P e ij

H D kl Dp g g g g e S    = + + +  . (4.1.88) 

The diffusion equation is transformed into: 

  (2) 0 (2) 1 (1) (12)

(1)

i ij L
L j j IE

R f
v L g f x

M T
 

 
= −  +  

  

 . (4.1.89) 

The equation for the plasticity rate is transformed into: 

  

( )( )
( )

pP
P

a K

t RT t

 


+
+ 

= −
 

 and (4.1.90) 

  
( )( )( )

( )
1pP

P
a K

t RT t

 


−
−

+ 
= −

 
 , (4.1.91) 

  with 
(2)( ) ( )

(2)2
ij

uie e ij uv

ij vj

g
S S g

t t t

 


  
= + 

   
 . (4.1.92) 

The equation for the chemical reaction rate is transformed into: 

  
( )R

M CM
M

J a A
J

t RT t

+
+ 

= −
 

 and (4.1.93) 

  
( ) 1R

M CM
M

J a A
J

t RT t

−
− + 

= −
 

 , (4.1.94) 

  with 
(12) (1) (12)

(1)

(1)

HL IECM
xA

F M
t t x t t

      
= − + +  

        

 , (4.1.95) 

  
( )

( )

2

(12)

(1) (2) (1) (2) (1)

11

1 1

HL B
kRTN k

x M x x k x

   +
= − + 

 − +  

 , and (4.1.96) 

  
(2)

(1)B

M
k

N M
=  , (4.1.97) 

where (12)HL  is the homogeneous-logarithm relative chemical potential. 

The equation for the relative chemical potential is transformed into: 



   

 

110 

 

 

  
2 ( ) 2

(12) (12) (1) (12)

e m

IE I m EXK x   = −  −  +  . (4.1.98) 

For the numerical simulations, we have Equations (4.1.77), (4.1.73), (4.1.74), (4.1.78), 

(4.1.87), (4.1.88), (4.1.47), (4.1.53), (4.1.90), (4.1.91), (4.1.92), (4.1.44), (4.1.84), (4.1.85), 

(4.1.86), (4.1.8), (4.1.79), (4.1.46), (4.1.89), (4.1.80), (4.1.82), (4.1.98), (4.1.45), and (4.1.5). To 

make the number of variables equal to the number of equations, the four additional equations 

shown below are necessary: 

  
( )

( )

2 ( )

(2)2
0L

t





+  =


v , (4.1.99) 

  
1

(2) (2)

ij

ijg g
−

   =     , (4.1.100) 

  /  =  , and (4.1.101) 

  /G G = ,  (4.1.102) 

where   and G  are Lame constants.  

We have 28 equations above with 28 variables below to numerically solve the non-

equilibrium process of the Sn anode particle, namely, Ω ,  ,  , xf , (2)

Lv , p , e , ( )P , ( )P + , 

( )P − ,  , ( )ee , (1)x , Lf , 1Lf , ( )1
x , σ , ( )eε , v , (12)EX , DK , (12)IE , (2)ijg ,  , ( )2

 , (2)

ijg ,  , and 

G  . 

We apply the finite difference method coded with MATLAB to solve the equation set of 

the solution system numerically. We use a mesh generator program from Persson and Strang 

[123] to generate the grid of the discretized anode particle. The derivative matrices of the finite 

difference are built based on the method from Perrone and Kao [124]. We use the implicit 

method of finite difference scheme to keep the system numerically stable and convergent. 

System equations are solved in every time step. The equations of the solution system are 
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nonlinear. To reduce the computational cost, Newton’s iteration is avoided at every time step. 

The equations are simply linearized by setting the variables as input coefficients for every time 

step if the variables are integrated over time in the simulation. 

 

4.1.3.2 Geometry and material parameters of the particle 

Figure 4.1a shows the initial spherical cap geometry of the anode particle bonded on a 

flat current collector, based on the size of the Sn particle observed in Takeuchi et al. [125]. To 

prevent stress concentration, the fillet is set on the connection between the current collector and 

the particle. We use the cylindrical coordinate frame ( )1 2 3, ,z z z  on the initial Sn space, where 

2z  is the angle coordinate. The origin of the coordinate frame coincides with the spherical center 

of the spherical cap. 
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Figure 4.1 (a) A representative Sn anode particle used in the simulation. Initially, the particle is 

a spherical cap with a fillet. The radius of the spherical cap is 1.5 µm. The radius of the fillet 

between points C and D is 0.375 µm. The distance between the spherical center and the current 

collector is 0.75 µm. (b) The curves of the thermodynamic coefficient of diffusion L and the 

diffusivity D serve as functions of the molar fraction of occupied Li+ sites (1)y . 
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For simplicity, the numerical simulation of phase separation and the inhomogeneous 

stress are neglected in this chapter. Hence, we set 0 = , 0I = , 
(12) 0K = . Other material 

parameters used for the computation are shown in Table 4.1. ( )e

H , ( )e

D  and ( )p

D  are assigned by 

referring the viscosity of glass at transition state [126]. Because the stiffness of electrodes may 

change during charging/discharging [12] [127] [128], the Lame constants are multiplied by 

factors 0Gk =  and 0GG k G= , where 0  and 0G  are Lame constants of pure Sn [78]. The 

partial molar volume PMV  is determined by 
(2)

0

V

PM

B

M R
V

N
= , where VR  is the ratio of the expanded 

volume of the anode particle after it is fully lithiated by the ideal process that is stress-free and 

possesses quasi-equilibrium, and 0  is the density of pure Sn. To save on the computation cost, 

we set 1VR =  which is half of the ratio of a real Sn anode [78]. 
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Table 4.1 Material parameters used in the simulation. 

#Estimated value fit to results shown in Figure 4.3. 
†
Estimated value fit to curves shown in Figure 

4.1b. ‡Estimated value fit to results shown in Figure 4.7. 

Parameter Unit Value Ref. Parameter Unit Value Ref. 

(1)M  /kg mol  36.94 10−  [129] T  K  300  

(2)M  /kg mol  0.119 [129] 
0L  3/kg s K m   

151 10− †  

BN  - 4.4 [125] 
VR  - 1 [78] 

0  3/kg m  
37.265 10  [129] 

1N  - 0.5†  

0  GPa  40.4384 [78] 
2N  - 1†  

0G  GPa  19.0299 [78] 
3N  - 0.5†  

T  1K −  
52.2 10−  [129] 

Gk  - 0.7 [127] 

( )e

H  GPa s  2000 [126] 
hRTk  - 4000‡  

( )e

D  GPa s  1000 [126] 
Rh  nm  1.05 [130] 

( )p

D  GPa s  1000 [126] 
0  V  1‡  

( )

0

p  ( )
1

Pa s
−

  
141 10− #  

1R C  V  -0.1‡  

( )pa  - -0.5  
It  s  5  

K  2/J Pa  103 10− #  
(1)0y  - 45 10−   

( )Ra  - -0.5  
0MJ  ( )3/mol m s  

35.9011 10  

‡ 
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The thermodynamic coefficient of diffusion L  in Equation (4.1.62) can be connected to 

the diffusivity D  in Fick’s law. With the values of 1N , 2N , and 3N  in Table 4.1, Equation 

(4.1.63) and Equation (4.1.85) yield the curve of L . Comparing Equation (4.1.62) with Fick’s 1st 

law yields the corresponding D  of L  as shown in Figure 4.1b. The derivation steps are shown in 

APPENDIX B.6. The shape of D  is basically consistent with the results in Ding et al. [131]. The 

value of D  agrees the range between 208 10−  m2/s and 115.9 10−  m2/s mentioned in Shi et al. 

[132]. 

 

4.1.3.3 Boundary conditions, initial conditions and deformation 

Due to symmetry, we calculate the right half of the particle. In Figure 4.1a, the segment 

from point A to point C is designated the bottom, and the segment from point C to point B is 

called an arc. 

The mechanical boundary condition is 

  ( )( ) ( )

(2) (2)1 0i ij i L ij

BAM j BA BAM jk p n k v g+ − =   (4.1.103) 

with 

  ( ) ( ) ( )
( ) ( )( ) 2

arctan 1
i

i i
c

a bi

BAMk l l


−

 = −
 

 , (4.1.104) 

where ( )i

BAMk  is the bottom-arc mixing coefficient for the mechanical boundary condition. ( )i

BAMk

helps to prevent singularity by making the mechanical boundary condition change continuously 

from the bottom to the arc. ( )i

BAMk  is a monotone-increasing function of l  with value settings of 

( )ia , ( )ib  and ( )ic . l represents the location along the boundary passing through points A, C, D, 

and B in Figure 4.1a. l = 0 at point A and l = 1 at point B. For both i = 1 and i = 3, we set 
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( ) 0.1i

BAMk =  at point C, ( ) 0.9i

BAMk =  at point D, and ( ) 0.5i

BAMk =  at the midpoint of the boundary 

segment between points C point D in Figure 4.1a. 

The kinetic boundary condition is composed of the following equations: Equation (4.1.7) 

for mass conservation, Equations (4.1.67), (4.1.93), (4.1.94), (4.1.95), and (4.1.96) for chemical 

reaction, and Equation (4.1.38) for the total electric current. The reaction region is very thin 

compared to the whole particle. The mass conservation equation can be simplified as 

  (1)M RJ M h = −v n   (4.1.105) 

where Rh is the thickness of the reaction region. In Table 4.1, Rh is assigned by referring the 

thickness of electrical double layer [133]. 

Ideally, the chemical affinity on the segment will be zero where the particle contacts the 

current collector, i.e., only the surface where the particle contacts the electrolyte has the chemical 

reaction. Like the mechanical boundary condition, to avoid singularity, we set the kinetic 

boundary condition changes continuously along the surface. A coefficient BAkk  with the same 

mathematical form as Equation (4.1.104) is multiplied on the right side of Equation (4.1.95). 

The surface area of the particle changes during (de)lithiation. Based on the particle 

symmetry with respect to 2z , the dA  of the integral in Equation (4.1.38) changes according to 

Equation (4.1.106) as shown below: 

  
( ) ( )

( ) ( )

22 1 3 1 3

(2)11 (2)13 (2)33 (2)22

2 2
1 3 1

0

2 / /

1 /

g g z z g z z gdA

dA z z z

 − + 
 = 
 +   

 . (4.1.106) 

The derivation steps are shown in APPENDIX B.7. With the kinetic boundary condition, 

MJ , MJ + , MJ − , CMA , (12)HL , and   are added into the equation set for the anode particle in the 

galvanostatic mode of lithiation. 
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To make the simulation more stable, we set the total electric current in the collector to 

change continuously between zero and the maximum. The duration of the change is It . When 

the time is zero, the nonzero initial conditions of the system are 

  
(1) (1)0y y =  , (4.1.107) 

  ( ) ( ) ( )

0

P P p  + −= =  , (4.1.108) 

  
0M M MJ J J+ −= =  , (4.1.109) 

  0 =  , (4.1.110) 

  (2)ij ijg =  , and (4.1.111) 

  
(2) 0 =  , (4.1.112) 

where (1)0y  is used for avoiding the negative infinity of the relative chemical potential, the 

reference chemical reaction rate 0MJ  can be calculated by setting the overpotential 1R C  for the 

1C electric current under the ideal situation, i.e., (12) 0 = , 0  is the reference electrical potential, 

and ij  is the Kronecker delta. Initially, the particle is assumed to be stress free, strain free and 

static, hence the initial values of the following variables are zero: σ , ( )eε , v , (2)

Lv , and (12)EX . 

To display the deformation of the particle directly, we need to calculate iZ , which gives 

the coordinates of Sn in the lab space. The solved (2)

L

iv  should be transformed into the component 

in the lab space with the below equations. The derivation steps are shown in APPENDIX B.8.  

The boundary condition for solving iZ  is ( )1

(2) 1 0 0L

Lv z = = . 

  1

(2)22Z g=  , (4.1.113) 
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2
3 1

(2)111 1

Z Z
g

z z

  
= − −  

  
 , (4.1.114) 

  

2
3 1

(2)333 3
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4.2 Results and Discussions 

In this chapter, some material parameters of the Li-Sn system currently serve as 

placeholders for future simulation versatility for different lithium-ion battery binary systems. For 

example, the reference thermodynamic diffusion coefficient 0L , viscosities ( )e

H , ( )e

D , and ( )p

D , 

symmetry factors ( )pa  and ( )Ra , etc. Compared to the numerical error, the chosen material 

parameters may dominate the overall error in final results. Hence, analyzing the numerical error 

in the current simulations lacks practical significance and is neglected in the present theoretical 

study. 

We simulate anode particles at three different C-rates: C-rate=3, C-rate=1.5 and C-

rate=0.75. The particles with all three C-rates are lithiated until their states of charge (SOC) are 

equal to 0.5. Once the SOCs reach 0.5, the particles start to relax, and the electric current 

decreases to zero within 5 seconds. The initial times of the relaxation ( 0Rt = ) are set when the 

SOCs reach 0.5.  We have presented several key phenomena during the evolution in our 

simulations, namely molar fraction of occupied sites of Li+ ( (1)y ), velocity of Li+ continuum 

relative to Sn space ( (1)v ), mass center velocity relative to lab space ( (2)=L L+v v v ), hydrostatic 

elastic strain ( ( ) ( ) / 3e e m

H m = ), relative chemical potential ( (12) ), plasticity rate ( ( )p ), 

hydrostatic elastic stress ( / 3m

H m = ), hydrostatic viscous stress ( ( ) ( ) / 3e e m

H m = ), hydrostatic 

Cauchy stress ( / 3m

H mp p= ), and the evolution of whole cell voltage change as induced by anode 

0=   − . Please note that all the components are for the lab space and the values in the results 

are nondimensionalized if no unit is specified. 
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During lithiation, (1)y  and 
(12)  increase with a nonuniform distribution as displayed in 

Figure 4.2. The higher 
(12)  near the arc makes Li+ move from the arc into the particle. The 

velocity of Li+ relative to the Sn space keeps decreasing during lithiation (Figure 4.2) since the 

fraction of Li+ is increased. Equation (4.1.4) yields 
(1) (2) (1) (1)x=J v , where 

(1)x  increases from 

zero. Although 
(2)  decreases due to the volume expansion, 

(1)v  decreases from infinity with the 

constant lithiation rate. The distribution of Lv  in Figure 4.2 shows that the particle moves 

relatively faster on the connection region between the bottom and the arc. While the arc moves 

outward, the Lv  on a portion of the arc points to the interior of the particle. This phenomenon 

indicates that the deformation of the particle boundary is combined of (1) the movement of the 

mass center continuum and (2) the generation of the mass center continuum by the chemical 

reaction on the surface. 
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Figure 4.2 A representative evolution of several key parameters in Sn particle: Molar fraction of 

occupied Li+ sites (1)y , velocity of Li+ continuum relative to the Sn space (1)v , mass center 

velocity relative to lab space Lv , hydrostatic elastic strain ( )e

H , and relative chemical potential 

(12)  during lithiation (C-rate=3) and relaxation. (1)y  and (12)  increase with uneven distributions 

during lithiation, which indicates the non-equilibrium state of the system. During relaxation, the 

distributions of all parameters are gradually even, which represents the gradually weakened non-

equilibrium state. The particle volume continues to increase during whole process because ( )e

H  

increases during both lithiation and relaxation. 
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In contrast to the increase and the nonuniform distribution of 
(12)  during lithiation, 

(12)  

decreases with a tiny gradient during the relaxation, as displayed in Figure 4.2. This observation 

indicates that the system approaches equilibrium. During relaxation, 
(1)v in Figure 4.2 shows that 

Li+ keeps diffusing towards the bottom. Hence, 
(1)y  increases near the bottom and decreases near 

the arc, as displayed in Figure 4.2. The 
(1)v  on the arc is mostly tangential during relaxation, 

which makes (1)y  symmetric along the arc at the end of relaxation. The direction of (1)v  near the 

top of the particle points outward during relaxation. This result indicates that some Li+ may 

move out while the total electric current is zero. The particle volume keeps increasing during 

relaxation since ( )e

H  is increased.  

With the increase of particle volume, ( )p  concentrates around the bottom as displayed in 

Figure 4.3a. This trend indicates that the failure of the particle may initiate near the bottom 

because of the stronger plastic deformation occurring there. The particle lithiated at a higher C-

rate shows a higher plasticity rate, suggesting a higher probability of failure. Figure 4.3b shows 

that the maximum ( )p  in the particles of all three C-rates reach stable values during lithiation 

and decrease during relaxation, which means that the corresponding generalized driving force   

are constrained to stable values by plastic deformation. This phenomenon is consistent with the 

yield stress in the ideal plasticity model. 
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Figure 4.3 (a) Plasticity rate ( )p  at SOC 0.1 and 0.5, followed by the relaxation until tR = 180 s. 

The maximum plasticity rate locates near the bottom region of the particle. (b) Maximum 

plasticity rate in the particle during lithiation and relaxation with three different C-rates. During 

lithiation, the maximum ( )p  of every particle initially increases and till reaching to a constant 

value.  A higher C-rate indicates a higher maximum ( )p . 
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The spontaneous increase of particle volume indicates the lower free energy at a larger 

volume. Then Equation (4.1.30) yields 0H  , which is demonstrated by Figure 4.4 for all three 

C-rates. During the lithiation, the H  with a higher C-rate is more negative than that with a 

lower C-rate, which implies a faster decrease of free energy and a faster volume expansion. With 

increased SOC and C-rates, H  displays stronger nonuniform distribution. The most negative 

H  concentrates near the bottom of the particle. During relaxation, the distributions of H in 

Figure 4.4 appears more uniform with increases in Rt . H  approaches zero at the end of 

relaxation, which indicates the slowdown of free energy change. 
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Figure 4.4 Hydrostatic elastic stress H  during lithiation (SOC = 0.1 – 0.5) and relaxation (tR = 

30-600 seconds) at three different C-rates (3C, 1.5C, and 0.75C). H  becomes negative during 

lithaition at all C-rates. 0H   means that free energy is decreased when particle volume is 

increased. Volume expansion is hence a spontaneous behavior of the particle. A higher C-rate 

corresponds, H  becomes more negative, which implies a faster decrease of free energy and a 

faster volume expansion of the particle. During relaxation, H  with all C-rates get close to zero 

with gradually even distributions, which indicate the slowdown of free energy change. 
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Figure 4.5 shows the evolution of ( )e

H  during lithiation and relaxation. A higher C-rate 

leads to a higher strain rate, and hence a higher ( )e

H . With an increased SOC, ( )e

H  slightly 

decreases. This decrease may occur because the enlarged particle volume decreases the volume 

expansion rate. During relaxation, ( )e

H  decreases because the strain rate decreases when the 

system approaches equilibrium. 
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Figure 4.5 Hydrostatic viscous stress ( )e

H  during lithiation (SOC = 0.1 – 0.5) and relaxation (tR 

= 30-600 seconds) at three different C-rates (3C, 1.5C, and 0.75C). A higher C-rate indicates a 

higher ( )e

H  which slightly decreases with increased SOC. During relaxation, ( )e

H  with all C-rates 

are close to zero with gradually even distributions, which indicate that particles approach to the 

equilibrium state. 
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The evolution of Hp  is shown in Figure 4.6. The particle is mostly in compression. Hp  

presents a more negative value when the C-rate is higher. The region around the bottom has 

stronger compression than the bulk of the particle, due to bonding with the current collector. The 

Hp  with a higher C-rate shows more noticeable nonuniform distribution. During relaxation, the 

nonuniform distribution gradually disappears and Hp  approaches zero, which suggests a 

gradually weakened non-equilibrium state. 
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Figure 4.6 Hydrostatic Cauchy stress Hp  during lithiation (SOC = 0.1 – 0.5) and relaxation (tR 

= 30-600 seconds) at three different C-rates (3C, 1.5C, and 0.75C). The negative value of Hp  

indicates that the particle is mostly in compression. The bottom region shows stronger 

compression than the bulk region due to the bonding between the particle and current collector. 

A higher C-rate and a higher SOC indicate a stronger uneven-distribution of Hp . The uneven 

distribution gradually disappears during relaxation, which indicates the particles approach to the 

equilibrium state. 
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Figure 4.7 displays the voltage change for an entire cell as induced by the anode particle. 

Three anode particles are lithiated with 3C, 1.5C, and 0.75C. The time equals zero at the 

beginning of lithiation. Anode particles with 3 different C-rates reach 0.5 SOC when t=600s, 

1200s, and 2400s, respectively. During the lithiation, the   with the higher C-rate increases 

faster than the   with a lower C-rate since more electrical energy is dissipated. All the particles 

relax to t=3000s once their SOC reaches 0.5. During relaxation, for all three C-rates,   at first 

decreases steeply, then approaches stable values after gentle decreases. The steep decreases 

correspond to the relaxation of the chemical reaction. The gentle decreases correspond to 

diffusional relaxation. The particle with the higher C-rate needs longer time to relax in the 

polarizations induced by both chemical reaction and diffusion, due to the stronger non-

equilibrium effects of the higher C-rate. The particle with the lower C-rate has a relatively higher 

final  . This finding suggests that the battery charged by the lower C-rate may supply more 

electrical energy, even though it has the same charge capacity. 

  



   

 

131 

 

 

 

Figure 4.7 The evolution of whole cell voltage change   induced by the anode during 

charging/relaxation at three different C-rates. A higher C-rate indicates a higher   during 

lithiation. The relaxation stage of   for every C-rate includes a steep decrease followed by a 

gentle decrease. A higher C-rate corresponds to a lower final voltage change  . Thus, the cell 

charged by a lower C-rate results in a higher voltage at the end of relaxation. 
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Although the bonding between the particle and the current collector restricts the 

deformation of the bottom region, the plasticity flow releases the elastic deformation of the 

particle. The maximum ( )p  locates around the bottom, as displayed in Figure 4.3a. For 3C 

lithiation, Figure 4.3b shows that the ( )p  around the bottom has not reached the stable value yet 

when SOC=0.1. This observation suggests that the plasticity deformation may not be enough to 

release the elastic deformation when SOC=0.1. It is consistent with the distribution of ( )e

H  in 

Figure 4.5, by using Equation (4.1.60). The particle with 3C lithiation has a noticeable 

nonuniform distribution of ( )e

H  when SOC=0.1. This occurs because the elastic strain rate around 

the bottom is restricted by bonding, while the ( )p  is not yet sufficient to release the volume 

expansion there. With the increased SOC during lithiation, ( )p  reaches the stable value as 

displayed in Figure 4.3b, and the elastic strain rate is sufficiently released around the bottom. 

Hence, the distribution of ( )e

H  in Figure 4.5 appears more uniform during lithiation. During 

relaxation, the plasticity flow continues to release the elastic deformation and results in ( )e

H  and 

H  more uniformly distributed, as shown in Figure 4.2 and Figure 4.4. H  is related to ( )e

H  and 

(1)y . During relaxation, the uniformization of ( )e

H  and H  suggests the decrease of the gradient 

of (1)y , as shown in Figure 4.2. When approaching to the equilibrium, ( )p  gets close to zero 

(Figure 4.3b) since the driving force of ( )p nearly vanishes, and H is nearly zero and is 

uniformly distributed (Figure 4.4). 

The driving force of the plasticity flow depends on the elastic stress, as depicted in 

Equation (4.1.52). To ensure ( )p  being higher around the bottom of the particle in 

lithiation/relaxation as displayed in Figure 4.3a,   should be higher around the bottom. 
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Maintaining this nonuniform distribution of    leads to the nonuniform distribution of H  

between the bulk and the bottom, as shown in Figure 4.4. H  and ( )e

H satisfy the equation 

( )e

H H Hp + =  which is derived from Equation (4.1.48). Since ( )e

H  shows relatively uniform 

distribution in Figure 4.5, the distribution of Hp  in Figure 4.6 looks similar to the distribution of 

H  in Figure 4.4. Thus, the nonuniformly distributed Hp  should be a necessary condition of the 

mechanical non-equilibrium process. During the lithiation, the distribution of both H  and Hp  

approach steady states as shown in Figure 4.4 and Figure 4.6 respectively. The steady states 

indicate the mechanical minimum entropy production in the particle, based on the principle of 

minimum entropy production in non-equilibrium thermodynamics [96]. Minimizing the 

mechanical entropy production of the particle should be the essential reason why ( )e

H approaches 

a uniform distribution during lithiation in Figure 4.5. 

Compared with the higher C-rate, a lower C-rate leads to a slower volume expansion. The 

elastic strain rate with the lower C-rate is hence lower. This relation indicates that the necessary 

( )p  for releasing the elastic deformation around the bottom is lower. This trend is consistent 

with the results in Figure 4.3b. The particle requires a shorter process to reach the lower stable 

value of ( )p . This is the reason why the ( )e

H with the lower C-rate approaches the uniform 

distribution earlier than that with the higher C-rate, as displayed in Figure 4.5. The lower ( )p  

corresponds to the lower driving force  , which leads to a less nonuniform distribution of H , 

as shown in Figure 4.4. Hence, Figure 4.6 shows that the Hp  with the lower C-rate has a less 

nonuniform distribution. 
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The different C-rate corresponds to the different chemical reaction rate MJ , which 

depends on the   and 
(12)  on the arc of the particle. For the 3C lithiation, Figure 4.2 shows 

that 
(12)  keeps increasing on the arc. With the chemical reaction model in Section 4.1.2.2, 

Figure 4.7 shows a consistent result that   increases with the increased SOC during lithiation. 

During relaxation, the Li+ on the arc continues to diffuse into the interior of the particle, and the 

(12)  on the arc decreases due to the diffusion of Li+, as displayed in Figure 4.2. Based on the 

model of the chemical reaction,   hence decreases with the (12)  during diffusional relaxation, 

as indicated in Figure 4.7. This process is attributed to approaching an equilibrium state of the 

solution system. Figure 4.7 suggests that particles for 3C, 1.5C and 0.75C are close to their 

equilibrium state at t=1200s/tR=600s, t=1550s/tR =350s and t=2600s/tR =200s, respectively, 

where tR is the relaxation time. We thus expect that other state functions, i.e., H , ( )e

H , and Hp , 

show similar distributions with respect to different C-rates near these time points. Figure 4.4 

shows that the distributions of H  on tR=600s/3C are similar to the distribution of H  on 

tR=360s/1.5C and tR=180s/0.75C. Figure 4.5 and Figure 4.6 also show the same phenomenon for 

( )e

H  and Hp  at the same time points. This consistency implies a coupling between the mechanics 

and electrochemistry of electrodes. 

Some modeling studies [82] [93] [134] for the mechanical-diffusional coupling effects of 

electrodes specialized their formulations for the spherical particle with traction-free boundary 

condition, of which simulations were simplified to 1D. The equations in this study, by contrast, 

are suitable for generalized geometry. Leo et al. [27] contributed the 2D finite element 

simulation for a spheroid electrode particle based on the finite deformation framework, but the 

plastic deformation was not included. Compared to the 1D simulations for traction-free spherical 
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particles, the 2D simulation for the spherical cap particle bonded on current collector in this 

study illuminates the effect of plastic flow in a more realistic scenario: plastic flow can release 

the stress concentrated by the boundary constraint, as discussed above, and weaken the 

nonuniform distribution of Li+ in the particle, and finally help increase the effective capacity of 

the electrode. This effect agrees with the finite element simulation of a hollow double-walled Si 

nanotube anode by Leo et al. [81]: Li-ion concentration is uniformly distributed in the whole 

nanotube, and the plastic deformation induced by the tangential constraint concentrates at the 

interior surface of the nanotube (cf. Figure 6 in Leo et al. [81]). The effective capacity of the 

nanotube with plasticity is much higher than that without plasticity (cf. Figure 9 in Leo et al.  

[81]).  

Because of the geometry differences, the Li-ion concentration in this study is noticeably 

nonuniform distributed than that in Leo et al. [81]. At the end of relaxation, the particle 

approaches its equilibrium state: (1)y  in Figure 4.2 shows (1) a relatively higher value that evenly 

distributes along the arc section of the particle boundary, and (2) the sharp change at the 

connection between the arc and the bottom of the particle boundary (point C in Figure 4.1a). 

These two phenomena were also displayed in the cross-section image of a Sn particle captured 

by the field emission scanning electron microscope (FESEM) in the study of Takeuchi et al. 

[125], in which the Sn particle was bonded on current collector and slowly lithiated (C-rate = 

0.0146) by Li focused ion beams (Li-FIB). In addition, the FESEM image for the cross-section 

of the Sn particle (cf. Figure 1d in Takeuchi et al. [125]) shows a band of contrast in the bulk 

region near the implantation area of Li-FIB, which is not revealed in our simulation (Figure 4.2). 

This difference may be attributed to the different boundary conditions of Li+ flux on particle 

surface: The localized Li-FIB had been shown to generate complicated local plastic deformation 
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on the implantation area (cf. Figure 1c in Takeuchi et al. [125]), which leads to the local 

unforeseen distribution of Li+ concentration due to the mechanical-diffusional coupling effect. 

The mechanical-diffusional-electromechanical coupling effect in this study is formulated 

based on the continuity of state functions, as shown in Section 4.1.1, which yields the spatial 

continuity of   and   during the non-equilibrium process. Hence ( )p  and ( )p  should be 

continuous over space. This requirement is satisfied by the kinetic plasticity model 

( )( ) ( )P P  =  in Section 4.1.2.2, which is a continuous function without involving a specific 

yielding strength. When   is relatively tiny, ( )P  represents the stress-induced creep. The 

kinetic plasticity model shows the similar response of plastic strain to the ideal plasticity model 

[135] when K  in Equations (4.1.55) and (4.1.56) is large enough. The smooth transition 

between the elastic region and plastic region of electrodes has been formulated using the 

piecewise power functions in Bower et al. [26] [82], Cui et al. [134] [93], and Leo et al. [81]. 

Compared to the piecewise plasticity models, the kinetic plasticity model helps simplify the 

procedure of solving the system equations by excluding the radial return algorithm [136] [137] 

used for locating the plastic region in the system. 

The chemical potential model that includes the finite deformation of electrodes has been 

studied by Cui et al. [134] [93], in which the mechanical part of the chemical potential model has 

a coefficient term 

,
c

 
 
 F C

F
 that represents the deformation change induced by the concentration 

change for the intermediate state under the fixed total deformation and the fixed stiffness. 

However, 

,
c

 
 
 F C

F
 relates to not only the material property (i.e., the expansion ratio) but also 

the change of elastic state, which is implicit and needs to be solved. In contrast, the relative 
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chemical potential model in this study uses the material property DK  only to explicitly show the 

mechanical part. In some other studies of modeling the finite deformation of electrodes, e.g., 

Bower et al. [26], Dal and Miehe [83], Leo et al. [27] [81], and Bucci et al. [84], the chemical 

potential are modeled based on the Larche-Cahn model [29] shown in Equation (1.1.1). 

However, the Larche-Cahn model [29] is based on the assumptions that (1) the deformation of 

the system is small and thermodynamically reversible and (2) the molar mass of Li-ion is much 

less than the molar mass of site component, (1) (2)M M . The assumption of small deformation 

would result in the metric change negligible. Thermodynamic reversibility would result in the 

integral to be path independent. (1) (2)M M  indicates constant density and =v 0 , which 

linearize the rate Equations (4.1.46), (4.1.79), and (4.1.80). Then directly integrating the rate 

equations yields the Larche-Cahn model, which is a special case of the non-equilibrium model in 

this study. Using the Larche-Cahn model suggests the acceptance of above two assumptions. 

However, the assumption (1) is limited in the infinitesimal deformation and an equilibrium 

process. The assumption (2) oversimplifies the diffusion of Li+ since the molar mass of Li+ 

should not be negligible for most electrode materials. Therefore, it is not plausible to adopt the 

Larche-Cahn model to describe the chemical potential of electrodes with finite deformation or 

non-equilibrium process. 

As Li+ should share the stress of electrodes, we consider the movement of lithium as a 

part of the deformation of the mixture system represented by the mass center continuum. The 

deformation of the mixture system should be formulated based on the mass-conserved 

infinitesimal element instead of the mole-number-conserved infinitesimal element, because the 

different molar mass of components make the mass conservation conflicted with the mole-

number-conservation in the infinitesimal element of mass center continuum. Thus, we use the 
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mass fractions of components instead of the concentration of components, and the specific free 

energy instead of the free energy density to formulate the mixture system. In the existing studies 

for modeling the finite deformation of electrodes [26] [27] [81] [83] [84] [93] [134], by contrast, 

the concentration of components and the free energy density are used in the formulations based 

on the mole-number-conservation, suggesting that the movement of Li+ are not considered as a 

part of the deformation of the mixture. 

The mass-conserved infinitesimal element of the mixture system is introduced by using 

multi metric spaces, in which every space reveals the deformation of every corresponding 

component in the mixture. The method of multi metric spaces helps distribute the strains of the 

mixture system conveniently: the Li-Sn system includes three metric spaces (i.e., mass center 

space, Sn space, and lab space), in which the Sn space is selected as the reference space because 

(1) the elastic strain and the plastic strain rate of the mixture are assigned to the Sn continuum 

due to the interstitial mixing of the Li-Sn system, and (2) the Sn space is the Lagrangian space of 

the Sn continuum, which satisfies the requirement of the additive decomposition of strain 

component (Equation (4.1.11)) derived from the metric-based definition of the finite strain 

(Equation (4.1.10)). Compared to the multiplicative decomposition of deformation gradient used 

in the other modeling works for finite deformation of electrodes [26] [27] [81] [84] [93] [134], 

the additive decomposition of strain component is linear, simpler and also valid for the finite 

deformation of electrodes. 

The method of multi metric spaces in this study reveals the diffusion-induced creep of 

electrodes. In the Li-Sn system described in the Sn space (i.e., reference space), the influences of 

diffusion-induced creep on the mixture (i.e., mass center continuum) are represented by the 

diffusion-induced convective effects, which are indicated by the terms including v  (i.e., the 
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mass center velocity relative to the reference space) in rate Equations (4.1.46), (4.1.79) and 

(4.1.80). In the relation between the electrical potential and Li+ concentration of a Si film 

electrode measured by Pharr et al. [89], the electrical potential showed transient trend reversal 

with each change of C-rate during lithiation, and the rate of the trend reversal is higher when the 

change of C-rate is larger (cf. Figure 1 in Pharr et al. [89]). This phenomenon may be explained 

by the influence of diffusion-induced creep: At the moment of instantly increasing the C-rate of 

the Si film electrode during lithiation, in the region of chemical reaction, 
( )

k
e

kj i

v

z





 and 

( )e

ijk

k
v

z




 in 

Equation (4.1.46) increase instantly, while the change of 

( )e

ij

t




 may keep negligible because of 

the viscosity of the electrode. Then increased 
( )e

ije  may decrease (12) /d dt  by Equations (4.1.80) 

and (4.1.81) since 0DK  . Finally, the slope / t   is increased by Equation (4.1.66).   hence 

transiently increases after each instant decrease induced by increasing the C-rate, and vice versa. 

When the change of C-rate is larger, the changes of terms 
( )

k
e

kj i

v

z





 and 

( )e

ijk

k
v

z




 in Equation 

(4.1.46) are larger, finally the trend reversal of   is faster. As   is influenced by v  in Equation 

(4.1.46), the diffusion-induced creep should take part in the mechanical-diffusional-

electrochemical coupling effect of electrodes. 

As the influence of the diffusion-induced creep, the terms including v  in rate Equations 

(4.1.46), (4.1.79) and (4.1.80) make the integrals for elastic strain, elastic stress, and relative 

chemical potential related to the history of diffusion. Furthermore, the elastic stress is influenced 

by the rate of deformation, because of the viscous stress ( )eτ  in Equations (4.1.48) and (4.1.57). 

Therefore, the states of a mixture system relate to the history and the rate of the evolution of the 
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system, which is an essential feature of the non-equilibrium process. Compared to the framework 

that is based on the rate functions for modeling the non-equilibrium process of electrodes in this 

study, the formulations in existing contributions [26] [27] [81] [84] [93] [134] are based on the 

assumed explicit expressions of the free energy density without considering the viscosity and 

diffusion-induced creep, which are only suitable for the systems in quasi-equilibrium process. 
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4.3 Conclusion 

In this chapter, we have developed a general theory to describe the evolution of a solid 

solution system with finite deformation. The system is considered as a non-equilibrium process 

rather than a quasi-equilibrium process. This fully self-consistent theory is hence formulated 

based on rate functions. Mechanics, diffusion, phase separation, chemical reaction and electrical 

potential of the system are coupled with each other in the formulation. The key function of the 

coupling is the rate of the relative chemical potential that depends on the elastic strain rate and 

Li-ion fraction rate. The general theory has been applied to a simplified Li-Sn system in Li-ion 

batteries. We set multiple metric spaces to clarify the influence of the diffusion-induced creep of 

the system and to help assign different strains conveniently. During the non-equilibrium process 

of the Li-Sn system, the entropy production rate of the system is composed of a mechanical 

component, a diffusional component, and a chemical reaction component. The mechanical part is 

comprised of viscosity and plasticity and where the linearized viscosity is used. The plasticity 

and chemical reaction are formulated based on the transition-state theory. The kinetic 

formulation of the plasticity generates a continuous interface between elastic deformation and 

plastic deformation which helps obviate the steps of identifying the plastic region in the system 

and simplify the procedure of solving the plasticity of electrodes. 

Three Sn electrode particles with initial spherical cap geometries and appropriate 

boundary conditions have been numerically simulated using the finite difference method coded 

with MATLAB. We have compared the lithiated processes of the particles with three different C-

rates, including the lithiation and relaxation. The simulation results show that the bottom region 

of each particle has more plastic deformation than the bulk region. The plastic deformation helps 

release the volume expansion around the bottom region, although it is bonded. The particle with 
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a higher C-rate needs a longer process to obtain a higher rate of plastic deformation, which 

releases the faster volume expansion around the bottom. During lithiation, the electrical potential 

of the particle with a higher C-rate shows more polarization. After relaxation, the particle with a 

lower C-rate consists of more electric energy, even though the final electric capacities of all 

particles are the same.  

With rigorous mathematical formulation, we illuminate the evolution of a solid solution 

system in detail. Our developed theory and simulation help better understand the mechanical-

diffusional-electrochemical coupling effect in Li-ion batteries. Some innovations in this study, 

such as multiple metric spaces for different components, diffusion-induced creep/convection, 

viscosity, and kinetic plasticity, may provide more insight into the description of continuous 

mixtures especially at non-equilibrium. 
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CHAPTER 5 

Summary 

In this research, we have studied the mechanical-electrochemical coupling effect and its 

related kinetic behaviors for electrodes of different materials.  

Based on linear stress-chemical potential model and anisotropic dislocation mechanics, 

the influences of the density and orientation of dislocations are investigated for a single LFP 

particle. The modified Butler-Volmer equation is applied as the boundary condition of a Li+ 

diffusion system that is governed by Fick’s law. The anisotropic stiffness of LFP depends on the 

phase fraction of the system. The partial molar volume of LFP is modeled to depend on the 

fraction of Li+.  

The stress field and displacement field for the LFP particle are simulated for 4 groups of 

dislocations, in which a dislocation changes its orientation in every group. CV curves are 

simulated for all configurations of dislocations under different scan rates using the finite 

difference method coded in MATLAB. The peak values of CV curves are substituted into the 

Randles-Sevcik equation to obtain the effective diffusivity compared for all dislocation 

configurations. The results show that tailored dislocation configurations can improve the 

effective diffusivity of Li+, especially for stronger non-equilibrium states. Dislocations show 

their ability to alleviate the capacity loss of LFP, especially for higher densities with optimized 

orientations. 

A potential strategy has been demonstrated that adopting engineered dislocations with 

optimized configurations can improve the electrode performance for Li-ion batteries, based on 

the mechanical-electrochemical coupling effect. We provide insights to develop the dislocation-

involved mechanics and electrochemistry for battery systems. 
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Furthermore, dislocation-involved mechanical-electrochemical coupling effect has been 

applied to find a mechanism to explain the variations of phase transition behaviors for LFP and 

layered oxides under non-equilibrium process. The formulation of the mechanism constructs the 

free energy with path factors which are the functions of a series of order parameters describing 

the multi-layered states of electrodes. The dislocation density has been homogenized to be a 

continuous field and coupled with electrochemical reaction on particle surfaces. Increased 

(de)lithiation current can increase the dislocation inside the particle and then increase the free 

energy of electrode. Order parameters will be spontaneously changed to lower the free energy, 

during which the path factors change. The mechanism can be simply described in one sentence: 

the path for the change of free energy alters to lower the free energy. The order parameters can 

reveal the states of Li-rich/Li-poor, delithiation/lithiation, equilibrium /non-equilibrium, and 

order/disorder structure of the material. Governing equations derived from the layered free 

energy are solved in Mathematica and Matlab using the finite difference method. The simulation 

includes the galvanostatic cycling and relaxation under different C-rates for multi-particle LFP 

and NMC111, and the potentiostatic delithiation for the order-disorder structure change of LFP. 

All simulated results well agree with the existing experimental observations, which validate the 

path altering mechanism for the electrodes of Li-ion batteries. The formulation suggests that 

adjusting the dislocation density on particle surfaces or adjusting the coupling coefficients 

between dislocation reaction and electrochemical reaction can change the states of electrode 

particles, which supplies potential strategies to improve the performance of electrodes. 

To expand the description of the mechanical-electrochemical coupling effect to large 

deformation, a generalized formulation with finite deformation is developed for non-equilibrium 

process. The rate functions of system’s states are applied in the formulation. To develop a self-



   

 

145 

 

 

consistent architecture, continuum mechanics and non-equilibrium thermodynamics are 

combined. An elucidated general theory has been applied to a simplified Li-Sn system. The 

mathematical formulation for finite deformation is based on the metric tensor. Multiple metric 

spaces are utilized for assigning different strains. Solid viscosity, diffusion-induced 

creep/convection are included in the dissipation process. The plasticity and the chemical reaction 

of a Sn particle are modeled based on the transition-state theory. The Sn particle has a spherical 

cap initial geometry and is simulated in MATLAB using the finite difference method. The 

evolutions of state functions are compared for different C-rates. 

The rigorous mathematical formulation illuminates the mechanism of the mechanical-

electrochemical coupling effect for large deformation and non-equilibrium process, which 

provides more insight into the description of continuous mixtures system at non-equilibrium 

process. 

This research constructs new theories and approaches to formulate the (de)lithiation 

process of Li-ion batteries, which have explained existing phenomena observed in experiments 

and predicted undiscovered features that can be applied to enhance the performance of Li-ion 

batteries. In addition, our theoretical work supplies new insight into understanding the non-

equilibrium process for energy storage systems. Based on the theories, our numerical simulations 

have revealed the data that cannot be directly measured in experiments. For example, the 

evolutions of order parameters, stress in electrode particles, the velocity of Li+ migration, plastic 

and creep deformation, etc. The revealed information can be applied to enhance the performance 

of Li-ion batteries. The error in the numerical simulation results includes the errors due to 

following three factors, (1) the limitation of main parameters’ number, (2) measured material 

properties, and (3) the algorithms for numerical solving. Typically, the error from the limitation 
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of main parameters’ number is larger than that from the solving algorithm, if the system keeps 

convergent. Because of the complexity of electrochemical systems, the experimental results lack 

strong consistency in detail among different measurements. The lack of consistency may be 

caused by the change of the distribution of particle sizes, particle shapes, crystalline, ratio 

between active/inactive components, etc., which are inevitable in experiments. The weak 

consistency due to the change of material states (1) decreases the significance of pursuing tiny 

errors in numerical simulations, and (2) increases the tolerance for the error from measured 

material properties. We have adopted the implicit algorithm for the finite difference method, 

which avoids the potential divergence of the kinetic system. By adjusting the time-step and 

space-step for the finite difference to be tiny enough, we can neglect the error from numerical 

algorithms. The number of main parameters must be compromised to the complexity and cost of 

computing. The reliability of our theories has been sufficiently validated since the main features 

and data observed in experiments well match our simulation results. 
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APPENDIX A 

The auxiliary angles were expressed in the below arctan functions by Indenbom and 

Lothe [41], 

  1
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and can be transferred to the forms ( )  = , ( )x x  = , and ( )y y  = , with tan /x yr r = . 

However, the range of arctan functions is ( / 2, / 2) − . Hence the spatial distributions of  , 

x , and y  calculated using Equations (A.1), (A.2), and (A.3) are discontinuous respectively 

along the straight lines whose azimuths *

 , 
*

x , and 
*

y  satisfy the equalities 

( )
2

* 2tan 1 / = , ( )
2

* 2tan cos2 /x  = , and ( )
2

* 2tan sec2 /y  = . The discontinuous 

auxiliary angles suggest the discontinuity of the displacement at the azimuths *

 , 
*

x , and 
*

y , 

which are not plausible because *

 , 
*

x , and 
*

y  are independent of the Burgers vectors of 

dislocations. To solve this problem, we use differential forms of Equations (A.1), (A.2), and 

(A.3). The auxiliary angles can be obtained by numerically solving the equations 
d

D
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, xd
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
, and 

yd

d




 are the derivatives yielded 

from the equality tan /x yr r =  and Equations (A.1), (A.2), and (A.3). To conveniently calculate 
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the auxiliary angles for the dislocation with an arbitrary Burgers vector, the independent variable 

  (the azimuth relative to the coordinate frame) is replaced with  , which is the azimuth 

relative to the Burgers vector, with the range  −     and the equality B  = − , where 

B  is the azimuth of the Burgers vector. 
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APPENDIX B 

B.1 Introduction to the Metric-based Kinematics of Finite Deformation 

The initial configuration and the deformed configuration of a continuum correspond to 

two spaces with curvilinear coordinate frames ( )1 2 3, ,    and ( )1 2 3, ,    respectively. The 

differential of radius vector is invariant in both spaces: 
i j

i j
d d d 

 

 
= =
 

r r
r . The basis of 

initial space and deformed space are defined by i i


=


r
e  and ˆ

j j


=


r
e  respectively, where ^ 

denotes the deformed space. With the function relation ( )1 2 3, ,i i    = , we have 

ˆ
i

j i j

j i ij
d d d d


  




= = =


r e e e , which yields 

  ˆ
i

j ij






=


e e .  (B.1.1) 

The function relation ( )1 2 3, ,i i    =  yields 

  
i

i j

j
d d


 




=


.  (B.1.2) 

Equations (B.1.1) and (B.1.2) show the transformations between two spaces for the basis and 

components of dr  respectively. Quantities which transform like the basis of dr , by Equation 

(B.1.1), is named covariant. Quantities which transform like the components of dr , by Equation 

(B.1.2), is named contravariant. Please note the different locations of the dummy indices in 

Equation (B.1.1) and Equation (B.1.2). The transformations for covariant quantities and 

contravariant quantities are mutually inverse. The indices of covariant quantities are subscripts. 
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The indices of contravariant quantities are superscripts. A pair of the same indices that one is 

subscript and the other is superscripts indicates the Einstein summation convention. 

The metric of a space is defined as the dot product between two base vectors of the space. 

The metric of the initial space is 
ij i jg = e e . The contravariant metric ijg  is the inverse of 

ijg : 

1
ij

ijg g
−

   =    . We use ijg  to introduce the contravariant basis of the initial space: j ij

ig=e e . 

The deformed space also has the corresponding metric ˆ
ijg  and contravariant basis ˆ ie .  

Based on the invariance of tensors, a 1st order tensor A  and a 2nd order tensor T  

respectively satisfy below equations: 

  ˆ ˆˆ ˆi i i i

i i i iA A A A= = = =A e e e e , and  (B.1.3) 

  ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆij i j i j ij i j i j

i j ij j i i j ij j iT T T T T T= = = = = =T e e e e e e e e e e e e ,  (B.1.4) 

where 
i

jT  and ˆ i

jT  are called mixed components of T . The contravariant components, covariant 

components, and mixed components of T  in different spaces are transformed by 

ˆ
i j

ij kl

k l
T T

 

 
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, ˆ

k l
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 

 
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 
, and ˆ

i l
i k

j l k j
T T

 

 

 
=

 
 respectively.  

The metric of a space can be used to change the indices’ location of the tensor 

components in the space. For example, 
i ij

jA A g= , and ˆ ˆ ˆˆ ˆ ˆkl l

ij ki lj i ljT T g g T g= = . It can be proved 

that ijg  and ijg  are respectively the covariant and contravariant components of a tensor g , 

named the fundamental metric tensor, whose mixed components are equal to the Kronecker 

delta: 
i i ij i

k k jk kg g g =  = =e e . The mixed components of g  are usually used to change the 

indices of quantities. For example, the trace of T  is calculated by 

  ( ) ( ) ( ) ( )( ) ˆ:ij k l ij k l ij k l ij i i

i j kl kl i j kl i j ij i iTr T g T g T g g g T g T T= =   = = = =T e e e e e e e e . 
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We consider the configuration of a deformed continuum as a deformed space. The 

covariant component of strain for the space deformation is defined as half of the metric change 

of the space from initial state to final state, as shown below, 

  ( )
1

2
ij ij ijg g = − ,  (B.1.5) 

where 
ij  is the covariant component of strain, 

ijg  and 
ijg  are the metric of the final space and 

the initial space respectively. 
ij  can be used to introduce two strain tensors with the same 

covariant components but different contravariant basis: 
i j

ij=ε e e  and 
i j

ij=ε e e . The tensor ε  

is equivalent to the Green strain tensor when the initial space is undeformed, which is proved 

below: The final metric and the initial metric are ˆ
ijg  and 

ijg  respectively, which indicates 

( )
1

ˆ ˆ
2

ij ij ijg g = − , where the ^ in 
îj  emphasizes the basis of deformed space for strain tensor. 

With 
i
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F
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, we have  

  ( ) ( )
1 1
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2 2
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ij ij ij kl i j ijg g g F F g = − = −e e e e e e e e e e , and then (B.1.6) 

  ( ) ( ) ( )
1 1
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2 2

i j k l i j i j k i l j i j
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The deformation gradient is a two-point tensor, which includes the basis of two different spaces. 

As the initial space is undeformed, ˆ ˆi j

ijg =e e I . We hence have, 

  ( )
1

ˆ
2

T=  −ε F F I ,  (B.1.8) 

where the right side is the definition of Green strain tensor.  
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When we decompose a deformation to multiple sequential processes, we have the 

multiplicative decomposition of deformation gradient and the additive decomposition of strain 

component. The additive decomposition of strain component (Equation (4.1.11)) is proved as 

below: For simplicity, we consider two sequential processes for a deformation, (a) and (b). Based 

on Equation (B.1.5), the covariant component of strain for the process (a) is 

  ( ) ( )( ) ( ) ( ) ( )1 1
ˆ

2 2

a a a a

ij ij ij ij ijg g g g = − = − ,  (B.1.9) 

and the covariant component of strain for the process (b) is 

  ( ) ( )( ) ( ) ( ) ( )1 1
ˆ ˆ

2 2

b b b b

ij ij ij ij ijg g g g = − = − .  (B.1.10) 

Because processes (a) and (b) are sequential, we have 
( ) ( )a b

ij ijg g= , summing Equations 

(B.1.9) and (B.1.10) yields the additive decomposition below, 

  
( ) ( )ˆ ˆ ˆa b

ij ij ij  = + .  (B.1.11) 

Hence, as two different mathematical forms of decomposing the finite deformation, the 

multiplicative decomposition of deformation gradient and the additive decomposition of strain 

component (Equation (4.1.11)) are mutually consistent. Please note that only the covariant 

components in Lagrangian measure satisfy the additive decomposition of strain component. 

In a curvilinear coordinate frame, the covariant derivative and Laplacian for scalars, and 

the covariant derivatives for the covariant/contravariant components of 1st and 2nd order tensors, 

are listed below: 

  i i







 =


, 

  
2

2 ij k ij

i ji j k
g g

 


  

 
 = − 

  
, 
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j

j k j

i k ii

w
w w




 = + 


, 

  
j k

i j k jii

w
w w




 = − 


, 

  
jk

jk lk j jl k

i l i l ii

H
H H H




 = +  + 


, and 

  
jk m m

i jk mk i j jm iki

H
H H H




 = −  − 


, 

where 
k

i j  is called Christoffel symbols. In Euclidean space and Riemannian Space, Christoffel 

symbols are calculated as below,  

  
1

2

js jki is ks
j k k j s

g gg
g

  

  
 = + − 

   
. 

For more information about the metric-based continuum mechanics, see the reference [94]. 

 

B.2 Generalized Mass Conservation Equation 

A density function f  of a continuum can be written as ( )1 2 3, , ,f f Z Z Z t=  or 

( )1 2 3, , ,f f z z z t= . The rate of the volume integral of f  depends on the local rate of f  and the 

deformation of the domain of integration as shown below [94]: 

  ( )L

ZV V

d f
fd f d

dt t
 

  
= +  

  
  v  , (B.2.1) 

where L

v  is the velocity of the domain of integration of the continuum relative to the lab space. 

The rate of f  for fixed Lagrangian coordinates of the continuum has two forms below: 
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  L

Z

df f
f

dt t


 
= +  

 
v   (B.2.2) 

  
z

df f
f

dt t


 
= +  

 
v  , (B.2.3) 

where v  is the velocity of the domain of integration of the continuum relative to the reference 

space. The relation between L

v  and v  is 

  L

 = +v v v  . (B.2.4) 

Substituting Equations (B.2.2), (B.2.3), and (B.2.4) into Equation (B.2.1) yields 

  ( )
zV V

d f
fd f f d

dt t
 

  
= + +   

  
  v v  . (B.2.5) 

Based on mass conservation for component k , chemical reactions determine the variation 

of total mass which is equal to the variation of the volume integral of 
( )k , as shown in 

Equations (B.2.6) and (B.2.7):  

  
( ) ( ) ( )

( )

k j j

k

jV

dm
J d

dt
 =    (B.2.6) 

  ( )( ) 1 2 3

( ) , , ,
k

k

V

dm d
z z z t d

dt dt
 =   . (B.2.7) 

Setting 
( )kf =  and 

( )k =v v  in Equation (B.2.5) and combining Equation (B.2.6) yield 

Equation (4.1.1). 
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B.3 Entropy Production Rate 

Combining Equations (4.1.12), (4.1.14), (4.1.15) and the divergence theorem yields 

  
( )( ) ( )( ) :L L L L

k k k
kV V

u dV q dV      
 

= + −  +  
 

  r r F p r  . (B.3.1) 

Because dV dm = , which is conserved mass differential, the variational of the total internal 

energy for the mass center continuum relates to the functional derivatives with respect to 

independent variables by  

 
( )

( )

1
( )

( )( )

, ( ), , , ,

ˆ
ˆ

l l
k k

K
l

ij kl
l kx ij kV V s x s x

U U U
u dV s x dV

s x

  
     

  




−      = + +               

  
ε

ε ε

.  (B.3.2) 

Combining Equations (B.3.1) and (B.3.2), setting s ds = , 
( ) ( )ˆ ˆl l

ij ijd = , 
( ) ( )k kx dx = , q dq = , 

( ) ( )

L L

k k dt =r v , and L Ldt =r v  (variational are arbitrary and can be set following the real 

process), and using Equation (4.1.4) yield 

  
( )

1
( ) ( )

( ) ( ) ( )
ˆˆ :

K K
l ij l L L

ij kK k k k
l k k

Tds d dx dq dt dt    
−

+ + = +  +   J F p v  . (B.3.3) 

We assume that p  is a symmetric tensor. Using the kinematic relations Equations (B.3.4) and 

(B.3.5) for strain rate and strains yields Equation (B.3.6): 

  ( )
1

2

L L

ij i j j ie v v=  +  , (B.3.4) 

  ( )ˆ ˆ l

ij ij

l

 =  , and (B.3.5) 

  ( )ˆ ˆˆ ˆ: :L ij ij l

ij ij

l

dt dt p d p d  = = =p v p e  . (B.3.6) 
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Then, substituting 
( ) 0

K

k

k

=J , the definition of heat flux 
Qdq dt = − J , Equations (4.1.26), 

(4.1.27), and (B.3.6) into Equation (B.3.3) yields Equations (B.3.7), (B.3.8), and (B.3.9) for 

entropy change, entropy flow and entropy production rate, respectively. Using Equations 

(B.3.10) and (4.1.25) we have Equation (4.1.24). 

  
S

ds

dt
 = − +J  , (B.3.7) 

  
1

( ) ( )

1 K

S Q kK k

kT


− 
= − 

 
J J J  , (B.3.8) 

  ( )
( ) 1

( ) ( ) ( )

( ) ( )

ˆ l K
ijij l ij L j j

s k kK C

l k j

d
T T p J A

dt


 

−

= − + − −  +  J J   , and (B.3.9) 

  

( )

( )
ˆ

ˆ
l

ijl

ij

d
e

dt


=  . (B.3.10) 

 

B.4 Relative Chemical Potential 

Because s  is assumed to be independent of 
(1)x  and ( )lε , we have 

  ( )( )

(1)

(1) ,...

ˆ, l

ij

T

s
f x

x


 
= 

  

 . (B.4.1) 

It yields  

  
2 2

( )

(1)2 ( )

(1) (1) (1) (1),... ,... ,... ,...

ˆ
ˆ

l

ijl
l ijT T T T

s s s s
d T dT T dx T d

x x x x




           
  = + +       

                    

  . (B.4.2) 

Based on the symmetry of the 2nd order derivatives of Fa , Equations (4.1.30) and (4.1.31) yield 

  
2 ( )

( ) ( )

( )

(1) (1),... ,...

ˆ
ˆ ˆ

ˆ

l ij
l l

ij ijl
l lij T T

s
T d Td

x x


 



    
= −   

        
   . (B.4.3) 
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Substituting Equation (B.4.3) into Equation (B.4.2), we have 

  
2

( )

(1)2

(1) (1) (1) (1),... ,... ,... ,...

ˆˆ ij e

ij

T T T T

s s s
dT T dx d T T g d

x x x x




           
 + = +       

                   

 . (B.4.4) 

Using Equation (B.4.4) in Equation (4.1.33) yields 

 
2

( ) ( )

(12) (1)2

(1) (1) (1),... ,... ,...

ˆ ˆˆ ˆij e ij e

HOM ij ij

T T T

s u
d d T T g d g d dx

x x x


   

        
 = − − + +     

              

 . (B.4.5) 

The parameter tensors with the 1st and 3rd orders are zero in isotropic material [94]. Using 

Equation (4.1.29) we simplify Equation (4.1.34) to  

  ( )

(12) (12) (12) (1)
ˆ ˆˆ ˆˆ ˆi rspi e iq

INH p rs qd d K g d x  =  +   , (B.4.6) 

with defining a material property 

  
2

(12) (12)

(1) (1)

ˆ ˆ
ˆ ˆ

iq iq

i q

u
K K g

x x



= =

 
 . (B.4.7) 

The specific entropy s  is related to the molar entropy Ms  composed of a fraction part 

( )(1)MF MFs s y=  and a deformation part ( )( )l

MD MD ijs s =  as shown below: 

  ( )(2)

(2)

(2)

B B
M MF MD

N NS N
s s x s s

m m M
= = = +  . (B.4.8) 

The fraction part obeys the entropy of the ideal solution as shown below [122]: 

  ( ) ( )(1) (1) (1) (1)ln 1 ln 1MFs R y y y y    = − + − −
   . (B.4.9) 

Equation (B.4.9) yields 

  
(1)

(2) (2)

(1) (2) (1) (2) (2),...

1
ln lnB B

MF

T

yN N
x s R y

x M M y M

   
= − −          

 . (B.4.10) 

We define the excess relative chemical potential as below: 
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  (12) (12) (2)

(1) (2) ,...

B
EX HOM MF

T

N
T x s

x M
 

 
= +  

   

 . (B.4.11) 

Substituting Equations (B.4.8) and (B.4.11) into Equation (B.4.5) yields  

  
2

( ) ( )

(12) (1)2

(2) (1) (1),... ,...

ˆ ˆˆ ˆij e ij eB
EX MD ij ij

T T

N u
d Tds T g d g d dx

M x x


   

    
= − + +   

       

, (B.4.12) 

where  is related to the stiffness and thermal expansion ratio as shown below  

  

( )

( )
(1)

( )
( )

( )

ˆ,

ˆˆ
ˆ ˆ

ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ

e HOM

mn kl

ij e
e ij ij HOM kl

e

kl x

ij kl ik jl il jk

T kl

g
T

g g G g g G g g g




  

 
 

 

 



    
= = −    

    

= − + +

σ
 . (B.4.13) 

Thus, the coupling coefficient in the relative chemical potential of an isotropic material is 

  
(1) (2),...

D

T

T
K T

x x


 

 
= − − 

  

 . (B.4.14) 

With defining a material property 
2

2

(1) ,...T

u
h

x

 
=  
  

, substituting Equation (B.4.14) into Equation 

(B.4.12) yields Equation (4.1.80). 

We assume (12)
ˆ i

INH  is a 1st order homogeneous function of ( )ˆ ˆ e

p rs  and (1)
ˆ

qx . Equation 

(B.4.6) yields  

  ( )

(12) (12) (1)
ˆ ˆˆ ˆˆ ˆi rspi e iq

INH p rs qK g x  =  +  , (B.4.15) 

where ˆ rspi
 for isotropic material satisfies  

  ˆ ˆ ˆ ˆ ˆ ˆ ˆrspi rs pi rp si ri sp

I IIA IIBg g g g g g    = + + . (B.4.16) 
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For simplicity, we assume 0IIA IIB = = . Combining Equations (4.1.21), (B.4.10), (B.4.11), 

(B.4.15) and (B.4.16) yields Equation (4.1.81). If 
(1) ,...

0

T
x

 
= 

  

, we have Equation (4.1.82). 

Equation (4.1.83) is obtained from Equation (B.4.13). 

 

B.5 Transformed Equations 

We divide the relative chemical potential into a homogeneous-logarithm part and an 

inhomogeneous-excess part, 
(12) (12) (12)HL IE  = +  with 

  
(1)

(12) (2)

(1) (2) (2)

1
ln lnB

HL

y N
RT y

M y M


 
= − 

  

. (B.5.1) 

Using Equations (4.1.81) and (B.5.1) yields Equation (4.1.98). Combining Equations 

(4.1.35), (4.1.36), (4.1.37), (4.1.62), (4.1.81), (4.1.85), (4.1.86), and (4.1.98) yields Equations 

(4.1.84) and (4.1.89).  Combining Equations (4.1.12), (4.1.13), and (2)

L L= +v v v  yields Equation 

(4.1.87). Using Equations (4.1.48) and (4.1.60) we have Equation (4.1.88). 

 

B.6 Relation between D and L 

Using Equations (4.1.5) and (4.1.35), the flux of Li+ can be written as 

  (1) (1) (2) (1) (1) (1) (2) (1)x c M x= =J v v , (B.6.1) 

where (1)c  is the concentration of Li+. To estimate the relation between D  and L , we only 

consider (12)HL  in the diffusion for simplicity, as shown below, 

  (1) (12) (1)

(1) (1) (2) (2) (2)

1 B
HL

L N
LR y

T M y y M y


 
 −  = − +  

    

J . (B.6.2) 
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The Fick’s 1st law yields 

  
(2)

(1) (1) (1) (1) (1)

(2)

B

MAX

N
c D c Dc y D y

M


 = −  = −  = − v . (B.6.3) 

Combining Equations (B.6.1), (B.6.2), (B.6.3), and (4.1.63) yields the expression of D as shown 

below, 

  
( )

2

0 (2) (1) (1)

2

(2) (1) (2) (1) (2)

L B

B

RL f M M N y
D

N M M y y

+
=

 
 . (B.6.4) 

 

B.7 Differential of Expanded Surface Area 

Initially, the area differential of the particle surface is governed by  

  ( ) ( )
2 22 1 3

0 (2)

i j

ijdl g dz dz dz dz=  = +   (B.7.1) 

and 

  ( ) ( ) ( )
2 2 22 2 1 2

0 (2)22d g dz z dz =  = , (B.7.2) 

where 0dl  is the initial length of the infinitesimal arc perpendicular to the initial basis vector 2e  

on the particle surface and 0d  is the initial length of the infinitesimal arc parallel to the initial 

basis vector 2e  on the particle surface. After the particle is deformed, the lengths of the 

infinitesimal arcs have 

  ( ) ( )
2 22 1 1 3 3

(2) (2)11 (2)13 (2)332i j

ijdl g dz dz g dz g dz dz g dz= = + +   (B.7.3) 

and 

  ( ) ( ) ( )
2 2 22 2 1 2

(2)22d g dz Z dz = = , (B.7.4) 
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where dl  is the length of the infinitesimal arc perpendicular to the basis vector 2e  on the particle 

surface and d  is the length of the infinitesimal arc parallel to the basis vector 2e  on the particle 

surface. Hence, the initial and present area differentials respectively have 

  ( )
2 22

0 0 0dA dl d=   (B.7.5) 

and 

  ( )
2 22

dA dl d=  . (B.7.6) 

Combining Equations (B.7.1), (B.7.2), (B.7.3), (B.7.4), (B.7.5), and (B.7.6) yields Equation 

(4.1.106). 

 

B.8 The Component of vL
(2) in the Lab Space 

The relation between the components of a tensor in different coordinate frames yields 

Equations (4.1.116) and (B.8.1) [94], 

  (2)

p q
L

ij pq i j

Z Z
g g

z z

 
=

 
, (B.8.1) 

where 
L

pqg  is the metric of lab space. Using Equation (B.8.1) we have Equation (4.1.113). If we 

assume 
3

1
0

Z

z





and 

3

3
0

Z

z





, Equation (B.8.1) implies Equations (4.1.114) and (4.1.115). 

 

 


