AN OVERVIEW OF RELATIVE sin® THEOREMS FOR INVARIANT
SUBSPACES OF COMPLEX MATRICES
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Abstract. Relative perturbation bounds for invariant subspaces of complex matrices are re-
viewed, with emphasis on bounding the sines of the largest principal angle between two subspaces,
i.e. sin® theorems. The goal is to provide intuition, as well as an idea for why the bounds hold
and why they look the way they do. Relative bounds are presented in the context of additive and
multiplicative perturbations. In the process we simplify some bounds and proofs for Hermitian
positive-definite and indefinite matrices.
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1. Introduction. The goal is to assess the quality of perturbed invariant sub-
spaces of complex matrices. Of interest is a new class of perturbation bounds, called
relative perturbation bounds. These bounds can be sharper than traditional bounds
when the perturbations arise from numerical errors of certain computational methods.
The following example illustrates what we mean by relative bounds.

ExampLE 1.1 (ExaMPLE 1 IN [18]). Suppose

a
A= b ,

¢
1s a complex diagonal mairiz of order 3 with distinct eigenvalues a, b, and c; and

a € €
A—|—ElE b

C

1s a perturbed matriz with the same eigenvalues as A. We want to compare the eigen-
vectors of A and A+ Fy associated with eigenvalue c. The matriz A has (0 0 1)T
as an eigenvector' associated with ¢, while A + Eq has

€ € € T
( c—a (c—b + 1) c—b 1) .

The difference between these two eigenvectors depends on =
that the angle between the two vectors can be bounded in terms of

(1.1 1 E4l/ min{|e — al, |e = b]},
as || Eql| = O(l¢]).

Now consider the perturbed matrix

€
c—b"

— and This suggests

a ac ac
At Ey= boobe |,
C
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with the same eigenvalues as A. Again, compare eigenvectors of A and A + FE5 as-
soctated with eigenvalue c. An eigenvector of A + Fs associated with eigenvalue ¢

8
€a eb eb
( c—a (c—b + 1) c—b 1) .

The difference between the eigenvectors of A and A + Eo depends on = and Ce_bb‘
This suggests that their angle can be bounded in terms of

le—al |e

(12) A" el ming 2, 0,

as || A7 Bal| = O(le]).
The bound (1.1) is a traditional, absolute bound and min{|c — a|,|c — b|} is an

le—a| |c—b]
la] > ]3] }

absolute eigenvalue separation, while (1.2) is a relative bound and min{
1s a relative eigenvalue separation.

The absolute bound contains ||F|| and an absolute separation, while the rela-
tive bound contains [|[A~1E|| and a relative separation. This means, the absolute
bound measures sensitivity with regard to perturbations £, while the relative bound
measures sensitivity with regard to perturbations A~'E. The sensitivity to absolute
perturbations is determined by an absolute separation, while the sensitivity to relative
perturbations is determined by a relative separation.

There are other ways to construct relative bounds, by taking advantage of struc-
ture in the perturbation. The estimates provided by absolute and relative bounds
can be very different. Which bound to use depends on the particular matrix and
perturbation.

The advantage of relative perturbation bounds is that they can explain why some
numerical methods are much more accurate than the traditional, absolute bounds
would predict. That’s because the errors caused by these methods can be represented
as small, relative perturbations. Specifically for the computation of eigenvectors,
numerical methods that deliver high relative accuracy include:

e Inverse iteration for real symmetric scaled diagonally dominant matrices [1,
§11] and real symmetric positive-definite matrices [8, §5]

e Two-sided Jacobi methods for real symmetric positive-definite matrices [8,
§3]

e QR algorithms for real symmetric tridiagonal matrices with zero diagonal [6,
§55, 6]

e Cholesky factorization followed by SVD of Cholesky factor for scaled diago-
nally dominant tridiagonals [1, §10] and for symmetric positive-definite ma-
trices [7, §12], [8, §4.3], [23]

e Shifted Cholesky factorization followed by inverse iteration for real symmetric

tridiagonal matrices [9, §5] [10], [28, §1].

1.1. Overview. This article is a successor to the survey on relative perturbation
bounds for eigenvalues and singular values [19] and a previous review [29]. Here we
review relative perturbation bounds for invariant subspaces. Due to space limitations
the emphasis is on bounding the sines of the largest principal angle between two sub-
spaces, 1.e. sin © theorems. The goal is to provide intuition, as well as an idea for why
the bounds hold and why they look the way they do. We present and derive relative as
well as absolute bounds to show that there is nothing inherently special about relative



bounds. Sometimes relative bounds are even implied by absolute bounds, hence they
are not necessarily stronger than absolute bounds.

Relative bounds have been derived in the context of two different perturbation
models:

o Additive perturbations (§3) represent the perturbed matrix as A + E.
Bounds for the following matrix types are presented: general (§3.1), diago-
nalizable (§3.2), Hermitian positive-definite (§3.3), graded Hermitian positive-
definite (§3.4), Hermitian indefinite (§3.5), and graded Hermitian indefinite
(§3.6).

o Multiplicative perturbations (§4) represent the perturbed matrix as Dy ADs,
where D; and Dj are non-singular matrices.

Bounds are presented for diagonalizable (§4.1) and Hermitian matrices (§4.2).

1.2. Notation. Individual elements of a matrix A are denoted by a;;. We use
two norms: the two-norm

A
||AH2 — max H x||2’
w20 |||

and the superscript * denotes the conjugate transpose; and the Frobenius norm

Al = [ laij|.
\ i

The norm || -|| stands for both, Frobenius and two-norm. The identity matrix of order
nis

where ||z|]2 = Va*z,

with columns e;.

For a complex matrix Y, range(Y’) denotes the column space, Y =1 is the inverse
(if it exists) and Yt the Moore-Penrose inverse. The two-norm condition number with
respect to inversion is k(Y) = ||Y]|2 [|Y'1]].

2. The Problem. Let A be a complex square matrix. A subspace § is an
invariant subspace of A if Az € S for every z € S [15, §1.1], [34, §1.3.4]. Applications
involving invariant subspaces are given in [15].

Let S be a perturbed subspace. The distance between the exact space S and the
perturbed space 8 can be expressed in terms of ||PP||, where P is the orthogonal
projector onto S*, the orthogonal complement of S, while P is the orthogonal pro-
jector onto § [18, §2]. When S and S have the same dimension, the singular values of
PP are the sines of the principal angles between § and § [16, §12.4.3], [34, Theorem
1.5.5]. Therefore we set

sin® = PP.

We present absolute and relative bounds for || sin ©||, where || - || is the two-norm
or the Frobenius norm.

3. Additive Perturbations for Invariant Subspaces. The perturbed sub-
space § is interpreted as an exact subspace of a perturbed matrix A + E. Relative
and absolute bounds on ||sin©|| are presented for the following matrix types: gen-
eral, diagonalizable, Hermitian positive-definite, graded Hermitian positive-definite,
Hermitian indefinite and graded Hermitian indefinite.
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3.1. General Matrices. Absolute and relative bounds for invariant subspaces
of complex square matrices are presented. The bounds make no reference to subspace
bases and provide a unifying framework for subsequent bounds.

We start with the absolute bound. Define the absolute separation between A and
A+ E with regard to the spaces & and S by

abssep = abssep;, 415 = ”Z”_inlijgp_z |PAZ — Z(A+ E)PH,

where P is the orthogonal projector onto St and P is the orthogonal projector onto
S. The absolute bound below holds for any square matrix.
THEOREM 3.1 (THEOREM 3.1 IN [18]). If abssep > 0 then

|Isin®|| < [|E||/abssepis aypy-

Proof. From —F = A — (A + E) follows
—PEP =PAP — P(A+ E)P.

Since St is an invariant subspace of A*, the associated projector P satisfies PA =

PAP. Similarly, (A 4+ E)P = P(A + E)P. Hence
—PEP = PAsin® —sinO(A + E)P,
and sin® = Psin®P implies
|E|| > |[PEP|| > absscp || sin ©|.

O

Thus, the subspace & is insensitive to absolute perturbations F if the absolute
separation is large.

Now we derive the corresponding relative bound. Define the relative separation
between A and A + E with regard to the spaces & and S by

relsep = relsepy g a4 p} = ||Z||—1{n1iﬁgﬁ—z |PA=Y (PAZ — Z (A+ E)P)||,

where P is the orthogonal projector onto St and P is the orthogonal projector onto

S. The relative bound below holds for any non-singular matrix.
THEOREM 3.2 (THEOREM 3.2 IN [18]). If A is non-singular and relsep > 0 then

[|sin O] < ||A_1E||/relsep{AyA+E}.

Proof. From —A~1E =T — A='(A+ E) follows
—PAT'EP=PP—-PA™' (A+ E)P =sin® — PA™' (A + E)P.
Again, using the fact that PA = PAP and (A4 E)P = P(A + E)P one obtains

—PAT'EP = sin®@— PA™!sin® (A+ E)P
= PA"'PAsin®@ — PA™'sin@ (A4 E)P
= PA7'(PAsin® —sin® (4 + E)P),



and sin © = Psin ©P implies
A E|| > ||PA_1EP|| > relsep || sin ©].

a

Thus, the subspace S is insensitive to relative perturbations A~ E if the relative
separation is large. The derivation of the relative bound is very similar to the deriva-
tion of the absolute bound. In this sense, there is nothing special about a relative
bound.

When the perturbed subspace has dimension one, the absolute bound implies the
relative bound.

TurEoREM 3.3 (THEOREM 3.3 IN [18]). If S has dimension one then Theorem
3.1 implies Theorem 3.2.

Proof. Since § has dimension one, X consists of only one column, and B is a
scalar. Hence one can write (A + E)i = Az. Using P = #&*/#*& and PZP = Z,
Theorem 3.1 can be expressed as

| sin O] < || E||/abssep, where abssep = ”m”m [|P(A— /\I)ZH
1

and Theorem 3.2 as

Isin@®| < |[|[A~'E||/relsep, where relsep = ||rZrhi£11 |IPA=HA - XI)ZH

_ The idea is to write (A + E)z = A\t a (fi + E);i‘ — %, where A = AA~1, and
E =—-A"1E. Note that A and A—|— F are a; ssoc1ated with the same projectors P and
P, respectively, as A and A + E.

Theorem 3.1 implies Theorem 3.2 because applying the absolute bound to (A +
E)i‘ = 1 -z yields the relative bound. In particular, the norm in abssep is

IP(A=1-DZ|| = |P(AAT" = D)Z|| = |[PA™ (A= ADZ]),

which 1s equal to the norm in relsep. O

Since the relative bound is derived by means of the absolute bound one cannot
necessarily conclude that relative perturbation bounds are stronger than absolute
bounds. However there are particular matrices and classes of perturbations, where
relative bounds can be much sharper than absolute bounds.

ExaMPLE 3.1 (EXAMPLE 2 IN [18]). Let k >0 and

10-*
A= 2.10°*%
10%

Suppose § = range(l 0 O)T 1s approzimated by the subspace associated with the

smallest eigenvalue A=10"% of

10-*
A+ FE=1[¢€10"% 2.10°* ,
elo® elo®  10%

where ¢ > 0. In this case

St = range

oo
=
e
I
coo
oo
— o o



The absolute bound contains

i 0 0 0
P(A=A)=|0 10F 0
0 0 10F-10""*
Hence in the two-norm abssep &~ 107%. Since ||E||2 ~ ¢10*, the absolute bound is

||sin O]z < || E||2/abssep ~ 102,

In contrast, the relative bound contains

0 0 0
PATY A=A =0 3 0
0 0 1-10"%

Hence in the two-norm relsep &~ 1. Since ||[A™1E||3 = ¢, the relative bound is
[sin@||z < [|[A™1E||2/relsep ~ e.

In this case the relative bound is sharper by a factor of 102 than the absolute bound.
So far we have considered bounds between two subspaces that make no reference
to any basis. From a computational point of view, however, this may not be useful.
This is why from now on we express subspace bounds in terms of specified bases. Such
bounds turn out to be weaker, as they are derived by bounding from below abssep in
Theorem 3.1 and relsep in Theorem 3.2.
Let Y and X be respective bases for S+ and 3, that is,

Y*A =AY, where St = range(Y),

and

(A+ E)X = XA, where & = range(X)

for some matrices A and A. This means, the eigenvalues of A are the eigenvalues asso-
ciated with the perturbed subspace 3, while the eigenvalues of A are the eigenvalues
associated with the exact subspace in which we are not interested, because the asso-
ciated left subspace is orthogonal to the desired subspace §&. However, the separation
between the eigenvalues of A and A determines the quality of the perturbed subspace
S. Denote by &(Y) = ||Y|]2|[Yt||2 the two-norm condition number with respect to
inversion. The absolute bound in Theorem 3.1 can be weakened to [18, (4.2)]

(3.1) [|sin©] < K(Y)KZ(X) [|E||/abssep(A, [\),
where

abssep(A,A) = ”an”in |AZ -7 AH
:1

When A is non-singular, the relative bound in Theorem 3.2 can be weakened to [18,

(4.3)]
(3.2) Isin ©]| < &(Y)K(X) | A~ E[l/relsep(A, A),



where

relsep(A, A) = ”IZn”in A=Y (A Z — Z A)]|.
:1

Unfortunately the bounds (3.1) and (3.2) contain a quantity in which we are not
really interested, k(Y'), the conditioning of a basis for S . Usually Y is not explicitly
specified, and we have some freedom of choice here. There are two simple options.
Either choose Y as a basis of Schur vectors (then Y has orthonormal columns and
k(Y) = 1), or choose Y as a basis of Jordan vectors (then A is diagonal). We make the
later choice for diagonalizable matrices, so that absolute and relative separations can
be expressed in terms of eigenvalues. For normal and Hermitian matrices, fortunately,
the two choices coincide.

3.2. Diagonalizable Matrices. Relative and absolute bounds for eigenspaces
of diagonalizable matrices are expressed in terms of eigenvalues and conditioning of
eigenvector bases.

Let S and 8 be respective eigenspaces for diagonalizable matrices A and A+ E,
and let the columns of Y and X be respective bases for St and . That is

St = range(Y), S = range(X),
and

Y*A=AY*, (A4 E)X = XA,
where A and A are diagonal. We (ab)use the notation

. : A=A
min |\ — Al and min | |
MEAAEA reAded A

to mean that the minima range over all diagonal elements A of A and all diagonal
elements A of A.
THEOREM 3.4. If A and A+ E are diagonalizable then

Isin®]lr < w(Y)A(X) [1Ellr/ min |A =]

)

If, in addition, A s non-singular, then

) A=A
[[sin©O|r < &(Y)k(X) ||A_1E||F/ min | |
xeAied Al

Proof. The absolute bound follows from (3.1) and the fact that abssep r(A, A) =
miny ., 5¢i A — A| [34, page 245, Problem 3]. Regarding the relative bound, the norm

in relsep(A, A) can be bounded by

2 2

12115

by .
1= 22| Jzi5]* > min
2,7

Ai

- X;
12— A" ZAE =) 1_7]»

i,j

Now use relsep (A, A) > miny ca Sci % in (3.2). O



Thus the eigenspace S is insensitive to absolute (relative) perturbations if the
eigenvector bases are well-conditioned and if the perturbed eigenvalues are well-
separated in the absolute (relative) sense from the undesired exact eigenvalues.

In the particular case when S has dimension one, the absolute bound in Theorem
3.4 reduces to [13, Theorem 3.1], see also Theorem 4.1.

Bounds similar to the Frobenius norm bounds in Theorem 3.4 can be derived for
the two-norm. This i1s done either by bounding the Frobenius norm in terms of the
two-norm and inheriting a factor of v/n in the bound, where n is the order of A [18,
Corollary 5.2], or by assuming that all eigenvalues of one matrix (A or A) are smaller
in magnitude than all eigenvalues of the other matrix [18, Theorem 5.3].

When A and A + E are normal, the condition numbers for the eigenvector bases
equal one, and the Frobenius norm bounds in Theorem 3.4 simplify.

COROLLARY 3.5. If A and A+ F are normal then

Isin®llr < [IEll/ min 1A=l

)

If, in addition, A s non-singular, then

|sin®[|r < [|[A7"E||r/ min
AEAAEA [Al

Now the sensitivity of the subspace to absolute (relative) perturbations depends
solely on the absolute (relative) eigenvalue separation. The absolute bound represents
one of Davis and Kahan’s sin § Theorems [4, §6], [5, §2].

In particular, the above bounds hold for Hermitian matrices. However, the rel-
ative perturbation A™'E is, in general, not Hermitian. By expressing the relative
perturbation differently, one can obtain a Hermitian perturbations. This is done in
the following sections.

3.3. Hermitian Positive-Definite Matrices. Relative bounds with Hermi-
tian perturbations are derived for eigenspaces of Hermitian positive-definite matrices.
The discussion is initially restricted to positive-definite matrices because it is easy to
construct Hermitian relative perturbations. Bounds for indefinite matrices are more
intricate, and their derivations are often guided by those for definite matrices.

In contrast to the preceding results, one would like to express relative perturba-
tions for Hermitian matrices as A~*/2EA~1/2 where A'/? is a square-root of A. The
nice thing about Hermitian positive-definite matrices A is that one can choose A'/?
to be Hermitian. Hence A~'"/2EA~1/2 remains Hermitian whenever F is Hermitian.

Let S and S be respective eigenspaces for Hermitian positive-definite matrices A
and A+ E, and let the columns of ¥ and X be respective orthonormal bases for S+
and 8. That is

St = range(Y), S = range(X),
and

Y*A=AY*,  (A+E)X = XA,

where A and A are diagonal with positive diagonal elements. Since Y and X have
orthonormal columns, ||sin O] = [|[Y*X||.
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The derivation of the relative bound below was inspired by the proof of [26,
Theorem 1].

THEOREM 3.6 (THEOREM 1 IN [22], THEOREM 3.3 IN [21]). If A and A+ F
are Hermitian positive-definite, and if ny = [|[A=Y/2EA=Y2?||y < 1 then

nr A=A
min

IT—mn /,\eA,J\e[\ Vo

[[sin®]|Fr <
where np = ||A_1/2EA_1/2||FA‘ o i
Proof. Multiply (A + E)X = XA on the left by Y* and set S=Y*X,
AS—SA = —Y*EX = —A'? W AY/?,
where W = —A~Y2Y*EX A=/2. Element (4,7) of the equation is

i — X
sij = —Wij/ A]7

Aihj

where A; and ;\j are respective diagonal elements of A and A. Summing up all elements
gives

Isin®llr = [ISllr < [IWlir/ min . _A:\|
From
W =Y*A~V2E(A 4 E)"V2X = Y* ATV2EA-Y2 AV2(A 4 B)V2 X
follows

IWllp < np [|AY2(A + E) 722,

Positive-definiteness is crucial for bounding ||A1/2(A + E)_1/2||2. Since A/2 and
(A + E)Y? are Hermitian,

AV (A+ By = AR A+ )T AV = (14 ATV EAN) T,
1
1—772.

IA

a

Thus, the eigenspace § is insensitive to relative perturbations A='/2EA~1/2 if the
relative separation between perturbed eigenvalues and the undesirable exact eigenval-
ues is large. Since the relative perturbation A='/2 EA~'/? in Theorem 3.6 is different
from the preceding perturbation A~'E, so is the relative eigenvalue separation. How-
ever, this is of little consequence: If one measure of relative eigenvalue separation is
small, so are all others [20, §2], [25, §1]. The above bound holds more generally for
unitarily invariant norms [21, Theorem 3.4].

With regard to related developments, a bound on [|AY2(A + E)~/2 — ]|, is
derived in [24]. Relative eigenvector bounds for the hyperbolic eigenvalue problem
Az = AJz, where A is Hermitian positive-definite and J is a diagonal matrix with
diagonal entries of magnitude one are given in [31, §3.2], with auxiliary results in [33].

A relative perturbation of the form A~'/2EA~1/2 not only has the advantage that
it is Hermitian, it is also invariant under grading, when both A and E are graded in
the same way. This is discussed in the next section.
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3.4. Graded Hermitian Positive-Definite Matrices. It is shown that the
relative perturbations A=1/2EA~1/2 from the previous section are invariant under
grading. By ‘grading’ (or ‘scaling’) [1, §2], [25, §1] we mean the following: There
exists a non-singular matrix D such that A = D*M D where M is in some sense
‘better-behaved’ than A.

LEMMA 3.7 (COROLLARY 3.4 IN [14], LEMMA 2.2 IN [25]). If A= D*MD is
positive definite and FF = D*F D then

A= 2 EATV| = | MT2EM

Proof. We reproduce here the proof of [19, Corollary 2.13]. Because A is Her-
mitian positive-definite, it has a Hermitian square-root A/2. Hence A~Y/2EA~1/2 is
Hermitian, and the norm is an eigenvalue,

|A~Y2EAY2)| = max [A\(ATY2EATY?))
1<j<n

Now comes the trick. Since eigenvalues are preserved under similarity transformations,
we can reorder the matrices in a circular fashion until all grading matrices have
cancelled each other out,
N(AT2EATY?) = N(AT'E)=XN(DT' MTIF D) = )\ (MT'F)
A (M—Y2RME,

At last recover the norm,

12162( |>\j(M_1/2FM_1/2)| — ||M_1/2FM_1/2||.
sJisn

0

Application of Lemma 3.7 to Theorem 3.6 demonstrates that the relative pertur-
bations do not depend on the grading matrix D.

COROLLARY 3.8 (THEOREM 3.3 IN [21]). IfA=D*MD and A+ E =D*(M +
F)D are Hermitian positive-definite, where D is non-singular, and if

m = |M~YVPEM Y, < 1

then

>
|
D>

[|sin®||Fp < T — min _ |
T—m2 " xeaded /))
where np = ||M_1/2FM_1/2||F‘
Again, the above bound holds more generally for unitarily invariant norms [21,
Theorem 3.4].
There are other relative bounds for Hermitian positive definite matrices D* M D
that exploit grading in the error D* F'D.
e Component-wise first-order bounds on the difference between perturbed and
exact eigenvectors, containing the perturbation ||M~Y2FM~=1/2||5, a relative
gap, as well as eigenvalues and diagonal elements of M [25, §3].
e Component-wise exact bounds with the same features as above [22, Theorem

4].
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e Norm-wise and component-wise first-order bounds on the difference between

exact and perturbed eigenvectors, containing eigenvalues of M and || F||2 [8,

§2]. Here D is diagonal so that all diagonal elements of M are equal to one.

The next section shows how to deal with indefinite matrices, first without and
then with grading.

3.5. Hermitian Indefinite Matrices. The bound for positive-definite Hermi-
tian matrices in §3.3 is extended to indefinite matrices, however with a penalty.

To understand the penalty, 1t is necessary to introduce polar factors and J-unitary
matrices. Let A be Hermitian matrix with eigendecomposition A = VQV™* and denote
by || the diagonal matrix whose diagonal elements are the absolute values of the
diagonal elements in €. The generalization of this absolute value to non-diagonal
matrices is the Hermitian positive-definite polar factor (or spectral absolute value
[37, §1]) of A, |A| =V |Q|V*. When A happens to be positive-definite then |A| = A.
Note that the polar factor |A| has the same eigenvectors as A.

The J in the J-unitary matrices comes from the inertia of A. Write an eigende-
composition of A

A=vav  =VvI|Q'?J|Q'? v*,

where J is a diagonal matrix with +1 on the diagonal that reflects the inertia of A.
A matrix Z with ZJZ* = J is called J-unitary. When A is definite then J = 7 is a
multiple of the identity, hence J-unitary matrices are just plain unitary. One needs .J-
unitary matrices to transforms one decomposition of an indefinite matrix into another.
For instance, suppose one has two decompositions A = Z1J 7] = Z3J 75 . Then there
exists a J-unitary matrix 7 that transforms 7; into 7Z5. That is,

AR AW ZJZ* =J.

One such matrix is simply Z = Z2_1Z1.

Now we are ready to extend Theorem 3.6. The derivation was inspired by the
proof of [36, Theorem 2].

THEOREM 3.9. If A and A+ E are Hermitian with the same inertia, and if
n2 = || |A|=Y2 E A= Y?||2 < 1 then
o / min A=Al
VI=12 " xeaieh VA
where np = || |A|7'/? E |A|=Y?||p and Z is J-unitary. Hence

Proof. The proof is very similar to that of Theorem 3.6. Multiply (A—}—E)X = XA
on the left by Y* and set S = Y*X,

AS —SA = —Y*EX = —|A|"2 W |A]Y/2,
where W = —|A|=2Y*EX [A|='/2. Element (i, j) of the equation is
Xi— A

VI |

where A; and ;\j are respective diagonal elements of A and A. Summing up all elements
gives

[sin®[|r < [1Z]l2

sij = —Wij/

. . A=
Isin®|r = [Slr < [Wllr/ min A=A

AEAAEA /|/\5\| .
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From
W =Y*ATV?E|A+ E|7VPX =Y |ATV2 E ATV AV A+ ETP X
follows
IWllr < nr | JAY2[A + B]72)|2.

Bounding || |A|'/?|A 4+ E|='/?||5 requires more work than in the positive-definite
case. The eigendecompositions A = VQV* and A+ E = VQV* lead to two decom-
positions for A + F,

A+ E=VI|QY271Q*v*

and
A+E = VIQ'2T|Q'*V"+E
= VIQ[ (7410172 viEV T ?) je) v
= (VIQIZQIAM) T (JAI2Q [ /*v),
where

J+ Q7 2VEEV] QT2 = QAQT

is an eigendecomposition with the same inertia as A 4+ E since we got there via an
equivalence transformation. To summarize the two expressions

A+ E=2,]77 = 2,0 73,
where
Z1 =V |QIY? Zy =V |QIY2 QA2

As explained above there exists a J-unitary matrix Z such that Z; = Z; Z. Use this
in

ITAM?|A+ EI7V2 )l = [QPPVAV QY2 = (| 1QV2VV 277
to obtain
A2 A+ BTV = | |A[T227 |2 < [|JATY]Y2 (1 2]

since A is a diagonal matrix. It remains to bound ||A~1||5,

AT = (T+QI7 2V EV]QI=)7
|2+ 1@ 2 veEV||Q= %)™
< 1
T l-n

0

The first bound in Theorem 3.9 looks exactly like the first bound in Theorem
3.6, except that the square-roots in 53 and np are now square-roots of polar factors
and the relative eigenvalue separation has absolute values under the square-root. The
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second bound differs from that in Theorem 3.6 only in the factor ||Z||, that’s the
penalty. In the lucky case when A happens to be positive-definite, 7 is unitary and
Theorem 3.9 reduces to Theorem 3.6. When A is indefinite, the eigenspace sensitivity
is magnified by the norm of the J-unitary matrix, which in some sense reflects the
deviation of A from definiteness. Fortunately, it appears that factors like [|7]] do not
grow unduly [36, §4, §5].

However, not all relative bounds for Hermitian matrices necessarily look like the
one above. For instance, there are relative bounds specifically geared towards real
symmetric tridiagonal matrices. The cosine between two Ritz vectors associated with
an eigenvalue cluster of a real, symmetric tridiagonal matrix can be expressed in
terms of a relative gap [27, §5]. Perturbations of the LDLT decomposition of a
real, symmetric tridiagonal matrix lead to relative bounds on the tangent between
eigenvectors, and an eigenvector condition number that depends on all eigenvalues,
not just a single eigenvalue separation [28, §10].

Like a tridiagonal matrix, one can decompose any Hermitian matrix as A =
G*JG, where J is a diagonal matrix with diagonal entries +£1. The norm-wise per-
turbation of a spectral projector induced by perturbations of the factor G can be
bounded in terms of a relative eigenvalue separation [35, (12)], [32, Theorem 1].

3.6. Graded Indefinite Hermitian Matrices. The bound for graded positive-
definite matrices from §3.4 is extended to graded indefinite matrices,

Fortunately this requires only a slight modification in the proof of Theorem 3.9.
The resulting bound below is a simpler version of [36, Theorem 2].

THEOREM 3.10. If A= D*MD and A+ E = D*(M+ F)D are Hermitian, where
D s non-singular, and if

2 = || M2 M7V |2 < 1

then

>
D>

Isin®llr < 12l —E—/ min |

nr
V1I=12" xeaied /A)

where np = || |M|~Y2 F |M|='?|||p, and Z is J-unitary.
Proof. As in the proof of Theorem 3.9 derive

bl

D>

. . A—
|sin®llp = ||S]|lr < [[Wllp/ min | -
AEAAEA |/\>\|

To bound [|W||F, represent A and A + E in terms of D and eigendecompositions of
M and M + F, respectively. The scaling matrices D then cancel out with the scaling
matrices in the error ¥ = D*FD. [0
Other relative bounds for indefinite Hermitian matrices that exploit grading in-
clude the following.
e Norm-wise and component-wise first-order bounds on the difference between
exact and perturbed eigenvectors of real, symmetric scaled diagonally-domi-
nant matrices [1, §7].
e Bounds on the norm-wise difference between corresponding eigenvectors of
Hermitian matrices A = D* M D and D*(M + F')D in terms of a relative gap,
[|F||2 and an eigenvalue of a principal submatrix of M [17, Theorem 7]. This
is an improvement over the bounds for symmetric scaled diagonally dominant
matrices in [1, §7] and for positive-definite matrices in [8].
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e Bounds on the cosines of angles between exact and perturbed eigenvectors of
possibly singular Hermitian matrices [2, §4]. They can be applied to analyze
the accuracy of subspaces in ULV down-dating [3].

e Bounds on the norm-wise perturbations in spectral projectors [29, §2], [35,
(6), (7)], [37, Theorem 2.48].

Now we consider a different class of perturbations.

4. Multiplicative Perturbations. The perturbed subspace S is interpreted
as an exact subspace of a perturbed matrix Dy ADy, where Dy and Dy are non-
singular. Relative and absolute bounds on [|sin ©|| are presented for diagonalizable
and Hermitian matrices.

When Dy = Dl_l, the perturbed matrix D ADs is just a similarity transformation
of A, which means that A and D1 AD, have the same eigenvalues. When Dy = Dj
then Dy AD; 1s a congruence transformation of A, which means that A and Dy AD,
have the same inertia when A is Hermitian. Since the non-singularity of Dy and D5
forces A and D1 AD, to have the same rank, multiplicative perturbations are more
restrictive than additive perturbations.

Multiplicative perturbations can be used, for instance, to represent component-
wise perturbations of real bidiagonal matrices and of real symmetric tridiagonal ma-
trices with zero diagonal [1, page 770], [12, §4], [19, Example 5.1]. This is exploited
in [28, §4], where the relative sensitivity of eigenvalues and eigenvectors of real sym-
metric tridiagonal matrices with regard to perturbations in the factors of a LDLT
factorization is analyzed. Since L is bidiagonal, a component-wise perturbation of L
can be represented as Dy LD-.

In a different application illustrated below, multiplicative perturbations represent
deflation in block triangular matrices.

ExAMPLE 4.1 (THEOREM 5.2 IN [12]). The off-diagonal block in the block tri-

angular matrix
A1 Ap
A=
(™ )

1s to be eliminated, making the deflated matriz

(* )
AQZ

block diagonal. When A1y is non-singular one can factor

A _ A Ags I —A7l A
A A I '

Therefore the deflated matriz represents a multiplicative perturbation Dy ADs, where
Di =1 and

-1
Dy = <I _Al}Alz) .

Sitmalarly, when Ass ts non-singular one can factor

<A11 > _ <I —A12A2_21) <A11 Au)
A22 I A22 '
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In this case the deflated matrixz represents a multiplicative perturbation D1 ADs, where
Ds =1 and

-1
Dy = <I _A1;A22 ) .

4.1. Diagonalizable Matrices. A bound is presented between a perturbed one-
dimensional eigenspace and an eigenspace of a diagonalizable matrix.
Suppose A is diagonalizable and § = range(#), where

DiADs & =2,  ||&]l2=1

for some non-singular Dy and D5, where D1 AD5 1s not necessarily diagonalizable. In
this section we explicitly choose § to be the eigenspace associated with all eigenvalues
of A closest to A. The remaining, further away eigenvalues form the diagonal elements
of the diagonal matrix A, i.e.

min [A — A| > min|A;(A) — A
AEA )
Then St is the left invariant subspace of A associated with the eigenvalues in A. Let
the columns of Y be a basis for S*, so §1 = range(Y') and
Y*A = AY™.
In the theorem below the residual of # and A is
r=(A— )i
THEOREM 4.1 (THEOREM 4.3 IN [13]). If A is diagonalizable then

Isin©1lz < w(Y) I/ i |A = Al

If, in addition, Dy and Dy are non-singular then

A=A
[|sin O]|2 < &(Y) min{ay, az}/g\nei[{1| |3\| | + |IT = D32,

where
—||p-1 — -1p-1
ar = ||D77 = Dalla,  as=[[I- Dy Dy 2
Proof. To derive the absolute bound, multiply r = (4 — 5\1)55 by Y* and use
Y*A =Y*A,
Y*2 = (A= A" Y
With P being the orthogonal projector onto St = range(Y’) one gets

Pi=(Y1)yvie=H)"(A-A)"tY"r
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From ||Z||2 = 1 follows
|sin©]|5 = [|P&[ls < £(Y) [|(A = A |z [|7l2.

To derive the relative bound, we’ll use the absolute bound. Multiply (D1 AD3)z =
A& by D7t and set z = Daz/|| D2,

Az = S\Dl_nglz.
The residual for A and z is
f=Az—dz=X(D;'D;' = )z = M (D7! — Dy)2/|| Dait].
Hence

1112 < Maz,  (1fll2 < (A @/ Daill2.

The idea is to first apply the absolute bound to the residual f and then make an
adjustment from z to . Since f contains X as a factor we’ll end up with a relative
bound.

Applying the absolute bound to f gives

[[sin @][> < &(Y) || ll2/ min|A — Al

where @ represents the angle between z and §. To make the adjustment from z to z
use the fact that [13, Lemma 4.2]

Isin O[]z < [|sin @[|> + [ D2 — ]2
and
I5in ©llz < [[Da e [[sin @]ls + | Dz — I

Now put the first bound for ||f]|2 into the first bound for || sin ©]|3 and the second
bound for [|f||2 into the second bound for ||sin ©||5. O

The relative bound consists of two summands. The first summand represents
the (absolute or relative) deviation of Dy and Dy from a similarity transformation,
amplified by the eigenvector conditioning £(Y) and by the relative eigenvalue sepa-
ration; while the second summand represents the (absolute and relative) deviation of
the similarity transformation from the identity. The factor a; is an absolute deviation
from similarity, while a5 constitutes a relative deviation as

I-D7'Dy' = (Dy— DY')D;!

is a difference relative to Dy. Thus, for an eigenspace to be insensitive to multi-
plicative perturbations, the multiplicative perturbations must constitute a similarity
transformation close to the identity.

Here again, as in Theorem 3.3, the relative bound is implied by the absolute
bound. Also, when & has dimension one, the absolute bound in Theorem 4.1 implies
the absolute bound in Theorem 3.4.

EXAMPLE 4.2. Let’s apply Theorem 4.1 to Example 4.1. Suppose  is a unit-norm
etgenvector associated with an eigenvalue A of the deflated, block-diagonal matriz.
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First consider the case when A1y is non-singular. Then D1 = I and
ar = ay = [|I = Dalls = || A7 Aual2.

Hence

. _ A=A
[[sin®[2 < [ A7 Arz|2 (1+ 1/ min A

This means z is close to an eigenvector of A if || AT} A1a||2 is small compared to 1 and
the relative eigenvalue separation. Hence, the matriz can be safely deflated without
harming the eigenvector, if the leading diagonal block is ‘large enough compared to’ the
off-diagonal block, and the meaning of ‘large enough’ is determined by the eigenvalue
separation.

In the second case when Az is non-singular, one has Dy = I. Hence ||Dy—1I||3 =
0, a] = g = ||A12A2_21||2, and

. _ A=A
[|sin©[]; < ||A111Al2||2/&ﬂ€1£1 A
Now the matriz can be safely deflated without harming the eigenvector, if the trailing
diagonal block s ‘large enough compared to’ the off-diagonal block.
In some cases the first summand in the bound of Theorem 4.1 can be omitted.
COROLLARY 4.2 (COROLLARY 4.4 IN [13]). If Dy = Dy' or A =0, then

[[sin©l|s < [|T = Dsla.

Proof. First suppose Dy = Dz_l. Then D1 ADy z = by implies ADy & = S\Dzi‘,
i.e., A and Dy are an exact eigenpair of A. Since § is the eigenspace associated with
all eigenvalues closest to ;\, we must have Dy € S. Hence PDyz = 0, where P is the
orthogonal projector onto S*, and

[sin O]z = [[PE|l2 = [|[P(Daz — &)l2 < [[T = D2ll2.

Now suppose A =0. Then DiADsz =0 - & implies Dz_lAD2 z =0 -z, since
Dy and Dy are non-singular. Hence X and # are an exact eigenpair of a similarity
transformation of A, and we are back to the first case. O

In the case of similarity transformations D; = D:)_l, the eigenspace angle is
bounded by the relative deviation of D from identity, without any amplification by
k(Y) or by a relative gap. As a consequence, eigenvectors of diagonalizable matrices
are well-conditioned when the perturbation is a similarity transformation. Similarly,
in the case A = 0 it follows that null vectors of diagonalizable matrices are well-
conditioned under multiplicative perturbations.

A different approach is sketched in [21, Remark 3.3] for deriving eigenspace bounds
of diagonalizable matrices when both eigenspaces have the same dimension > 1.

4.2. Hermitian Matrices. Two-norm and Frobenius norm bounds are pre-
sented for multiplicative perturbations that are equivalence transformations.

When applied to Hermitian matrices, Theorem 4.1 simplifies. Remember that in
this context the perturbed eigenspace has dimension one, S = range(&), and

D*AD& =i,  ||illa=1;
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and § is the eigenspace of A associated with the eigenvalues of A closest to A
CoOROLLARY 4.3 (THEOREM 2.1 IN [11]). If A is Hermitian then

[[sin©]lz < [|rll2/ min A ~ Al

If, in addition, D is non-singular then

A=A
[|sin©[]2 < min{ay, ag}/g\neill\ll |;\| | + ||I = D)2,

where

a1 = ||D7F = Dz, as = || = D*D7 1.

The relative bound consists of two summands. The first summand represents the
(absolute or relative) deviation of the equivalence transformation from a similarity,
amplified by the relative eigenvalue separation; while the second summand represents
the (absolute and relative) deviation of the similarity transformation from the identity.
Hence the eigenspace § is insensitive to perturbations that are equivalence transfor-
mations if the equivalence transformation is close to a similarity transformation that
does not differ much from the identity.

In the special case when & has dimension one, Corollary 4.3 is slightly stronger
than [12, Theorem 2.2] and [11, Corollary 2.1].

Corollary 4.3 can be extended to bound angles between two eigenspaces of equal
dimension k > 1, however at the expense of an additional factor vk in the bound [11,
Theorem 3.1]. The following bounds for equally dimensioned subspaces do without
this factor.

Let 8 be an invariant subspace of A, and § be an invariant subspace of D*AD,
where D is non-singular and S has the same dimension as §. Let the columns of X
be an orthonormal basis for & and the columns of Y be an orthonormal basis for S*.
Then

Y*A = AY™, D*AD X = XA,

for some diagonal matrices A and A. Below are Frobenius norm bounds on the angle
between two equally dimensioned eigenspaces of a Hermitian matrix.

THEOREM 4.4 (THEOREM 3.12 1N [21]). If A is Hermitian and D is non-singular
then

A= ]|
A A

[sin®[|r < II(D—D‘*)XIIF/A min +I(I = D™)X|Ir

€A XE

)

and

: ; : , A=A
Isin@llr < v/l = D)X[ + (7 = D=)X[/ min —=2

eAreh /A2 + A2

2 Here we have exchanged the réles of A and D*AD.
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These bounds give the same qualitative information as Corollary 4.3: The eigen-
space 1s insensitive to perturbations that are equivalence transformations if the equiv-
alence transformation is close to a similarity transformation that does not differ much
from the identity. The first bound has the same form as the relative bound in Corol-
lary 4.3. In particular, when S and & have dimension one, the first bound in Theorem
4.4 implies

. . . A=A .
Isin®lly < (D= D)o/ min 2=y ey,
xeAed Al

which is almost identical to the relative bound in Corollary 4.3. Note that the relative
eigenvalue separation in the second bound is different. More generally, Theorem 4.4
holds in any unitarily invariant norm [21, Theorem 3.2].

Multiplicative eigenvector bounds for the hyperbolic eigenvalue problem Az =
AJz, where A is Hermitian positive-definite and J is a diagonal matrix with unit
diagonal entries are given in [31, §4].
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