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ABSTRACT. We consider an open tandem queueing network with populationconstraint and constant service times. The total number of customers that maybe present in the network can not exceed a given value K. Customers arriving atthe queueing network when there are more than K customers are forced to waitin an external queue. The arrival process to the queueing network is assumed tobe arbitrary.This queueing network is transformed into an equivalent simpler queueingnetwork involving only two nodes. Using this simple queueing network, we obtainupper and lower bounds for the mean waiting time and for the variance of theinterdeparture time. Approximations for the mean waiting time and the vari-ance of the interdeparture time are then constructed by appropriately combiningtheir upper and lower bounds. Validations against simulation showed that theseapproximations have a low relative error.KEY WORDS: open queueing network, population constraint, constant servicetimes, semaphore queue, upper and lower bounds.
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1 IntroductionIn this paper, we consider an open tandem queueing network with constant servicetimes and population constraint. The total number of customers simultaneouslypresent in the network can not exceed a given value K. Customers arriving whilethe network has K or more customers are forced to wait in an external queuewhich is assumed to have an in�nite capacity. As soon as a customer leavesthe network, the �rst customer in the external queue is allowed to enter thenetwork. Queueing networks with population constraint have been used to model
ow control mechanism in data communication systems, automatic assembly lineswith a �xed number of palets, and semaphore controlled software in an operatingsystem.Queueing networks with population constraints do not have a closed formsolution. As a result, several approximate solutions have been proposed in theliterature. Fdida, Perros and Wilk [5] presented an approximation technique forsolving an open queueing network with Poisson arrivals and exponential servicetimes which consists of several subnetworks where each subnetwork has a pop-ulation constraint. They used this type of queueing network to model nestedsliding window 
ow control mechanisms. Dallery [4] analyzed a single class openqueueing network with population constraint under Coxian service times by trans-forming it into an equivalent closed queueing network. Shapiro and Perros [18]presented a hierarchical method for analyzing nested sliding window 
ow controlmechanisms with packet fragmentation and reassembly. Perros, Dallery and Pu-jolle [15] extended the approach proposed in [4] in order to analyze open multiclassqueueing networks with class dependent population constraints. Other semaphorecontrolled queueing models have also been considered in the literature. Lam [10]extended the class of multichain queueing networks of the product-form type toinclude mechanisms of state dependent lost and triggered arrivals. Kaufman andWang [8] analyzed a queueing network with Poisson arrivals and exponential ser-vice times. They derived the stability condition and proposed an analytic approx-imation for the mean waiting time. 1



Several studies of open tandem queueing network with constant service timeand without a population constraint have been reported in the literature. Avi-Itzhak [2] and Friedman [6] analyzed an open tandem con�guration with blockingand constant service times, assuming that the �rst queue has an unlimited capac-ity. Altiok and Kao [1] presented a lower and upper bound on the throughputof the same queueing network assuming that the �rst queue is �nite. Ziegler andSchilling [20] and Gall [7] obtained the delay in a queueing network with Poissonarrivals and constant service times assuming in�nite capacity queue. Shalmon andKaplan [17] considered a tandem network with constant service times and multipleinterfering sources. Assuming that all nodes have an in�nite capacity, they de-rived the steady-state moment generating function for the waiting time. Finally,Newell [14] analyzed a tandem network with constant service times, assuming thatthe �rst node is saturated.In this paper, we analyze an open tandem queueing network with popula-tion constraint assuming constant service times. In particular, we obtain approx-imately the mean waiting time in the queueing network and the variance of theinterdeparture time. To the best of our knowledge, this model has not as yetbeen studied in the open literature. This paper builds on an earlier paper byRhee and Perros [16]. It was shown in [16] that this queueing network can betransformed into a simple queueing network involving only two nodes. Using thissimple queueing network, an upper and lower bound on the mean waiting timewere constructed. These bounds can be easily calculated. Simulation experimentsshowed that the lower bound is a very good approximation to the mean waitingtime when the number of tokens is small. The upper bound also gives a goodapproximation as the number of tokens increases.The paper is organized as follows. In section 2, we present the open queueingnetwork under study. In section 3, we give an upper and lower bound of the meanwaiting time in the queueing network, and then we obtain an approximation of themean waiting time by appropriately weighing these two bounds. In section 4, weobtain approximately the variance of the interdeparture time following the sameapproach as in section 3. That is, we �rst obtain an upper and a lower bound2



on the variance of the interdeparture time. Then, we construct an approximationto this variance by weighing these two bounds. Finally, conclusions are given insection 5.We note that, in this paper, we interpret the waiting time of a customeras the total time a customer spends queueing up in the queueing network, ratherthan the time it takes to traverse the queueing network which also includes servicetimes.2 The Queueing Network Model under StudyLet us consider an open tandem queueing network with a population constraintand constant service times. We assume that the queueing network consists of Nnodes. The arrival process to the queueing network is assumed to be an arbitrarygeneral distribution with rate �, and the service time at each node i is constantequal to si; i = 1; 2 : : : N . The population constraint of the queueing network iscontrolled by a semaphore as shown in Figure 1.
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For this queueing network, the waiting time of a customer remains the sameeven though the order of the service times is rearranged. In particular, let usrearrange the nodes of the open tandem queueing network so that the node withthe longest service time is placed at the beginning of the queueing network. Then,a customer's waiting time is the same in both the rearranged queueing networkand in the original queueing network ( for a proof see in [16] ). Since there isno queueing after the �rst node in the rearranged queueing network, the time acustomer spends in the remaining nodes is the sum of the service times PNi=2 si.In view of this, we can represent the queueing network by a simpler two-nodequeueing network as shown in Figure 2.
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Figure 2: The two-node queueing network with constant service timesFor presentation purposes, we shall refer to these two node as the �rst nodeand the second node. s� represents the longest service time in the network and sis the sum of the remaining service times, i.e., s = PNi=1 si � s�. The number ofparallel servers at the second node is in�nite. A customer's waiting time in thetwo-node queueing network is the same as in the rearranged queueing network,and consequently it is the same as in the original queueing network under study.In this paper, we focus on the simpler two-node queueing network. The number oftokens in the network a�ects a customer's waiting time. In the following theorem,we prove that a customer's waiting time is monotonically decreasing as the number4



of tokens increases. (We note that the same theorem has been proved for generalservice times for stochastic decision free petri nets by Baccelli and Liu [3]. Belowwe include the proof to this theorem since it is directly related to constant servicetimes, and some of arguments are used in the rest of the paper.)Theorem 1. Let us consider the semaphore controlled queueing network withconstant service times. Let wi(K) be the waiting time of the ith customer in thequeueing network with K tokens. Thenwi(K) � wi(K + 1) for all i (1)Proof. For the �rst K arriving customers, wi(K) = wi(K + 1) for i � K, sincean arriving customer always �nds a token in the token pool. Letting ai be theinterarrival time between the (i� 1)st and ith customer, we havewi(K) = maxf0; wi�1(K) + s� � aig 2 � i � kLet T =PNi=1 si. Then, for the (K + 1)st arriving customer, we havewK+1(K) = maxf0;maxfT; KXj=1 aj + wK(K) + s�g � K+1Xj=1 ajg (2)and wK+1(K + 1) = maxf0; wK(K + 1) + s� � aK+1g (3)Since wK(K) = wK(K+1), we have that wK+1(K) � wK+1(K+1). At this pointit is reasonable to conjecture thatwi(K) � wi(K + 1) for all i � K (4)We prove that this is, in fact, the case by mathematical induction. Expression(4)clearly holds for the �rst K + 1 values of the index i. Assuming that it holds fori� 1, we show below that it also holds for i. We havewi(K) = maxf0;maxfT; iXj=i�K+1 aj + wi�K(K) + s�g � i+1Xj=1 ajg (5)5



and wi(K + 1) = maxf0; wi�K(K + 1) + s� � ai+1g (6)Since wi�K(K) � wi�K(K + 1), we conclude that wi(K) � wi(K + 1). 2We note that after a given number of tokens K�, a customer's waiting timedoes not change even though the number of tokens is increased. We showed thatK� = d Ts� e in [16]. If Ks� � T , then the waiting time in the queueing networkis the same as that of a G=D=1 queue with the same arrival process and servicetime s�. That is, it is independent of K. We also observe that when K � N , thenKs� � Ns� � T .3 The Mean Waiting TimeIn this section, we present a lower and an upper bound of the mean waiting timein the original queueing network, assuming that Ks� < T . By appropriatelyweighing these two bounds, we obtain an approximation for the mean waitingtime. We note that these two bounds were reported in an earlier paper by Rheeand Perros [16]. For presentation purposes, we describe these two bounds belowin section 3.1 and 3.2.In the case where the token pool consists of one token, since the networkallows only one customer, there is no waiting after the external queue. The originalqueueing network becomes a G=D=1 queue with a service time equal to T . If thearrival process to the queueing network is Poisson, then we obtain an M=D=1queue, and the mean waiting timeW is given by the Khinchin-Pollaczek formula,i.e., W = �T2(1 � �) (7)where � = �T is tra�c intensity. However, for the G=G=1 queue, there is no exactexpression available for the mean waiting time. Marshall [11] and Marchal [13]give the following bounds for the G=G=1 queue.maxf0; �2�2B + �(� � 2)2�(1 � �) g �W � �(�2A + �2B)2(1 � �) (8)6



where �2A and �2B is the variance of the interarrival time and service time respec-tively. For the case of constant service times, the variance �2B is zero. Therefore,the lower bound is always zero since � < 1. Marchal [12] obtained the followingapproximation for the lower bound of the mean waiting time in a G=G=1 queue :�2(�2A + �2B)2�(1 � �) � 1 + �2� (9)Further, the mean waiting time in a G=D=1 queue can be approximated by thefollowing expression due to Kramer and Langenbach-Belz [9] :W = �2(c2a + c2s)2�(1 � �) g(c2a; c2s; �) (10)where c2a and c2s are the squared coe�cient of variation of the interarrival timeand service times respectively, andg(c2a; c2s; �) = 8>><>>: exp(�2(1 � �) (1�c2a)23�(c2a+c2s)) if c2a < 1exp(�(1� �) (c2a�1)(c2a+4c2s)) otherwise3.1 A Lower BoundLet us consider the equivalent queueing network shown in Figure 2. We notethat tokens are used in the order in which they arrive at the token pool. Forpresentation purposes, let us number them from 1 to K. Then, since servicetimes are all constant, token i will always be behind token (i�1). In view of this,every K th arriving customer will use the same token. If we regard each token as aseparate server, the queueing network can be represented by K queues in parallel.Each queue will consist of customers waiting to use the same token. The servicetime at each queue is the time it takes for a token to traverse the two nodes insidethe semaphore controlled queueing network. Obviously, this service time dependson how many other tokens are being used at the same time. In other words, theservice time in a queue depends on the state of the remaining (K � 1) queues.A lower bound on the mean waiting time can be easily obtained by settingthe service time of each of theseK queues equal to T (= PNi=1 si), i.e., independent7



of the state of the other queues. If the arrival process to the original queueingnetwork is a general arrival process with arrival rate �, then the arrival process toeach of the K queues is the convolution of K such general arrival processes. Thus,each queue can be analyzed as a G
G
: : :
G=D=1 queue, where G
G
: : :
Gis the convolution of the K arrival processes, and the service time is equal to T .When the arrival process to the queueing network is Poisson with an arrival rate �,the arrival process to each queue becomes an Erlang distribution with K phaseswith a parameter � for each phase. For Poisson and non-Poisson arrivals, themean waiting time is calculated using (8) or (10).3.2 An Upper BoundLet us consider the queueing network under study assuming that the externalqueue is saturated. That is, there is always at least one customer waiting in theexternal queue. In this case, all K tokens are continuously used. Let us considerthe case where TK > s�. Since the external queue is always saturated, sooner orlater there will be no token left in the token pool. The interdeparture time fromthe �rst node is larger than or equal to s�, which means that the interarrivaltime of a token to the pool is larger than or equal to s�. Thus, a token arrivingto the �rst node always �nds the node empty. The time it takes for a token toreturn to the token pool is s� + s = T and the average interdeparture time ofa customer is TK . Thus, when the external queue is saturated, the throughputis KT . We conjecture from this, that the throughput of the two-node queueingnetwork lies between 1s� and KT . Therefore, an upper bound on the mean waitingtime can be obtained by representing a G=D=1 queue with a service time equalto maxfs�; TKg. The mean waiting time in this queue can be obtained using (7)if the arrival process is Poisson. For a non-Poisson arrival process, we use (8) or(10). 8



3.3 The True Boundness of the Upper and Lower BoundIn this subsection, we show that the above lower and upper bounds are truebounds of the mean waiting time in the original tandem queueing network.Theorem 2. Let wli and wui be the waiting time of the ith arriving customer inthe lower and upper bound model respectively. Let wi be also the waiting time ofthe ith arriving customer in the original semaphore controlled queueing network.Then, the waiting time wi, is always bounded by the lower and upper bounds,that is, wli � wi � wui for all i (11)Proof. Let us consider the beginning of the �rst busy period of the semaphorecontrolled queueing network. For the �rst K arriving customers, we havewli = 0 (12)wi = maxf0; wi�1 + s� � aig (13)wui = maxf0; wui�1 + TK � aig (14)where ai is the interarrival time between the (i� 1)st and ith customer.Since Ks� � T , we can prove easily that wli � wi � wui where i takes the values1 � i � K. For the K + 1st arriving customer, we havewlK+1 = maxf0; T � K+1Xi=1 aig (15)wK+1 = maxf0;maxfT; KXi=1 ai + wK + s�g � K+1Xi=1 aig (16)wuK+1 = maxf0; wuK + TK � aK+1g (17)If T > PKi=1 ai +wK + s�, then wlK+1 = wK+1. Otherwise wlK+1 < wK+1. In orderto compare wK+1 and wuK+1, we re-write wuK+1 as follows :wuK+1 = maxf0; wuK + TK � aK+1g9



= maxf0; wuK�1 + 2TK � K+1Xi=K aig if wuK�1 + TK � aK > 0...= maxf0; wuj + (K � j + 1)TK � K+1Xi=j+1 aig if wuj + TK � aj+1 > 0...= maxf0; wu1 + KTK � K+1Xi=2 aig if wu1 + TK � a2 > 0 (18)From (16), if T � PKi=1 ai+wK+s�, thenwK+1 = maxf0; T�PK+1i=2 aig. Otherwise,wK+1 = maxf0; wK+s��aK+1g. However, from (17), we have that if wuK�1+ TK �aK > 0, then wuK+1 = maxf0; wuK + TK � aK+1g, and if both wuK�1 + TK � aK > 0and wuK�2 + TK � aK�1 > 0 are satis�ed, then wuK+1 = maxf0; wuK�1 + TK � aKg.Finally, we have that wuK+1 = maxf0; T � PK+1i=2 aig, when for all 1 � i � Kwui + TK � ai+1 > 0. Hence, wuK+1 � maxf0; T �PK+1i=2 aig. Therefore, wK+1 �wuK+1.In general, wlj ; wj and wuj , where j � K, are as follows :wlj = maxf0; wlj�K + T � jXi=j�K+1 aig (19)wj = maxf0;maxfwj�K + T; j�1Xi=1 ai + wj�1 + s�g� jXi=j�K+1 aig (20)wuj = maxf0; wuj�1 + TK � ajg� maxf0; wuj�K + T � jXi=j�K+1 ajg (21)Since we already know that wlj�K � wj�K � wuj�K , we can prove that wli � wi �wui for all i by applying (19), (20) and (21). 210



3.4 An Approximation for the Mean Waiting TimeIn this section, we obtain an approximation for the mean waiting time in thesemaphore controlled queueing network by appropriately weighing up the lowerand upper bounds presented in section 3.1 and 3.2. From experimental evidencewe have observed that the exact mean waiting time tends to the lower bound asKs�T becomes small ( i.e. � 0:5 ), and it tends to the upper bound as Ks�T goes to1, as shown in Figure 3.
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Figure 3: The exact mean waiting time and its bounds.The upper bound converges to a certain point as the number of tokens Kincreases. From Theorem 2 in [16], it can be easily shown that this point is themean waiting time in a G=D=1 queue with service time s�. Since the lower boundtends to zero as the number of tokens K increases, a better lower bound can beconstructed by taking the maximum of the mean waiting time in a G=D=1 queuewith service time s� and the mean waiting time in a G
G
 : : :
G=D=1 queuewith service time T . This lower bound is shown in Figure 3 with a thick dottedline. The exact mean value, obtained by simulation, is drawn in Figure 3 as acontinuous thick line. We have also observed that the coe�cient of variation of11



the interarrival times a�ects how close the exact mean waiting time is to eitherthe lower bound or the upper bound.Let us express the distance from the exact mean waiting time to the lowerbound by the following expression :d = exact mean waiting time � lower boundupper bound � lower bound (22)We shall refer to d as the normalized distance. We have that 0 � d � 1. Figure 4shows how this normalized distance d varies as a function of Ks�T for di�erent valuesof c2a, the squared coe�cient of variation of the interarrival times. (These resultswere calculated by estimating the exact mean waiting time by simulation.) For agiven value of c2a, d behaves in the same way as the exact mean waiting time inFigure 3. We note, however, that d tends to become linear as c2a increases. Basedon the above empirical observations, we constructed an approximation to themean waiting time Wa, by combining appropriately the upper and lower bounds.In particular,
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where Wl and Wu are the mean waiting time of the lower and upper bound re-spectively, and f(c2a; s�; T;K) = (Ks�T )(1+ 1c2a ): (24)Function f(c2a; s�; T;K) is chosen so that it behaves in a similar fashion as thenormalized distance d.3.5 ValidationThe accuracy of the approximation described in section 3.4, was checked by com-paring it against simulation estimates of the mean waiting time. The experimentswere carried out assuming Poisson and phase-type arrivals, i.e. Erlang and hyper-exponential distributions. Each table below gives results on the mean waiting timeas a function of the number of tokens (K < K�). In particular, it gives a) thesimulated mean waiting time, b) approximate results obtained by simulating thelower and upper bound queueing models (referred to as simulated approximation),c) approximate results obtained using Marchal's expression (8) for the calculationof the upper and lower bounds (referred to as Marchal's approximation), andd) approximate results obtained using Kramer and Langenbach-Belz's expression(10) for the calculation of the upper and lower bounds (referred to as K. and L.B.approximation). The approximate results were calculated using a slightly di�erentupper and lower bounds. These bounds, reported as the improved bounds in Rheeand Perros [16], are tighter than those described in section 3.1 and 3.2. When theapproximation results are calculated using the bounds given in section 3.1 and3.2, the average relative error increases by 1.5%. We note that the approximationbased on Kramer and Langenbach-Belz's expression gives better results than theapproximation based on Marchal's expression.13



Example 1 : Poisson arrivals with � = 17 , s� = 2:5 and s = 28.number of tokens 5 6 7 8 9 10Marchal's approximation 14.51 3.75 3.23 2.93 2.69 2.46simulated approximation 17.58 4.25 1.69 1.07 0.93 0.83sim. mean waiting time 17.45 4.25 1.80 1.06 0.80 0.70K. and L.B. approximation 17.82 3.53 1.30 1.07 0.93 0.83
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Figure 5: An approximation for Poisson(17 ,2.5,28)
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Example 2 : Erlang 2 phases with a phase arrival rate = 13:5 , s� = 2:5 ands = 28.number of tokens 5 6 7 8 9 10Marchal's approximation 6.37 1.59 1.50 1.43 1.36 1.27simulated approximation 7.32 1.31 0.42 0.29 0.25 0.22sim. mean waiting time 7.24 1.30 0.40 0.25 0.20 0.20K. and L.B. approximation 7.34 0.85 0.34 0.30 0.27 0.23
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Figure 6: An approximation for Erlang(2, 13:5,2.5,28)
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Example 3 : hyper-exponential arrivals with p1 = 13, p2 = 23 , �1 = 115 and �2 = 13.The squared coe�cient of the variation for the arrival process c2a = 2:31, s� = 2:5and s = 28.number of tokens 5 6 7 8 9 10Marchal's approximation 46.49 14.74 12.68 11.64 10.94 10.42simulated approximation 43.04 12.19 5.25 2.95 2.10 1.90sim. mean waiting time 43.54 12.41 5.71 3.26 2.22 1.77K. and L.B. approximation 44.58 12.58 5.36 2.61 1.58 1.37
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4 The Variance of The Departure ProcessIn this section, we �rst obtain a lower and upper bound of the variance of the inter-departure time from the semaphore controlled queueing network. Subsequently,we construct an approximation to the variance by appropriately combining thesetwo bounds. The accuracy of the approximation is validated through simulation.4.1 Some Basic PropertiesDe�ne ai0 and ai1 to be the interarrival time of the ith customer to the externalqueue and to the �rst node. Also, let wei be the waiting time of the ith customerin the external queue. In Rhee and Perros [16], it was shown that (equation (6))ai1 = ai0 + wei � wei�1: (25)By taking expectations, we haveE[ai1] = E[ai0] + E[wei ]� E[wei�1]: (26)In the steady state, since the queueing network is stable, we have that E[wei ] =E[wei�1]. Therefore, E[ai1] = E[ai0]. That is, as anticipated, the mean interarrivaltime to the external queue is equal to the mean interarrival time to the �rst node.Now, let us consider the variance of the interarrival time to the �rst node. From(25), we have V [ai1] = V [ai0] + 2fcov[ai1; wei ]� cov[ai0; wei�1]g (27)Since the covariance between ai0 and wei�1 is zero, we haveV [ai1] = V [ai0] + 2cov[ai1; wei ] (28)Further, if ai1 and wei are positively correlated. This can be shown by noting thatif ai1 increases by a small positive value ", then wei also increases by ", and viceversa. Thus, we have cov[ai1; wei ] � 0 andV [ai1] � V [ai0] (29)17



We note that the variance of the interdeparture time from the queueing network isthe same as that from the �rst node. This is because, the second node is an in�niteserver queue with constant service time. For the case Ks� � T , the interdeparturetime from the queueing network is the same with that of a G=D=1 queue withservice time s�.Finally, we note that the variance of the interdeparture time � of a G=D=1queue is given by the well-known expression,V [� ] = V [a]� 2( 1� � s)E[w]; (30)where � is the arrival rate, s is the service time, a is the interarrival time and wis the waiting time.4.2 Bounds on the Variance of the Interdeparture TimeWe construct an upper and lower bound of the variance of the interdeparture timeusing the lower and upper bound models for the mean waiting time, presented insections 3.1 and 3.2.4.2.1 A Lower boundThe upper bound for the mean waiting time was obtained using a G=D=1 queuewith a service time TK . This queueing is equivalent to the two-node queueingnetwork shown in case 1 of Figure 8. That is, the waiting time of the ith customeris the same in both queueing systems. This can be easily shown by recalling thatif Ks� � T , then the two-node queueing network is equivalent to a G=D=1 queuewith a service time s� ( see Theorem 2 in [16] ). For this case, here, we have thats� = TK , and thus ( TK )K � T .The variance of the interdeparture time from the queueing network in case1 of Figure 8, is |s than or equal to the variance of the interdeparture time ofthe two-node queueing network under study, shown in case 2, Figure 8. This canbe shown intuitively as follows. From Theorem 2 in section 3.3, we have thatthe ith customer's waiting time in case 1 is larger than that in case 2. Since the18



waiting time for each customer is larger, the length of the busy period in case 1is longer than the busy period in case 2. In view of this, one can argue that theinterdeparture times in case 1 are more regular than those in case 2. Therefore,the variance of the interdeparture time in case 1 is less than the variance of theinterdeparture time in the two-node queueing network under study.
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4.2.2 Upper boundThe lower bound on the mean waiting time was obtained using a queueing modelconsisting of K queues in parallel as shown in Figure 9. The service time at eachqueue is equal to T . The arrival process is cyclic, so that every K th customerjoins the same queue. For the purpose of obtaining the lower bound of the meanwaiting time it su�ced to study one of these K queues.
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.Figure 9: K queues in parallelBelow, we show that the variance of the interdeparture time of the super-position of the departure processes from the K queues of the queueing networkin Figure 9, is an upper bound of the variance of the interdeparture time of thetwo-node queueing network under study. We �rst show that this superpositioncan be easily obtained.Theorem 3. The superposition of the departure processes from the K queuesof the queueing system shown in Figure 9, is identical to that of a single queueserved by K parallel servers as shown Figure 10. The service time at each serveris T and the arrival process is the same as in the queueing system in Figure 9, i.e.,identical to the arrival process in the two-node queueing network under study.Proof. Let us consider the beginning of a busy period. For the �rst K arrivingcustomers to the queueing system shown in Figure 9, the departure time of thejth customer from the queueing system dj, isdj = jXi=1 ai + wj + T20



= jXi=1 ai + T (31)After the K th arrival, the departure time of the jth customer dj, j � K + 1, isdj = jXi=1 ai + wj + T; (32)where wj = maxf0; T + wj�K �Pji=j�K+1 aig.
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TFigure 10: A single node with K serversNow, let us consider the queueing system in Figure 10. For the �rst Karriving customers, we have the same departure times as above. For the jtharriving customer (j � K +1), its arriving time is Pji=1 ai, and the earlist time itstarts service is dj�K = j�KXi=1 ai + wj�K + T: (33)Hence, dj for j � K + 1 is dj = jXi=1 ai + wj + T; (34)where wj = maxf0;Pj�Ki=1 ai+wj�K +T �Pji=1 aig, which is equal to maxf0; T +wj�K �Pji=j�K+1 aig. Therefore, the two queueing models are equivalent as faras a customer's departure time is concerned. 221



The variance of the interdeparture time of the G=D=K queue with servicetime T , can be calculated using the following expression due to Whitt [19] hassuggested as followV [� ] = (1 � �2)V [a] + ( TK )2(1 �K�0:5) (35)Note that (35) agrees with (30) when K = 1 and the arrival process is Poisson.However, Whitt's re�nement does not seem to work well when the squared coef-�cient of variation of the arrival process, c2a is large. In view of this, we will usethe following modi�cation :V [� ] = (1 � �2)V [a] + 1 + c2a2 ( TK )2(1 �K�0:5) (36)We now observe that the single node shown in Figure 10 is equivalent tothe queueing system shown in case 3 of Figure 8. Following similar argumentsas in the lower bound case, we can show that the variance of the interdeparturetime of the queueing network in case 3 is an upper bound of the variance of theinterdeparture time of the queueing network shown in case 2. In particular, fromTheorem 2 we have that the ith customer's waiting time in case 3 is smaller thanthat in case 2. Since the waiting time for each customer in case 3 decreases, thelength of the busy period in case 3 is less than that in case 2. In view of this, theinterdeparture times from the queueing network in case 2 are more regular thanthose in case 3. Therefore, the variance of the interdeparture time in case 3 islarger than the variance of the interdeparture time in the queueing network understudy.To summarize, case 1 of Figure 8 gives a lower bound on the variance of theinterdeparture time, and an upper bound on the mean waiting time. Case 3 givesan upper bound on the variance of the interdeparture time, and a lower bound onthe mean waiting time.We note that the upper bound of the variance of the interdeparture timetends to the variance of the interarrival time as the number of tokens K increases.This is because, as K increases, the number of servers in the queueing system inFigure 9 increases as well and the waiting time tends to zero. Also, the lower22



bound of the variance of the interdeparture time becomes equal to the variance ofthe interdeparture time of a G=D=1 queue with a service time s�, when Ks�T = 1.This is because, in this case we have that K = Ts� , and therefore, the service timeTK of theG=D=1 queue that gives the lower bound becomes equal to s�. Finally, letus consider the original two-node queueing network under study. As the numberof tokens K increases, the queueing network behaves like a G=D=1 queue withservice time s�. Therefore, the variance of the interdeparture time tends to thesame value as the lower bound, as Ks�T goes to 1.The behavior of these bounds in relation to the exact variance, as a functionof Ks�T , is shown in Figure 11. Empirically, we have observed that the two boundsand the exact variance are concave functions of K, and that the exact variancetends to the upper bound as Ks�T becomes small, and it tends to the lower boundas Ks�T goes to 1.
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exact valueFigure 11: Bounds of varianceAn alternative upper bound of the variance of the interdeparture time can beobtained using a G=D=1 queue with service time s�. We refer to this upper boundas the �xed upper bound . Therefore, a better upper bound can be constructed23



by taking the minimum of the variance of the interdeparture time of a G=D=1queue with service time s�, and the variance of the interdeparture time from thequeueing system shown in Figure 10. This upper bound is indicated by a thickdotted line in Figure 11.4.3 An Approximation to the Variance of the Interde-parture TimeIn this subsection, we present an approximation to the variance of the interde-parture time of the semaphore controlled queueing network. Comparing Figure11 and 3, we observe that the variance of the interdeparture time behaves in theopposite way than the mean waiting time. That is, it tends to the upper bound asKs�T becomes small, and it tends to the lower bound as Ks�T goes to 1. Therefore,an approximation to the variance can be obtained by combining the upper andlower bounds using the same weight function f(c2a; s�; T;K) introduced in section3.4. Let us de�ne Vl and Vu to be the lower and upper bound of the variancerespectively. Then, Va = Vu � f(c2a; s�; T;K)(Vu � Vl) (37)The accuracy of the approximation was tested by comparing it against simula-tion. Below we report on three representative examples assuming Poisson arrivalsand phase-type arrivals. For each example, we give the variance obtained by sim-ulation, the approximation to the variance calculated by simulating the upperand lower bounds (simulated approximation), and the approximation to the vari-ance obtained using expression (30) and (36) for calculating the upper and lowerbounds (analytical approximation). As it can be seen, the approximation has agood accuracy. 24



Example 1 : Poisson arrivals with � = 17, s� = 2:5 and s = 28.number of tokens 5 6 7 8 9 10simulated approximation 30.02 37.17 40.45 41.89 42.50 42.63simulated variance 29.23 36.54 40.09 41.68 42.38 42.63analytical approximation 28.90 34.75 37.93 39.82 41.01 41.78
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Analytical approximationFigure 12: An approximation on the variance for Poisson(17 ,2.5,28)
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Example 2 : Erlang 2 phases with a phase arrival rate = 13:5 , s� = 2:5 ands = 28.number of tokens 5 6 7 8 9 10simulated approximation 17.66 21.05 22.49 22.83 22.84 22.85simulated variance 17.21 20.81 22.15 22.56 22.67 22.69analytical approximation 20.31 21.86 22.51 22.79 22.86 22.87
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Example 3 : hyper-exponential arrivals with p1 = 13, p2 = 23 , �1 = 115 and �2 = 13.The squared coe�cient of the variation for the arrival process c2v = 2:31, s� = 2:5and s = 28.number of tokens 5 6 7 8 9 10simulated approximation 52.64 72.68 84.77 91.36 95.29 97.28simulated variance 53.63 74.45 86.03 92.56 96.14 97.97analytical approximation 51.78 69.64 80.06 86.66 91.14 94.30
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5 ConclusionsWe considered an open tandem queueing network with population constraint andconstant service times.It was shown in Rhee and Perros [16] that the queueing network can betransformed into a simple queueing network involving only two nodes. Using thissimple queueing network, upper and lower bounds on the mean waiting time wereobtained.In this paper, an approximation to the mean waiting time was suggestedby weighing these two bounds appropriately. The departure process from thequeueing network was also obtained. In particular, upper and lower bounds onthe variance of the interdeparture time were obtained. An approximation to thevariance was then calculated by combining these two bounds. Validations againstsimulation data showed that the approximations for the mean waiting time andthe variance of the interdeparture time have a good accuracy.
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