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ABSTRACT. We consider an open tandem queueing network with population
constraint and constant service times. The total number of customers that may
be present in the network can not exceed a given value K. Customers arriving at
the queueing network when there are more than K customers are forced to wait
in an external queue. The arrival process to the queueing network is assumed to
be arbitrary.

This queueing network is transformed into an equivalent simpler queueing
network involving only two nodes. Using this simple queueing network, we obtain
upper and lower bounds for the mean waiting time and for the variance of the
interdeparture time. Approximations for the mean waiting time and the vari-
ance of the interdeparture time are then constructed by appropriately combining
their upper and lower bounds. Validations against simulation showed that these

approximations have a low relative error.

KEY WORDS: open queueing network, population constraint, constant service

times, semaphore queue, upper and lower bounds.



1 Introduction

In this paper, we consider an open tandem queueing network with constant service
times and population constraint. The total number of customers simultaneously
present in the network can not exceed a given value K. Customers arriving while
the network has K or more customers are forced to wait in an external queue
which is assumed to have an infinite capacity. As soon as a customer leaves
the network, the first customer in the external queue is allowed to enter the
network. Queueing networks with population constraint have been used to model
flow control mechanism in data communication systems, automatic assembly lines
with a fixed number of palets, and semaphore controlled software in an operating
system.

Queueing networks with population constraints do not have a closed form
solution. As a result, several approximate solutions have been proposed in the
literature. Fdida, Perros and Wilk [5] presented an approximation technique for
solving an open queueing network with Poisson arrivals and exponential service
times which consists of several subnetworks where each subnetwork has a pop-
ulation constraint. They used this type of queueing network to model nested
sliding window flow control mechanisms. Dallery [4] analyzed a single class open
queueing network with population constraint under Coxian service times by trans-
forming it into an equivalent closed queueing network. Shapiro and Perros [18]
presented a hierarchical method for analyzing nested sliding window flow control
mechanisms with packet fragmentation and reassembly. Perros, Dallery and Pu-
jolle [15] extended the approach proposed in [4] in order to analyze open multiclass
queueing networks with class dependent population constraints. Other semaphore
controlled queueing models have also been considered in the literature. Lam [10]
extended the class of multichain queueing networks of the product-form type to
include mechanisms of state dependent lost and triggered arrivals. Kaufman and
Wang [8] analyzed a queueing network with Poisson arrivals and exponential ser-
vice times. They derived the stability condition and proposed an analytic approx-

imation for the mean waiting time.



Several studies of open tandem queueing network with constant service time
and without a population constraint have been reported in the literature. Avi-
[tzhak [2] and Friedman [6] analyzed an open tandem configuration with blocking
and constant service times, assuming that the first queue has an unlimited capac-
ity. Altiok and Kao [1] presented a lower and upper bound on the throughput
of the same queueing network assuming that the first queue is finite. Ziegler and
Schilling [20] and Gall [7] obtained the delay in a queueing network with Poisson
arrivals and constant service times assuming infinite capacity queue. Shalmon and
Kaplan [17] considered a tandem network with constant service times and multiple
interfering sources. Assuming that all nodes have an infinite capacity, they de-
rived the steady-state moment generating function for the waiting time. Finally,
Newell [14] analyzed a tandem network with constant service times, assuming that
the first node is saturated.

In this paper, we analyze an open tandem queueing network with popula-
tion constraint assuming constant service times. In particular, we obtain approx-
imately the mean waiting time in the queueing network and the variance of the
interdeparture time. To the best of our knowledge, this model has not as yet
been studied in the open literature. This paper builds on an earlier paper by
Rhee and Perros [16]. It was shown in [16] that this queueing network can be
transformed into a simple queueing network involving only two nodes. Using this
simple queueing network, an upper and lower bound on the mean waiting time
were constructed. These bounds can be easily calculated. Simulation experiments
showed that the lower bound is a very good approximation to the mean waiting
time when the number of tokens is small. The upper bound also gives a good
approximation as the number of tokens increases.

The paper is organized as follows. In section 2, we present the open queueing
network under study. In section 3, we give an upper and lower bound of the mean
waiting time in the queueing network, and then we obtain an approximation of the
mean waiting time by appropriately weighing these two bounds. In section 4, we
obtain approximately the variance of the interdeparture time following the same

approach as in section 3. That is, we first obtain an upper and a lower bound



on the variance of the interdeparture time. Then, we construct an approximation
to this variance by weighing these two bounds. Finally, conclusions are given in
section 5.

We note that, in this paper, we interpret the waiting time of a customer
as the total time a customer spends queueing up in the queueing network, rather
than the time it takes to traverse the queueing network which also includes service

times.

2 The Queueing Network Model under Study

Let us consider an open tandem queueing network with a population constraint
and constant service times. We assume that the queueing network consists of N
nodes. The arrival process to the queueing network is assumed to be an arbitrary
general distribution with rate A, and the service time at each node ¢ is constant
equal to s;,¢ = 1,2... N. The population constraint of the queueing network is

controlled by a semaphore as shown in Figure 1.
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Figure 1: An open queueing network with constant service times

The semaphore is a mechanism that consists of a pool of K tokens and
an external queue. An arriving customer takes a token and enters the queueing
network. The customer holds this token until it leaves the network. At that time,
the token is returned to the pool without delay. Customers that arrive during the
time when the pool is empty are forced to wait in the external queue. The first
customer in the external queue enters the queueing network as soon as a token is

returned to the pool.



For this queueing network, the waiting time of a customer remains the same
even though the order of the service times is rearranged. In particular, let us
rearrange the nodes of the open tandem queueing network so that the node with
the longest service time is placed at the beginning of the queueing network. Then,
a customer’s waiting time is the same in both the rearranged queueing network
and in the original queueing network ( for a proof see in [16] ). Since there is
no queueing after the first node in the rearranged queueing network, the time a
customer spends in the remaining nodes is the sum of the service times 2%, s;.
In view of this, we can represent the queueing network by a simpler two-node

queueing network as shown in Figure 2.

second node

Externa queue @
first node @ |
— 1]

S* 3

—

Token pool

©

K Tokens
Figure 2: The two-node queueing network with constant service times

For presentation purposes, we shall refer to these two node as the first node
and the second node. s* represents the longest service time in the network and s
is the sum of the remaining service times, i.e., 3 = YN, s; — s*. The number of
parallel servers at the second node is infinite. A customer’s waiting time in the
two-node queueing network is the same as in the rearranged queueing network,
and consequently it is the same as in the original queueing network under study.
In this paper, we focus on the simpler two-node queueing network. The number of
tokens in the network affects a customer’s waiting time. In the following theorem,

we prove that a customer’s waiting time is monotonically decreasing as the number



of tokens increases. (We note that the same theorem has been proved for general
service times for stochastic decision free petri nets by Baccelli and Liu [3]. Below
we include the proof to this theorem since it is directly related to constant service

times, and some of arguments are used in the rest of the paper.)

Theorem 1. Let us consider the semaphore controlled queueing network with
constant service times. Let w;(K) be the waiting time of the ' customer in the

queueing network with A tokens. Then
wi(K) > wi(K+1) forall: (1)

Proof. For the first K arriving customers, w;(K) = w;(K + 1) for 1 < K, since
an arriving customer always finds a token in the token pool. Letting a; be the

interarrival time between the (7 — 1)** and 7' customer, we have
wi(K) = max{0,w;—1(K)+ s —a;} 2<1 <k

Let T = Y%, s;. Then, for the (K 4 1)*" arriving customer, we have

K K+1
wri1(K) = max{0, max{T,Z a; + wg(K)+ s} — Z a;} (2)
J=1 7=1
and
w1 (K +1) = max{0,wrg(K + 1)+ s — axs1} (3)

Since wr(K) = wi (K + 1), we have that wx1(K) > wri1 (K +1). At this point

it is reasonable to conjecture that
wi(K) > w; (K +1) forall : > K (4)

We prove that this is, in fact, the case by mathematical induction. Expression(4)
clearly holds for the first K + 1 values of the index ¢. Assuming that it holds for
¢ — 1, we show below that it also holds for . We have
i i+1
wi(K) = maz{0,max{T, > a;j+wi_g(K)+s}-=> a;} (5)

j=i—K+1 7=1
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and
wi(K+1) = mar{0,w;_x(K + 1)+ s — a1} (6)

Since w;—g (K) > w;_g (K + 1), we conclude that w;(K) > w,(K +1). O

We note that after a given number of tokens K™, a customer’s waiting time
does not change even though the number of tokens is increased. We showed that
K* = [L] in [16]. If Ks* > T, then the waiting time in the queueing network
is the same as that of a G/D/1 queue with the same arrival process and service
time s*. That is, it is independent of K. We also observe that when K > N, then

Ks* > Ns*>T.

3 The Mean Waiting Time

In this section, we present a lower and an upper bound of the mean waiting time
in the original queueing network, assuming that Ks* < T. By appropriately
weighing these two bounds, we obtain an approximation for the mean waiting
time. We note that these two bounds were reported in an earlier paper by Rhee
and Perros [16]. For presentation purposes, we describe these two bounds below
in section 3.1 and 3.2.

In the case where the token pool consists of one token, since the network
allows only one customer, there is no waiting after the external queue. The original
queueing network becomes a G/D/1 queue with a service time equal to T'. If the
arrival process to the queueing network is Poisson, then we obtain an M/D/1
queue, and the mean waiting time W is given by the Khinchin-Pollaczek formula,
le.,

W= g
2(1 =)
where p = AT is traffic intensity. However, for the G/G/1 queue, there is no exact
expression available for the mean waiting time. Marshall [11] and Marchal [13]
give the following bounds for the G//G/1 queue.
Ao2 -2 Ao? + o2
;zrlp—(pp) )} == (2(1il J—r pf)

(8)

max{0,



where 0% and o% is the variance of the interarrival time and service time respec-
tively. For the case of constant service times, the variance 0% is zero. Therefore,
the lower bound is always zero since p < 1. Marchal [12] obtained the following
approximation for the lower bound of the mean waiting time in a G/G/1 queue :
NM(od+ah) 1+p (9)

2A(1 = p) 2\

Further, the mean waiting time in a G/D/1 queue can be approximated by the
following expression due to Kramer and Langenbach-Belz [9] :

prleated) o

W= mﬂ(%aciap) (10)

where ¢ and ¢? are the squared coefficient of variation of the interarrival time

and service times respectively, and

IR
exp(—2(1 — p):%;(c—i_l‘i%) if 2 <1
2 2\ _ :
g(cmcs?p) - 2

exp(—(1 —p) (ca‘jl_;ig)) otherwise

3.1 A Lower Bound

Let us consider the equivalent queueing network shown in Figure 2. We note
that tokens are used in the order in which they arrive at the token pool. For
presentation purposes, let us number them from 1 to K. Then, since service
times are all constant, token ¢ will always be behind token (¢ —1). In view of this,
every K™ arriving customer will use the same token. If we regard each token as a
separate server, the queueing network can be represented by K queues in parallel.
Each queue will consist of customers waiting to use the same token. The service
time at each queue is the time it takes for a token to traverse the two nodes inside
the semaphore controlled queueing network. Obviously, this service time depends
on how many other tokens are being used at the same time. In other words, the
service time in a queue depends on the state of the remaining (K — 1) queues.

A lower bound on the mean waiting time can be easily obtained by setting

the service time of each of these K queues equal to T (= S| s;), i.e., independent
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of the state of the other queues. If the arrival process to the original queueing
network is a general arrival process with arrival rate A, then the arrival process to
each of the K queues is the convolution of K such general arrival processes. Thus,
each queue can be analyzed as a GRGE®...@G/D/1 queue, where GRG®... QG
is the convolution of the K arrival processes, and the service time is equal to T
When the arrival process to the queueing network is Poisson with an arrival rate A,
the arrival process to each queue becomes an Erlang distribution with K phases
with a parameter A for each phase. For Poisson and non-Poisson arrivals, the

mean waiting time is calculated using (8) or (10).

3.2 An Upper Bound

Let us consider the queueing network under study assuming that the external
queue is saturated. That is, there is always at least one customer waiting in the
external queue. In this case, all K tokens are continuously used. Let us consider
the case where % > s*. Since the external queue is always saturated, sooner or
later there will be no token left in the token pool. The interdeparture time from
the first node is larger than or equal to s*, which means that the interarrival
time of a token to the pool is larger than or equal to s*. Thus, a token arriving
to the first node always finds the node empty. The time it takes for a token to
return to the token pool is s* + 3 = T and the average interdeparture time of
a customer is <. Thus, when the external queue is saturated, the throughput

K
is &£, We conjecture from this, that the throughput of the two-node queueing

T
network lies between SL* and I% Therefore, an upper bound on the mean waiting
time can be obtained by representing a G/D/1 queue with a service time equal
to maz{s*, £}. The mean waiting time in this queue can be obtained using (7)

if the arrival process is Poisson. For a non-Poisson arrival process, we use (8) or

(10).



3.3 The True Boundness of the Upper and Lower Bound

In this subsection, we show that the above lower and upper bounds are true

bounds of the mean waiting time in the original tandem queueing network.

Theorem 2. Let w! and w¥ be the waiting time of the :'* arriving customer in
the lower and upper bound model respectively. Let w; be also the waiting time of
the i'* arriving customer in the original semaphore controlled queueing network.
Then, the waiting time w;, is always bounded by the lower and upper bounds,

that is,
wf < w; < w) for all ¢ (11)

Proof. Let us consider the beginning of the first busy period of the semaphore

controlled queueing network. For the first K arriving customers, we have

wh = 0 (12)

w; = max{0,w;_1 + 8" —a;} (13)
T

w! = max{0,w! ;| + dan a;} (14)

where a; is the interarrival time between the (¢ — 1)** and it" customer.
Since Ks* < T, we can prove easily that wf < w; < w! where ¢ takes the values

1 <7 < K. For the K + 1% arriving customer, we have

K+1
Wy = maz{0,T - a;} (15)
=1
K K+1
Wr41 = ma:z;{(), max{T,Z a; + wi + 8*} - Z Gz’} (16)
=1 =1
U U T
wi ., = maz{0, wi + an a1} (17)

If7T > a;+wy + 5%, then le-I—l = wr41. Otherwise le-I—l < Wg41. In order

. u SR u .
to compare wg 1y and wi-_,, we re-write wy-_ , as follows :

T
Wiy = maz{0, 0y + — — a1}

K



= max{0,w} —I—E—Ki—:la'}ifw“ +L 4 >0
- s MK -1 [{ 2 K-1 K K

1=K

K—j+10)T & _
#— Z ai}lfw;+%—aj+1>0

= max{0, w}‘ +

K P
KT X
= max{0,w] + = datifwli+L —a;>0 (18)
1=2

From (16), if T > R aitwg+s*, then wiyy = maz{0, T—S541a;}. Otherwise,
wr 1 = max{0, wx +s*—ag41 ;. However, from (17), we have that if w}_| + % —
ar > 0, then wi | = maz{0,w} + £ — ag41}, and if both wi_| + L —ax >0
and w¥_, + % — ag_1 > 0 are satisfied, then wj,; = maz{0,wj,_; + % — ak}.
Finally, we have that wj_ , = maz{0,T — K a), when for all 1 < i < K
wd + % — aipq > 0. Hence, wi,; > maz{0,T — K+ 6. Therefore, wryy <
U
Wi -

In general, wé, w; and w}, where j > K, are as follows :

J

wé = max{O,wé_K +T— > a} (19)
i=j—K+1
i1
w; = max{0,mar{w;_x + T, Z a; +wj_q + s}
=1
J
i=j—K+1
wi = maz{0,w;_; + 7dan a;}
J
> maz{0,w!_x+T— > a;} (21)
i=j—K+1
Since we already know that wé_K < wj_g < wj_g, we can prove that wf < w; <

w? for all ¢ by applying (19), (20) and (21). O
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3.4 An Approximation for the Mean Waiting Time

In this section, we obtain an approximation for the mean waiting time in the
semaphore controlled queueing network by appropriately weighing up the lower
and upper bounds presented in section 3.1 and 3.2. From experimental evidence
we have observed that the exact mean waiting time tends to the lower bound as

I‘;* becomes small (i.e. < 0.5 ), and it tends to the upper bound as I‘&f*

goes to

1, as shown in Figure 3.

upper bound

exact value

mean waiting time

lower bound )

Figure 3: The exact mean waiting time and its bounds.

The upper bound converges to a certain point as the number of tokens K
increases. From Theorem 2 in [16], it can be easily shown that this point is the
mean waiting time in a (/D /1 queue with service time s*. Since the lower bound
tends to zero as the number of tokens K increases, a better lower bound can be
constructed by taking the maximum of the mean waiting time in a G/ D/1 queue
with service time s* and the mean waiting time ina G®@ G @ ...® G/D/1 queue
with service time T'. This lower bound is shown in Figure 3 with a thick dotted
line. The exact mean value, obtained by simulation, is drawn in Figure 3 as a

continuous thick line. We have also observed that the coeflicient of variation of
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the interarrival times affects how close the exact mean waiting time is to either
the lower bound or the upper bound.
Let us express the distance from the exact mean waiting time to the lower

bound by the following expression :

exact mean waiting time — lower bound

d=

(22)

upper bound — lower bound
We shall refer to d as the normalized distance. We have that 0 < d < 1. Figure 4
shows how this normalized distance d varies as a function of % for different values
of ¢, the squared coefficient of variation of the interarrival times. (These results
were calculated by estimating the exact mean waiting time by simulation.) For a

given value of ¢, d behaves in the same way as the exact mean waiting time in

2

 increases. Based

Figure 3. We note, however, that d tends to become linear as ¢
on the above empirical observations, we constructed an approximation to the
mean waiting time W,, by combining appropriately the upper and lower bounds.

In particular,

1
; N
Ca incresse
° |
ks 1
T
Figure 4: Normalized distance vs. ¢ and I‘;f*
W, = Wi+ f(2, s T, K) W, — W), (23)
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where W; and W, are the mean waiting time of the lower and upper bound re-
spectively, and

Ks* 043
)

flez, s T.K) = ( (24)

Function f(c2,s*,T, K) is chosen so that it behaves in a similar fashion as the

normalized distance d.

3.5 Validation

The accuracy of the approximation described in section 3.4, was checked by com-
paring it against simulation estimates of the mean waiting time. The experiments
were carried out assuming Poisson and phase-type arrivals, i.e. Erlang and hyper-
exponential distributions. Each table below gives results on the mean waiting time
as a function of the number of tokens (K < K*). In particular, it gives a) the
simulated mean waiting time, b) approximate results obtained by simulating the
lower and upper bound queueing models (referred to as simulated approximation),
¢) approximate results obtained using Marchal’s expression (8) for the calculation
of the upper and lower bounds (referred to as Marchal’s approximation), and
d) approximate results obtained using Kramer and Langenbach-Belz’s expression
(10) for the calculation of the upper and lower bounds (referred to as K. and L.B.
approximation). The approximate results were calculated using a slightly different
upper and lower bounds. These bounds, reported as the improved bounds in Rhee
and Perros [16], are tighter than those described in section 3.1 and 3.2. When the
approximation results are calculated using the bounds given in section 3.1 and
3.2, the average relative error increases by 1.5%. We note that the approximation
based on Kramer and Langenbach-Belz’s expression gives better results than the

approximation based on Marchal’s expression.

13



Example 1 : Poisson arrivals with A =

1
7

s* = 2.5 and 5 = 28.

Figure 5: An approximation for Poisson(%,2.5,28)

14

number of tokens 5 6 7 8 9 10
Marchal’s approximation 14.51 | 3.75 | 3.23 | 2.93 | 2.69 | 2.46
simulated approximation 17.58 | 4.25 | 1.69 | 1.07 | 0.93 | 0.83
sim. mean waiting time 17.45 | 4.25 | 1.80 | 1.06 | 0.80 | 0.70
K. and L.B. approximation || 17.82 | 3.53 | 1.30 | 1.07 | 0.93 | 0.83
Hessrneseee = Marchal’s Approximation
| TR = K. & L.B. Approximation
A= s—a Simulated Approximation
.Gé 00— Sim, Mean Waiting Time
s
]
8
s
14—
0 —
9 10
Number of tokens




Example 2 : Erlang 2 phases with a phase arrival rate = == , s* = 2.5 and

1
3.5
5 = 28.

H number of tokens H 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘ 10 H

Marchal’s approximation 6.37 | 1.59 | 1.50 | 1.43 | 1.36 | 1.27
simulated approximation 7.32 1 1.31 1 0.42 1 0.29 | 0.25 | 0.22
sim. mean waiting time 7.24 | 1.30 | 0.40 | 0.25 | 0.20 | 0.20
K. and L.B. approximation || 7.34 | 0.85 | 0.34 | 0.30 | 0.27 | 0.23

Wereurenean ® Marchal’s Approximation
o L LR " K.& L.B. Approximation
. B——=  Simulated Approximation
g Om——0 Sim. Mean Waiting Time
5 F
£
S
B
§ 5[
=
25—
| Wi, L TP PR | TTTTT T -
X 2 4
8 9 10
Number of tokens

Figure 6: An approximation for Erlang(2,:%,2.5,28)

’3.59
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Example 3 : hyper-exponential arrivals with p; = %, P2 = %, A = 11—5 and Ay = %

The squared coefficient of the variation for the arrival process ¢2 = 2.31, s* = 2.5

and 5 = 28.

H number of tokens H 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘ 10 H
Marchal’s approximation 46.49 | 14.74 | 12.68 | 11.64 | 10.94 | 10.42
simulated approximation 43.04 | 12.19 | 5.25 | 2.95 | 2.10 1.90
sim. mean waiting time 43.54 | 12,41 | 571 | 3.26 | 2.22 1.77
K. and L.B. approximation || 44.58 | 12.58 | 5.36 | 2.61 | 1.58 1.37

[ a Marchal’s Approximation
s W a K.&L.B. Approximation
=———a  Simulated Approximation
.ﬂé : 0m——o Sim. Mean Waiting Time
o 40 :
<
s
§ o}
=
20—
10—
Number of tokens
Figure 7: An approximation for Hyper(%,2,4.1,2.5.28,2.31)
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4 The Variance of The Departure Process

In this section, we first obtain a lower and upper bound of the variance of the inter-
departure time from the semaphore controlled queueing network. Subsequently,
we construct an approximation to the variance by appropriately combining these
two bounds. The accuracy of the approximation is validated through simulation.

4.1 Some Basic Properties

Define a;o and a;; to be the interarrival time of the ¥ customer to the external
queue and to the first node. Also, let w§ be the waiting time of the ¢ customer

in the external queue. In Rhee and Perros [16], it was shown that (equation (6))
aip = a;p + w; — wi_;. (25)

By taking expectations, we have
Elan] = Elaio] + E[w]] — Elwi_,]. (26)

In the steady state, since the queueing network is stable, we have that E[w¢] =
E[w¢_,]. Therefore, Ea;;] = FEla]. That is, as anticipated, the mean interarrival
time to the external queue is equal to the mean interarrival time to the first node.
Now, let us consider the variance of the interarrival time to the first node. From

(25), we have
Vlaa] = Viaio] + 2{cov[ai, wi] — cov[aio, wi_,]} (27)
Since the covariance between a;o and w{_, is zero, we have
Vian] = V]aio] + 2cov|ar, wi] (28)

Further, if a4 and wf are positively correlated. This can be shown by noting that
if a;; increases by a small positive value ¢, then w{ also increases by ¢, and vice

versa. Thus, we have covla;1, w§] > 0 and
V[Gil] Z V[Gio] (29)

17



We note that the variance of the interdeparture time from the queueing network is
the same as that from the first node. This is because, the second node is an infinite
server queue with constant service time. For the case K's* > T', the interdeparture
time from the queueing network is the same with that of a G/D/1 queue with
service time s*.

Finally, we note that the variance of the interdeparture time 7 of a G/D/1

queue is given by the well-known expression,

VIl = Vial - 2(1 — 5)Blw], (30)

where A is the arrival rate, s is the service time, @ is the interarrival time and w

is the waiting time.

4.2 Bounds on the Variance of the Interdeparture Time

We construct an upper and lower bound of the variance of the interdeparture time
using the lower and upper bound models for the mean waiting time, presented in
sections 3.1 and 3.2.

4.2.1 A Lower bound

The upper bound for the mean waiting time was obtained using a G/D/1 queue
with a service time % This queueing is equivalent to the two-node queueing
network shown in case 1 of Figure 8. That is, the waiting time of the :** customer
is the same in both queueing systems. This can be easily shown by recalling that
if Ks* > T, then the two-node queueing network is equivalent to a G/D/1 queue
with a service time s* ( see Theorem 2 in [16] ). For this case, here, we have that

55 = %, and thus (%)K >T.

The variance of the interdeparture time from the queueing network in case
1 of Figure 8, is —s than or equal to the variance of the interdeparture time of
the two-node queueing network under study, shown in case 2, Figure 8. This can
be shown intuitively as follows. From Theorem 2 in section 3.3, we have that

the 7" customer’s waiting time in case 1 is larger than that in case 2. Since the
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waiting time for each customer is larger, the length of the busy period in case 1
is longer than the busy period in case 2. In view of this, one can argue that the
interdeparture times in case 1 are more regular than those in case 2. Therefore,
the variance of the interdeparture time in case 1 is less than the variance of the

interdeparture time in the two-node queueing network under study.

Casel second node
External queue I

:I:D] first node
= TR I

malill
Token pool
K Tokens
second node
- )
External queue
first node @
1L T —~ —
—{[11]
Token pool
K Tokens
second node
Case 3

External queue

_»II:I] first node N .
e
@,

QIO

Token pool

K Tokens

Figure 8: Two node queueing networks with constant service times
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4.2.2 Upper bound

The lower bound on the mean waiting time was obtained using a queueing model
consisting of K queues in parallel as shown in Figure 9. The service time at each
queue is equal to T. The arrival process is cyclic, so that every K" customer
joins the same queue. For the purpose of obtaining the lower bound of the mean

waiting time it sufficed to study one of these K queues.

1O—
10—

1O—
Figure 9: K queues in parallel

Below, we show that the variance of the interdeparture time of the super-
position of the departure processes from the K queues of the queueing network
in Figure 9, is an upper bound of the variance of the interdeparture time of the
two-node queueing network under study. We first show that this superposition

can be easily obtained.

Theorem 3. The superposition of the departure processes from the K queues
of the queueing system shown in Figure 9, is identical to that of a single queue
served by K parallel servers as shown Figure 10. The service time at each server
is T" and the arrival process is the same as in the queueing system in Figure 9, i.e.,

identical to the arrival process in the two-node queueing network under study.

Proof. Let us consider the beginning of a busy period. For the first K arriving
customers to the queueing system shown in Figure 9, the departure time of the

gt customer from the queueing system d;, is

J
d]‘ = Zai+wj+T

=1
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J
= > a;+T (31)
=1

After the K arrival, the departure time of the j'* customer d;, j > K + 1, is

J
d]‘ = Zai+wj+T, (32)

=1

— N .
where w; = max{0,T + w;_g > K41 ai}.

@
O

@

Figure 10: A single node with K servers

Now, let us consider the queueing system in Figure 10. For the first K
arriving customers, we have the same departure times as above. For the ;'
arriving customer (j > K + 1), its arriving time is Z{Zl a;, and the earlist time it
starts service is

—K

di_g = Z a; +wi_x + 1. (33)
=1
Hence, d; for 3 > K + 1 is
J
d]‘ = Zai+wj+T, (34)
=1

J—K

Troaitwiig + T — Z{Zl a;}, which is equal to maz{0,7T +

WK — Zf:j_K_I_l a;}. Therefore, the two queueing models are equivalent as far

where w; = max{0,

as a customer’s departure time is concerned. O
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The variance of the interdeparture time of the G/D/K queue with service
time T, can be calculated using the following expression due to Whitt [19] has
suggested as follow

VI = (1= p)VIal + ()1~ K-07) (3)
Note that (35) agrees with (30) when K = 1 and the arrival process is Poisson.
However, Whitt’s refinement does not seem to work well when the squared coef-
ficient of variation of the arrival process, ¢ is large. In view of this, we will use

the following modification :

9 1—|—c§ T
VI = (- VI + 20

(1 — K799 (36)

We now observe that the single node shown in Figure 10 is equivalent to
the queueing system shown in case 3 of Figure 8. Following similar arguments
as in the lower bound case, we can show that the variance of the interdeparture
time of the queueing network in case 3 is an upper bound of the variance of the
interdeparture time of the queueing network shown in case 2. In particular, from
Theorem 2 we have that the :** customer’s waiting time in case 3 is smaller than
that in case 2. Since the waiting time for each customer in case 3 decreases, the
length of the busy period in case 3 is less than that in case 2. In view of this, the
interdeparture times from the queueing network in case 2 are more regular than
those in case 3. Therefore, the variance of the interdeparture time in case 3 is
larger than the variance of the interdeparture time in the queueing network under
study.

To summarize, case 1 of Figure 8 gives a lower bound on the variance of the
interdeparture time, and an upper bound on the mean waiting time. Case 3 gives
an upper bound on the variance of the interdeparture time, and a lower bound on
the mean waiting time.

We note that the upper bound of the variance of the interdeparture time
tends to the variance of the interarrival time as the number of tokens K increases.
This is because, as K increases, the number of servers in the queueing system in

Figure 9 increases as well and the waiting time tends to zero. Also, the lower
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bound of the variance of the interdeparture time becomes equal to the variance of
the interdeparture time of a G/D/1 queue with a service time s*, when I‘;* =1.

This is because, in this case we have that K = Sl*, and therefore, the service time

% of the G/D/1 queue that gives the lower bound becomes equal to s*. Finally, let
us consider the original two-node queueing network under study. As the number
of tokens K increases, the queueing network behaves like a G/D/1 queue with
service time s*. Therefore, the variance of the interdeparture time tends to the

]
same value as the lower bound, as I‘jf goes to 1.

The behavior of these bounds in relation to the exact variance, as a function

of £ is shown in Figure 11. Empirically, we have observed that the two bounds

T
and the exact variance are concave functions of A, and that the exact variance
tends to the upper bound as Kjf* becomes small, and it tends to the lower bound
as I‘;* goes to 1.

Upper bound
B - —
sl e T
kS
o
>

exact value
','l Lower bound
Ks' 1
T

Figure 11: Bounds of variance

An alternative upper bound of the variance of the interdeparture time can be
obtained using a G/ D /1 queue with service time s*. We refer to this upper bound

as the fized upper bound. Therefore, a better upper bound can be constructed
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by taking the minimum of the variance of the interdeparture time of a G/D/1
queue with service time s*, and the variance of the interdeparture time from the
queueing system shown in Figure 10. This upper bound is indicated by a thick
dotted line in Figure 11.

4.3 An Approximation to the Variance of the Interde-
parture Time

In this subsection, we present an approximation to the variance of the interde-
parture time of the semaphore controlled queueing network. Comparing Figure
11 and 3, we observe that the variance of the interdeparture time behaves in the
opposite way than the mean waiting time. That is, it tends to the upper bound as

Ks* Ks*
T T

an approximation to the variance can be obtained by combining the upper and

becomes small, and it tends to the lower bound as goes to 1. Therefore,
lower bounds using the same weight function f(c?,s*, T, K) introduced in section
3.4. Let us define V; and V, to be the lower and upper bound of the variance
respectively. Then,

Vo=V = fle,s" T, K)(Vy = W) (37)

The accuracy of the approximation was tested by comparing it against simula-
tion. Below we report on three representative examples assuming Poisson arrivals
and phase-type arrivals. For each example, we give the variance obtained by sim-
ulation, the approximation to the variance calculated by simulating the upper
and lower bounds (simulated approximation), and the approximation to the vari-
ance obtained using expression (30) and (36) for calculating the upper and lower
bounds (analytical approximation). As it can be seen, the approximation has a

good accuracy.
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Example 1 : Poisson arrivals with A = %, s*=2.5 and 5 = 28.

H number of tokens H 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘ 10 H
simulated approximation || 30.02 | 37.17 | 40.45 | 41.89 | 42.50 | 42.63
simulated variance 29.23 | 36.54 | 40.09 | 41.68 | 42.38 | 42.63

analytical approximation || 28.90 | 34.75 | 37.93 | 39.82 | 41.01 | 41.78

501
E
©
5 40
@
)
©
g
£
:15) —s— Simulated approximation
§ - ---w-- Analytical approximation
5 —o— Simulated variance
>
20, I I I | | I

5 6 7 8 9 10
Number of tokens

Figure 12: An approximation on the variance for Poisson(%,2.5,28)
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Example 2 : Erlang 2 phases with a phase arrival rate = 31—5 , 8¢ = 2.5 and
5 = 28.
H number of tokens H 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘ 10 H
simulated approximation || 17.66 | 21.05 | 22.49 | 22.83 | 22.84 | 22.85
simulated variance 17.21 | 20.81 | 22.15 | 22.56 | 22.67 | 22.69

analytical approximation || 20.31 | 21.86 | 22.51 | 22.79 | 22.86 | 22.87

25—

20—

15

—=s— Simulated approximation
---m-- Analytical approximation
—o— Simulated variance

Variance of interdeparture time

| | | | | |
5 6 7 8 9 10

Number of tokens

ul

Figure 13: An approximation on the variance for Erlang(Z,S%,Zﬁ,ZS)
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2 1 _ 1
S,Al—lsaﬂd)\g—?).

The squared coefficient of the variation for the arrival process ¢2 = 2.31, s* = 2.5

and 3 = 28.

Example 3 : hyper-exponential arrivals with p; = %, p2 =

H number of tokens H 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘ 10 H
simulated approximation || 52.64 | 72.68 | 84.77 | 91.36 | 95.29 | 97.28
simulated variance 53.63 | 74.45 | 86.03 | 92.56 | 96.14 | 97.97

analytical approximation || 51.78 | 69.64 | 80.06 | 86.66 | 91.14 | 94.30

1001~

90—
Q
E |
o
2
3 80|
og
°
5
£
R - imati
g —=a— Simulated approximation
& | ---m--- Analytica approximation
8 —o— Simulated variance
>

60—

5 | | | | |

5 6 7 8 9 10
Number of tokens

L1
15737

2.5,28,2.31)

Figure 14: An approximation on the variance for Hyper(%,%,
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5 Conclusions

We considered an open tandem queueing network with population constraint and
constant service times.

It was shown in Rhee and Perros [16] that the queueing network can be
transformed into a simple queueing network involving only two nodes. Using this
simple queueing network, upper and lower bounds on the mean waiting time were
obtained.

In this paper, an approximation to the mean waiting time was suggested
by weighing these two bounds appropriately. The departure process from the
queueing network was also obtained. In particular, upper and lower bounds on
the variance of the interdeparture time were obtained. An approximation to the
variance was then calculated by combining these two bounds. Validations against
simulation data showed that the approximations for the mean waiting time and

the variance of the interdeparture time have a good accuracy.
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