ABSTRACT

FLEMING, NINA COLBY. Advanced Methodsf Thermal Neutron Scattering Analysis for
Reactor MultiPhysics ApplicationgUnder the directioof Dr. Ayman |. Hawalr).

The advancement of nuclear technology has resulted in new and unique thermal reactor
designs beyond the typical light water reactors which currently dominate the reactor fleet. The
verification and validationadvanced thermal reactor performance require an accurate
understanding of the neutronic contributions from each material, especially moderator and fuel
materials. Thermal neutron cross sectianich largely define the reaction rates (e.g. scattering
and fission) in the coraredirectly dgoendent on the material structufée thermal scatteringw
(i . e. T SguantifieS (he striicjujampact and definesenergy and momentum transfer
betweena materialand a low energy neutrat a giventemperatureThe contributionof lattice
strucureto particle interactions is observed in the phenomena of thermal neutron scattering and
low energy resonance absorption Doppler broadening.

In this work, the historical, approximated methods of calculating the TSL are improved by
including directionaldependence of the material lattice and interferengeh@hon) effects to
accurately predict the TSL. A generalized, v b i ¢ s(U, b) formul ati o
implemented to calculate the nonu b i ¢ S thdleldbejtross sedtions for reactor maggsi
This generalized methodology is implemented within the Full Law Analysis Scattering System
Hub (FLASSH and can be used for any material structure. The generalized TSL and impacts to
cross sectionaredemonstrated in both a moderator and fuel materia

The generalized TSL for ideal graphite, a highly 4sobic system, has been evaluated
based omab initiolattice dynamics (AILD) simulations. Impacts from the roabic and iphonon
contributions in graphite ameecessaryor low momentum exchange$hese contributions give

TSLimprovements which exactly agree with TSL measuremEnsn the generalized TSL, total



scattering cross sections are calculated and shown to improve the cross section in comparison to
experimental measuremenfiom 27.P6 deviation to less tha@.5%. To further verify the
generalized graphite thermal scattering kernel, the library produdbd iworkis implemented

within the HTRPROTEUS pebble bed reactor physics benchmarks. The benchmarks demonstrate
expected reactivity impacts from the roubic and distinct structure in the TSL.

For fuel materials, low energy cross sections must cankath scattering and absorption
reactions. As such, the TSL is applied to both thermal scattering and Doppler broadening of low
energyabsorptionresonances. The impact of material structure is demonstrated using uranium
metal at various temperatures. B&ILD and molecular dynamics (MD) techniqua®used to
develop uranium metal models. The temperature dependence fromfbDd to be necessary to
capture the low frequency modes of the phonon density of states (DOS). The MDisnseel
to generatedrces for a lattice dynamics calculation from whichovelthermal scattering cross
section libraryis created.

The structural informatioaf the TSLis used to Doppler broaden the low eneafygorption
resonances fof*®J. However,only considering laite impacts in broadeninig insufficientto
captuethe resonance cross section. Rather, the resonance must be reparameterized to account for
material structure effects. The results from the generalized TSL method accurately reproduce
experimental data iboth thermal scattering and low energy resonance cross sections for uranium
metal By consistently introdung structure impacts to the resonandés,... from comparison
with experimental datat 23.7 K was reduced frofi8.8to 1.8 for the 67 eV resonance 6f%U.

The application of the generalized TSL to both thermal scattering and Doppler broadening
introduces material structure consistently across the scatteringbaodptionresonance cross

sections. The methods amdols designed here introduce fundamental physics into the cross



sections and provide the data needed for the design, benchmarking, and implementation of the next

generation of advanced reactors and advanced reactor materials.
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CHAPTER 1. INTRODUCTION

1.1  Advancements in Thermal Reactor Design

The fundamentablesign ofthermal, fissiorbasednuclear reactorseduces tdhree basic
componentsfuel, moderator, and coolaitarious methods throughout the decades have sought
to optimize reactor design by taking advantagedifferent materialcharacteristicsThe first
expeimentl nuclear reactors date back to Enrico Famii942and his graphite pile reactadrhis
structurecombinedarge quantities of graphiteoderatomwith natural uraniunfuel to createhe
first manmadecritical system. Today, the U.S. nucleaacta fleet isprimarily composed of light
water moderated and cooled systems Wi fuel pellets The next generation of reactor designs
featurea broad spectrum of materials ranging fromolten fuelgo solidmoderatorsike graphite.
These nottraditionaldesigns offer advanced features such as-aaiky-safe and modular design.

Through the influence of historical figures such as Hyman G. Rickover, the U.S. made
design decisions to pursue light wateactors The designdecisiors dating back to the BDs
resuledin water being the primary moderator in the power reactorttheddte However, the next
generation of advanced nuclear reactors will fundamentally differ from the current fleet and will
promote additional reactor concepts with moderators sscgraphite and moltesalts.After
decades of conceptual designs, the advanced reactor coace=ipécominga reality with U.S.
Department of Energy awartts build and testlesigns such as théenergy graphite moderated
pebble bed desigfl]. The X-energyhigh-temperature pebble bed systésatures a graphite
moderated, pebble fuedndthermalspectrum while designs such as tiMolten Salt Reactors
operate in théhermal energyegionbut liquid fuel slts flowing through the systerixamples of

these next generation reactareshown inFigure1-1.
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Figure 1-1. Advanced reactordesignfor the X-energy hightemperature gas reactor,featuring a
pebble bed design to the lefi2]. To the right, the Molten-Salt Reactor Experimentdesign from Oak
Ridge National Laboratory was one of the first largescale demonstrations of MSR§3].

These advanced reactor desigmal anovel materials require high fidelity modeling
capabilities to predict coreehavior To capture and predict core performance, the interaction of
the neutrons must be properly characteribedast reactors, neutrons remain at high energies, but
in thermal reactorsthe phenomena of slowing down and thermalization drive reaptrations

anddynamicsThermal nuclear reactor systems are broadly defined as systems characterized by a



low energy (thermal) neutron spectrum resulting from the slowing ddwaseborn fission

neutrons.

1.2 Neutron Cross Section Data

Design of any reactor system beginith a proper understanding of the fundamental
reactions occurring with the system whicldefinethereactod behaviorMany different types of
reactions are possible depending on the material structure, energyetitra etc.As a general
description neutronsborn from fissiorhave energiesn the order 020 MeV, which is part of the
fast energy regiméAs these newons begin to interact with their surroundings, they either lose
energy as they collidare absorbed into the systeonarelost as thg exit (leak from the system

as shown irFigurel-2.
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Figure 1-2. Typical neutron life cycle within athermal reactor core.



All types of interactions within a reactor can be classifsabsorption or scattering.
Absorption interactions involve the formation of a compound nucleus composed of the initial
neutron and t he Olypicaly thimscbmpaundnoctedwsformadal ar exsited
energy stateExamples of absorption reactions include resonance absorption but also fission and
capture event\lternatively, n scattering interactions a neutron collides with a scattering nucleus
and a neutron will emerge. Tipeoperties of the emerging neutron will be characterized by the
type of scattering interactiorgcattering interactions can lobaracterizedroadly to be either
elastic or inelastic. Inelastic scattering interadione s ul t 1 n a ¢ h agoagteam o f
stated nduced by t he.Elstastattedany bas noswuch dhangeiinauantum states.

The likelihood of interaction for a neutron, whether absorption or scatteriggyeis by
cross sectios Combining the likelihood or rate constdnt interaction (cross section) with the
concentration of incoming neutrons (neutron flux) and concentration of atoms within the material
(number of atoms) gives the reaction rate within a material. Reaction rate is then used to define
criticality and thekess of a system. In equation form, the reaction rate is equal to

Reaction Rate 3 fiN (9 r(E nr(V) r(g°rdE =§ N Fri(E )F(HrdE (19

0

o OO0’ o

whereN is the spatiallydependent number density of atomss the rate constant termed a cross
section,n is the neutron spatialgependent density,is the neutron speednd: is the neutron
flux (n(r)-v). When the rates of neutron creation and destruction are balanced throughout a reactor,
then the system is defined to be critical withe@d€ unity.

Beginning at high energies where the neutron is born, high energy cross sections are
represented with smooth curves modeled from high energy physics including nuclear inelastic

scattering and noelastic interactions as shownkigurel-3.
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Figure 1-3. Total free atom cross section for*®J from the ENDF/B-VIII.O evaluation spanning thermal to high energies[4]. Plotted
concurrently is an example neutron energyspectrum from a room temperature, thermal graphite moderated, UO2 fueled reactor (HTR
PROTEUS reactor). Peaks occur in the flux around 20 MeV where fast fission neutrons are born and at approximately 0.06 a&/neutrons
slow downto form the large thermal peak.



For fast neutrons, inelastic scattering will result in an excited energy state of the scatterer. These
collision interactions serve to reduce the neutron energy from the fast energy region into what is
termed the slowinglown region.

As the neutronslow down they enteithe main absorption region for heavy nuclei (e.g.
fuel materials)\which can be observed between approximately 1 eV and 100akeshown in
Figure 1-3. This region termed the resonance absorption region is further subdivided into two
sections: resolved resonances and unresolved resonances. This distinction is largely due to the
energy diffeence between resonance peaks as the difference approaches the width of the actual
resonances. This hinders the ability to individually resolve the peaks using the experimental and
theoretical methods. These resonance peaks are introduced by the nuciaaestf the material
and available excitation and-@&citation modes of the nucleus itself. As the temperature of the
material increases, the resonance peaks are broadened due to the increased thermal motion of the
nuclei. This effect is known as Dopplaroadening. For the heavy nuclei, while scattering events
can occur, absorption will dominate in the resonance region.

In order to slow down neutrons born from fissalhthe way to the thermal rangmany
collision (scattering) events must transpiré¢hwhinimal absorption. These scattering interactions
occur largely within the moderator, defining a characteristic neutron energy distribution within the
core. Typicalmoderator materialsvill be lighter nuclides, anébsorption resonances are not
typically present. Rather, thedowing-down energy regionel{/ to MeV energy rangewill be
defined by completely nuclear optical elastic scattering. This allows for neutron energy loss
through down scattering whig¢hermalizes or moderatassystem. In contrast tbhe heavy nuclei
in Figure 1-3, Figure 1-4 demonstrates the @® section regimes for graphite, a light moderator

material.
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Figure 1-4. Total graphite cross section from thermal to high energief4]. The various interaction
regimes are labeled, demonstrating the modes of interaction for various neutron energies. As a light
nucleus, resonances are absent from the cross section. Rather, scattering will domirettepithermal
energies Absorption for carbon is negligible as seen in the flat cross section of the free atom structure
in the thermal region (i.e. no 1y absorption visible). The structure of graphite results in the featureful
thermal region with sharp defined peaks from the gaphite lattice structure. The difference between
free atom and bound, structure dependent cross sections can be seen in the thermal energy range.

Above approximately 1 eV, free nucleus interactions will occur. As the energy of the
neutron approaches ¥gethe de Broglie wavelength of the neutron approaches the interatomic
spacing of solid crystalline structures. The relationship of neutron energy to wavelength is defined

as

cm, (1.2)




wherehi s Pl a n c knbistheanass dfite aeutton, ané& is the neutron energgV) [5].

For energies of 1 eV, the neutron will have a wavelength of 288l will begin to interact with

both the individual mat er i al.dhEs regime where lothd al s
individual atoms and bound structure cdmite is defined as the thermal energy range.

At low energies (eV range neutrons), nuclear excitation is not possible. However, the
rotational and vibrational states of the atom (or molecule) bound within the system are associated
with discrete quantum erggr states. Inelastic scattering in the low energy region will affect these
vibrational/ rotational states resulting in either energy gain or loss for the neutron. Low energy
elastic scattering will not impact these quantum states, but the low energyietastictionmay
result in either energy gain or loss as the recoil of the system will respond to maintain conservation
of energy anegnomentum.

The vibrational energguantaof the lattice are@eferenced aphononsFor atoms bound
within a material structure, the @lable modes of phonon energy exchange are captured in the
thermal scattering law (TSL, i.e.($( fndiredetermined by the structure of the matefTale
TSL is a fundamental material property which quantifies the available energy and mmwment
modes 6r interaction.The TSL is then used as primary input to determine the thermal scattering
cross sectiam If the structure information is neglected, the cross section will be artificially inflated
at low energies, resulting in nguhysical behavior (see ogarison inFigure 1-4). Within the
thermal range, both elastic and inelastic interactions can occur, and energy will be exchanged
through up and down scattering evefgigin and loss of phonons).

As seen irFigurel-4, the crystalline structure will begin to introduce the sharp features of
lattice elastic scattering. These sharp peaksdue to the neutron interaction with a bound atom

and the excitation levels of the lattice structure of the matdwdiice elastic scattering is still



defined as an interaction where no phonons are exchanged between the neutron and atomic lattice.
However, the arrangement of the atoms will make specific modes energetically favorable as
defined by Braggébés diffraction | aw:

n/ =2dsin ¢ 1.3)
wheren is any integera-is the neutron wavelengtd,is the interatomic spacing of the lattice, and
dis the angle between the incoming neutron and the scattetting [@ane. As the neutron further
decreases in energy, a sharp drop occurs in the cross samtiespondindo the Bragg cutoff.
For crystalline solids, this point is definasthe lowest energy possible for elastic scattewhgre
Equation(1.3) can hold trueBelow the Bragg cutoff, only inelastic lattice scattering will occur.

Inelastic scattering is defined by an exchange of one or more phlogiwvesn the neutron
and atomic latticeAt such low energies, inelastic up scattering of the neutrons is most common
as theenergy exchange of the neutramd lattice results in an equilibration of the neutron with its
surroundings. As an aside, fambound ofree atoms below the Bragg cutoff, @esorptiorcross
section will take the form of inverse velocity (1Avjile scattering will remain nearly constant
since lattice binding can be neglected. This 1/v behavior can be seen in the fré&atoross
secton in Figurel-3, and the free atom scattering cross section is shown for carbayuire1-4.

The up and down scattering of neutrons at these low energies will define a distribution of
neutron energiem equilibrium with their surroundings andformed by the temperature of the
system.These neutrons are defined to be thermal neutihsn absorfon is minimal,thermal
neutrons can bapproximatedy a Maxwellian distribution for neutroflux

E
(ksT)’

wheret is the neutron flux: « is the total thermal neutron flug is the neutron energ¥s is

f(E)dE= f ™" dE, (1.4)

Bol t zmannods T tha emperatarfs]. Withirda reactor setting, it is important to
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consider not the neutron density but the neutron flux distribution since the reactiseaatm
Equation(1.1) is ultimatelydependent on flux and not densifhese thermal neutrons will hover
around a mean energy set primarily by the temperature of the sy$samy. the distribution in
Equation(1.4), the most probable thermal neutron energy would be eqlksal tahich is 0.025
eV at room temperatur&he exactistributionof thermal neutronwiill resut from the particular
cross sectiongresent within the system and will be largely defined by the moderator matkeal.
material strudure informs the cross section and therdhg expected thermal neutron energy
distribution.

T h e ma unguecheridalbindingvi | | not only determine th
scattering interactions but also beyond the thermal energy range up through the epithermal range
where Doppler broadening occurs. Doppler broadening has been conuistiedally assuming
free gas material structure with a Maxwellian distribution to describe the newdlaeity and
atom interaction. This will not capture the correct temperature effects for structured fuel materials.

The binding information found in e TSLaccurately defines thiew energyabsorption
resonance cross sections where the crystalline structure of the material contribut&ofuptae
temperature responséarious fuel types such as uranium metal, which was historically used at
reactorssuch as the Experimental Breeder Reat{&BR-1), and even uranium dioxide will exert
lattice impacts through the low and redergy range to varying degrees depending on the type of
structure present in the fuel. Regardless of the energy region, acdesariptions of the cross
sections are required, and a proper understanding of the ma&teliad essential, particularly for

thermal scattering arabsorptiorresonance Doppler broadened cross sections.
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1.3  Cross Section Evaluatios

To accurately modehe neutron reaction rate behavjitine cross sections must accurately
reflect the physics of the materiaBeginning in1968,the first standardized cross section libraries
were released in the Evaluated Nuclear Data FeB{&NDF/B) files [7]. The ENDFB libraries
became the world standard for tabulated neutron cross sectipnstatdodags input intosarious
calculations and code$he historical process for evaluating cross sectiwas definedasthe
combination ofexperimental measurements with nuclear theasing these combined results to
inform the search for thieue cross section valjié]. Example codes used today for cross section
evaluations based generally on a lesgiares method include TALYS, EMPIRE, and ALICE
IPPE[8-10].

In the thermal cross section region, a more theoretical approach was taken throughout the
history of the ENDF libraries. Experimental measurements will only capture a fraction of the
thermal range interactionBistrumentation resolution, limitation of angular measurements, and
interpolation methods used to transform the double differential cross sections to TSL data result
in an incomplete representation of a material. These cross sections could then béasédezh
feedback from integral experiments. This approach sufficed to calculate effects for the first
generation of reactors.

However, as technology advanced, theoretical equations which had been computationally
impractical became possible on local degkinachines. The understanding of materials began to
address the quantudefinitionsand derive impacts on the macroscopic scale. It became possible
to resolve accuracy from theory with higher resolution than experiment could préviese
advancements ¢eto new developments in the productmincross sectiotibraries Now, rather

than Aevaluationd being a term to describe th
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cross section evaluations, especially in the low energy ranges, can bel dafiedy from
fundamental equations.

These equatiorat the TSL leveare implemented in codes such as NJOY or the Full Law
Analysis Scattering System HuBL(ASSH [11,12] These codes take mat er i al 6s av
phononexchange modess fundamental input and output the TSL in ENDF format. Other codes
such as SAMMY are used in the resonance region to resolve the resonance peaks and perform
Doppler brodening[13]. SAMMY is explicitly able to combine experimental data with resonance

parameters (either experimental or derived) in order to determine cross section values.

1.3.1 Current Status of Cross Section Evaluations

Within the aforementioned codes$et methods for calculating thermal scattering cross
sections and the TSL have historically relied on three main approximattmsncoherent
approximation, cubic approximation, and atom site approximafio@incoherent approximation
neglects coherent inelastic effects. The cubic approximation assunrisetrpic crystalline
structure The atom site approximation assumes aha can be treated equivalently within a
lattice.An example comparing the TSL for graphite as calculated under the incoherent, cubic, and
atom site approximation with experimental data is givenFigure 1-5. Under these
approximations, these codes fail basic benchmarking tests.

Benchmarking requires both verification and validation. Verification is the process of
assuring correspondence between a code or output arehtiveorld. This entails correspondence
with physical equations, consistency with observed behavior, and completeness of any models.
Validation is concerned with accuracy of implementation. A validated system will not have any

bugs or mathematical erroré. verified system will contain all pertinent physics. Under the
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approximations listed above, TSL codes currently used in reactor applications fail to capture the
physics defined in explicit equations and observed in experiment as sEguiial-5. These
approximations sufficed to capture the neutronic impact of the TSL. Howtevevaluate cross
sections for novel materials such as those considered for advanced deaans, a complete and

accurate representation of the TSldésirable
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Figure 1-5. Graphite TSL at 533 K calculated and experimental valuegl4]. Calculated values for the

TSL are given under thecubic andincoherent approximations, and therefore, they do not show the
structure clearly evident in the experimental data atlowm ment um exchanges (U) .
data corresponds to NJOY output. Without coherent effects, the calculation approximately averages

the effects seen from experiment.
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1.3.2 Modern Methodologies for Cross Section Evaluations

Rather than relying oexperimental data or ppoximated relationshipdoth the cross
sectionandavailable phonon modes (quantified by tlemnsity of state@DOS)) are defined using
theoretical relationshipghich can be benchmarked using experimental. dedapredictively
calculate cross sections begins at the molecular level and ends with reactor implementation as
shown inFigure1-6. At each step, calculated values cartdsted anderified with experimental

data.
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Figure 1-6. Process of connecting atomistic simulations to predictive reactor physics calculations. By
beginning with predictive models and verifying eaclstep along the way, high fidelity predictive cross
sections can be evaluated.

As a result of thisoundational, steppegpproacho understandinthe reactor, thenultiple layers
of physics contributions to the reactor simulation are fundamentally tateeaccountReactor
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level phenomea such as temperature change can therefore be understood to be the result of
atomiclevel variations True multiphysics reactosimulationswill then take into account the
multiple physics contributions within the reacbperation, in particular material propertesich
arequantifiedby the TSL.

Modern methodologies implemented for thermal scattering cross sectionsmatlizgal
science methods to represent the atomistic structure. Two primary exampleslaocelar
dynamics (MD)andab initio lattice dynamics (AILD)which model the atoms ardetermine the

forces within a material structufeom fundamental quantum mectes [15]. At the atomistic

level, the models can be compared with measured bulk properties such as the lattice constants and

bul k, shear, and Youngods nuedhe klectronidstruttureé whicm a | |
can be verifiedby comparing with XPS or BIS measurements which capture the eliealersity
of states.

Increasing in scale, thgenerated forcemreused to calculate the phonon DOS for a given
material. The DOSepresents thavailableenergy exchange modes for a material isrdirectly
related to the TSL and cross sectidb]. The calculated phonon DO&nd its directional
counterpart, the dispersiarlations, can be compared with measured data. The dispersion data
demonstrates the directional dependence of the material. Using the verified DOS as input, cross
section data can then be generated and compared with experimental integral and differential
measurementgit each step in the evaluation, calculated values are compared with experimental
measurements. Thagpproacld e monstrates the model 6s ability
correlated to the TSL whiahives credence to the final crosstsen result.

Variations to the molecular structuvall impact cross section values andethshow

repercussionsn observables such assk detector response, and neutron energy spectrum.
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Additionally, benchmarking the phenomena of slowing down and thermalization is required for
these new materials to ensure safety qualifications and design validiédioy such experimental
reactor systems have been designed and developed to allow ietqgramental benchmarking

of cross section dataAs an examplethe HTR-PROTEUSreactor, an experimentpebble bed
design,was used tdenchmarkimpacts to criticality for pebble beeactors This pebble bed
design is now one of the primary advanceacter conceptsMore importantly to cross section
benchmarks,his reactor is dominated by graphite thermal scattefihg impact from graphite
cross sections can be isolated from the HHRROTEUS response in order to benchmark the cross
section dataThis type of experimental system allows for quantifiable validation of the cross

section data for reactor modeling and simulations for reactor design.

1.4 PROTEUS Graphite Pebble Bed Reactor

PROTEUS is an experimental reactor located at the Paul ScherresténstiSwitzerland.

The PROTEUS system was used to test many reactor concepts including pebble bed designs. The
various core configurations were arranged within the central cylindrical cavity surrounded by a
graphite annulus as shownRigurel-7.

The HTRPROTEUS program specifically analyzed a pebble bed design and key core
parameters such as criticality and water ingress effects consistent with high temperature gas
reactors[16]. The meticulous measurements conducted at PROTEUS were documented in the
form of reactor physics benchmarks through the International Reactor Physics Benchmark
Experiments (IRPhBproject[17-20].

The IRPhE benchmarks consist of compilegperimental data, documentation of

procedures, and detailed uncertainty analysis of measured quantities. In the case-of HTR
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PROTEUS, these measurements included criticality, spectral characteristics, reactivity effects,
reactivity coefficients, and mamygore. This data was originally compiled for PROTEUS with the
express intent of supplying experimental data to benchmark reactor physics codes and nuclear data
[17]. Given this stated purposeyesy effort was made by the original scientists to understand,
guantify, and reduce uncertainty both in core components and experimental data collection. The
HTR-PROTEUS benchmarks therefore have some of the lowest uncertainty for reactor criticality

measuements.

Inner radial
reflector

Pebbles
arranged in

layers in core
Outer radial

reflector

@) Fuel pebbles
@ Moderator pebbles

Figure 1-7. Schematic overview of the HTRPROTEUS core configuration[17]. The graphite annulus
(yellow) surrounds the cylindrical core area. Graphite moderator pebbles and)O- fueled pebbles
were arranged (either handplaced or randomly filled) within the cavity. An example handplaced
pebble arrangement is shown to the right.
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The IRPhE benchmarks include eleven unique core configurations tested at PROTEUS.
These different core loadings varied the ratio of fuel to moderator, the height of the core, simulated
water ingress effects with polyethylene rods, and varied packirtipfrasf the core pebbles. The
moderator pebbles were comprised of graphite, and the fuel pebbles consisted of TRISO particles,
enriched to 16.7 wt%%**U dispersed within a graphite matfik7]. Above, below, and around the
core, graphite blocks served as core reflecfbvd. Given the low uncertainty inek and the
dependence of the HFRROTEUS system on graphite scattering, theRHPROTEUS
benchmarks provide experimental data needed to validate graphite thermal scattering cross

sections for reactor physics applications.

1.5 Motivation

Moving forward, this work seeks to implemesmtmore complet¢éheory for low energy
neutroninteractionsas definedoy the TSL. This includes application of thesultingTSL into
cross section calculations for both thermal scattering and low eabspyptionresonances to
capture the bound atom effeckistorical approximations to the TSkill be replaced with the
generalized equations containing fully explicit coherent and incoherent terms. Codes and methods
will be developed both for the generalized TSL evaluation andafimicationinto Doppler
broadeningThese results will beompared with experimental data beginning at the atomistic scale
and extending to reactor impacts in pertinent benchmark examples. This work will provide not
only validatedTSL andcross section data but also an improved methodology which can be
systematially applied toboth moderator and fuel cross sections.

These approaches will support the accurate modeling and implementation of advanced

reactor concepts. The cross section data required to represent these new pgsteEmigrly
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pebble bed reactor iprementations, rely heavily on the moderator (graphite) and fuel cross
sections which will be addressed directly in this work. Application of the benchmarked cross
section libraries will allow for accurate models of such systems in support of bothityisestty

and reactor design implementation.
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CHAPTER 2. THERMAL NEUTRON PHYSICS

The neutron cross section in log energy range is @nacterized by the material structure
in which the interaction takes placéhe thermal scatterinaw ( i . e . T SS(p, ¥98,( U, b) ,
dynamic structure factpis used to definpotential interaction modes atie relationship between
momentum ancenergy transfer within a material. The TSL is a fundamental material property
independent of the type of interactidrhe total thermal scattering law idivided into coherent
and incoherent effects such that

S(k, =S("k)ms(" 4. 1)

Sis the total;Ss is the self termand& is the distinct termThe self effectgorrelate an initiatime
position of an atom wit h a.Thedistiecteffdcts mepeeSentthe o s i t |
correlation of an atoths  p oassomeiindia timevith the other surrounding ato@yositiors
(not including the initial atom)he TSL inEquaton (2.1) is given in terms of the scattering vector
lbandfrequencyy which are directly related to their unitless counterpdeiadb, dimensionless

momerium and energy respectivelfhese parameters are defined such that

27,2
a :L (22)
2AM Kk, T
and
b:-hw E'-E 2.3)
KT ks T

whereai s t he magnitude of the sé&ast 8ol hgmaeadsr ¢
T is the temperaturex, is the neutron mass, ads the neutron weighted mass of the material.
Additionally, the energ¥ @orresponds to thiinal energy ande to theinitial energy.Giventhis

relationship, the TSL can be used to define the likelirafadteraction
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The definitions for thel' SL using the self and distinct terrase typically translated into
coherent and incoherent effegtben applied to traditionalross sectiorterminology.Coherent
effects correlate an atom at some initial time with itself plus the other surrounding atoms at some
later time. This correlationf an atom with all the@toms of thdattice at a later time introduces
interference effects into consideratidrne coherent scattering law is equal to both the self and
distinct contributions added together. Incoherent scattering correlates an atome atisal time
with itself at some later time. It is purely a time correlation which accounts femntenfierence
effects. The self scattering law and incoherent scattering law represent the same physics. In

equational form,

See = Q
Scoh: S :§ +§

(2.9
The forms of incoherent and coherent scattering laws are more common within the literature such
as Squireso6 d[g.rHoweser, ivarious resourcésehfive used the definitions of
coherence to reference different portions of the TSL. As such, this work will continue under the
notation of self, distinct, and total TSar improved clarity in the process of derivation
As previously stated, the scattering law correlates the atomsvathattice at various
times. These measures of real space distance and time can then be transformed into their reciprocal

space counterparts of momentum and energy, respectively. The scattering law which is typically

represented in inverse space is eqoal
1 -
Sk, w=——aQ(T, )e*® * drdi 25
(k, ¥ 200 AG(T, 1) (2.5)

whereG is the timedependent paicorrelation function defied in real space and translated into
inverse space measures llofand ¥ [5]. The paircorrelation function defines the relationship

between two atomisandj €uch that

21



G(T,t):%?§<dg £ RL(0) g gR: () )drg 26)

wherer is the distance between the two atoms with the atom at time zero at posiidh N is

the total number of atoms within the cryséald scales the patorrelation to be per atonThe

vectorsY 0 give the timedependent location of the atom in terms of the Heisenberg operator for
the atomdébs di splacement. These equations repr
can be expanded to describe fully the available energy and momentum fepauticle

interactions.

2.1  Development of a Generalized TSL Formulation
2.1.1 The Total Scattering Law

The TSL as defined in Equatid@.1) is a function of theself and distinct components
correlating atom positions as a function of tifeg The generalized form of the TSier atom

correlatingan atorj @ttime zero with all other atomsattimet is expressed generally as

S(k, W—%Na n<exp§ 4T KRD(0) @xp igR ®)> egh i t)dt (2.7)

where the TSL is defined as a function of the tme@endent vector position of the atd?ﬂt),

the scattering vectdr, frequencyry, Pl an k 6 sandcctinet.sTheaatat scattering law in
Equation(2.7) can be divided to include self and distinct components. The self portion will be
defined for an atom with itself. For the distinct component of the &galen in Equation(2.7),

the double sum over theandj @tom positions must be limited to only whetioes not equdl. 6
This then limits the relationship to the interaction of one atom with other (not self) &lsing.

the notation in EquatiofR.7), the self and distinct coponents can be generally defined as
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Sk, W= 58 e KO0 g0 18R ©)) egb i o

1
tha%a r3<expg ik RO(0) gxpigR ®)> egip it 29

v N Cp= . 0
+Na n<expg ik RO(0) gxpigR ©)> egip i theto
j.i'-m -
=S,(k, y+S(k, W
The expressiorof the totd scattering lawcan be rewritten in terms of the repeated lattice

of unit cells such that

1 s
S(k, :ﬁﬁ?‘ an<exp@ iKY (0) gxp iR qt)> egh i )t (2.9)

In mathematical terms, the time averaging is represente@Qbjhe scaeiring law is defined
specifically for a norBravais lattice. A notBravais lattice consists of more than one atom per

unit cell, and to capre the full effects from all the atoms, a summation over the adarosurs

in addition to the summation over the lattice vectosach unique atom positiahmay vary in
type of atom (e.g. different elements). Some atom types may have more thamquesaiom
position, depending on the material.

The atom position is defined as
Rs(D=T 4 8(D, (2.10)

the sum of the unit cell equilibrium positionthe equilibrium position of the atof@(i.e.a Qis
the equilibrium position of the atom), aad thetime-displacement. This is representadrigure

2-1.
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Figure 2-1. Atom position with the Ith unit cell as measured from the origin and from the undisplaced
atom position (dark heavy dot) to the displaced positionopen dot)[5].

Assuming harmonic ieratomic forces within the crystal lattice, the displacement vector

can be written as

12
a n o, 1 4 @b wyt) x i@ an
a, (t a & g9 i) g ed W 211
Id() d—‘2M N gq /—WJ @jad al %,d% ( )

Here, the mashl is specified for a given atom site N, is the number of unit cells in the crystal,
andki s Pl ankés constant . Th eftheésunsmatiomof stateedefinedi s d e
by ) the wave vector andthe mode (not to be confused with the atom indexEquation(2.7))

[5]. The polarization vector for a given state is notate@ aandthe corresponding frequency as
1 . The states@) are then operated on by creation and annihilation operétorand ¢ |,

respectively.
Expanding in terms of the definition of the atom position
S(k, Wﬁﬁa a exp{ KB 0,40) d)exgi- @ ug')()+a)}>
1
s exg w»t)dt

=$%a exp(lk )ﬂanF( kd gl )

’ r”‘K exf ik U (@) expiku, @) expi thet

(2.12)
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Recognizing that only the difference in atom positioncegontributes, the summation overand

oewvill be identical and the double sum can be reduced to a single/shigeset to zeranultiplied

by the number ofinit cells The reduced fonulation is then equal to
sk, w=— L 5 exp(i” A aex;(r & d )g
2ph Ny 7 dd'

; (2.13)
3 pylexp{ ik ap(0} exdi ku, O)) exp i thet

whereNq is the number of atoms in a unit cell.
Defining two termdJ andV to represent the exponentials simplifies notation of the TSL.
U andV then ardhe initial and final time correlation terms respectively. This definition altbe
distinct scattering lawo be written as
S(&, v)/:iia exp(i‘ki? aex;(i‘ g d h
2ph Ny 7 dd-
3 iﬁ(expud. exp/,) exg {ut)dt
U, = ik ago) i% 9015 Yooy, (214
Vs =ik Q1) '% hy g2, ot 8"

1/2 12

. & n  Ok@,, " I ch‘éd'jqexp(iqbiw t)
. g:ledN| 2\/%,1511 " S-JZMdN' 9\/M/dJQ e

Assuming a harmonic oscillatand resulting Gaussian function, the exponentials can be reduced

to

(expU exp/) = ex;<u—22> exév—22> exV) . (2.15)

BecausdJ andV are evaluated for different atom positiob,is not equal td/2, and both terms

must remainThedistinct TSL is then equal to
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S(k, W:%N—lda exp(i*kfjd;a'exr(i* g0 d '-)qexg{ugz> ex V“22>

(2.16)

SR eXp,V,) ekpint)dt
Expanding the exponential terms, the physical significance is better understood. The first
exponentialterms with the squared andV terms make up the timiedependent term and are
defined to be th®ebyeWaller term.Whether averaging at initial time&) or at later times\(),
the averagsquaredlisplacement will béhe samdor a given atomTherefore the DebyeNaller
termwill drive the overall shape of the functiohemperaturgs an example of an effect which
specifically contributes through the Deby#aller term to determine the magnitudetioé long
term averagef the TSL.The DebyeWaller term expanded in terms of Equati@il4) is equal

to

_-h ‘k@ ‘2 Qhw,

— " d,jq
(Uz)= 2w, MN S cothgez—ks"_‘r

I

Debye-Waller Functic, (2,17

- O: Ot

The DebyeWaller function can also be written in matrix notation, decomposing the polarization

vectors and combining the constants such that
2N, =Ko B,/ (2.18)

whereB is the DebyéNaller matrix equal to

(2.19)

correlating thex andy directions wherex andy can be replaced with any combination of the
coordinate directions X, y, and Zhe DebyeWaller matrix is a 3x3 matrix representing the
displacement of each atom in the x, y, and z directions along with the correlation between the
different directionsFor the distinct TSL, the Debyé&aller term is split between tHg andV
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components. Both would be equal if taken from the same atom position. For the distinct term,
howeverU andV are determined based daandd, respectively. The only resulting difference in

the DebyeWaller function is the use afversusdd The TSL can then bgenerallywritten as

S(k, W=§th—ldal. exp(i*kf)d;al'_ex;(i* o d '-)gewd' e

ol

3 eXyV,) eXpint)dt

(2.20)

The second exponential correlates the atom at time zerahgitbther atoms in the lattice
attimet as the lattice exchanges phonons with the incoming particle. This canbeitagrthonon
absorption or phonon emission interaction. Expandnmsgtimedependent term usingquation

(2.14),

a ) ) (2.21)

Here, the phonon emission is defined as

<njq +1> _ exp(thq /kBT)

exp(hw, IkT)- 1 (@223

and phonon absorption as

B 1
(M) = exp(iw, kT)- 1° 23

The derivation of the TSL up to this point has assumed correlation of an atowthéth

atoms such that the difference betwe@n Qanddee (ezan benonzero.In order to represent
the self contribution, only the timedependence of an atom with itself will be taken into

consideration.
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2.1.2 The Self Scattering Law

The self scattering law onlyasidesthe correlation of the atom with itself. Thevet, the

differencein the undisplaced atom position at time zero and tilhe Qminusdcee CBeequals

zero.By substituting in the definition of the atom position, the self scattering law is equal to

S.(k, mﬁN—a n<exp{ ko) (0} exifi™ W, X)) exp i . (2249

Comparing Equation@.13) and Equatior§2.24), the only difference is a summation oaeingle
atom positiord and the emoval of the exponential terms includingndQas they now are equal
to unity. The derivation for the self TSL continues as before with the distinct TSL by defining the
U andV terms.
Because only one atom position is considered, the exponentialofochandV can be

written as
(expU exp/) = ex;éU2> exfluV) (2.25)

where
A

U, = ik Ugd0) g g, i@aja Ya Jq*-lad' 19
iq

=ik Q) A h @, Nty (2.26)
id

12 = o 1/2 o
k@ )
a h 0 d, jq _ an _ﬁ@m exp( i th)

hy =
d-‘QM N, 2\/'/'/dyjq : 2@d N, \715'4(,111
The self TSL is then equal to
S.(k, y=— 5 h N, a exp<U >fjexp(udvd) exp -i tydt. (2.27)

Equation(2.17) still defines the Deby&Valler term. The time average thie phonon creation and

annihilation term&JV is still equal to Equatio(2.21) but reduces to
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ho ‘kc-éd,jq‘z

2M N o w,

(UVy) =

welm)in, 4 el in)iny) . @20

The TSLas defined thus far is written in terms of dsymmetricTSL. The asymmetric
TSL is defined for the full frequency range for both positive and negfégeencyvalues. The
positive and negative components are related, howeveugihrihe process of detailed balance
(seeAPPENDIX Cfor more details)Detailed balance assumes that gains and losses must be equal,
andthe TSL definition can be shlwn to adhere to detailed balance. As a result, the asymmetric
TSL holds to

S(k, exp( w2)= S(C k )exp( - /2. (2.29)

Using the symmetry of the TSL demonstrated by detailed balance, a symmetrif thel SL
can be derived. This symmetric form is also used in ENDF formatting to reduce the number of

data points to be storefihe symmetric TSL is related to the asymmetric TSL as
Syn(K, W= Sl K exp( /D) (230
and
Smlks W= S k- ). (231)
The exact equations derived for both the self and distinct scattering laws explicitly define the

interactions of atoms within a lattic@/ithin these equations, the effect of temperature will have a

significant role.

2.1.3 The Effect of Temperature
Temperature is found in two key aspects of the TSL evaluation. The first is in the phonon
dispersion data (or DOS, cf. Secti@m) itself. The particular modes alatle for phonon

exchange within a lattice are temperatdependent. For most materials, the temperature
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dependence of the phonon dispersion data is negligible, and the primary effects of temperature
result from the phonon occupation number. The thermaiage phonon occupation number
represents the likelihood that a phonon mode will be excited-ekdeed as given by Equations

(2.22) and (2.23). When represented in the symmetric formulation, the occupation number

defined for phonon emission (upscattering) as

Fawﬂ

€ anw 0.
(n) = éexpagy, — &N T@ﬁ 0, (2.32)
é 9 kBT = T '
and phonon absorption (downscattering) as

o

Y (D/

-hw

0
(n+1) =sex paez— §|nh
kT = g

whereg] equals the energy of the particular phonon modeTaadhe temperaturd].

(2.33)

™
ocone

In the TSL evaluation, these phonon emission and absorption terms are directly multiplied
by the phonon dispersion data to give the scattering probability density function. As such, the
phonon @cupation number introducese ofthe primary means of temperature dependence of the
TSL and also informs the importance of the various phonon modes. These individual phonon
contributions to the TSL can be defined independefity.application purposethe equations
defining the TSL have been manipulated to represent the interaction potential for a given number

of phonons through a process termed the phonon expansion.

2.2  Phonon Expansion of the TSL
Previously, the assumption has been made that the favidbs the lattice are
approximately harmonic. Thesssumptiorallows the guations for the self and distinct scattering

law to becarried through @onventionalTaylor series expansion. This expansion translates the
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formal equations above into individual phonon exchange témitiin the summation, given
term will then represent the interaction potential which createestroyg number of phonons.
The sum of all phonon contributions is the tGtaL. This procesis termed the phonon expansion.

TheTaylor series expansion of the exponential termqual to

2 (U,
exp(U,V,) =8 CF |d> . (2.39)
p=0 p
Substituting this definition into the self atwtal TSL equations gives
. 0 = (UV,)" :
S.(k, v)/:iia e g UVo) exp( - tydt
2ph Ny o0 P!
1 1. e . R
Sk, y=———3g expli" A Jexpi~ d ge' e 2.3
oo & P17 A) Gexdi” &0 d 239
0 3 (U,V,)’ .
36 U |d> expint)dt
O p=0 p:

Manipulating these equations allows us to write the following tevinish simplifiesthe above

equation:

o (k) === Fexp § KUV, )dt (236
200",
and

Far (K, = @ ) (2.37)

hk? 1
Fdld'(k’ V)’: —a
2JM M, N, i W, (2.38)

3gexp( iq I—)'fénjq ]>a‘® wh ) ex;(iq F)<njq§j @ W
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8 T (Ko W= Wi (T ok w,) () K)dw,.d
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This then defines a recursive formula for each piece within thedapendent integral in terms

of thep phonon orderSubstituting in Equatior(2.39),

0 P . (2.40)

for the self TSL, and thotal TSL is equal to

S(k, V)/:iié_ exp(i‘/@ é_ex;(i‘ o d '-)gewd' gl

2ph Nd i
<. p
3 g a <Ud'vld> expint)dt
0po P (2.41)

1 .. oA A WV
=— 8 explik IQ gexpi k&lOd e %
Nd I ( qdd' F( gj h
s = Lo .
a —led.( ).
p=0 p
In the event the direction tifis held constanit can be shown thdor the self componenti€dd
phonon expansion terms can bermalizd The traditional derivation of th&@SL equations

assumes approximations which will enforce a Gaussian $baypthe self paicorrelation function

is inherently a GaussianHowever, when additional structure information is included in the
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evaluation, deviations from a true Gaussian maguoncThe base function however will be
Gaussiarike, and the normalization result should still hold in the limit.

These equations are represented as an infinite sum from zero to infinity. Each additional
term represents a phonon order contribution addekle total interaction. For example, the first
phonon term represents the effects from an interaction creating a single phonon. The second
phonon term represents the effects from two phami@nactionswithin the lattice. Increasing the
number of termsmproves the accuracy of the calculation but wettponentially decreasing
improvement.

When translating the TSL into a cross section, thetlagrbonon order corresponds to
elastic scattering.Both self and distinct zerorder terms exist and regent the potential for
coherent and incoherent elastic interactidinezerothterm neither creates nor destroys a phonon
rather a collision of the two particles occurs with no energy exchange to the lattice and therefore

no phonon creation or destructid he remaining terms represent inelastic operations.

2.3  Approximations to the Scattering Law

To this point, every effort has been made
The only approximations have been to assume a harmonic oscillatdr witliclictate how the
phonons in the lattice propagaitistorically, thereare threeadditionalapproximations to the TSL
which have been made throughout the development of these equ@itiese were briefly noted
earlier in Chapter 1, but we will nowisgduss them in more detail to solve for the equational
approximated forms. This will allow for a clear comparison of the generalized equations and the

approximated versions commonly used in historical codes.
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The first approximation to the TSL has beenmed the incoherent approximation. This
approximation assumes that distinct effects are negligible and only the self effects are of
significance. This will not impact the incoherent scattering law since the incoherent scattering law
is equal only to the debkcattering law. The coherent scattering law, however, is equal to the
combined effects from both self and distinct effects. Under the incoherent approximation, the
coherent and incoherent scattering laws are set equal. The distinct effects are neglecielgt

self effect remainindpor inelastic contributiondn other words,

Sncoh approx = S|nc zaoh :S é (242)

The material 6s structur e i Byremavingtherdistahct dffgcts,t he d
structure impacts from the lattice are reduced. There will ngelobe interference effects which
would traditionally cause undul ations to the
Wi t hout di stinct contributions, the effects
surroundings. The impact from the distieéfects would be expected to impact low energy (long
wavelength) type interactions.

The second approximation is the cubic approximation. The cubic apptoinaasumes
that all material structuresn be represented as a cubic solid lattice strudithierrthan the exact
materiab structure. This approximation liargelyvalid for materials where the forces within the
structure are approximately symmeteieen ifthe actual lattice structure may vary from cubic
Historically, the cubic approximationas applied to make the muttrystalline assumptin in
cross section evaluatid@2]. Rather than assuming a perfect crystal lattice, the assumption was
that the crystalline structure was saiiintly mixed (e.g. powder material rather than perfect single
crystal). As such, the crystal itself was assumed to have effective averaging of all directions and

that directionality could therefore be removed.
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Mathematically, the cubic approximatiahirectionaly averageshe DebyéeWaller and
energy exchange effects (as seen in the D@®&Jucing the symmetrical response typical of a
cubicstructure By using cubic symmetryirectionality becomesnimportant s1ce all directions
are treated equallyhis allows us to reduce the dot prodotvectors to magnitudes.

Themain terms which holdirectionalinformation for the TSL aréhe dot producof the
polarization and scattering vectsssmned over the stated). Correlating agiven coordinge
direction (e.g. X, y, z) with another direction, the partial summation is defined to be the partial

phonon density of states (DOS). The partial DOS fgiwvan atom position is equal to

a8 (D& (Dl w g

NI (243
q

wherer is the numberofdege es of freedom in the matyeand al 6s
z-directions) g ¥represents the frequency interval for the binning of the BXD8N, the number
of wave vectors sample@he number of wave vectors is approximately that of the number of unit

cells. Applying the definition of the partial density of states to the dot product with the scattering

vector

. 2
.a.‘k@duiq‘ k? 2
a KL s

N, N %‘ek il

K2 1o A 5 2
=N A3 Fl Yea( Y )28 )2 (2.44)
|

=1k’ Duét (07 £ IR Y () 'Y () w

+26, (XU W a (W 2ef Y el ¥ (.( )W (Dl Yy, ( g
In this contextQ is the unit vector for the scattering vector. To this point, the equation is still in
exact form with no approximatis regarding direction. Now, applying the cubic approximation,

the directional partial DOSs along the main diagonal elements (e.g. the xx, yy, and zz components)
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are assumed to be equal. Thediigonal elements correlating the different directions anenasd

to be negligibleUnder this approximatign

2

a \k(’b}ds
Jq

T @Ka D" Lol IWRLYT o) Y (1)

q

@k*a Dwy;( )@B(X° &(y° e} g (2.49)

@i G W w

where}qd( ¥ i defined to be theéotal phonon DOSwhich is the sum of the xx, yy, and zz
componentsThe DOS is a distribution in frequency space of the madéile the polarization
vector s gi vigributidn e bothofréeqriensy ardl direction, ttedal DOS calculation
removes the directional component andigalonly based on frequency. The use of the cubic
approximation provides the basis for the use of the DOS in calculation of the TSL. This
methalology is assumed in the historical codes such as NJOY in the TSL evaluation process.

Introducing cubic approximation into the T@Hectsboth the Deby&Valler term and the

correlation term. Beginning with thexactDebyeWaller term, Equatior§2.17) under the cubic

approximatiorwould equal

2 0 ~
=K L(Wegpah W 3, (2.46)
4Md g w (; kBT -

Depending on the material, the removal of direction can change the magnitude of the Debye
Waller factor such that the decay of thé&LT varies. This will affect the higher energy
contributions.The correlation ternin Equation(2.28) (since distinct effects have already been

removed due to the incoherent approximation) waeldshbe equal to
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0

Cubic effects on the TSL will therefoedfectthe entirety of the calculation.

While the cubic approximation has been able to capture the atom structure for many
materials, for those with strongly directional forcesxed bond typesand anon-cuhic lattice,
this approximation is insufficient. For example, graphite is a hexagonal moderator material with
strong covalent bonds within the hexagonal plane. Between the planes, weak Van der Waals bonds
exist, resulting in a lattice structure which isrejated in the-zlirection. One means of examining
the noncubicity of a material is to analyze the Debfaller matrixB to see the correlation of the
XX, Yy, and zzdirections and their magnitudes. For an ideal graphite structure, the-Dé&diles
matrix at 296 K isgiven inTable2-1 calculated based on Equati¢hl9). Asseen in the data, the
zz-component of the Debyé/aller matrix is nearly an order of magnitude lartjem the xx and
yy-componentsglearly poining to directionality within the latticelf removed inaccuraciewill
be introducedo the development of tHattice structure factor and also any applications such as

Cross sections.

Table 2-1. DebyeWaller matrix for an ideal graphite structure at 296 K. The off-diagonal
components are negligible. The zdirection dominates.

Graphite (296 K)

X y z
X 2.3F-03 | -1.65=-06 | 2.15=-09
y -1.65=-06 | 2.33E-03 | -5.69=-09
z 2.1%-09 | -5.65%-09 | 1.35E-02

The historical basis for applying the cubic approximation is-feelhded; however, by

applying the directional averaging to each term (DOS and Debye Waller) independently, errors
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are introduced. Rather, directional averaging applied to the whole of theill §10re accurately
represent the scattering potential for a given energy and momentum and maintain the directionality
of the materiabtructure (cfSection3.4).

The third and final approximation to be considered here is the atom site approximation.
The atom site approximation ugdsnticalinformation for each atom site in the evaluatofrthe
DebyeWallerand correlatiorterms. In other words, rather than specifying unique atom positions
with unique properties, an average value for all the atoms is applieder the atom site

approximation, the TSL would be equal to

S.(k, v)/:e*Wé%Fp(*k). (2.49)

p=0 P-
Individual unit cells would be related to each other rather than atom by Meterial symmetry,
however, would suggest thaot all atoms are indeed eduand an exact representation of the
system is required.

These approximationgvhile valid in some cases and for some matertdract from the
goal of capturing accurateaterial latticephysics.Directionality, structue effects, and full atom
representatiorare required to evaluatthe full suite of material found in a reactorThese
approximations were historically introduced with the purpose of reducing computational expenses,
but in the modern computing era, accaratjuational forms must be usedmeetthe material
needs in theeactor desigrand benchmarkcommunities By maintaining the fully generalized
equational forms and not introducing these approximation)ethecodes developed witheet
qualifications forverification with known physics and move one step clogercompletely

predictivemodeling.
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2.4  Application of the TSL in Cross Section Evaluation

The TSL defines relationstspetween atoms with a given material latticeThe bound
atom cross sections translate the TSltemal information to a neutrespecific interactionThe
bound atom cross section pgoportionalto the neutron scattering length for a material. The
scattering lengthy, is nucleus dependent and is defined féiked nucleus, independent of lattice
arrangement. A system may contain different nyaleil sgodefining the average bound scattering

length such that

ez
o)

B . .

o B=( i (2.49
bJ =(B), | =’

allows for the following definitions of the coherg(itor) and incoherenglinc) bound scattering

cross section respectively:

S, =4 45)2
s. =4 pg(b_z) (5)2 :

(2.50)

Typically, hydridematerials will have a significant incoherent cross section while other elements
will have a larger coherent cross section. While this is not always true, generally, thestrend
consistentThese values of the bound cross secpoovide the neutron inforration neededo

develop the interaction potential.

2.4.1 TSL in Thermal Scattering

Thedouble differentiathermal scatteringross section is related to the TSL as

2

1 k'
uuv\‘;llzﬁ_( coh (k )/H‘ lnéss( &) (251)
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wherek andkoare the incident and scattered wave vector magnitudes, respectively, forom neu
scattered through t he ES[Ad]. iThk scatiering law isya fundtiantof f i n a
Ib, the scattering vector equalkok, andy the frequency. These terms are mulégiby the bound

atom coherent and incoherent scattering cross seclibadotal scattering cross section can then

be found by integratingver angle and energy giving

S

scattering —

dE'd 7, 252
E (252)

Using Equatior(2.1), the doubldifferential scattering cross section is equal to

? 1k [ _ _
uu\/\;nzyi(scohgss( k )/H‘Sd( ,k) g" inc%( y ))/ (253)

The double differential cross section in Equaii253) is related to theolid angleand scattering

vectas. This can be translated to scattering cogilye i nt e g r andtramsigtingteereemgy 2 -~

such that

T ‘1\/%(%@53(7{ S A) we S ) (259

wng' 2
which relates more directly to reactor physics applications. Both equations hol@nisue
formulated toaddress different variables maggplicitly. The translation can also be made from
lband¥ space to the dimensionless counterpdasdb. The TSL itself would be
S@ Hh=9 k)R T (2.55)

which gives a cross section of

e \/E(Scohgss(éZ b'sd( ’a) @ ‘”099( ’ ))‘ (256

ung' 2k, TV E
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This foomof the TSL as a function of U and b
formatted TSL is then
ENDF _
S =g, (@ b. (257)
Writing the TSLin terms of phonon order based on the phonon expagsiesa cross

sectionof total phonon ordep:

L ITELIEE S P

wng' 2k T (2.59)
+sinc : so +i s t. s+h

Since the elastic cross section corresponds t@*HESL terms(no phonons)the elastic cross
sections can be defined in terms of the TSL such that

dws 6 _ 1 [E 0

ﬁl ” 0 — — S s T S) Smci . (259)

(s; E e'l.ﬁstic 2kBT E ( hgs ¢ g-l_ )
The remaining processes which create or destroy pligyare inelastic interactions. The inelastic

cross section is then equal to

8?1/77—& ws 8 -1 \/E S 8S.+ S + +
g EI ir%astic 2kBT E ( o sss ; i Q % $|- § (260)
+sinc : i +§ e 3 h

Note that throughout these equations, the full scattering law iswitealit approximation The

distinct effects, specifically, are retained for the cross section.

2.4.1.1Elastic Scattering

Elastic scattering occurs in both a coheramdl incoherent manner as seen in Equation
(2.59). The coherent elastic scattering is structure deperdiento the distinct terrand will
produce sharp Bragg pedbased othe material structure. The incoherent elastic is most common
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in hydridetype materits. Whether a material is a significant coherent or incoherent scatterer is
defined by the bound atom cross sections. For most materials, the total bound atom cross section
will be nearly equivalent to the coherent cross section. However, for materialastgdrogen,

this is not the caseand incoherent elastic (and potentially coherent elastic as well) must be
included in the cross section evaluation.

Expanding the terms ithe elastic cross section equations, the coherent elastic is equal to

?iuzs 0 = lK o)
(; V\Ell CEQh elastic 410 k .

kl

2 (2.61)
abse™ exy{ ik d‘))‘ Iaex;(rkr)o:y

The bound atom cross section becenependent on the atom positidsince each atom position

may contain a unique atom type and therefore have a different cross sexti@ebyeNaller

term Because it is elastic scatterjrigwill equal k6 (in the center of mass reference frame)

reducirg that fraction to unityThe summation for the coherent elastic is oved aloms, not just

di d& By having the inclusive sum, the self component is expressed also in this formulation.
Summing over the lattide scattering will only occur when theattering vectoll is equal

to the reciprocal lattice vectdr This translates the summation to a volume averaged limiting delta

function,
lim aexp(ik @) Q’\j—)s ad k) (2.62)

wherev is the volume of the unit cedind T is the reciprocal lattice vector from the origin to the

reciprocal lattice pointin terms of the cross section, the eadnt elastic is equal to

’s 0 20§ - o
H 6 = ( V’O 5?1: ?bdewﬂ' exp(lkCDl)

coh elastic

Qo

d k= )1q )., (2.63

F
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In order for scattering to therefooecur, the conditions on the energy and scattering vector must
be met. The delta function on the scattering vector is written in terms of reciprocal space. Written
in real space, the condition is equal to

n/ =2dsin( g (2.649)

which is the traditional form of Braggods |
wavelength @ is determined by the integey the atomic spacing of the lattice planksnd the
scattering angld.

Incoherent elastic scattering follows much the same form; however, the distinct component
is not present since incoherent effects onlyelate the timelependent behavior of a given atom.

The incoherent elastic scattering is then equal to

auys 0 1 k'( 0

ﬁ , O =7 \Sinc @s h

¢ WEL = e 4f kk. (2.65)
:%?%Sd,incexp<ud2> dn )

Again, the incoming and outgoing energy of the neuteomains constanand so the ratio dfto

kowill reduce to unity The incoherent elastic double differential cross section simply ®qual

g 2 ~

%’% irételastic:%.a(;.‘s‘d’imezwj dh ) (266)
The incoherent elastic scattering is only dependent oétgeWaller term and not théull
lattice structure as seen before in the coherent elastic cross section.

These equations for the elastic cross section have been implemented in codekl3Gdh a

using the cubic approximatiofven still, NJOY only cortins a few select materials for which
the elastic contribution can be evaluatdudl.the elastic cross section, whether coherent or

incoherent, only the Deby#aller factor will be impacted by the cubic approximation. The
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remainder of the calculation of tleéastic cross section is independent of the TSL. The difference
between the cubic and exact Deialler factor will affectthe exponential decay term in the
elastic cross section. The rate of decay when set by the cubic will not equal-théimmesiting

in a mismatch at the higher energy cross sections where the Bragg peaks will be minimal. This can
cause nofphysical effects such as improper asymptotes ofdta cross sections at the energy
limits. For the most accurate results, the generalimaecubic formulation must be consistently

used throughout the cross section evaluation both in the elastic and also itezlastic

2.4.1.2Inelastic Scattering

Inelastic scattering contributions arise from phonon creation and destriudibrself and
distinct termsonce again arise in the cross section definition. However, under the incoherent
approximation, only self effects have been considered historically in cross section evaluations. The
historical inelastic cross section was defingaler the harmoniapproximation of the phonon

expansion to be

a s

1k .
W o :@?([scoh*— Snc] SSS +§s -+ i- } (267)

oO: O

Codes such as NJOY then allowed users to select the maximum phonon order for the summation
of the self TSL. Beyond the last phonon order, the short collision time approximation was used to
represent the atoms the lattice as a free gas with a temperature equal to the effective temperature
of the lattice.The various phonon orders are calculated recursively using the phonon expansion

terms in Equation$2.36) and(239. The TSL i s tabulated in U/Db

symmetric formulation. The ENDF TSL basedBquation(2.48) is equal to

SSENDF(a’ O:e—zwé%Fp( a) (2.69)

p=0 P
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where
F (K, )= w1 B nikTe 1

2Mth% w, hikTE&L-1 @ Wik
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The TSL is unitless and function of unitless variable$he conditions of detailed balance and
normalization hold for this equatiggeeAPPENDIX Cfor more details)

The application of the inelastic cross section in NJOY and other codethasmibicand
incoherentpproximatios to evaluate the inelastic cross sectswith the elastic cross section,
the impacbf the cubic approximation will be seen in hebyeWaller decay term. Additionally
with the inelastic cross sectiotiie noncubic effects willcontribute tothe correlation term as
discussed in conjunctiowith Equation(2.47). To avoid nomrphysical behavior of the cross
section, consistent application of the rmurbic generalized formulation must occbroud the
whole evaluation.

A generalized formulation of the incoherent inelastic begins with Equdfcib).
Expanding the phonon expansion temiith the definition of the partial DOS from Equati(¥4)

and converting from frequency to b space give
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1 1.7

Sk, b=——8 = 8™ Fr( K (2.70
kTMia? C4)
where
Fi(k, Bz 2 Ae. e ()b
ke T b(&%- 1)z 7 Y
1 o (2.71)
FO(k, b=——2F("k b \R(", W &
KsT s
This then gives a directional TSL for a given

dimensionless variables, the whole of the TSL must be averaged over all directions. By

maintaining the scattering directonnto ugh t he eval uation of the T

transfer phonons along a given direction i s m
1 . ~
S@ f=- a S(kK) (272
a direction

whereb i s the number of directi ofdlEsesc approaet f or
introducing the multcrystalline approximation removes the cubic approximadiod maintains
the physical phenomena due to the crystal structure. Of particular note, EqRat®ymioes not
reduce to the cubic approximation. Because the directional BaAfajler term and directional

DOS are multiplied with each other,

~

3 ezwd ﬂal e 2

1 i
° i€yl a=1\|— 6 L (273
N d'fECt'Cmg ll‘a AR ( 0 H dlrectlon g—'\gedlrectgn ui_av( ikd ( ( ) ( )

The left side of Equatio(R.73) represents the generalized formulation where the right represents
the cubic approximation. Expanding the right side, additional cross terms will arise where the
DebyeWaller the DOS terms will bdependent on different scattering vectors. These additional

cross terms are not present in the exact, strudependent TSL formulatiod.he generalized
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formul ati on preserves the mechanics for energ)
andmore accurately apigisthe multicrystalline assumption.

In order to capture the distinct effectise incoherent approximation can be improved by
introducing the first phonon order of the distinct TSL into the cross section calculidtion.
historical cross section evaluation codéscluding NJOY)include distinct effectsRather, the
historical codestop short with the incoherent approximation. In order to improve the TSL and
cross section evaluatioré first phonon ordesf the distinctTSL can beadded to the incoherent
approximation. The first phonon ordeill be the most significant contribution to the total TSL
and cross sectiont will also reintroduce the structure effects into the cross seclion.e - i 1

phonono ver si onssecfiontahlee wiittereab ast i ¢ cr os
a s

_ 1k
ST _%?(sincss-{- Gond)
inelastic

O: O

1 k' R
e sinch +‘S::o gs e
41/7 :( g9 3 v 3} (2.74)
= @?(sincss -I-‘S(.:ohgg (+§ 5 h
1 k' R
= %?([sinc +‘%oh] Ss +§)hgg gs h
The first ordertotal TSL then takes the form
L. 2
X 11, . g 1] (k@)
Sk, wv=——a aexpli — éiex I~ &Oe™

3}jgexp( iq [Oimgt)(n, 1 +exdig I 1w, @xp i vt

Summing over the latticé scatterig will only occurwhenthe scattering vectol meets

certain criteria. This translates the summation to a volume averaged delta function where
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NnmNia exp(i[4° q] @3—) ad k°), (2.76)

andthe wave vecton will now contribute as wellThis specifies the momentum requirememnt f

interaction to occur.

Making use of the definition of a Dirac delta function,
ﬁexp(i [ow, - V}'t)dt 2 p(dsw,) (2.77)

allows for a simplification of the integral terms now that time is explicitly dtist¢he equation.

This delta function now in energy space sets the change in energy required for interaction.
Together, these two delta functiogpecify the conditions for scattering. The delta function in
energy spacex() appears for both the self and total scattering and corresponds to conservation of
energy. For the total, an additional limitation on momentum transfer can be a form of camservat

of momentum (noto be confused with a conservation of momentum for the scattering system as

a whole). TheTSL is then equal to

2

-kc.éd,jq)
S,
3%(% 'EL>C’I(7(Gl —)t(d 'ﬂﬁ‘) '&nic# (— d 76' ( tiq)]l{

In order to represent a symmetric form of tiephonon order distinct TSL, the approximation

3
oo 1 I\
&) & & expl i 48) &"

1
S'(k, ==
(K w=—3

(2.79)

that

ad(xa - ) & (dow") (2.79

ar “t

o

must be made. This approximation effectively assumes that the magnitydesofiall relative to
T. With this approximation, detailed balance of the distinct TSL then hdlds. t r ans-| at e |

space then allows the integration overlalesulting in[23]
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This then allows for the manipulation of Equat{@v8) into ENDF format such that

(¢ @, ) 2

/S |
S (a, = — expl i~ K
o, & N | &, oA e

(2.81)
e ge?? a hw
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where the additional teridgnotes the numberdfp oi nt s cont r i(basuntBjuatiah t o a
(2.72)). This generalized coherettphononTSL is implemented in thELASSHcode, offering

improve methods for TSL evaluation beyond the historivabherent approximatiofef. Section

3.1.2for more details) Using Equations(2.21) and (2.39), additional distinct terms could be
derived based on the phonon expansion for a more precise cross section. Howewveotianl
approximation inclusion of distinct effects will offer much needegrowement already to the

Cross section evaluation.

2.4.2 TSL in Doppler Broadening
Doppler Broadening

Similar to thermal scattering, the Doppler effect also originates from the fattteh&dmic
system being observed by the neutron is in motion. Targegirarel not at rest. Rather they are in
constant motion defined by the environment s
neutron and the nuclei of the system will have meaningful impact at therergies where these
effects result in comparbbenergies. The impact is also observed in resonances where the sharp
cross section shape can be drastically shifted by even small energy diff¢2fjcésis energy

shift due to atomianotion is defined as Doppler broadenig with thermal scattering, the
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chemical binding and temperature effects will drive the atomic motion and therefore Doppler
broadening.

Doppler broadening of the cross section can be defined by evaluating tlaetioterate
for incident neutrons with velocity and a target nucleus with velocity{24]. The average

reaction ratgjiven the relative velocitieis
PWV)Vs, (V) =8|V -V| 5,0(Iv M) df). (2.82)
For this conservation relationship, vz is the distribution of vebcities for the target nuclei

Defininguv 0 0 the velocity of the incident neutron relative to the target nugldwes

associated energy of the neutron and relative energy are defined as
E=mW/2 (289
and
E =mV/2 (2.84)
where the velocities both of the incident neutron and target are taken in the laboratory frame.

Continuing with Equatior§2.82), the relatiorwhich defines Dppler broadeningan be reduced

to the more common exprésa

sn’X (\_/.) :% I:l\_/.n‘s‘ n, xo(vn) dR—V‘) (285)

P(V)
where the relationship afP/P gives the normalized distribution of the velocities of the target
nuclei.
The cross section described in Equati@B5) can reference any cross section. For
example, at thermal energies when the neutron speed is approaching zero, the reduction of
Equation(285 r esul ts in the Al1l/vo shape attributed

example irFigure1-3 for 22°U). The Doppér broadening of cross sections with increasing energy
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will have negligible impact as the thermal motion of the nuclei will be outweighed by the energy
contributions from the incoming neutron. The exception, as mentioned previously, is observed in
resonane cross sections where the sharp features of the cross section are highly impacted by small

changes to the relative energy of the system.

Resonance Cross Sections

Resonance cross sections occur at discrete energies in the thermal and epithermal energy
range. The sharp resonance peaks result when the energy of the incoming neutron allows for the
formation of a compound nucleus corresponding to one of its excited quantum states. The
individual peaks represent possible excitation anéxiation modes forhe nucleus and are
common for large, unstable nuclei such as fuel materials. The resonance peaks begin to widen as
the atoms within the structure vibrate, adding energy to the system. These vibrations are seen as
velocities of the atoms which translatewithe physical observable of temperature changes. For
a system at 0 K, the ideal resonance structure would appear as many sharply peaked functions. The
motion, even at room temperature, of the atoms will cause broadening and reduction of peak
magnitude fo these resonances. The widening of the peaks due to different velocity (i.e.
temperatures) is called Doppler broadening.

The broadening of such large magnitude peaks (despite any reduction in height) will
significantly alter the neutron flux. The broageaks will typically result in increased absorption
and therefore lower reaction rates. This temperature response of the cross section has a very short
time scale. As such, it is often utilized as a safety mechanism in reactor design as a passive,

immedide safety mechanism for reactivity control.
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The resonancecross section,  is definedfor any interaction wherex can be either
absorpti on ( 2 )heonbroadeceaidsanancei crogs sectipry; . is most simply
derived using the Singleevel BreitWigner (SLBW) formulism and is equal [85]

sn,xO(32
swolE) = e R 7 (286

where for an absorption reactift6,27]

_PR’gG, G

n,g0 szz (287)

The resonance cross section in Equali2g6) is a function of, ; , the peak value of the
resonancé26,27] For these definitionsyis the reduced de Broglie wavelength of the neutgon,
is a factor representing the probability of realization of the compound nucleuspsistthe
momentum of the sysin, E is the incoming neutron enerdy, is the resonance energyjs the
total half-width of the resonancé is the halfwidth for neutron emission, arig is the halfwidth
for a reaction of typ& wherex can be scattering) or absorptiond). Further, the recoil energy
is included for energy balance in the denominator. The recoil energy is typically defined by the
ratio of the masses to the kinetic energy of the neutron. It is often neglected for most derivations
since the ratio of masses typigaleduces the recoil energy to minor significafits.

This derivationof the SLBW formulaassumes resonances which are well spaced from
surrounding resonances and fewave neutronsThe SLBW formulation for a resonance is by far
the most simplified understanding. Here, it will be used for simplicity of notation in the following
discussion. e general equations for Doppler broadening, however, still hold even if a more

accurate description of the resonance natural line shape is used.
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Doppler Broadening Resonances

In evaluating the Doppler broadened cross sections, an accurate descfiptiatnb e t ar g e
velocity must be defined. As with thermal scattering, the Doppler cross sections are dependent on
the nature of the binding and the temperature which is captured by the TSL. The TSL which
represents atomic displacement as a function of igntieen directly correlated to velocity which
determines Doppler broadening. However, as neutron energy increases (wavelength decreases),
the binding effects will become less important as the neutron energy results in wavelengths far
smaller than the intatomic spacing of the lattice. At this point, the neutron only sees effects from
the nucleus with which it is interacting, and the contributions of the lattice are negligible.

Given this understanding of Doppler interacidwo potential treatments oféharget can
be considered. The first is the assumption that the target atoms can be considered as free, unbound
atoms. This is commonly referred to as free @&S) Doppler broadening. Under the free gas
approximation, the distribution of the velocitiefstioe target can be represented by a Maxwellian

velocity distribution.The Maxwellian velocity distribution is equal to

P(V) & M B -,
P _S:ZplgT gexperb_l_(v)2 dv| (2.89)

whereM is the mass ofthetargéti s B ol t z ma n nTasthe tempersturaai the targetn d
Writing the Doppler broadening process in terms of Equd#@®6), the recoil energy can

be assumed negligible for free gas scatterifige free gas representation of thwelocity

distribution can be formulated in tes of a TSLresulting in &G Doppler broadened cross section

given as
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Translating the integrab beover the energy imparted to the nuclei, the integral can beemirit
terms ofEn. Converting the TSL to energy space and ushrgdistribution inEquation(2.88)

integrated over the angular distributjdhe resulting distribution forf&G is equal tq26,27]

. Lu(E vE) 3 HIE JE)
S(E E)= Df\F %P g T (290)

with the following definition applied:

D 12 /% k,TE . (2.91)

This then gives thEG Doppler broadening the SLBW formas

2

sn,g(E):—sn'Z) %
o ¢ Lw(ENE] 3 BIVE V&) g3
mkT g B omgT  lg (@99
8 F ¢ o S e
SVE (E-&) £ @
The approximation is made that the tda8]
e-M 2
exp%(x/g + \/E) (2.93)

can be dropped for large nuclei where this term is vanishingly small, and the simplified Doppler

broadened cross section is then
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g expge— 4E(\/E2 \/E) 8
s.,(E)= Sng® 1 § & ég ’ ga. (2.94)
ng 4 D\/Eg E (En' Eo)z _( /G)z

This form of FG Doppler broadening is the most common implemematibowever, for low
energyabsorptiorresonancg theFG Maxwellian distribution will not capture tHendingeffects
which impact Doppler broadening.

The second treatment of the generalized Doppler broadening in Eq@&88nconsiders
the modes of energy gain and loss within the lattice of the targeptwitly define the velocity
distribution. Rather than using a Maxwellian distribution flf?/P, the actual modes of energy
exchange within the lattice can be used to define the velocity/energy distribution for thdnarget.
the most general case, #eergydistribution for the atomis describedas theprobability of certain
energy states occurring for a material lattice.

The first derivations by Lam[25] and therfollowed by Nelkin and Brks[28] based on
the quantum mechanics of the system began by assuming harmonic oscillators with the goal of
separating the compound nucleus formation from lattice effects. With these &essmpamb
began with the transition probability of capture of a neutron in a lattice nucleuA tgperm a
nucleus typeB and emitting a gamma ray with a crystal lattice transition from §tdjigo state
{ & and intermediate compound nucl€imith state{ns}. The derivation of this probability begins
first with perturbation theoryand it is explicitly for absorption resonances

As a neutron enters the system, the initial lattice state is excited intoiistameediate
state. For an absorption resonance, the lattice is fundamentally changed as the excited state with a

compound nucleus configuration returns to a stable state. In the case of an absorption resonance,
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the third state of the lattice (second titiog) is some new state with the addition of a neutron.
Other types of resonareean be described using the same lofior example, a scattering
resonance would transition not to a final state with an additional neutron but back to the initial
state ard this interaction would be represented using a transition matrix approach. However, for
the absorption resonances, these initial, intermediate, and final states are described using
perturbation theory.

Using second order perturbation thedhe transiion probabilityc(t) is [29]

t ot o
i) =5 R &N (0 V(0. (2.95)
t, t

0

Here the initial states are given as

f :{bs} (final)
m={n} (middlg (2.96)
i ={a.} (initial),
tis equal to time, and is the frequency. The potentMlis assumed to be harmonic, and therefore,
V(t)=efve' ™ (2.97)
The first exponenti al term gradual | wgrddwlwi t c he

transition or decay. For a resonance, that giadaiasition is set by the resonance width such that
e=-R. (2.98)

Taking thetoinitial time to negative infinity gives
t t' , o .y
@)= (FV]mp(mV jpdt gy & ¥ g e (2.99)
m t0 t0

which reduces to
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1, (F[V|m(m V) é M2

() 4y =
o hz% (M- W - wi-)e g u2- @) (2109
The transition rate is then
d > 20| (FIV|M(m V)
a‘cf(z)(t)‘ _Fam Wm_ W- Wi Ld( W -2 )/ (2101)

Using the notation in Equatiq2.96), Lamb gives the transition g@ability for capture asqual

to

Bo.k|H2|cn)(Cn| H| Aap |
Wbyt 3 =g —SBAK[HICn)(Cnl H «%94

(2.102)

GE-E+#E{n)h) Ea)) (#2) (nG

W( § h ) 9 the probability of capture of a neutron with momentyy a nucleusA which
then transitions to nucle®s The HamiltoniarH! represents the interaction of the incident neutron
and target nucleus, and the Hamiltonidh represents the radiative decaf the compound
nucleusBy writing the velocity (and therefore momentupndbabilitydistribution in terms of the
available states of the target nugleither than using a Maxwelligrtheexact distribution within
the system is included.

Conservation benergy gives that the initial energy st&gUL}) to intermediate energy

stateE({ns}) is
E(n})+E =E{a,) E (2.103
whereEy is the resonance energy aBds the incoming neutron energy. The interaction of the

neutron with the nucleus results in a change in the phonon occupatidrers such that it is

possible to say that

E(n})- E(ak) - n R7 ¢ (2.104)
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At this point, it can be assumed thdit in Equation (2.102 is independent of the
intermediate state. Further, assuming that the particles within the nucleus move independently of
the center of mass of the nucleus within the lattice, the state transitions can be represented as

(Bb.k| H?|Cn) =( Hexp( -k T0h) n) M (k)
(Cn|H'| Aa, D) =(n|exp(ip ®/7) &) M,

(2.105

i is the position of thaucleusr is the momentum of the initial neutrofdjs the wave vectoof
the gamma rayMcompis the matrix element for the formation of a compound nucleusyiaads

the matrix element for the decay of the compound nucleus. The exponential terms represent the

transfer of momenturito the lattice from the decaying compm nucleus and the transfer of
momentumn) of the incident neutron to the crystal and excitation from the initial state to the
intermediate state.

To obtain the total probability, not only must all the intermediate states be considered but
also all the iftial and final states. Theeutronsassumed to ba thermal equilibrium with the
target nuclei system, will interact with the lattice at initlatribution ofstatesg(lt) set by the

lattice. Thetotal probabilitywould then be equal to tlseim over these possible staf2s]:

W(E):{é.} 9(85){ c?.V\({ &{ e . (2.109)
s 4

The probability that the lattice will be in a particular final state after transitioning from a particular

intermediate statesis

o 2
P} {nd)=[( Hlexp(ik ranjnj|. (2.107)
Since all final states are considered and all intermediate states go to a final statentiadian

overP({Bs};{ns}) is unity. Finally, using the definition of a delta function
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O'aeW E(n})- E{ay) 6.1 ° & g{n}) -6{ &)

ﬁdt expe It 3

. (2109
(; h EN Zp -~ & @ g h

the line shape of a resonance is most generally defined as

e}

W<E)=8dWS(*M§( E-5 B p) €8) %+§’ (2109
(6]

- Q

where

s pw)_i fate” dp)

c(p,t)= ag( )a] (n|exp(ip 6/h)| g{ exgitgE {n} ) E{ Ja) @ { 2119

The scattering ladefined here is the same as that defined by Van Hogaised for the
thermal scattering cross sectid@&]. The application of the TSL in Doppler broadening clearly
connects the impacts from the nucleusdé resonar
n u c | gepantsindstructure observed in the resonance peaks will interfere and combine with lattice
excitation modes represented in the TSL. The TSL will cause the distribution and broadening of
the resonance peaks to shift from perfectly symmetrical Maxwellian broadening. At low energies
and low temperatures, this effect will be most pronounced satibeel impacts will dominate the
velocity distribution.

To relate this more directly with the previous thermal scattering discussion, some change
of variables will be madeThe definedS scattering law in Equatio2.109 is in terms of
momentum and frequencyhese are directly proportional tiandb as defined in Equation(g.2)
and(2.3). Using this definition ob, the recoil energy will be equivalent to the energy imparted to

the lattice defined by the dimensiesk energy variable(same as in the TSL) such that
R=E -E, #BkT. (2.11))
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The Doppler broadened absorption resonance cross section is then the cross section magnitude

multiplied by thenatural cross sectioliVritten in general term{g0],

[e}eleNed gﬁ

Sng(E) S o(E + Kwéi S(,a) bg( , )a‘gdb. (2.112)

=
E

The TSL used for the evaluation mustlude theS (no recoil, i.e. elastic) contributions in order

to accurately capture all possible interactions. Because the elastic portion is typically not included
in the TSL evaluation and can be directly calculated, it is explicitly included for theo$ake
evaluaion clarity.

The generalized form of the TSL with distinct and self impacts gives the correlation of the
atoms in the lattice. Historically, the assumption has been made that only self and not distinct
impacts are of importance for Doppler broadenindowahg the same incoherent approximation
seen in thermal scatterijg5,26] However, since the atoms within the lattice are corrmlate
nature, phonon exchanges with the lattice will be impacted by distinct contriburtitme TSL.

These contributions are expected to be minor compared with the self effects. For completeness,
both self and distinct terms should be included.

In summay, iftheappr oxi mati on is made that the neu
using an unbound, free atom distributitime thermal motion of the nuclei can be approximated
using a Maxwellian velocity distributioChis method of representing Doppler bdeming is
termed theFG Doppler broadeningyiven in general terms in Equatig®.89). In contrast the
Doppler broadening form which takes into account ttteetastructure can be referenced as bound
atom Doppler broadeningndit uses the lattice phonon exchange information of the TSL as given

in Equation(2.112) to define the velocity distribution

60



The historical derivation of the generalized form for Doppler broadening relied on the
simplified SLBW, but modern codes such as SAMMY implement the general fdaime Reich
Moore approximation of the multilevel -Ratrix theory. The ReiciMoore approximation
provides more accuratefinition of the various interaction channels allowing for more accurate
representation of interference effectBhe ReichMoore formulationis recommended for
resonance analysi§he previous discussion of Doppler broadening still applesuses the more
generalized descriptismgiven in Equatios (2.89) and(2.112).

The application of the TSL into cross section calculations has been described thus far in
the context of the generalizeduations. Fomplementatiorof these concepts, new methods and
codes are required to allow for applicatimnspecific material evaluationk order to analyze
impacts both in thermal scattering and Doppler broadening, both a moderatdiuahchaterial
will be analyzedusing the generalized equations for the TSL and Doppler broadening outlined

here.
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CHAPTER 3. DEVELOPMENT AND BENCHMARKING GENERALIZED THERMAL
SCATTERING METHODS USING GRAPHITE

Historical implementation of the TSL has been limited by the inclusion of many
approximations (cf. SectioB.3). With the generalized formulations being clearly defined as in
Chapter 2the Full Law Analysis Scattering System HEHLASSH, a moderrthermal scattering
code has beewevelopedo implementthese improved formulations. Specifically, modules have
been createdto allow users to calculate distinct effects approximated using the generalized
structure iphonon approximation (cf. Sectidh4.1.9, generalized structure nambic elastic
scattering, and generalized structure -gabic incoherentinelastic scattering. Each module has
been optimized using OMP parallelization over appropriate variables. Bedangeraaumber of
calculations is required to capture the full reciprocal space for these directidepéndent
calculations, parallelization is required in order to reach results in reasonable computation times.
Unless otherwise noted, the inputs forstananodules rely on calculations of the lattice system
(typically through the dynamical matrix codes susiPBIONON orphonopy which are able to
generate the directionaliyependent phonon dispersion and wave vector data for a given material.
The models with are developed for a given material evaluation begin with unit cell simulations

which provide the necessary inputs to calculate the TSL wih&SSH

3.1 Implementation of the Generalized Scattering Theory intdhe FLASSH Code

The FLASSHcode has been developed to improve the methods of generating thermal
scattering datfil2]. FLASSHhas beetbuilt using Fortran 99 with OMP parallelization. The first
beta releases dfLASSHdemonstratedhe ability to reproduce historical approximations and

results from codes such as NJQI2]. Featues including the calculation of the TSL with the
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phonon expansion, calculation of both coherent and incohelasticscattering, ane@valuation

of the inelastic cross section were improved as compared with historical ddaemethods
implemented irFLASSHutilize generalized formulations without approximations to allow users
to easily produce high fidelity evaluations.

The modular design ¢fLASSHseparates the various components of the cross section into
individual modules within the code and evalgatiee various elastic and inelastic components of
the cross section. Output is provided in both ENDiermat and user readalikbles.The main
modules withinFLASSHare displayed ifrigure3-1.

The first main module evaluates the elastic contributions for a material. The coherent
elastic calculation iFLASSHwas developed with generalizedystal structure contributiosmito
allow usesto evaluate any material. Thisystal structure information defines the Bragg edges as
defined inSection2.4.1.1 Historically, codes such as RY only allowed usesto evaluatelastic
cross sections forrpdefined, hardcoded materials under the cubic approximation. In addition
generalized crystal structyréLASSHusers may also choose to evaluate under the cubic
approximation or using the generalized strucfaotor. Details on the generalized struettactor
are given below in Sectidhl1.1

Incoherent elastic contributions in addition to coherent elastic are avaii#ile FLASSH
as described by Sectidh4.1.1 Users may choose to include both coherent and incoherent
contributions in a single evaluation, or if limited by catr&NDF6 formatting, FLASSHwill
automatically divide the compoundbs el astic
correct reaction rate. The evaluation of the incoherent elastic cross section itself is again

generalized to apply to any matéadimplemented without the atom site approximation.
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Figure 3-1. FLASSH code flowchart demonstrating the main modules and methods of evaluation.

After evaluation of the elastic components, users may choose to either read in an existing
TSL from a previous evaluation or to calculate the TSL. The evaluation of the TSL isetednpl

based on the input DOS using the phonon expansion technique as described iis 32cih
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2.3. These formulations withiRLASSHhave removed historical approximatsfo.f. Sectior2.3)
including the atom site approximationséss can specify the number and type of atoms within the
unit cell, and with the provided input, users can calculate either-specific or atorrtype
averaged TSLs and cross sectidrg: the TSLevaluation uses may choose to calculate either
with or without he short collision time (SCT) approximation. SCT simplifies the TSL evaluation
at high energies and approximates the structsireggfree gas limits to the equations. This reduces
the number of phonon order terms required in the TSL evaluation. Histwothes alway$orced
the SCT approximation in the TSL evaluation. Because of the significant computation time savings
(especially for liquid materialsj;LASSHallows the user to select whether or not to incltae
SCTapproximation or calculate exact TSL data

Once the standard cubic TSL has been evaluated, specific user options to improve the TSL
can be implemented. These options include liquid diffusive contributionshodon $
contributions, and generalized rouabic formulations of the TSIELASSHiquid physics options
extend beyond NJOY to include both the free gas and Schofield models as well as options for the
Langevin diffusion mod€l31]. These different diffusion models allow users to most acdyrate
represent their unique material. Details for thghbnon and generalized one cubic modules are
given in Section8.1.2and3.1.3 respectively. Final combination with all these various features
is summarized also in Secti@nl.2

Additional features INFLASSHinclude both GUI input options (which significantly
reduces user error) and both numerical and analytical integstimmegcf. APPENDIX Efor
FLASSHGUI input examples)Because of this foundational wodnd modular organization

FLASSHwas used to implaent the generalized methodologies for evaluation. here
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3.1.1 Generalized DebyeWaller Term
In both elastic and inelastic applications, the DeWadler term which drives the
asymptotic behavior of the cross sectionust be represented in the generalized folm.

equational formthe generalized formulatidcquaton (2.18))
N, =k 8 (3.1)
is evaluated either with an inpDebyeWaller matrix or with a derived matrix evaluated using the

partial DOSs ¢.f. Section2.3) to mantain a fully generalized fornirhe DebyeWNaller matrix in

terms of the partial DOSs is given as

Wmax bmax
O r : g 2o ()b
Biin = g a4 Wcotha hw w = L 6 4 () cot{ b/3d (3.2
Hoom, 8w ckT & 2MkT§ b
0

0
0

and is specifically used for the generalized -wahic TSL evaluation.Historical codes
implemented He cubic approximation whichreduced the dot product (i.e., directional
multiplication) to the linear form as a function only of toalphonon DOSThegeneralized form

is reduced to the cubic form

B

ro(

2N, =
‘ w

anwo
coth w
c2koT % (33)

2M,

o OO OO 3§

usingthe approximatiordescribed in Sectiol.3. In terms of the unitlesg ar i abl es U

cubicDebyeWaller term is

oy

bmax
_ 0 ry(h )
2\/\/d—a§ ¢ Zcoth( 4d b= ¢ (3.4)
0

anday is the DebyéNaller constanf32].
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This form of the Deby&Valler factor assumes that each directirny, and z, are all
equivalent (i.e., cubic). The effect is exacerbated by the reflection of theubaity in the
directional dependence of the Debj&aller matrix itself. In other words, both the directional
variance in the material lattice (eayi b ) ab wed as the neaquivalent phonon propagation
availability (e.gJx 1 Jy [ }2) will impact the finalDebyeWaller factor Therefore, to capture the
directional dependence, the generalized Daladler factor must be calculated with the inclusion
of thedirectionality[32].

The method of evaluation within ti.AS$H system is demonstrated kigure 3-2.

Read Input
[Fiikes
4
#; HH . Remove Peaks
I ;'_'# —— e Yes Sort Peaks Merge Close with Zero
~. ~ Comaleted - Energy Peaks .
., - Magnitude
.H___I____;
No

Energy and
Cross Section

UpdateEarI:l

Calculatet*

[Print aroess
SOTTRON LT
o =T 0
Calculate .x""'# .H""-H Calculate
= Mo — Cutisc? - Yes =
Matric [F(x) . e Cubic [F (%) P
- Check -
Tolerances

Figure 3-2. FLASSH coherent elastic routine flowchart.

Both the cubic in Equatio(8.4) and generalize in EquatidB.1) DebyeWaller terms have been

implemented infFLASSH.User input of the Deby®aller matrixB or phonon DOS is taken to
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calculate the Deby®/aller factor.Whichever method of Deby#/ aller constant is chosen, the

nuclear structure facto©Ill must be evaluated. The structure factor is defined to be
F(k)=4b,e"e" (35)
d

defined based on Equatidi2.63). The dot product over variouscattering magnitudes and
directions gives directionalldependent results. The scattering vectors aredbaweredt o- U

space, which is nedirectional effectivelyaveragng over allavailablell directions.

3.1.2 Generalized XPhononEffects

The phonon module iFLASSHollows the form of Equatio(2.74) where only the first
phonon expansion term is included explicitly in the evaluation. This approximatimduces
generalized coherent effects intloee TSL evalation using the polarization and wave vector
information as primary inputddistorical investigations into the coherent inelastic effects have
been limited to specific materials, namely graphite beryllium[23,33] The implementatioof
the phonon formulation intd-LASSHhas been generalized to allow for any material with any
crystal symmetry to be evaligal.

The Ephonon formulation begins with the form of Equat{@®81). Evaluation of the 41
phonon distinct effects occurs over an evenly spaeeteks h i n reci procal S pé
values, the distinct contributions will be negligible. Therefore, to reduce computational time, users
may select the ma shonon calculbtion &hisumaxinium alpha restrictslthe
extent of the reciprocal space sampling to reasonable liffiits.e del ta functi or
approxi mated as 1/ pb wh-grdesedbtheiewludtianeTherDebyeo | ut i
Waller term for ach atom site is calculated from the appropriate D&ldgéler matrix. The same

DebyeWaller matrix for coherent elastic generalized calculations is used for the coherent inelastic
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here in the Pphonon module. Inputs for the polarization and wave vectermput by the user for

each atom site following the form shownRigure3-3.

Frequency [THz] Wave Vector (q)

| 0.00000 le. 0. 0. | wave vector (q1,92,93)

-0.047497 ©.00000 0©.00000 -0.70711 ©.00000 0.00000 -0.70711 0. 0. 0. Q. Q. 0.
:9.828136 0.61237 -0.35355 0©.00000 ©.61237 -0.35355 0. Q. 0. 0. e. 0. 0.

L2 043011 9 _3535S 0. 61237 0.00000 0 35355 0 .61237 0. 00000 0.00000 0.00000 0. 00000 0. 00000 0 00000 0. 00000
|-l4.185828 -9.61237 ©.35355 ©.00000 ©.61237 -0.35355 0. 2. . .
14.185826 -9.35355 -0.61237 ©.000007 ©.35355 0.61237 0. e. e 0. e e Q.
20.961361 ©0.00000 0©.00000 -0.70711T ©.00000 ©.00000 0.70711 0. -} 0. e e 0.

Polarization Vectors for each atom in the form:
o7 e | 1 1 2 2 2 1 1 1 2 2 2
tlequellb} € x-real € y-real € z-real € x-real € y-real € zreal € X-img e y—imge z-img e X-img e y—imge z-img

Figure 3-3. Example input for the polarization and wave vectors to calculation gphonon (coherent)
effects for the TSL.

The input polarization information can beectly generated from the PHONON cof8]. For
example mputs, sedAPPENDIX E Because a limited grid of polarization wave vectors can be
input into the simulation, interpolation options were added for usesiow calcuation over a
finer k-space meshrhis interpolation can introduce errors up to approximately 1% in the final
cross section. For improved resolution, a more detailed initial grid is required.

The outline of the components of thgghlonon module are desoed inFigure3-4. The

structure factor is defined to be

oo =g E ) el 4e) e (36)

NS

a similar relationship as the structure factor in Equd8ds) used for coherent elastic calculations.
For the purposes of generalization, the bound atom cross section for each atom site is then pulled

into the equation to maintain a complete and unique representation for each atom site.
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Figure 3-4. FLASSH 1-phonon module flowchart.

This then allows for the equation to take the form of

h 2 _|m by (o s . --_Wd2
%‘;|F(k)| _?JM_(,( k€) ,)exp(i™ ) (3.7)

where is the coherent scattering length for a particular aton{38 In order to evaluate the

real and imaginary parts of the structure factor, the equational form is translated into

Real =x, = de gk re‘;;) cos(kafj)(‘-ﬁ’f"%g') sin( A )@ ¢

Imaginary =y, \/_ gk@c{“ ) cosk ®) (+& 5P sin( & ) (3.8)
Seon |k 2 _ 4 A }
4pl K =a %% +av

The structure factor is then calculated using the original user input wave vectortgng.the

grid is extended to the user specified resolution by interpolating the structure factor (uding a 3
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interpdation algorithm) to the refined-knesh to improve resolution in botha n d ¥ Witlp a c e .
a sufficienly fine input original wave vector gird, the structure factor will follow widfined
trends such that interpolation will not introduce erroneous fesitttowever, users may choose to
test improve original grids or turn off interpolation. For final TSL evaluations, interpolation or a
sufficiently refine wave vector gri oavoid requ
underepresentedrid regions

Historical codes which considered distinct effects for the scatteringvie specific to
certain materials, namegyraphite andberyllium[23,33] These code®quired users to input space
group and reduced Brillouin zone informatimrutilize crystallographyspace group symmetries.
The FLASSH1-phonon module usesmilar inputs already taken for the cross section eatin
to capture the structure of the material and ensure proper symmetry is ob$eeasdinclude the
primitive cell vector data, numbers of equivalent atowithin the primitive cell and atom
positions.This primitive cell information must be suppliedaddition to the unit cell equivalent
data. If using the PHONON code to generate inputs, both primitive and unit cell information is
printed in the A*. dO070 f i IFEASSHi-ghonoraThe Xphenom i r e c t
module allows any mateiito be evaluated, regardless of space group or type of symmetry.

Once the structure factor is calculated, the ftotdl scattering law is evaluatedhis is
done by multiplying by the associated occupat
constants. Additionally, the structure factors which are calculated for given scattering vectors are
then binned into correct U values. The number
is defined afNy and is divided from the resulting TSLh& final Xphonon distinct TSL is then

equal to

Seon ot _ h? yya e’ oa
coh g — F = . 3.9
@ 0 NN kBT( | F( )ﬁ‘)aeg @-1) D (39)

total atom’ “a
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where Natom IS the number oftoms per primitive cell since the evaluation is conducted per
primitive cell. This formulation mplemented in the-phonon module produces the symmetric
distinct TSL for any materia provided the appropriate Deby#aller matrices, polarization
vectors, and wave vectors are given.

By nature, coherent effects represent the interference of different atom types. As such, the
characteristic scattering cross section must be inclusieffexfts from all the atortypes. For a
typical coherent cross section analysis, the total TSL for a unit cell will first be calculated. Then,
the total is divided by the number of atoms w
average will tien contain effects from all types of atoms within the unit cell as well as the
interference effects between the atoReferencing back to Equatid8.74), it is clear that the
total scattering law is only multiplied by the coherent bound atom cross section in the thermal
scattering cross section evaluation. Therefore, in order to allow users to output both the self and
distinct contributions of the scatteringw into traditional ENDF6 formatting, the TSL is
automatically manipulated within tie.ASSHcode. Beginning with the inelastic cross section in

Equation(2.74) the form can be manipulated to

aywys o _ 1k e S wh
e - - sco + » ,Ss } co g K
QI E‘ll ir%astic 4’0 k( h S )é smh %C( i) (3 10)
1 k' €. S. @ '
- P L col g K :
410 k StOtaI SSS Stotal ( $) H

The bracketed term with the scal®tbtal component can then be stored in the traditional ENDF
6 format on MT 4 with the total bound atom cross section reported in the section header (see Ref.
[35] for additional details). When the TSL and bound atom cross section are then expanded, each

term will be appropriately weighted by the correct bound atom cross section.

72



3.1.3 GeneralizedIncoherent Inelastic Effects
Similar to the iphonon calculation, a generalized formulation for the self scattering law
has also been implemented in FHRASSHcode[36]. Under the phonon expansion, the incoherent

or self scattering law cdme manipulated from Equatior{2.40) and(2.72) to be written as

L a . .

A de™ & R P (3.12)
kG :

wherethe phonon expansion terms can be written as

2 ék,iékjri,j( bé 1 ﬂ
ij=1 b B’-1H

: (3.12)
FP(b)=3 Fs( OFS( & )4

Again, p is the phonon ordey,; is the partial DOSor a given x/y/z directionand’Q is the unit
vector direction of the scattering vectblere we must recogze that while the phonon expansion
terms are not directly depe théyane tirectlydependdntson at t e |
the direction of the scattering vectbras is the Deby®Valler term To allow for high precision
result  t-Valee wa factored from the phonon expansion term and paired with the factorial. This
allows for higher phonon orders to be calculated accurately witesulting innumerical errors
due to the competing values in the numerator and denomifaindividual phaon terms can

therefore be resolved computationally without artifacts arising due to numbers outside machine

precision.

The convolution in Equatio(8.12i s cal cul ated wusing the | in
information is given on a |linear grid as a ful
small est resolution of the input DOS istused 1
phonon expansion term willbenaner o f or al | values of b corre

DOS. Therefore the limits of the convolution integral camdoleiced r om NB t o N t he |
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points in the DOS. Writing the integral as a summation, theatotion as implemented in the

code is then

FP(b)=a Fi( HFY( b )bD. (313

- max
The implementatiomto FLASSHfor the generalized necubic TSL is demonstrated in

Figure3-5.
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Figure 3-5. FLASSH generalized noncubic TSL routine flowchart.
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In order to capture the true effects of the scattering vector, thd T8kt  a -vgliemusinbe U
calculatedor all scattering directiomand then averaged as shown in Equdof®). Prematurely
averaging either Deby#/aller or DOS components will result in the cubic approximat8ince
there is no limitation on the scattering vector for the self component of the TSL, all scattering
vectors (of relevant magnitude) are considered. The reciprocal space is sampled on an evenly space
meshwith equally spaced points along the sphere correspodiagadius lengte and i n t h
positive octantAdditional sampling in the remaining octants would be redundant due to reciprocal
space symmetryThis module is parallelized over the scattering vector variable to improve the
codebds eSinéeithepiaerntciya.l DOSs can be u-spacdisalrsadyf f i c i ¢
inherent in the partial DOSs and interpolation to finsplcing is not required.

Because of theheemumber of scattering vector directions which must be sampled, the
generalized nowubic self TSL is etremely computationallyintensive.However, higher order
terms carbe (and usually are)ecessary as they varpm the cubic counterpartsSor consistency
in evaluation, generalized nambic inelastic should be paired with the geheed nonrcubic
elastic cross section. Mixing cubic and rarbic methods can introduce mismatch. Since the
DebyeWal | er term drives cross sectionbs approact
5 eV), using cubic terms for one piece and-ndinic terms for the other portion of the cross section
will shift the decay of the elastic contribution and the rise of the inelastic contribution such that
the approach to the free atom cross section will not follow known, physical behavior.

The first phoon order is calculated explicitly using Equati(12) and (3.13) with
successive phonon orders derived recursivEhe user must input all nine partial phonon DOSs

(xx, Xy, Xz, yX, VY, Yz, zX, zy, zz) for the material to be evaluated. These partial DDde
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integrated internally to generate the DebYaller matrix for both inelastic and elastic portions of

the calculatioras shown in Equatiof8.2). The DebyeWaller matrix is first evaluated such that

W b (D
B, = a
' 2MKk T o=0 b

coth(b /2 Dt (3.19)

and then the Deby@/aller term can be calculated using Equat{2ri8). This ensures that the

DebyeWaller matrix input for the coherent elastic calculai®oonsistentvith the inelastic

3.2 Methods for Generating Inputsto Calculate the Generalized TSL

Traditional inputs for TSL evaluationgequiret he at omdés mass and t o
Codes using the phonon expansion would typically require user input of the phonon order for the
evaluation. For the generalized methodglamented here, additional inputs of the polarization
and wave vectors, Deby®aller matrix,partial DOSsand crystal structure are required.

This information is not readily available from measurement. Measurements also suffer
from approximations in their methodologies which will impact the final TSL evaluation. For
example, the phonon DOS can be derived from measured differential cross section measurements.
No measurement can fully capt ur @ phase spack.dhel ene
resulting DOS will therefore have the potential to miss certain directional information. Further, the
resolution of detector instrumentation will limit results, especially at low energies (which is the
most impactful region to TSL evaliians). Approximations also made in the interpretation of
experi mental data assume the form of the DOS
goes to zero. In other words, the DOS cannot be directly measured. Rather than relying on
experimental rathods to generate the inpupredictive methodologies have been implemented

using computational too[45,37] Computational methodsarideinformation for the full inverse
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space of a materiaMleasured data then supports the evaluation process in provgifigation
of the evaluated resulf38].

To understand the late dynamics of a structure begins with a correct model of the
mat erial 6s unit cel | abinfiolatticadpnamigs (AlLRpocnelecularf t hi s
dynamics (MD)will be used to generate material information. AILD methods offer the quantum
benefits ofab initio within the welldefined space of crystalline latticesing density functioal
theory (DFT) The AILD approach is based on the adiabatic BOppenheimer approximation
where thenter-atomic forces are calculated using the Hellm&egnman theoremFor materials
which are notdeal crystallire (i.e. break crystalline symmetry rules) or are liquid or gaséoels
AILD method fails. Rather, MD or evemb initio molecular dynamics (AIMD) can be used to
determine the interactions betwedne mat er i al BIB methods san aldo uetax thes .
harmonic approximation which may be necessary for strongly tempetspeadent materials.
Examples of MD and AIMD methods for generating TSL inputs have been documented for
materials suctas berylium and graphitg39]. The process of utilizing MD methods to reach
phonon dynamics is detailed later (cf. Secda® 2.

The process of generating the inpuigh AILD techniquesfor TSL evaluation are
demonstrated irFigure 3-6. The AILD methods begin with the unit cell optimization and
convergence of an appropriate electronic structure. These calculations are completed using VASP
5.4[40,41] The unit cell is optimized first allowing lattice parameters and atom positions to be
relaxed. The appropriate space group and experimental lattice constants and atom positions are
input to generate the initial unit cell. VASPing DFT methods requires the useput of a k
space mesh and plane wave energy cutoff. These parameters are varied to oitotaé uhit

cell to an energetically equilibrated state. Once the unit cell lattice constants and atom positions
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are optimizd the first step is to compare with experimental values for those variables. These

should typically agree to within 1% deviation of experimental values.

Generate
displacements

LD

Phonon
model

e |
Optimize the : '

DFT system structure I
Ve

Pseudo-

potentia Evaluate I Evaluate the Harmonic
Hellmann- # dynamical matrix potential
Feynman forces |
Quantum

mechanical
model

Sample the
Brillouin zone

Thermal Scattering Density of states /
Law S(a,B) — phonon dispersion
Thermal scattering

Figure 3-6. Process of generating input DOS informton using VASP and PHONON.

Phonon
expansion

Temperature
dependent

The optimized structure is then dde create an optimized charge density distribution for
the unit cell. From this charge density, electronic properties such as the electron density of states
can be calculated. The electrostcucture should be verified against available experimental data
before continuing. This electronically and structurally optimized system is then strained to evaluate
elastic properties. Depending on available experimental data, parameters such asdbiik,mo
shear modul us, Youngds modul es, and el astic
within reasonable agreement of experimental data. These checks for the unit cell verify that the
structure and forces within the system will accurately seprethe real material.

Once the unit cell has been verified, a larger system (supercell) is created. The supercell

size should reflect the structure of the material lattice. In other words, a cubic and orthorhombic
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system would require different supeicsizes to account for equivalent interaction zones in
reciprocal space. Additionally, elongation in a specific direction may be required to capture low
energy (long wavelength) effects.&bupercell should be large enough to represent the whole of
the awailable energy modesithout boundary interference effects.

The supercell charge density is then optimized. Using the charge optimized supercell, the
perturbation method is applied to calculate the Hellrla@ynman forcesOne atom within the
supercell isdisplaced in each coordinate direction as required by the crystal symmetry. These
displaced supercells are then used as input to VASP to calculate the reselingnnFeynman
forces within thesystem. These forces are then compiled together to create the HeReamman
forcesinput for the dynamical matrix method to calculate phonon properties. For this work, the
PHONON code will be used to calculate phonon properties including the dispetsitons and
density of statef34]. PHONON is also able to derive tBebyeWaller matrices for a material at
selected temperatureghe crystal structure data from VASP is copied intd®DN as input.

The generalized methods used to represent the exact crystalline structure of materials
within a reactor will impact noegubic fuel and moderator materials most significantly. In order to
analyze the impact on thermal scattering, a moderator material ivetedeGraphite, which plays
an important role imdvanced reactor moderatibas ahexagonaktructurewhich is elongated in

the zdirection

3.3  Crystalline Graphite Material Modeling
Graphite is a moderator material which has a hexagonal crystal str{sgtace group 186,
P&mc andan elongated crystal unit celExperimental lattice parametease a=2.462 A and

c=6.678 Awi t h angl es of 90U, re&gedivel42dd] Inits2dedlforimyor U,
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the graphite structure will be arranged with sheets of hexagonally arranged carbon atoms which
will be strongly bonded todgieer with covalent bonds within the planes. Between the planes, weak
Van der Waals forces hold the sheets together. This structure results in an ideal graphite density
of 2.25 g/cm [44]. However, the crystalline graphite structure is often distorted with vacancies
which can be represented @srosityin the structure[44]. This porosity will result in a range of
potential densiés of graphite. In nuclear applications, these densitias range from

approximately 1.50 1.8 g/cm. The density of the graphite can be correlated to poros[#5as

r 0
Porosity=gd —meonen. GE00%. (3.15)

rideal graphite =+

R

This work will primarily reference the ideal crystalligeaphite impacts and compare results in
the context otheporous datand historical crystallingraphite

The ideal crystalline graphite model was developed uB#Yg/ pseudopotential with the
GGA-PBEapproximatiorin VASP 5.4[39-41,4648]. This model for ideal graphite was the same
as that used for tHeNDF/B-VIII.0 evaluation for crystalline graphitEor the unit celas shown
in Figure3-7, a 15x15x15 Monkhord®ack kspace mesh with a 650 eV plawave basis energy

cutoff was required to optimize the structure.

Figure 3-7. Graphite unit cell (left) and 4x4x4supercell (right). Bonds within the plane are shown to
demonstrate the layered nature of graphite.
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DFT does not properly account for Van der Waals (VDW) forces since they are not local effects.
In graphite, these forces are significantly smaller thanntteeplanar covalenbonds TheVDW

forces are introducetd the DFT model using the DHD2 forcefield (Grimme)[49]. This semi
empirical dispersion potential is included in the DFT solutarriie KohaSham energy to correct

for the inadequacies of the density functididd]. This correction takes the form of

1NN Csi
E - - iy . .|_|J f r 3.16
disp 221ja.ﬂ.|.ariﬂ d,6( |J,L) ( )

whereN is the number of atomk,is the translation of the unit ce@®j is the dispersion coefficient
for atom pairnj, rjL is the distance between atorandj, andf(rj) is adampingscaling function
The scaling functio f is then dependent of the varialite the VDW radius. The VDWunction
can be parametrized usinget@s (dispersion coefficielsj and R (VDW radii) variables which are
material specificThese variables correspond to the VDW_C6 and VDW_RO terms within VASP.
For graphite, the default VDW_C6 value of 1.75 was used. The VDW radius (VDW_RO0) was
optimized to a value of 1.65 to reproduce the experimental c lattice pard@®tddecause the
systemused in applicatiofs not at absolute 0 K, the symmetry of the graphite was increased to
P&/mmc to reduce computation time.

The atom positions were first relaxed, and then the cklhw®to optimize the systehe
convergence criteria were set such that the unit cell volume varied by le62¥%amd the system
energy converged to le#san 5 meVThe resulting lattice constants compared with experimental

values are given imable3-1.

Table 3-1. Calculated graphite lattice constants compared with experimental valugg89,42,43,51]

a (A) c (A Ro (A)
VASP 2.461 6.671 1.65
Exp.[42,43,51] 2462 6.678 17
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Since this optimization showed reasonable agreement with experimentaltiuata,
electronic structurgvas calculated after optimizing the charge denditye calculated data was
specifically compared with experimental values taken fremayxphoteelectronspectroscopy
(XPS) for energies below the FermiEenergyand electron energy loss spectroscopy (EELS)
measurementabove E[52,53] The ratio ofsto p shell electrons is cited to range between 15:1
and 35:1 for the XPS measurements. A consistent ratio of 15:1 was used to plot the calculated data.
As shown inFigure 3-8, the calculated and measured structures agree well, fweh@sing the

modeled system.

—— Calculated
—— XPS Experimental
—— EELS Experimental

DOS (arb.)

1 L 1 L 1 L _Z L 1 L 1

-20 -15 -10 -5 0 5 10
E - Er (eV)

Figure 3-8. Electron density of states for graphite compared with experimental measurements
[52,53] The eDOS is shown with a ratio of 15:1-erbital to p-orbital electrons to be able tocompare
with experimental data.

With reasonable agreementilween experiment and model results observed, the unit cell
was expandedo a 4x4x4 supercelds shown inFigure 3-7 and reduced kmesh of 4x4x2
corresponding to the ingase in the lattice size. Using the perturbation method, the Hellmann

Feynman forces were calculated for the supercell and then used to generate the phonon dispersion
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and density of states for graphiféne large supercell, specificalfongated in the-direction, is
required for graphite specifically to capture the interplanar wave propagation which would
correspond to the lowest portion of the energy spectrum. The resulting dispersion relations are

compared against the measured spectrulrigare 3-9.

I I % I I
0.20 @ 40.20
0.15 4 40.15
: 3
5 5
o 0.10 4010 @
& c
L L
0.05 - ‘ 40.05
— Total
. a’;‘;‘z‘me"‘ —— In-Plane Displacement
(— Out-of-Plane Displacement
0.00 = — 11— 0.00
A I’ M K I

Wavevector

Figure 3-9. Graphite phonon dispersion(left) and density of stateqright) calculated in PHONON
and compared with experimental datg54-59].

The agreement shown at the lowest energies of the phonon dispersion curves demonstrates
sufficient supercell size and implementation of the VDW forddse dispersion relations are
pictorially the closestcorrespondence to the polarization vectors andcegsd wave vectors.

These dispersion relations show the behavior along specific high symmetry directions within the
crystal lattice. However, a complete mapping of the inverse space is recorded for the full
polarization vector data to be used in TSL eaatn.The agreement notdgerefor the dispersion

relations directly corresponds with the ability of the phonon polarization vectors to capture the

inverse space of the lattice.
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Thesedispersion relatiogurves can then be integrated in each of the coatel directions
giving X, y, and zZzomponents of the DOS. Theane (x and y portions) of the DOS contribute
mostly at higher energies while the -@itplane (z portion) of the DOS dominates the low energy
region of the total DOSThese partial densityf states directly correspond to the Delyaller
matrix calculation for graphitdDue to the vastly different {plane and oubf-plane DOSs, the
corresponding components of the DefWaller matrix will also deviate. At 296 K, the Debye
Waller matrix catulated for this graphite configuration is giverTiable3-2 where the x and yy-

directions agree well. However, the-component is significantly larger with dominating impact.

Table 3-2. DebyeWaller matrix for graphite at 296 K calculated by PHONON.

X y z
2.3%-03 -1.65=-06 2.15%-09
-1.65=-06 2.33E-03 -5.69-09
2.19=-09 -5.65=-09 1.35E-02

These models were used as input to generatENF/B-VIII.O libraries for crystalline
graphite [4]. The crystalline structure, phonon DOS, DelWaller matrix, and polarization

vectors are required to determine the full scattering law.

3.4  Generating the Thermal Scattering Law and Cross Sections for Graphite

The thermal scattering law and therefore thermal scattering cross sections are directly
proportionalto the phonon density of states, under the incoherent and cubic approximations.
Similarly, the generalizetbrmulationsfor both TSL and thermal scatterirngoss sections are

directly proportional to the polarization vectoffie model which has been created represents the
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crystalline graphite system and can accurately describe the phonon modes of interaction for
graphite. Additionally, graphite has alreduiyen shown to be a n@ubic material. This is clearly
demonstrated in the naquivalent Deby&Valler matrix elements, particularly along the diagonal
elements. Therefore, to capture interactions with graphite, the generalized treatment must be used
to ewvaluate the TSL and later cross sections to accurately capture the crystal structure of graphite.
The density of states shownkigure3-9 only shows the main diagonadmponents of the partial
density of states for graphite.g. inplane and oubf-plane) However, to calculate the generalized
scattering law, all nine components including the correlation between different directions (e.g. x
and y directions) must badludedas inputs For graphiteFigure3-10 demonstrates that the off
diagonal terms are negligible compare with the diagonal terms which dominate the behavior of the
material. The offdiagonal terms are so nearly zero they do not appear notably in the figure. These
partial DOSs are then used to calculate the generalizeduima TSL for graphite following the
formulism defined by Equatior(8.11) through(3.14).

Using the partial density of states as input, Fh&SSHcode wasused to calculate the
DebyeWaller matrix and then the resulting TSL for graphite. These results are sh&iguie
3-11 below and compared with a traditional incoherent and cubic approximated TSL. The
generalized treatment can be seefigure 3-11 to modify the longrange behavior of the TSL
such that the hi gh-Wallerrefientgvell, be mdstecleaely seen,ds hipherb y e
than its cubic counterpart . -Valuessscandishtehootigh whi | e
t he whol e Tohfe U/ rbc rsepaascee .i nvaltieh erre3psrids taDebWalleg her U
effects, specifically as the x, y, and z directions will have different impacts in different energy

ranges. This is seen in the partial DOSs whesezthomponent dominates the low energy range
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of the distribution. The TSL here still utilizes the incoherent approximation but reflects a

generalized formulation of the self component of the TSL.

DOS (arb.)

000 005 010 015 020
Energy (eV)
Figure 3-10. Partial DOSs for graphite. The XX and YY components nearly identical overlap and
dominate the high energy. The ZZ component appears only the low energy. The-difigonal terms
are effectively zero and lie on top of the bottom axis.
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Figure 3-11 Graphite TSL calculated under the cubic approximation and compared with the
generalized formulation. Impact to the TSL is largely seeat higher values ofU.
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FLASSHwas then used to integrate the TSL into cross section velugesnerate a nen
cubic graphite inelastic cross section to be compared with the incoherent and cubic approximated

equivalentas shown irFigure3-12.
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Figure 3-12. Graphite inelastic cross section at 29K calculated under the cubic approximation and
generalized formulation and compared with room temperatureexperiments[60,61]

The low energy region of the cross section is not impacted by theutdn formulation. However,
as energy increased to aroun@l eV, the two begin to diverge and then-cubic falls below the
cubic cross section. This effect is the compounded with similaicabit and cubic comparisons
seen in the elastic cross section.

UsingFLASSH s coher ent el astic c ap a-bubit élastice s ,

cross sectios were generated for graphite. THeASSHimplementation follows the form of Eq
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(3.4) for the cubic elastic and E@3.1) for the noncubic DebyeWaller elastic. Graphite is a
coherent scatterer and incoherent elastic effects are negligible. Therefore, the coherent elastic
represents the total elastic cross s#ctiAs seen irFigure 3-13, divergence begins almost

immediately between the two elastic cross sections.
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Figure 3-13. Graphite elastic cross section at 29K calculated under the cubic approximation and
generalizedDebye Waller formulation .

Beginning aound0.03eV, theconsistent difference between the cubic and generalized methods
mirrors that seen in thaelastic cross sectioif hetwo elastic cross sectisbothdecay to zero at
the same rate (same slope seen in the cross sedti@njlivergence between the cubic and-non

cubic methods for the elastic directly corresponds to the effects seen in tegdreetss section.
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Overall, the use of the generalized rrubic formulation changes the ratio of elastic to inelastic
scattering which occurs for the material.

The total scattering cross section for graphite equals the sum of the inelastic and elastic
components. In order to produce physically consistent evaluations, thestagiticmust be used
with cubic inelastic, and necubic elastidogethemwith noncubicinelastic Mixing the cubic and
noncubic elastic and inelastic cross sections will resultonp hy si ¢s fAdi pso or ft
total cross section. The impact from inconsistently combining the cross sections can result in
hundreds of pcm of deviation in reactor calculations, and as such, it cannot be stressed enough that
consistent methodsf evaluating the cross section must be applied. When properly combining the
cubic inelastic and elastic cross sections, the resulting total asymptotically approaches the free
atom cross section following a very smooth flat line. Combining thecnbit canponents
reproduces the same effect in approaching the free atom cross section demonstrating a consistent
and expected method of reaching the free atom cross section. These two total cross sections are
compared with experiment Figure3-14. While the approach to the free atom cross section must
be consistent between the cubic and-nobic methods, deviations where Bragg peaks dominate
is expected. Thpercent difference between the two total cross sections is shdviguire 3-14.

As shown previously, both the elastic and inelastic components diaehigher energies
with increase seen in elastic and decrease in inelastic. These effects largely result in the same total
cross section and no difference above 0.6 eV as sdégure3-14. Bdow this energy, impacts
from the norcubic elastic will impact the total cross section. A maxinafr¥2.5% differencas
seen in the 1®to 102 eV range. This slight decrease in the cross section could result in a decrease
in scattering; however, impact for a given reactor system will vary due to the nature of the thermal

spectrum of the core.
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Figure 3-14. Total scattering cross section for graphite comparing the cubic and necubic methods.
Both total cross sections smoothly approach the free atom cross section as expected and show
reasonable agreement with experiment above the Bragg cutoff. Dations below the Bragg cutoff
indicate structural deviations which have not yet been accounted for. The percent deviation between
the two methods is shown below the cross section. Maximum deviation is seen where the Bragg peaks
dominate the cross sectionTotal cross section experimental data at and above the Bragg cutoff is

taken from Ref. [62] with total cross section data for ideal crystalline graphite below the Bragg cutoff
[60,61]

In general, the total scattering cross section for graphite show reasonable agreement with
experimental data above the Bragg energy cutoff. Above thggBcutoff, the cross section is
primarily elastic. The combination of na@ubic inelastic and elastic allows for consistent results
in the energy region above the Bragg cutoff. Below the Bragg cutoff, elastic effects are removed

and only inelastic effestare seen. It is in this region where the structure of the material seen in
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the TSL will directly impact the cross section most notably. In thisBralgg region, the cross
sections under the incoherent approximation are still insufficient and fall we&wbthe
experimental datalo further improve the TShnd thereby the cross sectjalistinct effects must
be added.

The noncubic formulation is primarily necessarily to accurately capture the graphite
structure. The impact of structure has been defioethe inelastic cross section also within the
context of the distinct contributions to the scattering law. The distinct component of the TSL is by
nature generalized and nonbic. As such, to evaluate thgplhonon impacts for graphite, it must
be evalated within the context of a narnubic self TSL. As already noted previously, combining
cubic and nofcubic methods will result in nephysical cross sections.

In order to define the impact of distinct effects in graphite, thednon methodescribed
in Equatiors (3.10) to (3.9) was applied. These egtions have been implemented witRIDASSH
and require as input the polarization vectors and frequencies along with partial DOSs to generate
the DebyeWaller matrices. The structure of these inputs is described in S8ctién

Using the AILD model for graphite, thé' Brillouin zone was evdp sampled to generate
the polarization vectors and associated frequencies for scattering vectors corrgsponal
100x100x100 point grid ranging from scattering vectors of (0, 0, 0) to (1, ITH8.Xphonon
effects were cwleofsl aTlea envdlieswesevaloated wsing the
non-cubic formulation. This first phonon order ternasithen added to th&%2hrough 208 non
cubic phonon order terms as described bydfiqn(3.10). This TSL is then shown in comparison
with the noncubic, incoherent approximation TSL and the cubic, incoherent approximated TSL

in Figure3-15.
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Figure 3-15. Graphite S(U,b) at 29 6-pHnomt e contribgtions he ef f
with non-cubic and cubic incoherent values.-phonon coherent contributions introduce structure to
theTSL,espci ally the I ow U range.

| mpacts from the distinct contr i [Swttiren ar e
is introduced by the distinct effects resulting in structure within the TSh.cr easi ng i n
structure seen in the TSL smoothly comes to the incoherent approximated +ooivic
formul ati on. This demonstrates that the disti
become decreasingly iTheptemds demonstrates] in Uhese tigurese a s e ¢
correspond with the expectbdhavior estimated by Egelst{ff3]. The agreement between the 1
phonon results and the nesnubi ¢ i ncoherent TSLs between th
demonstrates the importance of gsthe generalized, necubic formulation of the TSL with the
1-phonon distinct effects. Thedghonon formulation is inherently generalized, and mixing the
generalized phonon with the cubic approximated TSL can result in inconsistent behavior.

This structuregiven by the Iphonon coherent effects seen in the experimental TSL

values, and the two show reasonable agreeasedémonstrated FFigure3-16 andFigure3-17.
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Figure 3-16. Graphite TSL at 533 K compared with experimental data[14].
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Figure 3-17. Graphite TSL at 296 K compared with experimentaimeasurementd63,64]
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Il ntroducing distinct effects causes | arge dev
val ues and ueslThiowolldrelatelb lavga impact to the lowest energy range of the
cross section. The structure demonstrated in the experimental data is clearly reflected in the
calculated values. The inclusion of the distinct effects allows for direct comparighn wi
experimental data and verification and validation of the codes and methods used to generate the
data.

To demonstrate the impact of distinct effects, measurements were historically plotted as
S(U,b)/ U versus U. Under tnhte tiyn cSo(hUerbe)n/tU awpiprlo
linear nearly flat response as U goes to zero
increasing trend as U §gigues17tthe introduction of #henond e mo n s
coherent effects begins to improve upon the discrepancy with experimental data. This
i mprovement over the incoherent approxi mati on
as b i may beadaegoet® approximation of coherent effects using only'ieldr term.

Integrating the TSL to cross section values, the impact of the distinct contribution can be
clearly seenn the subBragg energy regionComparing the fully generalized neonbic plus 1
phonon cross section with the incoherent approximated cross sections, the distinct conisibution
dominant inthe lowest energy region as seenFigure 3-18 and Figure 3-19. At subBragg
energiesthe Xphonon impacts increase the inelastic cross seyidt%, significantly improving
agreement withexperimental dataThis cross section shift is directly correlated to the
improvement of thé o wregidn of the TSL Inclusion of the distinct contribution brings the
graphite cross sections up to the experimental values measured p§ORahd Ref[61]. Under

the incoherent and cubic approximations, the calculated cross section devig2&s/bfy from
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these experimental data saféith 1-phonon and nogubic contributions, the deviation is reduced

to 2.5%, which is well within expected experimental uncertainties.

—— Incoherent Approximation (Cubic Approximation):
- — - Incoherent Approximation (Generalized)
10 4 —— Generalized + 1-phonon |

m Experiment - NCSU

c Experiment - Steyerl

©
=)

c
Kol

%)

(0]
» 14 1
[2]

0

]

=
O

0.1 4 -

g

)

2 304

[

5}

E 04

(=]

5

(&) -30 4 — Generalized Incoherent Approximation vs. Cubic Incoherent Approximation

& - -=-- Generalized + 1-phonon vs. Cubic Incoherent Approximation

10° 104 10°° 102 10" 10°

Energy (eV)

Figure 3-18. 1-Phonon impacts to the inelastic cross section of gohite at 296 K compared with
experiment[60,61).
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As energy increases, thephonon impact declines, and the cross section smoothly
transitions to the generalized, Roabic values around 0.05 eZombining the generalized non
cubic treatment with the-fghonon distinct effects, thgraphite thermal scattering cross section
now shows agreement with experimental data across the entire thermal energfporadeal
crystalline graphiteAs a primary moderating material, these graphite cross sections can be
implemented in reactor physiaalculations to demonstrate the impact of various evaluation

methods.

3.5  Graphite Cross Section Benchmark using HTRPROTEUS

The HTRPROTEUS experiments feature a graphite moderated, graphite reflected, and
graphite pebble design. The system is very watrmalized. Further, the concept of moderation
relies on energy loss through scattering events. For thePPRBTEUS reactor, the only material
with a significant scattering cross section is the moderator material, graphite. As such, the graphite
will define the thermal spectrum of the core. The hardening and softening of the thermal spectrum
will directly correspond to reaction rates as the neutron spectrum moves into more efficient or less
efficient energies for fissioning. This type of system where theguy and dominate effects are
clearly due to a single material makes the FHIROTEUS experiments ideal for performing cross
section benchmarks. This core not only directly responds to the features of the graphite scattering
but it is also reflective of aginced reactor pebble bed designs, specifically those currently pursued
by Xenergy.

From 1992 to 1996, the PROTEUS core was setup to model the high temperature gas
reactor conceptpl7]. Theseexperiments were termed HIRROTEUS. The moderator and fuel

pebbles were arranged in various core configurations within the central cylindrical cavity
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surrounded by a graphite annulus. These core configurations aimed to test key reactor physics
concepts ad safety concerns from water ingress effects associated with pebble bed designs.

The core configurations were arranged with varying packing fractions ranging from 0.6046
with a columnar hexagonal point-point lattice (CHPOP) to 0.7405 with a hexagonake
packed lattice (HCP). Additionally, a completely random arrangement of pebbles was considered
with an approximate packing fraction of 0.61. An example of the top down view of the core pebble
arrangement ishown inFigure3-20. Noted inthe benchmark documentation, the random packing
fraction has special difficulty in modelling using traditional MElNeometry declaration methods
[16]. When analyzing final results, the randomly packed core shows the largest deviation from

average when comparing computed and measured results.

Figure 3-20. Cross sectional view of the HTRPROTEUS core configuration with fuel pebbles (green),
moderator pebbles (blue), and polyethylene rods (redjom Ref. [17]. The pebbles are arranged in a
HCP lattice.
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Each arranged packing fraction was tested with various placement of polyethylene rods

through the core. The polyethylene rods were placed between the pebbles to simulate water ingress

effects as shown ifigure 3-20 by the red dots. While thadditional thermalization due to the

polyethylene will impact reactivity, the core spectrum will still be defined by the graphite slowing

down. The thid main perturbation between core configurations was the ratio of the number of

moderator to fuel pebbles. A summary of the various core configurations is shoainlé3-3.

Table 3-3. Eleven core configurations of HTRPROTEUS noting key elements to the core

arrangement . Each grouping has
included ZEBRA rods (Cd/Al control rods), polyethylene rods, and copper wire.

a

ireference

Core Characteristics

Mod: Fuel
Ratio

Packing

Core 1A- control rods replaced with ZEBRA
rods

1A

Reference Core

N

Core 1A + upper graphite reflection

Core 1A + poly. rods

1:2

HCP

Random pebble loading

1:1

Random

Reference Core

Core 5 + poly. rods + copper wire

Core 5 + poly. rods

Core 5 + short poly. rods

1:2

O oo (N[O~ W

Reference Core (similar to Core 5)

Core 9 + poly. rods

1:1

CHPOP

matrix. The UQfuel in the TRISO particles is enriched to 16.7% [17]. The moderator pebbles

coreo

Within the core, théuel pebbles are comprised of TRISO particles dispersed in a graphite
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are also made of graphite. Above, below, and around the core, graphite blocks served as core

reflectors and spacers. These various graphite components have densities as $hbie-h

Table 3-4. Graphite components of HTRPROTEUS core configurations.

Component Density (g/cn)
Moderator Pebble! 1.68 N 0.013
Fuel Pebbles 1.73 N 0.001
CoreReflectors 1.75 N 0.012 (1)

The resulting benchmarkskvalues for HTRPROTEUS take into account the uncertainties
in the core. The largest contributors to the uncertaamiye from the impurity content in the
moderator pebbles and radial graphite refleétt] content, location of the upper axial reflegtor
and radial reflectographite density17]. The resulting benchmarkkvalues with uncertainties

are shown irFigure3-21.

1.015

1.010 - E

T

0.995

Benchmark k.

0.990 4

S ——
1

Core

Figure 3-21. Benchmark values for the 11 core configurations including ttotal uncertainty [17-20].
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For all eleven core configurations, the total benchmarkiikcertainty ranges from 0.0030
to 0.0041, giving a very wetlefined total reetor system. The HTRROTEUS benchmarks were
evaluated using MCNP 6.1, a Monte Carlo c¢ge]. Models were generated to replicate the
materials and geometry exactly as recorded for the atigixperiments. The results from these
models are then compared with experimental data to quantify uncertainties and overall agreement
of the model ds results against reality.

For the HTRPROTEUS benchmark experiments, great effort was made to minimize
experimental uncertainty and to record each detail in procedure. These efforts resulted in the very
low reactor uncertainties for the various core configurations. However, even with the inclusion of
the uncertainties, the benchmark reports note that caldulekies for the critical HTR
PROTEUS cores are systematically shifted from experiment. Possible attributions to this shift have
been accredited to thgraphite cross sectiorj$6]. These calculations were completed using
ENDF/B-VII and ENDF/BVII.1 cross section libraries in which graphite was represented as an
i deal crystalline materi al and carbon as mod
and3C. Given the low unatainty in ks« and the dependence of the HPRROTEUS system on
graphite scattering, the HFRROTEUS benchmarks provide the experimental data needed to

validate graphite thermal scattering cross sections for reactor physics applications.

3.5.1 HTR-PROTEUS Simuktions

The HTRPROTEUS core configurations were modeled in MENRas a part of the
benchmarking efforts of Best al. [17-20]. These models were not only used to generate the
uncertainties for the reactor but to also evaluate criticality of the system. In order to represent the

system well, the HTHPROTEUS corg were modeled using the free atom carbon cross sections
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combined with the S(U, b) libkradas wageruaefbhpolyethyleneAd d i t i
and the fuel along with the trace amounts of aluminum, iron, and water found throughout the
system. Ngt to graphitepolyethylends the hrgestcontributor toslowing downscatteing within
the system, if the core configuration contains the polyethylene rods. The various amounts of
polyethylene, while a significant reactivity component, are not the pyimaderator and do not
drive the system thermalization. All the remaining materials are modeled with free atom cross
sections.

In this work, both the ENDF/®&/II.1 and ENDF/B-VIII.O libraries are use{4,66]. All
MCNP calculations were evaluated using 150 skipped cycles, 450 active cycles, and 100,000

particle histories per cycle to achieve a statistical absolute uncertainty of 0.0Q8.1 in k

3.5.2 HTR-PROTEUS Benchmark Impact from Free Atom Cross Sections

The original HTRPROTEUS benchmark models were created using the ENMH/B
cross section libraries. These libraries use natural carbon for the free atom cross section. Natural
carbon is a preixed'’C and**C. 2C dominates the natural abundance for carbont*tuhas a
significantly lower absorption cross section thafC. The ratios used to mix these two cross
sections will then drastically impact the total absorption for a reactor system. With the advent of
the ENDF/B-VIII.O libraries,*?C and*3C were split into separate libraries allowing users to mix
as they saw fit to repsent their system. According to the publisliDF/B-VIIL.O report, a
suggested ratio of 1.148C and 98.9%°C should be usefd].

Comparing the absorption cross sections for the varibrexies and isotopes, the impact

of the absorption is clear. As shownTliable3-5, the absorption cross section varies by 0.7% from
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ENDF/B-VII.1 to ENDF/B-VIII.0 whenusing the combination dfC and'*C recommended by

ENDF/B-VIII.O.

Table3-5. Absorption cross sections for carbonés

Library Cross Section (b) aD.0253eV
ENDF/B-VII.1 "¥C 3.86x 103
ENDF/B-VIII.0O '*C 3.86x 103
ENDF/B-VIII.0 *3C 1.50x 10°

ENDF/B-VIII.O 1%C +¥C 3.83x 10°

The absorption cross sections in ENDf/B.1 natural carborand ENDF/B-VIII.0.1 °C are
consistent. The deviation arises frét@ absorptionThe scattering component of tH€ and'C
free atom cross sections is nearly identit@pactwithin reactor systems will bdue solely to
change in absorptigd5].

To quantify the impact of these free atom cross section chatige$iTRPROTEUS
benchmak suite of core configurationsasconsideredTo isolate the impact of the carbon free
atom cross section, the grate thermal scattering library was modeled using ENENARL.
Criticality calculations were completed varying between ENDW¥IBL and ENDF/B-VIII.O
libraries and the respective carbon free atom cross sections. The variations include &N0F/B
C-natual, ENDF/B-VIII.0.1 *2C only, andENDF/B-VII1.0.1 *2C and**C mixed (98.9% and 1.1%
respectively). Each of the 11 core configurations were calculate for each cross section set.

The initial base case to be considered is the evaluation using all ENDIFABdata for all
libraries including carbon. This data set is shewith solid black squarecbnnected by solid black

lines inFigure3-22. Plotted with the calculatecath is the benchmark measurements along with
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their uncertainty as a grey band. This band r
calculations using ENDFA¥I11.1 consistently fall below the experimental band.

Next, theENDF/B-VIII.0 *2C was substituted into the models, retaining ENDWZIB1
graphite S(U,b) but ENDF/BWI(nbg tahl If roeteh eart ol ni barnadr

for other materials). These calculation results are shown with red diamondsdaghead red line

in Figure3-22.
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Figure 3-22. HTR-PROTEUS core configurations calculations with ENDF/BVII.1 and ENDF/B-

VIII.O libraries compared with the benchmark values. All three sets of calculations held the graphite
S(U,b) Ilibrary constMinlt. Jangr aupteidt ¢ b&if tie NED)FAdteBU N c e r t
Kkerr are less than 0.0001.

This change from natural carbon t6C and ENDF/BVII.1 to ENDF/B-VII.O resulted in

negligible impact to the benchmark. The solid blackl dashed red lin@se nearly on top of each
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other. This correspomsdvith the absorption data shownTiable3-5. Both ENDF/BVII.1 natural
carbon andENDF/B-VIII.O '2C have similar absorption which for HIRROTEUS results in
similar ket values. Additionally, changes within the various libraries from ENBDWBL to
ENDF/B-VIII.0 have negligible impact on the benchmark.

The third permutation was to spllite carbon within the HTIRRROTEUS models intd*C
and®*C and using the respecti@DF/B-VIII.0 libraries. Again, the ENDF/®/I1.1 graphite TSL
was used, and all other free atom and TSL cross sections were modelE8I@FIB-VIII.O. The
results within HTRPROTUES are given dke open black circles with dottdlack line inFigure
3-22. This line is markedly above the previous two evaluations. ComBihgith 13C results in a
lower effective absorption cressection (se@able 3-5) leading to higher reaction rates. These
results isolate the cause of the shift in the benchmark to the change in the absorption of carbon
between ENDF/BVII.1 and ENDF/B-VIII.0. Other changes between the ENDB.1 and
ENDF/B-VIII.O libraries prove to have negligible impact within HFROTEUS. The
improvement in the benchmark from updated absorption cross sections still falls significarmtly shor

of the HTRPROTEUS benchmark.

3.5.3 HTR-PROTEUS Benchmark Impact from Thermal Scattering Cross Sections

Previous permutations of the HIFROTEUS benchmark isolated the graphite TSL to be
held constant throughout. Howeyewith ENDF/B-VIII.O, additional grapite TSLs were
introducedNuclear grade graphite commonly used in reactors has a density typically ranging from
1.5 g/cnito 1.8 g/cm. Ideal crystalline graphite has a density of 2.25 §/ei]. This difference
in density was hypothesized to result from microstructural difference between ideal and nuclear

grade graphite which could be approximated as poragityn the material structufd4]. In order

105



to capture the effects of the nateal structure of nuclear graphite, porous molecular dynamics
(MD) models were developed for 10% and 30% porous graphite to generate the DCsiling re
cross sections. These porosities of 10% and 30% correspond to the possiblerdegsitfor
Anucl ear [@4]. ghese DOIstwere used to develop trephite TSLs in th&ENDF/B-
VIO library. Additionally, the ideal crystalline graphite DOS was updated from ENMHR
using the predictivab initio model described above in Secti®i3[39]. Based on the systematic
behavior of the 10% and 30% DOSs, a synthesized 20% porqistg@OS was also established
[45]. The resulting libraries range from ideal crystalio&0% porous to allow users to represent
their system as accurately as possible.

As shown inFigure3-23, the idal crystalline graphite library publied inENDF/B-VIII.0
while an improvement over ENDFBII.1 does not contain the distinct or ronbic effects of
graphite. Comparing the ENDF®II.1 and ENDF/B-VIII.O ideal crystalline graphite cross
section with crystalline graphite experimental crasstisns, the cross section below the Bragg
cutoff is significantly lower than experimental data. In this range, the cross section is directly
dependent on the TSENDF/B-VIII.0 offers some improvement over ENDFXBI.1 but both
are unable to capture thei¢ structure of the material.

Introducing the noitubic and distinct effects to the ideal graphite TSL, the resulting cross
section shown now ifrigure 3-23 is markedly improved. The inelastic cross section, purely a
function of the TSL at the lowest energies, agrees with experimental data. Above the Bragg cutoff,
the structure of the graphite will contribute to elastic peaks in the cross section, butabtdh re
and crystalline graphite binding effects will be overwhelmed by the elastic scattering. As such,

both reactor and crystalline graphite will compare well with experimental data above the Bragg
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cutoff. The distinct contribution takes into account tieeassary structure information, vital for

graphite, to accurately capture the cross section.
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Figure 3-23. ENDF/B-VII.1 and ENDF/B-VIII.0 ideal crystalline graphite cross sectionsampared
with experimental data [60-62)].

In the perturbation of the free atom cross carbon cross sectionPROREUS was show
to be highly sensitive to the graphite €scsectionimplementing these various graphite thermal
scattering cross sections while holding all the free atom and other TSL libraries constant allows
isolation of the various graphite thermal scattering &fen a reactor system. From this data,
guantifiable impacts from thermal scattering can also be discussed in terms of the reactor physics.
Beginning again with the HTIRROTEUS benchmark models with all ENDF/#B.1

cross sections (sanas the solid blackquare with solid black line caabove), the & values for
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each core configuration were calculated. This generates the line shown b&fgree3-22 which
fallswell below the known benchmark values for the actual HPRROTEUS system. This data is
replotted inFigure3-24.

Changing only the graphite TSL, the core configuration models were then adjusted with
theENDF/B-VIII.O ideal crystalline graphit€SL library. Asseen irFigure3-24, this cross section
is similar to ENDF/BVII.1 with slight improvement compared to experimental data. The resulting
HTR-PROTEUS results are shownkigure3-24 with pale blue starwith a solid line. Comparing
with the ENDF/BVII.1 TSL, thecore reactivity is increaseslightly. This corresponds with the
decrease in the reactor average thermal energy spectrum due to improved thermalidatien w
ENDF/B-VIII.O library (cf. SectiorB.5.4). As the energy spectrum softens, the reaction rate within
the core will increase.

The same graplatmodel used for thENDF/B-VIII.O crystaline graphite was discussed
earlierin Section3.3for the further development of the ronbic, generalized-phonon graphite
cross sections. The generalized graphite cross section (withceffeSts) shows only small
deviations at the total cross section level compared with the cubic counterpdig(ad 3-14).
When implemented in the HFRROTEUS system, the impact ossks small, as would be
expected. Using the ENDHBII.1 free atom cross sections and sulbsitity the norcubic
graphite libraries, the resultingskvaluesare compared ifrigure 3-24 and shown with an open
black circle and solid black line. The average dtwn of the norcubic crystalline from the
ENDF/B-VIII.0O cubic crystalline is36 + 2 pcm

Adding in the iphonon Gimpacts, the HTR PROTEUS models were evaluated with the
generalized nowubic and $ contributions. The results are given kigure 3-24 with solid

lavender triangles and lavender connecting lines.
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Figure 3-24. HTR PROTEUS ke calculations for crystalline graphite compared with benchmark
values. Uncertainties in the calculated & are less than 0.0001.

While thenon-cubic impact results in@inor decrease inel, the introduction of the{&orrection
offers slightincreaseto ket comparedwith the ENDF/B-VIII.O cubic crystalline The average
deviation of the nomubic with S correction from thd&ENDF/B-VII1.0 cubiccrystalline is24 + 2
pcm TheSy contribution increases the reaction raye61 £ 2 pcmwhencompared with the nen
cubic, incoherent evaluation. # HTRPROTEUS core spectrum, while very thermal, does not
have large flux contributions below energies of 8V (see neutron spectrumfigurel-3). The
greatest cross section impacts from the@rection are seen below the Bragg cutoff at ~2x10
eV. As such, drastic increase in the core reactiorigaieided and smaller changes are observed.
This is consient with analysis of graphite systerthrough the years. All thermal

scattering libraries to date used in reactor calculations have neglectegdbetrdbution with
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reasonable ability to capture the reactor dynamics. However, the improvement tostsections

as a function of distinct effects and roubicity reflect a level of accuracy in both understanding
and benchmarking of the cross section libraries wharifiesthe resulting libraries and provide
accuratepenchmarkd librariesfor the commauity. The accuracy of these libraries is required to
inform design decision and predict expected outcomes.

The noncubic plus 3phonon TSL providecrystalline graphite libraries which accurately
define the cross section fmteal graphite. However, a seed class of graphite, nuclear graphite,
most commonlyoccurs in reactor applicationbluclear graphiteas described previously (cf.
Section3.3) varies from ideal @phite. The ideal crystalline form results in a material with a
density of 225 g/cn? while the nuclear graphite commonly found in reactors typically ranges from
1.5 to 1.8 g/crfi[44]. It was proposed that this difference in density could be represented at the
atomic level by porositj44]. As such, MD modslwere developed with atoms removed such that
the range of nuclear graphite densities were represented. The porous graphite model, as shown in
Figure3-25, was used to @nerate the TSL and thermal scattering cross sections for the 10% and

30% porous graphite libraries BENDF/B-VIII1.0 [44].

Figure 3-25. Porous graphite model for MD simulation and TSL evaluation[44].
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A third 20% porous graphite DOS was then synthesized from the 10% and 30% systematics
to create a 20% porous graphite librgdp]. These cross sections are plotted together with the
ideal crystalline graphite iRigure3-26. From he experimental datshownin Figure3-26, the
cross section behavior of reactor graphite is clearly increased from that of crystalline graphite.
Compamg theENDF/B-VIII.0 porousreactor graphite cross sectsmith the crystalline data, the
increased porosity is reflected with increasing values of the cross saatiamproved agreement
with experimental data
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o Crystalline Graphite (NCSU)

X Crystalline Graphite (Steyerl)

Generalized Crystalline Graphite + S;

—— ENDF/B-VIII.0 Nuclear Graphite 10% Porous
------ Nuclear Graphite Synthesized 20% Porous
— = - ENDF/B-VIII.O Nuclear Graphite 30% Porous

Cross Section (barn)

L | T T T LRI | T L | T UL LR |
10 103 102 10 10°
Energy (eV)

Figure 3-26. ENDF/B-VIII.0 nuclear graphite cross sections and the neaubic, 1-phonon crystalline
graphite cross sectionsampared with experimental data[60-62].

Introducing the porosity of nuclear graphite into the considered structure and binding
results in cross sections which bound the experimental reacfuitgraneasured cross sections.
These graphite cross sections were implemented in the PRE&®TEUS benchmark to further
display the impact of various graphite cross section components on the reactor physics.
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The ENDF/B-VIII.O TSLs for reactor graphite alomgth the 20% reactor graphite were

substituted into the HTIRROTEUS models. These results are plottdelgnre3-27 asthe green,

red, and royal blue lines for the 102096, and 30% nuclear reactor graphite ligrrespectively.

As the porosity increases, the reaction rate across the various core configurations-of HTR

PROTEUS also increases. This results in a systematic shift upwards of the plotted data with

increasimy porosity inFigure3-27. This systematic shift of the curves demonstrates the impact of

the graphite structure on thermalization with in the core. As porosity irseghe thermal cross

section increases as shownHigure 3-27. The increase in the cross section results in increased

reaction rates and improved agreement with expartal benchmark values for the reactor system.
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Figure 3-27. HTR-PROTEUS benchmark calculations using the various ENDF/B/11.1, ENDF/B-
VIII.O , non-cubic with 1-phonon, and 20% porous nucleargraphite TSLs with ENDF/B-VII.1 free
gas libraries and compared with the experimental benchmark values.
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Up to this point, the analysis has been completed using the ENDFEBfree atom
libraries. Updating the data Figure3-27 with calculations completed witBNDF/B-VI11.0 free
gas libraries and still perturbing the various TSLs, a systematic shift irs#ivallkes is seen in
Figure 3-28. This shift in all the calculated values is consistent with the discussion previously
regarding the carbon absorption cross sect{ohsSection3.5.2. The ENDF/B-VIII.0 free gas
calculations were completed using thee recommenht@dind**C ratio which will reduce the

overall carbon absorption cross section, thereby increasing k

I . I
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Figure 3-28. HTR-PROTEUS benchmark calculations using the various ENDF/B/11.1, ENDF/B-

VIII.0 , noncubic with 1-phonon, and 20% porous nuclear graphite TSLs wittENDF/B-VIII.0 free
gas libraries and compared with expemental benchmark values.

Consistent among all the core evaluation methdesetis a notablghaperend along the

distribution of core configurations. Of particular note, Corecbissistently evaluated higher than
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the other core configurations, aitds the only randomly packed pebble core. The methods for
modeling such a randomized system, specifically within MCNP which dictates exact geometry,
may result in additional uncertainty not lmded in the PROTEUS benchmalk8,45] This
additional uncertainty from modeling methodology is not capturdelgare 3-22, Figure 3-24,
Figure3-27, or Figure3-28.

Notable trends also occur between the remaining other core configurdiimnsarious

core loadings are noted below with the calculated resuRiyure3-29.
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Figure 3-29. HTR-PROTEUS calculated values (compared with benchmark values) using the 20%
porous graphite libraries andENDF/B-VIII.O free gas libraries and labeled according to core loading

type.

Cores 1 through 3 were arranged with a packing fraction of 0.7¥0}5 These four core

configurations (the'&including core loading 1A) show consistent results when modeled using the
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porous reactor graphite TSLs. Cores 5 through 10 were arranged with ed@daking fraction

of 0.6046[17]. Again, these six cores show consistent agreement with the benchmark and with
each other when using the porous libraries. The shift between the first se¢®fadth a higher
packing fraction and the second set of cores further validates the hypothesis that the modeling
method used for Core 4 with the random packing may have contributed to the artificially high
predicted value.

These trends noted betweenecoonfigurations cannot be as clearly seen when compared
core configurations using the ideal crystalline graphite TSL. With the ideal graphite TSL,
insufficient thermalization occurs which lowers the reaction ratg éand also makes the system
far moresensitive to other possible means of thermalization. The higher valugsan the ideal
crystalline case occur when polyethylene rods were inserted into the core configuration.
Referencing back tdable3-3, Cores 1, 1A, 2, 5, and 9 do not have polyethylene rods. These cores
also calculated the lowesérkvalues This trend can be observed from the resulfSigure 3-28.

Cores 3, 6, 7, 8, antD which all had polyethylene rods resulted in higher evaluatedakues.
This demonstrates just from the ideal crystalline evaluation that the ideal graphite library does not
accurately capture the thermalization of the core for this reactor system.

The graphite withirHTR-PROTEUS has a density averagiagproximatelyl.7 gcnr.

This corresponds to a porosity of approximately 25% as calculated using Eq@tB)n The
calculated k data for the 20% porous library shows reasonable agreement with experimental data
with the exception of Core 4 falling oytside
consistently shows the most consistent results compared to experiment. In order to capture the
behavior of the pebble bed HIFROTEUS system accurate, nuclear graphite libraries are

required.
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3.5.4 Temperature Impacts from Thermal Scattering CrossSections

As a part of any reactor system, the ability to predict temperature response is vital. HTR
PROTEUS was only operated as a room temperature test reactor; however, typical pebble bed
designs traverse temperatures ranging from room temperaturet@p staan excess of 1000 K
during operation.The neutronic impastdue to temperature effects must be accurately diehti
in order to provide accurate feedbackhe nultiple phenomena which drive the reactor behavior.
The hardening of the neutron sp&m in response to the increase in temperature is a direct result
of the graphite thermalization in the cpaemonstrating the need for hifelity TSLs for
accurate multphysics simulationdJsing the HTRPROTEUS benchmark as a model pebble bed
reador, the impact in the thermal spectrum due to a temperatureahifie investigated.

The thermal spectrum within PROTEUS depends on the thermal scattering within graphite
as shown by the ¢k calculated results and also the theory of moderation wahoore. To
demonstrate the impact of the TSL in predicting the thermal spectrum, the thermal spectrum of the
PROTEUS reactor was calculateith thevariousgraphite thermal scatterinpraries Using the
Core 9 configuration which contains no polyethg@en thermal spectrum for HFIRROTEUS
was calculated using thENDF/B-VIII.O free gas libraries and the ENDFXBI.1 graphite,
ENDF/B-VIII.O crystalline graphite, neoubic with St crystalline graphite, anthe 10%,20%,
and 30% porosity graphite thermal scattering libraridsxamples of these thermal spectra
distributions are given iRigure3-30. From these thermal spectra, the average taleemergy was
calculated for each cas¢ room temperaturd hese average thermal energiesgaven n Table
3-6. Calculations were completed with 100,000 cycles ({td&a5 million particle historiesjo

reduce the uncertainty inkto less than 0.00006.
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These results display a consistent trend as noted in the benchmark results alfogargsee
3-28 for example). The shift to lower average energies with increasing porosity will result in
increased reactivity and therefore improved benchmark results for thePROREUS system.
Crystalline graphite and the naubic plus 3phonon Ibraries produce the same average energies.
Given the benchmark results, this behavior in the average thermal energy is to be expected. The
major impact at the reactor level results from the use of the porous graphite libraries to capture the

appropriate ldice dynamics.
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Figure 3-30. Thermal spectra in the middle of the HTRPROTEUS reactor calculated at 296 K. The
spectra calculated with the ENDF/BVII.1 graphite and the ENDF/B-VIII.0 30% porous libraries are
shown to demonstrate the impact of the libraries on the distribution. Vergal lines at the average
thermal energy are dawn to visually display the shift in the spectrum.
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Table 3-6. Average thermal energy (eV) for HTRPROTEUS core 9 calculated using varying thermal

scattering libraries for graphite.

S(U,b) Lilt 296K(eV) 600 K (eV) Difference(eV)
ENDF/B-VII .1 0.07612 + 0.00002 0.10317 + 0.00002 0.02705 + 0.00003
ENDF/B-VIII.0 Crystalline 0.07566 + 0.00002 0.10313 +0.00002 0.02747 +0.00003
Non-Cubic + Gt 0.07575 #).00002 0.10314 + 0.00002 0.02739 + 0.00003
ENDF/B-VIII.0 10% Porous 0.07425 + 0.00002 0.10284 + 0.00002 0.02859 + 0.00003
Nuclear Graphite 20% Porosit  0.07300 = 0.00002 0.10237 + 0.00002 0.02937 + 0.00003
ENDF/B-VIII.0 30% Porous 0.07191 #0.00002 0.10197 + 0.00002 0.03007 + 0.00003

Additionally, the same libraries were used to calculate the thermal spectrum at 600 K which
corresponds to low operating temperature for a graphite pbbbieore. These average energies
are also given ifrigure 3-31 below displays the hardening of the thermal spectrum for the 30%

porous graphite library. This behavior was seen for each evaluation.
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Figure 3-31. Thermal spectrum hardening as calculated for the HTRPROTEUS reactor using the
ENDF/B-VIII.O 30% porous graphite library. The average energy at each temperature is drawn to
visually display the shift in average energy due ttemperature.
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The resulting difference in average energy as a function of energy, i.e. the hardening of the thermal
spectrum, shows marked increase in comparing the crystalline and nuclear graphiteTtasults.
impact on the thermal energy spectrum isdily reflected in reactivity seen igskas demonstrated

in Table3-7 andeven just a room temperature as displapddegeneral HTRPROTEUS results

in Figure3-28.

Table 3-7. Ker values calculated for HTRPROTEUS core 9 at room temperature and 600 K
demonstrating the reactivity impact form increasing temperature and thermal spectral shiftsThe
difference between the 296 K and 600 K results is reported in pcm. The uncertainty in the difference
is less than 8 pcm.

S(U, b) Lib Lo Ket 500 K Diff. (pcm)
ENDF/B-VII.1 0.99300 0.960%6 -3254
ENDF/B-VIII.O Crystalline 0.9944 0.96093 -3401
Non-Cubic + St 0.9950 0.9609 -3428
ENDF/B-VIII.0 10% Porous 0.99801 0.961® -3632
Nuclear Graphite 20% Porosit  0.99922 0.96220 -3702
ENDF/B-VIII.O 30% Porous 1.00059 0.96250 -3809

These effects demonstrate the necessity of capturingrighite structure accurately
within the cross sectiorThe temperature response varies by more #¥hpcm between the
ENDF/B-VIII.O crystalline graphite and ti8% porous nuclear graphite. Even the+cabic with
1-phonon correctionds results show otable deviations in temperature respoligighout accurate
material structurethe thermal scattering will not predict criticality and other necessary safety
responses for reactor systerfisr a graphite moderated system, especially advanced pebble bed
designs, the temperature responses within the graphite slaowg plays a key role in inherent

safety measures. The deviations in the temperature response of the system will contribute to safety
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and design for graphite critical systems, further underpintie importance of accurate and

appropriate graphite TSLs to represent each system.
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CHAPTER 4. INVESTIGATION OF ADVANCED THERMAL SCATTERING LAW

EVALUATION METHODS AND DOPPLER ANALYSIS FOR URANIUM

Up to this point, the application of the TSL has described the thermal scattering cross
sections. For moderator materials likeygfnite, thermal scattering cross sections aredn@nant
means of interaction. However, for fuel materials, the whole of the energy spectrum is vital as
fission neutrons born within the fuel will by necessity interact within the fuel from birth to final
absorption. Thehemicabinding effects, defined by the TSL, are not limited to the thermal region.
The generalized foralations used in the bound atom region apply also for the higher energies
such as the epithermal resonance region.

Thermal scattering and Doppler broadeningdaireen by the chemical bindingroperties
and temperature of the systeand loth effectsarise from the correlation of atomic movement
defined bythe TSL. The methodslevelopedchere apply theyeneralized TSL alysisfor both
thermal scattering and Doppler broadened cross sections, demonstrated using uraniuis metal
energy continues to increase, thlicit structured, binding treatment will asymptote to physics
defined forfree, individual atomsallowing fa a smooth and consistent transitinrthe total cross

section

4.1  TSL Implementation for Doppler Broadening

Once the TSL has been evaluated with all the required details to generalize structure and
introduce distinct effects, the TSL can be dige crosssection evaluations includinQoppler
broadening operations. The process of Doppler broadening a cross section requires first an
appropriate TSL U and b grid. I n order to carg

interest, the gridding musxtend to appropriate energy and momentum exchanges. For some
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materials, resonances lie well within the thermal energy range and will not require additional
resolution. However many materials have resonances at the upper end of the thermal range and
into the epithermal energy range. For these materials, the gridding must be extended for the TSL
evaluation.

The b gridding will directly correspond to
the resonance to be broadened. The maximum energy inghe ger should correspond to well
above the resonance energy. A linear b grid i
t he DOS divided by Boltzmannés constant and t

f o risthén

b, = (4.1)

The TSL at this maxi mum b v araluaad willhavenneghigible, wi |
contributions to any integral cross section e
scaled by the user to cut off the TSL evaluation after a certain minimum is re@blsegrid will
then be automatically feenteed around the resonance energy such that the energy exchange is
representative for the particular resonance in question.

The corresponding U values are based on the

interactions being considered, the final tnen energy is zero. Additionally, there is no scattering

angle so the ¢ term wil!/| al so go to zero. The
equal to
a:i 4.2
Ak, T
whereEi s t he incident neutron energy. This U va

appropriately transform to the correct coordinate sy$terdoppler broadening.
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Once thelTSL has been evaluated on a grid reflective of the Doppler broadening process,
the convolution of the TSL with the resonance cross section occurs. The process of generating the
resonance cross section occurs within SAMMY.@: Code System for Multilevel-Mlatrix Fits
to Neutron and Chargddarticle CrosSect i on Data Usi 8. F&kahgees d E
purposes of Doppler broadening, SAMMY typically evalgdtee resonance cross section using
the Rmatrix formulation with the ReicMoore approximation. Other methods including the
SLBW, multilevel BreitWigner, and a version of the Reibfoore approximation to simulate the
full R-matrix evaluation are availakl The calculation requires the input of material specific
information, energy range, temperature, and spin group. Resonance parameters including the
capture width and particle width for each channel along with quantum numbers are required. Most
of these mputs can be derived from the ENDF evaluations for a given isotope. The ENIF
can be used to produce the parameter file containing the resonance parameters. This reduces the
number of required inputs and allows for consistent analysis with published libraries.

Based on the user input energy range, the resonance cross gedtien evaluated in
SAMMY. The absorptioncross section is then Doppler broadened using the TSL sucfséeat
Equation(2.112) [13,30)

ax

5..(E)= S o(E+ BT) S ,a . (4.3)

> oo

3

ax

The integral over b is approximated as the su
by @b. The user pmusatt es uTpSpLl yo nt hteh ea papprpor opr i at e
evaluation to Doppler broadeRor this work, theFLASSHcode was coupled with SAMMY to

provide the TSL for the Doppler broadening process. This allows the user to utilize the high

fidelity TSL results fromFLASSHwith the evaluation tool in SAMMY such as resonance fitting.
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By using tle parameters from the ENDF File 2, the energy of a resonance will be specified
and parameterized consistent with currently published analysis. However, these parameters are
often generated based on free gas models rather than crystal structure modaelsciihgfr
crystalline effects will result in a shifting of the peak energy in addition to asyimmetric
Gaussian broadened shape. These effects, especially at low temperatures, will be most pronounced
for lower energyresonances. For these resonancesytiees onanc &, easadusy e, a
reparametrized to be consistent witke trystal structure. WithiSAMMY, this is accomplished
by providing an experimental data set (either transmission or cross section data) with the command
option t o wsaidny. SAMBE gar theh fit the selected resonance parameters (in this
case the absorption width and resonance energ

The process of Doppler broadening is especially important for fuel materials. Uranium is
commorty used in many reactor designs. Specificallgnium metal is often used in cross section
measurements to define the cross section data available for modeling and simulation. As such,
these methods for structudependent broadening will be demonstrated for uranium metal using

FLASSHand SAMMY to ewaluate both the thermal scattering and resonance parameters.

42 Ur ani um -MeMaterlal Mpdéling

In order to analyze the thermal scattering effects and Doppler broadening for uranium, a
model of uranium metal must first be developed. Historically,iunarnas only been considered
as a free atonfor cross section evaluaticand the appropriate lattice conditions have not been
introduced. Uranium metal structure transitions as temperature rises shifting from the

ort hor hphbs ¢ tUo t fplease teorirtd 662 BCEERA].aThe phesence off ®rbital
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electrons results in less tightly packed, less high symmetric type structures for actinide materials

resulting in the unique structures andnmy phase transitions as seeifrigure4-1 [68].
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Figure 4-1. Phase transition states for the actinides (Figure from Ref68]). For uranium with
increasing temperature, the different phases proceed from orthdwombic U-U to tetragonal b-U to
body-centered cubico-U before finally becoming a liquid. At room temperature, uranium will then
take on the orthorhombic U-U phase

For uranium in particular, this means an orthorhombic unit cell with four atoms{one within
the primitive cel) at room temperaturé}U is basecentered orthorhombic in structure with a
crystal symmetrmcm(space group 63). Lattice constants fanium metal have been measured
to bea=2.836A,b=5.867A, ad c=4.936A[69]. The atoms will be offset from whole fractional
positions as measured by an additional paranyeine basis posan of the atoms are then (9,
Y4), (0,y, %), (Y2, Y2¥, Y4), and (Y2, Yy, %) withy experimentally measured to be 0.169]. This
structure can be seenkhigure4-2.
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Figure 4-2. U-Uranium unit cell. The atom positions of the four atoms per unit cell are shown.

Roomtemperature uranium metal will have a densitypproximatelyl8.9 g/cni [70]. For the
purposes of comparison with crossction measurement -UUbest describes the material
structure. Measurements of cross sections routinely occur at room temperature which would imply
a n-phdse uranium.

In its natural state(}U is a noamagnetic meta[71]. Like many of the other actinide
materials, the effects of tHeorbital electrons on uranium is still a continuing field of study. The
binding effects fromthese outer electrons shape the characteristics of the material. In particular,
for U, lattice parameters, atomic positional paramgteand magnetic susceptibility exhibit
temperature dependenaad exhibit anomalies at 43 [R0]. The effects of temperature on the
uniquestructure of:U would seem to indicate a phase transition at 43 K; however, experimental
data clearly demonstrates a consistent structure thrdwghteimperature changéVhile the
structure remains unaffectethe phonon dispersion relationship and lattice constants clearly
deviate at this 43 K transitiorExperimental data for specifically the lattice constants, atom
positiony, and phonon impacts have been measaseafunction of temperature to help broaden

the understanding of temperature effects on uranium metal
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Lattice constants for single crystalU and the effects of temperature were measured using
bothxr ay and neutron di ffr ac tinFgore4i3f69].Blhershaept t 6 s
change at 43 K is evident in both the lattice constants and atom pé&rsitiothese measurements.

The structure remains orthorhombic through the whole of the temperature range shown.
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Figure 4-3. Temperature dependence of the atom positopand v ol ume (1l attl ce con
(Figures from Ref.[69]).

While the exact reasons for these effecenot understood, theories have included impacts
of the 5 electrons in bondings well as the possibilities of charge density wave (CDW) and spin
density wave (SDW) effec{g0,71] ForU-U, the effect of changing electron déty particularly
from a CDWwould result in transition of the electronic structtesulting in magnitudshifts of
the lattice structure. As such, both the atomic lattice and electronic structure would be considered
stable after 43 K.

Using modern mettds, U can be modeled 5]. In order to capture the room temperature
structure and the effects from the out@rbital electronsmore advanced methodsve been
consideredAb initio lattice dynamics (AILD) offers a fundamental physics approach which will

yield the most accurate solution to represent the electronic structure of the mdteriaslid
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materials, AILD typically produces high fidelity predictions of lattice behawtwdels using
these fundament&tchniques will be employed to produce the most accurate representation of the
UU structure to predict the phonon behavior within the lattice. From these results, the best

repr es e n-tailbe implemerited for TSL and crossction evaluation.

4.2.1 AILD Model of Uranium Metal

In this work, the generalized gradient approximation (GGA) is used within the BASP
packag€40,41,47] GGA has been documented to outperform LDA fi@ectron metal$72].
Calculations wes completed without spiarbit coupling (SOC) and with no HubbarelJer) term.
Initial testing of SOCand Hubbard termfor uranium metal agreed with other published results
showingminimal ornegligible improvements in the overall modeling capabilitibemwusing SOC
or Hubbard correctiondor uranium metal[67,73] The PerdewBurke-Enzerhof (PBE)
implementations of generalized gradient appration was implemented48]. PBE was
parameterized to produce accurate energetics of the system. Ath&itimctional tend toward
volumes which are too large and phonon frequencies which are tg@4joft

Lattice parameters and atom positions were optimized using theRBEAunctionalwith
a planewave basisutoff of 550 eV and @1x21x13MonkhorstPack kspace meshThe total
energy convergence criteria was set to 1%@¥0 with a criteria of 0.001 e for each ionic step
These rigorous criteria are required to converge the structure to an accuratentapogsand
avoid false magnetization of the crystal. Additionalg a metal, a densenkesh is required to
correctly @pture electron occupation atearound the Fermi energy.

While uranium metal is a nemagnetic material, in order to properly tréhe outer

electrons, spin polarized (collinear) calculations were performed with the magnetic moments
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automatically set to 1.8s. Within the VASP system, it is advised to preset the magnetic moments
larger than experimental values. All unit cell calcigiag within this work were converged to result
in a total magnetic moment of M. s.eHowever, introducing the spin polarization into the
calculation allows the electron distribution, particularly forftoebital electrons, to be distributed
without restiction to share a spatial orbital with the opposite spin. Since for uranium metdl, the 5
orbital is not filled, the spin polarized calculation is needed.

The unit cell was optimized for uranium metal using the criterion outline above. The
reaulting electonic structure i€ompared against measured datkigure4-4 along with theunit
cell parameters iTable 4-1. The f-electrons will dominate the total electron density of states
(eDOS) in the energy region around the Fermi energy TBe model correctly captusehe

metallic behavior andhows reasmable agreement with the experimental values.

I ' 1
VASP AILD (GGA-PBE)

+ BIS Measurement
x  XPS Measurement

Total Electron DOS

E-E (eV)

Figure 4-4. Total eDOS for uranium compared with experimental measurementXPS measurements
below the Fermi energy (B and BIS measurements above {Bvere normalized to demonstrate the
energy modes comparison between calculated and measured val{i&s].

Many other mdtods of modeling actinide materials have been implemented to capture these large

and complex system®ther computational methogsblishedor -U have included full potential
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linear muffintin orbital (FRLMTO) models, GGAPW91 (PerdewwWang 1991 functional)

models, GGAPBE models, and norrsonserving(NC) pseudopotentialaith and without SOC

and Hubbard (+U) termlg3,76-80]. The results from thesather works are compared Trable

4-1.

Table 4-1. Lattice constants(a, b,and c) and atom position(y) f o rU a&lpredictedwith VASP AILD
methods inthis work and other previously published methodscompared with experimental data
Other methods of calculation include GGAPBE [76], GGA-PW91 [77], GGA-PW91 + SOCJ[77],
GGA-PBE + U[78], GGA-PBE + U + SOCJ[78], FP-LMTO [73], and NC in both GGA[79] and LDA
[80]. Experimental data is reported at 50 K and room temperature, both of which are after the
electron structure transition that occurs at 43 K[69]. All data is compared against the experimental

room temperature values and eported as a percent difference

&)
O et
AN -3 R A O N N - O B O
S/ &l 8l o/ 5 2 [ 9 -/ =/ £/ F
e N & @ = I ~ > ~ <
= ~ > a. = £ o : <
S = = = & =y = — & @ .
L 3 S 5 o ¥ & < © =
5 E ,§ ":""J 2 E’J &y fn) = 2] o
s o - & = 5 Jou) + = 2 =
2 £ & Q & 2 a jod o 5 5
L:’c o &~ -“?} o ~ :g Lz- g
- SR g &
A
a (A) 2.836 | 2.854 | 2.803]2.793 | 2.800 | 2.797 - -— 2.845 | 2.842 | 2.805
b (A) 5.867 | 5.870| 5.841 | 5.849 | 5.896 | 5.867 - - 5.818 | 5.740 | 5.438
c (A) 4936 | 495514905 | 4.894 | 4893 | 4.893 - - 4996 | 4.945 | 4.956
0.098 | 0.097 | 0.098 - - 0.103 | 0.100 | 0.107

y (A) 0.102 | 0.102 | 0.098

¥ (A¥/atom)| 20.54 | 20.75 | 20.07 [ 19.99 | 20.19 | 20.07 .
Diff a (%) | — | - |-178]-213[-188]-199| —— | — [-030]-041]-171
Diff 5 (%) | — | — |-051]-035]045[-004] — | — [-088]-221]-735
Diff ¢ (%) | - | -~ |-102]-123]-125|-125] -~ | — | 083 | -020 | 0.02
Diff y (%) | — | -— [-355[-392]-490]-392] -~ | — [098]-196] 490
Diff. ¥ (%) | - | - [-326|-367]-267[-325] 001093 -036/-280]-891

Because the lattice constants will impact phonon properties, the percent difference between
calculated and experimental values sinewn compared with the room temperature. Comparing
the results from this work with previous calculations with experimental values, the DFT simulation
captures the pertinent aspects of the uranium metal structure consistent with other previously
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publishedmethodsThe predictedattice constantghile reasonablshow greater deviation from

experiment than expected fab initio methods.

A secondary point of comparison is the uranium metal elastic constaaisured using

high-frequency ultrasonic wave velity techniquedy Fisher and McSkimif81,82] Because of

the difficulty in capturing the various directional components of uranium metalel#stic

constants

provi de

a

key

i ndi

cator

of

a

model

structure. Using VASP with @displacement of 0.015 A and IBRION=6, the elastic constants were

calculated for the unit cell systerihe resulting elasticanstants are given imable 4-2 and

compared with other evaluations and experimental measurements.

Table4-2. EIl asti c
various computational methodsand experimental data[81,82] Uncertainties of the experimental
values range from 0.10% tol.5%. These methods compared here includ6 GA-PBE [76], GGA-

c onst a-tVASP AlbDr corsparedgvithgredicteq valtiea from U

PW91[77], GGA-PW91 + SOC[77], and FP-LMTO [73].

—_ ~ ~
S/ x ol _/ ~ /&8
S 8? 2 @ ) g =
= g & g = b~ ~
t 5]/ 5 58] ¢
il ¥ = = 3‘? f: S
a A @ ] —
i)/ &) 5/ 2
~ Q & S
Cn 174 215 299 299 293 296 300
Cyn 209 199 226 231 227 216 220
Cs; 288 267 357 364 331 367 320
Cu 141 124 154 100 149 153 150
Css 91 73 125 150 117 129 93
Ces 35 74 98 132 95 99 120
Ci, 34 47 58 59 60 60 50
Cis 29 22 24 30 30 29 5
Cys 111 108 143 144 147 141 110
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The values for bulk properties were then derived using the NRegssHill approximation

for an orthorhombic system (s@é€PENDIX B) [83]. Values for the moduli as derived for this

work are givenin Table 4-3. Additional measurements including the bulk modulus (B), shear

modul us

(G) .,

Youngowmnimsedulat$s o( EYI) hadddiond o is® i

experimental references.dh experimental publication providedluesfor the elastic constants

(but not a certain parametethe bulk properties were evaluated using the VVBigussHill

approximation as welExperimental values were gatied from available sources to demonstrate

the range of -Walues

Table 4-3. Properties of bulk modulus 8), shear modulus G) ,

typical

of U

Youngo§&) ,moadrud uRBoi(son

ratio () ascalculated in this work with VASP AILD and compared with other published methods

and experimental data.

B(GPa) | G(GPa) | E(GPa) | U (A)
Experiment at 50 K81] 111
Experimen{68] 97.9 73.1 0.20
Experiment84] 135.5
Experimen{85] 59-84 152-200 | 0.190.28
This Work (PBE) 146 113 269 0.19
Beeler (PBE]76] 151 111 267 0.21
Taylor (PW91)[77] 149 107* 257* 0.21*
Taylor (PW91+SOC)77] 147 113* 269* 0.19*
Soderlin(FP-LMTO) [73] 133 112* 261* 0.16*
Freyss (GGANC) [79] 143
Crocombette (LDANC) [80] 182

*Calculated from provided elastic constants

Effects from SOC and +d terms are demonstrated in the other published resuliatle

4-1 throughTable 4-3. The impact of the lattice constants due to SOC are minor. The results

demonstrating the Hubbard term produce lattice constants in good agreement with experiment.

However, these effects seem to be a beneficial cancelation of errors and also istnegiatee
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impacts on the evaluation of other key factors such as formation enthalpies as documented in Ref.
[84]. In the elastic constants and bulk moduli, the impact of SOC is negligible and does not
improve agreement with experimental data. The mod#tisnwork with no additional SOC or
Hubbard terms performs well further demonstrating that these modifiers are not refbeed.
resulting elastic constants and bulk properties compare well with experimental data and
demonstrate the expected and requirdelity to capture lattice phonon properties.

The VASP modelwas used to generate phonon information through traditional AILD
methods (see Secti@®). The unit cell model, having been verified to show reasonable agreement
with experimental properties for uranium metal, was then extended to generate the Hellman
Feynman forces within a lamgsupercell system. A supercell of 64 atoms (4x2x2 conventional

cell shown inFigure4-5) was used in order to remove size effects.

Figure 4-5. 4x2x2 supercell fotlVASP AILD phonon calculations.

Because the uraniumandc lattice constants are nearly double the length tfie supercell must
be elongated along thedirection in order to capture all effects. A 4x2s@percell results in
overall dimensions of the supercell which are nearly equivalent in each dir@eti@orresponds

to an interaction range of approximatdlg A or 0.57 meV This helps to improve accuracy of
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results and ensure certain frequency modesat neglectegarticularly atthe lowest energiesf
the phonon DOS. A reduced MonkhePsck kmesh of 7x7x7 was used for the supercell
calculations.

The AILD supercell structure was thenaptimized by allowing the atom positions and
cell volume tochange. This did not result in notable changes to the structure but allowed the
residual forces within the system to be minimized. The supercell electronic structure was then
optimized. Using this fully optimized supercell, six displacements of A @éreperformed, and
the forces due to the displacement tabularized.

The phonon dispersion relations were calculdredn the resulting forcessing the DFT
code phonopy86]. Results explicitly along three directions of high symmetry are compared with
experimentadata inFigure4-7, and he directions of symmetry for thEmcmspace group are
demonstrated iffigure4-6. The dispersion results are integrated over the whbBxillouin zone

to generate the total phonon DOS givelfrigure4-8.

[o10]

[100]

Figure 4-6. First Br i | | o-Uistuctue aorrespohding to thér measurements and
calculations inFigure 4-7 (Figure from Ref. [87]).
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Figure 4-7. Phonon dispersion relations calculated from VASP AILD and compared with
experimental measuremen{87]. Different symbols are used to represent the various modes identified
in the measurement.

I T I ' I T 1 T
VASP AILD (GGA- PBE)
o Experiment (300 K)

Phonon Density of States

Figure 4-8. Phonon DOS calculated from VASP AIMD and compared with experimental DOS
measurement[88]. Negative modes in the calculated DOS are indications of imaginamesults
introduced from the DFT smulation.
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From these plots, one can clearly see the impact of the AILD methodology on the phonon
results. VASP GGA-PBE produces dispersion relations with negative frequencies. Negative
frequencies either represent a phase transition oiphgsical resulf. Since the orthorhombic
s t r u c t-Wis stable thesd_hegative frequencies arephysical. This trend for PBE hasdre
documented for other materials as veé#,89]

Functionals like PBE which are parameterized to produce accurate energetics consistently
produce volumes which are too large and phonon frequencies which are {@d]s&fthile LDA
will tend to underestimate volume and overestimate the bulk modulus, the phonon frequencies will
tend toward higher frequencif®9]. This has led some to attributee differences in the phonon
band structure to structural differences cause by LDA and-BB8R prediction$89].

| n t he c-H dispersion relatibne, thelimaginary frequencies appehe [1 0 0]
direction near the unit cell boundary notated by the dashed vertical likggure 4-7. This is
consistent with surface effects deviations noted fde RBcomparison with other functiondf0].

Upon investigation, the negative modes are produced as the result of forces from atoms directly in
line in the xdirection with the perturbed@n. This further supports the understanding of surface
impacts from the functional. Other than the differences in the lowest energy modes, AILD
produces results with reasonable agreement with experimental data, following consistent trends
with the data. Té deviations which are seen can be attributed, in some part, to temperature effects.
This is particularly true in the [100] direction forh e moHe.

In the [100] direction, the mode near the unit cell boundary shows drastic deviations. From
experimentadata, it can be seen that this mode is strongly tempem@épendent. The measured
data presented iRigure4-7 was taken at room temperature. However, additional measurements

of this direction were later taken at temperatures ranging from 30 K to 300 K which are shown
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below inFigure4-9. These measurements were conducted only for the one mode as accuracy at
such low temperatures is difficult. The trends, however, denote both a temperature dependence of
t h dJ pkibnon modes and a trend towards a transition state as the tenepeeateases. As the
frequencies approach zero, a transition of the structure is implied by the experimental phonon
dispersion measurements. This is consistent with the hypothesized CDW at 43 K. DFT calculations
such as those performed here using VASP aneidered 0 K calculations. As such, the models of

U-U would reasonably tend towards an unstable state, and therefore negative frequencies.

Figure 4-9. Temperature response of thgphonon dispersion relato n' s U dnrthe [100] direction
compared with VASP AILD. Temperature-dependentcht a was onl y menadewithed f or
sufficient accuracy to denote clear trend$37,91]
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