Vibration of elastic thick cylindrical shells
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1 GOVERNING EQUATIONS

The improved theory proposed by Herrmann and Mirsky retains the
influence of rotatory inertia and transverse shear deformation.
The assumption adopted is somewhat the same as those of R.D. Mindlin
for the thick plate, i.e., the normal to the middle surface is still
a straight line, but not necessarily normal to the middle surface
after deformation. The equations derived on the improved theory
are listed in terms of dimensionless parameters as follows:
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The homogeneous time-independent
boundary conditions are

#=00r N, =0,
(1.2a) $.=0or M,=0, forf=x/1=0,1
w=00rQ,=0,

The time-dependent boundary
conditions are

u=fi(r)or N.,=f,(v), ,
(1.2b) $x=fo(2) o M,,=fu(7), forf=x/1=0,1
w=[fs(1) or Q.= fo(1) .

The initial conditions are
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u(§50)=u0(§)’ ¢x(§’0)=¢xb(£)9 w(E,0) =we(§), }
2(ES0) = 40(E)s $:(5,0) =dua(8)s w(£,0)=wal(8)s

The stres-displacement relations are

(1.3)

(1.4) Nuo=u +vw/r+h¢./(127), Ny=vu’ +[1+h*/(12¢*) Jw/7, }
’ M11:¢'x+'u’/7, Q;=¢x+w’_§
where
0w g __ “e”
* or

2 FREE VIBRATION

The conditions for free vibration are

(2.1) pr=me=p,=0,

We shall solve the free vibration problem in the following steps.
2.1 Modal functions
Assume that the modal functions take the following forms:

u(g,f) =U(§)Si,ﬂ(m1)’
(2.2) $:(E,7) =D (E)sin(wr)y |
w(€,7) =W (E)sin(w1),

where U(&), @P+(E) and W(E) are modal functions corresponding to
the axial displacement, angle of rotation of cross section in the
x-z plane and the radial displacement, respectively. The crucial
part of the analysis lies in choosing appropriate series forms for
the modal functions. The series should be simple in form and at
the same time possess orthogonality properties. It is not necessary
that the series satisfy any particular boundary conditions since
one is dealing with a general solution. There are two sets of Fourier
series which meet all these requirments (Table 1). From Equations
(1.3) and (1.4), it is not difficult to understand the conclusion
in the right column of Table 1.

Table 1
Name of sets Form _l Characteristics
- © The 'CCS' set represents the exact
U(E)=Ao+§l4m305(’“”§) solution for the shell when it has
) - simply supported ends with no
ccs ®,(E) = By + Y Bacos(ma) | axial constraint (SNA-SNA). It
. = satisfies the following boundary
W (&) = 32C nsin (maf) conditions term-by-term:
= Nue=0, Mi=0, w=0, (§=0,1),
iy . The 'SSC' set represents the exact
U(E)—mZ_IA,,,sm(mnE) solution for the shell when it has
SSC = . freely supported ends (FS-FS). It
@,(Ij):EBmsm(mer) satisfies the following boundary
- conditions term-by-term:
W(E) =Co+ TCueos(mal) | 4=, ¢,=0, Q,=0, (=0, 1.
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Through Stokes' transformation, the two sets of series can be used
to obtain the exact solution for shell problems with any combination
of different homogeneous boundary conditions expressed in Equation
(1.2a). There are eight possible combinations of boundary conditions
at each end of the shell (Table 2).

Table 2 Homogeneous boundary conditions for circular cylindrical

shell
Case R Boundary
Number Symbol | Description conditions
1 C Fixed e=¢,=w=0
2 CNA Fixed with no axial constraints | Ne=¢.=w=0
3 SS Simply supported "=M=-=W=°
4 SNA Simply supported with no axial Ne=2Mpu=w=0
constraints
5 FS Freely supported 2=¢,=Q.=0
6 FSNA Freely supported with no axial = Pe=0s=0
constraints
7 FA Free ends with axial constraints| #=M=0.=0
8 F Free ends Nu=Mo=0,=0

2.2 Stokes' transformation

When differentiating the Fourier series, one must take care of the
end wvalues. For example, when a Fourier sine series is used to
represent a ‘function, the end values of the function are forced
to be zero. Direct differentiation of a Fourier sine series leads
to a cosine series without the constant term. The obtained cosine
series doesn't form a complete set of functions. To renovate flexibi-
lity of end values, namely, to obtain the correct form of derivatives
of the Fourier series, Stokes' transformation must be employed.
Stokes' transformation consists of defining each derivative with
an independent series and integrating by parts the newly defined
series to obtain the relationship between the Fourier coefficients.

The expressions for 'CCS' set and their derivatives can be obtained.
It should be emphasized that the end values for the modal fuynction
play the same role as the Lagrange multipliers in the generalized
variational method.

2.3 General formulations

Either 'CCS' set or 'SSC' set can be used to obtain the expressions
of the frequency equations and the modal functions of shells whose
homogeneous boundary conditions are of any type. In this paper only
a 'CCS' solution will be given in detail.

The 'CCS' set satisfies the SNA-SNA boundary conditions term by
term. The frequency equation for the SNA shell is directly obtained
by substituting 'CCS' set into Equations (2.2) and the corresponding
homogeneous Equations of (1.1). For all shells with other boundary
conditions, the frequency equation is determined from the specified
boundary conditions. For generality of the formulation, the FS-
FS shell will serve as the basic problem for 'CCS'. All other shell
problems with different boundary conditions are simplified in special
cases of this basic problem. It can be seen from Equations (1.3)
and (1.4) that none of the six boundary conditions of the basic
problem are satisfied by 'CCS' set on a term-by-term basis. Thus,
the constraint conditions for satisfying these boundary conditions
lead to a six-by-six frequency determinant. Solutions for shells
with other boundary conditions lead to a smaller size determinant.

Then, a 'CCS' solution for the free vibration characteristics
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of a FS-FS shell will be given. By substituting the 'CCS' set and
Equations (2.1), (2.2) into Equation (1l.1), and after some algebraic
calculation the following equations are obtained.

{ 4o }=[ Tas raa] qt(N3+N.‘r)/2+Qa(M2+M:)/2+q,(W,,+W,)/2}
B, 70a Top 4 N+ NI/2+ (M2 +M3)/2+qo(Wo+ W) /2)°
40,

{Am Ta,aga; QNS+ (~D"ND +4(ME+ (- D™ML) + gg(Wo + (- D™W,)
B,,} b, bg by {qz(N:+(-1)"‘Ni)+q4(M2+(—1)”‘M:)+q.,(W.,+(-1)"‘W,)}

Cu’ lcacper s —am(Wo+ (- 1D"™W,)

In Equations (2.3) and (2.4), Fourier coefficients of the 'CCS'
set are written in terms of the boundary values. The four quantities
N¢, Ni, MJ and M} are associated with the end forces and moments.
The two quantities W, and W. are associated with the geometrical
boundary values. The quantities q,, 49;,..., Q¢ are related to the
parameters of material properties and geometric characteristics
of the shell. The quantities Ywe , 7e8 , Y82 , 788 , G2, GB,..., CT.
are also related to the natural frequencies of the shell.

The boundary conditions for FS-FS shell (see Table 2) are

u=¢x=Qx=03 (5:‘0’1)_.

None of the six boundary conditions are satisfied by 'CCS' set on
a term-by-term basis. To obtain the 'CCS' solution for the FS-FS
shell, the six boundary values NI, Ni, Mi, Mi, Wo and W: must be
adjusted to force the FS-FS boundary conditions to be satisfied
in an overall sense. Substitution of the relations (2.3) and (2.4)
into the six constraint conditions for FS-FS shell leads to the
homogeneous matrix equation

(2.5) [ewl+{Nt, Ni, Mi, M3, Wo Wi}'=10}

where i,j=1,2,...,6. The six equations in (2.5) represent the six
boundary conditions for FS-FS shell

"le-n=“l£-1 =¢sl£-o=¢x|£-1=Qzl€-0=or‘£-l =0,

The boundary values of N« , M« and w for FS-FS shell should be
unspecified, i.e., the quantities N!, NI, M2, Mi, W¢ and Wi in Equa-
tion (2.5) should be unspecified. For a non-trivial solution of
Equation (2.5), the determinant of the matrix must vanish. which
results in a characteristic equation

(2.6) leil=0,

The natural frequency Q=w? appears as a parameter in this equation.
Each element of this frequency determinant éi; is an infinite series.
The eigenvalues of (2.6) determine the natural frequencies of the
shell., The corresponding eigenvectors determine the mode shapes.
2.4 Frequency equations for any type of shells with homogeneous

boundary conditions
The requirement to satisfy FS-FS boundary conditions by the 'CCS'
set leads to the six-by-six frequency determinant (2.6). From this
determinant, one can also obtain the frequency equations with
order=6 for any other combinations of boundary conditions by deleting
inapplicable rows and columns from the determinant. Frequency equa-
tions for several typical boundary conditions by the 'CCS' set are
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given in Table 3. It should be pointed out:

1 Since the 'CCS' set satisfies all the six boundary conditions
for SNA-SNA shell, i.e., Nu =Mu« =w=0, for £=0,1, the elements of
the frequency determinant S (i,j=1,2,3) are all algebraic terms.

2 None of the FS-FS boundary conditions are satisfied by the
'CCS' set on a term-by-term basis, i.e., all the six conditions
satified automatically by the 'CCS' set are unnecessary. Therefore,
the six boundary values NI, Ni, M!, M}, W, and W, must be adjusted
to relax the six unnecessary conditions and to force the FS-FS
boundary conditions to be satisfied by the 'CCS' set in an overall
sence. In this way, the six-by-six frequancy determinant (2.6) is
obtained,

3 The six boundary conditions for SS-SS shell are

u=M,=w=0, (E=0,1)

The 'CCS' set automatically satisfies the last two equations and
the unnecessary natural boundary conditions Na =0 at both ends.
The frequency equation can be obtained by forcing the geometrical
constraint conditions of u=0 at both ends with, at the same time,
the ends forces N, left unspecified. This is actually done in Equation
(2.6) by retaining the rows and columns associated with N} and
N: (i.e., deleting row 3, row 6, column 3 and colum 6).

The final result is a two-by-two frequency determinant jeis) =0,
where 1i,j=1,2. The frequency determinant for shells with other
boundary conditions can be obtained from Equation (2.6) in the same
way.

4 The 'SSC' set can also be used to obtain the frequency determinant
of the shells with any type of homogeneous boundary conditions.
The most complicated problem for 'SCC' is the SNA-SNA shell. The
easiest problem for 'SCC' is the FS-FS shell. If the order of the
frequency determinant obtained by use of 'CCS' set is P, the other
obtained by 'SCC' set is 6-~P in the same set of boundary conditions.
Therefore, one can always obtain the exact frequency determinant
with an order<3 for any case of boundary conditions.
2.5 Modal shapes
For each eigenvalue, the relative magnitude ratios of N!, NI, M,
M:, Wo¢ and W: can be obtained from Equations (2.5). Substituting
them into Equations (2.3) and (2.4), Ac¢, Bo, Am, Bm, Cmare found.
Then, the modal functions and their derivatives are obtained from
Table 1.

The orthogonality conditions of the modal functions are

fu= .‘ :!:w; + PQu /1 + I (Do + Ui /1) Pey + W W, 1dE

{ =0 Y i
X0 Yi=g ‘ »
where the subscripts i,j indicate mode numbers. The orthogonality

conditions include the effects of curvature radius 7 and the area
moment inertia of cross rection.

(2.7)

3. CONCLUSIONS

A general analytical method is presented in this paper for evaluating
the axially symmetric vibration characteristics of an elastic thick
cylindrical shell with homogeneous boundary conditions and time-
dependent boundary conditions of any type subjected to arbitrary

473



loads. Numerical results indicate that the improved theory or the
three-dimensional theory should be employed in research, when the
thickness-radius ratio of the cylinder, especially when its thickness-
length ratio and the wave number is larger.
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