
 

 Transactions, SMiRT-22 
San Francisco, California, USA - August 18-23, 2013 

Division I 
 

Analytical solutions of the transient thermal field induced in finite bodies with 
insulating and convective boundary conditions subjected to a welding heat 

source 
 

Thomas F. Flint1, John A. Francis2 and John R. Yates3 

 
1 Research Engineer, School of MACE, University of Manchester, Manchester, U.K.  
2 Senior Lecturer, School of MACE, University of Manchester, Manchester, U.K.  
3 Professor of Computational Mechanics, School of MACE, University of Manchester, Manchester, U.K. 
 
 
ABSTRACT 

 
The transient temperature fields induced during welding influence the magnitude and distribution 

of residual stresses, the sizes of the fusion and heat affected zones, the evolution of the material 
microstructures, material properties and, ultimately, the fracture toughness. The ability to predict these 
transient temperature fields is therefore crucial as it underpins our ability to assess whether safety-critical 
welded components will be able to operate satisfactorily throughout their intended service lives. 

In this paper, an analytical solution is presented for the transient temperature field induced by a 
moving double ellipsoidal heat source in finite bodies with both insulating and convective boundary 
conditions. Our work presents an extension of the analytical solution proposed by Roshyara et al (2011), 
who computed the transient temperature field in a finite domain with insulating boundary conditions; and 
Nguyen et al. (1999) who first attempted using Green’s functions to calculate the transient thermal field 
in infinite bodies. The approach described in this paper is also based on the application of Green’s 
functions derived by the Laplace Transform method. We present an analytical solution for a combination 
of insulating and convective boundary conditions. In addition, we also present a mathematical description 
of the ramp up and ramp down of the heat source power that occurs at arc strike and when the arc is 
extinguished. 

The solutions presented in this work have been assessed through a comparison of predicted 
transient temperature fields computed using the finite element method and against temperatures measured 
experimentally for the case of an autogenous single weld bead on a plate. The transient temperature fields 
predicted by the analytical solutions, particularly those where convection from the surface of the plate is 
included, are in excellent agreement with both the finite element models and the experimental data. It is 
expected that this work will contribute to applications in the modeling of microstructure evolution, 
thermal and residual stress analysis and welding simulations of realistic structural geometries. 
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INTRODUCTION 
 

Large thermal stress gradients are generated during welding, in the vicinity of joints, due to 
localised heating and subsequent cooling.  These can cause weld cracking or distortion resulting in 
component failure, reduced service life and loss of functionality. Welded structures can also become 
susceptible to hydrogen embrittlement and other detrimental phenomena as a consequence of this 
transient temperature field as discussed by Withers et al (2001). It is important therefore to understand the 
temperature evolution, particularly in high integrity steel components, where the application of the heat 
source causes microstructural changes that can lead to a decrease in structural integrity. 

Finite element analysis, (FEA), is currently the preferred tool by which welding simulation is 
performed. The thermal analysis of a welding process involves the solution of a heat transfer problem 
with a highly concentrated heat source in motion, as used by Hibbitt et al. (1973). In welding analyses, 
the moving double ellipsoidal heat source model, proposed by Goldak et al. (1984) is one of the most 
widely used heat source models. One of its virtues is that it can accommodate a wide variety of fusion 
welding techniques. FEA is computationally expensive in welding analysis; the highly concentrated heat 
source requires the mesh to be refined along the welding path. The solution and validation of FEA 
transient temperature fields is time consuming and can be demanding on computation resources. It is 
therefore desirable to have an analytical solution for the transient temperature field in a finite domain 
when subjected to a welding heat source, with realistic boundary conditions, on the domain 
 Analytical solutions are usually based on a number of simplifying assumptions; constant material 
properties are used and the domain over which the transient temperature field is being computed is 
considered to be infinite, as was assumed by Nguyen et al. (1999) and Fachinotti et al. (2011). Analytical 
solutions computed over infinite domains have historically been used to verify finite element solutions. 
Recently analytical solutions for the transient temperature field have been investigated more rigorously in 
order to provide better solutions against which to benchmark FEA results. The infinite domain of 
previously computed solutions means they are inaccurate as the size of the work-piece being considered is 
reduced.  

To compute the Green’s functions for a certain set of boundary conditions, either the method of 
images or the Laplace transform method can be used; as discussed by Roshyara et al. (2011) and Cole et 
al. (2011). Heat kernels formulated by the method of images contain singularities at the location of the 
heat source; they also do not satisfy the imposed boundary conditions accurately. In this paper the 
Laplace transform method is used to formulate Green’s functions for both a finite plate with insulating 
boundary conditions and a finite plate with insulating boundary conditions and a convective boundary 
condition for the surface where the weld bead is deposited. The accuracy of the computed analytical 
solutions is shown to be equal to that of the FEA solutions for orthogonal geometries.  

Presented in this paper is an analytical solution for the transient temperature field induced in a 
finite domain where the surface of the plate, upon which the weld bead is deposited, experiences heat 
losses due to convection and all other faces are thermally insulated. This is the first time that heat losses 
due to cooling laws have been accounted for in analytical models. A mathematical function to describe 
upslope and downslope of the welding input power is also hypothesized. This closed form analytical 
solution accounts for differing ramping rates as the arc is struck and extinguished. The analytical solution 
agrees very well with experimental results obtained. 
  
HEAT SOURCE MODEL  
 

In a solid body that contains variations in temperature, heat flows from a region of high 
temperature to a region of lower temperature; this heat flow is associated with the vibrational energy of 
atoms and molecules. By Fourier’s law (1822) this heat flow is related to the transient temperature field in 
the domain, Ω. For an accurate analysis of the physical behaviour of welds the first step is to compute this 
transient temperature field, T (x,y,z,t), for the component being welded. For a given material and joint 
design, this temperature field largely determines the size of the fusion zone (FZ), the region of the weld 
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where melting and re-solidification occurred, and heat-affected zone (HAZ).In order to understand the 
mechanisms by which micro-structures in the weldment change, and therefore limit or exploit these 
changes, it is important to understand how the heat is distributed from the welding torch, and how this 
heat is dissipated throughout the geometry of the weldment. 
 For welding processes in which the momentum transfer effect of the arc on the weld pool is large, 
Goldak et al. (1984) derived a model to describe the volumetric heat flux acting on a plate due to an 
applied arc. For arc welds, accurate results are obtained with a power density distribution in which 
surfaces of constant power density are ellipsoids and on radial lines the power density obeys a Gaussian 
distribution. In order to overcome the discrepancy between the predicted and measured temperature 
gradients in front and behind the arc, two ellipsoidal heat sources were combined as shown in Figure 1, 
the front half of the source is the quadrant of one ellipsoidal source and the rear half of the heat source is 
the quadrant of another ellipsoidal heat source. 
 Consider a moving Cartesian co-ordinate system (x, y, ξ) where the welding heat source travels 
down the z-axis at a constant velocity v. The transformation relating the fixed (x, y, z) and the moving (x, 
y, ) co-ordinate system is vtz  . The heat source is initially located at z=0 and at t=0. 
 

 
Figure 1. Double ellipsoidal volumetric heat source, Goldak et al (1984). 

 
From the Goldak heat source model the volumetric heat flux for a point in the domain Ω is given by 
Equation 1. 
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Where rf and rr are the heat input proportions in the front and rear ellipsoid quadrants respectively: Q is 
the energy input rate from the arc given by the equation Q=ηVI, where η,V and I are the arc efficiency, 
arc input voltage and arc input current respectively: a,b,cr and cf  are the are the respective radii of the 
flux distributions defined such that the flux falls to 5% of its peak value at their spatial location. 
 
Extension of Goldak Heat Source 

 

During welding it is necessary to ramp up and down the welding input power at the beginning 
and end of the weld respectively. After the arc is struck, the contact volume in the domain heats up. This 
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increase in temperature increases the electrical impedance of the volume. Increased impedance serves to 
oppose the passage of current through the volume. There is a time delay between the power source 
registering the effects of this increase in impedance and increasing the input current/voltage to account for 
this; hence the non-linear increase in input power even when a linear increase in requested, as 
documented by Egerland et al. (2001). 

In order to account for this a ramping function was derived, a graphical representation of this 
ramping function is shown in Figure 2. This shows a case where the arc power upslope began at 45s, the 
ramping up rate is greater here than the downslope ramping down rate, which is again common when 
welding. The ramping function accounts for the increase and decrease in power supplied to the welding 
arc. 
 

 
Figure 2. Ramping function used to model upslope and downslope of the welding input power. 

 
The ramping function takes the form shown by Equation 2. 

 

   

































































































































down

end
down

up

start
up Rv

z
tR

Rv
z

tR

R
99lnexp1

1

99lnexp1

1   (2) 

 
Rup and Rdown are constants controlling the ramping up and down rate respectively, the constants zstart and 
zend are the locations of the welding arc strike and end points along the welding axis and v is the velocity 
of the welding torch. The function is derived such that the fractional power is 1% of the total power at 
zstart and zend. The ramping function can also be used to model cases where there is an instantaneous 
ramping up and down of the power input at locations at zstart or zend respectively by setting Rup or Rdown to 
large values. The extended Goldak heat source that takes into account the ramping up and down is given 
by the product of Equation 1 and Equation 2 as shown in Equation 3. 
 

Rqq G       (3) 
 

GREEN’S FUNCTION FORMULATION 
 

For transient heat conduction a Green’s function describes the temperature distribution caused by 
an instantaneous local heat pulse. The Green’s function for a given geometry and set of homogeneous 
boundary conditions is a building block for the temperature distribution due to a functional initial 
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temperature distribution, time and position varying boundary conditions and time and space varying 
internal energy generation q. 
 Heat conduction in a homogenous solid is described by the linear partial differential equation 
shown in Equation 4 below. 

qTk
t
Tc 


 2      (4) 

 
In this equation ρ, k and c are the mass density, thermal conductivity and specific heat capacity 
respectively; q≡q(x, y, z, t) is the rate of internal heat generation which represents an applied heat source 
or sink rate in the domain Ω. This partial differential equation describes the distribution of heat (or 
variation in temperature) in a domain over time. The temperature T (x,y,z,t), as a function of both spatial 
and temporal co-ordinates, satisfies the heat equation, at every point in Ω. The fundamental solution of 
the heat equation in one dimension is given by the Green’s function shown in Equation 5 below, as shown 
by Cole et al. (2011). 
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Where α=k/(ρcp) is the thermal diffusivity. This fundamental solution describes, in an infinite body with 
an initial homogenous temperature distribution, the temperature increment at position (x, t) if an 
instantaneous point heat source were applied at (x’, t’). Figure 3 shows a graphical representation of this 
fundamental solution as a function of the spatial offset of the point heat source to the observation location 
(x-x’) for various values of α(t-t’). Note how as α(t-t’)→0 the fundamental solution tends toward the 
Dirac delta function introduced by Dirac (1953), K (x−x’t−t’)→δ. From the definition of the Dirac delta 
function the area under each of the curves in Figure 3 is unity; as t increases (t-t’) increases and the K(x-
x’,t-t’)function spreads out and the maximum decreases. This function can be used to find the temperature 
field in the domain due to an applied heat flux or initial condition as described by Cole et al. (2011).  

 
Figure 3. The fundamental solution, as used in transient 1D heat conduction formulation. 
 
Two and three dimensional Green’s functions can be found by multiplication of one-dimensional 

Green’s functions for Cartesian co-ordinates, for most boundary conditions if the domain is homogenous 
and the geometry orthogonal. The three dimensional fundamental solution, K(x-x’,y-y’,z-z’,t-t’), is 
therefore given by Equation 6 below. 
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This fundamental solution is the solution that has been used most commonly by previous authors to 
model transient temperature fields. 
 
Insulating Boundary Conditions 

 
The fundamental solution is limited in that it assumes an infinite heat sink. However, by 

considering initial and boundary conditions on the finite domain Ω, Green’s functions can be constructed. 
If only conduction is being considered the weldment can be modeled by considering insulating boundary 
conditions at every face. In three dimensions it can be shown, via the Laplace transform method, that the 
Green’s function that describes this, G(x-x’,y-y’,z-z’,t-t’), is given by Equation 7 shown below. 
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B, D and L are the spatial extent of the plate in the x, y and z directions respectively. 
 
Convective Boundary Condition 

 

For large heat inputs the analytical expression with all insulating boundaries on the domain is not 
an accurate representation of the physics of the problem as there is no accounting for heat loss from the 
domain by cooling. There will be heat losses from the domain. Consider a domain where all the 
boundaries are insulating, except for the surface boundary at y=0 along which the welding torch passes, 
let us allow convective heat losses from this surface. For this we consider a constant convective heat 
transfer co-efficient h. It is sensible to apply a convective loss boundary condition on this face alone as 
this face experiences the greatest difference in temperature compared to its environment and the 
convective loss coefficient is a function of temperature difference. The Green’s function for this condition 
will not be derived here due to lack of space but it can be demonstrated through a Laplace transform that 
the Green’s function for convection at y=0 and insulation at y=D is given by Equation 8. 
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The eigenvalues βm are the positive roots of the equation βmtan[βm]=BNuss. BNuss is the Nusselt 

number, the ratio of convective and conductive heat transfer at the boundary. Figure 4 shows the 
graphical representation of the eigenvalue problem for a Nusselt number of 0.05. 
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Figure 4. Eigenvalue problem for convective boundary condition at y=0 and Neumann boundary 

condition at y=D. 
 

The integral over the y-dimension of this Green’s function with the y-component of the Goldak 
heat source yields a complex expression; the real part of this expression must be taken. 
 

THERMAL ANALYSIS FROM GREEN’S FUNCTIONS 
 

In order to compute the temperature increase at a given observation point, all contributions from 
the heat source q must be summed up over the domain, up until time t. Due to the linearity of the heat 
equation and assuming the heat has been constantly input from t’=0, the temperature increase at position 
(x, y, z, t) due to functional heat source of magnitude q(x’, y’, z’, t’), is given by is given by Equation 9 
below, as described by Fachinotti et al. (2011). 
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Following the computation of this integral the temperature field can be viewed graphically. Figure 5 
shows the cross section through the welding axis of the domain at z=185 mm at the instant the welding 
heat source is over this location and 4 s later. In the figure only half the plate is rendered; this is done in 
order to reduce computational time; detailed are the faces in the x and y directions where the boundary 
conditions are applied. Insulating boundary conditions are also applied on both faces in the z direction for 
this case. 
 

 
Figure 5. Cross section through the welding axis of domain at z=185mm for instant the welding heat 

source is directly over the cross-section and 4s later. 
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EXPERIMENTAL PROCEDURE 
 
 To validate the analytical solutions experiments were conducted with relatively thin sections of 
S355 structural steel. The thickness had to be great enough that the arc would not penetrate the plate and 
cause a change in the geometry but not so thick that the solution tended to that of the fundamental 
solution for a semi-infinite plate. S355 steel was chosen as the material properties are well known and it is 
readily available. K-type thermocouples were attached to the surface of the steel and recorded the 
temperature at four points as the arc passed along the bar. The bar was suspended on two steel struts at 
either end to provide the insulating boundary conditions. The welding torch passed over the plate at a 
height of 2 mm from the workpiece at a constant velocity of 1.667 mm s-1. At 40 s the arc ignited, ramping 
up to full power rapidly, 150 mm was then traversed by the arc before the power ramped down to 20 A 
over 5 s. Figure 6 shows the experimental setup where the autogenous weld bead can be clearly seen. 
 Abaqus Standard was used for the FEA analysis, using 10 node quadratic tetrahedral elements 
with a biased mesh such that the node density was greatest along the path of the heat source; the 
minimum node spacing along the welding axis was 0.6% of the model length. As a comparison, the FEA 
simulation took approximately 150 hours to run on a 3.4 GHz PC with 4 Gb of RAM after meshing the 
whole domain; the analytical solution took 8 hours to compute the temperature profile corresponding to 
the co-ordinates of the four thermocouples. 
 

 
Figure 6. Experimental setup. 

 
RESULTS 
 
 Figures 7 and 8 show the experimental results from three of the thermocouples as well as the 
analytical solutions for a completely insulated domain and an insulated domain with a convection 
boundary condition applied at the plates surface (y=0). In the case with the convective boundary a Nusselt 
number of 0.05 is assumed; this is equivalent a ratio of convective to conductive heat transfer of 5%. The 
welding parameters a, b, cr and cf were found by measuring the spatial extent of the FZ in the x,y and z 
directions; values of 4.75 mm, 3.1 mm, 3.5 mm and 7.6 mm were used respectively. During the welding 
experiment, a constant current power supply was used. The input current was set at 260 A and the input 
voltage was set at 10.5 V, although after measuring the input voltage with a voltmeter it was found that 
the losses in the wires between the power supply and the torch reduced the input voltage to 10.2 V. An arc 
efficiency of 0.82 was used according to tabulated arc efficiencies compiled by Franche (1993). The 
spatial extent of the weldment was 51.5 mm, 29 mm and 303 mm in the x,y and z directions respectively; 
therefore the values of B, D and L used were 25.75 mm, 29 mm and 303 mm respectively due to the 
symmetry of the problem. The density, specific heat and thermal conductivity of the steel were 7.7×10-6 
kg mm-3, 460 J kg-1 K-1 and 0.025 W m-1 K-1 respectively. 



 
22nd Conference on Structural Mechanics in Reactor Technology 

San Francisco, California, USA - August 18-23, 2013 
Division I 

 
Figure 7. Comparison between experimental data, FEM simulation and analytical solutions (both 

insulating and convective) for point (10, 0, 185). 
 

 
Figure 8. Comparison between experimental data, FEM simulation and analytical solutions (both 

insulating and convective) for point (20, 0, 185). 
 
DISCUSSION 
 
 Our new analytical solution for the case with insulating boundary conditions and convective top 
surface agrees well with the experimental data.  The fully insulated boundary condition solution agrees 
well with the FEA model for the same conditions.  The main differences in both sets of boundary 
conditions occurred around the arc strike where the experimental data showed an earlier rise in 
temperature and a slightly earlier peak temperature than either the analytical solution or the FEA model.  
Our approach is more than an order of magnitude faster than the finite element model for the same 
computing power, and shows promise for further development.  
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CONCLUSIONS 
  

The solution presented is the first analytical solution to account for both insulating and convective 
boundary conditions. The use of these boundary conditions when combined with the application of the 
welding heat source means this mathematical model of the domain takes into account heating as well as 
cooling of the domain.  
 A novel addition is presented to model the upslope and downslope of the welding input power. 
This approach, when applied to the analytical and finite element solutions, gave good agreement with 
experimental results. This approach allows more realistic processes to be modelled where the input power 
is not constant.  
 The derived analytical solutions were compared with experiments for autogenous single bead on 
plate welds. The results agree extremely well when convection was considered from the surface where the 
weld bead was deposited, with a constant Nusselt number of 0.05. 
 The results obtained by the finite element method with are equivalent for the case of insulating 
boundaries; thus the method presented provides an approach to calculating the transient temperature field 
in components that is not dependent on mesh density or element choice. This may lead to new approaches 
to estimating residual stress distributions in welded components by the combination of finite element 
models and analytical solutions of the transient temperature field. 
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