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l. REVIEW OF LITERATURE: RANK TESTS AND MIXED MODELS

FOR THE ANALYSIS OF VARIANCE PROBLEM

1.1 - Rank Tests

lels1l Introduction

The theory of rank tests has aeVeloped in a compact system that.
forms, at present, a specialized part of the theory of tesfing statis-
tical hypothesgis.

Rank tests were regarded rather skeptically at first because
thelr use was jﬁstified only on intﬁitive grounds by those who
introduced them. Iater on, the works,by Terry (1952), ILehmann
(1953) and others showed that the asymptotié power éf these tests
is high when compared With the power of the standérd tests used
for solving analogous parametric problemss

From then on, mag} works have been devoted to.the search for
new rank tests and to the study of their properties. The biblio-
graphy compiled by Savage (1962) includes valuable references on
rank testse..

‘Some chéptefs on rank tests. are included in.general books
| of statistics (Wilks (1962) and Lehmann (1959)),« and other books
that treat thé subject in detail have been written by Kendall
(1948), Siegel (1956), Fraser (195?), Hijek and Siddk (1967),

Hijek (1969) and Puri and Sen (1970).
As recently as June, 1969, the First International Symposium

on Non-paramétric Techniques in Statistical Inference was held at



Indiana University, Bloomington, Indiana. Interesting articles on
rank tests can be found in the proceedings of the symposium edited
by M. L. Puri (1970).

Some of the advantages offered by rank tests are:

i) They can be applied even in those cases in which
only the order of the observations are knowne.
ii) They are suitable for testing hypothesis that involve
quite general assumptions.
iii) For many statistical problems, the asymptotic power
of the tests is high as compared with that of the

tests developed for parametric models.

Rank tests, like other non-parametric methods, are now widely
applied to many fields of biometrics, agriculture, economics,
industry, etc. But to avoidower-eatimatianof'their value, 1t has

to be said that:

i) The asymptotic results are only applicable if the
sample is large enough.
ii) The tests available at the present assume the existence

of simple experimental designs.

Looking for ways to overcome this second drawback, this thesis
is oriented toward the search for methods that can make possible
the application of rank tests to experiments that exhibit awkward

patternse.
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To this end special attention has been paild to tests known as
randomization-rank tests whose underlying theory is described in
the works of Chatterjee, Puri, Sen, Koch, Gerig and others.

These tests, based on the order properties of the observations,
share common characteristics with the conditional tests, permutation

tests, and invariant tests that are considered in the next sections.

1.1.2 Conditional Tests

Some hypothesis testing problems are difficult to handle on the
whole samplé space, but become simple in a subspace of it. The
name conditional tests is given to those tests performed in one of
thé cells of a partition of the sample space, the cell being deter-
mined by the actugl sample obtained and the inference being made
by the use of a distribution constructed from the results of the
experiment.

The size of the test inside the cell is chosen by trying to
keep the total size of the test over the whole sample space equal
to some pre-assigned coefficient o

If the test-function obtained conditionally does not depend
on the cell of the partition, the test is sald to be "unconditional
in relation to the whole gample space. But, even 1f the test-
function depends on the partition, the results can be re-interpreted,
considering again the total space and in many situations the optimal
properties of the test inside the cell imply optimal properties of

the test in the general sample space.



1.1.3 Permutation and Randomization Tests

Permutation tests can be used for testing a hypothesis (H) that
is invariant under a finite group G of (M) permutations. Invariahce
of H under G means that 1f y has a distribution that belongs to H;
then y and g(y)(g € G) are identically distributed random variables.

Permutation tests are conditional tests in which the cell
where the test is carried out is the set of (M) points g(yo)
obtained applying to the actual result of the experiment the M
transformations of G. The cell can be identified as S(yo)-

Inside that cell, the conditional probability, given S(yﬁ),(unﬁer
the hypothesis is % » whatever measure in H is taken into account.
The o~level test 6fvthe hypothesis H can be defined as a rule that
determines, for every possible cell S(yo),a subset S'(yo) of 5.,
points (sa’s a M), in such a way that the hypothesis is rejécted if,
and only if, the observed sample point lies in S'(yo)-

If the grouva of transformations is the group of n! permuta-
tions of the observations of the sample {Yi, Yé, cees Yh},tﬁe‘

symmetry of the measures of the hypothesis under G can be obtained

by:

i) the assumption that,under H, the observations at hand
are a random sample from a certain population. In
this case,H is said to be a hypothesis of randomness;

ii) by an actual randomization introduced in the experiment.

In this case, it is not necessary to assume that the



observations are independent and identically distri-

buted and H is called a hypothesis of interchangeability.

Some guthors differentiate the tests connected with case i) from
those connected with case 1i) by using the names permutation tests
and randomization tests respectively, while for others both‘types are
called indiscriminantly by one or the other denominatione

An example of the application of the permutation (or randomiza-
tion) principle is offered by the two-sample test of Fisher and
Pitman, (Fisher (1925) and Pitman (1937)).

Fisher was the first to emphasize the importance of randomiza-
tion and to conceive of the permutation tests. The randomization
model for complete block design was formulated by Neyman (l935))and
randomization models have been formulated for other designé by
Kempthorne (1952 and 1955), Wilk (1955) and Wilk and Kempthorne (1955).

The basic ideas involved in randomization tests héve‘beén
formalized by ILehmann and Stein (1949). The hypothesig under teS£
is defined as a hypothesis of .invariance under a certain partition
I of the saﬁple space. DPermutation tests are defined as gimilar
o tests having the S(a) structure.

- This last condition means that their test-functions, call
them & , are such that
T 8(y') = Mo, ¥ yeld.
y'es(y)
where o is the size of the test. 8(y) is the set éf points that lie

in the same cell of the partition to which Vv belongs.



1.1.4 TInvariant Tests

There are many examples of statistical problems whose essence
does not change if some group of transformations are applied to the
variables involved. For instance, in testing the hypothesis about
the difference in magnitude of two means, the unit of measurement
used is alien to the substance of the problem. 8o, it is logical
that in order to solve it, the search for the correct procedure
has to be restricted to those tests that are independent or
invariant under the changes of the unit of measurement.

In general, the principle of invariance confines attention
to test functions that are invariant with respect to the group of
transformations of interest.

Formally, a test function &(x) is invariant with respect to a
group G of transformations if &(g(y)) = &(y) for all g e G.

Every invariant (re G) statistic can be expressed as a function
of another statistic of the same family (i°§°’ invariant under G,
say m(y)) that is called maximal invariant (re G). So, in looking
for an invariant test only functions of m(y) come into consideration,
and this amounts to restating the original hypothesis problem in
terms of m. Making this transformation has the advantage of allowing
one to deal directly with invariant functions, and besides this, it
produces in many cases mathematical simplications in the setting up
of the problem.

If this is the situation, invariance is a logical property to
require of a test statistic as well ag a means of meking the problem

at hand more manageable. In certain problems, invariance reduces the
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data so completely that the actual values of the observations are

discarded and only order relations between group of variables are

reﬁained- The related tests are based on the ranks of the observa-

tions.

1.1.5 Rank Tests and Rank-Permutation-Type Tests

In connection with the invariance principle, rank tests can be
defined as tests that are invariant under the group of transformation
G where g(eG) is a continuous and strictly increasing function. In
particular, they are invariant under changes of loqation and scale
parameters.

If the hypothesis under consideration is the hypothesis of

symmetry under the group G of n! permutations of the sample values

{Yl, Yor wees Yh}, rank tests can be defined as permutation tests
that are independent of the order statistic of the sample (depending,
as a éonsequence, only - on the ranks Qf the observations)'

For other hypotheses, other definitions of rénk tests have to
be given. Hajek (1967) gives careful definitions of rank tests for
the hypothesis of interchaﬁgeability, randomness, symmetry, indepen-
dence and random blocks.

In order to avoid technicalities, the term rank tests will be
used when the test-functions are based primarily on order properties
of the observations, depending implicitly or explicitly on some
ranking defined:-over them. This work will concentrate on rank tests

that are generalizations of the ones created by Friedman, Wilcoxon



and Kruskal-Wallis and whose charaeteristics can be outlined as

follows:

i) A certain null hypothesis is specified on the distribu-
tion of a scalar or vector variable Y.

ii) Certain functions, say Z; = fi(Y) of the observations
(the observations themselves, their differences, etcs)
are considereds They are chosen in sueh a way that
their distributions depend on the pertinenﬁ
hypothesis- | |

iii) Some rules are given for ranking the veluesdof Z end
accordingly, the original Sample space is tfansformed
into a finite set R whose:elements are funetions‘ef‘
" those ranks.

'iﬁ) The testing hypothe31s problem is restated in terms'

of R and the permutatlon pr1nc1ple. |

v) When the sample is large, an approx1matlon to the
dlstrlbutlon of the test statistic is found restrlcted
to the cell of R 1n which the test has been constructed,
and a conditional large sample test is derlved- If i
the asymptotlc test does not depend on the partltlon

of R, it is an approx1mate test uncondltlonally-

These tests will be identified as rank randomization.type tests.
They are very useful for solving analysis of variance problems about

which we are concerned. In the next section a review of the procedures



based on ranks that are suitable for testing analysis of “ariance
hypotheses will be presented and emphasis will be put on those that

belong to this rank randomization class.

1.1.6 Rank Tests for the Analysis of Variance Problem

lel.6.1 Introduction. The most famous tests in the literature

are known by the following names:

1) 8Sign test

'2) Wilcoxon's signed rank test
3) Wilcoxon's sum-rank test

4) Mann-Whitney test

5) Kruskal-Wallis test

6) Friedman test -

They were introduced by different statisticians around the
decade of the forties. As rank tests gained in reputation, a lot of
work was done in arder to extend them to more complex or more
general situations.

The extentions have been accomplished in different directions,

in order

i) to be able to deal with tied observations;
~ii) +to consider more complex experimental situations:
for instance, incomplete block and factorial designs;
iii) +to consider test-functions that depend on the ranks

through some functions called "scores" and that can
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replace the ranksiin the algebraic}eXpressioné of tﬁe
classical test statistics;

iv) to include multivariate responsese

The review of rank tests for testing anaiysis of variance type
of hypothesis to be presented in the following sectioﬁ'is not intended
to be complete or exhaustives No mention is made to the analysis of
-covariance procedures or to the problems of multi-comparisons of
treatmentss. The tests are classified according to the type of

experiment for which they are suited, leee:

i) Rank tests for one-way layout experiments;
ii) Rank tests for two-way layout experiments;

iii) Rank tests for complex experiments.

l.1.6.2 Rank Tests for One-way layout Experiments. ILet

inj (3 =1, eee, Ni):represent N, independent identically distributed
random variables from a continuous dumulative distribution function

F, = Gy - ai)' Iet i vary from 1 to ve The hypothesis to be tested is

H: CX,i=C6 fori=l,2700°;v
2
and the alternatives are

Hi: at least one O % o e

Ranks are assigned to the-observations,Ai,E.,

Rij = Rank. {Yij: Yi,j[. i, = l) /2, see, V3 j, = l, XX Ni} .

Ties are handled by the mid-ranksmethod. This method can be
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described as a rule, that, assigns to each observation in a tie, the
average of ranks that the tied observations would have had if they
would have been distinguishable.

Under Hb, the distribution of the vector of ranks is invariant
under the N (N = ZNi) possible allocations of the ranks of the
members of the v populations. Conditional on the magnitude of the
Y's, the probability attached to any permutation of the ranks is
;.g no matter what measure in HB is taken into consideration. A
permutation test 1s performed using this invariance property; its

test function is given by the statistic:

-1 v —
L= X N, (R, - 3L )2
No2 i=1 0t 2
NR
with
5
ﬁi - %?' 13
i =1 Y
and
v 1\T:'i.
2 _ 1 _ N+l 42
R =F % T (R.. - )< .

i=1 j=1 1d

If N and the Ni's are simultaneously made large, L is, under Hb,
asymptotically distributed as Xs-l’ conditionally on the permutation
structure. Since the X2 distribution does not depend on it, the

approximation is also satisfactory unconditionally.



12

Specialization of the Test

If there are no ties, the test becomes the one proposed by

Kruskal-Wallis (1952). In this case, .

2 _ N1
NR ~— 12
and
v
_ 12 = N+l (2
L = N(N+1) igl Ni(Ri 2 )"

Also, Wilcoxon's fénk sum and the Mann-Whitney test can be seen, in
turn, as special cases of the Kruskal-Wallis tést- The Wilcoxdn's
sum rank test (Wilcbxbn,(l9h5))was created for the case in which
the subsamples are of equal size. Mann and Whitney (1947) extended
it to unequal subsample sizes. The test function used by Wilcoxon
is the minimum sum of the ranks of both samples, and the one for
the Mann-Whitney test is

Il n

1 2
U = = z Z o
h=1 h’=1 OB
where
l’, ify < Y'.h.;,
By = )

0, if Y, 2 Y,

When two-sided alternatives are éonsidered, these statistics give the

same critical regions that occur when L is taken for v=2.



13

QOther Related Tests

Chatterjee and Sen (1964) considered two procedures for testing
non-parametric hypotheses that are counterparts of the Mahalabis® D°
and Hotelling's T2 for testing the equality of means of two bivariate
normel distributions. ILater on, the same authors (Chatterjee and
Sen, (1965)) extended the Kruskal-Wallis test to multivariate
responsess In 1966, Puri and Sen developed a rank-order test with
analogous purposes, by using a statistic of the Chernoff-Savage

type.

101o603 Rank Tests for Two-way Layout Experiments. The case

in which the number of treatments to be compared is two and the
case in which the number ls greater than two will be considered

separately

i) two treatments (paired samples);
Sign Test (Dixon and Mood, 19L46)
Let (Yil,Yie); (i =1, 2, «+v, b) be stochasti-
cally independent pairs. Also, let Yil and Yi2 be

independent with cumulative distribution functions

Fil’ Fig such that
,Fil(yil) =Gy (vy - dl) Py, ) = 65, - )
with
a. = M kA aﬁd a, = M4 -



1L
The hypothesis torbe tested is A = O, so that the
test 1s directed to location alternatives, i.e., to
A#£O0 (or A >0, or A <O0).
Two-sided as well as one~sided tests can be

obtained by transforming the original variables to

{Zi=<Yil'Yi2); i:l, 2) --a,b};

Restated in terms of the Z's, the hypothesis is a
hypothegis of symmetry of the distributions of the Zi's.

The test statistic is:

. b
s = ¢ u(Zi) .
i=1
where
Y 1, if X, >0
i
u(Xi) = .

0, if ¥, =0
i

Under the hypothesis, 8§ follows the binomial law of

probability with p =

ol

Wilcoxon's Signed Rank Tests  (Wilcoxon, (1945))

Iet the vectors {(Yil, Yia)} be stochastically
independent for 1 =1, 2, ees, be TLet the members of
each pair be independent with marginals Fil’ Fi2

respectively, and such that

Fiq = 6y = o) |
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and

F:'LQ = G(y - @2) ’

with

o = B o+ A and. A, =M e

The hypothesis to be tested is A = 0, and the test
is directed to location alternatives. (A £ 0, A >0
or A < 0)e.
i1~ Yo (i =1, eeo, D)e In
terms of the vector (Zl’ Z

let 7, =Y,
i

R Zb) the hypothesis

becomes a hypothesis of randomness and symmetry.

Let us define
Si = Sign Zif{Rank |Zi]/: |Z1|; ceoy lel} ’

where ties are handled by the mid-ranks'method aﬁd
zero 1ls assigned to zero values.

Conditional on the magnitude éf the ranks assigned
to the |Z|'s, the sign of each Sirhas equal probability
of being plus or minus under the hypothesise This |
randomization model has P possible (equally probable)
realizations for éign invariances.

The test statistic used for the test is

b
8 = ? Si °

Under the hypothesis, the statistic S is approximately
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normally distributed for large b, One-sided as well
as two-sided tests can be obtained by using this normal
approximation.

ii) More than two treatments (random blocks)

Iet
{vy ; 1=1, 2, eeey by J=1, 25, eee, D}
1J

be independent random variables from some continuous
cumilative distribution function F,, = Gi(y - aﬁ).

J
The hypothesis to be tested is

H: a =a forj=1, 2, «ce, p

and the test is directed to location alternatives,

provided there is no treatment x block interaction

with respect t? location. (i stands for blocks, j
[

Stands for treatments).

Let

Ry, = Ramk (¥t T3, soey 1) ‘
with ties handled by the mid-ranksmethod. -
' Conditional on the magnitudes of the Y's, a
randomization-type model can be formulated considering
the (p!)b equally probable matrices of ranks,((Rij)),
that can be obtained under Ho when all the possible
permutations of the ranks in each block are taken into

‘account. A permutation test has been developed using .
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the conditional uniform distribution (under HO)

-j;—-, and its test statistic is the quadratic form
(p!)
b
_ Db(p=l) - ptly2
Q=—5—— 2 (R; - =5)
O_2 (=1 1] 2
p P,R J=
with b
Z R
- i=] *+J
o b
and
2 1 g (R £+1)2
2, T bp 15 27"

Under HO, and conditionally on the actual matrix
of ranks ((Rij)), Q is asymptotically distributed as a
X2 with (p=l) d.f. This approximation applies un-
conditionally as well.

This test was the result of work by Kendall (1948).

Specializations of the Tests

If there are no ties, Q takes the form

12b p & p+l>2

[ — R.'_—
p(ptl) 45, Vi3 2

that is the statistics of Friedman (1937) for the problem of b rank-

ings.
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If p=2, the problem of random blocks is reduced to the one
related to the sign test, and the critical region given by Q coincides

with the one afforded by S for two-sided alternatives.

Other Tests Related to the Rank Tests for Two-way Layout Experiments

As a generalization of Friedman's procedure, Durbin (1951)
presented a test suitable for the problem of random blocks when the
experimental data form a balanced incomplete block design and, two
years later, Benard and van Elteren (1953) extended Kendall's statis;
tics to a two-way experimental array of data with arbifrary frequen-
cies in the cells.

With respect to incomplete two-way layouts, the methods of paired
comparisons should be mentioned. These methods are used for the
comparison of p treatments presented in pairs to obtain Nij responses
in relation with treatments i,3j; (i, = 1, 2, veoy D)o

A monograph on the subject has been written by David (1963). It
présents several (univariate) models and suitable procedures for the
problems of hypothesis testing and estimation. The monograph describes
the works of Bradley and Terry (1952), Scheffe (1952) and others,
These methods are baged on intro-pair rankings and, for this reason,
they can be seen as extensions of the classical sign-test.  On the
other hand, the test developed by Puri and Sen for the same problem
- (1969) uses intra and interblock information; when p=2, it coincildes
with the Wilcoxon's sign test.

There are several rank tests available for multivariate cross-

classified data.
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The Friedman test has been extended by Gerig (1969) in the case
of multivariate responses.

The same has been done for the sign test: several tests go by
the name of bivariate sign tests; notably those by Hodges (1955),
Blumen (1968) and Chatterjee (1966). A multivariate sign test is due
to Bennet (1962). Bickel (1965) has found two statistics for testing
the nullity of a location parameter of a multivariate population;
ore is asymptotically equivalent to the sign statistics, and the
other asymptotically equivalent to the Wilcoxon statistié; Sen and
Puri (1967) have constructed a test for the same problem that can
be seen as a multivariate version of the Wilcoxon sign test.

The development of multivariate tests for paired comparisons is
just starting. The works by Sen and David (1968) and Davidson and
Bradley (1969) solve tﬁe problem by using intra-block ranking, while
two recent papers by Shane and Puri (1969) and Puricand Shane (1970)
present tests that also use the inter-block information contained in
the samples.

In this review of rank tests for two-way classified data,the-
articles by Sen (1968 and 1969) and Koch and Sen (1968) must be
included. Nevertheless, the discussion of these papers wﬁll be post~
poned until the next sections since they need special treatment in
view of their connection to the main subject of this researche -

1e1l.6.4 Rank Tests for Complex Experiments. We include both

factorial designs and sﬁlitmplot designs under the name of complex
experiments because their location parameters under the alternatives

can be expressed as rather complex linear combinations of effects.
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Separate tests on the individual effects or group of effects are of
interest in these experiments, the hypotheses being of the same kind
as the ones of interest in the analogous parametric problemse.

Mehra and Sen (1969) presented a test for interaction in a
factorial experiment replicated in blocks. A permutation model is
applied to the (aligned) observations, and the resulting test statis-
tic has the same structure.as the one used for testing the similar
parametric hypothesis. Iater on the test was extended (Puri and
Sen, (L970)) for analyzing multi-response factorial experiments.

The discussion of split plot type designs from the point of view
of non-parametric theory has been done by Koch in two recent papers
(Koch, #.969) and (L970)). A certain number of hypotheses are considered.
They are analyzed under several different assumptions concerning the
Jjoint distribution of the components of the observation vector, and

different rank tests are proposed.

l.2 Mixed Models

le2:1 Introduction

In the preceding sections most of the tests have been classified
primarily according to the design of the experiment and the kind of
responses (univariate of multivariate) involved, and no emphasis has
been put on the model in which they are based. Oppositely, in this
seétion special attention will be paid to the discussion of the models.

This study will be concerned with two-way layout experiment

models whose underlying assumptions are non-parametric counterpasrts of
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those involved in the traditional mixed linear models. Non-parametric
mixed models are the subject matter of this work, and in order that
their relation with the classic analysis of variance type models be
- understood, a brief review of the parametric mixed models will be

done in the next section.

le 2.2 Mixed ILinear Mpdels

According to the traditional point of view, to describe the
date obtained from an experiment by an analysis of Variance model
is to assume that the observations consist of linear combinations
of effects. Under the term effect what are usually called fgeneral
mean",‘"main effects", "interactions" and "errors" have to be under-
stood. The effects (not directly observable quantities) are idealized
formulations of some properties of interest to the investigator in
the phenomena underlying the observations and in relation to these
properties each effect 1s an unknown constant or 2 random variaple.

| The model is called a fixed effect model if the only random |
effect iﬁ the model equations 1s the error terme It is called é random
effecﬁ model if all effects, except the additive constant (if there
is one), are random effects. A case which falls into neither.Of these
cétegories is called a miﬁed model.

The main effect of a level of & factor is considered a random
Variable if the set of levels actually tested can be thought of as a
sample from a larger set of similar levels and the conclusioms are to
be extended to the whole class of 1evéls and not only to the ones

tested. Otherwise, if the levels under study are the only ones of
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interest, their effects are considered parameters of the model. It
is customary to consider the intefactions among random effects or among
fixed and random effects as random.
When an experimental situation can be modeled by a mixed linear
model, the researcher can have in mind two different kinds of

inferences.

is Estlmatlon and tests of hypothe31s on the populatlon
variances of the random effects of the model

iis estimation and tests of hypothesis on the fixed effects.

If the interest is in the.type i) inference, the problem is
identified as a variance component problem. From this point‘of view,
the fixed effects of the model are nuisance parameters whose influence
on the conclusions should be eliminated.

On the other hand, for protlem ii),the variances of the tandom
effects are taken into account only to the extent that the errors
associated with the estimates of the fixed effect treatments are
functions of them.

The methods of analysis for handlingtboth problems depend on
the model equations and on;the assumptione about the distributional
properties of the random effects.

Among the many models that can be generated bytthese means,
only two are going to be considered here: the one presented ?yt
Eisenhart and the one given by Scheffé. Solely the related test of
hypothegis will be mentloned, since thls thesis is addressed only to

hypothesis testing problems.
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Both models will be discussed in relation to a two-way layout
experiment, In the sequel Yij will represent the yield or the response
obtained when the j't-:-l‘—1 treatment is applied to the iEh'block
(3 =1, 2, esey P5 1 =1, 2, ¢es, D)o

1.2.2.1 Eisenhart Models., Eisenhart (1947) defined a mixed

‘model or model III as a mixture of his models I and II described

below:

Model I
The numbers Yij are (observed values of) random variables distri-
buted about the true mean mij that is a fixed constant and it is

assumed that

» (102.2.1.1)
(i=1, ot b; j = 1, e p)
o ;
where ; is the effect of the block and aj is the treatment effect
(both considered fixed) and the error terms e's are independent, homo-

scedastic and normally distributed.

Model II

The random variables Yij are gssumed to be the sum of a fixed
constant u and random variables a?, a? and eij that reflect the
random effects of the blocks, treatments and the experimental error

respectively, that is
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Y..=u+a{3+a{*+e.
1 | i

ij J

(1l.2.2.1.2)

(1 =1, veey b3 =1, couy D)o

It is assumed that the a's, b's and e's are jointly independent and
normally distributed random variables with 2ero means and variances
og, Gi and 02, respectively.

The assumptions of Eisenhart govern the methods of analysis
described in most of the current textbooks and, only when defining the
interactions, do some divergences occur. We will say that a model
belongs to the Eisenhart class if all the random components (main
effects, interactions, errors) are jointly normally distributed with
zero mean and diagonal covarlance matrix. It should bernoted that the
observable variables Yij described by a mixed model are correlated

even if the errors are independent. Let us consider the covariance

matrix of the Y's when the model equation is

(1.2.2.1.3)

where a?? represents the (random) effect of the interaction between
the fixed factor (A) and the random one (B). The usual side conditions

imposed on the effects are
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and

=0 V i=l)2"":b'

™M

a., .
j=1 *

Iet the Y's to be ordered as in X'

zlz(Y K]

1217 00 Y13er v ¥ T1ge? ***2

1p1’ "7 Tlpe
' (1.2.2.1.3)

Y112 =02 Tp1e? Ut prl’ T prc)

and let ¥ represent its covariance matrix. It can be expressed as

follows:
Z.:‘ = diag(’]\)j e vy E) (lo 2. 2.10 LL)
(b) o
with

~—~—
e}
[{]

G

o
1l

'5 G eee B v
s (1.2.2.1.5)

ss 060000000000

aece g

-~
b~

~

where D has dimension (pc x pc) and the B's and C's are (c x c)

matrices as defined below:

E = (poai) C}IC X (le 20 20 l. 6)

with
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c2
0 _ B
o 2 2
O‘A+Q'B
and
2 _ 2
o, = CA + GB
G=(1L-p) 05T +p o2 g :(1.2.2.1;7)
~ 1 1~ 1’1l o~ ’
where
s o
; ) GB + GAB
1 2 2 .2
Op T Oup T O
and
2_ 2 2 -a

The symbols oﬂé and Ec stand for a c x ¢ matrix with all its
entries equal to 1 and for the ¢ x ¢ unity matrix, respectively.

When the hypothesis
H:_a'zo v j=1.e4 P

is considered, the classical test is based on the vector of cell means

S o (S o
'X - (thl. > *° ' 2 Ylp‘ ) Ygl‘ > ‘
) (1+2.2.1.8)

— —

YEP., cee, Y_bl, coy Y.bp)
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whose covariance matyix, call it_,:Z}: » e:ghibit the folilowing pattern

I -aieg(® 5o D L (2.2:.9)
-'— - ." - - 2 . . N . ’ . B .: 7 :
B=Q-pdop by regppdy 0 (220
with
2.
g, = ’2
2 2 2 2
qB + UAB + O/C

G§~O‘§S+c’ +G/ .

Matrlces Tike € (1.2.2.1 7) and D (1 2.2.1.1@) that can. be
exgressed as the 11near combinatlon (a-h) I + b J of the matrices
E and J are called uniform matrlces‘.

The test of the hypothesis Ho is made- by using the test statis-

(p-1) (b-1) hj s nes? (Le2:2.1.11)
-1 b - T ,

£ % (.. -FT. -F. +¥%..)?
i=1 g=1 - . & .
where the ¥'s represent the means of the Y's Wiﬁh reépéét to the
subseripts for whiéh dots have been substituted.
If the assumptlons of the Elsenhart mod_el hold, the tes’c statis-
tic ik dlstrlbuted as an vaarlable Wlth (p l) and (p—l)(b~l) &o T

and it provides an exact test for the hypothesis Ho'
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12022 Schefféd's Model. : The results obtained undepr Eisehnart's

assumptlons have led to the use of these models even in cases in which
the valldlty of the assumptlons can hardly be defended.

‘ §pheffé points Qut.that the assumptions of Eisenhart's models
are unsatisfactory and gg_ggg;.and he pfesents a new mixed model for
two-way classified data that i1s less restrictive and more complete.

than Bigenhart's mixed model. The model equations are

i=1, ¢eey, b
=Tyt e | 37 h on | (22
k=l’ esey C

W'here_miJ is the true cell mean and ele is a random variable that

represeﬂ%s an error. m; 4 is a function of the flxed levels of a factor

RS NN

A and the random levels of a factor B« The b X ﬁ matrix '

e
1

Ay eees d

((ny )

.
]

1, eeer @

. .“gl

is a random matrlx and each row-vector is con31dered a randbm sample

from a normal dlstrlbutlon with the covariance matrlx ((a ,)) .

The errors
o # 4= Loreved dsnd = Lioewss oy - K3 1y weey o} e

constitute a random sample from a normal distribution‘N(O,ag)_end_'
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are independent from the means
{m. M k’—"l, coey .b; j=l, LX) p} .

The effects of‘the levels of the factors A,B and their inter-

actions are defined in terms of the basicrm's as follows:

General mean: U = DNee

- Fixed effect (or A):" d§~=‘m j-; m

(1e20202) -
Random effect (or B): a? =m - m
Interaction: a@? =m,,=m -m,+m
C : ke 1J - ke e} o

- A dot replacing a j-subscript indicates summation on the levels
of A and & dot substituting an i-subscript means expectation with
réspect to the levels of B. The model can be repreSented by the

. equation

A, B AB R
Tigr TR T A TR TRy Sy (1-2-2.2:3)

The distributional properties of the effects and their side
conditions are a conseguence of their functional relations with the

variables {mll’ voo, mbp} .

8) ¥ =0 s £Boo
J : 1

i R

b) ‘the a? and aﬁ? are jointly normally distributed with a

zZero mean and with the following covariances:
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B By _ |
COV(ai ) ai’) = 5.., o4

o .

COV(aﬁ 2 a' I I) | ( jJI - c'j - 0'-.0./ +.0'.’) (1-2-2»2.5)

Cov(a 5 a , ) = 5 ( g c.;) 5

where B 5 is the Kronecker 1ndex and the dote indicate

either summation on the rows or columns of the matrix
o.. .
(CHM)

Tt can be seen that in this model the interactions and main
effects of the random. factor, as well as theAinterécfiéns éssociated
w;tb the same random level of B, are or can be correlatéd- fThis is
tﬁe basic difference between the earlier models and the one proposed
by Scheffé.

These assumptions generate a covariance matrix for the oﬁéer#&—y
tions that differs from the one obtained w1th Elsenhart's model. Iet

Vthe vector of observations Y deflned as in (1-2-2-1 5), then its

covariagnce matrix under the.Scheffé's model is:
: z = diag(D on;, ’]3)
~ o)

' 211 5&2_ ,;ﬁp

Boy B et By

= ((>..))

33 (1.2.2.2.&)
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where . ..

| ( AV S RS
Dy S
oo 38’ if § £ 3’
Scheffé constructs a test of the hypothesis Hb, based on the

Vectof of means

(ger weer Typo Topo oees Topo weey Ty o oees Fp) (L20202:5)

whose covariance matrix is
L = diag(D Dyseers D)
» To).
with
e
D= ) + T . 1efe2:2.6)
R llegyd) ¢t - (eBe226)
The corresponding test statistic is

1

2,: b glga(gzg/)- Ez L , - (1.2'.2"’2_.7)

T

where

Vo= ((Vﬁjf)) is a p.x p matrix with entries ,

1 R
v = ; -~ : ‘Y‘:. - Y . Y. e )
VJJ' <b7"i; E (iJl .J.)( 13’. Y.J,,.) 4

i=1

and C is a (p-1) x p matrix of linearly independent contrastse
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If the null hypothesis is true b-g- ;% Yy T2 is distr;bufed

as the Snedecor F variable with (b-p+l) and (b-1)(p-1) d.f. (It is
assumed that b » p)e | |

Note that if o .

P53 T

2 2
[ = O'AB"'O'B
2
b = e
2 2
“ap " 93

and, in thig situation, the test given Sy.(lfé.é;l.ll) is appliceble.
Before entering the discussion bh{ﬁoh;pé;aﬁéfric ﬁi;éd ﬁbdelé,léﬁ
ug sey thet mixed linear models tan be alko aéfined'for mylti-
dimensional data. Roy énd Gnanadeéikan (1959) haye defined and studied
multivariste linear models, fixed and random, that are extensions of
the Eisenhart's models. The multlvariate mmxed llnear model can be -
studied by using methods Whlch are, essentlally, a combination of the
methods glvgn for the sgparate models, I and IIo »
Another paper by Roy and Cobb (1960) dea}s W1th mixed models

with nonfnqrmal{randomﬁeffeéts. But their basic iptexest lies on the
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variance component problem an do not consider the test for the fixed

effects.

1-243 Non—parametrlc Mlxed Mbdels

_ Mixed models were discussed in connectlon w1th linear models,
but.pheir essential characteristics make it possible to extend the
coneept -beyond-this: original contextes

For the twoaway 1ayout_experiments, these basic characteristics

can be summarized as follows:

i) The cbservations in the same block are correlated, so
that in spite of their univariate appeafance the blocks
have a multivariate nature;

i1) the location parametérs (éxpectations in the normal
case) of the components of each block vary accordlng

to the levels of a certain flxed factor.

The following definition of a non-parametric mixed model is free
of many of the assumptlons understood in the parametrlc model, but
‘.Stlll keeps the baslc characterlstlcs clted in the previous paragraphse

leen the matrlx of observable random varlables

Y;Ll ) Yo Y
Yel ¥22 eeo Y

a0 (1e23.1)

I S RO N I

Y1 Tpooee pr




3h

it will be said that it conforms to a mixed model if:
The row-vectors
{(Yil’ YiE’ XX Yip): i =:l; 2:. "':Vb}v'

- are mutually independent random variebles from some

continuous joint cumulative distribution function Fi(z)

F(Y) =6 (¥ - my) = 6;(e) o ‘(1'2’3'?)
with locat%on parameter m, = (mil’ ot trer My ) such

that

]

mi'j B bi +TJ. (i = l, soey b; E j = l, oo;,'\‘p)n (1020305)

Kbch and Sen (1968) descrlbe four types Qf mlxed models, that
arise in relatlon wlth the assumptlons that can be (or cannot be) made
about the nature of the dlstrlbutlon,functlons Fi' The basic assump-

tion that holds in all the cases 1s3

Al: The joint distribution of any linearly independent
gset of contrasts _among the observatlons on any partl-

cular vector Y is dlagonally gsymmetrice

Two additional assumptioﬁs which may or may hot be imposed are:

Ay The "odditivity" of block effects. That is to say,
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At -THe ""compound é&mmetry"'of~the'erroé veetors-, ‘That.

5
means that G, ( l’ xe,'-o-, X ) is symmetrlc in.

(xl} f'b.') XP)' ,l = ,]_.,'ro o,,ba

| The presence or a.bsence of A and A3 among the assumpthns deter-r

m:.nes :E‘pur qases of 1nteres’q, that are descrlbed 1.1’1 the follow:Lng

table.

£ R I
Wbl Gagse 1 | caseTIv |
A, |
Ay | CeseIi | Case I

 Assumption Ay means. that if -

yo= ¢ ¥

~ LA

lS a: seb -of (p~l) independent contrasté with 1acation parameter 0 ,4 “then
{U-8) and (8-U) have thé same distribution. ‘I‘his assumptlon is less
restrictive than the multinormality of -the.»._;i'_._sj,.' Begause if 'g is
normaily distr:‘:buted-, U =6 ¥ ha,s A .(p—l)‘ f-d.imex;si@-nal ‘normal di’strié'
bution and, then;. no{', onl;y (U'J and (evU)have the same distrlbutlon

bt thls is the case w1th all the: poa.nts on the elllpse (of center e)

ape) < x
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whefe K represents, some constantfande_stands-femnmhe exponent of
the multinormal density function.: - ' . |

When the assumption of normaiiey is que,.it is also assumed that
-the error vectors & have the same dlstrlbution for any i. This condi-
. tlon 15 not requlred in cages I and II. But in cases III and Iv, G
has te be equal to G for any i. This propexty, known as the add1t1v1ty
property, does not hold for heteroscedastic experiments.

The cqncept of compound symmetry is connected with the concept
of interactlon.; Compound symmetry means that the errcrs are indepen-
dent of the_chumns:(tregtments) with which they are associated. If
compound;symmetry exists, all the marginal distiibution functions that
can be obtained frem G.(e) are equal, provided they have the same
nunbey of cecrdinagee; ThlS ;mplles that the covariance matrix of

«d is unlform, ;.e., 1t can be expressed as

al + (b-a) J ..

In accordance with the four~types of mixed models, Koch and Sen
present four different tests for the hypothesis H of no. treatment

i 8

“effeets- In symbols,
H :

All the tests are addressed to translat;on-type of alternatlves and
r-belong to the class of rank—permutatlon hests described in the first
section of th;s chapter.

In the following chapters some extensions of the cases I, II

and IV will be considered. But before discussing these extensions in
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detall, some remarks will be made in the next section that spply to

all the chapters of this thesise

le2e 4 .General Remarks and Notation used in Relat;on to the Extension§

of Non-parametric Mixed Models

"The extensions of mixed models to be discussed in the next

section go in two directions: .

' i) The number of results per treatment in each block is
ailowed to be'differeht from 1;

ii} The responses of the treatments can be multivariate.

Several éxtensions are»érésented; their deécriptions regquire the
| ﬁsé:df“segs_pf;parai;elfSymbolsfin_relatign'with-parallelrconcepts
} invelved -in -the varidusﬁmodéls; " But in'ofder'to éimplify the writing,
~— - - - - the same symbols‘are used for similar ideas in different situations.
‘ S0, ‘they have to be intérpreted at the light éf the context in which
they appears
-+ The ﬁotation;és?Well as- the remarks -that follow, are valid

foriell the cases for which they are applicable.

i) Notation
‘ Eith‘é%i‘tne ?te‘rms.: "block" or “sﬁbje*&:%t"; is used
indistinctly to designate the sét of obsérvatidn;
that constitute an independentj;éilicétion of the
experiment. b and p stand for the nuﬁlbei“ of blocks
~end trggtments'in:the experiment. ¢ indicates the

dimension of each response. N13 indicates the number
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of results obtained under treatment J for subject i.

the number of results a83001ated with subJect i

numbef of‘rgsﬁltsin.the.experimen#; bj‘indicates the
number of blocks in which tréatmeﬁt J eppears

(0 < bjbs b),land SEj‘ stahds for the -

‘gét ‘of blocks in which: treatment j is presents:

ji) Rank totals, their covariance snd correlation matrix *

With only one exception, all the test stafistics
“to be: considered in the-sequel are based-on totals-of
ranks obtained for éachﬁtreatmentfand variable-
gseparately. With p treatments.and c-variaté;
‘résponses, the vector of rank totals has pc. geordinates,

and they are assumed to be ordéred in the following

way
re ), o nD B (2>,.__, T(l),,,,, Tm) (12 b 1) 4

=1, eey 05 3 =L eees D)

stands for the total that correspond to the kEE
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variable and the j:t’—}l»treatmento The subscript b
means that the total is computed over a number of
blocks that depends on bse The covariance matrix of

- T/ 3g identified as

~b
- (k) (k )
: ¥, = ((cov(Tyy7s P -
xb can be partitioned as follows:
‘ (11) (12) (1c)
~_b zb 6o e Xb
e e | lee)
~b ~b ~b V(Kk')s
y,oo= = (&b ) (Le2ok.2)
(c1) (c2) (ce) 4
Lf.b F’Y‘b o0 M.b ‘
where
4
~’E)kk ) (kok' =1, ece, c)
represents the matrix of covariance of those pairs of
. totals in which one total refers to the variasble "k”

1w, 11

and the other to the variable 'k °

" The correlation coefficient of

2
is represented by

Cov(Té?) s T(k )IP )

Pojgr = [Var(Té?)le) Var(Té?/)le)]l/a

. (1e2:4.3)



iii)

The symbol

(x) 2

is also used for
(k)
Var (T ; ]Pb) .

Eb* designates the vector obtained from‘g by
th

omitting the c coordinates that correspond to the p—

treatment. yb* denotes the covariance matrix of Eb* °

Non-compared set of treatments

If there exist two or more complementary sets of
treatments such that any two treatments belonging to
different sets do not appear together in any block,
that sets of treatments are called "non-compared gets”.
If there is more than one non-compared set of treat-
ments the design ls disconnected.

For any two treatments j, j’ belonging to different

non-compared sets

The number of non-compared sets is called S and

the number of treatments in the SEE gset 1s called

P (S=l, 2) XX S)°
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L1
If there are S non-compared sebs of treatments Vb

can be}w?itten.by permuting rows and columns ag

Yo g e
' 9 th e 9
v - (1e20 ko lt)
~b
’Cl 2 ce e &3
s
where ZVE stands for the covariance matrix of the

cp ~vector of treatment totals in the set "s" (e =2 1)

Ties

All the models discussed in this work assume that
the data of the experiment are observed values of
random variables that have a continuous cumulative
distribution function. For that reason ties are
assumed to happen with probability zero, and they are
not considered in the theoretical discussione

If ties occur in practice, they can be managed
by the mld-reanksmethod.

Superfluous Blocks

When the ranking is made individually for each
lock those blocks such that Nij = 0 for all j except
at most for only one treatment are omitted from the
experimental data to be analyzed. This implies that

for any block Nﬁ mist be at least equal to 2
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Tn practice, the vectors with all tied observas-
tions are omitted as welle

Distribubion of the Test Statistic

When the frequencies of the treatments are unequal,
the computation of the permutation distribution of the
test staﬁistic becomes very difficult because of th
large number of parameters involved. For this reason,
in all the types of mixed models that are cousidered
in this work only the asymptotic (permutational)
distribution of the test criterion is considerede

In the discussion of the limit distributlon, the
rank of

un (e85
b - oo )
aomes into consideration. The question of under
which conditions the rark of this limit has a given
value is not discussed here. For practical purposes,
it is assumed that the sample is large enough so that
thg actual rank of
(€ o) )

coincides with the rank of its limit.
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2. MIXED MODEIS FOR THE CASE OF SEVERAL
(EVENTUALLY ONE OR ZERO) RESULTS PER TREATMENT.

UNIVARIATE RESPONSES

2.1 Introduction

Linear mixed models for two-way eclassified data such that the
number of results per treatment in the same block is (or can be)
different from one arise in relation to randomized blockrexperiments
of several kinds.

If the number of results per treatment’takes only the values
zero and one, the design of the experiment is named incomplete
randomized block design. .

If the number of results per treatment is different from one
and bigger than zero for at least ore treatment; the design can be
of the type either of a generalized randomized block design or of a
randomized block design with several cbservations per cell. In the
first kind of experiment, the various results associated with a treat-
ment in the same block come from different experimental units, for
instance different piots of the same block of land or different
trials performed on the same patiente On the other hand, in the
second type of experiment, the (several) results that correspond to
the same treatment are obtained from the same experimental unit, say,
by selecting several samples from the plot of land or by performing

several determinations after the patient has been submitted to s

unique trial of the treatment.
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The theory for the analysis of parametric mixed linear models
of the type described above haé been fully studied for balanced
designs or designs with a high degree of symmetrye (The exemples
that illustrate the models worked by Eisenhart and Scheffé are
applicable to randomized block designs with several, equal in number,
obgervations per celle) But, although a lot of work has been done
for the case of unbalanced designs, a complete and satisfactory answer
is still lackinge.

In extending the non-parametric mixed‘models to the case of
several results per treatment,it is convenient to keep in mind the
type of experiment that lies in the background of each modele. There
is not a one to one correspondence between the models that will be
presented in the next sections and the designs mentioned in the
previous paragraphs. It can be anticipated that the extension of
case I to be given in Section 222 can beAapplied, according to the
circumstances, to any type of experimente Qn.the contrary, the
extension of model IV (to be developed in Section 2.2:3) is only
suitable for either experiments of the generalized block design

type, or incomplete block design type.

In Section 2.3, two rank tests will be presented that are
related to a model, that ié the nonnparametric.counterpart of the
mixed linear model underlying a complete randomized block design

with several observations per cell.



5

2.2 Mixed Models for the Case of Several

(eventually one or zero) Results per Treatment.

Extensions of Models I and IV

2. 2.1 Introduction

Let
- .o
L= (Fygqo eoes Tyqy o Ty voes
il
Y. s esey Y. _, eee, Y, ) (2e2.1.1)
12N12 ipl xpNip
(i =1, eee, b) ‘
be b stochastically independent vectors where
Tigp (315 coes 5 8= 15 0ey N o)

represeﬁts the response of the ﬁth trial of the jth treatment in the
ithsubject or blocke
It is assumed that z& has a continuous Ni-variate cumulative

distribution function Figz) such that

m{ = (mill, esey miN 9 eeo0 mi ) (2020102)

i1 PN

mij‘e = bi + Tj, ‘ (20 2-1-3)

(ir= l,‘ l".",‘b;aén= l: oeny p;‘lz l,» ;.o, Nij)
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The hypothesis to be tested is the hypothesis of homogeneity of

treatment effects

against

le at leagt one 7 is different from zero.

Together with assumptions (2¢2¢1.2) and (2:2.1.3) some additional
assumptions may or may not be added.

These optional assumptions are
A_: Diagonal symmetry
A: Additivity of subject effects

A3: Compound. symmetry of the error vectors of the same

blocke

The meaning of these assumptioﬁs are obvious extensions of the
ones considered in the case Nij = le Only that now the number of
coordinates is Ni instead of p. |

With respect to Ag,it has to be added that in this case the
equality of the cumulative distribution functions Gi has to be

understood as equality of the marginal of the same group of variables.

2¢2.2 Cage UL

Together with (2.2¢1.2) and (2.2.1.3), it is considered that

assumption Al holds.



-

e

-In order to test HB’ let us define

(2.2.2.1)

(1 =1, ooy D3 J=dyoveey D3 =1, oou, Ni,j)

and
Rijz = I‘ank{Zijz: Zill, LX) ZipNip} (2.2. 2.2)
(i"-'—'l, S0y b; j=l, ese, PJ ,z:l,;:o.n, Nij).
The Z's are cbntrasts; hence, under Hofand assumption Al’
Z; f(emd .-.Z0 (=1, eeesem)
“where ’
! = L :V XX
Zi = (23795 oey 1w, Pier’ ttt
(2.2.2.3)

Z. A ,,v o0, Z. ) 000, Z ) b}
12Ni2 ipl iPNip

have the same distribution. As a consequence, the vectors of ranks

- ‘ % ok o0 e
Bi = (Rjyqs +ees Rimil’“ Rings eovr

- (2e2.2.4)
) »

ip -

) ey, R. ,ooo,R

R ipl viPN

e
are (conditionally) equally probable, each one occurring with condi=
‘- tional probébility 1/2 for any value of i.. Then, given the actual

vectors R.: 1i=1, «se, b} , this sign invariance generatesg a set
. ~l .
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of éb equally likely realizations. - Letﬁnscall'Pb-the related condi-

tional probability law.

Under P%,
R,., + (N, +1 -R,,,) N, +1
- ijh i ij4 - i V9.2,
1gzh° ) : 5 5 (2:2.25)
RijzRiJ,Z, +(Ni+ 1 - Riu)(Ni+ 1 - Rij;z,)
( L . .o .
' . if 1 =
E( 1JER1’J'£ |P£) . ~ . ~ (202.2.6)
¢ : Ni + 1 Ni' + 1
T ) . 1 9 3/
R e [ e I
and
w2 ],\I + 1 N
i+ 1 Y
(Rijz )(R 5 ) ifi=1
Cov(RlJz,Rl,J,L,IPb) = (202.2.7)
0. ififif
for all
] P .
i1 = 1, *eey by Jad" =1y eee, D
and

= ’ = (X X2 .
f; = l, N:.LJ.) ,(’; l, F} Niljl

The test statiStic to be used to test Hb is based on the totals

Nij. - : '
'I‘bj = zl zl Rijz (j: 1, seey p) (20 2o 208)
i=1l 4=
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that have the'following first and second moments

b N, +1

E(Tb.'$%> =35 Nij( = ) o (2.2.2.9)
d

NlJ N +1 NlJ’ N +1

b
Cov(T, ,T lp )= =2 [ 2= (B, )][ z (R, ., )1
bj bJ, b i=1 el 132 =1 1] 4 §
| (2.2.2.10)
the sﬁmmation,(dvér i) being extended only on those blogks in which

both treatments j and j’ are present.

The T's are subjeét to a linear constrain

h) b N.(Ni + 1) -
Z T,= I 5 (2.2.2.11)
j=1 4 i=1
and also can be'seen that
P . '
I Cov(T, T, |Pb) =0 (3 =1 ooy p) - (2.2.2,12)
jr=1 JA J! v N - .

80 that the rank of A is at most (p-1). If there arg's non~-compayped

sets of treatments the rank is, at most (p—S)

If the rank of Vb is (p 1) the test stablstlc is taken to be

=T, - E(Eble)J”E'LQEbS'J’%SLEbf- EQEble?J o (2.2,2.13)

where Tb is defined as ih>(l.2.h.l)~and‘gfis any (p-1) x p matrix of

linearly independent contrasts.
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In particular, C can have the form

~

1

¢ =3yt p10) " 5 poad
~ [NP-J_. . ,p-bl] D p-1~p 7 (2 2.2 lll-)
and ip this case,
Pl o ‘ < - Co

where T, . is the vector formed by the first (p-1) coordinates of T
. ~ . o ~
andVVb* is its covariance matrix.
If there are S(£l) non-compared sets and'thé'covariance matrix of

the S22 set has rank (ps—l), Wb,still has the form (2,2.2.13) with

¢ = diag (Cps Cpnes e  (2.2,2.16)

with

(s =1, ..., 8)

- AVS

being a matrix of (ps-l) linear independent contrgsts among the Py
treatments in the same set.

Also, in this case Wb can be written as

S : |
By = B (s = Bos) P00V e o e)te))
Ss) s (s) ™ ECp(s)Pp)] (2.2.2.17)

where Eb(s) (s =1, ..., S) is the vector of the totals that correspond

to the SEE set of non-compared sets.

.
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In this situation,'Wb tests the hypothesis of homogeneity of
the treatments inside each set and it is insensitive to the differences
of treatments in different setse. ‘

The distribuﬁion of Wb (2.2.2.13) is given byrﬁhe following
theorems ‘ ‘

Under the hypothesis H  and assumptions (202:1.2),{(e:0.1,3)
and Al’ if |

i) [ ((pyg510) = ((oyyr)) has rank (p-i)

ii) The Ni's are uniformly bounded
iii) Por each j, .
Var(TBj'le) >e >0
and

. (.
lim Var(T'.. |R. ) = oo
b = o bj Vb
the permutation distribution of W, as defined in (2.2.2.13) is
asymptotically the distribution of a X2 with (p-1) defe [The proof
- follows from theorems T.l.l and T.le2 of Chapter 7, taking c=le ]
Also, it can be easily seen that the one of (2.2,2¢17) is the

distribution of a X2 with |

s V .
T (pg - 1) df.

s=1
It follows also from the remarks at the end of theorem T.l.12

of Chapter T that if conditions i), ii), and iii) are fulfilled but
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the. rank of ¥, (that is assumed to.coincide with the rank of ((pjj,)))
is r <€ (p-8), the distribution of

ﬁh = L2b4-A§(E%|p?)J'clzbcl[c qul]flc[T£ fJE(ibIPb)]

with ¢ (r x p) such that E{ng'is non-siﬁgular, is asymptotically that
. of a Xg-variable with r degrees of freedom. Nevertheless, in this
case the invariance property of Wb under different choices of the
matrix of contragts‘g is lostaand the valge of Wb will depend on the
particular selected matrik.

Condition iii) is.difficult to discuss in a general set-up,
since it cannot be asserted without further research.ﬁhat
| Var(Tbijb) will be bigger than zero for any treatment.
The situation is more c¢lear when Nij is chosen to be @ or 1;

if so, Var (Tbjlpb) > 0 unless

for all the blocks in the experiment and this would imply that some
funétionéi rélationsﬁip émong the setiof fariableé {Yij: i=1, 2
veos D} hold with prdbability one, a case that is hot'of interest
in relation to this works |

iﬂ practice we:éxpeCt'that'VEI(T%j|Pb)_ will be bigger than zero;
if it is not that way, the treatment can be eliminated from the data

and the analysis performed for the rest of treatments.
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The asymptotic permutation test for Hb is given by the rule

Reject H  if W, = X°
(o] b r,q

; 2
Accept HB if Wb < Xr,a B

r is the rank of V.

2 . )
AR and Xr,a is such that

2 .2
P{XT < xr’a} = l-q (0<a<l)

for a desired level of gignificance.

2¢2¢3% Case U IV

The assumptions that characterize this case are (2.2.1.2),
(2020105); A2 a.nd AB.

The conditions A2 an&‘A3 togetherrimply that all the marginals
that can be obtained from Gi are equal if they have the same number
of coordinatese.

Iet‘usdefine the aligned yields and errors by

Zisg T Yigp Y
with
' N. .
- 1 Y 1]
I, = F I T Y. | (2.2.3.1)

i 3=l g=1 34

i=l, *s 0y b
J =1, eee, P

4 = l; LX) N’ij
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and

with

- 1 P
e, = 7 L T e _ (2:2¢3.2)

i=l’ OOO)b
3 =1 eens D

z = 1, ses y Nij

From the properties of the e's, it followé that the vectors

{e; = (eg990 +oes eipl\Tip)‘ i=1, cev; b}

are independent, identically distributed with a distribution function
that is symmetric in its Ni arguments.

Under Ha‘it~can be written that

i =l, .."’ b

2150 T G130 J=1, <oy P (2.2.3.3)

=
it

l, I E XN Nij

So, the test of the hypothesis H reduces to testing the inter-
changeability of
;(Zill’ ese; Z, ) ..

;pNip
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The test is based on inter-block ranking. Ranking is carried

out over the

observationse.
Let

r,.,

i34 = rank{Zijzz

21227t
(202:36 4)

Glven the values of

{rijz: i=], .,.., by J =1y eoe, P zv= 1y, oo, Nij}

it is assumed that under HB, any jth treatment in the ith block,
could be related'to any combination of Nij rénks present in the
1*8 p1ock. ‘

The test is based on intra-block permutation of the ranks of
each blocke The number .of configurations derived from a given set
of data 1is | |

: (x.)
n () !
j=1 1

each configuration having (conditionally) the same probability
under H « -
o]

Let us denote with £, this uniform (conditional) probability

law.'
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The test statistic is a }f‘uncvztion of the totals
b Nij - ;

T.= X I r, .9 (J = L, eee, P) (2'?'3'5)
i=1 g=1 *J

bJ i

(2.2.3.6)

™
H
=1

E(r; 5473

J=3' and 4 £ 4’

or j £ 3’

if 1 £ 1!

for'any i;i, = 1, 2, vor, b; j,,j‘, = l, Coc., P; ,e = l, see, Nij;

’ = e ‘ [}
4@ = l, . 2 Niljl
Proof
| Under- Pb the Ni orderings

{I’ill, see, ripN. }
ip

are equally likely, and it implies that each rij P) has a probability



of occurrence equal to %— « Hence,
i

N
G, )= 2 F ozon, =%
Er.. |PR)= =— T T r. =T,
ijeat v’ Ni_‘t=l h=1 ith i
and.
P N't
2 ! it 5
E(r;.,IP) == T 3 =f .
ijat o Ni t=1 h=l ith
If i # i’ the random vectors
(299 oees Tion )
ip
and

(I'_./‘ s see,y I, g, ) )
1711 i pNi,P

dre indepeﬁdent, then
E(rijzri,j,z,lpb) = E(rijzlpb)E(ri'j,,ellpb) = ri ri' *
Ifr,., and r..,,, are different coordinates of
ijs ij'4
)

(riqps voes Ty
ip

(ieee, JE G or j=3'and s £ 2" ),



P Nig r,,.,
ith
E(r.. r..,¢P)=% ¢ Er,. |r., ) —=2
ij471ij"4 p t=1 h=1 ije’ Tith ’Fi
p Ni'b'
N. z D P
2 E e PR -rith> Tith
t=1 h=1 , l\Ti -1 Ni
P Nlt 2 N,
TW.(W, -1 E L rlth - g ;tra
iMi t=1 h=1 £=1 h=l ith
Under the conditional laW'Pb,
ET R.) = Zl\T . s 202:3,8
(ysle) = 2, %, (2.2.5.8)

Cov(Tbj:Tb ey) = )ZlN (a - Nij)_ Ry . (2.»2.5.9)

where ajj; is the Kronecker index and

Rb.. = -5 (2. 2-3-.1.0)

The T 's satisfy the relation

P b _
¥ T .= Y Nr,
=1 ¢ %

that is a fixed number. Also, it can be seen that
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P
I Cov(T

J

so the renk of V, will be at most (p-1).

If superfluos rows are omitted, it can be seen that a necessary
and sufficient condition for Cov(Tbj’Tbj') to be different from

zero is that

b

¥ N, .N.., >0,
; L34l

that implies:that at least in one block treatments j and j’ appear

together.

-Also, it can be shown as in Benard and van Elteren (1953)

that:

"If and only if there are § non-compared sets of
treatments the rank of the matrix V,» is, for eny b,

p-Se ]

The proof is based on the Tausski's Theorem (Tausski (1949)).
If the design is connected, the test statistic is taken as

| Iy "l .
W, = Egb‘- E(.Tbl"’b)] c'le xbg'] oz, - E(gblpb)J ,  (202.3¢11)

where Eb'

and C is a”(p-l) x p matrix of linearly independent contrastse

is the vector of treatment totals,zb its covariance matrix,

If the design consists of 8( > 1) non-compared sets, W, becomes,

as in (202.2.17)
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S

» N - _' , . T~ ]-l
E Ths) = B (s) P00 S0y L ) T (5)S0) T

(2.2.3.12)

X Yy Eo(s) ™ P Bo(e) )] o »

wnere Eb(s) and. fo(s) have analogous meaning to those in Case I.
The distribution of W, is stated in the following Theorems
Under the hypothesis Ho and assumptions (2.2.1.2), (2-2-lo5),7

A2 and. AB’ if

i) bl_i.néo ((py35:)) = ((p550)) has rank (p-1)

~ii) the Ni's are uniformly boundeds
, b,
iii)  lim ?1 =hto0,
b -0
then the permutation distribution of W, defined in (2.2.3.11) is,
asymptoticslly, the distribution of a X= with (p-1) d-f. [The
proof follows from theorems T.le5 and T.l.6 of Chapter 7 taking
‘e=le]: Also, it can bé seen that W, ,as defined in (2+2:3+12), has
the distribution of a X° with .
T (p, -1) = p-8def. = -
4 S‘ .
s=1

. The agymptotic, permutation test for Ho .is given by the rule

S Re‘jeé’c H LEW = %O
[} b TrsQ
L
Accept H if W < X22
P o] b rya ?
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r is the rank of V.

2 . .
Y and Xr,a 18 such that

P{xi < X2 }

= kg (0<ac 1)
Y,

for a desired level of significance.

23 Mixed Model for the Case of Several

(pifferent from zero) Results per Cell.

Extension of Model II (Case U IIOl

Let the data be represented by a set of stochastically independent

vectors

4
Y.
~]

B (Yiii’"*"“-’ Yi]i\l;-i’ ceer Yipareees
(&3:1))

Y‘, - ;] LS Yu y ®s8e Yo ) (j_ = .l, LR A ] b)
121\!i2 ipl leip

Let the set of treatments under test be divided in disjoint subsets

i 41 i
S s ees g SU°

Sl, o
l B

of Py» Pg’ cees Py treatments, respectively
i

) U.
1
. (z »p =0p)
u=1 u

_in the ith blocks If treatment j belongs to Si, let Nij be equal to

M;L_,; if it belongs to s;, let N, . be M- and so one

J 2
In each block the relation
Ui
i i
Py Mﬁ - Ni

u=1
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igs agssumed to hold and all the numbers M; in the same block are
assumed to be bigger than zero and different from one to each other.

The numbers _ -
Ui,. pl’ pg’ ooy pUi s
ags well as

are fixed by design and they may vary from block to block subject
to the relations previously stated.

The Y's are considered to arise from a two-stage random process
that can be described as followse

At the first random stage, b partitions

i

i i .
{ni: 81» 8 05 8y i =1, eeos b}
1

of the treatments are selected at random, individually for each

blocke In the ith block,to all the

ol

Plg: ng; soa, PU'ig

possible partitions, equal chances of being selected are given. After
the selection of Hi, the decision of taking Mi replicated observations
in all that treatments that form the set Si is made. 780, in this

model Nij ig a random variable that takes values in the set

{M-j-_: Mjé: oese, 1\’%1-}
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and whose distribution of probability is determined by the fact that

N. .
ij u
iff treatment J belorgs to the random set S;-

The. cumulative distribution function of‘Z& i1s assumed to be a

Nimvariate continuous function
Fin) = Gigz -Agd) = Gi(g)

with

see, M,
leip

s oeey I,

ipl’

and

m. . = Db, + . -
(243.3)

(L =2, coes D3 =1, eee;, D5 L =1, wos, Nij> f

The second stage of the random process associated with this model

refers to the selection of the actual Y's from the distribution

function F; that depends on T, ﬁhrough the variables

Nij(J = l, 2, soe, P) °

A further assumption on the distribution of the errorslgts
completes the model: for any given block the errors related to a
certain treatment are interchangeable random variables and so are the

vectors of errors-
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..:e..:."')e.. )
ijl® "ije” lJNij

(e

and.

(eij'l’ €132 °°%? eij'l\Tij,)

for all j and j’ in the same subset Si of treatments. This assump-
tion will be called "fragmented compound symmetry" and, symbollized
by A L{.,

The hypothesis to be considered is, as usual

The procedure for testing H6 is as follows:

Tet
Ry, = Tankl¥ygpr Yypgs orer Yy oovors Typpo oo Fapy, }
il 1p
i=1, ees, b (20345)
J =1, eees, P
L = l’loo., Nij
and . *

R/ = (R

~l = ill, cso, RilNi 9 @eo0y R- 2 LR R, )

1 ipl 1pNip

(2.3:6)

(i = l, XX N b) .
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Under HB the vectors of ranks have the property of fragmented

compound symmetry. It will be associated to each set

{Ri: i=1, ees, b}

the
b .
1 o (M %) =
. u
i=1 u=
b Ui 5 p; 1 Ui
i=1 u=l i u=1
np 4
u=lvu

equally probable (under Ho) results that come into consideration

observing that if Hb is true,

i) +the actual ranks inBri could have been obtained under
any of the equally probable partitions Hi;

ii) for a givén partition any permutation of the vectors
of ranks corresponding to the treatments in the same
set Si are equally probable;

iii) for any individual treatment, all the permutations of
its associated ranks are equally probable (and this

is true even under hypotheses different from Hé).

Conditionally to this set of

b Ui pi
I Qr ) tp!
i=l u
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results, a uniform probability distribution can be defined. lLet us
call it Pb'o

Two statistics for the test of Hb can be suggested. One based
on the totals |
b Nij

. = R., e
oy T T an e (2:3-1)

and. the other based on the unweighted sum of rank averages

.. b
with N. .
iJ
~ R..
_ f=1 ij4 -
Rij = _——Ti-T—__— . (2'3'9)
i
Under Pb ’
: Ni Ni + 1 _
E(TbJ.IPb) = 5 (=3 ) (2.3.10)
SJJ, p-1
Cov(Tbj,Tbjllpb) = 3o X
(2.3.110
b p , N N+1
x T % [R%, - EDAE—) 1,
i=1 =1 *°° P2

O being the Kronecker index .and.

N. .

Ad
R.. =2 R.., = 2+3.12
e = B R (2:5-12)

I
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Alsao

T R, (2.3413)

and

g 2 (2.3.14)
b v}, 4l
x £ DR, -
i=1 g=1| * P

In Chapter T (Section T.2) it is shown how these moments have

been obtained.

- If V, and V. = represent the covariance matrices of the T ‘s

~D ~bR I
and.Tbﬁf% respectively, the related statistics for testing Ho are
; ‘ 4 o
— - " I n? s - o3
Wy, = [T, - BT, P)e (€ ve) g - BT, IP)] (2.3.15)

and

Wz = (T - B 1P 178 e e 1Dz - BTz P)1 (2:3.26)

where T is the vector of the totals defined in- (2.3.7) and'Tbﬁ is

~b
the vector of the unweighted sum of rank averages defined in (2.3.8).

C is any (p-1) x p matrix of linearly independent contrastse



After some algebra, it can be shown that

D o
| (p—l)jgl[$bj - E(T, [P,
W o= _ (203.17)

b b P N, N.+ 1
T TR, - (D)3(E— )3
i=1 g= 9P 2
and,
(p-1) %—[ = - K= )1?
P jo1 OB bRj " b
Wbﬁ = _b p R. - . (205-18)

It can be seen from (2.3.11) and (2.3.1L) that the columns of
either EET or Xiﬁ add to zero. Bo, they have, at most, %ank
(p-1).

The distribution of W (2.3.15) is given by the following
theorem. ) ' .

Under the hypothesis H  and assumptions (2:3.2), (2¢3¢3) and

A)+ if

1) lim ((pyyy0)) = ((pyy0)) has vank (p-1)

« sl
b - O b3J

ii) the N,'s are uniformly bounded

1ii)- 1im Var(T_.|P,) = co, then

the permutation distribution of W, defined in (2+3.15) is asymptoti-

cally the distribution of a X2-varidble with (p-1) def.
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A similar theorem'holdé for W, —"(2.5416)} The proofs of these
~ theorems are given in Chapter 7 (théorems 7. 1.8 and Te 1-9)

The asymptotlc permutation for Hb is:

. , . oy 2
Reject H =~ if W_ (WbR) = %
Accept H ~ if W ( %) < X ’

. N~ : )
r being the rank of yb(yiR) and, X, chosen such that
2 24 '
P{xrsxm} = l~a (0<a<l)
for the level o of significance.

2.4 A Numerical - Examg__

To 1llustrate some of the technlques of this chapter, a set of
data has been analyzede The data represent the resultS'of replicated
blood analysis in a group of sii swines submittgd to some experimental
diet.

The blood samples were taken mon thly from.October to Februarye
At each time several "determinatiohs 8f the propertion of Calcium in

e “3 C i LM
serum (mg per lOO ml serum) were . Pﬁrformed» The follOW1ng table

L“

shows. the outcome of the experlmenﬁa

T e etk o
(I :{']»fﬁq‘q B«
: ||[‘l“p¢\,‘ oD T - .

-0 RS
A
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$i 4
Botigy

Le0oT 6°0T Le0T 0°TT G *0T 9°0T Q°0T O°*TT-  6°1T 0T 9
9*0T  .g°0T 9+0T 80T 6°0T 86 ¢€°0T 60T GeT HeTT
: ¢°0T . 80T _
T°0T T*0T 80T c°0T f°TL 0°TT ¢ 0T 2T Q°TT <
#°0T g6 86 7°0T L6 G0t 0°0T 9°0T ¢t g*0T -
Lot TeTT 6-01 g0t geTT
- 9°0T 2 1T G0t 0°TT 1°0T 9°0T Lett 1°TT A4 g 4
G*0T . g°0T 7°0T Leot 60T 20T  S°0T O°TT:  6°TT  £°0T:
| 90T 20t A O°TL
G-0T T°0T #°0T ¢°0T 0°0 4°0T Leot A ¢
#°0T S°0T. Leot 66 G 0T 6°6 T°TT  ¢*0T &= 6°0T *
GeoT 9°0T 9°+0T G-0T 1°0T 9°0L . GOT A T°TT - 4
L*0T 0T Leot 4 °0T 6°0T €°0T Leot coT 9°TL G°0T
6°6 G*6 . 6°6 0°0T 8°0T 2°0T g1t 0°TT T
0°0T 26 0-0T G*6 LeoT G*6 T°TT g6 - 0%t g°0T - :
asd “wep =voq- - enOK *300 supag|
YIUOH

sesATeuy PooTd

'

. i-‘

-



Several models were applied to this set of data and their
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corresponding tests for the hypotheses of no effects of months were

constructed.

shown belows:

i)

ii)

iii)

The number of blocks (b=6) is hardly "sufficiently large" to
Justify using a large sample approximation and any conclusion

based on these results has to be taken with reticenses

The lists of models and the results of the tests are

Case I of Koch and Sen applied to the average of

the cells

Case U I

(section 2.2).

Case U II

(section 2.4)

b

Wb = 20950
W.b = 111-0 OO
Wbﬁ = 20.15

W_ = 6.000



3. MIXED MODELS FOR THE CASE OF SEVERAL (EVENTUALLY
ONE OR ZERO) RESULTS PER TREATMENT AND

MULTIVARTATE RESPONSES

5.1 Introduction

Extensions to multivariate responses of Case UL, Case UIT (that
underlies the Benard and van Elteren test) and Case UIV are presented
in this chapter.

Case UIIO has not been extended to multidimensional responses,
but the procedure for obtaining such extension can be done following
the same steps that are used in the univariate situation.

For the type of problems to be considered in this section, the
outcome of the experiment can be represented by the set of
stochastically independent matrices (each matrix being associated with

a different subject) [Yl, Yoo eees Y3, with

~p? ,
[y, @ )
1ll 111\]'l 121 12N ipl pNip
= | v (2) (2) (2) (2) (2)
A s Ti1q2 o Yi.]_Nil’ izl? "°° Y12N crr Yippe ere Yipr
(c) (c) (c) (c) (c) (c)
__Yill’ e Yy Yoy e Tion, 200" 1p1’ T Yle -
il 2 ip
(3.1.1)
where
- @) @) le)
~1J£ ij4’ 132’ ’ 1J£

stands for the 422 result of treatment j ‘taken on the il subject.
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It is assumed that each matrix comes from some (c x Ni)-valued

continuous cumulative distribution function

Fy(y) = 6 (g-m) = Gy (e) (5.1.2)
) with m, = ((mé?))) being a (c x Ni) matrix such that

121, vee, B

(k) _,(x) . (k) o
myy = b+ TS J=1, e, P . (3.1.3)
L =1, %y Nij
The hypo?Pesis to be tested is
HOQ T]_ - Tlg T s ey T T‘p - O fOI‘ k - .l) 2, e 9 C.

The assampdonsAl, A, and A5 that have been defined for univariate

models can be adapted to the multivariate case in the following way:

A

linearly independent set of contrasts among the

Skew symmetry: The joint distribution of any

vectors Y. ., is (diagqnally) symmetrically dis-
N

J4

tributed about its location parameter.

In 'other words, let C be a (Ni-l)XNi matrix of contrasts. Then
. Al states that
cy/ and [6 - cv’]
L ~ ]
have the same distribution for any i, where’g is the location para=-

meter of gzi.



Th
A2 Additivity of subject effects: Any marginal
obtained from Gy is the same (for the same group -

of variables) whatever block is considered.

A_;,> Compound symmetry of the error columns:  This
means that
G; (317 8100 vr By ) = Ci(8p s Cip s v SihN )
i 1 2 - s
where hl, hE""’ hNi is any permutation of the

subscripts {1, 2, ..., N, }.

The three cases to be presented are identified as cases MUI, MUII
and MUIV; for all of them, assumptions (3.1.2) and (3.1.3) are

supposed to hold, and for:

Case MUI: A, holds (A2 and A3 may not)

1
Case MUII+ A3 holds (’Al and A, may not)
Case MUIV: A, and’AB‘hold (Al-may not).

5.2 Case MUI

To test Ho’ the following matrices are considered:

Zo = (Ziyqs wevs Bount 5 sees By s weny Zo 0 ), (3.2.1)
~1 ~11) ~1lNil ~ipl ~1pNip
where
1 = .l’ oy b
Bigg =50~ 4 J=L .oy P (3.2.2)

>
1l
i—-l

-

-
=



5
with

2 Zy Yooy | (3.2.3)

»

Iif Ho holds, the distribution of {Zi: i=1y veu, b} remains in-

variant under the group of transformations g such that g e G is
L)
i

defined as

E 3N

1

g(2) = &(Zs 2y +es Zb)

1t

o o (o2
1 2 b
(("l) lel: ("]-) ,%2) ree ('l) %b)ﬁ

where di (1 =1, ..., b) can take the %afues 0 or 1.
As a consequence, the matrices ' ;

By sad (0 + 1) - R,

where N
FREB’ o Ri(il\)ril (éi’ B Ri(:QleTi? ’Rgi: cees Ri(;l%ipq
b [ g g,
pRpE g;g, Ri(géigj-?mi;i, g
(3.2.4)

are conditionally equally probable, each one bccufring with probability

1/2 for any value of i.
If given the set of matrices [Rl, cees Eb}’ we restrict the space

to the set of 2b points generated by g, then, as a consequence of the
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gign lgvariance under Ho’ a uniform (conditional) law can be defined

on that set, Let P designate that conditional law. Under P

(k') (N +1 (k)) . +1
(k) R1i4 ' Riu N
ER; IR = ——s 52—* (3.2.5)
()5 (k) IV
Radt ij'z' <N;+l o )(N , ij'@')if i=1i/,
(k)p (k) |
E(R oy R ) = (3.2.6)
i‘“ Lty ") (w+1) (1)
ZT g 1f 14 10
and
1 N, +L
2(6) Ni* (k) s ~
contry iRy = ¢ R
0 iri
\
for i, 1’ =1, veey B3 3y 3/ =1y e, P34 =1, LR 1 14
4 =1, yye, Ni'j' and k, k! =1, .,., c.
The test statistic is based on the rank totals
j o= 1 RN
(k:) %;-1 (k) N ) s D
Z 2 , . (3.2.8).
bj T 1= gEL iJﬁ k=1, eeu, cf - - : .
Conditionally, we have that
(k)| ) - b

J

, . jl N.’fl
c""(TS)' Té?a)“:b) ) iél[,ééi(RiM } '”—)3[/&21 (Rij 73 %”'.

(3.2.10)



i

Let us consider the vector T as defined in (1.2 4). For each k,

~b
Pk b N (Ni+l) 7 - ,
Jd‘::lTl()j) = ié]_ ) (k =1, 2 ciey o) (302.,1__]_)
and also -
P k K/ .
58 COV(Téj)’ T’éjl)lpb) = 0, (3.2.12)

for j =1, 2, ..., p and any pair (k, k’).

From (3.2.12) it can be seen that the rank of A is at most c(p-1).
If there are 8 non-compared sets, it follows from (1i2;h.u) that the
rank'of‘zb is at most c{p-8). |

If the rank of v is c(p-1), the test statistic is taken to be

-1 fm A
W, = [Eb - E(Eblpb)]’g'[wcvc’] Stgb - E(Eblpb)] (3.2.13)
where C’ is a (p-l)c x pc matrix of the form ¢ = diag(D, ..., D), and
~ ) ~ ~ (C) "~

Dis a (p-1) x p matrix of linearly independent contrasts. D can be

taken as C in (2.2.2.14), and then,
-1 .
Wy = [T - E@b*l"b]’l{* (o - E(Eb*lpb)] (3.2.14)

If there are S non-compared sets of treatments and the rank of
each Vﬁ(s) is c(ps-l), a formula similar to (2.2.2.17) can be used,
.8

8 -1

= - 1032 / 7 -

B = o810 (6) ™ T (6) P01 1) 161 (5)C 60T L) s ) B T () 1P

(3.2.15)

where C(S) = diag (B(S)’ ké}) B é))o
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The distribution of Wb is stated in the following theorem:
Under the hypothesis H_  and assumptions (3.1.2), (3.1.3) and A, if
. kk kk’
i) Um ((p55,)) = ((p55,)) has rank c(p-1)
oo 3 33 |

ii) The N, 's are uniformly bounded

iii) For each k and j, Var(Té?)lp%) > e >0 and

Var(T]g?)ipb) goes to infinity with b,

then, the permutation distribution of Wﬁ, as defined in (3.2.13) is,
agymptotically, the distribution of a X° with c(p~-1) d.f.

The proof is given in theorems T.1l,1 and 7.l.2 of Chapter T

If the rank of ((p??:)) is r, then the corresponding W is
distributed as a X2 with r degrees of freedom.
A As in the univariate case, it can be said with respect to
assunption 1i1) that Var(T]g.{)[Pb) will be positive for each j and k, if
Nij 1s taken to be equal to either O or 1, unless some functional
relations among the coordinates of the blocks exist.

The asymptotic permutation test for HO ig given by the rule:

. . 2
Reject Hb if Wb = x&)a

. 2
Accept HO if Wb < Xr,a

where r is the raﬁk of Vb and xﬁ & is such that
~ b

2 _ .2
P(X, s Xr,a) =l-g, (O<ca<l)
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5.5 Case MUIT

The test is based on intrablock rankings. Ranking is carried out
‘over the Ni observations within each block and done individually for
each varisble.

- - Let

Rﬁg) - rankfyég): Yifi, cees Yé?&il, oo Ysk) (&) g

and

[5(1) g{1) R(lj cee, (L) 4...,3(15'..., R(l)k 7]

, l.., ’ =3 ’ ) ’ - ’ .
ill llNil izl 12Ni2 ipl 1p1\Iip
(2) (2) (2) (2) (2) (2)
- - R. s "O, R. . b4 R. s o-o, R. ,o:oo,R. , Qoo, R
Bi = ill llNil izl 12N12 ; ipl ipNip .

=(c) (c) ()  (e) (c) (c)
-Ril.l’ ceey Rimil, Rizl, ceey RiQNiE, cao ,Ripl, *s0y RipNip_J
(i = l, cwaey b) (3-3ol)

Because of A2, all the matrices that can be obtained fromiz&,
(3.3.1) by permutation of the N, columns, are, under H, equally .
* probable. The same is true with respect to Bi’ so that the distri-

- bution of Ri on the set of Ni! matrices originated by the

permutational invariance is (Nl - . So,
- * i .
b3
P(Rys «+er RBy) = 30 W, )

since the rankings are independent for different blocks. Let us call

¥, this uniform (conditional) law.
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Under Pb’
( ) N.+.l
1J£|P ) = —5—— (3.3.2)
=17
1 t (k) (k') .
N, t & h%l ithtign 3 =37
L= 4
N EE gty | L e
( ) ( ) N.-1)-t=1 h l lth ith 2
k) (k/
E(ngz i J'z'lpb) - (3.3.3)
if i =1/
3 =30 and 4 A4
and .
or § £ j
N+l N, ,+1
= = if 1 4 iv
for any i, 1/ =1, 2, ..., b3 J, §/ =1, ..., p; L =1, ..., Nij:
2= ey Ny, ks K= 1,2 e, c
Proof
Under Pb, the Nil orderings Of-gﬁill? .5, R, ) are equally

- ~1pN ip )

likely, and hence,
N, (N.+1) N,+1
iV i

(k) P (k) _ _
E<RlJ£|P N £21 th Bign = a2

(k) (k) '
Also, since R, oY) and ngz belong to the same vector Eijz’

N,
(k) (B )pyy. oL B OTLE (k) (k’)
E(Rip Rigy [Py) = W, 51 n21 Rienficn

and the result is true if k and k’/ are either equal or not.
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If i #i7, the random matrices R, and R;, are independent, so

) 2% fe,) - 5 e, T R T

for any J, ', 4, 4/, k and k’.’

4
If B. ) &nd le( :' are dlfferent because either J ié J or J
- and 4 % .@'

= 3t
but both veetors belong to the same block, ‘they are not
independent any ;onger and

g (&)
k) _(k’ k) p(k?)y Tith
<Rsf33, (JW)IP ) = Zy By E(RJEJ;Z‘Rl(th) 1
bt (x K K
_ e Nig t;~l h7=1F it?h' B (tg Rith)
T8l hE1 (N, -1) N,
. , L ) - &
'N N,
1 r, B (k)
) Ni(Ni-.'l.jf(t:,’;“-l hzl thh)(t I udy ith))

, N,
k) . (k’)
tgl nE1 thh R(th ]

Ny 7 ’ N, (W, -.lr) '
ZN 15[t=1 hz thg Ri?h) - (=%

The last equality fellows from the fact that, for any k,

N
t21 n=1 - 2 )

The test will be based on the totals

Té?) g Z R(k) (j = .l.,:-..-, p) .

151 4=1 T4 k=1, ..., c (5:3-4)

The first and second moments of the Té are, conditional}y,



i

. =1 «ee, P\
E(Téj})wb) 15 1.]( 2 ) <k S c)

(k) (k ) (k)
Cov(Tys’s Ty IP) =& Ny By = N5 R
whefe

' (k) Ni‘ () Mt
o) _ iy oL 1 (Rith —) Ryl - 2 -) ‘
i Ni(Ni-l)

For each k,
p (k) b Ni+l
35 Tpy” = 4E Ny )

and

E Cov(T.é?) é?' lb%)

for j =1, 2, ..., p and any pair (k, k/).
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(3.3.5Y

(3.3.6)

(3.3.7)

"If T is defined as in (1.2.4.1), it can be seen that the rank of

~b

its covariance matrix V. is at most c(p-l). ¥, can be written as

~b

* where
N, . (N, =N, )e =N, .N « =N, N,
11V Y "Mt 114p
= ((M )) = WMy N (N 12) 12Nip
Qg 7 Myy407)
LNy Wy o Ny Ny e (T )

-

(3.3.8) -

(3.3.9)
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Let Bi* be the matrix obtsined fromlni by omitting the last row

and column. Then,

oo = 35 ((y5,0) 8 (@05 (5.3.10)

ig the variance-covariance matrix of Tb*’

. (kk? . R
If ((nijj'*)) and ((ﬁ£ ))) are non-singular for each i,

(g5506)) © (RI"))

is positive definite and so is V%*.
Tawski's theorem can be applied to the matrix Hi* and it can be

concluded that:

14
"If for any block i, ((Rfk )) is non-singular and
the matrix’ﬂi* cannot be transformed into a matrix

of the form

10 1w
=

8

by the same permutation of the rows and columns,
where‘E and g are square matrices and O consists

of zeros only, then, Vb* is non-singular."

The bondition can also be proved to be sufficient. If the

frequencies Nij are the same for each block, then
u((ﬂijj,)) = ((ﬂjj/))

and



8l

D ok )y -
Nb* = (('n J,*>) ® (( 181 l ))' L (3'3‘-]-1)
If the rank of Xb is c(p=-1), the test statistic is teken to be
Wy =[5, - B(G, 1P 1rg (g e 17, - (L R)],  (3.312)

where C is a (p-1l)c x pc matrix of theAfoim
(e)
and D is a [(p-1)x p] matrix of linearly independent contrasts. If D

is defined as C in (2.2.2.1k4), W, tekes the form

= [Tb* - E(Tb*'Pb ] *ETb* = E(Eb*Nab)] : (3'3033)

and when the number of non=comparad sets is 8 » 1,

S . . i _.
Wy = B2l (e) = (o (e) 1Po)1Cte ) E i ¥n()56) T S o) Mo e)
(3.3.14)

BT, (g9 1Py)]

under the same conditions stated in case MUT.
In the special case that
N, =N, Y
1 Nj ds
after some algsbre, it can be found that, if the rank of Z& is (p=1l)e,
(that implies that Nj > 0),

¢ 1 s B ET<k)-E(T<k>|Fb)jET(k) B(r{® )le)]
L FY 0 A T, .

¥y =

’ﬁ?"m@

(3:3.15)
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where R-kk’ is the general element of the inverse of the matrix
b (ke
(2 R{EE")y).
i

It has to be recalled that, in this case as well as in the other
two multivariate cases, if éither the design is’connected and the rank
ioflzb is r « (p-1)c or if there are § (> 1) non-compared sets of
treatments and the rank is less than (p-S)c, the value of the statistic
W. is no lohger invariant, under different choices of’Q(or D(S)'S)-

b
The next theorem states the distribution of the test statistic

Under the hypothesis H  and assumptions (3.12), (3.13) and A5’ if

v e ((ng3)) = ((15"))) has rank ofp-1)

ii)  The Ni's are uniformly bounded

A

iii) If”b'j goes to infinity with b,

then the permutatidn distribution of Wb as defined in (2.3.3.12) is
asympotically fhe distribution of.a X2 Vériable with c(psl) d.f. |
The proof is given in theorems 7.1.3 and 7.1.4 of Chapter 7.
The theorem extends to the case in which the rank of ((p??:)) is
r.v From the previous theorem, follows that the asymptotic -

permutation test is given by the rule:

. . 2
Reject Hb if Wb = Xr,a

. 2
Accept Hb if Wb < Xr,&
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where r is the rank of V. and X2 is such that
~b rye

2 2
P(Xr < xr,a) = l-g, (Oca<l)

3.4 Case MUTV

Let us define the aligned (vector) yields and errors by

- S - N%:jy i=1, «o., b :
Zijg = Xijg - Xy vhere I, TW, J=L R R i=1, «ou, D

£=1, «oc, N

iJ
(3.4.1)
and
. 1 P i
igg T Rige " G VEth g = W, sE1 421 Sigg (5-h.2)
The cummulative distribution function of
& = (g0 o0 Gy, o e Sip17 70 Sipn, )
il ip
remains the same under permutation of its l\Ii columns, because of
assumption A5°
It can be written that
i=1, s b -
) = €.. j o= 1, ... o by .
Zise = Sis J=1 -5 p (3.4.3)

so that the hypothesis Hb reduces to testing the interchangeability
of
(Z:1qs ceis Z yoeees 2 )
ill llNil 1p1\Tip

under shift alternatives.
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Let

L () Ranktz(k) ey i=l, viiy p

A |
Y134 16t A prmbp RN
k, = .1., . E) C
and
-, (1) r(.1) ey ey NGO R €
1110 v ilN. Tiopr v ioN, 2t ipr? "t ipN
il 12
2 @) (2) (2 (2 r(2>
Fi112 v 11N ’ i21? *t Tioy e ipl” °°'’ “ipW,
r. = 2 ip
~L
p£0), (o) (o) L(e) MO YR
L Fi11r 11w, l Yip1? v02 12N g1 7’ 1pN ip ~
(1 =1, vor)y D) (3.4.5)

For gach variable, ﬁhe ranks in the blocks are a subset of Ni
numbers out of the first N najural numbers.

The test is based on intra-block permuytation ofrﬁhe columns of
Afi' TheAnumber of configurations derived from a given set of b blocks
ig

b 1
14 ()

each configuration having (conditionally) the same probability.
Let us denote this unjiform probability distribution over the

b
o, N,/

=1 74



equally likely reslizgtions by 95' Under R ,

N
(k) tgl hg; I‘&g (k)
E(rijztpb) Ni ry (3.4.6)
1 (), &) t=1
N, tgl h§1 ehfien S =3

a2 M g w2 T g
W, (, - TyleE) pd T iﬁg (th) iy (tzl n&1 étg)
£(r{8)x (&7) lp)=‘ 1, G

ijz 1igtat it
© (8 pE fi(lé?l)] 1P 4 mds
= J’ and 4 £ 4/
or J £ 37

. D it Sy
tgl hil §iﬁ)( L 5 (ﬁh)) if 1 4 i

for any 1, 4/ =1, 2, ..., b3 J, 371 =1, vvey, P; 4 = l, ceey Nij’
5/=L.”,%q”k,w=1,&..,m

The proofs are similar to the ones of the expressions (3.3’2) and
(3.3.3) in the case MUIIL, since in both models Pb is originated by the
invariance of the matrix of ranks under permutation of its columns.

But in this case, oppositely the other,

(k)
51
is not equal to

Ni(Ni+l)
2
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fince the set of ranks in each row of the iﬁg»block‘isrnot any longer

the set of the first N, natural numbers,

Let
N [3=1 vy
(k) ks (k) (j; «;.’9)
I £ ' | - (3.4.8)
o) ilzl “134 k=1, e, o
Conditionally,
b -
e, = 3, m, 7 . (3.4.9)
b
OOV(Tg), Tég‘,)lpb) =35 Ny (ajJ, ij,m(kk') (3.4.10)
where
B L () S (o) _ k)
- ‘ L § (r Megp,' - 1357)
R§k.kf) o 5EL wE) 1§h(N . i ) (3.4.11)
For each k,
P oplk) _mQia -
JBy Ty < M) (3.1.12)
and

1

jg cov(r), o’ )|pb)

j = -1-) 2, veey P |
bj ? b.j' O) A .3 (5.”‘-1.3)
c .

Wk’ =1, ...,

88 & consequence, the rank of the covariance matrix Of,gb’ (L.2.4.1),
is at most (p+l)g if the design is connected and is at most (p-S)c if

there are 8(»> 1) non-compared sets of treatments.
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50

The matrix 25 can be written

b Kk ? ‘ '
Y= 35 (Mg ) @ (R)) (3.1 14)

with ((nijj,)) defined as in (3.3.9).
Similarly to (3.3.10), the covariance matrix of T, can be

written as

b kk/

The sufficient condition (Section 3.3, page 83 ) based on
Tawski's theorem for the non-singularity of,yé* applies to this case
as well.

If Nij = NjVi,

N e (a0, (3.4.16)

Vox = ((nijj’*

If the rank of V. is c(p-1), the test statistic is
-1 ,
W, = [T, - BT, IR)178 [ev, ¢/ 17 el - B(T, |P,)] (3:4.17)

where C is defined as in (3.2.13).

Formulas (3.3.13), (3.3.14) and (3.3.15) apply to this case after

- obvious. adgptations. Also, comments on the selection of C when the

rank of V, is r < (p-8)ec (8 2 1) apply.
The next theorem gives the distribution of Wﬁ.
Under the hypothesis H and assumptions (3.1.2), (3.1, 3), A, end

A, 1t
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)) has rank c(p-l)

1) bfLim ((prj’)) = ((pJJ'

ii) The Ni's are uniformly bounded

- i11)  im 24 = u £ O then,
: oo P .

- the permutation distributiorn of W ,: as defined in (3:4.17) is

~ -

asymptotically the distribution of a X° with c(p-1) d.f.

| ‘The proof is glven in theorems 7.1.5 and 7.l:6: of Chapter: 7.
The theorem can be extended to the casé of §(> 1) non-compared

sets of treatments and rank of zb is (p-S)ec, and to the situation in

which there are S(z 1) non-compared séts and rank r.-< (p-8)d.. Of

gourse, the‘definition of Wﬁ has to be changed accordingly..

The asymptotic permutation test for'Hb is given by the rule,

2
Reject H 1f W, z.xr’ai

' Accept'Hb_if W <'X§”Q
’ s

&

where r is the rank of Vb and Xf is defined by the equation

2 W2y S 0y
P(xr,s xr,a) = le-gy (0ca<l)
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L. MULTIVARIATE MIXED MODEL WITH SEVERAL (EVENTUALLY
ONE OR ZERO) RESULTS PER TREATMENT AND

INCOMPLETE RESPONSES - CASE IMUIT

4,1 Introduction o .

Incomplete multiresponée designs afe characterized by phe
fact that not all the variates are measuredron each experimental unit.
Such a situation arises when it is either physically impossible or
otherwise inadvisable or inconvenient to measure each response on each
unit. Even in the parametricvtheory, the problem of handling of multi-
variate-data with observations missing on some or all the»variables
under study has only been sblved in a very limited number of situations.,

In the non-parametric framework almost no results have been
presented on the subject.

Included in this chapter is a discussion of a permutation-rank
test for. the hypothesis of no treatment effects in an incomplete multi-
response mixed model. The experiment is of theikind that was
discussed ip Chapter 3, Section 3.3.

The set of coordinates is divided in two groups: one of primary
interest and the other of secondary importance, and according to this
clasgification, a variate-wise design is superimposed on the
complete layout.

The denpmination "primary interest" is used in a technical sense,
and it is applied to that group of variables that is measured in all
experimental units. . The reason for doing it can be either that these

vapriebles are actually more important than the other variables, or,
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that other practical situations (cost, facilities at haﬁd) are taken
into consideration.

Without loss of generality, 1t can be aséumed that the wvariables
of ppimary interest are the ones identified by the set of superscripts
(1 25 oy @)

The model and the test are given in the next section.

4.2 The Model and The Test

As in the usual situation of several trials- per treatment, it is -

assumed that the iEQ subject is submitted to

N, =X N .
1 3 id

tyials. The trigls are divided into tWOrgroupS: one consigting of
a4 (s Ni) trials and the other consisting of the remaining (Ni - nik
ones,

For the trials‘in the first group, the responseg are vectors of
c oomponents.whileitne responses of the trials in the second group
hayve only g eocordinates {the ones that correspond to the variables of
less importance).

The number niwis fixed, but which n, trials (out of the Ni) are
going tp be complete and which are not, is determined at random.

The selection of the ny trials is made in a way that gives to-
any set of ni trials ont of the Ni, equal chance of having a
complete responSe. The selection disregards which treatments are in-
#olved in.'the,ni complete triais. qu a given treatment, all the Nij

trials can be complete, or only part of them, or none.
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‘The symbol n,, represents the number of complete trials that

13
porrespond to treatment j in block i, nij is a random variable that

varies from zero to N On the other hand, Nij is cpnsidered to he

i3’
fixed, The symbol
3

By

ig used tq indicate the set of indexes of the trials with complete

responses;
Sn
1
can teke
| N'-
+
n.
i
different forms. The symbol
()
J

indicates the number of blocks in which the kEE variable of the pEE

treatment is measured, The outcome of the experiment can be

represented by a set of incomplete matrices of the form -

Y Y

Ni = tgill" veey zimil,ziel, o‘-., NiQN 9 ey Y. l,-.-,Y. ]

12 ~ip ~1p1\1ip

(i = 1y eess b) _
suych that for each J, ny g out of the Nij vectors

'1-’ ".) Ni-)

RIRY) (4 = b
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have ¢ coprdingtes while the other <Nij - nij) vgctors have bnly
@ (< ¢). The set of g coordinates of primary importance does not
ghangs with elther j or i, |

Given any block, its entries

(k)
{5

can be thought of as arising from .a two-stage sampling process. The
first stage consists in the random selection of a set of ny indexes,

say

5,
€

qut of the Ny indexes that identify the trials of the block.

The &eléction is assumed to be made hy giviﬁg equal probabilities

b

to gll the

possible sets that can bebobtained from the block.

The procedure associates with each set

8
n,
i

a particular [c ¥n, tgq x-(Ni - ni)]-variate-cumulative distribution



.
The

N . )
1
By

possible cumulative distribution functions associated with the sets

S,
n,

i
are the marginals obtained from a certain fixed (c x Ni)-variate
cumulative distribution function Fin), v being defined as in (3.1.1)>
by integrating on the last (c-q) variables of the columns whose

indexes do not belong to the corresponding sets

8 's.
n,
L

It is assumed that Fi(g) fulfills the conditions (3.1.2) and

(3.1.3) of Sectiaon 3.1, i.e.,
Fi(g) =G, (y - E;l) =G (e) (ho2.1)
where m, is a (¢ x Ni) matrix with general entry

=1, ..., b

\ l, ..., D
(k) _ |

k) . (k)| *
134 " +b§

T3
£ -1-) o0y Nij

k=1, «.., ¢

|

It is also assumed that the Nircolumns of the (¢ x Ni) matrix

= are interchangeable random variagbles.

S LR ]
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"This implies that. if Hb ig true, A_:

5} The marginals

Ty @)
n.
obtained by dintegrating - with respect to the last (c-g)=variables
Qﬂfany.grbup of éolumns.of Z& are invariant under the groyp of trans-
ermatiéna'G such that g ¢ G is defined as a product, g = 81809 with
g belonging to the group of permutations of the complete columns and

&, belongling to the group of permutations of the incomplete ones.

The: hypothesis that i$.wanted to be tested is:

AR O
for k =k, «eey d;

- The tegt. is based on intrablock ranking. The ranking is made
independently fbr-eaéhfvariable. The ranks;run-from 1 to Ni for theA
first q varfetes and fram 1 to n, for the last (c-q).

Let,Ei be the,ihgomplete metrix of ranks that corresponds to the
ancomplﬁﬁe%matrix E&, Given: a matrix Ei’ let us consider all the
,foyms:ﬁhat it,gou;d have taken if its entries would have been ﬁhe
result of other samples of indexes and all the treatments would have
been equally effective.

_ Because of the irrelevance of the treatments and the random
process of‘ﬁhe,firét‘stage, the complete columns of Ei could belong
tq any set. of tﬁiqls as well as the ones actually chosen., Also,

under HO gnd becauge of statement A: above, given any set of trials,

5
Say
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S
n.’
i

all the matrices that could be obtained from Ri by permuting the
complete columns and the incomplete ones among themselves would be
equally probable.

So, given the actual value of Ei’ there are ‘ .
N
= ;.' .- ,' i
oy, = 27 ()

associated incomplete matrices that have, under Ho, equal probabili-
ties. As s consequenceé, the
b b (Ni)
o= ! - .
(I = Tyn (0 - ny) n;

potential outcomes associated with the set of incomplete matrices

£>Bl’ Rps +oes Eb}

arg{rundﬁr Hb, equally pfobable as well.

Ip this cell of therspace of possible results, a unifbrm
pnobabiliﬁy law Pb can be defined (under Ho), and a condiﬁional fest
can be constructed.

The test is based on the spatistics:

(k) iflsksq :

(4.2.3)

(x) |
Rlu if (g+l) < k < c.

J=1l, vees Po
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is the set of indexes that identify the complete trials of treatment j

in the:iEE block. It is considered that the Ni's and Nij'

g are such

that bj_# 0 for any treatment and that the sample is large enough so

“that all the variables of every treatment are present in at least one

bloek of the experiment, i.e., it is assumed that
T<F) >0V Jk.
bJ

Under Pb, the following results are obtained:

p  N.+1

Z.

. i .
12 (-—2——) k=1, «¢e.y g

n, n,+1

L L
p iy (o = + s o0 .
i§1 Nij Ni( 5 ) k = g+l, s C

sguals to
b (@..,N W.., p n, n,+l
gyl Mg 20 (k)p(k7) 3,74 ~7y2
18 TN (N Tk nds Pignfien’ " F () D
ivi n, i
' it
1t
. k= q+l, eeey C3 kt = q+l, s ooy Co
- P i .
b QN p [Ra«:) () _ Jattie
i%1 N (N -1) — t81 nE1RienRien 2 i

l(h.a.h)

(h.2.5)

(h.2.6)
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if
k.bl, teey q; k, =]_’ oo.-’ q-
d ~N, . .
b @yt Ny g a®pE) A BT
1Zy TN (N =1 21 ns i Gt th 5 501 (a7
ivi n,
it
if
k=1, 2, eee, gq; k? = gt+tl, 0., Co.
The treatment totals fulfill the relationships:
b N ()
if:'l- if lsk=gq A
5 Ték) - (k. 2.8)
i ™ b ni(ni+l)
iél 5 if gtl s 'k = c.
Also,
P k) (k '
jf,;:l COV(T.é.), bJ,)IP ) = | (4.2,9)

for any j and any pair (k, k’).

It follows thep, that:
- ((cov (T(k) (k le,))

has, at most, rank c(p-l). If the number of non-compared sets is
8 (> 1), then the rank is, at most, c(p-8).
. Let ug call
+1 .
(k) (') D nl (kk')
Z ) & hzs [ththth Ni(T) 7 = Rige (4. 2.10)
Big
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> gt () (er) _ Mithien | o(wse)
ZN 15 tZ1 nE l[R:Lth ton - (51 = R g (b.2.11)
1 W41
() (7)) _ Z17y 73 (k)
ZN 7 t 1 ugs RigpRign” = (3050 =Ry /- (h2.12)
Big
The matrlx V can be written as
®. I R,
~1gqg | ~1qC
. 1((“13Jr))® - .{ _— (h.2.13)
I
ﬁiqc i @icc

where ((nijj')) is defined as in (2.3.3.9) and the matrices

@iqq’ ﬁiqc’ @icc’

with general entries as defined by (L4.2.10), (4.2.11) and (L.2.12)
respectively, have dimensions g x q, g x (c-g) and (c=q) ¢ (c=q).
Algo, as in (2.3.3.10), the covariance matrix of V.« can be

writtens:

In the same way that in the complete response case, it can be

said that if
(M 5308))

and
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.
Giqe

are non~singular, go is the matrix V. .
r~

o'

Also, a necessary and sufficient condition for ((nijj’*)) to be

non-singular is that it cannot be transformed in a matrix of the

form

o W
g

8

by the same permutation of the rows and columns, where E and 3 are
square matrices and O has all its- entries equal to zero.

If’Ni = Nj for any block 1,

J

Vg = ((M . (4.2.15)

If all the Nij = 1, the Vb* is positive definite if the second

factor of the kronecker product is non-gingular.

When the rank of Vb is c(p-1), the test statistic for testing Ho

is
: -1
W= (T, - E(TlR)0e e o] el - B(T, [Ry,)) (b.2.16)

where C is a (p=1) ¢ x pc matrix of the form
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E = dia'g(E) seey B);
c)

and D is a (p-1) x p matrix of contrasts. With D defined as C in

(2.2.2.14)
, -1
Wy = [Ty = E(Tb*lpb)]'vb*[Tb* " E(Tb*lpb)]' ' (4-2.17)

If the number of non-compared sets is 8 > 1, and r(Vb(é))=c(ps—l)
-1
= Il s) = BT (6) P03 €1y I0 6 )T (6)C(6) T S (s) T (s)

- E(Tb(s)|@b)] (4.2.18)

The remarks about the situations in which the rank of E% is
r.< (p~8)c (where S(2 1) is the number of non-compared sets) made for
the analogous complete case are also valid in this case of incomplete
responses.
The following theorem states the distribution of the test
sts.iistic Wb"
Under the hypothesis H_ and the assumption (3.2.1), (3.2.2) and

. . (kk') _ (kkl) (k.k.’) |

l) 'b-.-];lonclj ((pbjj' )) = ((pJJ' )) and ((ij, )) has rank
c(p-1)

ii) the Ni's are uniformly bounded

iii) bj goes to infinity with b,

the asymptotic (permutational) distribution of W, as defined in -

(4¢2.17) is the distribution of a X with c(p-1) a.f.
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The proof is given in Chapter T; thebfemsl7.1.li andv7.£.12.

If there are S non-compared sets, W (defined in (4.2.185) has a
.x?-distribution with c(p-8) d.f.

If there are S(2 1) non-compared sets of treatments and the rank
of Vy is less than c(p-8), say r, sbill W 1is distributed as a X?
variable with r degrees of freedom.

The asymptotic permutation test for Hb is given by the rule

2
i 2
Reject H_if W = X,

Y-
Accept H if W A X2
:p 6 -b< r’a)

where r is the rank of V. and Xo  is such that.
~D .,

2 2
P(xr's x?,a) =l-o, (Oce& <l)

4.3 A Numerical Example

Some records of the memorizing of sonnets are presented in é
paper by Gordon (1933). The data are the scores obtained for
thirteen subjects submitted to the following trial:

Ten Shakespeare's sonnets were used as material to be memorized.
The experimenter read somnet "A" (Shakespeare's 5932) aloud once. The
subject then wrote down all that he could recall. The experimenter
read the same sonnet through agailn, and the subject, without referring
tovhis first trial, wrote all that he could recall. This procedure
continued until the sonnet had been heard five times and five

reproductions had been written. These results were scored and the
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grades (of only five out of the ten sonnets) are shown on the following

bage,
The multivariate model MUII can be superimposed on these data,

under which each score i1s represented by thé'equation

1=1, ..., 13
00 )0 (s ),
k_:l, ceuay 5

(k) is the subject effect assoclated with the kEE recall of

i
the sonnet, Tgk) is the sonnet effect (in the kEE recall) and eég)

where b
is the error term. The test statistic given by (3.3.12) was computed
“for: the example and the result obtained was Wb = 1092,56 which
indicates that the effects of the sonnets are significantly distinct.

The same data have been modified to illustrate the test
proposed in this chapter.

" Some treatments (sonnets) were omitted in some blocks according

“to a fixed treatment-wise design. Afterwards, random experiments were
conducted in order to select the incomplete trials.

The blanks obtalned by this procedure are shown in the table by
the shadowed areas.

The total scores for each sonnet and trial areAshown in the
table on page 107.

The number in parenthesis express the number of blocks that has
been added to give the total in each cell. The test statistic (4.2.16)
was computed for the incomplete dafta, and the result was Wb = 937.59,

a highly significant result, as it was the-case with the.complete design.
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Somnct -
Trial ' A B C D ‘ E

1 11.0(9) 18.0(9) 22.0(9) 29.0(9) 25,0(9)
. Bo(9)  15.5(9)  #.5(9)  25.09)  21.0(9)
I1I il.s'(9) 15.5(9) © 21.0(9) 28.5(9)  28.5(9)
IV | é.—5(5) 8.5(5) 5.0(k) | 6-0(5‘) 'h-5<5)

v 8.0(5) 6.0(5) 5.04) 6.0(3) '5.0(5)
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5. ON FURTHER APPLICATIONS OF MIXED MODELS, SUMMARY AND

SUGGESTIONS FOR FUTURE RESEARCH

5.1 Introduction

The first section of the present chapter discusses the
application of mixed models to the analysis of experimental situations
other than the random block design type. The following section
presents a summary of the principal points of this research and some

‘suggestions for further research are made at the end.

5.2 Some Further Applications of Mixed Models

In the previous chapters, new mixed models have been proposed
that are useful for studying the outcomes of several types of
experiments.

" This gection is devobted to some comments about how the existing
models can be adapted to make them suitable for the study of some
experimental situations other than random blocks.

In applying rank tests, the ranking can be applied to the
original obgervations as well as to functions of them. If the
original model jincludes nuisance parameters, it may be possible "to
~clean" the model by a transformation of the basic variables. If this
is the case, care has to be put in the interpretation of the error
terms. FEven if the original errors were assumed to be independent,
thﬁ new ones will not, in general, be sé. Mixed models offer a great
deal of help in this kind of application. Their feasibilitylcomes
from the fact that they do not necessarily assume independence of the

error terms assocliated with the same block.
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As an illustration of these principles, two experimental

situations and their models will be discussed in the next paragraphs.

5.2.1 Test of the Interaction Terms In a Factorial Design Laid in

Complefé Blocks with Unequal Number of Observations in the Cells
Let us consider the case of a factor A with p levels and andther
B with q levels.

Let Yi. represent the yield in the hEE,trial of the combination

Jjah
of the levels (j,4),(J being a level of A and 4 a level of B), in the

iEE block. The folléWing model is assumed to describe the data:

o= b, + 7.+ + .. +oe,.
Yiazh bl T3 az 732 elgzh

>
o
i,_l
.
\»
e

Ry)

where bi’ Tj and 3, stand for the effects of the block, factor A and B

4

respectively@ and 73 represent the interaction effects that are wanted

4
to be tested; ‘The e's are the error terms and it is assumed that the

vectors

e(:(e, 5 e, s esey €, 3 eoey €. )
~lL ill l.]..].Ni_]_'l i ‘1pql lquipq

are independently distributed with a conﬁinuous éumuiative distribution
function Gi'

One restriction is imposed on the cell frequencies: Nijg = NiL
for each block and level of B. That meaﬁs that the iEE block has a

pattern that can be represented as follows:
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A
B 1 2 P
L Y11 Y Tipl
;) () (1)
5 Y12l Y122 Y1p2
(Ni2) (NiE) (Ni2>
q Yilq Yi2q . Yipq
(M) (@) (v )
Wheré ?ijz stands for the mean of the observations of the (j4) cell
and Niz is the frequency in all the cells of the same row g,

The hypothesis to be tested is

Byt 2= ((05,)) =0

against alternatives Hy: 7 £ o

Let us consider the transformed variables, Z

H
n
=
N
o

Zigg = Yige T iy T Tien T

o - . 3 fo s .th
Where Yij- and Yi.zare the unwelighted means of the Yijz s in the J
row and,£EE column respectively; Yi_ is the unweighted mean of the pq

values of the matrix ((?ijz)), associated with the 158 block.
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The 2, ,
e ZlJL

if the restrictions

2 g

g D
581 Vg0 = 4B1 Vye T gEL B Vg <

's are free from the nuisance parameters b, r and @, and

0
hold, they can be expressed as:

= +
Zis0 = 750 T Cige

where

= e -e,. ~e, ,+te,
eijz eijﬁ' elJ. SR R

and the €'s are unweighted means.
The model assumes that the joint distribution of
{%ij:lanup,%=L.“,%h=L.“,%M

is invariant under the group of permutations of the

5 2

Ny = 321 021 Yigy

17 J
subscripts of the e's.

At the same time, the joint distribution of the e's is invariant
under the group of permutations generated by interchanging the "j"
subscripts of the ¢'s, for each block i.

As the gubscripts "j" interchange, so do the vectors

/ = ) . .
81 (eijl’ €152 ’ eijq)
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- The model can be restated in terms of the Z's as follows:
Let each block to be formed by p vectors

(Zy15 Zipr +o0s Zyp)

where

4
Zhy = (Bygp0 By voes Zi5q)

and the Z's are such that

with

4 = L) . .

Let the ei's have joint cumulative distribution function that is
"~

).

symmetric in its p arguments (fil’ e sip

The hypothesis HO can be written

Zj = g for J=1l «vos P

“The test statistic to be used for testing HB depends on further

assupptions on the distribution of the errors and the pattern of

frequencies.

i) If additivity of the blocks is assumed to hold
and the same pattern of frequencies is used in
each block, the mixed model MUIV can be used

to describe the situation and the corresponding
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statistic can be used for the test of the nullity
of the interactions.
ii) If additivity of the blocks does not hold and/or
the pattern of frequencies varlies with the blocks,
mixed model MUIL is the appropriate one and so is

the related test statistic for the test of HO.

5.2.? One Anglysis of éovariance—Type of Problem with Unequal Number

of Observations Per Cell

A fictitious example will help to illustrate the problem.

Suppose that a study is performed about the effect on the
success in learning produced by a change in some condition related to
the method of teaching and, for thisiburpogé; an experiment is con-
ducted on twelve individuals. Each individual is submitted to a
series of tfials and the number of right answers in each trial is
recorded. In the middle of the experiment, the condition under study
is changed. The experiment continues under the modified conditibn
until another series of tests have been performed by the same
individuals.

Let us symbolize with Yijz the score obtained in the iEE

.individual in the EEE test under condition j., and assume that the

following model is considered to be appropriate for the situation:

1 =1, iv., b =12

Yijz =D, + T + Bi(xiz - x) + eijz J=l, ceuy, p=2
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where bi represents the effect of the individual, Tj is the effect of

the condition, x.,6 represents the serial number of the trial. and Bi is

J4
the average increment in score per trial due to learning under either
conditions.

For the purpose of the study, bi and Bixjﬂ are nuisance para-

meters that are wanted to be eliminated.

Let Z.., be the "adjusted" value of Y, .,.
134 ij4
Z =Y, , ~pP.(x - X
i34 ij4 é1( J4 )s
with
p ' ( b
A JEL S e T g
S s - R
. L,o= X,
JEL 4=1 V54 J
and
N, .
1J
- gé )
X, =2 JX
J ..
1J

whose location parameter is (Tj + bi), so that

= + +
Z. . bi Tj €

ij4 ija’

‘The new error term eij is a linear combination of the previous
If the Y's are assumed to be diagonally symmetric, artest of

Ty = 0 can be performed by computing the test statistic (2.2;2.15) on

the adjusted values "z".
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5.5 Summary

Most of the current tests based on ranks are only applicable to
simple experimental designs. Looking for a wider application of these
procedures, this work has been addressed to the search for tests that
are suitable for the analysis of experiments having incomplete and/or
unbalanced desigps, with univariate as well as multivariate responses.
In relatian to mulﬁivariate data, a test has been developed that

allows for missing observations in some variables of the responses.

» 5.?:l Underlying Desigqs and Models
| The legitimate use of rank tests requires that a nuli hypoﬁhesis

be speéified and a mbdel for certain fﬁnctions of the observations be
-established such that the related null distribution of the test
»étatistic to be used be applicable.

The models that underlie the tests proposéd in this thesis can be
considered asg extensiohs of the ﬁon-parémetric mixed.mbdels I, IT and
IV defined by Koch and Sen (1968). The designs to which they are

applicable can he assimilated to the designs known by the names of

i) generalized randomized block design
ii) randomized block design withvarious results per cell

iii) "incomplete randomized block design.

For mixed model experiments, each of b randomly>selected subjects
responds to each of p treatments exactly once. The outéome of the
experiment constiﬁutes an observation matrix composed of b vectors,
each of length p. The hypothesis of interest is the equality of

treatment effects.
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In Chapter 2 (Section 2.2) non-parametric models have been extend-
ed to the situation in which several (or eventually only one or more )
results are associated with each treatment, so that the vector of
ne

observations of a given subject, call it "i", can be symbolized as

follows:

; )
2 p
i=1, ..., b (5.3.1.1)

(Y, Y,

Iim Wi oo Vg 0 Yypp0 oo Yoy, o X
il i

ipl’

*2

Y.
1p1\Ti

where Yijz (3 =1, vovy Py £ =1, v0v) Nij) represents the ZEE obser-
vation of the’jEE treatment; Niﬁ is the number of -observations

carresponding to the jE-kl treatment in the block and

b

N, = .& N..
1 J=L 7ij

is the length of the iEE bloek.

The phrase 'results per treatment" has been deliberately chosen
to be ambiguous. It may indicate either "results of replicated trials
of a given treatment" or "replicated results of a unique trail of the
treatment”. In the first case, the design in the background is a type
of generalized block experiment; in the second case, it 1s a kind of
randomized block design with several observations per cell. In the
particular situation in which the numbers {Nij} are only ones or zeros,
the design is called incomplete block design.

Assumptions analogous to the ones that briginate models I and IV

have been used to define two models, called mixed model UI and ULV,
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that can be looked at as their extensions. (The extension of case IT
is in the work by Benard and van Elteren (1953)).

Case UL can be applied to any. type of design mentibned in the
previous paragraph, while case UIV (as well as the model underlying
the test of Benard and van Elteren) is suitable only for either
generalized randomized block designs or incomplete blockbdesigns.

Also, a new model is introduded (Section 2.3) which is especially
useful for the description of experiments with several observations
per cell, that can be thought of as another type of extension of case
IT. It has been identified as case UIIO.

The distinctive characteristics of models UII and UIIO become
apparent writing down the covariance matrix of the vector Ei (wnder
HO) that is implicit in both models. Let Nij be constant, with
respect to treatments and blocks, and let Ei symbolize the covariance

matrix Of,gi‘ Then, for model UITI;

2 2 2 =
[ " 005, e, po
2 2 2
P po T, eee; PO )
2 2 2
_ po oo oy o

while for model UIIO,
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- 2 2 2 =
O-l’ P) p.].o-l’ ) pao ¥ PO
0'2 0'2 0'2 O"2
pl 1’ sevy 1’ secy pC csoy P
~ 0'2 o) 0'2 0'2
po sy pa s 17 ) pl 1
0"2 0‘2 0'2 0'2
L. PO > RS po caey P19, ceey 14

In Chapter 3 a further extension of cases UL, UII and UIV had
been made to include multiresponses. The observations corresponding
to the ifEE subject can be symbolized as in (5.3.1.1), but cach Yijz
has to be interpreted as a vector of "e" coordinates instead of as a
number.

Three models have been defined and identified by the symbols MUI,
MUII, MUIV, respectively, a denomination that mekes clear the type of
univariate model to which they are related.

In Chapter 4 a model has been created in order to cope with the
problem of incomplete responses in a multivariate general incomplete
block design.

The model has been identified by IMUII and is an extension of
case MUII. 1In relation to model IMUII, a vector response is said to
be incomplete if it includes only a subset of the "c¢" variables that
the fesearch takes into account. It 1s assumed in the model that the
PRas block, has n, complete responses and (Ni - ni) incomplete ones.
The set of variables that form the incomplete responses varies with
neither the block in the'experiment nor the trial in the block.

Models UIIo and IMUII have a common characteristic that has to be

remarked. In both cases, the actual design of the experiment has been
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conceived as a realized sample from a larger population of designs.
In case UIIO, the allocations of the frequencies to the treatments of
each block are the result of random experiments and this is also the

case with the selection of the complete trials of each block in the

mixed model IMUII.

5.3.2 The Tests

The test statistics that are proposed in this work are extensions
of the ones used by Wilcoxon, Kruskal and Friedman. The underlying
theory for these test procedures is discussed in Chatterjee and Sen

(1966), Puri and Sen (1966), Koch and Sen (1968), Sen (1968), Gerig

LR

(1969) and Koch (1969). |

The tests are based‘on some function of the observations. Aftef
the experiment has been performed, the actual values taken by these
functions are ranked. Cases I and IT use intrablock ranking énd,in
case IV, a general ranking on the whole set of blocks is performed;

The space of all possible sets of fanks that can be obtained by
the indicated procedures 1s considered. A partition of this space is
chosen in such a way that, under the null hypothesis, all the points
~lying in the same cell are equally probable. Given an actual result,
say R, the test of the hypothesis is performed in the cell, S(Ro),
to which the point belongs.

All the (conditional) tests presented in this thesis are based on
criterion statistics that are quadratic forms that can be symbolically

written as:

W= [T - B(z)Jer[ove] el - B(T)],
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where T is a vector whose components are the sums (over the whole

experiment) of the ranks that correspond to each treatment and

variable separately. Only for one of the tests, related to

model UIIO, there is a different definition for T.. In that case, E .
is the unweighted sum of the p averages of the ranks for treatments 1,

2, ciey Po EQE) end V = VQ@) are the (conditional) expectation vector -
and covariance matrix of E, g is alconvenient matrix of linearly in=-
dependent vectors that breaks the singularity of E.

Restricted to S(RO), the conditional distribution function of W
can be found. Nevertheless,- since in the case of unbalanced designs,
many parameters are involved, only asymptotic distribution of W has
been considered. In all the cases, the resulting asymptotic
(conditional) laws are of the Xg-type, and are independent of the
probabilistic structure of the cell, so they can be used also as>én
unconditional approximation.

In cases UIIO and IMUII, because of the random device that has
been used for selecting the design, the space of possible results is
enlarged.

Accordingly, given the actual value RO, the cell S(RO) is
enlarged, assocliating with RO the results that would have been
produced if other patterns had been selected in the first stage.
Under HO, a uniform (conditional) law is defined in the cell and the

test is carried out as in the fixed design situation.

5.%.3 Examples

Two numerical examples have been presented; the first is designed

as ah incomplete block experiment, with several observations per cell.
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Three mixed models (cases I, UI, UIIO) have been superimposed on the
data and the corresponding tests statistics computed. The most
significant results were obtalned for the mixed model UIIO, but as the
number of blocks do not justify a large sample approximation, the
result has to be considered with caution.

The data of the second example refers to a psychological test
performed on thirteen subjects. Each subject was submitted to five
different treatments once, and five variables were measured on each
trial. The design was balanced and complete (Nij = 1 for any 1 and
j). A mixed model MUII was assumed to be appropriate for describing
the data and the corresponding test statistic was computed. Later on,
gsome treatments and variables were deleted to meke the data conform
to an unequal frequency multivariate block design of the type that
can be described by a mixed model IMUII. The new set of data was
analyzed by the corresponding method ahd a result highly colncidental
with that given for the complete data was found. |

Two other (non-numerical) examples are given at the beginning of
this chapter to illustrate the feasibility of mixed models in the

description of different practical situations.

5.4 Suggestions for Further Research

i) The models presented in this work can be classified

according to two criterions, i.e.,

a) Assumption on the distribution of the errors

in +he same block (diagonal symmetry, compound



11)

1i1)

iv)

symmetry, additivety, fragmented compound
symmetry).
b) Nature of the responses (univariate, complete

and incomplete multivariate).

The crossed classification of the models originate
twelve cases, but only seven out of them have been
considered. The remaining five cases need to be
developed.

Other patterns of incomplete responses can be con-
ceived of and accordingly, new mixed models intro-
duced.

The idea, of choosing incomplete designs at random
can be used in relation to other non-parametric
tests,

The power properties of the new tests has To be
studied. DPower comparisons of tests with complete
and incomplete responses has to be done.

New models can be developed for experiments with a

complex design in the blocks.
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7.  APPENDIX

In many of the proofs of the previous chapter, the following

theorem, due to Tausski, has been mentioned.

"Let ((aik)) be an n x n matrix with complex
elements such that:
n
|aii| P kii"'aikl (i=1, ..., n)
with equality in at most (n-1) cases. Asgume
further that the matrix cannot be transformed

into a matrix of the form

2 U
0 g

by the same permutation of the rows and
columns, where P and Q are square matrices

and O consists of zero only. It follows that

1"t
det(aik) £ o.

- Definition

’= c o & 1 i
A random vector Y/ (Y s an) is said to be

1’ on’
asymptotically g-variate normal with mean My and dispersion Zn’ if

) /7 -
ar(y, -~ m)

at L a

~ A0~

is asymptotically N(0, 1) for every a’ = (al, 89 +evs aq) in the
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3

vector space Xq. If Xq can have at most rank r, then the rank of the

asymptotic distribution is r.

7.1 Limit Theorems

Several theorems that refer to the asymptotic null distribution
of the test criteria proposed in this thesis are given in this section
of the Appendix. Before considering each of them separately, some
remarks will be made that apply to all theorems.

Since the conditional distribution of Wb is constructed from the
actual data of the experiment, it can be symbolized by Fb(w,Rb) where

&b stands for the set of matrices

{51, 52, cees Eb} .

The expression asymptotic distribution of W actually means
limit of Fb(w,ﬁb) when b goes to infinity. 1In all models, this
canvergence is studied for selected types of sequences {&b} that ful-
fill specific conditions (for instance, the one quoted in the theorems
under (1)). As will be seen later on, the asymptotic results do not
depend on which of the selected sequences @b has been taken in con-
sideration, 80 they are also valld unconditionally. In fact, the un-

conditional cumulative distribution function of WB is
F (w) = E[F, (w,R, )]

and the proof that Fb(w) goes to F g(w) can be done in the same way
X
that Corollary 3 to Theorem 5.2.2 in the paper by Chatterjee and Sen

(1964 ).



130

T7.1l.1 Theorem

If the hypothesis Ho and the assumptions that correspond to case

MUI hold, and

1) im (g0 = ((f5)) man ((o{55"))) bas ram

33’
c(p-1)
ii) the N, 's are uniformly bounded
iii) for any j and k, lim Var( )IP ) =00, then
b= co

the joint asymptotic permutation distribution of
k .
{t( ). j=1 ..., p3 k=1, ..., c}

with
o o) 5a)je,)
o3 [v <T<k>|p )1#

(7.1.1.1)

and T(.) as defined in (3.2.8), is a pc-variate normal of rank c(p-l)

with mean vector zero and dispersion matrix
kk/
((Pggg:))
or

(0.

3’

Proof

Let
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be arbitrary constants such that

D (%)
'él aj =0

for each k, and b to be large enough so that

(k)
bJ
for any j and k. Let
g (k) (k) (k) . (k)
n = gl kE &y 1«:51 ng % pg
(k) (k) ' o (k) (k) (Kle’) % )
[Var(agl i % )] [k 1 k’ El J'E %5 %3 Poyg J
Setting
1z px a8 Q) (X))
kg3 3 90 Peagr T
My, can be written as
c E a(k) b N Ni+l
KZ1 521 Z 7 121 4E 1 (Rijz - ) i
My, = A% 15 &y
b
with
¢ P a(k) Ni' N +1
I LT ¥ (R =)
K51 9= (k) 481 ige T 2
bj
€pi = %
By

are independent and
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E(gbi‘P ) =0
L e c p (k) (k’) Ny J (k N, +1
Ver (g, @) = & xR wh B gh _T_7 'TETTEE 5 (Rigp - 7)1 x
bJ’
N +1
x [ ﬂglmﬁ‘;w) -0,

so that

b : x

15 Var(gbi!Pb) =1. - (T.1.1.2)

Since N, (and so forth, the ranks in the 1t block) are bounded,

as well as the a( )\ 's, a constant M can be found such that for any

configuration of ranks and any i, j and k,

N, +1
(k) r(E) i
M2 |a ~-J_ ( ijs =~ 2 )l'
Then, for any i,
c P M 1 o
e | = B 35 Ty F = B (7:2-1.3)
cbj Ab

Let us call § the Lyapunoff quotient. From (7.1.1.2) and
(7.1.1.3), it "follows that

b
5 z oE(le, IPlR) & 5E(e, 7R,) .
[12 Var gbiIP )]5/2 [ig. |P )]3/2 "

gb:L
from (7.1.1.3),
. ¢ M
Jm = ody B

lim U( ) llm A%
b+co P baco
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It 1s known that

lim A% >0
b co
since, in the limit, Ab is a positive definite quadratic form by i).
Also, by iii),

N. . N, +1
K)oy - o & i
Va.r(TbJ. le) =,

goes tocowith b; then

lim =0 ,
Jop Joo

what implies that the Lyapunoff condition for the asymptotic normality

of mb is fulfilled. From. this result, theorem 7.l.1l is proved.

{.1.2 Theorem

Under the conditions stated in theorem 7.l.l, the asymptotic
permutation distribution of W, defined in (3.2.13) is the distribution

of a X2 variable with c(p-1l) d.f.

Proof

Since Wb cah be written as a continuous function of the vector

2 2 c
t( ) cees tép), coes tél), ceey té;)),

oo (1) (1)
By o= (B s Bt BT

theorem T7.1.2 follows by applying the results of Sverdrup (1952) to

the one stated in theorem 7.1.1.
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If the hypothesis Ho and the assumptions that correspond to case.

MUII hold, and the following conditions are satisfied,

1) (Y)Y - (@

’
baco  0dd

rank c(p-1),

(kk!)
iar

)), where ((pggg'))) has

ii)  the N, 's are uniformly bounded,

bJ

iii)  lim = = h £ O for some constant h,

b o P

then the joint asymptotié;(permutational) distribution of

[t(“‘). i=1,2 ..., p; k=1, 2 ..., c},

with -

(k)

(k)._ E(i(k)IP )

i [Var(T(k)lP )12

and-Tég) defined by (3.3.4), is the one of a pc-variate normal variable,

of rank ¢(p~1), with vector zero mean and dispersion matrix

. ' (xk’)
()
or.
k_kl
((ng, ))%
Proof,
First, note that in this case, Obj

probability one.

> 0 for any J and k with

be

-for

Def"

witt

conc
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{a§k):

=1 «e., p3 k=1, ..., ¢}

be arbitrary constants such that

N ORI
=175
for each k. Let
¢ k k b ¢ k k
\ - ng I a§ ) ( ) 5 ké% § ) ( )
(k). (k T ¢ k) (k7] (kk’)
[ver( El kE1 § ) ( ))]é (k21 21 551 Jlglag )a§' ) éga'

Defining

c ¢ op D o(x) (k) ()

xE1 w581 B %5 %50 0 Py T by
mb can be written as
b
181 &y
i o8 1 Wl
2 1J (R(k) i ')
—l J=1 Z ) 45 l ij4 2
gbi = - Aé , B i=1, .«., b.
b

The gbifs are independent random variables and under the

conditional law Pb’

E(gP,) =0

135

B
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o (&) (k")
Var(gbllp ) = Ak & 1:' gy 42 1 /8 1'%’7‘%_71\713“
(kk’)
X (ajj, Ny )se
Z, Var(gbi|Pb) ;Vl. (7.1.3.1)

As a consequence of condition ii), there exists -a constant M such
that for any configuration of ranks and any i, j and k,

N, +1
i

N. .
|a§k) zli (R,

Then, for any i,

¢ kK M 1
leps | = 421 35— F = % (7.3.5.2)
%;° Ly

If § is the Lyapunoff quotient, we have, because of (7.1.3.1) and

(1.1.3.2),

b
i= l E(Igb |5|P ) Kb 1ZlE(|gb1|BIP )

= .+ (7.1.3.3)
E Var(gbiIPb)]5/2 ['Zl Var(gbilP )35/2 =%

1=

Also,

E Ny ¢ N.+1
Ny g (=N )y 2 l(thh >
1 1\11(1\1i -1)

2
(k) _ ®
%p; = iE

N

z t 1 h= l 2

1€Sb. ) Ni
J

2

2 bj K for some K # O. (7-1.3.4)
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The first inequality follows from the fact that, for a given Ni’
the minimum value that
Ni.(Ni—Nij)
éN.-li
i
can attain occurs when the Nij’s are elther ones or zeros. The second

follows from the result:

N.
I (R(k) - ﬁiii)g
tS1 h=1 Nlth 2 S3s0
i
because the R's are different integers. FEven if ties exist, it can

be proven that

R N ORI
t=l h=l ith 2 >
W, (N, -1) I

From (7.1.3.4), it follows that if bj goes to infinity with b,

2
G(K) goes to infinity as well (no matter the values of j and k); then
b ’
§ goes to zero and Lyapunoff condition for the normality of mb if

fulfilled.

7.1.4 Theorem

Under the conditions stated in theorem 7.1.2, the asymptotic
permutation distribution of Wb defined in (3.3.10) is the distribution

of a X2—variable with c(p=1) d.f..

Proof

As given in theorem T.1l.2.
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7.1.5 Theorem

If the hypothesis HO and the agsumptions that correspond to case

MUIV hold, and

. (kk’) (kk’)
i where has rank
) am (UE)) = (055) wmere ((1557)))
c(p-1)
ii) the N, 's are uniformly bounded
iii) llm —1 h £ 0 for some constant h,

the Joint asymptotic (permutational),distribution of

k
[t( ). 1, «oey Py k=1, «0., s},

fi

J

where
o) . 5@,

g = —2d
>3 [Var(,Téj)le)]E

f

(7.1.5.1)

with Téﬁ) defined by (3.4.8), is the one of a pc-variate normal

variable of rank c(p-l), with mean vector zero and dispersion matrix

)
(kk
(o530 ))-
Proof

Let
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be arbitrary consgstants such that
%
& agk) = 0
J=L 73

for each k.

Let
? k). (x 2¢ k), (k
n, = =L kzla‘g zé*“z T - (<)><()
E), (K DRCORCOE N
[Var(jgl 12123 )] [k Z) 108 E1 ; 'El Y )péga')]%
If we call

¢ c D (k) (k') (kk’)
k&1 kE1 jgl §rEL 85 T Byr T Ppyge T by

mb can be written

b
M= 327 &y
with
(k)
c p & ijJ
g, I () - (k))
k=1 j=1 (k) 4=1 “"ij4
8 ~ b ; i=1, s b.
A2
b
The gbi's are independent random variables and conditionally to R
E(gblka-b) =0
(k) 5 (E)
Var(g IP ) = ;— Z Z 3 p —%——7N N, -N, )R( ")
bi A, k=1 k/=1 =1 3 2 Z s
(7.1.5.2)
so that

Z, Var(gbile) =1
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The Lyapunoff condition for the asymptotic normality of mb is

lim ¢ =
b-C0
where
z E(|g,; |3|P ) b 5(le. Ple) ( 5
Y TR ) 7.L1.5.
T2, ver(e I 2 L T
Let us consider the inequality
(k) L

E E(Igbll |P ) = i l __7—'E(| Zl k= l _T_j 451 (ri?é rék))|3|pb)

L s &) (k) _ z(k)y3
Do | 521 KEL &5 (rl -1 )|
max 25/2 J(k) J . (7.1.5.4)
b

<

min[o.
Because of relation (7.1.5.4), it is seen that the proof of

(7.1.5.3) can be made in two parts, by showing that in the set of all

possible configuration of ranks

a) max[ b agk)

2 5 I ONEI.

(rlJz i

for some positive constant ¢ (for any i), and

2
. k 3
b) mln‘oéj) l 28 Db

for some positive constant § (for any j and k).

Statement a) follows almost immediately since the maximum value
of

R
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can be-taken to be less than N. As a conseguence,

maxl El K2 Z & <k) ri?ﬁ - ;ik))ls m N (7.1.5.5)

4= l (

where m is a fixed constant depending on the agk)'s and the Nij's

Besides this, by assumption ii) there exists a constant, say n,
such that Ni < n¥ i, what implies that W < nb. This inequality to-
gether with (7.1.5.5) proves statement &).

According to (3.4.10),

(k) _ -(k)y2
(k) g N, 5 (M N ;) t 5 hzl( ith = Ti )
J = (Nl l) N,
(k)
Since the ranks are all different numbers, chj is positive (with

probability one). For a fixed Ni’ the two minimum values that

Ni.(Ni-Ni.)
%N.-lj
1L

(2 0) can attain are O (that happens when either Nij = 0 or Nij = Ni)

and 1 (that occurs if either Nij =1 or Nij =N, - 1). ZLet us put 1

in place of N,. in the expression of
13

(k)

bJ ?

if 1\Tij > 0. Then, accordingly,

and
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.
POTLE (k) -(k)y2
o)l b B By - )
min o). 2 min . &
bJ 1=1 Ni
D .
b 21 hzl(r(tg <k))2
= Z min . (7.1.5.6)
21 W,

On the other hand, because the aligment is made around the mean, in
each block at least one deviation lies to each side of the origin.

Let rék) be the rank of the origin if the origin is idn the set
k =(k . . .
{(Y( ) . é )): i=1, veey, by 3 =1, couy Py 4 =1, .uo, Nij}.
If it is not so, let rék) be the average of the ranks of the two

( ) -<k-) 1
(YlJz Yi )'s

inbetween which the origin stands. Then, for any variable,

p Vit (k) | o(k)

t h ith o)

2
t21 nE l(rlth ry ) > L in(e! (k) (k))2
W, N, §,pith - To
2 L min(e(E) - U9))2, C(7.1.5.7)

The first inequality follows from the fact that in each block at

least one r( ) has to lie on each side of rék), what implies that at
least one r(tg must be closer to'rgk) than to ;ik). The second in-
equality follows from assumption ii).

(k)

It also follows from the definition of ro that since in each

block at least one rank lies to the right and one lies to the left of
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(k)

rék)’ there are at least b ranks bigger than LN and equal number '

J
smaller than r(k) in the whole set of ranks for each varlable.
Oy the other part, the N ranks {rijz} are assumed to be (wpl)

distinet integers, so that if rgk) belongs to the set

(rith: 1=1, ..{f b; t = Ly eee, P B =1, 4es, Nlt}
and bj is odd

Z ;J min(ritg r ék))e 2 2(12 + 2% 4 voo f (E%:i)gj (7.1.5.8)
and thls sum is of the order qf b?,

(k)

The other three cases {that arise from the circumstance that r
- may or may pot beglopg %o the sety of rapks anq 'bJ can be either even
VQr odd) lead to similar statements. 7 A

It has been assumed (assﬁmptiqn'iii)ithaﬁ pj goes llnearly to
infipity with b. Then, combining results (7.1.5.6), (7.1.5.7) and

(711.548), 1t follows that

. (k) r(k)y2
2 . - 2
min aﬁ§) 2 ieSb?i tgl,héléfihh i 2 2ab

: : L

5

for some constant §, and statement ' b) is proved, Note that the proof
does not depend on which k apnd j are invalved in cég)
Tt follows from the proof of statements a)and b) that

bh
£s5K )
; £97§

for some constant K,and this shows that

lim & =
b= OO
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" “Then mb is asymptotically normally distributed and theorem, .-

7.1l.5-is proved.

7.1.6 Theorem

Under the assumptions stated in'theorem T:1.5, the asymptotic A
permutation distribution of W defined in (3.4.16) is the distribution

of a X2 variation with (p-1) d.f.

Prpof

As in theorem T7.1l.2.

7.1l.7 Theorem

Under the model described in Section 2.3, and the hypothesis Ho’

and the assumptions

i 1i . = .. here .l has rank

i) b4i$>((prJ’)) ((py5,)) where ((pyy,)) has
(p-1)

ii) the N, 's are uniformly bounded

iii) lim 55-,= Ofor any § (§ =1 «ee5 D),
bsoco Pd 0T

the joint asymptotic (permutational) distribution of
{tbj: J=1 2, ..., P‘}': -

with

Ty = E(Tbjlpb)

= 3 (7.1.7.1)
[Var(t, . [®,)]

tbj

and Tbj has been defined in (2.3.7), is a p-variate normal distribution

of rank (p-1) with mean vector zero and dispersion matrix



145

((y55,))

((o,.,))

Proof

Let b be large enough so that
2
obj >0
for any J and let

{aj ti=Ll 2, ..., P}

be arbitrary constants such that

3 0
. a. = .
J=1L 7
Define
2at Pat
. a. . . a., .
m.b= J=l%ba %= J=1 J bJ 3
Var(.Z.a.t. . SZaa,,0.., 1%
[var(;z25t,5)] [j j'aJaJ’prJ’]
- Letting

. \ D

521305 % By Pogyr T

mb can be written as

My =32 &



with
' N, +1

(=)

: L
1j-p

The gbi's are lndependent random variables and

E(g,;[R,) =0

Var (g, [8p) = E(gii @)

Ni Ni+l Ni Ni+l
a, a, R.. =-—-—= R.. -
e Bag DRy, - )
jj'oﬁ Uj, Ab
Adding over the blocks,
igl Var(gbilpb) = 1. (7.1.7.2)

. Let us consider the Lysgpunoff quobient

.
iélE“gbiP [®y,)

5
[;Z) Var(g,; (@)

P2

Since thevNiﬂsn(and so the ranks in the blocks) are bounded, as
'well as are the aj's, a constant M can be found such that for any con=

figuration of ranks and any block and treatment

Ni Ni+l
R, . - —= o
M > [aj( i5. "% (NI
This implies that
B oM %
el = 320 o b
J A
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Then,

Erle|
_ 2 Ele s o ,
lim £5 lim K o P 575 = Lin K.
b OO b=+ CO [Var(gbile)] b+0c0 Y

By assumption i)

lim Ab
b oo
is finite; and this result, together with assumptions 1ii), implies

that
lim K = 0.
b= 0

The theorem is proved.

‘7;;.8 Theorem

Under the conditions stated in theorem 7.l.7, the asymptotic -
permutation distribution of Wb defined in (2.3.15) is the distribution
of a x?-variable with (p-l) da.f. S

Proof

Same as in theorem 7.1.2.

{ed.-9 Theorem

Under the model described in Section 2.4 and the hypothesis H o
and the assumptions

1) 1w ((eyy5,)) = ((oyy,

)) where ((pjj,)) ﬁas rank

(o-3)
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ii)  the N, 's are uniformly bounded
iii) Var(Tbﬁijb) >e>0for any J (J.= 1y +vvy P)

the joint asymptotic (permutational) distribution of
{tbﬁj: J=1,2 .o, D},
with

gy E(Tbﬁjlpb),
2

[ver (1,5, [P, ) 1%

SR =

where Tbﬁj hag been defined in (2.3.8),is a p-variate normal

distribution with mean vector zero and dispersion matrix

((oy4507)

[(C)!

J3’

7.1.10 Theorem

Under the conditions stated in theorem T7.1l.8, the asymptotic
permutation distribution of Wom defined in {2.3.16) is the distribution

of a X2-variable with (p-1) d.f.

"Proof
The proofs of the last theorems follow the pattern of those of

- theorems 7.1.6 and 7.1.7, and are omitted.
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T.Ll.1ll Theorem

When the hypothesis Hb is true, under the model described in

Chapter 4 (with conditions 4.2.1, 4. 2.2 and A5 holding), and if

D un ((eF5) = (el wien ((of55)) of ram

c(p-1)

ii) the N, 's are uniformly bounded

iii)  lim -1 h # 0 for some constant h,
baoo P

the joint asymptotic (permutational) distribution of
k .
h(x J=1, eves P; k=1, 2, «v., c},

with
o 1 - T(k)‘P )
"3 EVar(T Ie, )18

(7.1.11.1)

T(%) defined in (4.2.8), is a pce~variate normal of rank c(p-l) with

mean .vector zero and dispersion matrix

((pLE57)y)

Phig
or
(kk’)
((o3ss 7))
Proof

Let

k) .. .
{a§ ):‘J =1, 2, eee, D3 k=1, c0s, c}



be arbitrary constants such that

g (k) _

J J

for each k. Let

23 k) (x)

M, = JE1 k= l J J
[Var (k.-z=|'l JEJ_ §k) (k))j&
c x) ,(k
£ ng (k) ( )
g s k) (k/) (kk’)
& ng J’El § )a§, ) éaa' ®

Calling

C C P P (k) (k') (kk’)
kB kB B geBL By 8y TPpyyet T by

n% cah be written as the sum of b variables:

b
My = 1 &y
with
()
P q 8. k N, +1
gos =UZ o “(_7 [ —1 ( ) G
p c B,ék) (k) n. ni+l

i 1
T 38 k~q+1 (&) [heSn .lez - N5 ﬁ;( 2 )]%EE T

J b

It can be shown that under the two stage law Pb

E(gbllpb) =0

150

b
1Z1 Var(gbilp%) = 1. (7.1.11.2)
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Because of assumption ii), there exists a constant M such that for
any configuration of ranks and any i, j and k, satisfy the two in-

equalities:

)1 < u,

N, +1
ng)f R w3

'132 ij
and

+1
x) & iy
laj |zesnij Rij ( )(

) = m

Then, since the variances Oé?) are positive w.p.l., it can be

written that
leps | = 321 . —1'7_E JEL k=gl EE (7.1.11.3)
J fol
Let us designate the Lyapunoff quotient with £ From (7.1.11.2)
and (7.1.11.3), it follows that
| 3

_abslePR) g
.2 Var(gbllP )]5/2 321 k=1 k Ab 521 k= q+l "T"7"§

2
The statement about the positiveness of oék) is easy to prove.
Ifk=qg+1, ..., C

N, (W,-N, ) p 2 °n, n+l
i J 5 5 [ng) _ bl )2]
N, (N-1) <L heSn; ith ~ ' 2

NN

ijvi iy "d Sii
235 T oD Fooz) 2 i%l 2(—5—)
i i Ni
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()
3

for some constant m % 0. was defined on page 9 .

- For .
k=l, 2, eeoy (s

2 .
oé?) coincides with the variance defined in (3.3.6) with j = j’ for

the complete multiresponse design. -

Iif
k= (g+l), «.e, G

2
Gé?) goes to infinity with b, since by the random selection of the
(k)
J
probebility, and b. goes to infinity with b by assumption iii).

camplete columns of the design b goes to infinity with bj in

2
The proof that Ué?) goes to infinity with b for the variables
k = .]_, 2’ 0.., q

. follows by the same arguments given when proving the same statement
about the variance of the complete multiresponse case.

Then for any j and k,

5 .
lim U(k) =00 . )
b0 J

As the limit of A, is finite (see assumption i)),

lim £ =0
b=+ 00O

and the theorem is proven.
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T+1.12 Theorem

Under the conditions stated in theorem T.l.l1l, the asymptotic
permutation distribution of W, (given in 4.2.17) is the distribution

‘of a X?-variate with c(p-1) d.f.

The theorems of this appendix could have been stated in a more

general form considering that the rank of

(V)

Ja’
was a number r < c(p-1).
In such cases, the arbltrary constants should have been.chosen in

the subspace Xr spanned by

C a(k)

NNJ

where C is an r X pc matrix such that CVC’: is ndn-singular.

T.2 Computation of Terms that Enter in the Formulas for the

Expected Values, Variances and Covarlances

of Section 2.3

In this part of the Appendix, some conditional expectations that
are key terms in the development of the expressions 2.3.10, 2.3.11,
2.3.13, and 2.3.14 will be calculated.

It has to be noticed that according to the model of Section 2,3,

for any block i, Nij is a positive random variable with values in the

set
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and such that the event

(N...= )

1d u

occurs if and only if the fixed jEE treatment belongs to the random

i .
S  of m., lee.
set u Mys o8

i
N, =) = Zu
LJ u P
Therefore
N j Ui Nij
E(Z—l ij L) =bu§lE(£§l |N13~Mﬁ)P(N Ml)
and Mi
% ,
. Z.R,
E(Ri.lei.=M;) = . i.n‘i ith
J J teS”T p M;
u o CTuu

i.e., it is the average of all the ranks associated with the set S; of

treatments. ILet us call

Nig
Rig.= nZ1 Rign

then,

N, . U. LU,

B Br ) - Bz IR Rig
L= l ij4 u=lu t’Sl 1} P usl bes P
u uu

Since

i
{su, u=1, 2 ..., U}

is a partition of the p treatments involved in the experiment,

: 3 he AT
= = - s
u=l teS L P 2p

s0,
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%d N N

Furthermore,
N. . N . . .
LiJ 1J Ld
R. .
E(zél 132) &R

j0) TEGE Z pERig Risg0)

2. E( % (7.2.1)

4=l

RREI:
B(,21Ry5,) =

3
£21 n&1Rien
- 2

b

N U N. .

- J 3 _
E(ﬁél 2'213132 135') B lE(zél X l 1J£ 132’ M;)P(N M )

LA LEL!

U,

= M (M l)E(R 54 1J£,]N
i

M

u. i i
i3 4 bZlthh(R £ Rign) Py

w1l u M\ i T _ D
bedy PuMi(Mﬁ 1) |

ite ith)

P
ERoy. - 12 IR

Adding the results obtained for the two expectations on the right side

of equation (7.2.1)

R2
iJ 2 B Yyt
BlghRigy) = d 5
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Also, if:j # j’,
"4 i3’
B (ERy5,) (EiRs g0 =

% B2 1 % R, M )P(I, "Mi) +

z l L7114 13’%"Ni3

Mi N,

ij’

U Uy NN . . ,
+ _ s _ _
ot o OB B Ry g g Mg By, MR, A, B Mxlz')
wobuwoy i
[ = M% R 1 - 2, (ZR )"
i hE1 ith hE1™ th i1
i teS teS” P, p -1
= 3 - - — Lo S
U.:,]. :pll\dl(p lwl _ Ml) p P
Jd utu u u .
. M,
v oy GEa nEPien)( 2 o thh) 11
i i teS te8 , ,
u u Ut u
*wEl uB1 SRERE 5D
u'%u pu uwPurus
U 5 Ui .
(&, =,R. _1°- % =Z.R_,
usl pest it u=sl e it
) p(p-1)
Then, :
N, (N, +1
o Al 2
BL(,Z;R; 5 )] = —2 651 Tib:
oE1R ﬁ’ SR Py p(p-1)

7.3 Computation of Termsg that Enter in the Formulas for °

. the Expected Values, Variances and Covariances

of Section h12

Most of these terms involve expectations of sums of products of
. ranks such that one factor is related to one variable, say k, and the

other factor to a second variable k/ (k and k’ can be equal). The
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- procedures that have to be used depend on which group of variables (the
group of primary interest or that of secondary importance) k and k’
belong to. Three cases have to be distinguished.

Case A:\ k and-k’ belong to the set.

fa+1, ..., c}

of secondary interest.

Case B: K and k’ belong to the set

{1, ..., q}

of primary interest.

Case C: k belongs to the get
{1, ..., q}
and k/ to
{q + 1, .., c}.

In finding the expectations, the variables nij play an important
role. From the sampling scheme used for selecting the n, complete

trials, it follows that the nij’s have the hypergeometric distribution,

i.e.,
N.. N,-N..
(o9)( " &)
o Ni, o ne . tn, -ng
P(ni.=ni.) =f* (n) = ‘lJN L1
(4
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. . , :
If i £iv, n; 5 and ng,

- the Joint probability distribution is given as follows:

j Bre independent but if i’/ =i (and j £ 3’),

N, .\ [N, .\ [N.-N, .-N, .,
L3y Tig 113 13
(o] (o] ’ o} o}
N, .N. ., Beaf\n, ., n,-n,.=a, .,
P(n..=n?.,n..=n?.,)= g td LI (n?.,n?.,)=~ a Sl o td AT
ig 7437715 ig N,,n, 137713 F N,
i’7i i
' n,
i
" The symbols
3
n, .,
1d
and
SN..-n..
ij "ij

will represent the set of 4 indexes in block "i" and treatment "j" for

which the trials are complete and incomplete respectively.

Also,
S
n, .
id
and
SN. -n, .
ig 1J
are disjoint sets, such that
Sn U Sy -n, . SN ?
13 ij 1J 1J

the set of all the trials for the combination (i,J).

The expecﬁaﬁions are computed under the law @b.
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7.3.1 Case A

N, .
B(,Z (k)) = EJ E(,Z <k>

- |n (n 5
zeSn._ 132 nij_ ZeSn'. 132 13
1j 1J
N, . n,+l N
_ i3 i\ 1id
= 0,220 nij( 2 )fN.,n.(nij>'
i i’74

After rearrangement of factors and a change of variables, the

last expression can be written ag:

] N, .~-1 -
n,+1l n, 1£ N, .-1

1\ 1 )
Nij( 2 )Ni n, §=0 fNi—l,ni-l(nij

N

Since for any parameters

Z f(n, )=
nij 13
it follows that
E(,% (k>) v (20 |
4€S 1J£ 1 2 N,
n, . Ti
1]
By similar arguments, it can be proved that:
1%
21 hESn Ré%gRiké) .
Bz, rUREDy i P oy
zesnij 1J£ 1j4 n, %y Ni

Let j £ j’, then
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&)y, (k*)
B8 Rigp)(pBs  Rijrg) =
n, . n, .,
13 13
N;. N,
S A gE)y( 5 (k))| fNij’Nij’(n n.) -
n;7=0 n, = 4E S, Riga/lerBs  Bigrg 3" 13« N, ,n, 1377437 i
J ij n, 5 B3y, i1
N, . N. N. . N
2 3 | (1) (i 137710
= n.;=0 n, . Z_ E[z S ﬁ'ES nglea'z’l ij’ 13'] N.,n, (nij’nij’)ﬁ
i ij? ij nij’ 774

. Once that nij and n, are fixed, the expectation can be obtained by

ij¢/
using the same arguments used in the case of the analogous unconditional

expectation for the complete model: MUIL. Then,

Nysr n, +1
T P e O
ny =0 n;,=0 n; (ny l)L t21 b8 Tithfith 4 X

h . Big

Ni5oNige
f (n, 50, .,
Ni,ni ij° i3/

)

Ny iy, By (0g+L)

= 3 _ L
Ni(Ni 1) 2

)2 -

D k
" 21 nkg iig ith)] X )
Dy
Nyt ot (Mm@ g,m1) :
‘ 1 l .
X ni§ % ,=0 (N 2)(n -%) '

The double sum adds to one. Then,



g AONGE A - S e,
LeS 134 z/es ijrge N, \N 1) 2
M3 P13
b () (17)
" 8 héS Ritnfith ]
n,
it
Also. () (k)
BligEs  Rige)(phs Rigy' ) =
n, . n, .
ij iJ
N,
_ (k)
- Z_ E[(zes 132)(zes 1J£ >l 13 N n (nij)
13 ij ij i
N. .
TJ (k) (k)
Z=OE(£ES RlJz ij4
iy
N,
(k) (k) 13
* £§£'§S RlJL 132"n fN nl(nij)'
%43
zﬁzh

For fixed n, .
id

and

E

s> 1t can be shown, as in the complete case, that,

(R,

E(R.

(k) (k! )'
132 134

(1) (7)

132 ij4’

D37 Tt

[ij)':

1.

: g (k)
P Ry thRith
=1 hes n,

n, 1
it
1 () g
—L
ni(ni 1) 2
b (k) (k)
t21 b Ritpfitn

)7 -

161
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So, the expectation above is equal to:

: n, n -l n, (n,+1
. =1 heS it ith n,. (n -l) - 2
LJ nit i1

- 1B hgs R(ig (ih)]}f 13 ( nyy)

oy
.-N —
1

N wkel

= N5 7. t21 nfs
n,
( ) it
(k) (k7 N, -1
Bienfith i Ny (. )
ni lJ=O Nl-l, l-l ij

Nij(Nij-l)r ni(ni+l) o

+ - ~ L
N, (;-1) 2

(k) (R )
- 8 s RitnRitn
n,
it
- . N, .-2 N. -2
1 ij )
X n.%=0fn.—2,n.¥2<nij)'
ij i i

t

(k)g (k?)
Ky i i 2o Fiedtien
j ij Ni t=1 hGSn n

]
=
™M

: - +
Nij(Nij .l)r ni(ni l))2
- \ L
Ni(l\Ti 1) 2

+

b g (E)p (%)
- E hésn ithRith

it
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T7-3.2 Case B

k), i . (k) . 13
(_ N R 5 R, Va6 (a..)
L=1"134 ij_o zésn_. 1j4 ,eeS(N. _n‘_>1g,€,_ id Ni,ni iJ
iJ ij 7iJ
¥ (k)
tél hzé(N % Rith
(R 'n ’ lt lt
ij4 Ni - ni
if the trial is in
S
(1, jn, )
and
L (&)
+21 hésn ith
134 n,
1
if the trial is in
s .
nij
s glk)
. . o tEL hEs Rith (N -1) -1
g 2op(E)y oy E 1t g i (n. )
4=17134 ij Ni n, n13=0 Ni-l, =L
n., ..
n, 1)
So,
6 +,1.
(k:) Ny (k)y _
E( Z 1Rige) =7 GeZr hZIR tn) = N ( )

.‘By'similar.arguments, it can be proved that,
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N
p( Wp®) )y iy B e ) (k)
z—l 132 ijs Ni t= l h=1 1th ith

Let j # j’, then

(k) _ (k)R (k) y 4
E[(z )(z'—l gyrgr )l = E(zéén 08 Fagf 15040)
ij 137
(&) ()
tEQL gk RyseRigrae)*
n, . (N, .,=n..,)
i3 137 i3
g (E)p (k)
¥ E(£§S(N -n, ) z'esn 13£ ij z') i
13713 13
+B( %
4es 'y eS :
(N:LJ ) (Nij’-nij') .
R ()
1J£ 13'2'

Let us call I, II, III and IV the four terms on the right hand of

the previous equality

N. .
1J g (E)p (E7) 13774
1= n.;= E(Léé z'éé 13£ 13‘4" iJ 13') N,,n (nij’nij')’
iJ nij nij' 7

B(Ry 5 qRsgar 123 0ag0) =

: g () (k ) (k). (k)
(21 12 1th)(t Zy hES n) = g5 heS Ry thRith
. n, o R
— . it 1t 1t
" n, (n,~1) ’
1 1

(The argument by which this inequality is obtained is similar to the

one used in the complete case, except that in that case n; = Ni’ so that
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N, (N, +1
o ZR(k) AN
£21 n81fien Za

14 (k) 2 (&) 2 L g (k')
z
(tél hésn thh)( =1 heS 1th ) t l heS 1th ith
it it it,
’ L= n, (n.-1) '
1M

s N
iJ ij’
" n,%=0n z =0 " ij 13' l\TlJnlJ (
1j 17

) =

’ lJ’

Nl%l\Ti 3,.5[(’0 21 nés, :E%c{k)ﬂ( El th Ri(l‘ér’l))

1 t 1t

| Nla,-l (W, .-1)(w, ,,-1)
5,

D k). (k) -t , '
- hésn :I(.‘tl)l Ritn In %—o n, (N 32),(n %) (ny 57 5,) +

1t
Then,
N, .N.
_Cigtige o g (k) g (&) > (g (1)
I-= Ni%Ni-;L)E(’cEJ. h§sn 1th)(tzl hs_ Rign ) - 21 nEs  Rignfitn 1.
it 0 ¢ Bt
For fixed values of Digr Byq, (3o 32 =1, veey D) Rijz and Rij,ﬂ, with

ZeSn'.
1J

and

4'eS 2
(Nij'-nij’)

are independent variables since complete and incomplete trials permute

each other independently. - Then,
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Nij Nij '

I =p20n%- E(yZ & orEs

M4 3 0 5 (Nij'"nij'

k) (k
)Rl(a/zRia’g' gy ny50) X

N, .N..
X f lJ;Nl‘j'(n
n, s,
1 1
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(k) (k) _ -
E(RlJz lJ,/&,| ij,nij,) =

1520 ) -

137

b P (k')

Y. . Z. R, R,

t21 n&s Ritn 421 hes(N ) ith
Big it™ e

n; (Ni—ni)

So,

N, N, p ( P
k) (k?)
I = N, %N 1Y ¢5 hés Ritn 21 héé( )thh X

Big Nlt it

N, .-10N, .~ (N -l)(N 1)
1 1
X ni%=0 nié,—o (N -2)(n -%) (05085545

or,

_NigMig (R s R(k))( Ry .
N. (N, -1)‘t=1l heg ith —l he S lth
iV n (N, . -n. )

it it it .
IIT can be solved as term II, while IV is the asnalogous of I for the
case in which both trials (j4) and (j’4’) belong to the set of in-
complete columns. It follows that
- :
154 g (k)

N N l (t =1 heS(N -n, ) 1th)( =1 heS
it it Bt

11T = (k )),

&
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N, :N, | D ‘
B ! [( 5 ZS ( ))( 5 (k')) -
NiiNi-li t=1 he (. . -n, ) 1th t=1 heS(N ) 1th ;
it it it™
_ R () (05
t=1 heS(N -0, ) 1th 1th
it it
Adding ‘the four terms,
(R0 B 5 o e W
4=1 15474 —18 15797 N, (N -1)- 2
b (k) (k)
__t= l hglthh ith 1- X
If § = 3!, it follows by similar arguments than the ones used

for

the analogous expectation in case A that

N

1

E[(ﬂ =11 E)(£’~l 1J’£’)]

N, +L

=N, 5( )

- +1
Nij(Nij .1)r Ni(Ni 1) 5
N, (N,-1)" % 2

1 1

-+

N,
B R0

tE1 h—l 1th ith

7;3.5 Case C

Let j £ j?, then

ey

E[( rt ik!),)(a@'esn “‘32,)1 E[(zésn g{z)(zres Rygrge )1
o Pige i] Bige
R (E ey
15743 nij'
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Let us call T and IT the two terms on the right hand of the equality

above,
1y M o) o)
1= n.;=0 n, ,— E[(ﬁeS 1Jz)(z'es 13'Z’>| 2 2 ij? 1x .
ij ij . . ; ..
13 13'
N, .,N. ., N, .N, n, (n,+1) )
- 13 1J ( n ) 13 lJl r 1l 3 > (k) i
X 4N, ,n, 1771y TN (@ -DY 2 21 n¥s Bitn
17 1 nit
(k). (k* )
- & nE BienRith ]
. n,
it
N, . N,
I B S (k).
= n.;= n.z = E[(zes( -n Rlaz)(zfes 1 '2')lnil g7 Ix
I EPREF P10
N Nij, _
fN (nij’nij')
N, .N, n,+1
LJ 137 n, (<) 5 3 rE)
N (N -1y MVS t=1 zes(N ) ith

it

Then, from I and II,
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13
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1t
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ij ij ij
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ij "ij i

The first term on the right hand is:
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and the second term is,
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