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ABSTRACT

This paper presents a new class of codes over GF(p), P a prime >,

characterized by the property that if cy cl, 02, ooy cN , is a codeword,

then -CN-l’ co, cl, ooy cN_2 is also a codeword. These codes are shown to
be useful for correcting errors measured in the Lee metric. According to
p-1
this notion, the weight of a codeword is given by % Ici|, where
i=0

]

0 < lci| < (p-1)/2 and c,

t ¢, mod p. For any given t < (p-1)/2, the
principal theorem of this paper exhibits negacycle codes of certain block
lengths capable of correcting any error pattern of Lee weight < t. The
proof includes an efficient algebraic decoding algorithu.

After discussing the difficulties in extending this method to the
‘ construction of codes with Lee distances > p, we show that appropriately
chosen low rate negacyclic codes actually have Lee distance = (pa-l) pm’l/8.
Like the maximum length shift register cyclic codes, to which they are
analagous, these low rate negacyclic codes are equidistant in both the

Harming metric and the Lee metric.



Introduction

One of the central problems in coding theory is the design of error
correcting codes of given block length, N, over an alphabet of given size,
q, and given information rate, R = k/N. Ideally, one would like to find
the code with the lowest probability of error for a given memoryless
chennel. For certain types of highly symmetric channels, this problem
can be greatly simplified by the introduction of an appropriate metric to
measure the "distance" between different codewords. The most commonly
used such metric is the Hamming metric, according to which the distance
between two sequences is the number of positions in which they differ,
For example, the Hamming distance between the two gquintary sequences in
Figure 1 is 3:

Figure 1: Two quintary codewords:
Sequence 1: 2,1,0,3,0,4,2,4,3,1
Sequence 2: 2,1,1,3,0,2,1,4,3,1

It is convenient to introduce an arithmetic structure on the alphabet
of q symbols. In general, one may use the ring of integers mod q. If
q is a prime power, one méy instead take the structure to be the Galois
Field, GF(q). In either case, it is convenient to associate each
sequence of N letters with a polynomial of degree < N over the under-
lying ring (or field). For example, the two sequences in Figure 1
correspond to the polynomials

2 + X+ + 5x5 +he 4 2x6 + ux7 + 3x8 + lx9

Q
and 2 + x + x2 + 3x5 + 2x5 + lx6 + hx7 + 5x8 + 1x7
whose difference is: hxe + 2x5 + x6
1



(Here we take the difference mod 5): After defining the Hamming weight
of each digit, A, by

Oif A =0
1Lif A #£0

vy (A) =
one may then define the Hamming weight of a codeword as the sum of the
Hamming weights of the coefficients of the associated polynomial. The
Hamming distance between two codewords is then defined as the Hamming
weight of the difference. If the chennel has the property that all
errors are equally likely, then the probability of receiving one sequence
when another sequence is sent is a monotonic decreasing function of the
Hamming distance from the transmitted sequence to the received sequence.
For this reason, the problem of finding a code with a low probability

of error is approximated by the problem of finding a code which will
correct all patterns of t or fewer errors. This latter problem has
proved considerably more tractable than the former. Following the
pioneering work of Shannon (1948), Hamming (1950), and Slepian (1956 and
1960); Hocquenghem (1959) and (independently) Bose and Chaudhuri (1960)
presented a remarkable class of binary group codes, which have become
knowas BCH codes. Shortly thereafter, Peterson (1961) presented a
decoding algorithm for these codes, and showed them to be a subset of the
"eyelic codes" which had been first studied by Prange (1958). Gorenstein
and Zierler (1962) then succeeded in generalizing the codes to the non-
binary casc. Additional properties of these codes were discovered by
Mattson and Solomon (1962), and a refined decoding algorithm to

include erasures was presented by Forney (1965). In 1966 Berlekamp
discovered another decoding algorithm which greatly reduced the com-

plexity of the decoder. Although research still continues on meny un-

S O =y &) & U o - o om S s s Tl .



ansvered questions about the weight distributions of the codewords, the
weight distributions of the coset leaders, the permutation groups which
leave the codes invariant, and algorithms to decode more than t errors,
the BCH codes have already proved themselves to be of considerable value
in some situations. The applications of the BCH codes will no doubt
increase as the knowledge of the latest decoding procedures spreacds,
Reseasrch also continues on the more general class »f cyelic codes, of
which the BCH codes are a proper subset.

A1l of this work has been based upon Hamming's notion of distance.
For some channels, this notion is a reasonable representation of reality.
For example, if the letters of the input alphabet correspond to the
different members of a set of orthogonal or simplex signals which are
transmitted through additive white Guassian Noise, then all pairs of
different letter-letter error transitions are equally likely. For
other channels, however, the Hamming wmetric is a poor choice. For
example, the letters of the input alphabet may correspond to different
phases of a sinusoidal signal of fixed amplitude and frequency, to which
white Cuassian noise is added. Such a channel has an inherent ordering
of the letters of the input alphsbet, and transitions between adjacent
letters are much more likely than transitions between distant input
letters. For such a channel, a much more useful notion is the Lee
metric. The letters of the alphabet are taken to be the residue classes
of integers mod q. The Lee weight of each letter of the alphabet is then
defined by |Al= A mod ¢

wL(A) = |A|, where 0 < A (g-1)/2 and either  or
[A]=-A mod q



One then defines the Lee weight of a codeword as the sum of the Lee
weigits of the coefficients of the associated polynomial, and the

Lee distance between two codewords as the Lee weight of the difference
between the codewords, For example, mod 5 one has |O|= o, lll= 1,
[2]=2, |3]=2, 4] = 1. The Lee distence between the two codewords

in Figure 1 is seen to be [4|+ |2] +|1|=1 +2 + 1 = 4, The reader
should have no trouble in verifying that the Lee metric is nonnegative,
transitive, and that it satisfies the triangle inequality. If q =2
or g = 3, the Hamming metric and the Lee metric are identical; for
larger q, these metrics differ.

The Lee metric also proves useful in coding for the amplitude
modulated channel, in which the q input letters represent different
amplitude levels of the same basic signal to which noise(*) is added.
In many such examples, q may be rather large, say q = 31 or q = 127.
In such cases, the Lee distance between two symbols near the middle of
the alphabet is indeed a monotonic decreasing function of the
probability of receiving one of them when the other is sent. However,
the close Lee distance between the highest and lowest amplitudes

belies the very small probability of confusing them. Nevertheless,

(*) We deliberately avoid restrictive statements concerning the noise
distribution. The noise distribution most suitable for the Lee metric
turns out to be the exponential distribution, according to which the
noise assumes an average value between Yy and y + dy with probability
given by 1/2 exp - |y By. Many noise distributions, including the

Guassian, may be approximated by this distribution, and Lee metric codes

can be used on such channels. Although the approximations may seem

crude, the Lee metric codes may often be as good as any others which are

known!



codes vwhich correct all patterns of not more than t errors in the Lee
metric still prove quite useful for such channels, because every
sufficiently probable channel error pattern corresponds to an error pattern
with low Lee weight. (The converse of this statement, as we have noted, is
flagrantly false.) Although the same can be said for the Hamming metric,
the approximation is much cruder.

To the author's knowledge, no significant work has been done in
coding with the Lee metric except Lee's original paper in 1958. After
defining the metric, most of that paper was concerned with assertions
on the nonexistence of perfect codes. Rather than pursue that question
(which remains unsolved in both the Hamming and Lee metrics), we devote
the remainder of this paper to the construction of good algebraic codes
and decoding algorithms.

Error location numbers and the error polynomial

For the remainder of this paper, we assume that the channel input
alphabet consists of the elements of an odd prime field, GF(p).
The reader may at first think that this assumption is overly restrictive,
since the Lee metric is defined for input alphabets of arbitrary size.
Recall, however, that the'Hamming metric is also defined for input
alphabets of arbitrary size, yet no one has yet constructed any
promising algebraic codes over the alphabet of six letters, nor over
any alphabets whose size is not a prime-power, Unlike the Hamming
metric, the Lee metric is defined in a modular way which forces the
code-constructer to work in the ring of integers mod g, and not in some
other structure, such as GF(q). If the size of the input alphabet is not

prime, this modular ring is not a field and our constructions fail.



Let us begin by considering the case of single errors. If the
the block length is N, then there are 2N possible single error patterns,
since we may have a single Lee error of + 1 in any of the N positions.
Including the all-zero pattern of no errors, we see that there are 2N + 1
different error patterns of lee weight < 1. If we wish to correct all of
these error patterns with a linear code conteining r parity check digits,
then each of these 2N+1 error patterns must have a different pattern of
parity check fallures and 2N + 1 < p’, or N < (p*-1)/2.

Following the essential idea of the constructions of Bose-Chaudhuri
and Hocquenghem, we next lsbel each digit of the code with & nonzero element
in some extension field of GF(p). The previous inequality suggests that we

label each digit of the code with two different error location numbers from

GF(pr). Upon considering the definition of the Lee metric, and our desire
to correct an error of *+ 1 in each of the N positions, we assign the two
location numbers * aJ'l to the jth digit of the code, where « is a primitive

element of GF(pr). Since oy = -1, no two different positions have a common

location number.
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Factorable quadratics over GF(5):

L+1 = (X +2) (x - 2)

-1 = (X +1) (x-1)
E+x-1 = (x72)°
xe_tex+1 = (X:l)z
¥+ 2X+2 = (XTLUEXT2)

+Xx-2 = (X* 1)(x + 2)
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As one of the simplest nomtrivial examples, we take p =5, r = 2,
N = (52 - 1)/2 = 12. The 2L nonzero elements of GF(25) may be represented
as the successive povers of @, where o is a root of the primitive quadratic
X2 + X + 2. Alternatively, every element of GF(25) may be represented in

the form Ala + A_, where A and AO € GF(5). The relations between these

1
representations are given in Figure 2. We label the twelve digits of
the code as follows:

Code digit position: 1 2 3 4 5 6 7 8 9 10 11 12

Positive location number: o < @ o? QF 05 o « Q§ 09 alO all
0 1 -1 -1 -2 -1 0 2 -2 -2 +1 -2
1 O -2 2 2 -1 2 0 +1 -1 -1 -2

Negative location number: a12 al3 O}h al5 0}6 al7a18 0}9 O?O 021 022 23

0 -1 1 1 2 1 0 -2 2 2 -1 2

-1 0O 2 -2 -2 1 -2 0 -1 1 1 2

We now claim that any error pattern of Lee weight t may be
specified by giving the locations of the t different errors, or by

giving the polynomisl, o(z), whose reciprocal roots are these errors.

As examples, we consider these error patterns:

e(X) = XLL Xl = al’L a(z) = l-ahz

e(X) = -X8 X, = 08 = o?° a(z) = 1-0702

e(X) = 4 x7 X, = o? X, = oe7 o(z) = (1-05z)(1-a7z)

e(x) = © - X X, = 05, X, = & = a(z) = (1-a§z)(1-a212)

e(X) = éx6 X, = a6, X, = a6 a(z) = (l-a6z)2

e() = X - 2x%  x =l 2o, x =% =00 - 22 5(z) = (l-;19)(l—a§ =
9



The crucial property of the error location numbers )L_L, x2 » oo 1B

that

e(ad) “L X §, for all odd J.
1+

The reader who is familiar with the Gorenstein-Zierler Hamming-metric

extension of the BCH codes must be warned that no error values are used in

our present formulation. A multiple error in some position is evidenced

by a multiple root of the error polynomial. It is clear thet

Each distinct error pattern of Lee weight t corresponds to &

distinct error polynomial, o(z), whose degree is t.

With appropriate restrictions, the converse is also true:

An error polynomial, o(z) of degree t, corresponds to an error
pattern of lee weight t i1ff all reciprocal roots of o(z) are 2Nth
roots of unity, and no root has multiplicity greater than (p-1)/2,

and no two reciprocal roots of o(z) sum to O.

Double exrrpr correcting codes

Iet us now construct a code of block length 12 over GF(52) vhich
corrects double errors in the Lee metric. Following the BCH argument
in e heuristic manmer, we take the first two rows of the parity check
matrix as the positive digit location numbers, and the second two
rows as the cubes of the first two rows:

(001 -1 -1 -2 102 -2 -2 1 -2
l 0 -2 2 2 -1 2 0 1 -1-1 =2

0-1 0 -2 0 1 0 2 0 -1 0 -2

11 2 2-1-1-2.21122'1J-

10
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The codewords are chosen to satisfy all four of these parity check
equations. A codeword is transmitted and noise is added. From
the first twc parity check equations (the top two rows of the
above matrix), the decoder may deduce the sum of the error locations,
S, =X Xi; from the bottom two rows of the above equations, the

1
decoder may deduce the sum of the cubes of the error equations,

S, = Z XiB. If there are no more than two errors, we have

3

8, =X, + X, # 0 unless X, = X, =0

1° M 17 %
gD 3
S5 = X + X
S
R
s Xi X% * Xg
l.
s
——3—--2—'/- )
- 8] == 3%X,
1
b)
XX =51 ° S}
172 53
1
3
o(z) = 1-8,2 + (Sl SB) 2%
1
551

Thus, this code is capable of correcting double errors. To decode,

we compute Sl and S3 from the parity check equaﬁions, and then perform
the necegsary arithmetic calculations in GF(52) to find the error
polynomial. If aj is a reciprocal root of this polynomial,

and O «© j - N, then there is an error of +1 in the (j+1)st digit

of the received word. If o is a reciprocal root of the error polynomial,

11



and N © J < 2N, then there is an error of -1 in the (j + 1 - N)th digit
of the received word. A double error in any position of the code
menifests itself in a double reciprocal root of the error polynomiel.

For these double error correcting codes, the quadratic error polynomial
LA

1- 8,z + (51 - 3) z
35

1

2

has repeated roots iff

5
S§=A(Sl-sj) OI‘)#S =S3

—_— 3 1

38,
This condition also follows from the equations Sl =2X and S, = 2X3.

1 3 1
Similarly, it may be seen that there is one error only if

3
Sl B S} = O and zero errors only if Sl = 0.

The reader may wonder why we selected the bottom two rows of the
parity check matrix to be the cubes of the first twe rows, rather than
the squares. If instead one selects the squares, then one does not
get the desired equations:

X]_+X2=Sl

2
X1+X§=52

but instead one gets the formidable-looking equations:
X)X =8

X x e x, Ix 1= s



Here Xi =+ Xi’ accordingly as 1051 Xi is between O and N-1, or between
N and 2N-1. The difficulty arises because (+Xi)2 = (-Xi)2 # -(Xi)z.

A similar problem arises if one includes any even power of the error
location numbers as rows of the generator matrix. Although this may
not necessarily represent a bad choice, it results in the formideble-
looking equations which we prefer to avoid.

Our actual choice of the H matrix has another nice mathematical
property which we shall now investigate, Since the successive columns
of the first two rows of this matrix represent successive powers of @,
the codeword polynomial, c(x), of degree ~ 12, satisfies these parity
check equations iff c(a) = 0. This can happen iff the code polynomial,
c(x) is a multiple of the minimum function of a, which is X2 + X + 2.
Similarly, the code polynomial satisfies the last two parity checks iff
c(a§) = 0, which can happen iff c(x) is a multiple of the minimum
function of o;, which is x2 -2. Evidently, then, the polynomial c(x)
of degree - 12 represents a codeword iff c¢(x) is a multiple of the

product, (X2+x+2) (XE-E). Since o is a primitive element of GF(25),

a?h =1 but a'k # 1 for any k less than 24. Since (0}2)2 = 1, and the only
two square roots of 1 are + 1, it is evident that a12 = ~1l. A similar

argument reveals that (ofj)l2 = -1 for every odd J, including J = 3.

Thus, both the minimum function of « (namely X2 + X + 2) and the minimum

function of o (nemely X -2) must be divisors of P Therefore,

if ¢(x) is a codeword, represented by

2 10 11
c(x) = ey tep e, ol ke X+ ¢y X

then c(x) is multiple of (X2 + X + 2)(X2—2), and so is xc(x) -c

13



. . 10 11
. - + e e
which is cll cox + cl X2 + + c9X + clo X

For this reason, we call this code a negacyclic code.

Negacyeclic Codes

In general, we define

A Negacyclic code of block length N over GF(p), (p an odd prime
and N apmmultiple of p) is the set of polynomials in en ideal of

polynomials modulo ¥ 4+ 1 over GF(p).

The monic polynomial of lowest degree in this ideal is called the

generator polynomial, g(x), and the quotient (xN + 1)/g(x) is called

the check polynomial, h(x).

Since £ + 1 = (x2N - 1)/(xN - 1), the roots of 2 + 1 are the roots

of x2N -1 which are not roots of xN -1 Ifa is a primitive root of
x?N - 1, then the even powers of & are roots of xN - 1 and the odd
powers of @ are roots of fN + 1. We repeat, the roots of kN + 1

are the odd powers of a primitive 2Nth root of unity. Therefore, both
the generator polynomial and the check polynomial of any negacyclic code
of block length N may be conveniently described in terms of their roots,
which are odd powers of a single primitive 2N th root of unity For

the double=-error correcting code of block length 12 over GF(5), which

we discussed in the previous section, the roots of the generator
polynomial are Q, a?, and their quintary conjugates, & and (a?)5 = o
The other eight odd powers of @, namely a7, Ot9,' otll, otla, otl7, 0[19, del,

and a23

are roots of the check polynomial.
This method of describing negacyclic codes is important because it

immediately reveals the equations which must be solved in order to find

1k



the error polynomial. If op is a root of the generator polynomial, then
the decoder may immediately compute the sum of the Jth powers of the
error locations by evaluating the received polynomial, r(x) = c(x) + e(x)
at x = ad, obtaining r(aj) =0 + e(op) =z Xg = Sj' Given these Sj’

the decoder must then attempt to solve foi the error polynomial, o(z),
whose reciprocal roots give the error locations. The relation between

o(z) and the S's is given by Newton's identities, which may be readily

derived as follows:

Let o(z) = =« (1 - X, z) 3 X; not necessarily distinct
i
Then o'(z) =-Z X, =« (l-X'j z)
i T
o0
and =z o'(z = z (Xiz ) = b3 (xiz)k
oz i léxiz i k=
(2]
= % X > K
I (2% 5 = £ 5.2 =5(2)
k=1 T 1 k
i k=1

We thus have Newton's Identities in generating function notation,

So +zo!' =0

In negacyclic codes, all of the coefficients of the even powers of
z in the generating function for S are initially unknown. For this
reason, it is helpful to eliminate these terms from the equations by

separating Newton's Identities into their even and odd parts:

"

Letting G‘ =1+ Oy 22 + g, Z + ..
T = + 4
o = 0,2 03 z coe

2 L
e:szz +SL|.Z + eee

15



S s + S 5
S = lz 3 AR

Newton's Identities become
A
S+ (C+8) +2(E3+H' =0

which may be broken up into the two equations

A
A A+8G+20 =0
and A A -
So+Soc+z0' =0
A

Subtracting o times the latter equation from ; times the former gives

SEP-534+20506 -4 )=o0

Under sufficiently restrictive circumstances, these equations may be solved.

The major result is the following theorem:

If the roots of the generator polynomial of a negacyclic code over GF(p)
include «Q, Q?, o?, soey a?t-l, where 2t-1 < p, then that negacyclic

code is capable of correcting all error patterns of Lee weight < t.

Remarks: Before proving this theorem, we give a short table of parameters
of some of the codes which this theorem promises. The codes which have
relatively large t and a relatively small number of check digits, r, usually
come in block lengths of the form N = (p -1)/2.  Nevertheless, there are
also moderately good codes of this type having other block lengths; these

codes are marked in the table by (*).

16
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Proof

Our proof is constructive; it consists of an efficient decoding pro=-

cedure.

We begin with the equation

a3 'wA‘
§(62-6%=z2(60-00)

Since 6(0) = 1, we may divide through by 8 to obtain
(@ - L (g (3)
Introducing the generating function

s Wwe have

os]
1]
a’lay

(Ve
S (32- 1) = z R?

S(-1 + B%)

3

]

i
L“?
N

Although this equation may look formidable, its solution is, in fact,
trivial, because each coefficient of R is specified in terms of certain

L%
coefficients of S and previously computed coefficients of R

3 5.
3 5 _ (S1z + S32° + S52”+ cee) g 3
(Rlz +R32 +R5z + ees) —f : <1+(R12+RBZ +...)2>

Ry =5

2
— -53 + Rl Sl

3

-v}
1

2
5

N
L ]
N G G om e e

18



Difficulty is encountered if we attempt to compute the coefficient R ,
D

since this would require dividing by the integer p, which is zero in GF(p).

However, under the hypotheses of the theorem, 2t-1 < p, and no such

difficulty arises if we compute only Rl’ RB’ RS’ oeas R2t-l

Since R is an odd function of z, we may define the generating function

z R(z) )'l -1. Tt is evident that

+

2
T by the equation T(z ) = (1

2
T(0) = 0, and that (1+I(z ) ) = (1+zR(z) ) T Knowing the coefficients

this equation enables us to compute recursively

and 1+zR = & + 25

of Rl, RB’ ooy R2t-l’

the coefficients Tl’ Ty eee, Tt' Since R = E +
e &
we deline the polynomials
o(5) = B(z); 8(z5) =5(2) + 2 &z)

It is cvident that

(1+2R(2)) = §(z%)/ul(=%)
and that

(141(z%) ) = w(z")/8(27)

SO

{ (L +7T(z) ) & (2) =w(z) mod ot

|

We further claim that if there are no more than t errors, then

€ and w satisfy the additional conditions

2

€(0) =w (0) =1, deg€ < 1+t , degw< t , and§ and ® are relatively
2

prine.
The last cbservation follows from the fact that no tiwo reciprocal
roots of o may sum to zerc. Therefore, ¢ may have no even factors
e ps e s . b %_ L .
of positive degree. This immlies that o and are relatively prime,

as are & and w.

19



In view of these conditions, the equation

(L+7T)® =w mod 2oL

may be solved for § and w by the iterative algorithm for decoding
nonbinary BCH codes given by Berlekamp (1968). The solution is

evidently given by
g —g(®) )
(t)

where §(t) and W are generated by the aglgorithm.
We nay summarize the decoding »rocedure as follows:
1) Cormute R mod z2t from the equation

2
R=/ s (R -1)

t+1 .
2) Corpute (1+T) mod z from the equation

(1 +1(z2) ) = (1+zR(z) )"

3) Use the iterative algorithm for decoding nonbinary BCH codes to find
(0 0 0) _(0) (1 1 1) (1 t)  ,(t)
(0)  f0)  p(0) (0) (1) (1) 4(1) (1) f8) (%)

g
g(t) = w,(t) t+1

which solve the equations, (1+4T) mod 2z

4)  set ¥(z) = uft)(zz) ; o(z) = S(t)(za) - w(t)(za) ; o= AR

Z

5) Using a multiple Chien (1964) search, evaluate the polynomials

c/r\(a"j) a.ndbc‘r(a"‘j) for =0, 1, ..., N-1, where a is the primitive 2Nth root
of unity whose successive powers give the code's successive location numbers.
If‘é(afj) = -L&(ofj), there is a positive error in the code's (J-1)st
position; if g(a-q) = + c(ofj), there is a negative error in the code's
(J-1)st position. In either case, the multiplicity of the error may

A
be determined by evaluating the derivatives of o and G .
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. M kY /\ b\ .
If d(l) ) =+ d 0(2)(aJ) for i < k, but d c(k) £+ d c(k)(aJ)
(t) N € z (k) k)
dz k dz t dazlk dz k
then the error has multiplicity k. In these equaetions, the negative signs
are used to determine the multiplicity of a positive error, and vice versa.

If high speed is required and computing registers are plentiful,

then one may perform multiple Chien searchs on all of the polynomials
5, & 0, o, o, v, L, ab ) g

On the other hand, if computing registers are scarce but time is
available, one should perform Chien searches on only polynomials
Qand Eﬁ By Jjudicious programming it is possible to calculate the
derivatives only when they are needed, without interupting the

A s
Chien searches on o(a j) and & (a 9y,

Although this theorem gives us a powerful class of negacyclic
codes, together with a practical decoding algorithm, there is a
strong desire to reacve the restriction that t < (p-1)/2. One may
wish to correct more than (p—l)/e errors. The obvious conjecture
to do this is the code whose roots include further successive odd
powers of a. If a’ Oﬁ, ....QP-Q, of prove insufficient, then
would you believe that @, &, o, ... of, ' might work? Unfortunately,
this attempt does not work, and the situation is even worse than this.
We cannot correct that (p+l)/2 st error even if we use almost twice
as much redundancy as we used to correct (p-1)/2 errors !

The theorem is as follows:

The negacyclic code of block length N = (p" -1)/2 over GF(p), m > 1,
whose generator polynomial is the product of the distinct minimum

functions of q, o?, o, ... Q?p-5, oFP=3 has codevords of Lee weight D.
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Proof':

for all odd J < 2p-3.

must then be a codeword of Lee weight p.

For i =1, 2, ..., p, let X, =§ + (1-1) where § ¢ GF(p), but

Ee GF(p").

unless i1 = j, and if Xi

J
E= -(i+j-2)/2 € GF(p)

The "error" polynomial is

P p
o(z) = n (1 - XiZ) = 1 (1L -8z - z(i-1) )

i=1 i=1

Recalling that

P
n (y=(i-1) ) = y¥ -y , for every y

i=1
and that

'21 (y-2z (1-1)) = yP -2~y

we deduce that

o(z) = (1-82)P - Pt (1-Ez)

1- 2o (8P ) P

where we have defined

=8P - &
Since
o' (z) = P2

Newton's Identities become

S(Z) =

We shall exhibit a set of p locations such that S, =

The word containing (i) ones in these p locations

Then the Xi represent distinct locations, for Xi £ X

-X, then &+ (i-1) = -(&+ (3j-1) ) and

P
s x4 =0

J i=1 i

J

-2, G'(Z) - zp-l

1l- 5(2) 1 -(zp-l + 7 ip)
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(ZP-l + goP-2 WZQP-I v 2P0 4 2¢Z§p-2 + wg 2Pt 4 oo )

Since p-1 is even, S, = O for all odd J < 2p-3.

J
q.e.d.

The argument of the preceding theorem can be continued to show
that certain other S's must also vanish. This shows that certain other
negacyclic codes, whose generators have these additional roots, still
have codewords of weight p; We first continue the argument to derive

an explicit formula for Sn:

We have
s(z) _;Eftfl___ =1 2 (PhHE (1)®
1 (P4 y ) k=0

fl

o
I G L R A
k=0 I=0

Letting I = i(p-1) + J

o LS p-2
s(z) =2 £ £ oz (K. @D+ 1))+

k=0 10 =0 1(P-1)*+J

Letting x =1 + K + 1 gives

o p-2 co .
_ 3 k-i-1 (p-1)i (p~-1)k+J
8(z) = - kil Jio v iio (i(P-l)+J) ¥ 2

The binomial coefficient vanishes unless i(p-1) + J < k-i-1, or

i < k-j-1, and hence

p k-1-1y
3 o k-i-1 (p-1)\1
Sk(p-l)+d = ‘W iio (i(P-l) +J) (W )

From this argument it is obvious that codewords of weight p

occur even if the roots of the generator include q, 05, cee 2p-3, O?p—l’
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o?p+5, cee a?p"u, a;p, o?p+2, cee QFP'5, ayp+l,
(p-1)

+ss In some cases, it

might be possible to choose ¢ in such a way that certain
additional S's also vanish.

Certain other classes of weak negacyclic codes may be discredited
by examining the obvious low weight factors of xN + l. For example,

over GF(5), one has x4 1= (£5 + 2)(x6 -2), and X2

+1= (xu+l)(x8-xh+l).
From this one sees that any negacyclic code whose generator divides
(x" + 1) has distance < 2; any code whose generator divides x6 + 2 or
x6 -2 or x8-xu+1 has distance < 3.

Nevertheless, there do exist negacyclic codes having very large
minimum distances- -1if one is willing to transmit information at

sufficiently low rates, We shall prove the following theorem:

Let N = (p™-1)/2 and let a be & primitive 2N th root of unity over
GF(p). The negacyclic code whose check polynomial is the minimum
function of «a is equidistant; every nonzero codeword has Lee weight

given by
2 -1
o = (p" -1) p - /8.

Proof: This code has pm-l = 2N nonzero codewords, each of which is
of the form c(x) = M(x) g(x), where deg M < deg h. If some nonzero
codeword had only k distinct negacyclic shifts, then

(xk-l)c(x) = Omod X + 1

or (xk-l)c(x)

,(xk-l)M(x)g(x) = (xk-l)M(x)(xN+l) =0 mod(xN+l)
h(x)

which implies that h divides (xk-l) M. Since h is irreducible and deg M <
deg h, h must divide xk-l. Since h is primitive, k = 2N or some

multiple thereof. This proves that all 2N negacyclic shifts of any
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nonzero codeword are distinct. Since there are only 2N nonzero codewords
in the entire code, i1t follows that every nonzero codeword is a negacyclic
shift of every other nonzero codeword, and that every nonzero codeword
has the same Lee weight.

We may compute the average Lee weight of all of the codewords in
any nontrivial linear code over GF(p) as follows: We list each
codeword as a row of a matrix, containing N columns and as many rows
as there are codevords. Since the code is linear, every nontrivial
column (excluding trivial columns containing all zeroes) must contain
equal numbers of each of the p symbols. The average weight of each
column is therefore

(p-1)/2 5
s = k = (p°-1)/bp, and the average weight
P k=1
of the entire code is N(pz-l)/hp. Applying this result to the present
case gives (pm-l)(pz-l)/Bp for the average weight of all of the p-
codewords, and pm'l(pe-l)/B for the average weight of the p - 1 nonzero
codevords, g.e.d.

This theorem shows that certain of the codes guaranteed by our
main theorem are actually much better than claimed. For example, the
code with p = 127, N = 63, having 1 message digit and 62 check digits
actually has Lee distance 32'63, so that it is capable of correcting
almost 16 times as many errors as promised by the theorem ! |

These low-rate equidistant negacyclic codes are quite analagous
to the low rate maximum length shift register cyclic codes. It may be
possible to use these low rate negacyclic codes as the raw material from

which shorter, higher rate, non-negacyclic codes may be manufactured

via algebraic puncturing a la Solomon-Stiffler (1966).
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Similarly, the high-rate codes of the main theorem are analagous
to the high-rate BCH codes. The single error correcting negacyclic
codes, like the Hamming codes, are "perfect" in that they satisfy
a volume bound with equality. It may be possible to show that the double-Lee-
error correcting negacyclic codes, like the double error correcting cyclic
BCH codes, are quasi-perfect, although at present this is only speculation.
It appears that the Lee weights of all of the codewords in
large classes of negacyclic codes can be enumerated, and in some
cases it may also be possible to obtain some results on the more important
problem of enumerating the weights of the coset leaders. Perhaps it
may also be possible to find other "good" classes of negacyclic codes.
For example, gdo there exist negacyclic codes analasgous to the quadratic
residue codes ?
Many problems of this sort remain to be solved. I hope that some

of them may prove of interest to the reader.
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