Abstract

DAI, JN. Stochastic Volatility Corrections for Interest Rate Models.

(Under the direction of Dr. Jean-Pierre Fouque)

This paper is mainly focused on how to price the interest rate derivatives by
stochastic volatility models. We will use CIR model and introduce a new Ito process to
the model with fast meanreverting stochastic volatility to compute the corrections of
interest rate derivatives. There is a significant difference of the shape of yield curves
between the corrected model and original CIR model. It can aso be used to price interest

rate derivatives such as bond options.



Stochastic VVolatility Corrections

for Interest Rate Moddls

by
Dai, Jin

A thesis submitted to the Graduate Faculty of
North Carolina State University
In partia fulfillment of the
Requirements for the Degree of
Master of Science

Applied Mathematics
Raleigh
2002

APPROVED BY:

Chair of Advisory Committe



Stochastic Volatility Corrections for Interest Rate Models

Biography

Jin Dai, who earns Master degree in August 2002, is a graduate student in Mathematics
Department, North Carolina State University. Her major is Applied Mathematics with
specidty of financia mathematics. And her advisor is Dr. Jean-Pierre Fouque.

Before that, she obtained the Bachelor degree in Department of Applied Mathematics,
Shanghai JiaoTong University, with mgor of Applied Mathematics and minor of

International Accounting.



Stochastic Volatility Corrections for Interest Rate Models

TABLE OF CONTENTS

LISE OF FIQUIES ...ttt bt e e n e e nns v
INEFOTUCTION. ...ttt ettt b et nn s 1
VBSICEK IMOE ...ttt r e e nnesnenens 4
I =000 N 101U 5
2. BONA OPLION PriCE.......ciiiiieiesie ettt et e e e seneeas 7

CIR MOGEL.......coeiieiesiieesieiee sttt sttt s s et et ne e 9
I = To a0 [ 1= TSP 12
2. BONd OPLiON PrICES ....ocuieiiieiieeiieie ettt sttt snenneas 15

Stochastic Volatility CIR MOE .........ccoeviiiiiieiececeeeee e 18
L TWO FaCtOr MOGEL. ...t e e 18
2. Correction for BoONd PriCES .......ccccoiririiriiieieiriesteee et 20
3. NUMENCAl SOIULIONS.......ceiieiiieeiesieieeee e 28
4. Corrections for Bond Option PriCES........cccoiiireriieieresereeie e 31
S Y o]0 < 10 [ USSR 40
REFEIBINCE. ...t e b e e nae s 42



Stochastic Volatility Corrections for Interest Rate Models

List of Figures

Bond prices (top) and Yield curve (bottom) in the Vasicek model with a =1,

r' =0.1 and s =0.1. Maturity t runsfromOto 30 years. R, =0.095 and the
initial rateis X=0.07 ......ccoviriiiiiiii e 49
Bond prices (top) and Yield curve (bottom) in the CIR model with a=1, r* =0.1
and s =0.1asin Figure 1. Maturity t runsfrom 0O to 30 years and the initial
rateis X=10.07 .....ccooriiiiiii e e D0
Top: bond prices (solid curve) and corrected bond prices (dotted curve). Bottom:

yield curve (solid curve) and corrected yield curve (dotted curve) in the smulated

CIRmodel (constant and stochastic volatility) with a=1, r* =0.1 and s =0.1

asin Figure 1. Concerning the correction we have used test parameter values

V =1/~/a which assumes a nonzero skew, a =5 and maturity t funsfrom0to

30 yearsand theinitial rateis X =0.07 .....cc.ccccevevviiiiiiiiiieciieieieneineeen D1

The same assumption asin Figure 3, only has the differencethat a =50 ............
.52

The same assumption asin Figure 3, only has the difference that a =500.........
.53

-V -



Stochastic Volatility Corrections for Interest Rate Models

|. Introduction

In the financial market, we will meet lots of interest rate derivatives, such as Treasure
bonds, Commercial papers, Repurchase agreement, European/American bond options.
How to price these derivativesis abig project attracting researchers who have tons of

interests in developing the pricing skills.

The issue of pricing interestrate derivatives has been addressed by the financid literature
in a number of different ways. One of the most popular approaches is based on modeling
the evolution of the instantaneous spot interest rate (shortly referred to as “short rae’ ) .
For example, Vasicek model by Vasicek, O. (1977), Cox-Ingersoll- Stephen (CIR) model
by John C. Cox, Jonathan E. Ingersoll, Jr., Stephen A. Ross (1985). In this paper, | will
introduce these two models and the corrected CIR models to price interest rate
derivatives. The zero coupon bond with maturity dateT , which is aso caled a T-bond, a
contract guaranteeing the holder 1 dollar to be paid on the date T , will be priced mainly

by the models (and also the European bond option). The price at time t of a bond with

maturity date T is denoted by P(t,T).

Stochastic volatility models are one of the most popular models in financia mathematics.
These models will be helpful and efficient in solving the problem such as determining the
prices of interest rate derivatives. The short rate, under the objective probability measure

P, has the solution of the form as
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(1) dr, =ndt,r, )dt +s t,r, )JdW,
where W isaWiener process, mand s are given deterministic functions. The function

s(t,rt) is known as the volatility of r;, while r‘r(t,rt) is mean of rate here.

Some well-known standard models are
Vasicek model
dr, = a(r* - 1 )dt +sdW,
which has the property of being mean reverting and an explicit formula for European

bond options;

CIR (Cox-Ingersoll-Ross) model
dr, = a(r* - rt)dt+sﬁdV\4*
where the model is based on an ATS(Affine Term Structure) which extremely simplifies

the analytical and computational method and is efficiently used now.

Note: The parameters in these models will be interpreted in the later section.

CIR (Cox-Ingersoll-Ross) model was presented by John C. Cox, Jonathan E. Ingersoll,
and Stephen A. Ross in 1986. In this model, the term structure theorems have all been
taken consideration. Many of the factors traditionally mentioned as influencing the term

structure are thus included in away which is fully consistent with maximizing behavior
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and rational expectations. From those specific formulas for interest rates and bond prices,

CIR moddl is well suited for empirical testing.

We will smply introduce Vasicek modd first in next section, which is pricing the bonds
and bond options explicitly. Stochastic volatility is described into CIR modd in the later

section and the bond and bond option price will be corrected in the new two-factor modd.
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II. Vasicek Model

Vasicek modd in this chapter will just be introduced as non-corrected model, which is

one-factor and no stochastic process adding to this model. It has constant volatility.
In this moddl, there is the probability space (VV, F,P’ ) equipped with an increasing
fiItration(Ft )t30 ,Where P* isan equivalent martingale (pricing) measure, and, the mearnt

reverting Gaussian stochastic process (rt )ts o Isthe corresponding short-rate on this risk

neutral probability space.

It will follow the model
2 dr, = a(r* - 1 )dt +sdw,
where (V\/t) isastandard P*-Brownian Motionand s isthe constant volatility. In other

words, in the risk-neutral world P*, the short rate (r,) is an Ornstein-Uhlenbeck process

possessing a stationary distribution and fluctuating around its mean level r* with arate
of non-negative meanreversion a > 0. It isaMarkov process with normaly distributed
increments. Because the volatility of Vasicek model is constant, it is undisputedly
regarded as one of the simplest model in alarge family of stochastic models under the

affine term structure.
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1. BondPrices

Under the no-arbitrage circumstance, the bond price at time t of zero-coupon bond

maturing at time T isgiven by

~

N T
3) L{tT)= E*%e‘QrSdS|th.
|

Attime 0, we can discount from t to O aso:
R 7T "
L(0,T)=e@*®L(;,T)=E" [ @"|F, 2

|

Suppose

(4) L(t,T)=P(t,r;;T), r, = x isthecurrent short rate,

According to the FeynmanKac formula, by the stochastic differential equation (2),

P(t, X T) should be the solution of the partial differential equation

1P

2
E+152—‘IT P+a(r* - X)‘ﬂ_ xp=0,
X

©) Mt 2 qx2

with the terminal condition P(T,x;T) =1.

With the replacement of spot time t by time-to-maturity t =T - t, because of ATS, we

have the solution of the form

(6) P(T- t,xT)= Alt)e Bl
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The terminal condition is transferredto initial condition A(0) =1 and B(0)=0. Then the

differential equation (5) can be solvedexplicitly

1- e
B(t)=
- (t)=—
i é 1-ed g2 20
t)= r_ A t- =~ . aat o
)=o) et - R +=s-e )%

. S? . . o
where Ry =1 - a2 is the interest rate when T goes to infinity.
a

The zero-coupon bond price is L(t,T) = P(t, It ;T) with

®) P(t’X;T):eXp}' gR¥ (T-1)- (R - )1_ e el .5 (1 e a(T-t))ZLP
-

& a 433 % ’

The yield, defined by

RE.T)=- —log (L (tT)),

is correspondingly solved as

1- ¢ a(T-t) 52

©) RELT-t)=R, - (Ry - %) 0t t)(1- )

Thisis the explicit solution for bond price and yield, so we can obtain the figure of them
directly.

[Figure 1 about Here]
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2. Bond Option Price

We continue to denote the maturity of the bond by T and the maturity of a European

option written on that bond is denoted by T, with t £Ty <T . The payoff function is
defined by h(L (T,,T)), which is related with the bond price at the expiration time of the
option. We write the payoff as h(L (T,,T)) = (L(T,,T)- K)*, and it is also the function of
I, » Which can be presented as ﬁ(rTO ) Using the Markovian structure, we denote by

Q(t,x;T,Ty) the price of the option at time t for an observed interest rate r, = x and we

obtain

. § o §
Qlt,xT,T,) = E'fe Q’ "SISh(L (T, T = xi = E*ie' ¢’ rSoISh(rTO )rt = xg.
i i

By Feynman-kac formula, it is aso the solution of the partial differential equation (5)
with terminal condition Q(To, X;T, Ty ) =h(x) = h(P(T,, x;T)) where P(Ty,x;T) isfigured

outby (8) at t =Tj.

Under the no-arbitrage world, the random variable pair ?To : (‘DTO rsdsg isnormally

distributed and we can reduce the bond option price computation to a Gaussian integral.
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In the particular case, for a European call option, denoting the price of the option by
C(t, x) , We obtain
(10) C(t,x) = P(t,x; T)N(hy )- KP(t, x;To)N(hy,)

where N isthe N(O,]) cumulative distribution function, and hy, are given explicitly by

2Pt xT)6 | .12
ho = P(t. xTo) 5 2
12 — u
_s? - 2a(Ty- ~aT-1) P
u2 ‘g(l' o 2a(T t)Xl_ e-alT t))

Note: More details about the corrected and uncorrected Vasicek mode can be referred

by [2]
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I1l. CIR Model

CIR model isfirst presented by J. C. Cox, J. E. Ingersoll, Jr., and S. A. Ross in 1985. It is
an equilibrium asset pricing model to study the term structure of interest rates. In this
model, anticipations, risk aversion, investment alternatives, and preferences about the
timing of consumption play roles in determining bond prices. And this model leads to

specific formulasfor bond prices, whichare well suited for empirical testing.

In this section, | will give the correction form of CIR model, which will fit better for the
empirical data. The idea of this correction is just introducing a new ergodic Markov
diffusion process with a unique invariant distribution. The interest rates will change

definitely because of the stochastic variable.

Now, first of al, the CIR model is described as followed,

(11) dr, = a(r* - 1, )dt +54/r vy

Here, a >0 determines the rate of meanreversion adjustment, r* islong-term mean

level of (r, ), and, (V\/t*) isastandard P*-Brownian motion defined on [O,¥).
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The interest rate behavior implied by the structure has the following empirically relevant
properties:
Negative interest rates are precluded.
If the interest rate reaches zero, it can subsequently become positive
The absolute variance of the interest rate increases when the interest rate
itself increases.

There is a steady state distribution for the interest rate.

Also (r;) cannot reach zeroif ar® 3 s2/2. The upward drift is sufficiently large to make

the origin inaccessible. In this case, the singularity of the diffusion coefficient at the
origin implies that an initially nonnegative interest rate can never subsequently become

negative. This is shown by the proposition presented.

Proposition Define t ¥ =inf {t3 qrtx = 0}, the SDE has the form
dr, =a(r* - rt)dt+s\/EdV\/t,
where (Wt) is a standard Brownian motion defined on [0,¥), rp =x>0.

Foradl x>0,if ar* 3 s2/2,then P(t% =¥)=1 and the solution r, is

strictly positive for al t > 0.

Proof: (Outline)

For x,M >0, wenote t{, the stopping time definedby t Y, =inf {t3 O|rtX = M}.

-10 -
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s be the function defined on [0,¥% ) by
S(X) — (?.\c;(ezcay/s2 Y 2ar*/52dy,

And we can prove it satisfies

For e<x<M,weset tX, =tX Uty forany t>0, wehave

SSMXMT—S +Q e“"sﬂér JsfrXdw, .

%)

One thing need to deduce, taking the variance on both sides and using the fact that

st is bounded from below on the interval [e,M], that E(t oM )<¥ , which implies
that t 2\, isfiniteas.

Thenif e<x<M, g(x)=s(e)P (tX<tX) +gM)P ( )

Weassume ar* 3 s2/2, and have lim g o S(X) = - ¥ . Deduce that

P{tx <t )=0foral M >0, thenthat Pt} <¥)=0.

Now we assumethat 0 £ar” <s2/2 andweset §(0) =lim o s(x), for all

M > x, we have s(x) = SO)P(tX <t )+sM )Pt >3, ) and that completes

the proof.

-11 -
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1. BondPrices

The value of no-arbitrage price at time t of a zero-coupon bond maturing at time T, is

similar asthe bond price in Vasicek model
*‘l - ‘Trds u
L{tT)=E"je®" |th,

i

and as the function of the current short rate I, we similarly denote this bond pricing
functionby P(t, x T) with the current rate r, = x. It becomes

L(t,T)=P(t,r;T).

From the Feynman-Kac formula, P(t, X; T) is the solution of the partial differential

equation

2
P+l I P+a(r* - X)E' xp=0

(12) M 2 %2 i

with terminal condition P(T, >cT) =1.

Let t =T - t, we assume that the bond price has the formwith initial condition

TP(T - t,xT)= Alt)e Bt

|
(13) %
-.-
1

D =
N=IN=)
TR
o P

-12 -
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The partial differential equation (12) will be transformed to the new equation

mw 1
14 - 2y L
(4 Tt +ZS X‘Hx2 a

Apply (13) into (14), we can get the following PDES

1At )+ar*Alt)B(t)=0

i ()B@)+232A() 2(t) +aA(t)B(t)- Alt)=0

By some computation for this PDE, A(t) and B(t) are obtained by elementary method of

solving equations

)& 2uclerabz
17 &+ a)et - 1)+ 2q
(15) ! X ., qgq=+a’+2s?.
LB (t)= 2(et - 1)
1 ara)let - 1)+ 2
Then we have the bond price
é 2qe(Q+a)t/ 2 UZar*/ s* e—(—)+—(Q+;I)2 ((f;t__ 11) T

(16) Pt xT)=

a+a)fe - 1+ 2q]

Corresponding to the bond price, the yield can be preserted by,

-13-
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1 2edl™) . 1
T T T o

2 * N T- t
- ﬁx:ilogm +%- Iog[(q+a)(eQ(T‘t) - 1)+ Zq]z

R(x,t;T)=
(17)

Aswe consider longer and longer maturities, the yield of bonds, which is given

*

by R(x, t;¥) = % , approaches a limit independently of the current interest rate.

Figure 2 shows the price function and the yield curve of zero-coupon bonds under CIR

model.

[Figure 2 about here.]

-14 -
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2. Bond Option Prices

Use the same valuation framework of bond prices, we can easily apply to other securities
whose payoffs depend on interest rates, such as bond options. Continuously, We will

denote the maturity of the bond by T and the maturity of a European option written on

that bond by Ty with t ET, <T .

The payoff of the bond option at time Ty isafunction h(L (TO,T)) , which is the bond
price at expiration moment of the relative option. We will discuss a call option of the

bond with striking price K and expiration time T, as payoff

h(L (T, 7)) =(L(T,.T)- K)".

The no-arbitrage price of the bond option is obtained by evaluating the expectation of
discount value of payoff function that is under the measure P*. Since the bond function

L (T ,T) can be regarded as the function of rate rr, from the bond price formula (16), the
payoff function is just ﬁ(rTO ) of the rate at time T, . By this structure, we use
Q(t,x;T,TO) to express the bond option price from an observed short rate 1, = X,

*\ -‘TOI’ ds U
Qlt,xT,To)=Efe @ ““h(L (To,T))r :xg
|

I -‘Tords~( _.0
—E%e‘i’ s hrTO)rt—xKV)

-15 -
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In the particular case of a call option, we can present the bond option price by C(t, x) .
Here we must give that the probability density of the interest rate at time <, conditional
on its value at the current time t, is provided by

/2
f(rg,sr,t)= X “‘Vgaig lq (2(uv)j/2),
eug

where

o= 2a
S 2(1_ e-a(s—t))’
u=creast)
Vv =cfr,
_2ar’

52 "L

and | ,(3 is the modified Bessel function of the first kind of order . The distribution

function is the noncentral chi-square, ¢? [Zcrs ;2q+ 2,2u] ,with 2q +2 degrees of

freedom and non-central parameter 2u

Now, take the relevant expectations, we deduce the following formula for the bond

option price
_ 2 ar” 2fzer(T't)';9'
5 Ct,x)=P(t, x T)x ng[f+y +B(To )] ST Ty vB)
] . 2 dart 2f 2xedT-1) ¢ ’
KP(t, x;Ty) x ng[f+y], ST ey 3
where

-16 -
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f=— 2d

2 T-t) _

(19 s2(ea™-t) - 1
y =(a+a)/s?

F isthe critical interest rate below which exercise will occur; i.e. K = P(F,Ty;T).

-17 -
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V. Stochastic Volatility CIR model

In this section, we will introduce a new stochastic process into the CIR model for bond
and bond option prices and correct the CIR formula to include some uncertain volatility.
The assumption of the volatility is fast mean-reverting with respect to the long time-scale

of derivative contracts.

1. Two Factor Model

In the real world, the yield curve is not simply a smooth curve and the real interest rate is
vibrated. Therefore, let us introduce an ergodic Ito diffusion process (Yt) with a unique

& b%0
invariant distribution Ngm,bzi, and replace the diffusion of r, by the stochastic
a

volatility s(r,Y;).

Assume that under the risk-neutral world P, we have the twofactor model, which the
independent Brownian motions have the same square-root-of -affine coefficientsin front

of them since we want to get the affine yield curve solution.

-18 -
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1drt—a(r -rt)dt+fYt)\/_dV\/t
TdYt art(m Yt dt+b\/E(rdV\/t +«/1 r dZt)

(20
where (W' ) and (z;) are two independent standard P* -Brownian Motion, f(Y,) isa
positive function regarding as the stochastic voltility with 0<c; £ f £¢c, <¥ for some
constants ¢; and c,. And the proposition in page 10 guarantees existence of a strong
solution for (r,) if f2(y)£ 2ar”.

The parameter r with |r| <1 allows a correlation between the Brownian motion (Wt)

driving the short rate and its volatility. Especialy, we could assume r >0 asrising

volatility trends to push bond prices down, and correspondingly, yields up.

The reason we need to introduce the square-root- of-affine coefficients in the diffusion
term is that we hope the derivative pricing PDE has linear coefficients, whichadmitsan

affine yield curve solution. However, yield curvesin our CIR model are affine surely in
the short-rate level X =1, but not of coursein y =Y;. Thisalows a closed-form (up to

solution of ODEs) for the stochastic volatility correction.

-19 -
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2. Correction for Bond Prices

By the previous section about bond price with respect to CIR model, we can learn that the

bond pricing function P(t,x, y;T) is measured under Xx=r; and y=Y;, which is
«1 - rds u
(22) Pt xy:T)=E e @, =xY; = yg
|

where the expectation E” under the risk-neutral world is related with the distribution of

(r,Y;) which is solved from the CIR mode! starting at time t from (x, y).

Using the same framework, by two-dimensional Feynman Kac formula, we have the

partial differential equation

1P e 1P Pu
—+alr - x}—+axim- y)—
al” - ) va Yy

(22) " ’e 2p 2p
€1 1°P 1°P 2, I°P
+g§f 2(y)x ﬂXz+b rf(y)x— oy 2 ﬂyzu xP =0

with terminal condition P(T, X, y;T) =1"XxY.

Under the fast mean-reverting stochastic volatility, the rate of meanreversion a islarge

and n=b /«/ 2a keeps order one. The asymptotic method will be figured out as 1/a

trends to small and we define:

-20-
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e=J/a,
e
(23) Je
Pe(t, x,y;T)=P(t,x,y:T)
1 1
&=Ly +——Ly+Ly,
e 0 1/@ 1 2
where
&, 12 10
24 Ly = xGn2 —— +(m- y)—+
(24) 0 =X 43 ( y)ﬂyb

is the infinitesimal gererator of the Ito diffusion process (Y;) scaled by x/a,

ﬂZ
25 L, =~/2nr xf(y)——,
(25 1 (y)‘ﬂx‘ﬂy
and
_T.1. 12 )T
(26) Lz__'nt+2f (y)xﬂx2+a(r X)‘I]x x1

is the CIR operator with volatility f (y) andlongrunmean r” .

The partia differential equation can be written as
(27) LeP€ =0,

with the terminal condition P¢(T,x, y;T)=1.

Now we want to find an asymptotic solution of the form
(28) Pe(t, X, viT) = Pyt x, yiT) +JeR(t.x, y;T) +ePa(t X, i T) + -,

with the terminal conditions Py (T,x,y;T)=1and R(T,x y;T)=0.

-21 -
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Note: Using this probabilistic representation, which the equation should be satisfied
with the error and the regularity of the approximation, we will apply the theorem in

Appendix in this sction.

Zero-order term

Look at the equations at each order starting with the highest order O(e‘ 1) which easily
obtain from the expansion

LoPy = 0.
Then we can deduce

Ry = Py(t,xT) which does not depend on y .

Note: This conclusion cannot be deduced directly from the generator operating on the

variable y only. It should be obtained from the original part of expansion

1°R, _
Ty? Ty

LoR) =n?

The solution of this ODE is

(m-u)?

R (t,xT)= cl(t,x;T)C‘;;e n2 du+c,(t,xT).

-22 -
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For the bond price Ry (t,x;T), itisimpossiblethat P, goesto infinite. Thus, we

J )

can understand the term of ¢ (t,x T)@ye " du should bezero, e,

ol(t,x;T):O.

Therefore, we have By = Py(t, ;T).

The Oge}{/(—ag terms give
LR +LP =0

P R=PRtxT)

Thisis because R, does not depend on y from the previous conclusion and L; takes
derivatives with respect to y. So, we obtainthat B, = Pl(t, x;T) also does not depend on
y . Thisresult is very important because the present value Y; = y of diffusion (Yt) isno

need for the first correctionto R, .
The O(l) terms show us

LB +LPR+LP,=0P LR +LyP, =0

since B doesnot dependon y .

-23-
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This is a Poisson equation for P, , which cannot be solved only when L,P, iscentered

with respect to the Gaussian density, i.e. the solvability condition is (L,Py) =0.

Since R, does not depend on vy, it can be out of the brackets

- ) i
(29) =aﬂ.+E§QXJL_+aG*-ﬁjl-x%b=0
Tt 2 %2 *x g

with Py(T,x)=1and 52=(f2).

Note: (3 means the averaging with invariant distribution of (Y;).

Equation (29 is similar to the equation by one-factor affine CIR model, changing the

variable t =T - t for convenience, we get

Py (T - t,xT)= Alt )e Blt)x
_e® 2CIe(q+a)t/ 2
20) ) g(q +a)e® - 1)+ 205
B(t)= (eqt
(q+a( )+2q

q=+a’+25?

Note: Actualy, PO(T - t, x) is the original pricing bond function without correction.

-24 -
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First-order term

The O(«/E) terms
(32) LoP; +L,P+ LR, =0,

which is also a Poisson equation in Py with solvability condition (L,P, + L;P,) =0

By previous description LyP; + L,Py =0 and (L,)Py =0, we have
Py =- LoH(LyPy - <|—2>P0)+ k(t,x),
where k(t,x) does not depend on 'y . Then we can rewrite equation

(L) = */E<|—1|—bl(|-2 - <|—2>)>Po

=R,

with zero terminal conditionat t =T .

The operator L, - (L) is given by

Lo- (Lz) :%(f (y)2 - <f 2>)£

ix?

=25 -
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Now introduce a centered function F , suchthat LoF = (f (y)? - <f 2>)x

Then,
71:\/E<|—1Lbl(|-2 <|—2>)>
32 3 3
( ) :Lr<f(y)£>xﬂ_:Vxxﬂ_
2a v/ ix3
whereV =———r( fF
@< 9.
So we have
‘H3Po
VB =P, =V
( 2> 1 0 = VX e

Note: If no skew (r =O), itimpliesV =0,i.e, (L2>I51 =0. Then the correction is just

equa to P, itself.

Changethevariable t =T - t, the equation becomes
2 - 3
(33) ‘le ls 2x—ﬂﬂ Ry a(r* - x)B XP, = -Vx‘l?—[A(t)e' B(t)x]
X

with the initial condition B(T - 0,x;T)=0.

We now try to find a solution of the form

R(T-t,xT)=(D,{t )x+D, )AL Je

9 =(D,x+D,)P,
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Apply (34) into PDE (33), we can deduce to the following equation,
( (- =2 * 3
D; x+D, |=-5<D;Bx+alr - x)D; +V xB°X,
which imply the ODEs

jDg=VB3- (528 +a)D,

39 } D¢ =ar'D,

with zero initial condition.
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3. Numerical Solutions

However, we cannot find an explicit solution of (34) directly, because B isa
complicated function of t , even by some efficient solving software such as Mathematica

4.0.

Alternatively, we use Matlab to obtain the asymptotic solution for ODES (34).
Matlab 6.0 has developed bunch of solvers to figure out the initial value problems for
ordinary differential equations, which is mainly ode45, ode23, odel13, odel5s and

0de23s.

We should aso observe that (34) is a stiff problem, so we pick up the odel5s and ode23s,

which are developed to solve the stiff ordinary differential equations.

0de23s is based on a modified Rosenbrock formula of order 2. Because it is a one-step
solver, it may be more efficient than odel5s at crude tolerances. It can solve some kinds

of stiff problems for which odel5s is not effective.

Then, we decide to choose Matlab ODE solver ode23s to solve D; & D, . The solver

codeis

[t, D] =ode23s(odef un, t span, DO, opti ons, paraneters).
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Note: odefun---a function that evaluates the right-hand side of the differential equations;
tspan--a vector specifying the interval of integration;
DO---a vector of initia conditions;
options---optional integration argument created using the odeset functionto adjust

the integration parameters of the ODE solvers;

parameters---optional parameters to be passed to odefun.

By this asymptotic method, the bond correction price is
P=(1+Dyx+ D, )Py,
and theyidld is
R=- (nP)/t,
which could be obtained directly from the numerical solutions D; & D,.
In the Figure 2 attached, we can compare the correction bond prices and yield curves with

those non-corrections' (just from the one-factor model).

[Figure 3about here]

We should observe that, in Figure 3, the fast mean-reverting rate of Y;, a =5, which
means if the factor comes back to the average leve alittle bit dow, it will affect the yield

curve alot. It becomes more clear if we give out the bond price and yield curve at a =50

and a =300,
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When a =50, comparing to that of a =5, the shape of corrected yield curve has had

some tendency to decrease a little before increase, though the difference of corrected

bond price and the origina one istrivia, whatever the value of a . We can learn from the
Figure 4.

[Figure 4 about here]

When a =500, the shape of corrected yield curve is similar with the uncorrected one,
because if a goesto infinity, it means the volatility of r, becomes constant, i.e., the

uncorrected model is the same as corrected model. The Figure 5 will aso show this.

[Figure 5 about here]
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4. Correctionsfor Bond Option Prices

Now, we focus on the bond option prices problem in terms of this two-factor mode,
whichintroduced in previous section. The short rate process (rt) and the diffusion (Yt )
driving the volatility are notified by (20). We still consider the zero-coupon bond option
as described above with payoff function h(L (T,,T)) . Under the martingale measure P,
and given the current rate r; = X and current volatility level Y; =y, the price of zero-

coupon bond option is

N \T X
Qtx ;T To) = E"fer @ S®h(L (T, Tjr, =x.Y, = yg .
|

Where the payoff function is coming from the bond price at time T,

i

*T Q rds
0 rTO ’YTO%'

L(To )= P(To, 1, % i) = E e

Again, by Feynman-Kac formula, the price of bond option Q(t, AN ,T) is gill the

solution of partial differential equation

ﬂQ Q fQu
Ll 2 e )
12Q ’Q 1 2y 12 Q i
+€_f 2(y)x o +brf(y)x‘ﬂx‘ﬂy+2 2l xQ=0
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which is the same as (22), only has the difference of terminal condition at time T,

{10
Mo = %:¥r, = yg—
a

& .7 -drds
Qo %, y;T,Ty)=hSE e %

= h(P(To,x, y;T))

where P(TO, X, y;T) is the price of bond with current short rate X and volatility level y.

The framework for bond option price expansion is just similar to that of bond price
correction. We have the bond price Pe(t, x, y;T) expanding as in notation (28),
Pe(t, X, y;T) = Po(t, X, y;T)+ JEPl(t,x, y;T)+~--

which could be proved not to depend on y in the later part of that section.

So, we can expand the bond option price Qe(t,x, y;TO,T) asthat of bond price
Pe(t,x,y;T)

(36) Qe(t,x y) = Qolt:x, y) +/eQuft, x ) +---.

Assuming that the payoff function h is smooth, by Taylor formula, the terminal

condition (35 can be expanded as

Q%(To, %, )= h(Py(To, %)) + /&Ry (To, x T)ngPy (To, X T)) +---

Observe that, for zero-order and first-order ( O(«/E)), the terminal condition Qe(TO, X, y)

also doesritdependon y .
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Zero-order term

Expand the equation L*Q® = 0, where L€ and correspondingly L;, L, and Lz is

denoted as (24)-(26).

The O%%Qtermis LoQo =0, which implies that Qo(t,x, y) =Q0(t,x) doesn't depend on
eeg

The Oge}{/(—e% termis LyQ; +L;Qg = 0. From Q, denoted as above and definition of L,

itisjus LoQ; =0, whichimpliesthat Qy(t, x,y) = Qy(t,x) also doesn' t dependon y .

The O(1) termis LyQ, + L,Q, + L,Q, =0, whichreduceto L,Q, +L,Q, =0. Thisisa
Poisson equation for Q, with the solvability solution (L,Qp) = (L,)Qq = 0. (Here Qq

can be moved out of blanket because of its independence on y . Therefore, Qy(t,x) isthe

solution of equation

2
ﬂ‘l%+%<f 2(y)>x.”ﬂxcio valr - X)ﬂ‘l%_ xQy =0

with terminal condition Qq(Ty,x) =h(Ry(To, X, T)) at time T,.

If we st §2:<f2(y)>,thisisjust equation (29) with Q, instead of P, .
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Consequently, Q(t, x)=Q(t,x;T,T,) represents the bond option price of CIR model. It

can be written as
=€l F Al fory T = f
i

A

s T .
= e 05 (afr - To)er BT oM ) = 5
| p
where A and B are denoted by (30), and (rt) is the risk-neutra  one-factor process with

the expectation under the one-factor martingale measure pP*.

First-order Term

The O(«/E) term:
LoQ +14Qp +LoQ3 =0

which is also a Poisson equation in Q; with the solvability condition of

(LoQ +14Q,) =0

We can get the similar deduction about this equation from the first-order term of bond

3
price correction with the same notation & =V xx 1? ,and V =

{19,

LoF = (f (y)? - <f 2>)x introducing F as an increasing function.
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Here, we define Q, (t, x) = /eQ, (t,x) , the solvability condition becomes

<L2>61 = KQO .

Now we write the terminal condition at time T,

61(T01X) = E’l(To’X?T)h‘(Po(To’X?T))-

Thisis a combined stochastic Dirichlet and Poisson problem, by the corollary (p167) in

[1]. We can represent the solution as the following probabilistic form

Qt,x) = E*‘ie' Q° rsOlSl51(To T :T)h‘(Po (ro’ o ?T))

; (‘DTO e o QU )dulr, = xz

Then by (36)

Qlt, x) » Qo(t,x) +Qu(t,x)
= E*ie- 60 rst[h(pO(To,rTO;T))+ |51(T0, . ;T)wtfPo(To,rTO;T))“rt = xg

- E*}- 60

- drgds u
e @®RQq (u,ry )aur, :xg
|

Again, in particular case of European call bond option, we have the first term of bond

option price as Qy(t, x) = C(t, x) which can be provided explicitly by (18) with the

notation (19). The payoff function is h(PO (TO, rTO;T)) = (Po (TO T, ;T)- K)+ , which can be
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known that hqR,(Ty. 7, ;T ))= Yp,fro.r, 7 -k} And the correction part of bond option

price can also obtain from the expectation under risk-neutral world P”,

_ . )
Qut,x)=Eje @ rsdsﬂ(To’rTo?T)’“{Po(To,rTo:T%K}“t - Xé

Jo

i U
-E*I" v
19

e élrsdsto (u,ry )dulr, = X[V)

From the function D; and D, numerically calculated by (34), and the formula of (18) for
C (t,x) , the corrected call bond price becomes
37)

C(t, )= C(t, x)+ (Da(T - To)x+ D, (T - To))Po(t,X;T)ngéf_[f +y +B(To )] 4sar2* ’fziilxiqlg(:;(z)%

T *\ _ ‘U X
- (:)O E ie QrstKQo(u,rulrt = xgdu
|

=1l1- 17

where q, y , f ,  arefollowed by (19).

For the second term | ,, it need to be presented carefully,

A

=0 E*‘ie' ‘;)ursdstO(u,ru Iro = xgdu

J gy <d ﬂs U
(38 :QOE je @' SVXqu—Qo(U’ru)ht :XBdU
) ry
e E*IGaﬁ'r N dsdr, = xdu
Q % 8 , u,(;) s 3t t\;d
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3 .
Here G(u;r,R)=e *V xr%roo (u;r, R) with the variable pair g?u,(‘Srsdsg, which has

the complicated distribution. However, we can still get this distribution by Inverse

Laplace Transform.

First we give out the a proposition which will help us to solve the distribution

Proposition For any non-negative | and n, we have

(39) Ege ue mQrSdS = x%= exp(— ar’'x; mu- t))exp(- bz, - t))

where the function x, ,and z; ., aregiven by

ée v(vx;a) o}
___ji 2we -
(40) X ,m(V)_ S2|0€’§82|(WV 1)+W- a+e (w+a):
(7]
and
o o Lbareriu o)oaov- g

s2 €W - 1)+w- a+e™(w+a)

with w=./a? + 2s2m.
Note: Proof can be obtained from [8], p130-131.

By the 2dimension Laplace Transform, we have the formula of

r —xg— N Qe e ™ ,(r,R)drdr
(@) 90 |
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If we combine (39) and (42) and use inverse Laplace transform, we can get the f,(r,R),
which isjust the joint density function of the pair (ru : @“rsds),

(43) fo (R =L el ar'x, ,(u- el xz, .- 1)),

where x; and z; ., follow (40), (41).

Now we have the joint density function far (ru , @”rsds), then, it is very easy to get its

conditional expectation,
*] o Ao — U XAl
E {G@,ru,orsdsﬁrt =Xg=Q O Glu:r, R)xf,, (r,R)drdR.

If we return to (38), we can obtain 15,

T 1 u - i
=0 E LG&r ,or.dsdr. = xtdu
(44) 2 o { ?‘ uOs gt gj ,

Jo ¥

N0 N

Q0 0Q (SG(U: r,R)xf,, .(r,R)drdRdu

where f,, .(r,R) isgiven by (43).

Finally, we can combine the (37) and (44) together and get the formula for C(t, x) ,

dar 2 2xedlT-1) ¢
"s2 'f+y +B(T)3

Clt,x)= Ct, x)+(Dy(T - To)x+ Dy(T - To))Py(t, x;T) >c2§e2r[f +y +B(Tp)]

i (‘DTO (5 (5 G(u;r,R)xfy; mr, R)drdRdu

Remark: There are various methods to solve the bond option prices. One of the easiest

way is to use the distribution function in Mathematica 4.0,
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Noncentral ChiSquar eDistribution[n, lambda],
which is the noncentral chi-square distribution function with n degrees of
freedom and noncentrality parameter lambda.
Also, we can use the I ntegratelf, x] to calculate the multiple integra in the

results.

Then combine the numerical solution of D; and D, together, we can directly

get the final answer of bond option price.
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5.  Appendix

Theorem Suppose Ry, B, P, andP; isgiven by above correspondingly. Define the
error term Z€ by
Ze =P, +P +eP, +e¥2p, - Pe
where P€ isthe mode’s bond pricing function defined above. Then for any
fixed t <T, x,y1 A,

Z(t,x,y)=0O(e).

Proof: Because of the smoothness and boundness of the payoff function 1 and the
boundness assumptionon f(y), I (y) and d(y).
This follows from the standard theory of linear parabolic partial differentia

equations. (See Friedman 1964.) Further, solutions of the Poisson equationsin
O(1) termand in O(«/E) term are at most linearly growing in |y|,sodo P, and
P,.
At theterminal time T we have

Ze(T %, y) = Py (T, x,y) + /&Ry (T, x,y),
with the terminal conditions Pe(T,x,y)=Ry(T,x y)=1and B(T,x,y)=0,ie

z8(T,x,y)=0(e).
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Next, by the properties of (Pe, Py, R B, P3),

Leze = L¢(R, +/eP, +eP, +eJeP; - P)
=e(LyPy +L,P,) +e¥2L,Py :
=0le)

We denote LoZ, = eF ¢,28(T, x, y) = €G® where

Fe=L,P+L,P, ++/el,P;
Ge =P, +-/eP,

This is the combined Dirichlet and Poisson problem, we can get the probabilistic

representation of Z°©

.
Ze(t,x, y) = eE*i e 95%Ge(rr, vy )
|

- (Se'gr“duFe(s, s, Y )dgr, =x,Y, = yg

Consequently
Pe(t, x,y) = (Ro(t. ) + P t.%))+ Ole)

which prove the results of our theorem
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“Yasicek Model
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Figure 1 Bond prices (top) and Yield curve (bottom) in the Vasicek model with

a=1,r" =0.1and s =0.1. Maturity t runsfrom0to 30 years. R, =0.095 and the

initial rateis x=0.07 .
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CIR Model
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Figure 2:

Bond prices (top) and Yield curve (bottom) in the CIR model with a =1,
r* =0.1and s =0.1. Maturity t runsfrom 0 to 30 years. And the initial rateis
x=0.07.
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CIR Model (alpha=5)

|
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Top: bond prices (solid curve) and corrected bond prices (dotted curve).

Bottom: yield curve (solid curve) and corrected yield curve (dotted curve) in the

simulated CIR mode! (constant and stochastic volatility) with a=1, r* =0.1 and

s =0.1 asin Figure 1. Concerning the correction we have used test parameter values

Vv :]/«/5 which assumes a nonzero skew, a =5 and maturity t funsfrom 0 to 30 years

and theinitial rateis x= 0.07 .

-46 -



Stochastic Volatility Corrections for Interest Rate Models

CIR Model (alpha=50)
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Figure 4: Top: bond prices (solid curve) and corrected bond prices (dotted curve).
Bottom: yield curve (solid curve) and corrected yield curve (dotted curve) in the

simulated CIR mode! (constant and stochastic volatility) with a=1, r* =0.1 and
s =0.1 asin Figure 1. Concerning the correction we have used test parameter values

V =1//a which assumes a nonzero skew, a = 50 and maturity t funsfrom0to 30

years and the initial rateis x =0.07 .
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CIR Model (alpha=500)
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Figure 5: Top: bond prices (solid curve) and corrected bond prices (dotted curve).

Bottom: yield curve (solid curve) and corrected yield curve (dotted curve) in the
simulated CIR model (constant and stochastic volatility) with a=1, r* =0.1 and
s =0.1 asin Figure 1. Concerning the correction we have used test parameter values

V =1/-/a which assumes a nonzero skew, a = 500 and maturity t funsfrom0to 30
years and the initial rateis x =0.07.
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