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ABSTRACT

LANDOIS, LUIS LEON. Generalized Least Squares Analysis of the Split-
Plot Model Using An Estimated Variance-Covariance Matrix. (Under the
direction of FRANCIS GIESBRECHT.)

The variance-covariance matrix of the observations obtained from a
split-plot type of experiment depends on two variance components. In
the unbalanced case the best linear unbiased estimates of the treatment
effects depends upon these unknown components. In this thesis the use
of generalized least squares to estimate the treatment effects using an
estimated variance-covariance matrix is considered. C. R. Rao's (1979)
minimum norm quadratic estimation (MINQE) and invariance with respect to
translation of the fixed effects are principles used to obtain estimates
of the variance components. It is shown that invariant unbiased MINQE
of the two variance components converge in probability to their true
values. This is used to establish asymptotic properties of the general-
ized least squares estimators. Alternate estimators are obtained by
using an iterated invariant MINQUE and by imposing the side condition
that the estimate of the split-plot component be non-negative. A method
for estimating the degrees of freedom associated with estimated variances
of linear constraints among the generalized least squares estimates of
the fixed effects is developed. This permits the construction of tests
of hypotheses about constraints among the fixed effects. A small simula-

tion is included to check on the performance of the procedure.
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1. INTRODUCTION

The split-plot experiment comes naturally when the researcher has
data that arise from one of the following cases:

Case A. The random selection of whole units from which several measures
(or subunits) are made.

Case B. The random selection of whole units followed by the selection
of several subunits at random within each of the whole units.

Case C. A factorial arrangement of the factors A and B with p and q
levels respectively in which the factor A with p-1 degrees of
freedom is completely confounded with whole plots and B is
confounded with subdivisions of the plots, i.e., split plots.

Case D. A large number of treatments assigned to plots in a randomly
selected group of blocks, i.e., the incomplete block design.

In each one of these cases the structure of the errors in the model
consists of two random elements, one associated with the whole plots (or
whole units or blocks in case of the incomplete block design) and the
second associated with the split plots (or split units or plots in the
incomplete block). All of these random elements are assumed to be inde-
pendently distributed with mean zero. Those in the first group have
, the second group 02

1 2°

In general, the model associated with the split-plot experiment can

variance ¢

be written as

Y=XB + ¢



where Y is an r-vector of observations, x is a r x m matrix of known

151 T Vo8,

where Ul and U2 are r x mi matrices and el and 82 are mi-vectors of

random errors, such that E(ai) = 0 and variance-covariance matrix

2
D(si) = Imici,

constants, B 1s an m-vector of parameters and € has structure U

i= 1,2,

Analyses are straightforward when the number of split plots is
constant for all whole plots. The object of this study is to consider
cases when this is not true. In particular, this thesis is a report of
the study of the behavior of the generalized least squares estimator of
the parameters B8, say é = (X'V-lx)—X'V_lY, using an estimated variance-
covariance matrix 6, i.e., to observe the behavior of é = (X'G—IX).X'G-lY
when ci and o§ are estimated using the MINQUE method.

A second problem to be considered here is to obtain a general
formula for computing the degrees of freedom associated with a t-test

for testing a linear function of the parameters B of the form

against Ha: # > <

when the variance-covariance matrix V in the generalized least squares
estimator B is replaced by an estimate V that comes from the MINQUE

procedure.



2. REVIEW OF LITERATURE
The general Gauss Markoff linear model can be written as

Y=X8 +¢ (2.1)

¢

where: Y is the n x 1 response vector, X is an n x p matrix with rank
q <P, Bis a p x 1 vector of parameters and ¢ is an n x 1 vector of
random errors. It is common to assume that € has E[e] = 0 and variance-
covariance matrix D[e] = Icz, 02 unknown. Techniques for estimating
under these conditions are well knowm.

Under certain conditions it is much more reasonable to assume that
D[e] = V. 1If V is known, or at least known up to a constant multiplier,
then again the analysis is well known, though in general the computing
may present some difficulties.

The object of this thesis is to examine several methods for esti-
mating B when V is unknown but has some strpcture; i.e., depends on 2
unknown parameters ci and o%. In particular it is assumed that the data

2
(and model) are from an unbalanced split plot experiment and that 9 and

03 can be estimated.

2.1 Estimation of the Parameters B in
A General Linear Model

One of the first persons to work with the weighted least squares
principle was Aitken (1943). He showed that the minimum variance linear
unbiased estimator of B, under the linear model (2.1), is

B = (x'v'lex'v']wz. The obvious difficulty with this approach is that



V is often unknown. A possible alternative is to ignore V and use
ordinary least squares.

Magness and McGuire (1962) were able to express the differences
between variances of estimated regression coefficients under ordinary
least squares and generalized least squares as functions of the variance-
covariance matrix V.

Following along similar lines; McElroy (1967) found that ordinary
least squares estimators also are best linear unbiased, when all errors
have common variance and common non-negative coefficient of correlation
between all pairs. Williams (1967) extended this to show that ordinary
least squares estimators were best linear unbiased when the rows of X
were a full-rank linear combination of the characteristic vectors of V.

Zyskind (1969) gives several conditions on the form of the covari-
ance matrix such that simultaneously for all models with common speci-
fied systematic part every ordinary least square estimator is also best
linear unbiased. He shows that models with such a covariance structure

may be viewed as possessing just one error term. Linear models for many
complex experiments, like the split-plot design, with an induced covari-
ance structure under which all linear ordinary least square estimators
are also best linear unbiased estimators, often possess several natural
error terms.

Bement and Williams (1969) studied the regression model with inde-
pendent but not homogeneous errors. They examined the performance of
weighted least squares estimators with estimated weights. Their conclu-
sion was that the weighted least squares estimators had smaller variance
than ordinary least squares estimators if the variances could be esti-

mated with at least 10 degrees of freedom each.



J. N. Rao and Subrahmaniam (1971) studied the following two
problems:
(i) Combining k independent estimators ;;, i=1:1,2,...,k of a param-
i observations being normally

and independently distributed with mean y and variance ci.

eter u, where ;; is the mean of n

(ii) Estimating the parameters o énd B in a regression model yij =
o + Bxi + sij’ j-= 1,2,...,ni, i=1l,2,...,k, where the X are
known constants and the eij are normally and independently dis-
tributed with mean zero and variance oi.
Their approach differed from that of the previous authors in that they
used the MInimum Norm Quadratic Unbiased Estimation (MINQUE) principle
introduced by C. R. Rao (1970) to estimate the unknown variances.
They found explicit formulas for the MINQUE estimates of the vari-
ances in (i), given by

i 2

2 -1 2 -1
o; = n(ni(n-Z)) (yij-y) - (n-2) s

3

t o 23

1

2 -1 — 2
= . d = - N .= .
where n ini and s (n-1) leJ(yiJ V)

These estimators are not necessarily positive and must be modified to
provide satisfactory weights. On the basis of a simulation study, they
concluded that weighted least squares using the modified MINQUE values
is more efficient than the weighted least squares using si when n is
small and k is large. Another conclusion was that MINQUE may not lead
to substantial gain in efficiency when n, =m > 8, specially for small k.

Fuller and J. N. K. Rao (1978) considered the problem of estimating
the parameter 8 in the linear model with heteroscedastic variances,

Y = X8 + £ where £ is the n-vector of random variables with mean zero



and dispersion matrix V = block diagonal (criIn ,...,oZIn ), {oi} are
i k
unknown variances and In is an n, xmn, identity matrix. The ordinary
i A

least squares estimator of 8 is B = (X'X)-1X'Y. They defined the two

step weighted least squares estimator of B by 8 = (X'V-1X)-X'V-1Y where
V = block diagonal {021 ,...,021 } and o% is an estimator of 02 The
1 n, >k n, i’

i‘
first step was to compute estimator V and the second to compute 8.

They
studied the class of two step estimators of B given by BW =
(X'V-IWX)_IX'V-lWY where ¢" = (Y - XB)', ci = n;lZeij,

{wlln seeew, I } and w, = g(ni) for some g(+) such that 0 < Yy o<Wy <

1 L

Yo < o for all i and Yl and YZ being constants. When they replicated the

model, the Bw reduced to B = (X'V—1X)_X'V-1Y. They used the two step

2 R .
estimator BW to construct a new estimator of ci and inserted these esti-

~

mated variances into BW to obtain the three step estimator of B. They
viewed the maximum likelihood estimator as the limit of an iterated
process with W = I. They investigated the special case of the two step
estimators of a common mean and found that the two step estimator was
superior to the maximum likelihood estimator for a considerable range
of parameter values.

Fuller and Battese (1973) considered a linear model with a nested
error structure. They demonstrated that it is possible to make a rela-
tively simple transformation and then compute the generalized least
squares estimators of the fixed parameters. The transformation requires
estimates of the variance components. These they estimated using the
fitting constants method of Henderson's method III described in Searle

~

(1968). They estimated the variance-covariance matrix, say V, and

obtained the value of the generalized least squares estimator B =

“-1/2Y

(X'V—lX)_X'V—lY by the ordinary least squares regression of V on

W = block diagonal




§—1/2

X. They gave sufficient conditions under which the estimated
generalized least squares estimator is unbiased and asymptotically
equivalent to the generalized least squares estimator.

Williams (1975) studied convergence rates of weighted least squares

to best linear unbiased estimators. He wrote the model as follows:

Y = X8 _+ vi/zz

where Y is a n x 1 response vector, X is a n x p matrix of full rank p,
. 1/2 | .
Bozlsa P X 1 vector of parameters and V0 is a symmetric square root of
the dispersion matrix Vo of the vector Y, and the respective mean vector
and dispersion matrix of Z was 0n and In' His study concentrated on
situations where the matrix V0 could be written as V(Oo), i.e., a func-
tion of a relatively limited number of parameters which remained con-
stant as n increased. Under these conditions he showed that for
sufficient large n a weighted least squares estimator BW =
vA"]X - vh"'l . .
X'v ) X'V 7Y can be constructed and regarded either as an estimator

of So or of the best linear unbiased estimator 8 = (X'V;lX)-X'Vle.

2.2 Missing Values and Unbalanced Data

In a general experiment if the number of observations belonging to
the subclass is the same for all subclasses, then the experiment is said
to have balanced data or no missing observations. In contrast, if there
is an unequal number of observations in the subclasses or if some sub-
classes contain no observations at all, the experiment is called
unbalanced or with missing data.

One of the oldest papers that describes methods to estimate the

yield of a missing plot is due to Allan and Wishart (1930). They



provided formulas for a single missing plot. Yates (1933) extended that
method to estimate several missing plots, and provided an iterative pro-
cedure to estimate the missing plots. Anderson (1946) derived formulas
for one missing plot in a split-plot experiment. He used the covariance
method for the derivation in both cases whenvthere is one subplot miss-
ing and when there is one whole plot missing. In principle the covariance
analysis method can be extended to more missing values. However, this
quickly becomes impractical and one is forced to use methods appropriate
for the general unbalanced case.

Hocking and Speed (1974) compared a number of methods for handling
unbalanced data sets.

Speed, Hocking and Hackney (1978) reviewed the existing methods
for analyzing experimental design models with unbalanced data and re-
lated them with existing computer programs. The methods are distin-
guished by the hypotheses associated with the sum of squares which are
generated. Their claim is that the choice of the method should be based
on the appropriateness of the hypotheses rather than on oomputational
convenience or the orthogonality of the quadratic form.

One possible alternative for the experimenter faced with missing
cells is provided by Hocking, Speed and Coleman (1980). This alternative
is based on the assumption that the experimenter would test the usual
hypotheses if the experiment had been balanced. The hypotheses suggested
are derived from the balanced case. They also provided a criterion for
choosing the hypotheses to be tested in the unbalanced case and in addi-

tion also provided an algorithm for testing the desired hypotheses.



The salient feature in the Hocking and Speed (1975), Speed, Hocking
and Hackney (1978) and Hocking, Speed and Coleman (1980) papers is that
only the simple error structure with independent identically distributed
errors is considered.

This thesis deals with unbalanced data and a more complex error
structure. Emphasis will be on the error stfucture and the questions

concerning hypotheses to be tested will not be addressed.

2.3 Estimation of Variance Components

The large body of literature dealing with variance component esti-
mation has recently been reviewed by Harville (1977). Subsequent to
that, Rao and Kleffe (1979) described a series of modifications of the
MInimum Norm Quadratic (MINQ) estimation principle. In particular,
they discussed MINQ-unbiased, MINQ-invariant and MINQ-unbiased, invari-

ant estimators.
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3. MINQUE ESTIMATORS FOR THE SPLIT-PLOT

VARTANCE COMPONENTS

3.1 The Split-Plot Model

The linear statistical model appropriate for the basic split-plot

design in which observations are taken on n, split-plots in the ith

i

whole-plot can be written as:

m

yij = kzl xijksk + uij ji= 1,2,...,ni, i=1,2,...,a

where the {yij} are the observed response values, the {x k} are the m

ij
different control variables, the {Bk} are the m fixed unknown parameters,
and the {uij} are the unobservable random errors. These errors consist
of two components, a random element associated with the ith whole-plot,
say v., and a second independent random element associated with the jth
subplot in the ith whole-plot, say eij; i.e., uij =V, + eij' The {vi}
and {eij} are assumed to be independently distributed with zero mean

2
and variances a, > 0, OZ > 0 respectively. Also, the {vi} and {eij}

are independent of each other. These assumptions imply

|c:2+o2 if i=1i'" and j = j'
v e
- 2 - : _ 2t . + 1
E[uijui'j'] o, if i=41" and j # j
0 if i# it

Alternatively, in matrix notation, the statistical model for the

split-plot becomes a general Gauss Markoff model

Y=XB + ¢ (3.1)
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. . m
where Y is an r-vector of observations, X is an r x m matrix, B € R is
an m-vector of parameters, and € is an r-vector of random errors.

For the split-plot design, ¢ has a special structure. It can be

+ U.c, where U, and U, are r x m, and r X m, matrices

written as g = Ulsl 2€9 1 2 1 2

of known constants and el and €y are my and mz-vectors of random errors.

) 4
= 1 = = ! = i
Also, E[ez] o, E[ezeg] o] Imz for 1,2, E[elez] 0 where Ip is
the p x p identity matrix.

It follows that the variance-covariance matrix of ¢ (or Y) is given

by D(e) = V(o) = Vloi + Vzog where oi and og are the whole and split plot

error variances respectively. Note that if the elements of Y are arranged
with Y' = (yll, Yip2cees Vg ), then Vl is a block diagonal matrix, where
each block contains unitaryn:1ements and is of order n, xn, and V2 is

the identity matrix of order r x r.

The remainder of this chapter will be devoted to obtaining esti-

2 2
mates for cl and 02.

3.2 The MInimum Norm Quadratic
Unbiased Estimator (MINQUE)

The purpose of this section is to present the MINQUE theory for
the variance components as initially presented in C. R. Rao (1970, 1972)
and C. R. Rao and J. Kleffe (1979).

Let Y = XB + € be a linear model such that Y is an r-vector of
observations, X is an r X m matrix, B € Rm is an m-vector of parameters,
and € is an r-vector of random errors, such that the structure of ¢ is
given by € = Ulel + U €9 + ...+ Upep where Ul’ ey Up are r x m

2

2=1,2, ..., p matrices of known constants and Eqs +ov» ep are m -

2{’

2
vectors of random errors. Also, E[e ] = 0, E[e,e]] =0 , where I
L L2 2 . m,

is the m, x m, identity matrix for ¢ = 1,2, ..., p and E[egeé'] =0

I
m

L # e,
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It follows that the variance-covariance matrix of € (or Y) is given

1'1

In general, the above papers deal with the problem of obtaining

- - 2 2 - ] -
by D(e) = V(o) =V, o] + ... + Vpop’ where Vz = UQUR L =1,2, ..., p.

estimators for the linear parametric functionm
Y(B,0%) = c'B + f'o*

where ¢ ¢ R@, fe Rp, B e Rm, c* ; 7 and 1 C R® is an open set. Note
that the model contains m fixed effects and p variance components.
The estimators of the linear parametric function y(B8,0) are func-
tions of the observed values and have the form g(Y) = a'Y + Y'AY.
Before proceeding to the estimation technique itself, a number of

preliminary concepts must be established.

3.2.1 Identifiability

Definition 3.2.1

A parametric function y(B8,0) is said to be identifiable iff‘V(ol) =
V(cz) and XBl = XB2 implies y(Bl,cl) = Y(Bz,cz).

The following lemma establishes the necessary and sufficient condi-

tions to have identifiability of a parametric function.

Lemma 3.2.1

The parametric function y(B8,0) = c'B + f£f'c is identifiable iff
ce §(X') and f ¢ §(W) where §(A) is the vector space generated by the
columns of A, W is the matrix with elements wij equal to tr(ViVj), and
tr represents the trace of a matrix.

The proof is given in C. R. Rao and J. Kleffe (1979).
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3.2.2 Unbiasedness

Suitable conditions to establish unbiasedness are given by the

following theorem.

Theorem 3.2.1

The estimator g(Y) = a'Y + Y'AY is an unbiased estimator of the
parametric function Y(B,0) = c'B + .f'0c if ¢' = a'X, X'AX = 0 and
tr(AVl) = fz, 2 =1,2, ..., p where A is a symmetric matrix.

The proof of this theorem is given in C. R. Rao and J. Kleffe
(1979). These authors also prove the following theorem concerning the

existence of an unbiased estimator.

Theorem 3.2.2
There exists an unbiased estimator g(Y) if c ¢ §(X') and £ € §(Q)
where Q = (qlz,) is a matrix with q£21= tr(VZVQ, - PXVQPXVQ') and where

PX is the projection operator of X onto §(X').

3.2.3 An Invariance Principle

If the vector of parameters B is replaced by

where Bo is arbitrary, then the model (3.1) becomes
Y - XBO = X(B-BO) + €.

Letting Y, = Y - XBO leads to

d

Yd = XBd + ¢

and the quadratic estimator corresponding to Y'AY becomes Yé AYd. The
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quadratic estimator Y'AY is said to be invariant with respect to X if

Y&AYd and Y'AY are equal for all BO. It is clear from the expression

t = - 1 -
YdAYd Y XBO) A(Y XBO)

= V! - op'y!? + g'x!
Y'AY ZBOX AY BOX AXB0

= Y'AY
that AX = 0 is both necessary and sufficient for invariance to hold.

3.2.4 Minimum Norm Principle

If the {82} were known, then a natural invariant estimator of the

parametric function f'c is

fl f2 f
— eiel + ——-eéez ...+ 2e'e .
1 o, mp PP
This can be written as
o
€1
1 1 ?
(el, €ps sees sp) A 62 (3.2.4.1)
€
;pJ
where
f
L1 0
s B |
f
I,
2 2
A:
f
0 —E-I
m m
P P J

@




15

‘ In practice, the {32} are not observable and the natural estimator
of £f'0 is
g(Y) = Y'AY.

Imposing the condition for invariance leads to

g(Y)

and since ¢

g(Y) =
where
Fei
€= | €9
€
P
- .

XB+e)' A (

e' Ae

has structur

T
(Ule1 + ...+ Upep) A (Uls

] ]
(elU1 + ...

= (ei,eé, ey

e; U' AU €4

XB + &)

e Ulsl +

+ c'U') A (U
PP

My

Ul

' '

ep) U2
Ul

U= (U

oo + U
P

e , then
P

+ ... +U ¢
2 p p)

152 + ... + Upep)
%1.
A (Ul:UZ: :Up) €,
€
- p—_
(3.2.4.2)
U2: :Up)

A reasonable strategy is to make the difference between (3.2.4.1)

and (3.2.4.2), e;(U'AU - A)s* small.

. The MINQUE principle is to minimize ||U'AV - A||, where ||H|]

denotes the Fuclidean norm vtr(H H') of a matrix.
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This leads to the formal definition of the MINQUE of a parametric .’

function:

Definition 3.2.2

The quadratic form g(Y) = Y'AY = ¢, U'AVe, is said to be a MINQUE of

P
the parametric function f'o = ¢ £ 02 if the matrix A is determined such

k=1 * 2%
that ||U'AU - A|| is a minimum, subject to the conditions AX = 0 and

tr(AVz) = fz, 2 =1,2, ..., p.
In order to obtain an explicit solution, it is convenient to mini-
2
mize the square of the Euclidean norm, ||U'AU - A||® = tr((U'AU - A)(U'AU

- A)). This can be simplified somewhat by using the following result.

Lemma 3.2.2
Let A be a real symmetric matrix subject to the conditions AX = 0 ' .
and tr(AVQ) = fg, £ =1, ..., p. Then tr(U'AUA) = tr(Ap).
Proof
- -
£
' = . . ' . . =
tr (U'AUA) tr((Ul. .Up) A(Ul' eea .Up) = Im 0
1 1
“f
0 L1
m_ m
P |
fl ER
= . . 1 — . .
tr((Ul. .o .Up) A(ml Ul' cen .mp Up))
i £ £, £
U'AU, —= U'AU, == ... U'AU 2
1 1m 1" 2 m 1 m
1 2 P
fl f2 EB.
= ] I S | _~ '
tr( U2AU2 UZAU2 o e UZAUp )
1 2
fl f2 f "'
U'AU, — U'AU, —= ... U'ay £
p 1 my 2 m, PP mp -




tr (AA)

f

f

+ ...

= 1
U,Q.UR,

r(AVR)

my

- ' 1 ' —2.
= tr(UlAUl = ) + t:r(UZAU2 - )
1 2
fl f2
- ] = L
=3 tr(AUlUl) + - tr(AUzUZ) + ...
1 2
fl
= 7 — tr(AVl) where VZ
4 R
£}
=5 — s because t
g ™
I: 1T
-]:- I 0 —1- I
B M1
tr( ) %
’ |
f {
0 27 L0
m m !
P P !
—fi .
— I
m2 m1
1
tr( ‘ )
: 2
f
B
m m
P P
£
252, m—z tr(Ile)
2
f2
'3
Yym
2

It follows that

tr ((U'AU - A)(U'AU - A)) =

fl
+ tr(U'ay B
P m

P

£
+ L ercav U")
m P D

P

]
h

tr (U'AUU'AU) - 2tr(U'AUA) + tr(AD)
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tr (U'AUU'AU) - tr(AA)

tr (AVAV) -~ tr(AA), where V = UU’,

Since tr(AA) does not involve A, the problem of MINQUE is reduced to
minimizing tr(AVAV) subject to the conditions AX = 0 and tr(AVx) =

f L =1,2, ..., P.

.2,

Also, since the €, in the model (3.1) may have different standard

L
deviations, it is reasonable to rewrite the difference e;(U'AU - Me,
in terms of standardized wvariables Ez = 52/02. This leads to the

quadratic form

g' . (U'AU - A) " £ .

The problem is now to minimize tr(AV*AV*) under the conditions

2 2
Vlcl + ... + Vpop .

practice the {oi} will be unknown and will have to be replaced by the

AX = 0 and trAV, = £, £ = 1,2, ..., p and V, = In
best value available from prior knowledge. Note that knowledge of the

ratios of the variance components is sufficient.

The required solution is obtained via the following theorem.

Theorem 3.2.3
Let P by the projector operator onto the space generated by the

columns of X, using inner product (X,Y) = X'V_lY, where V is a positive
definite matrix, and defined by P = x(x'v‘1X)'x'v‘l. The minimum of

tr (AVAV) subject to the conditions AX = 0 and tr(AVQ) = f L =1, ..., P

2”
. , _ I | ' _
is attained at A, ZAZQVVZQV, where QV V "(I-P) and \' = (Xl, cees AP)
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is determined from the equations S\ = f where f' = (fl, ey fp), and
S = (Sle) and Szz, = tr(QVVQQVVQ')'
The proof of this theorem is given in C. R. Rao (1972).

It follows that the MINQUE of Zlfzcﬁ is

g(¥) = Y'AY

T (2,2, QY Q)Y

= A'q

| - ' ' ' :
where q 4 QVV1QVY, Y QVVZQVY’ veey Y QVVpQVY) and A is a solution of
leltr(QVVQQVVQ,) = fz,, ' =1,2, ..., p, that is SA = f.
In this case A = S_lf is a solution to SA = £, and provided the

inverse of S exists.

Also
A'q = (STTE)'q
= f'S-lq
= f'g

A A

where o is a solution to So = q.

3.3 Positive Definite MINQUE Estimators

A criticism of the estimators defined in section 3.2 is that the
estimates may be negative.
Rao and Kleffe (1979) derived a procedure to obtain non-negative
definite (n.n.d.) estimators of the variance components.
They showed that if the following hold:
(i) VZ >0 for & = 1,2, ..., p (V2 > 0 means positive semidefinite)

(ii1) v=:v
L

(iii) V(Q) =V - Vl
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(iv) and B2 =X 'V X , where X is any matrix in the space orthogonal

2

to §(X'), then there exists an n.n.d quadratic unbiased estimator of

2
o, iff §(B,) ¢ 5(By)-

Rao and Kleffe (1979) also showed that 6(32) ¢ S(B )) is equivalent
!

62

to (I_PG)VZ(I_PG) # 0, where P, is the projector operator onto the space

G
generated by the columns of the compound matrix
G = [X:V

1: cee o 2-1: .o :Vp]

3.3.1 Positive Semi-definite Estimator for
the Split-Plot Error Variance

It is informative to apply the above result to the model for the
split-plot experiment.
Clearly, V2 = I, V1 is a block diagonal matrix and G = [X:Vl].

Also (I—PG)VZ(I—PG)

(I-P,) (I-P)

I-P, # 0 because P, is not the identity matrix.

G

Consequently there exists a non-negative definite quadratic estimator

for og.

A

\ R . . 2, ]
The non-negative quadratic unbiased estimator o, of 0, is given by

2

"2

0, = Y'(I—PG)Y/tr(I—PG).

Unbiasedness follows from

~9 '
E(oz) E(Y (I—PG)Y/tr(I—PG))

(tr(I-PG))—ltr(E(Y'(I—PG)Y))

(e (1-2)) Her ((T-PE(TY"))

(tr(I—PG))_ltr((I—PG)V)

(tr(I—PG))-l[tr((I—PG)Vl)oi + tr((I—PG)Vz)og]
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(tr(I—PG))_l(tr(I-PG) )og

2
9

g

It is to be noted that this unbiased estimator for cg agrees with
the one obtained by Henderson's method III.
Observe that in the notation of S. R. Searle (1968) the model (3.1)

can be rewritten as

r<
n

XBa * KBy * ¢

0

where Xa X, Xb = Ul’ 82 = B, Bb =g and ¢ = U2€2'

Using the notation Xa,b = [Xa:Xb], write

- R 1 ' - . 1
PXa’b = [Xa.Xb] XaXa XaXb [Xa.Xb] R
X%, xx,
= !
Also let R(Ba, Bb) Y'P Y.

Xa,b

It follows that E[Y'Y - R(Ba, Bb)] involves only og and Y'Y - R(Ba,Bb) =

' -
Y'(I PX )Y.
a,b

Now note that G(X:Vl) = 6(X:Ul), since Vl = UlUi' It follows that

2
the estimator of o, obtained from Henderson's method III agrees with the

2

n.n.d estimator of Rao and Kleffe.

3.4 The Variance Component Estimators
for the Split-Plot Model

3.4.1 Preliminary Definitions

In order to comnstruct explicit forms for the estimators for the
variance components of the split plot experiment, the following sequence

of definitions is needed.
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Definition 3.4.1
A submatrix or block matrix is a matrix that is obtained from the

original matrix by deleting certain rows and columms.

Definition 3.4.2
A partitioned matrix is a matrix whose elements are block matrices.

Example:

11 %12 : %13 214 215
erenn e ] Ay A,

. a,, a,, a
: 23 24 25 A21 A22

31 %32 1 %33 %34 335 |
It is convenient to denote a partition matrix
A= PMATX(Akk,; k=12, ..., a, k' = 1,2, ..., b)

or simply A = PMATX (Akk')’ if there is no confusion in the order of the

indices.

Definition 3.4.3
The matrix A is a block diagonal matrix if A contains block matrices

in the diagonal and zeros elsewhere, and is written as
A = BMATX (Ak; k=1,2, ..., a)

or more simply A = BDMATX (Ak)'
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Definition 3.4.4

The matrix A is a column matrix if A is written as

where the {Ak} are block matrices having the same number of columns.

The notation

>
]

CMATX (Ak; k=1,2, ..., a)

e
(]

or CMATX (Ak) will be used.

Definition 3.4.5

Define a as a column vector if a can be written as

|
]
o

B

where the {ai} are real numbers. Also write

a = CVECTOR (a;; 1= 1,2, ..., k)

]

or a = CVECTOR (ai).

Definition 3.4.6
The matrix A is a row matrix if A is written as A = [Al:Az: ces :A2]
where the {Ak} are block matrices having the same number of rows. This

will also be written as A = RMATX (Ak; k=1,2, ..., a) or A = RMATX (Ak).
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Definition 3.4.7
The symbol gf will denote a row vector if a' = [al,az, ceny ak]

where the {ai} are real numbers. Alternatively

)

a RVECTOR (ai; i=1,2, ..., k)

]

or a RVECTOR (ai).

Using this notation one can write

= [yil’ yiz, L ] Y- ],

1
L in,
Y' = RMATX (zi),
X:.= [®, .0 X, .0y e0ey X,. 1,
=ij ij1 7ij2 ijm
and X, = CMATX (-}Eij;j=l’2’ ...,ni).

3.4.2 The MINQUE Equations

Recall from section 3.1 the error vector £ has the structure

£ = Ulel + U2€2’ and

D(g) = UlUioi + UzUéog
2 2
= Vlol + Vzo2

where Vl is a block diagonal matrix, each block an n, xn, matrix of
ones.
It is convenient to let Jn or simply Ji represent an ni x n, matrix
i

of ones for 1 = 1,2, ..., a. It follows that
V1 = BDMATX (Ji)

. X . . s 2 2
Now assume that prior information indicates that oy and a, are good

2
guesses for oy and ai respectively. Use this to write V as
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2 2
Vlal + Vzaz, or equivalently
V = BDMATX (J,a’ + I.02)
1%1 7 1%/
Lemma 3.4.1
If A, = J.0% + Ia? wh 2 .0 and a® >0, A, of ord {
1 1% 4@, where a, > 0 and o, » A; of order n, x 1,
e . -2 2 =2 2 2.-1
then Ai is given by ay Ii - a0, ‘(nial + a2) Ji'
It follows that V—1=BDMATX (a I, +a,J,) where a =a_2 and
o’i i'i 0 2
222 2. 2.-1
a; = - a0, (nial + uz) .
Observe that V = BDMATX (Ji) can be written as V?V? where Vi =
BDMATX (nTl/zJ.).
i i

In section 3.2 it was shown that the MINQUE of ngzci is g(Y¥Y) = A'q,
' - ' 1 s .
where q (Y QVVlQVY, cees Y QVQPQVY) and A is a solution for
= ' -
leztr(QVVQQVVQ,) fz,, 2 1, ..., p.

~

Also, it was shown that g(Y) = f'c where ¢ is a solution to
2 - 1 | -
zz°ztr(QVVszVz') = Y'QV,.Q,Y, &' = 1, ..., p.
Therefore, letting 2,2' = 1,2, the estimators for the split-plot
variance component will be completely determined by solving the follow-

ing system of equations:

A2‘ '
er(QyVyQuVy)  tr(QyVq QpVy)t jog YRV, QpY 3.4.2.1)
Az - . - - .
fr(viszvl) er(0y¥yQyY2) | |92 100y Y

In order to obtain an explicit equation for the estimators of the vari-
ance components, it is necessary to compute the terms involved in

(3.4.2.1).
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3.4.2.1 Computing Y'Qvglgvz

' J— b b
Note first of all that Y QVV1QVY Y QVV1V1QVY.

Now obtain Vb

1QVY as follows:
b _ b, -1 -
ViQuY = V (VT -V lPV)Y
= v:v'l(Y - XB)
where P, = X(x'v'lx)'x'v'l, g = cx'VYY and ¢ = (x'v'IX)' and

(x'v'lx)' is the generalized inverse of X'V—IX.

Observe that

b -1 _ -1/2
VlV = BDMATX (ni Ji) BDMATX (aOIi + aiJi)
= BDMATX (n'l/z(a + a,n,)J.).
i o ii’ i
Also XB = CVECTOR (ixijksk; j=1, ..., n, i=1, ..., a)
and B, = Icy, (@ TIx, vy o+ Tagx,, ;.0 k=12, ooy m
t ij i
where ckt are the elements of C and Xive = ?Xijt and yi+ = ?yij'
Observe that
Y - XB = CVECTOR (yij - ?xijkgk)
J
and Vv L(y - x8) = BoMATX (0 Y7%(a_+ a.n.)J.) - CVECTOR (y.. - fx.. 8. )
1 i o 11771 ij o iikk
- oatx (7% 4+ an)(y. - tx. . 8.1.)
i o ii i+ " i+k"k’=i"

It follows that

[ = -1 2 _ - 2 '

TIQuV QY ini (a, + a;n) (y;, Exi+k6k) Ll
T(a + a.n,)2(y.. -1x. B )2 (3.4.2.1)
FRCTIRES R SO S £ A S s
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‘ 3.4.2.2 Computing Y'Q,,Q_VX

The first step is to compute

-1
QY = V T(I-P))Y
= v'l(Y - XB8)
= BDMATX(a I, + aiJi)CVECTOR(yij - zkxijkek)
= CVECTOR(a v, = 3 Ly % b8y + 3374, — 2y ixi+k8k)°
Consequently,

~ ~ 2
' = - -
TQuQuY = L2580y = 2gl X By +oagyy, - A hix o fy)

212 -2
L T R S U T LR

~

2288, (v 7 X ab) O~ X k)]

2 A2 2 ~ 9
LiZa Oy = BXyab) Fiam O = 5By

~ 9
+ 2288 vy, - 5 b))

2
.a
jo

[}

-2 -2
EiPy% 0y BBt Eia 08 F ey Oy - Txa B,

(3.4.2.2)
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3.4.2.3 Computing tr(vaigvyi), tr(QVyigv) and tr(Qngl

As a first step observe thattr(vlqvVQV)= tr(VlQV). Also observe
_ 2 2 .
that tr(vilQVV) = tr(vilQVVl)a -btr(QVVIQV)aZ. This implies
-2 2
tr(vilqvvl) = ay [tr(VIQV) - aztr(QvVlQV)].

Also observe that tr(QVVQV) = tr(QV).

Then tr(QVQVV) = tr(QVQVVI)ai + tr(QVQV)ag

implies tr(QVVlQVV1) = aIz[tr(VlQV) - azzagtr(QV) + azza;tr(QvQV)].

It follows that only tr(vil), tr(QV) and tr(QVQV) need to be
evaluated.

To evaluate tr(QVVI)’ write tr(QVV) = “tr(QVVl)ai + tr(QV)ag.

Now Qv = (v'l - v"lxcx'v'l)v
= (I - v'lxcx')
and tr(Q,V) = tr(I - v'lxcx')

tr (1) - tr(v'lxcx'),

Note that V—lXCX' is idempotent. Using the property, that the
trace of an idempotent matrix is equal to its rank, and R(X) =
R(XCX'V—lX) §_R(XCX'V—1) < R(X) = q where R(A) means the rank of A, it

follows that

tr(QVV) n - q. (3.4.2.4)

Now tr(Qy) tr(V_l - v'lxcx'v'l)

er v Y - erw xex'vl

er (vl - erex'v vy,
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Observe that tr(V ™) Zitr(aoIi + aiJi)

Zi(ao + ai)ni,
-1 -1 2 2
\' 1V = BDMATX(aOIi + (2aoai + aini)Ji)’

v v - X]:Xp: ... :xé'l]v'lv'l X1

2 2
L
ZiXi(aoIi + (2aoai + aini)Ji)Xi’

=2
CX'V X =1z, CX (a Ii + (2a a, + a ni)Ji)X

= aZZ,CX!X + z.(2a a, + a%n,)CX!J.X.,
oi ii i o i ii iii
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(3.4.2.5)

(3.4.2.6)

and tr(CX'v lV lX) =a Z tr(CX X. ) + T, (2a a; + azn )tr(CX J X )

Recall that tr(CX'V_IX)

1]
fe]

tr(CX' - BDMATX(a I, + a.J,)X)
oi i“i

a . tr(CX'X,) + I.a, tr(CX!J.X.)
o'i i1 ii s I i
which can be rewritten as
' = _ [}
aOZitr(CXiXi) q Ziaitr(CXiJiXi)‘
Substituting (3.4.2.8) in (3.4.2.7) gives

-1 -1 2
' lV = '
tr(CX'vV X) aoq + Zi(aoai + aini)tr(CXiJiXi)

(3.4.2.7)

(3.4.2.8)
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a_q + Ziai(ao + aini)ti (3.4.2.9) .

4
where t tr(CXiJiXi). (3.4.2.10)

From (3.4.2.5) and (3.4.2.9),

tr(QV) = Zi(ao + ai)ni -agq- Ziai(ao + aini)ti' (3.4.2.11)

From (3.4.2.4) and (3.4.2.11),

-2 2
tr(vil) =0 [(n-q)w—az(zi(ao + ai)ni -aq- ziai(ao + aini)ti)]

-2 -2 2
ay (0-q) - a ja,(z,(a  + a;)n, - aq-rIaa + an)t.),

(3.4.2.12)

To compute tr(Q.Q.,), observe that
vV

s R | 'I’
XCX'V™ 1))

er v - 2erextv v vk + ercx'v v xex'v v ixy.

tr((V_l - v'lxcx'v'l)(v'l -v

tr(QVQV)

(3.4.2.13)
From (3.4.2.6) it follows immediately that
-1 -1 2 2
er v Ly - tr(BDMATX (a1, + (2a_a, + a:n)J,))
= 1, (@%r (1) + (22 a, + a?n.)tr(J.))
188, 2,3y Tagnyoerldy
= 5.(a% + 2 + a’n.) (3.4.2.14)
T RitEe T o853y T anying. el

Note also that

vyt

]

BDMATX(a3I. + (3a2a. + 3a a?n. + a?n%)J.).
o i o i oii i’7i
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It follows that

3 . 2 2 32 .
aotr(CXiXi) + Zi(3aoai + 3a amn, + a i)tr(CXiJiXi)

tr(cx'v'3X) .

2 i 2 2
a,(q - 1;a,tr(CX; 3, X)) + 1;(3a a; + 3a a;

32 '
+ an, )tr(CXiJiXi)

an + 7, (Zaza + 3a ain + a )tr(CX J X )

n, + a] n2)t (3.4.2.15)

2 2 2 3
a_q + Ei(Zaoai + 3aoai

-2 2
: ' = 1 '
Recalling CX'V "X aOZiCXiXi + zi(Zaoai + aini)CXiJiXi leads to

tr(CX'V_ZXCX'V_lx)

2 2
] L
tr((aoziCXiXi + Zi(Zaoai + aini)CXiJiXi) )

= ZZ t
= Aty

2
+ 2aOZiZi,(2aoai, + ai'ni')tZii'

2 2
+ zizi,(Zaoai + aini)(Zaoai, + ai,ni,)t

3ii’
(3.4.2.16)
where tlii' = tr(CXiXiCXi,Xi,), (3.4.2.17)
thyqr = tr(cxixicxi'Ji'Xi') (3.4.2.18)
and
t3ii' = tr(CXiJiXiCXi'Ji'Xi')' (3.4.2.19)

Expressions (3.4.2.14), (3.4.2.15), and (3.4.2.16) lead to
2 2 2 2
tr(QVQV) = Zi(ao + 2aoai + aini)ni - 2(aoq + Zi(Zaoai

+ 3a a,

o2i" + a )t )

2
ii
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+ aZZ Z ,t + 2a L.z, ,(2a a,, + a2

141" i%3 it ELYENLYIR

+ 3 2 .(2a a, + a, n )(2a a,, + ai,ni,)t (3.4.2.20)

i i! 3ii'*

Combining expressions (3.4.2.3), (3.4.2.4), (3.4.2.11), (3.4.2.12),

and (3.4.2.20) yields:
-2 2 -2 4
tr(QVquvvl) = al [tr(Q 1) - lqztr(QV) +a lqztr(QVQV)]
= azz[aiz(tr(QVV) - agtr(QV)) - aizagtr(Qv)
+ aizagtr(QVQV)]
-4 2

= aIAtr(QVV) - Zal uztr(QV) + aiAagtr(QVQV)

=4 -4 2
=0y (n-q) - Zal az(ri(ao + ai)ni aq

iai(ao + aini)ti)

a14a2(z(a + 2a a; + a2n )n

+

2(a q + Z(2a2a + 3a azn + a3 2
i i i'i ii

Dt)

+ zz(azt . + 2a (2a 03 + ain Dt

. .1 0 1ii 2ii!
11
+ (2a a, + 2n ) (2 + 2 n,,)t M
8583 T anylea Ay T ann; )ty i),
(3.4.2.21)

Similarly, tr(Q VIQ ) can be evaluated as

-2
Er(QyV,Qp) = oy [tr(Qy) - astr(0,0,)]

-2 =2 2
aq tr(QV) -y aztr(QVQV)
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=2 2
ay (Z(ao + ai)ni -agq - Zai(ao + aini)ti)

i i
=2 2 2
- a 2(Z(a + 2a a, + ajn, )n
i
- 2(a q + Z(Za a, + 3a a2n + a3n2)t )
i (o} ii
+ Iz (a t + 2a (2a a,, + a2 n, )t
1ii’ o "o i' it4v 244!

ii’
+ (2a a, + a2n Y2 + 2 n,)t b))
3 S S Ch? R L R PR AR
(3.4.2.22)
3.5 Seely's Method to Obtain the Estimators

of the Variance Components under
the Invariance Condition

An alternative approach to variance components estimation was
developed by Seely (1970a, 1970b). This technique will now be used to
obtain estimators for the variance components in the split plot subject
to the invariance condition.

First, recall the model (3.1) Y = X8 + U*c_ + U;ez, in which it was

171
assumed that E[ei] = 0, E[eie;] = Imici E[eiej] =0 1i# j, and D(Y)
1 i + V g, where Vl = UfUl*' and V2 =1 = U%U%'.
Second, let ai and a% represent prior values or guesses for oi and
og. Use these to write V = Vlai + V2 g, where V is positive definite.
Let Vl/2 be the square root matrix of V, that is V = V1/2Vl/2.

Third, obtain the generalized least squares estimator of the

parameters 8 under the transformed model

v 2y = v 2% 4 v 2gse 4 v 2use

Il 2°2°

This is g = (X'V—lx)—X'V'Y.
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Fourth, obtain the residuals

7 = v 2y _yU2 o
=y Y2 xx'v ) v hy
= V'l/z(l - x(x'v'1X)'x'v"1)(xB + U% _ + U% )
11 22
= Ulel + Uzez
where U, = v"l/z(I - X(X'V_IX)-X'V-l)Ui
U, = v'1/2(1 - X(x'V'IX)'x'v°l)U§
2129
Fifth, let Z x Z = le2 where x denotes the kronecker product
; of matrices
z1Zr
zZ Z
e r r-d
-
211
T
Y91
= M i = ' = !
and let U, o i=1,2, where 51 [Ej]_i’ Tt E—jmii]
-ri

Observe that

- ] ] | 1

= ] | 1 ' | \

= E[ii,ujzljj'z'lezlez'l + Zii,ujlluj'z'zezlsl'Z
+ T u

S IE s RISV APL
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.
E“leu '21° 1 + Z“ §22%31212%

_ . 2
1111“Qﬂ2
2

o)

. t i
[l_l_j '11'1j1’ P-j rz}ljz]

The expectation of the vector:Z x Z is
E[Z x Z] =
where @ = (ci, c%)'
and u),8y7 Uyoup,)

] L]
$21%11 222012

1 L
1811 B0y
H = : (3.5.1)
\ 1
B918%1 %1280

1 L
92181 %92%0

u u
—l-—rl —TZ—rZ_
Observe that

. _
91%11

ul.u
T2 = Upugy

1
Zr1711]

and that
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Uegg Y1
U,u u

2L . (1« u,) 21 (3.5.2)
U181 Y]

Definition 3.5.1

Given a matrix A of order m x n, the vector of A, say vec(A), is
the mn-vector that is obtained by writing vertically all the elements of
A starting with the first element of A and proceeding in the lexico-
graphical order.

Under the latter definition the right hand side of (3.5.2) becomes
(I@Ul) vec (Ul). (3.5.3)
From (3.5.3) and (3.5.2)
H = [(I@Ul) vec (Ul), (1 ®U2) vec (UZ)]'

Finally, the Seely's estimators of the variance components is

obtained through the model
Z&Z = HO + error terms
by using least squares solutions, say
H'HO = H'Z ® Z. (3.5.4)
The following two lemmas can be found in Rao and Kleffe (1979).

Lemma 3.5.1
Let A, Band Cbem x n, n x k and k x s matrices. Then

i) tr(AB) = vec (A)' vec (B'),
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ii) wvec (AB)

A® Ik) vec (B),

(Im@ B') vec (&),

iii) wvec (AB)

iv) vec (ABC) = (A@ C') vec (B).

Lemma 3.5.2

let Ay B Cand Dbemxn, k x s, n x q and s x t matrices. Then

(A® B)(C®D) = AC@® BD.

Using the latter lemmas the elements of the matrix H'H say H'H(4i,j)

are:

H'H(1,1) [(CT® Ul) vec (Ul)] '"Te Ul) vec (Ul)]

fvec (UlUi)] '[vec (UlUi)]

1 1
er (U, U30,U1),

' = 1 '
H'H(1,2) tr(UlUl U2U2)

H'H(2,1)

H'H(2,2) tr(U,U! U, Ul)

272 7272

and the elements of H'Z x Z, say H'Z x Z(i) are

H'Z x Z(1) [(I® Ul) vec (Ul)]' ZxZ

vec (Ul)'(I®U]'_) ZxZ

= vec (Ul) "(Z® UiZ)
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[2' ®2'U;) vec (U]

= vec (Z2'U 'Z)

Y1

] '
Z UlUlz.

H'Z ® Z(2) z2'v.u'z,

272

Recall that U, = v'l/z(I - x(x'v’lx)'x'v'l)ug, then replacing the

value of Ul and UZ’

tr(U,U10,03) = tr(v'l/z(I—x(x'v"lx)'x'v'l)UiUi(I—v'lx(x'v"l)c)'x')v"l/2
. V_l/z(I—X(X'V-1X)-X'V_l)UiUf(I—V-]X(X'V-]X)—X')V-l/z) ‘
= erQyVQyYy),
tr(UIUiUZUé) = tr(QVV1QVV2),

] 1
£r (U,050,U3) = £r(Q,V,Q,V,),

Z'UlU'lz = Z'V—l/z(I—X(X'V_lX)_X'V-l)U’iU*l(I—V—]'X(X’V-lX)_X')V_l/zz
= v!
Y'Q,V,0yY
and
L t — L
Z'U,03Z = Y'QV,0, Y.
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Therefore (3.5.4) becomes

er(QyV,QpVy)  tr(QuV,Q,V,) o T'Q,V,Q,Y

*

1
tr(QVVlQVVZ) tr(QVVZQVVZ) o] Y QVVZQVY
Observe that this is the MINQUE estimator of the variance compon-
ents. Therefore, under the invariant condition, Seely's estimators of

the variance components are also MINQUE estimators.
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4. ASYMPTOTIC PROPERTIES

This chapter consists of two major parts. Section 4.1 deals with
the asymptotic properties of the MINQUE of the variance components as
the number of observations increases. Section 4.2 proceeds to the
asymptotic properties of the generalized least squares estimate é

obtained by replacing the elements of the unknown variance-covariance

matrix by functions of the MINQUE of the variance components.

4.1 Properties of the MINQUE Estimators
of the Variance Components

Consider the model (3.1), Y = XB + ¢ where Y ix t x 1, and let t
increase to infinity in such a way that Y permits a partition into n

r-vectors, each one representing a replica for the unbalanced split-

plot model in the study.

Rewrite model (3.1) as

r ) b F*.

Yl XBl el

Y XB e%

- 2 _ 2 2
L E B M

*

_Yn‘ XBnJ _enJ

where e% has structure ei = U, *c__ + Uke,

1 7i1 2712
= * 1%
[Ul'UZ] €1
€12
= U*e
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which can also be written as
= *
Yt (In@ X)Bt + (In® U )st

where Inis the n x n identity matrix, Bé = (B!, ..., B;) and

| S 1 '
el = (e, wens D).
It is assumed that Yl’ Yz, ‘oo Yn are iid random variables such
' 2 2
that E(Yi) = XBi and D(Yi) = V, where V = Vlcl + V202, is positive

definite. Or equivalently E(e’i‘) = 0 and D(s’ilf) =V,

Observe that E[In@ U*)et] 0, and

D[In® U*)et] (In® U*)D[st] (In@ u*x')
= (L@ u*) (L@ Dle, ) (L@ U*")
= (In@ U*D[si]U*')
- qev.
The goal is to estimate a linear parametric function Ziqiai of
the variance components by the quadratic function Yt':Ath subject to the
invariance, unbiasedness and minimum norm conditions of the MINQUE pro-
cedure.

Let az and az be prior values for 02 and cg, and use this to write

1 2 1
2 2 . s . 1/2
vV = Vlal + V2°‘2’ where V is positive definite. Also let V be the
t
square root matrix of V, such V = Vl/ZVl/2 and Vl/2 = Vl/2 .

-~

For each 1 < i < n let By be the generalized least square estimator

1/2

of the parameters Bi, under the transformed model V Yi’ and let

-1/2

z, =V (Yi - XBi).




where

A .
-1/2 ~
z, v (Y, - X8))
-1/2 ~
Zf |V Gy - X8y
. 172, -
’sz ’v (¥, XBn)J
™~ _1/2 -
v (I - PY,
-1/2
_|v (I - Y,
-1/2.° _ _ o=l =,
-V (1 PV)Ynd where PV = X(X'V X) X'v
X8y + Ufey) + Ufe,
XB, + U%c, . + Uke
_ -1/2 2 1721 2522
= @@ vt @) :
* *
_XBn + Ulenl + UZEnZJ
.
€11
= (I@v (I—P))(I@U*) €21
l—Enl-
€12
€22
-ru@v (I-P)G@Uﬂ ‘
Ureer * Ugeyy
%=(I®V ﬂ—P)MI@Uﬂ
_ -1/2, .
Uy = L@V - P T @UY)

-1

42
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-9 -
€11 E 12
€ €

-1 21 -1 22

and etl e and €42 .

_enl _FnZ

Then Zt = Uletl + U2€t2 .

Now apply Seely's method of section 3.5. The elements of the

matrix H'H are

H'H(1,1) = tr(U,U'U,U!

1"171°1
- (@ v 2 a - 2 @@ up)
-1/2 .
(1@ v - 2 @)
~1/2
(1@ v 2@ - e @ uh) P
(a@v i@ - pna@ )]
nG9 v n 1
= tr[(In®V_1(I - PV)UTU{'V-l(I - P )USU%']
= tr(%{S)QVVlevl)
= ntr(QVVlQVVl)
H'H(1,2) = ntr(vilQVVZ)
= H'H(2,1)
H'H(2,2) = ner(QuV,Q.V,) .
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Also the elements of the vector H'Zt@zt are

' -
B'Z @ 2,(1) = zU Uiz

zt (L@ vt (I—P))(I@U*))
(q@v?t (I—P))(I@U*))z

1/2

Y (@ (T - P')v'llz)(r_®v' -P ))(1 ® U%)
2

((In®V' (I @ U '(I @V - Py)Y,

TG 4,9,

'
AR

and

L T
H zt ® Zt (2) iXiQVVZQVXi‘

Therefore, the Seely's estimators of the variance components are solu-

tions to the system of equations

H'Ho

|
H zt@ Z, (4.1.1)

where
ntr(vilevl) ntr(vilQVVZ)

ntr(vilQVVZ) ntr(QVVZviz)

2

91

o2
2
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and
- . -
Z3%iQV1 %Y
H'Z ®2Z, =
t t 3
L3¥i0%V20%%
Observe that (4.1.1) are the MINQUE equations for the variance
components, and that the matrix At that minimizes the quadratic form

2
= v? . . .
g(Yt) YtAth with respect to the parametric function quj j is

A = zjqu(%®v)(1n®vj)q(ln® v (4.1.2)

where Aj is a solution to the equations

?Ajtr(Q(In@?V)q‘@ VJ')Q(In@ B E® Vi) = a0 s i' = 1,2
(4.1.3)

and

1 1

= - - _ '-l - o
Q(In®v)_In®Qv’ Q, =V (I -PBy, Py =X(X'V X)XV

and

Ay = tr(At(In®vj,)), j' = 1,2.

Using a generalized version of section 3.2.3, it is observed that
a necessary and sufficient condition for YéAth to be invariant with
respect to the translation of Bt is that (%S@ X')At = 0.

The following lemma shows that the quadratic form g(Yt) = YéAth is

2
unbiased with respect to the parametric function qujcj.

Lemma 4.1.1
The quadratic form g(Yt) = YéAth is unbiased with respect to the

2
arametric function f.q.o. iff q, = tr(A_(I v.)).
P c fu 19495 ay A T®V)
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Proof:
E[YéAth] = tr(E[YEAth])
= tr(AtE[YtYé])
= tr(A (L@ V)
= tr(A (IC)Z v 02))
£ n %337

2
= §tg(At(In® Vj))cj

- Tayoy.
k|
From (4.1.3) it is observed that
H'HA = q
and a solution is given by
A= (') Lq

From (4.1.2)

'
YtAth

g(Yt)

AM'H'Z ®2zZ)
e ®2Z

Q' @'w 'z, @z), (4.1.4)

Let Yl, Y2, ooy Yn be independent and identical distributed
normal random variables with mean XBi and variance-covariance matrix
V.

It is known that if B and D are symmetric matrices, then under the

latter condition



t ] 1
‘ cov(YjBY,, YIDY ) = 2tr(BVDV) + 4B XBVDXB,

2tr (BVDV) under invariance.

Observe that

var (Y (L® QV;0)Y,» Y, (1® QV;0)Y,) = 2tr(L® Q,V;Q,¥Q,V,Q,V)

= 2ntr (Q,V,Q,VQ,V; Q")

= 2ntr (QVVIQVVIQVV)

= 2ntr(Q,V,Q,V,)
cov(Yt': (In® QVV1QV)Yt’ Yt':(In® QVVZQV)Yt) = 2ntr (vilQVVZ)
var(Yé(In® QVVZQV)Yt’ Yéﬂﬂ@ QVVZQV)Yt) = Zntr(QVVZQVVZ)

Then var(g(Yt)) q' (H'H)-lD(H'Zt@ Zt)(H'H)_lq

) ‘ L a® Quv.Q)Y
< ¢ (h® Q¥ QY
v Yo (® Q¥ Q)Y

@mt 2 @ @mn

(1'H)

zq'(H'H)'lq .

Using Chebyshev's inequality
9 D(g(Y.))
Plar) - 1yaey] > o) =g
Taking the limit when n -+ «

. 2 =
lim P{Ig(Yt) - Ziqici[ >e} =0,

n->r°

establishing that the MINQUE estimators are consistent.
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4.2 Behavior of the Vector of Parameters B8

When the Variance Components Are Replaced

By Those Obtained By the MINQUE Method

It is not possible to guarantee that the MINQUE of the variance

components will be positive or even non-negative.

It follows that it is

possible that the estimated matrix V may not be positive definite. Con-

A

sequently, care must be exercised in using V to compute generalized

least squares estimates of 8. Three possible strategies come to mind.

4.2.1 Behavior of g When V Is Computed with

The MINOUE Estimators of 02 and 02

1

2

The justification of the procedure is rather weak, because the

estimators ci could have negative values and yield undesirable results.

It is also possible that V_l does not exist and the method fails. But

. "2 . Cq 2
since it was shown that o; converge in probability to o where the latte

always takes positive values, then the probability of obtaining positive

estimates increases for large experiments and correspondingly the prob-

ability of obtaining a positive definite V increases. A small simula-

~

tion study reported in Chapter 7 shows that this is indeed true and 3]

appears to be asymptotically normal.

4.2.2 Behavior of B when V Is Computed with

The MINQUE Estimators of 02 and 02

But

1

2,
The Estimators Are Restricted to Be

Positive

The procedure is defined as follows:

2

<
if o = 0

Temm—
[ew]

Let g, = ¢

g otherwise
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(o otherwise.

The justification of the procedure is based in the fact that since

~ A

9 and 02 converge in probability to 02 and 02 where the latter always

1 2
"2 "2 2 2
are positive, so ¢

1 and 9, also converge in probability to 9 and Goe

Moreover, the procedure guarantees that V is positive definite for

~

all n.

Note that the vectors Yl’ Y2, ceay Yn have bounded fourth moments.

This assumption guarantees that Y:;AnYn is Op(n_é), § > 0.

Assumption 1

The elements of I @ V are functions of a 2-dimensional vector of ‘
parameters ¢ such that the elements of the matrix Gni(c) = —8—2— I ®V_1,
Togl

. . i
i = 1,2, are continuous functions of an open sphere § of ¢°, where ¢°

is the true value of the parameter vector o.

Assumption 2
The sequence of matrices {In® X} and {In® V} are such that

lim n—l(In@ X')(In® V)—l(In® X) = M(cg) where M(g) is a p x p matrix of
n--o
fixed constants such that M 1(0) exist for all oe§ and

lim n-l(]h@ X) 'Gni(In® X) = H (o) where H_(¢) is a matrix whose elements
oo ; r
are continuous functions of PP i=1,2.

Assumption 3

~

An estimator %@V = Vn(c) for Vn = Vn(o) is available, such that

-1~ " "2 2 -8
an(o) exist for all n and ¢ satisfies the condition o = o + Op(n )N .

§ > 0.
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Theorem 4.2.2.1 (Fuller and Battese, 1973)
Assumptions 1, 2, 3 are sufficient conditions for the estimator

Bn =(IQ® (X'V-1X)-X'V— )Yn to have the same asymptotic distribution as

the estimator 8 = (I ® (X'V-]X)_'X'V-]')Yn under the model Yn =(IQ® X)Bn
*
+(I®U )an.
Applying the Fuller and Battese theorem, it follows that B =

V—l 1

(X'V-lX)_X' Y has the same asymptotic distribution as B = (X'V—lX)-X'V_ Y.

A small simulation study of the behavior of 8 when V is computed

with the restricted estimators ci and cg is given in Chapter 7. The

distribution of B appeared to be normal.

4.2.3 Behavior of B When V Is Computed with A

Positive Definite Estimator of 03 and A
&

Restricted Positive Estimator of o

1

This procedure also restricts the estimators of the variance com-

2 2 .
ponents 9y and 9, to be non-negative.

~2
Let o

, 2
(Y'QuV;QuY = £r(QyV;Qy)0y,) /tr (QuV,QuV,)

~

where c

o1 Y'(I - P[X:Ul])Y/tr(I - P[X:Ul])’ and P[X:Ul] is the

projector operator onto the space of [X:Ul].

y ~
~

0 if 02 <0

[]
Va s

Also let Ol

~

2 ,
o otherwise

22 2
2 9on °
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-~

The justification for this procedure is that o is the MINQUE

1H
positive definite estimator defined by Rao and Kleffe (1979). Also, it

is the Analysis of Variance estimator. Moreover, Rao and Kleffe (1979)

~ )

show that the distribution of ogH has a scaled xz distribution. Note

that 02 is unbiased for oi.
Chapter 7 gives the results of a small simulation study of the
properties of B, where V is computed using the estimators defined in

this section.
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5. TESTING HYPOTHESES

Chapter 5 will be devoted to testing an estimable linear parametric

function of the parameters B8, say A'B, that is,

against Ha: #, <, >

In Chapter 4 it was established that in large samples é has a
normal distribution with mean B and variance-covariance matrix (X'V-IX)—
where the latter can be approximated by (X'G_IX)-.

The present chapter deals with testing hypotheses with small samples.
The procedure is to test a linear combination of the parameters B using

an approximate t-test. The method is to compute

A'B - A'B
o

V v;}(k'é)

t =

where B = (X'V_IX)—X'V-IY and compare with tabulated percentage points
of the t-distribution. The difficult question is to determine the
degrees of freedom associated with the above t-test.

5.1 Procedure to Test the Degrees of Freedom

Associated with a t-test for Testing a Linear
Combination of the Vector of Parameters B

A survey of the literature reveals a general solution to some
similar problems. Specifically, Satterthwaite (1946), B. L. Welch (1947),

G. 8. James (1951) and G. E. P. Box (1954) were concerned with the
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problem of approximating the distribution of a quadratic form. Their
general method will be applied to the problem at hand.
Let A'B be an estimable linear function of the vector of parameters

R, and

~2 "2
f(ol, 02)

N
L]

A (x‘x?'lx)'x

A A

2 ~2
where V = Vlo1 + Icz.

The distribution of Z will be approximated by a gamma distribution

with density
-1 f~1
£ t t t
p(t)dt ={ 3 (5 exp(- 304G (5.1.1)
. 1 ,

with parameters a = ff and B = 2g, f and g being constants.

In Section 5.2 the justification for this assumption will be
examined in some detail.

The values f and g are chosen by equating the first two moments of
Z and the approximating distribution.

Using Taylor's theorem one can write

2 "2

~2
%

2y

2 2 2 2 2 ~2 2 2
f(cl, 02) + (o, - cl)fl(ol,crz) + (02 - oz)fz(cl, Oy

+ an error term.

Given that the error term is sufficiently small, one can write

2

E(Z) = f(oi, 02)



. 20,2 2 ~2 2 2
and var(Z) = var(cl)fl(ol, 02) + var(oz)fz(ol, 02)

2 "2 2 2 2 2
+ 2 cov (cl, oz)fl(cl, oz)fz(ol, 02)

Note that

3 c=Llo =1 .
— V'@ 1X) AI(GZ

acl

2 2
fl(ol, 02)

A (T TN
301

aol

301

=-x'(x'§'1X)‘x'§'1(—%§<§))G‘1X(X'G‘IX)“A

301

= @V I XV kv I a2
1 (01,

=-x'(X'V_lx)—X'V_lle—lX(X'V-lx)_x

=-q'qu

where q = A'(X'V—IX)—X’V_l.

Similar manipulations yield

220 _
f2(°1’ 02) = - qq.

Consequently,

M ~2 2 “2 02 ~2 A2, ,
var(Z) var(cl)(qlqul) + var(oz)(q qQ) + 2 COV(ol, 9,09 Via:qa'q

2 2 2

- A'(X'G'IX)" —QE(X'§'1X)(X'§'IX)'A

- A'(x'@'lx)'x'(—%5(6'1))X(X'G'IX)-A

54

~2 2 2
02) = (cl, 02)
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Observe that if A'B is estimable, then A' = q'X, q' = >\'(X'V-1X)-X'V'-1

and E(2Z) A'(X'V_lX)-A

A'(X'V-lx)—X'V_IVq

= q'Vq

]

2 2
L 1
q qucl + q 9o, e (5.1.2)

Now, equating these two moments of Z and the first two moments of

the approximating distribution yields the following system of equations,

2 2
' '
E(2Z) = q'Viq0; + q'qo,

fg

and var(z) = var(ci)(Cl'qu)2 + var(og)(q'Q)2 + 2 cov(oi, og)q'vlq-q'q

2fg2.

Solving this system of equations leads to

2 2.2
4 L
2(q Viqo; + 4 qcz)

f =
~2 . 2 ~2 ' 2 ~2 "2, ., '
var(ol)(q qu) + var(cz)(g_g) + 2 cov(ol, 02)q qu q'q

(5.1.3)

as the '"degrees of freedom" parameter for the approximating gamma dis-
tribution and consequently the '"t" statistic for the test of hypothesis.
Notice that the formula (5.1.3) for the degrees of freedom is a
function of the true parameters ci and Goe
Two alternate suggestions are available to compute the degrees of
freedom.
i) Since the MINQUE are based on prior information, a reasonable thing
to do is to use such information in the formula (5.1.3) to compute the

degrees of freedom.
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ii) An alternative suggestion is to iterate the MINQUE procedure several

times. Experience shows that the process tends to converge rapidly and
hence provides unique values to compute the degrees of freedom by the
formula (5.1.3).

5.2 The Accuracy of the Formula for
Approximating the Degrees of Freedom

A check on the adequacy of the foregoing procedure was performed
with a small simulation study.
Step 1. Generate Y ~ N(0,1)
Step 2. Assume prior information and compute the MINQUE for the com-
2 2
ponents, o and Oye
Step 3. Select two different designs and different degrees of unbal-
anced data.
Design I. A split-plot design arranged in randomized complete blocks,
with two blocks, four whole plots, two split plots and five different
cases of unbalance:
(i) no missing data
(ii) missing two observations say Y111 and You2
(iii) missing two observations say y112 and y212
(iv) missing two observations say y22l and Y999
(v) missing Y999
Design II. A split-plot design arranged in randomized complete blocks,
with four blocks, three whole plots, two split plots and four different
cases of unbalance:
(1) no missing observations
(ii) missing two observations say Y111 and Y112

(iii) missing four observations say ylll’ y222, y322 and y411
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(iv) missing twelve observations say ylll’ y112’ y221, Y599
Y2317 Y232* Y311 Y312° Y4210 Y4220 Ya31 304 Y430
Step 4. Select three different contrasts:
(i) testing the difference between blocks, say A

1

(i1) testing the difference between whole plots, say AZ

(1ii) testing the difference between split plots, say AB
Combining the different cases of uﬁbalance in Designs I and II with the
contrasts for testing hypotheses yields a total of twenty-seven cases.
The notation used to identify the twenty-seven cases is given by (design,
unbalance case, contrast), i.e., (I, (i), Al) corresponds to Design I,
no missing observations, and a contrast for testing differences between
blocks.
Step 5. For the twenty-seven cases, the degrees of freedom approximated
by formula (5.1.3) were computed.
Step 6. TFor the twenty-seven cases, the estimates of the variance com-
ponents were computed 100 times, and with these estimates the function
Z = f(;i, ;3) = A'(X'G_IX)-A evaluated. The mean and the variance of
the distributions were computed and histograms constructed. The degrees
of freedom of the distributions were computed, and compared with the one
obtained in step 5.

For the first three cases (I, (i), 11), (I, (i), 12) and
(I, (1), AB), the function Z was evaluated 200 times. The purpose of
this was to obtain a better approximation for the distribution of Z.

The results obtained from the simulation are summarized in Table

5.2.1.
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5.2.1 Results Obtained from the Simulation
of Case (I, (i), All

The degrees of freedom associated with the t-test for testing the
difference between blocks given by formula (5.1.3) was 3.00.

In Table (5.2.1) it is observed that error (a) which would normally
be used to test block effects has 3 degrees of freedom. Observe the
closeness between the degrees of freedom obtained from formula (5.1.3)
and the one from Table (5.2.1).

The frequency histogram from the distribution of Z, which was based
on 100 values, gives the values of 0.746206 and 0.416883 for the mean
and variance respectively. The degrees of freedom associated with this
distribution was 2.67.

A second frequency histogram based on 200 values was constructed,
and gave the values of 0.685476 and 0.327729 for the mean and variance
respectively. The degrees of freedom associated with this distribution
was 2.86,

The graph of the latter frequency distribution is shown in
Figure 5.2.1. Observe that the graph has the shape of a gamma distribu-
tion.

5.2.2 Results Obtained from the Simulation
of Case (I, (i), le

The degrees of freedom associated with the t-test for testing the
difference between whole plots, given by formula (5.1.3), was 3.00.

In Table (5.2.1) it is observed that error (a) which would normally
be used to test whole plot effects has 3 degrees of freedom. Observe
the closeness between the degrees of freedom obtained from formula

(5.1.3) and the one from Table (5.2.1).
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The frequency histogram from the distribution of Z, which was based
on 100 values, gives the values of 1.3265 and 1.3175 for the mean and
variance respectively. The degrees of freedom associated with the dis-
tribution was 2.67.

A second frequency histogram based on 200 values was constructed
and gave the values of 1.2186 and 1.0357 for the mean and variance
respectively. The degrees of freeéom associated with this distribution
was 2.86.

The graph of the latter frequency distribution is shown in Figure
(5.2.2). Observe that the graph has the shape of a gamma distribution.

5.2.3 Results Obtained from the Simulation
of Case (I, (i), ).)
=)

The degrees of freedom associated with the t-test for testing the
difference between split plots, given by formula (5.1.3) was 4.00.

In Table (5.2.1) it is observed that error (b) which would normally
be used to test split-plot effects has 4 degrees of freedom. Observe
the closeness between the degrees of freedom obtained from formula
(5.1.3) and the one from Table (5.2.1).

The frequency histogram from the distribution of Z, which was based
on 100 values, gives the values of .174674 and .014510 for the mean and
variance respectively. The degrees of freedom associated with the
distribution was 4.18.

A second frequency histogram based on 200 values was constructed
and gave the values of .162663 and .014226 for the mean and the variance
respectively. The degrees of freedom associated with this distribution

was 3.71.
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Table 5.2.2. Mean, variance, degrees of freedom of the distribution of

2
Z= f(oi,oz), (d.£f.Z) and degrees of freedom associated

with Formula (5.1.3) (d.f.Fo) for the 27 cases considered

Case Mean Variance d.f.z d.f.Fo
(1, (1), Al) .746206 .416883 2.67 3.00
(1, (1), Al)* .685476 .327729 2.86 3.00
(1, (1), Az) 1.326589 1.317556 2.67 3.00
(r, (1), AZ)* 1.218625 1.03578 2.86 3.00
(1, (1), A3) 174674 .01451 4.18 4.00
(1, (1), A3)* .162663 .014226 3.71 4.00
(I, (ii), Al) .694981 .632815 2.94 2.88
(I, (ii), AZ) .785614 .471430 2.61 2.25
(r, ‘i), A3) .433751 .094709 3.97 2.25
(I, (iii), Al) .882843 .552669 2.82 2.92
(1, (iii), Az) 2.266146 3.82542 2.68 2.63
(I, (iii), AB) .321029 .060799 3.39 3.36
(I, @@v), Al) 1.02667 1.113545 1.89 2.00
(I, (iv), Az) 2.053346 4.454139 1.89 2.00
(1, 1w, AB) .357754 .091751 2.78 3.00
(I, ), Al) .814711 .748071 1.77 2.95
(1, ), Az) 2.07997 5.23834 1.65 2.63
(1, ), A3) .304351 .079917 2.31 3.25
(11, (1), Al) 2.09957 1.22603 7.19 6.00
(11, (1), Az) 1.04979 .306500 7.19 6.00
(IT, (1), A3) .096352 .001733 10.71 9.00
(I, (ii), Ary) 2.63044 2.38098 5.81 5.00



Table 5.2.1. Continued

Case Mean Variance d.f.Z d.f.F
(11, (ii), AZ) 0.292271 .029393 5.81 5.00
(11, (ii), A3) .104107 .002057 10.53 8.00
(I1, (diii), Al) 2.161932 1.618287 5.77 5.41
(11, (4iii), AZ) .427687 .046884 7.80 7.37
(I1, (iii), A3) .150781 .007013 6.48 5.51
(I1, (div), Al) 3.719712 29.287296 .94 1.00
(1I, (dv), AZ) .543057 .658062 .89 1.00
(I, (dv), A3) .197671 .022929 3.40 3.00
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The graph of the latter frequency distribution is shown in Figure

(5.2.3). Observe that the graph has the shape of a gamma distribution.

5.2.4 Results Obtained from the Simulation
of the Remaining Cases

The remaining cases are summarized in Table (5.2.2). It is clear
that the degrees of freedom computed by formula (5.1.3) are satisfactory

for approximating the distribution of Z.

5.3 Dlstribution of Z = f(ci,oz) = A (X' V 1X) A

When V Is Computed Using the MINQUE Estimators

of the Variance Components

In Chapter 4 it was shown that the parametric function Ziqici has
a MINQUE of the form Y'AY, where A satisfies the conditions X'A = 0 and

tr(AVi) =q,. In specific terms the equations

[~2] -1

9y tr(Q VlQVVI) tr(QVVIQV) Y'vileY
95| er(QV,0) e (QuQ) ¥'0,0,Y
52 Y'Q V. QY
1l . ¢l Q1%
-2 ¥'Q,Q,Y

2

were obtained.

Let {SlJ} denote the elements of S—l. It follows that

st = tr(q,Qy)/pet(s)
sl - 12 - . ££(Q,V,Q,) /Det (S)
522 = tr(QVVlQV)/Det(S)

where Det(S) is the determinant of the matrix S.
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Now define Al = QVVlQVS + QVQVS

21 22
A2 = QVV1QVS + QVQVS .

~

It follows that ci

symmetric but not idempotent.

~2
' = !
Y AlY’ and 02 Y AZY' Note that A1 and A2 are

Scheffe (1970) found that under the assumption of normality of Y
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with mean p and positive definite variance matrix V, the quadratic form

]
Q = Y'AY can be written as Q = ZAixﬁ 62 where{lg are the character-
i i, i

1] ’

istic roots of AV, xzh 52 is a chi-square random variable with hi
i1

degrees of freedom and non-centrality parameter Si. However, since

MINQUE are not necessarily positive, a more general statement is needed.

J. P. Imhof (1961) worked with the quadratic form Q = Y'AY =

' '
z A.xz 2 where the xz 2 are chi-square random variables with h,
i hi,di h,,S, i

i
1’71
degrees of freedom and non-centrality parameters Gi, and where Al > Az

> ...>X >0 > A ...>) are the characteristic roots of AV. He
P p+ m

1
found that under the assumption of normality of Y, the distribution of

the quadratic form Q can be accurately approximated by

P Q> x} =P (x>}

2

/2
3 +

where h' = cg/c y = (x-cl)(h'/cz)l h' and dj = Zrki(hr + jGi),
j = 1,2,3.

The invariance condition of the estimators, AX = 0 leads to the
simplification Cj = erihr for j = 1,2,3. It follows that Y'AlY and
Y'AZY have approximate chi~squared distributions, Xi' and Xﬁé respec-—
tively where h! = (¢, )%/(c; )2, et - 2 0y (D5 21,03

and Ail) > Aél) > ... are the characteristic roots of AiV for i = 1,2.
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5.4 Simulation Study to Evaluate
Adequacy of Approximation

In this section a simulation study to evaluate the adequacy of the

approximation to the distribution of 2 = f(oi,o%) = x’(x'v'lx)°x where

ci and og are MINQUE will be investigated.

5.4.1 Simulation of the Distribution of
Z = f(oilgg) When the Prior Values

Are Used to Compute the Parameters

o and B of the Approximate Gamma

Distribution

The simulation that is proposed is given as follows:

Step 1. Generate Y ~ N(0,1)

Step 2. Assume prior values and compute the MINQUE for the variance
2 2

components, ¢, and o,.
1 2

Step 3. Select a balance design with two blocks, four whole plots, two

split plots and a linear parametric function for testing split plot

effects.

Step 4. Compute the approximate parameters of the gamma distribution

given by:
2 2.2
.1 (V107 + V09
T D@ e D (o Vr2cor(a2 0019V g a'V.a
var 01 q lq ar 02 q zq cov 01302 q lq q 2q
(5.4.1.1)
~2 2 ~2 2 "2 2
. var (o) (q'V,q) "+var(o,) (q'V,q) +2<:OV(ci,oz)q'qu q'V,q
B =2 ( 3 5 )
(Vlo1 + Vzcz)
(5.4.1.2)

by using prior values instead of the variance components.
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Step 5. Generate the estimates of the variance components 100 times,
and with these estimates evaluate the function Z = f'(;i,ag) =
A'(X'%-lX)-k. Use o, B and Z to generate a gamma distribution by using
the function u = CDGAMA(Z,u,8).

Step 6. Test the hypothesis

H: ue-t
o)

against Ha: u¢ 1t , where T is the set of gamma distributionms.

Three different competing test procedures will be used. The first

is based on Watson's U2 statistic given by

N
2 _ 1 (2i-1) _ 2 =2
U = o8 + izl{ N u(i)} N(u - 0.5)

where u; = P(Z < z) is the cumulative distribution function of Z and

u(i) are the ordered ug values, u is the mean, and N is the number of
2.2, .2 2
1+t ott 3+t: 4)

where t. = ZHr(uj) for r = 1,2,3,4 and Hl(u) = /12 (u - 1/2), Hz(u) =

observations. The second procedure is based on P4 = %{t

5 (6 - D2 - 1/2), I,(0) = /7 (20(u = 1/2)° = 3(u = 1/2)) and
H4(u) = 210(u - 1/2)4 - 45(u - 1/2)2 + 9/8. The third procedure is a
X2 text based on the fact that one tenth of the {ui} values should fall
in each of the intervals [0, .1), [.1, .2), ..., [.9, 1.0].

Step. 7. Graph the distribution of Z.

Results of the Simulations

The parameters a and 8 show values of o = 1.99 and B8 = 0.08, the
computed values for U2, Pi and x2 show U2 = ,075, Pz = .1533 and x2 =
13.2.
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The critical values for Uz, P2 and xz are Ui = 0,187 and

4 ,.05

2 _ 2 _
P4,“,.05 = 9.49 and X0.05 = 16.9.

Therefore in each case the null hypothesis was not rejected. It
is concluded that Z = f(oi,og) belongs to the class of gamma distribu-
tions.

A second simulation was performed to know how many times the value

~

1
t=—-—LB.__
=~ -
Vvar (A'8)
is rejected under the hypothesis Ho: A'B =0
against H_: #

It was found that in 3 of 100 cases the null hypothesis was rejected.
This means less than 57 of the time.

A third simulation was performed as follows:
Step 1. Generate N(0,1).
Step 2. Select an unbalanced design with two blocks, four whole plots
and two split plots and assume there are missing values, say Y2910 Y909°
Step 3. Assume prior values and compute the MINQUE for the variance
components 02 and 02.

1 2
Step 4. Compute the approximate parameters of the gamma distribution by
formulas (5.4.1.1) and (5.4.1.2).
Step 5. Generate the estimates of the variance components 100 times,
and with these evaluate the function Z = f(;i,ag). Use a, B and Z to
generate a gamma distribution by using the function u = CDGAMA(Z,a,R).
Step 6. Use two criteria to test the hypothesis
H: uer-r

(o}

against Ha: u ¢ T, where v is the set of gamma distributionms.
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The criteria used were based on Watson's U2 and Neyman's P4.

Results
The parameters o and B show values of o = 1.4999, B = 0.1333.

The computed values for U2 and Pi show values of U2 = 0.097 and Pz =

1.99323. The critical points for U2 and P2 are Ui 0.05 = 0.187 and

4
PZ ©..05 = 9.49. Hence, the null hypothesis was not rejected in both
3 .

cases.

Finally, a simulation was performed to know how many times the

value
,
t=—>i.._
,\/".7\——~
var(A'g)
was rejected under the hypothesis Ho: A'g =0
against H_: #

It was found that in 2 of 100 cases the hypothesis was rejected. This
means less than 57 of the time. We conclude from this that the distri-

butions belong to the class of gamma distributions.

5.4,2 Simulation of the Distribution of

t = A'é/#var(l'é) Under the Null
Hypothesis A'8 = 0 By Using the

MINQUE Iterated Estimators in the

Computation of A'é

The simulation that is proposed is given as follows:
Step 1. Generate N(0,1).
Step 2. Select a balanced design with two blocks, four whole plots,
two split plots and a linear parametric function for testing split-plot

effects.
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Step 3. Assume prior values.
Step.4. Generate the MINQUE estimates of the wvariance components oi
and og, 100 times, by iterating the MINQUE procedure several times.
Step 5. Compute t = A'é//GEETXTET'by using the MINQUE iterated esti-
mators. Use the approximated degrees of freedom given by formula
(5.1.3) to generate the distribution function of the t-distributiom.
Step 6. Use three criteria to teét the hypothesis

HO: ue-T

against H : u ¢ 1, where 1t is the set of t-distributionm.

The criteria were based on Watsen's Uz, Neyman's P, and a x2 test

4

using 10 intervals.

Results of the Simulation

The computed values for U2, Pi and X2 shows values of U2 =
0.0957, Pi = 0.0178 and X2 = 10.6, with critical points Ui 05 = 0.187,
5
2 2 .
PA,m,,OS = 9,49 and X9,.05 = 16.9. Hence, the null hypothesis was
accepted.

Also, the number of times that the null hypothesis A'B = 0 was
rejected at the 5% level of significance was 2 of 100. This means
less than 57%.

A second simulation was performed as before but instead of step 2,

now select an unbalanced design with missing values, say Y5912 Y922°

Results of the Simulation

The computed values for U2, PZ and XZ show values of U2 = 0.09224,

2 2 _ . g ) 2 - 2 -
P, = 2.333 and y~ = 3.8 with critical points Um’.05 = 0.187, PA,w,.OS =

9.49 and Xg 05 = 16.9. Hence, the null hypothesis was accepted.
-
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The number of times that the null hypothesis A'é = 0 was rejected
at the 57 level of significance was 6 of 100. This means over 5%.

As a conclusion of the above simulations, it is legitimate to
assume that t = A'é//?g;?KTET-be distributed approximately as

t-distributions with degrees of freedom given by formula (5.1.3).



6. THE ANALYSIS OF COVARIANCE

The methodology developed in Chapters 4 and 5 will now be applied

75

to the analysis of covariance for the unbalanced split-plot experiment.

For the complete balanced experiment the model can be written as

Vige =Mt ag TR -x)+6,, +D

19k B3 3 X + abik + B(x,

- +
5 ijk Xt ey

ijk

Note that this model allows for different slopes at the whole-plot and
the split-plot level.

In matrix notation this model becomes

Y=1u+Xa-+ izl + U, +Xb+X,ab+ Szz + U,e, (6.1)
= ! = ! = ! = ! = ! =
Note that U, = I, 2j1 = 0, 25U, = 0, 2}1 = 0, Z;Z, = 0 and Z)X = 0.

Also, vector 1, columns of Xa and Z, lie in the space spanned by the

1

columns of Ul'
Without further mention, it will be assumed in the remainder of
this chapter that the model (6.1) has been appropriately modified to

allow for unbalanced experiments. Also, let ai and ag be prior values

or gueses for ci and c%, and use this to write V = Vlai + Vzag.
Transforming the model (6.1) by V_l/2 yields
A L A T T eV IR e R v'l/szb
a— 1 1 1-1 -
+v 2% g+ v 2 v 2y . (6.2)

ab— 272 2=2



Applying generalized least squares and reordering leads to the

normal equations:

v v vk v vl 1weiz Y[u [1v7 iy )
=" = = a = = ab = 1 = 2 =
vl xwo x'v'lxb x'v i v iz oxwlz al |xvly
a — Ta a a ab a 1 a 2 - a
v-l "o 1-1 (2T t"l v—]- "W
VLR, v avi vz xvlz, (] (gl
-1 -1 -1 - -1 -1 -1
L | 1 ] L 1 ] ]
XopV L X VTR X v X v Xab' 21 XV Zplph XV Y
1 -1 o 1 -]’Lb ] -1 ] -1 l"l ] -1
2]V L Z5v lxa A 2] VX, 23V Z, 2V 7z, | By |2V Y
-1 -1 -1Xb -1 -1 -1, -1
] L 1 ] 1] ? L 1
21 2V 2V 2, VX 2V 2, 2V, | B, Z,V Y
= JN 5 A A
(6.3)
-1/2, _ ;200 L,
Let v X =V [l.Xa.Xb.Xab] of order n x (L +a + b + ab)
'_l_'—l
and PV = X(X'v X) X'v of order n x n.
Also, let V—llzz = v"llz[zlzzz] of order n x 2.
I 0
Define T, =
1 - z'v'1X(x'V'1x)' I
Transform (6.3) by Tl
x'v 1k x'v iz ") X'y
0 z'v'lz-z'v'lx(x'v'1X)'x'v'1z a z'v'ly—z'v'lx(x'v'lx)'x'v'lY .
b o
ab
(6.4)
By

w
N
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. This leads to a solution for B and B, say

1 2

o=t - v'lPV)z)-z'(v'1 - v"lpv)y, (6.5)

8,

e
In order to test hypotheses about the ab interaction, define
- S |
= oY . = ' '
X, = (LXK ], Py, X, (X} k)Y

I 0 0
= - - ' - -
and T2 Xabv 1Xl(le 1x1) I 0
0 0 I .
Transform (6.4) by T2 to get
r . - r q
- - -1 -1
L ) ] L
. . XlV 1X1 XlV ]Xab X1V Z u X1V Y
v o=l o=l SRS N | a ool -
Xab(v \'4 PX )Xab Xab(V v PX YZ Xab(v vV lPX )Y
1 1 b 1
VA (v"l-v']'PX) z| |22 z' (v'l-v'lPX) Y
- - Bl faed -
82 (6.6)

T
\

This leads to a solution for ab, say

A

B
-1 - o1 =1 -1 e | 1
Py )X ) (XL (V 7=V R )Y - XD (V TV TR )Z (L))

ab = (x'b(v'l—v
a 1 1 1 8

(6.7)

Hypotheses about linear functions among the interaction parameters,
i.e., A'ab can be tested by replacing V by V, and then using the approxi-

‘ mated t-test developed in section 5.1 in the form
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A'ab - \'ab
t-=--—-——
Vvar (ab)
and using formula (5.1.3) to approximate the degrees of freedom associ-
ated with the t-test.

If interest is in split-plot treatment effects, then the analysis

must go one step further.

Let X = [1:X_] and P, = X (X' Vv ix )x'v°l.
a Xa a’ a a’” "a
Observe that the vector 1 lies in the space generated by the columns of

X, Therefore, there exists a vector g such that 1 = X, 4. This implies

that

X (x'v'lx )'x'v"ll =1,
aa a a —

Define

I 0 0 0
0 I 0 0
T3 = _ -1
0 - X'v lX X'v "X )- I 0
b aa a
_O 0 0 I

Observe that - xgv'lxa(x;v'lxa)'x;v'll - xgv'1;_= 0

and - xv iy (x'v'lx )'x'v'lx -xv ik =o.
b a a a a a b a



Transform (6.6) by T

3 to get

v 1'v'lxa 1'v'1xb

v h oxvix x'v'lx
a a a

vl
x'v'lx

X! (v 1y P )xb xb(v ly lP

f vy ]
X;V_lY
xb(v Lot

Lty 1PX )Y

1

vl om
Z2'(V ~-v lPX)Y

A solution for b is given by

g
-1 _-1 1

- xf(v -v "P_)z(37)).
Xa Bz

A

T ly 1p )x
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1'v71z
x'v'lz
xb(v v P )Z
-1
' -
X! Iy P, )Z
-1 -1 1
z2ov vy 2z
X 7
(6.8)

el -1 ST R | RS R | .
b= (X V=V PXa)xb) (X (Vv an)Y X! (Vv an)xabgg

(6.9)

A linear combination of the parameters b can be tested by using

the approximated t-test method of section 5.1 by computing

Vv;r(x'é)

and using the formula (5.1.3) to approximate the degrees of freedom

associated with the t-test.
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Finally, to derive a test on whole plots treatments, let Pl =

1@y vl
Define
I 0 o0
N IS TS J
T, XV1avTnT o1 o

0 0 I

Transform (6.8) by T4 to get

‘
5/

f Wl )

vt 1'v‘1x‘ 1'v"'xb 1'v‘1x.b vl

vg=l o~ P . '1_ - N '1_ - [ ‘1_ -
x (vl lpl)x‘ x vy 1rl)xb x vy 1P1)x‘b x: (vl 1pl)z x vy 1pl)y

voy~l_o- o vey=l_g= ¢ '1_'
xoly 1rx‘)xb X iy 1px.)xb x:vly lrx 2 vl lPx‘)Y

»
~w |cr o s
¥

X! (v"'-v"'l’x Y
1

-1 - ¢ ylg-
x, Ly 1rxl)xab x;, (vl 1vxl)z N

2z vtz 2 2 (vl )y
- s &~ J -

A solution for a is given by

a = &' v lylp )X )X (v iop ) (Y-X, b-X ab—Z(gl)) (6.11)
= a 1’73’ "a 1 Xb— ab—— 82 ¢ )

Now it is possible to test a parametric linear combination of the

parameters a by using the approximated t-test method of section 5.1 of

the form
Ala - A'a
t = ——
'/ var(i'a) .

Formula (5.1.3) is used to approximate the degrees of freedom associ-

ated with the t-test.
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7. SIMULATION STUDIES

Previous chapters have presented asymptotic and large sample
properties of the estimators obtained via generalized least squares
based on an estimated variance-covariance matrix. In this chapter some
insight into the small sample properties of these estimates will be
obtained from a series of small simulations experiments.

These simulations all follow the same general pattern. A set of
observations is generated according to a specified split-plot model.
The first step in the estimation procedure is to compute values for

A ~

2 R
oy and Ope In the second step generalized-least-squares estimates of
the fixed effects in the model are obtained by using the estimated

variance-covariance matrix obtained from the first step. A listing of

the Fortran program used for these simulations is in Appendix A. A

flow chart is given in Figure 7.1.

7.1 Standard Conditions

The first simulation was performed under standard or ideal condi-
tions as a check on the computer program. Observations for a split-
plot experiment with two blocks, four whole plots per block and two
split plots per whole plot were generated. Both error components were
drawn from N(0,1). Estimates for both oi and og were obtained using
the MINQUE equations with prior values a; = a, = 1. DNote that in this
case the estimates are identical with those obtained from the usual

analysis of variance. Also in this case the weighted least squares

estimates of the fixed effects, i.e., the treatment effects, are
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identical with the usual treatment means. This simulation was repeated
100 times.

The resulting ''observations, i.e., estimate of the general mean,
are given in Figure 7.2. Clearly, this distribution is close to normal.

The Watson's U2 statistic for testing normality is 0.03563, well beyond

the critical value U205 = 0.187. Neyman's Pz statistic was 1.32074,
again well below the critical value Pi 05 = 9.49.
s

7.2 Non-standard Conditions

The second simulation was performed as follows:

Observations for a split-plot experiment with two blocks, four whole
plots per block and two split plots per whole plot with two missing
observations, say Y111 and Vo4 Were generated. Both error components
were drawn from N(0,1). Estimates for both ci and og were obtained
using the MINQUE equations with prior values @) = oy = 1. This simula-
tion was repeated 100 times.

The resulting '"observations,” i.e., estimates of the general mean,
are given in Figure 7.3. The Watson's U2 statistic for testing normality
is 0.02422, well below the critical value U?OS = 0.187. Neyman's Pi
statistic was 0.74839, again well below the critical value Pi,O.OS =
9.49.

The third simulation was performed as follows:

Observations for a split-plot experiment with two blocks, four whole
plots per block and two split plots per whole plot with two missing
observations, say ylll and Yo4p» Were generated. Both error components
were drawn for U(-1,1). Estimates for both oi and og were obtained

using the MINQUE equations with prior values ap = o, = 1. This simula-

tion was repeated 100 times.
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The resulting '"observations," i.e., estimates of the general mean,
are given in Figure 7.4. The Watson's U2 statistic for testing nor-

mality is 0.04703, well below the critical value Ug 05

Pz statistic was 1.15893, again well below the critical value Pi 0.05 =

= 0.187. Neyman's

9.49.

The fourth simulation was performed as follows:
Observations for a split-plot expefiment with two blocks, four whole
plots per block and two split plots per whole plot, and two missing
observations, ylll and y242, were generated. Both error components were
drawn from N(0,1). Estimates for both Gi and Gg were obtained using the
restricted MINQUE estimators defined in section 4.2.2 with prior values
@, = o, = 1. This simulation was repeated 100 times.

The resulting "observations," estimates of the general mean, are

given in Figure 7.5. The Watson's U2 statistic for testing normality

is 0.02350, well beyond the critical value Ug 05 = 0.187. Neyman's PZ
statistic was 0.67622, again well below the critical value Pi 0.05 =
9.49.

The fifth simulation was performed as follows:
Observations for a split-plot experiment with two blocks, four whole
plots per block, two split plots per whole plot and two missing observa-
tions, ylll and Vo490 Were generated. Both error components were drawn
from U(-1,1). Estimates for both oi and og were obtained using the
restricted MINQUE estimators defined in section 4.2.2 with prior values
a; =a, = 1. This simulation was repeated 100 times.

The resulting ''observations,'" estimates of the general mean, are
given in Figure 7.6. The Watson's U2 statistic for testing normality

is 0.04925, well beyond the critical value Ué 05 = 0.187. Neyman's Pi
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statistic was 1.14965. This was again well below the critical value

2
P,,0.05 =

The sixth simulation was performed as follows:

9.49.

Observations for a split-plot experiment with two blocks, four whole
plots per block, two split plots per whole plot, and two missing
observations, say y111 and Vo429 wgre generated. Both error components
were drawn from N(0,l1). Estimates for both oi and cg were obtained
using the positive semi-definite MINQUE estimators defined in section

4.2.3 with prior values o, = = 1. This simulation was repeated 100

1 %
times.
The resulting 'observations," estimates of the general mean, are

given in Figure 7.7. The Watson's U2 statistic for testing normality

is 0.03291, well beyond the critical value Ug 05 = 0.187. Neyman's PZ
statistic was 0.7935. This is again well below the critical value

2

P4,o,05 = 9.49,

The seventh simulation was performed as follows:
Observations for a split-plot experiment with two blocks, four whole
plots per block, two split plots per whole plot, and two missing
observations, say ylll and Yo4ps Were generated. Both error components
were drawn from U(-1,1). Estimates for both oi and cg were obtained
using the positive semi-definite MINQUE estimators defined in section
4.2.3 with prior values a, = a, = 1. This simulation was repeated 100
times.

The resulting '"observations,'" estimates of the general mean, are

given in Figure 7.8. The Watson's U2 statistic for testing normality

is 0.04645, well beyond the critical value Ug 05 = 0.187. Neyman's Pi
statistic was 1.26313. This is again well below the critical value
2

P4,0.05 = 9.49.
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Finally, the last simulation was performed as follows:
Observations for a split-plot experiment with two blocks, four whole
plots per block and two split plots per whole block were generated.

Both error components were drawn from the slash distribution. Estimates

2
1

values ay = o, = 1. This simulation was repeated 100 times.

for both o, and og were obtained using the MINQUE equations with prior
The resulting "observations," estimates of the general mean, are
given in Figure 7.9. This distribution is symmetrical with tails
heavier than the normal. Watson's U2 statistic for testing normality
was 3.9252 which is greater than the critical value U205 - = 0.187.
. ’

Neyman's Pi statistic was 65.9737, again greater than the critical value

2

P4,0.05 = 9.49.
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8. SUMMARY AND CONCLUSIONS

The generalized least squares analysis for the split-plot model
with missing observations and estimated variance-covariance matrix was
discussed in this thesis.

Many methods have been suggested to estimate the variance-covariance
matrix, a few of them are: Henderson's method III, Rao's method and
Seely's method. The behavior of the generalized least squares estima-
tors of the split-plot model when using an estimated variance-covariance
matrix depends on the distribution of the random errors and the method
used to estimate the variance-covariance matrix.

In this thesis it was found that the estimated variance-covariance
matrix G, converges in probability to the variance-covariance matrix V,
i.e., 6 ; V, when using Seely's method under the invariance condition
with respect to the fixed effects. Under the invariance condition
Seely's method is equivalent to the MINQUE method.

Also, three procedures were proposed to observe the behavior of
the generalized least squares estimator of the parameters B, when the
variance-covariance matrix was replaced by its estimate. Under simula-
tion it was found that each one behaves normally under the assumption
that the random errors are both normal (0,1) and uniform (-1,1).

In many practical problems, the researcher wants to know how many
degrees of freedom he needs to consider in a t-test for testing a linear

combination of the parameters when he uses an estimate of the variance-

covariance matrix. In this thesis the answer is given in terms of a
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formula (formula 5.1.3), when the variance-covariance matrix is esti-
mated by the MINQUE method. Also, it is suggested that either prior
values or iterated MINQ estimators be used to evaluate the formula.
Simulations indicate that this formula provides a good approximation
for the degrees of freedom associated with the t-test.

Finally, Appendix A shows explicit formulas for the MINQUE esti-
mators of the variance components for a complete randomized design in
both the balanced and the unbalanced case. But the latter was restricted
to the condition that if a split plot in the ith whole plot is missing,
the same split plot must be missing for all the repetitions of the ith

whole plots.
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9. RECOMMENDATIONS

It is recommended that in the future an efficient simulation study
be performed by using some variance reduction techniques for the differ-
ent methods used in the simulations of this thesis.

There are several methods used to reduce the variability of an
estimator; one of them is the control variates. The goal of this
method is to obtain an efficient estimator t of the parameters A'B.

This method is defined as follows:

A

Let ci and o§ denote the MINQUE estimators of the variance compon-
2 2
ents g, and o,. Let a

2 . .
1 9 and oy be prior values of the variance components.

1

i }' n '~ 2 = 'A_l - "A— 7 =
Step 1. Define tl o zi=1k Bi where Bi (X'v X) X'v 1Yi where V

A A ~

2 2
Vioy + V50,

and Yi U,e, + U.e, where e, and €, ~ N(0,1) and Ul and U

171 272 1 2 2

are known matrices.

1 ln 'A A_ o s =
Step 2. Define t2 = Zi=lk B8 where Bi (X'v lX) X'v lYi where V

2 2
Vlal + Vzaz.

~ A

Since Bi and Bi come from the same generalized random numbers, they
are likely to be highly positively correlated, and therefore ty and t2

should be positively correlated.

Step 3. Define t = A'B + t; - t, as the new estimator of A'B.
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Step 4. Define var(t) = var(tl) + var(tz) -2 cov(tl,tz) and observe
that var(t) < var(tl) if var(tz) < 2 cov(tl,tz). Since this is true
because of the higher positive correlated coefficient, then the estima-
tor t is an efficient estimator of A'BS with small variance.

Another way to look at the same problem is when there is an especial

interest in observing the number of times that the value
A'B
Vvar(A'B)

is rejected under the null hypothesis A'B = 0.

t =

4

-
1 if |[—2B | 5 1.9
~ 1
Define £y = 9 Vvar 1 8)
0 otherwise
; R
1 oif 2B 1 L 1.0
£ _ < var(A'B)
i
0 otherwise
\
n . n .
Define the estimated power t = 0.05 + ¢ ti - I ti and observe that
i=1 i=1
n . n . n. n.
var(estimated power t) = var( Z t,) +var( Z t,) -2 cov(Z t,, I t,)
. i . 1 . i’, i
i=1 =1 i=1 i=1
n .
and again if the var(estimated power t) < var( I ti)’ then it is an

i=1
efficient estimator.

Another method to reduce the variability of an estimator is the
antithetic variates. This method is defined as follows:
Step 1. Define gl, 52, ««+y & as uniform random numbers and define
s

1- gl, 1 - 52, ceey 1 = Es as also uniform random numbers.




99

Step 2. With &l, ey Es construct normal desviates such that B =
Ulel + Uzez where €4 and €2 are N(0,1) and Uland u, are known matrices.

Step 3. With 1 - £ cees 1 - gs construct normal desviates, such that

1’
U, = Hls*l + U2€*2 where €x1 and €4y are N(0,1) and U1 and u, are known
matrices.

1 n -~ - ~ ~
Step 4. let t, == ¢ A'B, where B, = (X'V lX) X'v 1Y, where Y, = U,.

1 n 4=1 i i i i i

s R ~ o I
Step 5. Let t, = E-iElA'B*i where Bxy = (X'V*lX) X'V*lY*i where
Toy = Upye

Step 6. Llet t = %(tl + t2); this will produce a new estimator such that

t, and t, are negatively correlated.

1 2
1 1
Step 7. Var(t) = 7 var(tl) + Z—var(tz) + 2 cov(tl,tz) and since tl and
t2 are negatively correlated var(t) 5_var(tl), then t is an efficient
estimator.

Another way to look at this is when it is desired to count the

number of times that the value

-
t A8

Vvarr'e)

is rejected under the null hypothesis A'8 = 0.

-
1 if |—2B |

~ ~ )

Define t1i =

0 otherwise
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'8,
1 if |———— | >

" var(A'B*)
2i '

t£,0.05
0 otherwise
where f is computed with formula (5.1.3).

~

Define estimated power t

~

21) and var(estimated power t)

+
ti

1
T A

R
E-]
[a

1 n . 1 n .
= Z-var( L t.,) + Z-var( I tZi) + 2 cov(
=1 i=1 i
- n .
var (estimated power t) < var( I t
i=1

t .,
1Mo

n .
b} tZi) and again

e

li)'
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APPENDIX A

MINQUE ESTIMATORS FOR THE SPLIT-PLOT

ERROR VARIANCES
Consider a split-plot design arranged in randomized complete blocks.
Let yijh =u + Yy + Gih + nj + (‘tn)ij + eijh’ where h =1, ..., r;

=1,

Mps J Phit

let n = ﬁin 4> @ = max {nl, Nys +ees nr} and b = max {nll, cees nra}.
In matrix notation this becomes Y = X8 + U16 + U2e where Y isan x 1
vector of observations, X isanx (1L +a + b + 2b) matrix, B is a

(l1+a+Db+ ab) x 1 vector of parameters, Ul isann x ra matrix, § is
anrax 1 vector of random errors, U2 isann x n identity matrix and e

isann x 1 vector of random errors.

2 2 X
Let o, and a, be prior values or guesses for the variance components

1
2 2 X , _ 2
oy and 9y and use this to write V = BDMATX(Jh al + I az) where Jhi and
-1
Ihi are of order n.oX nh. , and V = = BDMATX (I 1% + ahth ) where
=2 _ 2 2 2

Note that X CMATX(Xhi) where Xhi is an ny g X (L+ a+ b+ ab)

block matrix that contains the rows of the ith whole plot of the h'th

repetition.
Rewrite Xhi = [X'hil:XhiZ: :Xhit]

1, ..., t)

RMATX (Xhi 1
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where t is the number of different terms which are included in the

fixed effects part of the split-plot model. 1In the present example t = 4,
The first submatrix

Xhil = lhi is an X 1 vector of ones due to the mean in the model.

X 4o 1s an n,; ¥ a matrix of the form [0: ... :0:1:0: ... :0] where

the column 1 is in the ith column.

Xhi3 is an n . X b matrix which haé exactly one non-zero element equal
to one in each row. This matrix can be formed from an identity matrix
of order b x b by deleting the jth row of that matrix if the split plot
of the ith whole plot is missing. It is also possible to write Xhi3 =
CMATX(gi) where gi, k=1, ..., n is a unitary vector.

Xhi4 = RMATX(D;; k=1,2, ..., a) is an n.ox ab row matrix where the

block matrices are of order n,. x a and of the form

hi
'xhi3 if i = k

0 otherwise.

Alternatively Xh14 = [0: ... :O:Xhis:O: «oe 301, Xhi3 is the ith position.

These definitions are now used to compute X'V_lX.

v ik

RMATX(Xﬂi) . BDMATX(aoIhi + ahi Jhi) . CMATX(Xhi)

= RMATX (Xﬁi) . CMATX(aOXhi + ahiJhiXhi)

= ' !
LZa X i%ni T EEa X i T %n
hi hi

0 if the jth split plot treatment is missing in the ith
whole plot of the hth repetition
1 otherwise.

h|
Let 6hi

— e




Observe.

Ttng =

Then

aoﬁixﬁixhi = ao

where n = IIn
hi

Observe

LWy 0, ...

,, M, =
hi’ i

b0, m L 0y ey 0 8, ee, 5:1 0
? [}
o o o
Pt 5%1’ e 6:1 0
: 0 o
o
L
2
[}
n 61'_*_ cee 6?_*_ 6_‘]:1 -
‘541-1 L a}_l ..
n dia N 6Ea
51+ . Gil
. 6_:_
541-1
inhi’ GJJr+ = iziagu'_’ 511 - fl

On
o

i°

1
i

hi

[=]
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[ 2 2 1 b b 7
oy 0, «.., 0, o4 0, ..., 0 nhi Ghi’ cany nhidhi 9, ..., 0, ny 61}'11, ceey “hj,ahi’ 0, ..., 0

(=]
s e O
RN~

0 0 0
nf‘i a, L, . n.his:i 0, ..., 0,0, 6{.11’ nhisgi, 0, vees 0

0 0 0

g 0 0
5,}1_6&1' S I T o os, .., %116:1’ 0, ooy O

b1 b b : b .1 b b ,
Sog Sppr woer Spgdpg 00 eeen 0 G sl 626D 0, L0
' =
Xh17n1%he 0
0
1 1 b b
Sht Shas ovor Onidhe
b, b .b
Sni hi® vt Shibhe
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Thus,
ITa ' J = yra n2
*hi%hi1Thi¥hil 23, 1Phi?
hi hi
IZa, X' .J = [za n2 a n2 ]
hithi1hi¥hi2 hi®hi® *°°? . %halhal’
hi h h
I '.J = [IIa 61 Ifa, .n Gb ]
3 1%h117hi%h13 hi™hithi® **° 2E8,iPqiShile
hi hi hi
, ) 1 b
ﬁiahixhithiXhi4 [iahinhiahi’ e iahanhaaha]’
2
' - . =
hifniztnitnie = BDMATX(iahinhi’ =12, ..., a),
- 1 b
L8 iPnibhis o0 2380
h h
LZa 'J = 1 b
I3, X 129hg ...
hi h Xh12 h1Xh13 iahanhaaha’ s iahanhasha ’
_ 1 b
iahinhiahi’ e iahanhishi
] = .
iiahixhiZJhiXhié o o ol ] 5
¢ ha'haha’ """’ %ha"ha’hal’
i h
_ 11 1 b
IZa, .8, .6, ., ., 2za, .8 .8 .
hi hi " hi hi hi hi hi hi
Ira. X! o=
ﬁiahlxhiBJhiXh13 ra &P 4l tra &P P
£33,1%hi%m10 -0 28h1%hi%hi |
- 11 11 11 1 b
iahidhidhi""’hahishiahi Eahaahaéha’°°"iahaéhaaha
, ) . . :
Eiahixhi3jhixhi4 ra P sl L za PP za P sl ga &P P
n hi’hi hi""’hahi hi’hi haha ha‘ha’" " "’/ “ha’ha’ha| ’

and
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1 1 .b -

Eahi‘shi hi’2283%h1%h1

. h

b .1 5D b

iahishish - ’Zahl hiahi

] = .
flziahixhiéJhix'hil; e ok gl ca &b gb
aha ha ha’*"""? aha ha ha
b . b b
ﬁahadhasha""’iahashaaha

- >
Let each whole plot treatment have the same number of repetitions, that
is n, =a for all i.

Now consider the MINQUE estimators for the variance components in
these two cases: first, when there is no missing split-plot treatment

and, second, when there are missing split-plot treatments.

If there are no missing observations, then nhi = b for all h,i and

- -

rab rbl' ral' rl'

rbl rbI rJ rIxl’

Z '
hixhixhi ral rJ ral rlxI

rl rIxl rlxI rl

Observe that a =- ai(ag(bai + ag))_l for all h and i, so let
a; = a,. for all h and 1.
Thus,
rab’ b1’ rabl' rbl' T
rbzi. rbZI rbJ rbIxl'
ZZX Jh Xhl i rabl rbJ raJ rJ
rbl  rbIxl rJ r-BDMATX(J) |




and hence
[ ' + 1 '
rab(a°+a1b) rb(ao+alb)l_ ra(ao alb)l_ r(a°+alb)l

\ ]
rb(a0+alb)l rb(ao+alb)I r(ao+alb)J r(a0+alb)R§L

X'V X =
ra(ao+a1b)l_ r(ao+a1b)J ra(aoI+a1J) r(aolﬁir+alJ)

Notice that the columns in thé design matrix X that correspond to
the mean, whole plots and split plots are linear combinations of the

columns of the interaction between whole and split plots. Given the

nr(a0+alb)l_ r(ao+alb)K§L r(aoy®I+alJ) r'BDMATX(aoI+alJ{
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inverse of the matrix r-BDMATX(a°I+alJ), the generalized inverse of the

matrix X'V_1X can be computed. Therefore,

0 0
c=('vix =
0 1 BDMATX(b I  +b.J )
on, 1ln,
i i
S| _ -1 -1
where bo =a_ and bl a, a (ba1+ao) .
- o 2=2, 2 2.1 _ 2
Recall that a = a, and a; =-aja, (bal + az) , then b0 = a,
2
and bl = al.
The quadratic form Y'QVVlQVY can now be developed.
b..b
Recall that V1 = Vlvl’ then
b. o _ obo=l. o=l -, -1
VlQVY = VlV (I-X(X'V "X) X'V )Yy
= VgV_lY - V?V_lX(X'V-lX)—X'V-lY. (A.1)
Observe that VPV 1Y = Vb-CMATX((a 1. +aJ.)Y.)
1 1 o hi i hi’ "hi
= CMATX(nl/2 J .(a I, +aJ )Y, )

hi "hi‘ o'hi i"hi “"hi
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/

= CMATX(nl 2(a + a 1™h )J )

hi hi

1/2

= CMATX(b (ao + alb)yhitlhi)' (A.2)

Also observe that

b, -1 rwlvy Ty 1y~ =b- v lyy " oy,
V.,V "X(X'V X) X'V lY VlV lX(X V 7X) RMATX(Xhi) CMATX((aoIhi+a

b )Y, ;)

1'hi

= rovPy L '
= ﬁivlv CMATX(Xh $ ) (€ (a T Ha 3, DY, )

= b, -1 '
= ﬁ?vlv CMATR(X 131 CXpy (@ Ty % Ty ) Yg) o

(A.3)

Note that X ;:CXpy = [X vi01:X vy0p K vgrg7K 1g0,]

[0 0 o 0 X i
0 0 0 0 X io

0 0 O 0 Xhi3

-1
0 0 0 r -BDMATX(boIb+b1Jb) Xhi4

L e ot

. -1
= Xpryrg(r ToBDMATX( I + b J DX .,
= xh 4"BDMATX(b T, + b J)X

-1
=T X3, F 00K g

= r_l(B I

o' b + leo)'

Then A.3 becomes

= ZVbV-l°CMATX(r_1(b L +b,J)(a I +a,J
h 1 o

i h’i')Y

')

h'i' h'i

_ bo-1 -1
= hvlv CMATX(r T, v, 1Y 14 0)

o bo-1 -
= Vv omaTx(r 1Y+i)



From (A.2) and (A.4)

CMATX(r 1b1/2 a0 + a b)J

-1.1/2
CMATX (v lb (ao + alb)y+i+lhi)'

ki +i)

b 1/2 -1

V. QY = CMATX(b (ao tab) vy - T VL) .

Therefore Y'Q. V.Q Y = ZZ(a + a b) (y - r_l )2
A S A hi+ Y+i+
-1 -

' - - -

Similarly — ¥QuQyY iiﬁ(a Yaig F AThtr T BVary T T 2Yass)
= zzza (y - )2 + zza (2a + a b)

hij

Sy Ty )
Thi+ i+

hij - r y+1;|

2

The tr(vilevl) now is developed.

From (3.4.2.21)

4 -4 2
tr(QVV1 l) l(rab-—q) - Zal a2(2§(a0+al)b -agq- ﬁi(a +alb)t
~4 4
+ aq (ZZ(a + 2a a_ +a b)b - 2(a q+ZZ(Za a +3a a b+a
1 1 1
h1 hi
2
+ Iz zz (a’t +2a (Za a b)t Tty s
hh'ii' © lh'i'hi 121720 1"hs
+ (2a a1 b)(2a al+a1b)t3 , .))
h'i'hi
where qQ = R(X),
= '
Chi = FTCCK 015040
- 1
= tr (X% 191
= tr(Xh 4 'BDMATX(b I l+b J Xh14Jhl)

hi

(A.4)

2

)
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bz)t
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Finally, observe that t =01if 1 # 1i', then for i =

3h'i'hi

-2 2.2
= b +b.b .

Therefore, from (A.5), (A.6), and (A.7),

tr(QVVlevl) = ai(rab—q) 14 2(ra(a +a )b - aq

ar(r-l(bo_blb)b)(a°+alb))

+ _4a2(ra(a +2a a b)b

“1 1

2 2 2 3,2 -1
2(aoq+ra(2aoal+3a°alb+alb Y(r (bo+blb)b)

+r a(a (r lb(b +2b b +bib))

1
+ 2a_(2a +a.b)r 2(b +b.b)%b
o o 1 o 1

2 -2 2.2
+ a1(2a°+a1b)(2ao+a1b)r (bo+b1b) 7).

Also, from (3.4.2.22) and (A.5), (A.6) and (A.7)

tr(Q,V,Q,) = (zz(a +a,)b - a ,drta;(a_+a b)r (b0+b1b)b)
hi hi
o2
aq 2(ZZ(a +2a°al+a b)b

2(a q + ZZ(Za a +3a a2b+a b Yo (b +b_b)b
hi 1 1 o 1

+ II Z(aor b)(b +2b b b)

hh'i l

) 2
+ Zao(ao+alb)r (bo+blb) b

2 -2 2.2
+ al(230+alb)(2ao+a1b)r (bo+blb) 7).
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Finally, from (3.4.2.20) and (A.5), (A.6) and (A.7)

tr(QVQV) = Zz(a +2a a1 b)b - 2(a q+ZZ(2a a +3a a b+a b Yr (bo+blb)b

hi hi 1

+ a(z)(zz £(r™ (b(b 210p by#] 2,5
hh'i

2 -2 2
+ 2a0 Lz Z(Za a 1b)r b(bo+b1b)

hh'i 1

+ I Z(Za a

b)(Za a_+a b)r b (b +b b) .
hh'i 1

1" o1

If there are missing split plots, then in order to compute a
generalized inverse for X'V_lX, it is first necessary to compute a

generalized inverse of the matrix

\ ]
fi(a oFhia%nis T 2514 ni%nis) -

This matrix is a block diagonal matrix with blocks

Bi = r(aoI*i + aiJ*i)

[
6hi 0
where I* = 62 is a b x b matrix with zeros or
i hi
ones on the diagonal,
b
5] cer <2 b
hi [dhi 6hi cee shi]
2
6hi
and J*i B . is a b x b matrix with zeros or
Gb
] hi_ ones.

Observe that I, has nhi ones on the diagonal.



i
-1 -1
and bi = -aa (Siai + ao) , where 61 is the number of split-plot

R . -_ -1
A generalized inverse of B, is Bi =r (boI* + biJ*)’ where bo

treatments in the ith whole plot.

Therefore, a generalized inverse of X'V_lX is

0 0
C= (X'V 'X) =
-1
0 r " BDMATX(b L., + b J,.)
2 2
where bo = az and bi = al.
The quadratic form Y'QVV1QVY can now be developed.
b b
Recall that V1 = Vl 1° then
vPo.v = vovly - vbv‘lx(x'v'lx)'x'v‘lY . (A.9)
1°v 1 1
Observe that
b,-l, b
vby y - V) QUATX(a I, +aJ, Y, )
= CMATX( ~1/2; (a I .+a.J. )Y, .)
"hi “hi‘%0 hi%ihi’ Thi
= CMATX(n“l/2 (a +a.n, )J )
hi i hi’ "hi h1
= onatx(n 2 (@ +an )y, 1) (A.10)
"hi o ci"hi’ hi+=hi’ » y

Also observe that

b - v~ Loy Tty '
v,V lX(x v lX) v ly zzvlv lXC(x (a Ih +a, Jh )th)

hi

-1
LIV V CMATX(Xh,i,)CX};i(aoIhi+aiJhi
hi

Y, 5

oy

b, -1
Eivlv CMATX(X, , ;. CX! . (a I, .+a J, )Y

hi)4

(A.11)



. Note that

Xl'l'i'cx't'xi

b

= Xh.i.4(r

-1

0

0 r -BDMATX(b I, +b

l

o hi

)

-1
-BDMATX(bOI*i+le*i))xhi4

hil
Xni2
Xhi3
Xhid

taidni) Vg

it Thriries)

=r th,i4-BDMATX(boI*i+b1J*i)Xh14
- th INCRA +b )xh "
. = Y(b 1. +b.J. )
o8, 18,7
1 1
Then (A.11) becomes
= zvbv'l-CMATX(r'l(b I +.J Jal
1 o , i .,
h i i
= ovPv l.oatx(r I (b a I .+(b a.+b.a +a.b
h1 o o hi oi io 1ii
b - -
= V.V 1-CMATX(r lIh,i,Y ryr)
h
_ bo-1 -
= V,V ~-CMATX(r 1Y+i)
- QATX (e 1n71/2 (a*ay,m () )
nh" 'hl
= CMATX(r /2(a +a,,n )y
i h'i! +1+£h

b B -
VlQVY = (MATX (nhi

1/2

From (A.10) and (A.12)

(a +a.n
[o] 1

hi’ Onis”

I'

y+1+

)1

nE

129017 Yhe)

118
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2 -1 2
' = ¢ -
Therefore, Y QVVIQVY ii”ao+ainhi) (yhi+ T y+i+)
Similarly,
Y'QuQ,Y = rrza, 2y, oty 0+ Iza;(2a +am ) (y 7y, )2
V'V hij +ij hi+ +i+

hij hi

The tr(QVVlevl) now is developed.

From

£r(QuV,Q,Y,) = o (ZEn, . -q) - 20 “a2(zz(a +a)n, . -
T(QyV1QyVy) = oy LEny379) - 2ay ey ZE(8,%8 )0y T 30

- 2
zz(a +a, n )thi) + al az(zz(ao+2aoal+a n )nhl

hi hi
- 2(a q+fz(2a2a +3a ainh +a3n§i) h )
hi
+ Ir It (a of1n'1nit2a, (2a +a Mg )t ton i Thi
hh'ii'
*agap(Zagrany 0 Qagtam Dty ipg))
where q = R(X),
and hi = KT %)
= o (X X 9ny)

= tr(Xh 4 BDMATX(b I, +b, J )Xh14 hl
1

_ -1
" gt Ogly ¥03 Ty MKgadyy)

_ -1
= tr(r (boISi+biJGi)Jhi)

-1
r (b0+binhi)tr(Jhi)

I

r"l(b +b.n
o

iPhi (A.13)

oy
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Observe that t =0 if i # i', then for i = i’

1h'i'hi
Eihtiht = ETCCKL X CX K ey)
e (X 05 O %01 )

-1 -1
tr (XK ry3(r 70T, +biJ*.))Xhi3Xhi3(r (boI*i+biJ*i))Xhi3

= £ 72 (b H, | #b, T, )(b I .7 5))

= r_z(tr(biIh,i+(2bobi+binhi)Jhi)

= £ (p242b b +bon dn (A.14)
Also observe that Con'ithi = 0 if i # 1', then for i = i’
Eoh'ihi ~ r-l(bo+binhi)2nhi'
Finally, observe that tan'i'hi = 0 if i # i', then for i = i’
E3nrint T r-z(bo+binhi)2n§i (4.15)

Therefore,

4 -4 2
tr(Qy¥,QyVy) = al(ﬁinhi Q) - 20 GZ(Ei(bo+ai)nhi

ZZ(r—l(bO+b.n

o3 1™n1)Phi) (3ot 4))

+ a 4 (ZZ(a +2aoa +azn

@1 % $hi)n

hi

2 2 32 -1
2(a q+ZZ(2aoa +3a a'n, ,+a’ i° Y (r (b0+binhi)yhi))

hi i hi hi

+ I 2(al (T (bo+2b b +bon, On,
hh'i © o oi i hi’ hi



Also,

tr(Qv lQV)

Finally,

tr(QVQV)

121

+ 2a (2a 4+a.n, )r (b +b.n

i®hi »n

i"hi’ Thi

2 -2 2 2
+ a (2a°+a n )(2a +ainhi)r (bo+binhi) .

-a qZZa (a +a, i )r (b +b.n )n )

oy (22(3 tagin i"hi

hi h1

(zz(a +2a a +a i®h )nhl

2
*1%2 hi

2
2(a q+22(2a ai+3a an, +a nhi)r (b +b n

hi

+ T z(a i 2(b2+2b b +b P )nhl

hh'i

1®hi’™hi

-2 2
+ Zao(ao+ainhi)r (bo+binhi) n .

2 2

+ a (Za +a.n )(2a +a.n, . )r (b +b.n hi) nhi)'

i"hi i hi

2
= ZZ(a +2a0a .+a’, nhl)nhi

hi

2 2 32
2(aoq + ii(Za a, +3a o3y iPhi +a’, nhl)

+ a 31 z(r'z(b2+2b b,+b?nh,
(] hh'i (o] o 1 1 1

-1
(bytbymy Iny g
)nhl

+ 2a I Z(Za a, +a 1M e (bo+b.n )2n

hh i i hi hi

2 2 =2 2 2
+ IT Z(Za a, +a n )(2aoai+ain r (bo+binhi) n -

hh'i ihi hi
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DIMNENSION TT(4)eT(4)

REAL®8 T1T/* Xx*/

REAL LALE30)elLA2(30)eLA3(30)eYALI30) LA SS)

OI MENSION xl3°.30)-v‘(3°.30).v1(30030)oQV(JO-JO)-'(BOnao)
DIMENSION G{30630)+0P(30+30)4A(30430) +POX(30430)
OIMENSION U1(30.30)

OI MENSION YiT2) e 2(144) s RN(44)¢5(2+2)+DELTA(2) 2 ZA(72)+Q1(72)
DIMENSION S1(2,2)

DIMENSION AV1 (3030)+AQV(30¢30)+AS(262):A51(2.2)
DIMENSION U(1000)

DIMENS 1ON WU (200)

INTEGER ReCsCAINB(20)¢BLPR(10)

INTEGER 8(30).wP(30)¢SP(30)

INTEGER NR/30/¢NC/30/+N37307

CALL SCLPAR(PR.(T:ITM.KTN-XIoxz.CONSf.R.X-NR.NC.BL.NB.CoCA)
NJ1C=CA~C

DO 70 I=] 4R

DO 70 J=ie.NULC

Ui (Jdel)mX(EeC+d)

X1 i=mX}

X12=X2

CALL INTIAL(1)

IDIST=PR( 10)

Ce&ss END GENERATE RANDOM ERRORS

CALL - SCRNY(Y ¢ZeRoIDIST)

CALL  SCRNY(YAl4ZeReIDIST)

CALL SCAB(YAK-UI.I-NUIC.R.YAI.Z.l.NR.NR.NR-loNR.NR.l)

D0 83 JJ=m|i.R

YC¢JIImYLJII*YALCIJ) .

CALL SCSNI(XovaVIoQVo..G.R-C.NRoNCoBL.NB'ZoZAoS-S‘oXloXZoCONST)
IF(PR(9)<EQel) GO TO 66

D0 99 KI =1,1ITN

C*s% NMINQUE ESTIMATORS
C*¢x CONPUTE MINGQUE

602

c v
99

108

YYAmFQF (YeVieReNRoNR)

YY2uEFQF(YeQVeRoNReNR )

X1 1=VYY1€SI(Lle2)eYY2%SI(1,2)

X128YY18SI1(12)¢YY2¢SI(2,2)

WRITE(34602)X11eX12

FORMAT(2F10e6)

CALL SCSNl(x.VI.vx.Qv.u.G.R-C.NR.NC.BL.NB.Z.ZA;S.SI-
X11eX124CONST)

SS=QVEVIEQVY 4 QVII=QVRQV

CONT I NUE

IF(PR(9)eEQ.2)X1=X121

IF(PR{9)eEQe2)X2=X12

CONT I NUE

CALL RSTART(S63,542)

READ(6¢2.END= 106 )(LA(I)eI=1.C)

ITA=Q

NOF=Q

FORMAT (40F2.0)

CALL SCVI(VIReX1eX2eBLaNBsNRNR)

CALL SCATB(XQVIQCoRoRQ'..AoNR.NC-NRQNRQNRQNRQl.l)

CALL SCAB('QXCCORDC.G.“A.NR.NRONR.NC.NCONCOl.1)

CALL SCGI(GeColWo TR1¢ZA0ZsCONSToNCoNCo NR»NR)

123
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CALL SCAB(VEeXeReReCo WeWANReNReNRoNCeNR¢NRel 1)
CALL SCAB( WeGeReCeCs WeZosNRosNReNCeNCoNRsNReNRs 1)

CALL SCABLWeLARsCel9QleZeNReNRoNRoleNRe1olol)
CALL SCVI( AeReBLoNBsNRJNR)
QVIQsFAF(Ql s AsRo NReNR)
CALL SCI{ A+R+NRoNR)
QA®F GF (Ql e Ae ReNRoNR)
AABQV1Q*X]1+#QQ®X2
B8=28(QVIQsAVIQ*SI(1.1)+QQ%QQ*SI(2.2)+2%QV1Q*QQ*SI(1.2))
AL2AA®S2/88
BE=B8B/AA
OF F=2sAL
WRITE(3¢43)DFF AL ¢BE o (LAIKI) sKI=14C)
3 FORMAT (//* DEGREES OF FREEDOM * Fl15.1//7' AL=*,Fl15.6//
s BE=® F185.67/7
* * LAN'*/2(30F4.0))
IDF=OFF + L,05
DO 1060 I=1.1T7T
Cess END GENERATE RANDON ERRORS
CALL SCRNY(Y+ZeRe10DIST)
CALL SCRANY(YA1eZsNUIC,I101ST)
CALL SCAB(YALeULeleNULICeReYALeZe1oNReNReNRe1oNReNRs 1)
DO 84 JJu=]l R
84 YJIIBY(IIIEYAL(JI)
Cess® MINQUE ESTIMATORS
YYI=FQF (Y eV1eRoNReNR)
YY22F QF (Y s QV o Re NRe NR)
YAnYY18SI(lel)+YY28SI(1.2)
Y2oYY1$SE(1,2)+YY2851(2.2)
CALL SCVI(VIeRsY1eY2+8LeNBeNRINR)
CALL SCATB(XoVIsCoReRoWsWAINRINCoNR:NReNRoNRel 1)
CALL SCAB(WeXeCoReCoGeWAINRINReNRoNCoNCoNColsl)
CALL SCGI(GeCoWeTR10ZA0ZeCONSTeNCoNCe NReNR)
ALPLEFQF (LAe GeCoNRoNR)
WRITE(3+609)ALPL
609 FORMAT(® Z=VALUE*+F10.6)
CALL SCABUVIeXeReReColl sWAsNReNRsNR¢NCoNRoNRolol)
CALL SCAB(WeGoReCoC oo ZoNReNRoINCoNCoNReNRoNRo 1)
CALL SCAB(YeWeloeReCoQloeZol sNReNRosNRsl vNRels1)
CALL SCAB(QlslAe1+CelsBLAZeloNReNRolLoslololol)
TY=8LA/SART(ALPL)
PROB=PRGT(TVIDF)
WRITE(3.610)TV.PROB
610 FORMAT{® T~VALUE® ¢Fl10.6¢° PRUBABILITY*.F10.6)
IF(PROBeLTe 2025 «ORePROB «GTe +975 ) NDF=NDF+1
IF (CDGAMA(ALPOF ¢ ALLe BE)oeLEs 04)GO TO 100
ITA=ITA+]
UCITA)SCDGAMA(ALPL e AL 4 BE)
100 CONTINUE
GO TO 108
106 CONT INUE
WRITE(3+600) NOF
600 FORMAT(* N R=*4,15)
Cess GUOOONESS OF FIT TEST
CALL SCCDF{Ue1e¢6:1iTAL2)
END
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OIMENSION TT(4)eT(S)
REAL®S8 TIT/* X*/

REAL LAL1(30)sLA2(30)+LA3(30)eYALL30)sLA(4S)

DINENSION X(30+30)eVI(30630)eV1(30630)9QV(30630)eW(30.,30)
DIMENSION G{30+30) +0P(30+30)¢A(30:30) +POX(30630)

DI MENS ION UL(30.+30)

DIMENSION Y(72)+Z(144) RW(S4)e5(262)+DELTA(2) +ZA(72).Q1(72)
DIMENS ION SlI(2+2)

DIMENSION AV (30430)+AQVI(30430)0AS(262)eASI(2.,2)

DIMENSION U(1000)

DIMENS ION WV (200)

INTEGER ReCoCAINB(20)eBLIPR(10)

INTEGER B8(30)+wWP(30),SP(30)

INTEGER NR/30/+NC/30/7eN3/730/

CALL SCLPAR(PReIToITMoITNeXL eX2¢CONST sReXsNReNCsBLINBeCoCA)
NU1C=CA=C

Css CAOMPLTE UL

70

C POX

C END

[ 2 2 J

83

D0 70 I=1.R

08 70 J=l.NULIC
ULll{JeldaX(1eCed)
CALL INTIAL(1)

CALL RSTART(563+542)

CALL SCATA(XeReCAsGeWoNReNCeNCoNCeNRe NR)

CALL SCOI(GsCAeW sTReYsZoCONST ¢ NCeNCoNRsNR)

CALL SCAB(XeGeReCAsCAsWoWAINReNCoNCoeNCeNRoNReol1o1)
CALL SCABT(W X sReCAeRell e YeNReNReNReNCoNReNReNRe 1)
CALL SCI{QVeReNReNR)

CALL SCAMB(AVsWsReRePOXeNReNReNReNR ¢ NRe NR)

POX

X1i1=X}

X12=Xx2

IDIST=PR(10)

GENERATE RANDOM ERRORS

CALL SCRNY(YeZeRIDIST)

CALL SCRNY(YALlsZeNULIC.1IDIST)

CALL SCAB(YAL«UL o1 eNULCoReYALeZo Lo NRe NRoNRe L s NReNRs 1)
DO 83 JJ=1eR

Y(JIIZY(JIIEYAL(JI)

Cxs& END GENERATE RANDOM ERRORS

IF(PR(9)<EQel) GO TO 66
D3 99 1I=1.1ITN

Cxex COMPUTE MINQUE

c vi
99

66

YYL=FQF (Y s V]l s Re NRs NR)

YY2=FQF ( YeQVeReNR s NR)

X11=YY1%SI(le1)+YY22SI(1e2)

X12=YY18SI(12)+YY2%S1(2.2)

CALL SCSMI(XeVIsVieQVeWeGoRsCeNReNCeBLINBeZosZAsSeSi,
X114X12¢CONST)

23=QVEV1IEQV  + QVII=QVEQV

CONT INUE

IF(PR(9)EQe2)X1=X11

IF(PR({ 9)«eEQs2)X2=X12

CONTINVE

10PT=PR(7)

NY 1=0
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Cese

84
[« 2 2
Cess

Cexs
151

182

Cekx

150

as

NY 220
00 100 I=1,.IT
Gl=0e
G2=0
00 85 J=1,ITM

GENERATE RANDOM ERRORS

CALL SCRNY(Y+2ZoR.1D1IST)

CALL SCRNY({YAL+Z+NULCLIDIST)

CALL SCAB(YALeULloloeNUICoRoYALeZe1oNReNReNRs1sNReNRo1 )
DO 84 JJ=1R

Y{JIIBY(IJ)4YALLIJ)

END GENERATE RANDOM ERRORS
MINQUE ESTIMATORS

Y12FQF (YoV1eRoNRINRI®*SI(1e 1) +FQAF(Y2QVeReNR+NR)ISSI(1,2)
Y2IFQF (Yo VieRINReNRIESI(142) ¢FQF (Y. QV sReNReNR)IES I (2, 2)
GO TO(150+151152)10PT

RESTRICTED MINQUE ESTIMATORS

CONTINUE
IF(Y1eLTe0eINYI=NYL+]
IF (Y1 eiTe0edYLi=0.
IF(Y2el.T0INY22NY2¢+ 1
IF(Y24LE40)Y2=0.01
GD TO 150

CONT INVE

PeSeD MINQUE ESTIMATORS

Y2=FAF (Yo POXes ReNRoNR) /TR

YIZ(FAF(Y ¢Vl sReNRe NR)=Y285(162) )/S{1l0e 1)
IF(Y1elTeQeINYLIENYLI®]

IF(Y1lelTe0Qe)Y1i=0,

CONTINUE

CALL SCVI(VIsReY1eY2sBLoNBJNRJNR)

CALL SCATB(XeVIsCoReReWoWASNReNCeNReNReNRsNRo 141}
CALL SCAB(WeXoCoRoCoGoWAGNRINReNReNCINCoNColol)
CALL SCGI(GeCoWeTR10ZAeZoCONSToNCeNCeNR+NR)

CALL SCAB(VI ¢XeReReCoe WeWASNRINReNReNCeNRsNRe1¢1)
CALL SCAB( WeGoeRosCsCo WesZsNReNRoNC¢NC oNR ¢NRoNRo1)
CALL SCAB(YeWeloReCoQloZolsNReNReNRel1oNRels 1)
G1=Gl+Ql(1)

G2=G2+Q1(2)

GlaGL/FLOAT(ITM)

G2=RG2/7FLOAT(ITN) -

Uili=aGl

Cesx HISTOGRAM

100

CALL HSTGM(G10G2¢G3+G64¢142)
CONT I NUE

C¥x& GRAPHS

20

24

22

CALL GETPCT(IT,.9)

WRITE(3+20)

FORMAT(1H1+16Xe® BO0®s24Xe® BL%e24Xe* B2*,24Xs° B83°)
CALL PRNT(1.+20)

WRITE(3.21)

FORMAT (1H1420Xe * GRAPH OF BO*'//)

CALL GRPH(1.1)

WRITE(3s22)

FORMAT (1H1 420X+ *GRAPH OF B1°%/7)

CALL GRPH(1.2)
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WRITE(3.2¢)
24 FORMAT (1H1+®* MOMENTS®)

CALL RAWMOM(1.1T)

WRITE(3s LINY1eNY2
1 FORMAT(*INY1=®, 16+ NY2=°,16)
Cxs® GOODNESS OF FIT TEST

CALL SCCDF(Usle4e¢1Te2)

END
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129

DIMENSION TT(4).T(4)
REAL®8 TIT/* Xx°/
REAL LA1(30)+LA2(30)¢LA3(30)eYAL(30)elALAS)
DIMENSION X(30430)sV1I(30630)eV1(30:30)+QVI(30¢30)+W(30+30)
ODIMENSION G(30430)¢0P(30e30)¢A(30+30)+P0OX(30+30)
OIMENSION U1(30.30)
ODIMENSION Y(72)e2Z(144)sRU{44):5(262)eDELTA(2) +ZA(72)4.Q1(72)
QIMENSION SI1(2.2)
ODIMENSEON AV1(30+30)+AQV(30:3000AS5(262)+ASI(2e2)
OIMENSION U(1000)
DIMENSION UU(200)
INTEGER ReCoCAINB(20)¢BLPR(10)
INTEGER B8(30),4P(30)+5P(30) :
INTEGER NR/30/:NC/30/eN3730/
CALL SCLPAR(PRoIToITMeITNeX]l eX2sCONST ¢sReXeNReNCoBLoNBoCeCA)
NU 1C=CA-C
DO 70 I=1.R
DO 70 J=i.NULIC
70 Vi lJe L)X KeC+J)
XX=X1
Xy=x2
X1 l=Xx1}
X12=X2
CALL INTIAL(1)
IDIST=PR(10)
CALL RSTART(S03.542)
10S READ(6:2+END=106){LA(I)eI=14C)
ITA=0
NOF=0
DO 100 I=141T
Xl=aXX
X2=XY
Cx&® END GENERATE RANDOM ERRORS
CALL SCRNY(YsZeR+IDIST)
CALL SCRNY(YAleZeReIDIST)
CALL SCAB(YAL3sUl ¢1 +NUICsReYAL eZs1 e NReNReNRs1sNReNRo 1)
00 83 JJu=]l.R
a3 Y{JIIZV(JII)YALIJ)
CALL SCSMI(XeVIeV1isQVeWsGeReCoNRoNCeBLONBGZsZA0SeSLeX1eX2,CONST)
IF (PR(9)«EQel) GO TO 66
00 96 KI =L .ITN
Cesx MINQUE ESTIMATORS
Cxxx COMPUTE MINQUE
YY IZFQF (Yo V1eReNReNR)
YY22F QF (Y ¢ QV » Re NRe NR)
XLI=YYAESI(Llel)+YY2%SI(L42)
X12=YY18S1(162)+YY28SI(2,2)
WRITE(3+602)X11eX12
602 FORMAT(2F 1046)
CALL SCSMI(XeVIeV91eQVeWsGoReCoNRINCoBLINBeZeZASeSI s

* X11leX124CONST)
C V1 33=3QVEV1I®QV , QVII=QVEQY
99 CONTINUE

IF(PR(9)+EQe2)X1=X11
IF(PR{9)EQe2)X2=X12
66 CONTINUE




6409

610

100

106

600

130

FORMAT (40F2.0)
CALL SCVI(VIsReX10X2eBLoNBsNReNR)
CALL SCATB(XsVIeCoRIReWsWAINRINCoNRsNReNReNRe 10 1)
CALL SCAB(WeXeCoReCoGeWAINRINRINRoNCoNCoNColol)
CALL SCGI(GeColoeTRLIeZAeZsCONST+NCeNCeNRe¢NR)
CALL SCAB(VIeXeRoReCo MeAsNReNReNReNCoNReNRels1l)
CALL SCAB( #+sGeReCoeCo WeZeNRosNReNCoeNCsNReNReNRo 1)
CALL SCAB(WesLARCol sQLloZoNRoNRsNReLoNRel1s101)
CALL SCV1I( AeR+BLeNB+NRNR)
QV 1Q0=FQF (Gl ¢ AeRe NReNR)
CALL SCI( A+ReNRsNR)
QU=FQF(QLlsAsReNRsNR)
AA=QV] Qe X1 +QQEX2 :
BB=2%( QV1IG*QAVIQESI(1.1)+QQ%QQAsSI(2,2) +2¢QV1IQ*QQ*S1(1.2))
AL=AA®S2/ B8
BE=BB/AA
DFF=2¢AL
WRITE(3¢611)DFF oAL+BE
FORMAT(® OF®* 4F10e60°® A®oF10e6e® B*eFl10.6)
IOF=DFF + <05
YY1=FQF(Ye V1 s ReNRoNR)
YY2BFQAF(Y+sQVeReNReNR)
Y1 YYL14SI(lel ) ¢YY2%S51(1.2)
Y22YY18SI(1e2)¢YY2%S1(22)
CALL SCVI(VIeResY1sY2:BLoNBoNReNR)
CALL SCATBIXeVIeCoReRsWoWANRINCoNReNReNRoNRe 11)
CALL SCAB(WeXoCoeRoCsGoWASNRsNRoNReNCoNCoNColsl)
CALL SCGI{GeCoWeTR19ZAe2Z¢ CONST s NCoNCe NRoNR)
ALPLIFQF (LA« GeCoNR+NR)
WRITE(3:609)ALPL
FORMAT (* Z~VALUE® +F1046)
CALL SCAB(VIeXoeReReCol sWASNRsNRNReNCsNRoNRo1el)
CALL SCAB(WeGeReCoCoWeZoeNReNReNCoNCoNRe NReNRy 1)
CALL SCAB(YeWeloReCeQloeZol s NRoeNReNRsl oNRels1l)
CALL SCAB(QlelAcleColeBLAsZo 1eNReNRsLololelol)
TVEBLA/SQRT{ALPL)
PROB=PRGT(TV,1DF)
WRITE(3610)TV.PROB
FORMAT(®* T=VALUE® ¢F10.6+¢° PROBABILITY *Fl0.6)
IF (PROBelTe ¢025 ¢ORPROB oGTe ¢975 ) NDF=NDF+1
ITA=ITA+]
U ITA)=PROB
CONT INUE
GO TG 105

CONT INUE
WRITE(3+600)NDF
FORMAT(®* N R=%*,[5)

Ce*% GOODNESS OF FITY TEST

CALL SCCDF(Uels6eITAL2)
ENO



(e NeNaNel

[ WL 4

[ X N3]

209
210
220

203
202

33

SUBROUTINE POOL (UsN2, ML o ILeNSAM.W)

POOL AND FANK U=V ALUES

CIMENSION U(1000)s W(1000)
M3 = N

NL = ML ¢ N2

DO 2 1T = 1,4N2

w(M3+1) = U(I)

IF (ANSAMeGTelIL) GO TO &
CALL RANK(wWoNL)

WRITE (3.1}

FORNMAT (//410X,*POOLEL AND RANKED U*'S*)
CO 4 I = 1N

WRITE (3.%) I.w(I)

FORMAT (T2.:144%=" ,F1244)
RETURN

END

SUBROGUTINE RANK(U.N2)
SUBROUTINE RANK(U.N2)

OIMENSION U(1000)
Mi=N2~-1

DO 202 I=1.Mt
Ki=1+1

DO 203 J=mK1,N2

IF (UCT)=U(J)) 210+210.220
GO TO 203

Z1=u(n)

Ut )=uty)

U(s)i=21

CONTINUVE

CONT INUE

RETURAM

END

SUBROUTINE SCGI(GeMesOsTR Do WK CONSToNL N2y N3oNA)
DIMENSION GC(N1eN2)s0(NIsN&),D(1),wx (1)
CALL SCI{(CoMeN3 Na)

CALL LSVOF(GeN1lsMeMeCoAIoMeDo WKoIER)
CALL SCSVIN{(D+MWK,CONST)

CALL SCODCP(GeDeOoMe WK oMMy N1 N2, N3 4N&)
TR=0e

CO 33 I=t,¥

IF(D(1)eNEQeOe ) TR=TR* 10

CONT INVUE

RETURN

END
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e XaNaXal

(e XN}

791

SUBROUT INE TESTS(U.N2)

SUBROUTINE TO COMPUTE TEST STATISTICS FOR UNIFORMITY, U2,NS2,

COMPUTE ANEYMAN SMOOTH TESTS: NS2¢ NS3.NS4
IMPLICIT REAL®8(A=H,0-2)

REAL®4 U(1000)

Pl1=0

P12%0

00 1 I = tsN2

PIt = FI1 ¢ (DSQRT(12C0))%(U(T) =o5)

PI2 = PI2 4+ (DSQRT{(S.DCII%{ 62(U(I) = o5)*82 = ,5)

P13 = PI3¢+ (DSQRT(7C0))(20%(U(]) = o5V*%3 =3(U(]I) ~e5))
PI4 =2 2108C(UCI) = «S)I*84 «~ ASH(U(L) =o5)%%2 ¢+ S4/8 +PI 4
AS2 = (PI1%%2 ¢+ PI2%22)/N2

AS3 = AS2 ¢ PI3*%2/N2

AS4 = AS3 + PIax%x2/N2

COMPUTE WATSON STATISTIC: u2

NS = 10/12e/N2

DO 7 I=1.N2

WS = WS + ({ 2%l = 1 )/2e/N2 = U(I)I%%2

USQ = D060

00 7S1 I = fsN2

usa = uUsa + u(I)

USQ=¥WS = N2*({USQ/N2 = 0eS )%%2)

u2 2 (USQG=001/N2¢0e1/N2/N2)3(1,0+0e8/N2)

WRITE (3+5)

FORMAT(// s TX s *WATSON U2° 34X e *NEYMAN SMODTH 2°¢:8Xe*NSI® 47X,
RXINSA,12X, *NUMBER OF Ute g

WRITE (3+6) U2,AS2,AS3¢ASALN2

FORMAT (/735X eFl10685eTXeF1005+:8XeFBe8e2XesFBe8es9Xs1S5,4/)
RETURN

END
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C
Cc
[

C

(s Ns X3

non

0N

1

101

171

202

201

300

133 .

SUBROUTINE TRANS(X,NsNF,U.MQD)
CIMEASION xX€(100),U(100),2¢100)
GO TO (12¢3¢4+¢5+64+7) » MOD

SCALE PARAMETER EXPONENTIAL CLASSe MOD = 1

SUM1 = 060

SUM2 = XxX(1)

D0 101 I = 24N

SUM1 = SUML ¢+ X(I=1)

SUM2 = SUM2 ¢ X(I)

U{l=1) = 1 = (SUMI/SUM2)%%(I=1)

GO YO 200 .
ONE PARAMETER (LOCATION) EXPONENTIAL CLASS o MOO = 2

CALL SOR(XoNsT1 +2)

N2 = N=1

DO 161 I = 1.N2

u(r) = | = EXP(TI=Z{(I))

GO TO 200

TWO-PARAMETER EXPONENTIAL CLASS, MOD = 3

CALL SOR(XeNe T142)

N1 = N=1

SUM1 = 0.0

SUM2 = 2(1) - T1

00 171 1 = 2,N1

SUML = SUNML 4+ Z(I=t) - T1 '
SUM2 = SUM2 ¢ Z(T1) - T1

UlI=1) = 1 = (SUMLI/SUM2)®e(T-1)

GO TO 200 ‘

TWO-~PARAMETER NORMAL CLASSe. MOD = 4

T = X(1) + X(2)

0O 201 I = 3,N

Tl = T1 ¢ XxX(I)

T2 = G060

CO 202 v = 1,1

T2 = T2 & (X(JH) = TI/1)e%2
A'(SQHT(!‘Z.))‘(‘(X)-T‘/l)/(sanT(ABS((I-lo"TZ/!‘(X(I"TI/‘)“Z,"
UlI=2) = FRGT(A,I=2)

GO T0 200

TWO-PARANETER LOGNORMAL CLASSe MOD = §

CO 300 I = 1N
X(I) = ALOGIX(I))
GO TQ &

TWO~-PARANETER UNIFORM, MQD = &

T = x{1)

T2 = x(1)

CO 601 I = 2,N

IF (TleLEeX(I)) GO TO €01



anon

601

602

604
603

606
608

20

21

22

11

10

14

15
13

17

18
16

19

613

200

T1 = xXt1)

CONTINUE

CO €02 I = 2N

IF (X(I)el.EaT2) GO TO €02
T2 = X(1)

CONTINUE

PO 603 I = 1.N

IF (X{1)eECeT1) GO TO €04
GO TGO 603

110 = 1

CONTINUE

0O 60% 1 = 1N

IF (X(I1)eECeT2) GO TO 606
GO TO 60%

120 = 1

CONT INUE

1IF (120-110) 20.,20.,21
IMIN = 120

IMAX = 110

GO0 TO 22

IMIN = 110

IMAX = [20

IF (IMINGEQe1) GO TO 10
IMINL = IMIN - 1

DO 11 1 = 1, IMINI

Z(1) = xX(1)

IMIN2 = IVMIN ¢ 1

IF (IMAX = IMIN) 13,13.14
IMAXL = IMAX = 1

D0 1S I = IMIN2, IMAXI1

Z(1=1) = x(I)

IMAX2 = IMAX & 1

IF IN = IMAX) 16416417
IMAX2 = IMAX + 1

DO 18 I = [MAX2, N

2¢1 - 2) = X(I)

N2 = N = 2

DO 19 I = 1.N2

uwrI) = (2¢1) - T1)/(7T2 = T1)
GO TO 200

TWO=PARAMETER PARETO CLASS.

DG 613 I = 1eN
X(1) = ALOGI(X(I))
GO 10 3

RETURN

END

MOD = 7
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O0n

(s NaNaW)]

AONOOON

REAL FUNCTION PRGT#*4 (TVALUE,DF)
T=-DISTRIBUTION FUNCTION SUBROUTINE

IMPLICIT REAL¥8(A=H,0=2)
REAL*4 TVALUE
INTEGER OF

FOR DF<=20 COMPUTE EXACT PROB>|T]
REF: JOURNAL OF QUALITY TECHNOLOGY., VOL 4. NGod, 0CTe16872, P 196

TSO=TVALUESTVALUE
PRGT=1600
IF(DF 4L Toe 1 IRETURN
IF(TSCelLTe1sD=101GD TO 23S
v=0F

IF(DFeGTL20)G0 YO SO
IF(TSQeGTo1D081G0 TD 30

THET A=DATANC(DSART(TSG/Y) )

Mz=MOC (DOF,2)

T=DSINCTHE 1A)

C=DCOS(THETA)

IF(MeEQe0YGO TO 10
PRGT=10D0~24D0% THETA /34 141592653589793
IF(DF +EQe1 G0 TO 25

T=2,00%T*C/ 3141592653886 793

PRGT=PRGT~T
NT=(DF=M=2)/2
IF(NT(TL1)G0 TO 25
C2nCaC

O=M

DO 1S I=m1,NT
C=D+2,00
T=T*C2%(D=14D0) /7D
PRGT=PRGT=-T

IF(PRGT+GTe0401G0 TO 35S
PRGT=060

PRGT=PRGT/2.0
IF(TVALUECGE« 0 0)PRG T= 14 0=PRGT
RETURN

FOR CF>20 USE FISHER'S EXPANSION (FIRST 3 TERMS)
ABSOLUTE ERROR < 400002 REF: JOMNSON € XOTZ P, 102
*CONTINUGUS UNIVARIATE DIST=2' WHOUGHTON MIFFLIN COe 1S70

IF(TSCeGTe364D0)GO TO 20

T=DSQRT(TSE)
XST/(2.00‘V)*(TSQ¢I-DO-(3.D°0T$O*(5.DO¢TSQ#(7.D°—3000*TSQ)i)/
* (24.00*V)—(IS-DOOTSG'(3-00-T50t(6.000?$0t(chDO-TSO#(lloDO-TSO))
*® ) )V1/(96eCO%VEVY)
PRGT=DERFC(T/I.AI42!356237)GDEXP(-.9189385332-TSO/2.DO)#X

GO TO 25 .
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c END

END

sus

[a Mol

CPIT
DIME

CONT

(s XaNal)]

NL =

b0 8

100 FORM

wRIT

1 FORM

®0,2X
*QDE

MOD

NP WN -

ET&.
N =
NP =
NSAM =

CATA

NN NOOHOOD

102 FORM

NUL L

0onn

WRIT
821 FORM
00 8
822 WRIT
823 FORM
N2 =
721 CONTY
CALL
CALL
CALL
CALL
833 CONT
CALL
CALL
STOP
END

T-0ISTRIBUTION SUBFROUTINE

ROUT INE SCCDF(XeNSAM MODNoNP )

MODEL TESTING PROGRAM
NSION X(100),U(1000).w(1000),2(100)

ROL CARDS

]
33 IL = 1, NSAM
AT (31%)
E (3,1) NSAM,MOD
AT (/7 +SX*CPIT MOCEL ANALYSIS PROGRAM, ON THIS RUN WE ANALYZE

213e2Xs*SAMPLESs THE MODEL ASSUMED IS MOC = ¢, I3,°*(SEE MODEL C

IN PROGRAM) *)

IS AN INDEX FOR THE NULL MYPOTHESIS MODEL TO BE TESTED:
SCALE PARAMETER EXFONENTIAL
LCCATICN PARAMETER EXPONENT IAL
Te0—-PARAMETER EXPONENTI AL
TWO=-PARAMETER NORMAL
TUO=-PARAMETER LOGNCRMAL
TUWO=PARAMETER UNIFORM
TWO~PARAMETER PARETO
(ADD CTHER FAMILIES)
NCe CF OBSERVATIONS
NOs OF PARAMETERS
NUMBER OF SAMPLES., MUST BE SPECIFIED IN A PROGRAM CARD

INPUT
AT(F1063)
CLASS TRANSFORMATION

E (3.821)
AT(1HO+//«TT7+ *ORIGINAL DATAY")
22 1 = teN
E (3.,823) I.x(I1)
AT (T2,14,* =« *4Fl1244)

N-NE

INUE

TRANS (Xs Ne NP ,U,MCC)

RANK (U4 N2)

TESTS (UsN2)

POOL (UeN2¢NLos IL NSAM, &)
INUE

TESTS (WeNL)

EXIT
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SUBROUT INE SCX(XeBsWeSel eNToN2,BLNB.C,yCA)
DIMEASION X(N1,N2)

INTEGER B(1)sW(1)NB(1)¢BL,CsCALS(1)
INTEGER EMAX WMAX s SMAXeWABA
BMA x=8(1)

WMAX=W{1)

SMAX=S(1)

DO 1 I=2,L
IF(BMAXSL TeB(I) IBMAX=R(T)
IF(UMAXQLTeW(I) )WMAXaW(I)
IF(SMAXeL ToeS(I)ISMAX2S(]I)

CONT INVE

BL=0

WAEW(1)

BA=EB(1)

N=1

CO 2 I=2,L

IF(BAGEQeB(I) +ANDe WALEQewW(I))GO TO 3
BL=BL +1

NB(BL )=N

wWA=wW(I}

BA=8(1)

N=

GO T4 2

N=N+1

CONTINUE

BlL=BL+1

NB8(BL )=N

Mi=1

V2=V ]14¢BMAX

M3= 2 HMIMA X

MA=MISSMAX

MEEME PWMA X% SMA X

C=MS

CA=C +WMA X EBMAX

DO 4 I=1,L

XCIelI=le

0O S I=1,L

DO € J=24.CA

X(TeJ)=0o

X{TeN1eB( I))=1,
X{ToMZeW(I))=1,4
X(IeMI+S(I))=1l,e

X(L s MOa+(W{ I)=1)%SMAXES(I))=1,
X{ TS+ (BUI)=1)%WMAXEN(TI))=1,
RETURNMN

END
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131
121

49

SUBROUT INE SOR(XsNeT1e2)

DIMENSION Xx(100),2(100)
TL = x(1)

00 111 I=2,N

IF (TleLEeX(1)) GO TC 111
Tt = x(1)

CONT INVE

Nl = N - 1

CO 121 1 = 1.N

IF (X(I)eECeT!l) GO TG 131
GO TO t21

IMIN =

CONTINVE

IF (IMIN = 1) 1e1e2

CO 3 I=2sN

ZU1=-1) = x(I)

G0O TO &

IF (N = IVIN) 5,546

DO 7 1 = 1s NI

Z(1) = xX{(1)

GO TC &

IMING = IMIN-1

CO 8 I = 1+IMINI

Z(I) = x(1)

00 9 I = [MIN, N1

2(1) = xX(1e¢1)

RETURN

END

SUBROUTINE SCLBM(R,CoeXsXAs IOPNL+N2N3SeNA)
DIMENSION X(N1oN2) s XA(NI4NS)

INTEGER RsC,IR(100),1C(100)
READ( 741 +END=SO INM

IF{IOP.EQe1)GD TO 4%

READ( 7+ 1 4END=SOI(IR(I)s1I=1eN)

READ (71l sENDaSOI(IC(I)oIx1,¥)

CALL SCBMAT(X¢XAsNeMICPJIRGICINL¢N2,N3,N&)
R=N

C=™

RETURN

FORMAT(4012)

END
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103
102

104
107

105

108
106

SUBROUTINE SPRINT(T,A+LMsPReNL1sN2)
CINMENSION A(N1,N2)
INTEGER FR

REAL FL(08)/°(TXe"s* *et (11H*,"* ot
* *COLs"e* 120, Yo/

REAL F2(S)/ 1%° 2%, 20,0 40,
* [ P, ge 0 9y

IF(PReNEs 1 YRETURN
SRITE(3.,1)T

FORMAT(1XeA8)

Kl==8

K2=¢

KixK1+9

K2=K2+9

IF{K24GT o M )K2=M

K=9

IF{K24sECe ¥IK=K2=KL +1
F1(2)1aF2(K)

WRITE(3sF1 )(1,1I2Ki,K2)
IF(K2sLTeM)GO TO 3

DO &4 I=1,L
BRITE(3,1011(A(IsJ)eJmloeM)
FORMATOIX s *ROW* s I3¢9E1466+100(/7Xs9E14486)
RETURN

END

SUBROUTINE SCRNY(Y.Z4+R.IDIST)
OIMENSION Y(1).,2(1)

INTEGER R

GO TO(102+104+108), IDIST

D0 102 L=],R

Y(L )=RNOR( Q)

GO 10 106

D0 107 L=1.R

Y(L )=VNI{0)

GO YO 10é&

DO 1C8 L=1,R

Y(L )I=RNOR(0)

Z(L)I=VNI (0
IF(ZL)eECaOe )Y (L )=0,
IFCZIL)eNE«Oe )YIL)=YIL)/2Z(L)
CONTINUE

RETURN

END

FUNCTION FGQF(YoeAeLoN1eN2)
DIMERSION A(NL1oN2),Y (1)
FOQF =0,

DO 1 I=t,.l

00 1 J=1,L
FAF=FAF+Y( I )18A(I,3)%xY(J)
RETURN

END

(-3
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100

SUBROUTINE SCOV(V 3sXsGol s MsQVeWeNI ¢N2¢N3sNAsNSoNOGsNT¢NB N9y N10)
OIMENSION VIN1,N2)sX{NIN8) ¢GINS NSE) s OVINT 4NB8) W (NS, N10)

CALL SCAB(VeXol oL oMo GV oWASNIsN29eNIoN&sNT7sNBoe1ol)

CALL SCAB(CVsGol sMoMoQVeNg N7 o ABy NSy NS JNT s NByNSe 1)

CALL SCABT(OVeX sl oMol o OVaWeNT¢NByNIsNASNT,NBsND, 1)

CALL SCAB(CV VoL oLsl +CVeWsNToNBoNLoN2sN7 s NBeNGo 1)

CALL SCAMB(VeQVsl oL s QV N1 ,N2¢N7,NBsN7(NB)

RETURNM
END

SUBROUTINE SCV1{(V1,LsN,NBeNLeN2)}

IMPLICIT REAL*8 (A=H,0-2)
DIMENSION V1I(NL1.N2).NB(1)
Ki=1

K2=NE(1)

11=1

00 1 I=t.L

DO 2 J=1,.L

IF(JelTeK1e0ReJeGTeK2)GO TO 3

Vi(IsJd)=1e
GO YO 2
Vi(Ie+J)=0e
CONT INUE
IF(1elLTeK2s0Re16EQeL1GO TO 1
KisK1+NB(IT)
II=1141
K2=K24NB(I1)
CONT INUE
RETURN

END

SUBROUTINE SVECIN(D.N)
REAL*2 TIT/' D/

DIMENSION C(1)

DO 100 I=1,.N
IF(D(I)*D(1)eLTee01)D(I) =00
IF(D(I)eNEeOe )D(I)=1/D(1)
RETURN

END

FUNCTION FCTRCE(A+LsN1eN2)
DIMENSION A(N1,N2)}
FCTRCE=0.

00 1 I=t.L
FCTRCE=FCTRCE+A(I,.])
RETURN

END
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19

20

21

23

22

24

25

10

SUBROUTINE SCAAT(AsMoNeCoWaNL oN23N3 4 NGNS, N6 )

IMPLICIT REAL®8 (A=HyL=2)

DIMENSION AUIN1sN2)sCUINIsNA) JWINSNG)

IF(NG6eEQe1)GO TO 21

0O 19 I=1e¥

CO 1S Jx=i,b

W(Ie J)=0e

DO 19 K=1+N

WCL o)W (I UV +A(T oKITA(ID LK)
00 20 I=1,¥

00 20 J=1,¥

Clled)=W(]J)

RETUEN

IF(NSEQe1)GD TO 24

DO 22 I=1e¥

DD 22 J=14¥

w{Je11=0,

D0 23 K=1eN
W{Js102W(Jel)+AI KIRA(J(K)
CO 22 J=len

ClIsJ)=w(J,t)

RETURN

00 25 I=len

DO 25 J=1,¥

C(leJI)=0e

DO 25 K=:1.M
ClIvJdI=C{T eIV ®A(TIKISA(IIK)
RETUERN

END

SUBROUTINE SCATB{AB L eMoNoCoWsN1oN2¢e NI NG ¢NS oNGS o NT» N8 )

IMPLICIT REAL%8 (A=H,0=-2)

ODIMENSION A(N1oNZ2) oBIN3 NA)sCINSNS I+ WINTNB)

IFINB,EC.1)GD TO &

00 3 1=1,L

D0 3 J=1,N

W(IeJ)=0,

D0 3 K=y ¥ .
WIed)mW(IsJ)EA(KLIIEB(K,,Y)
DO &4 I=1,L

0O 4 J=1.A

ClleJdi=zw(ld)

RETURN

IF(N74ECel) GO TO 9

CO 7 I=1.L

0O 8 J=1,N

w(Jsl1)=0¢

D0 8 XK=t M

WSl IZW(Jol ) +AIK, 1) B (KoJ)
DO 7 J=1 N

ClIsJI=w(d,l)

RETURN

D0 1C I=1,L

CO 10 J=1.N

C(led)=0e

DD 10 K=1en
ClIsJI=C(led)¢A(KII*B(K,oJ)
RETURN

END
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12

13

14

16

1S

17

18

10

SUBROUTINE SCATA{A M N,CoWsNLIN2,NIsNE,NS,NG)
IMPLICIT REAL%®8 (A=-H,0~2)
DIMENSION A(N14N2)oC(NI2eNA) sWINSNG)
IF(NG6¢EGCe1)GD TO 14

0Q 12 I=1,N

DO 12 J=1e0N

W(leJ)=00

DD 12 K=1leW .
W(IsJ)=W (I J)+A(K,I)SA(KoS)
00 13 I=14N

DO 13 J=1eN

C(leJ)=W(I,sJ)

RETURN

IF{NSeEQe1)GO TO 17

DO 1S I=1sN

DO 1€ J=1.N

w(Jet)=0o

DO 16 K=1,¥

(4,1 )W Jsl)+A(KI)RA(KJ)
DO 185 J=1,.N

ClleJdi=wW(Jel)

FETUFN

DO 128 I=1,.N

DO 18 JU=leh

C{IsJ)=0e

DO 18 K=1sN
ClIsJIEC (L) ¢A(KI)*A(K,LI)
RETURN

END

SUBROUT INE SCAB(A.B'LOFQNQCOUoNl0N2'N3'N40N5'N60N70N8)

IMPLICIT REAL®8 (A=H,0-=2)
DIMENSTION A(N1oN2)sB(N2sNA) ;CINS,NGS) 4 WINTN8)
IF(N8+EQel) GO TO S

DO 3 I=1,L

CO 3 J=1.N

w(leJ)=0,

DD 2 K=1.M
WEIsJI=W(TIJ)®AL]l 4K SB(K,J)
DO 4 [I=1,L

0O 4 J=1,N

ClleJI=W(I,J)

RETURM

IF(N7+EQel) GO TO 9

0O 7 I=1.L

DO &8 J4=1,N

W(Je1)=0o

DO 8 K=1,W¥

W(Je 1)=W(Je1 ) +A(T oK) 2B(K, J)
DO 7 J=1.N

ClIoed)=u(Jstl)

RETURN

CO 10 I=t.L

00 10 Jy=1.n

Clled)=0e

BO 10 K=1.¥
ClI+JITC(T o) +A(L oK) B (K, J)
RETURN

END
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32

31

348

SUBROUTINE SCAPB(A«B sLoMeCoeN1 N2, N3 ,N&NS,NE)
IMPLICIT FEAL*8 (A—=H,0-2)

DIMENSION A(NI1eN2)sB(NIoNE) (CINS,NS)

DO 32 I=1.L

D0 32 J=leb

ClleJ)=A(14d)+B( (1)

RETUFRNMN

END

SUBROUTINE SCVI(VI oL oA BeNeNByNIN2)
IMPLICIT REAL%*8 (A=H,0~Z)
DIMENSION VI(NL 4N2)NB(1)
Kil=]

K2=NE(1)

[r=1

00 1 I=1,L

CO 2 J=i,L .
IF(JelTe K1o0Re JoGTeK2)GO TO 3
Cz~A/ (B (NB(I1)®A+B))
IF(1+EQeJIC=CeL/B

VIt{lsJ)=C

GO TO 2

VI(IeJ)nge

CONT INUE
IF(1eLToK2e0Rs [oEQeL )GOTO
Ki=K1eNB(II1)

II=11+41

K2=K2eNB(I 1)

CONTINUE

RETURN

END

SUBROUTINE SCAMB("SOL'M.CQNION2.N3'NQ.NSQN6)
IMPLICIT REAL®*8 (AN 0-2)

ODIMENESION AINToN2) sBIN3NQ) (CINS,NG)

00 31 I=i,L

O 31 J=1,»

ClleJ)ZA(L oJ)=B(],4)

RETURN

END

SUBROUTINE SCI(A.LoNLN2)
IMPLICIT REAL®8 (A=H,0-Z)
DIMENSION A(N1,N2)

DO 34 I=1.,L

DO 34 JU=1,.L

A(T +J)=0,
IF(IeEQeJ)AlT s J)=1e

CONT INUE

RETURN

END
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10

144

SUBROUTINE SCODOP(GOD.C'LQIK...N-NIoNZvN3oN‘)
DIMENSION GIN1+N2) sBINILNS) 4D(1),WK(1)
CO 1 I=1.L

DO 2 J=1eM

wK( J)=0,

DO 2 K=1,.¥
WKCJ)2WK( J) 4G (T oKIEDIK)I*0(KoJ)

00 1 J=1sN

G(IeJ)zsWK(I)

RETURN

END

SUBROUTINE SCODOP(DeCoCPsLosWaMsNsNI sN2:N3 NS )
IMPLICIT REAL*8 (A=H.0-=2)

DIMENSION O(NL1oN2):0P(A3sNADID(L1)eW (1)
DO 2 J=1sN

00O 2 I=i,L

w(l)=0e

DD 2 X=1,¥
WEII=N(1)+0(I,K)IROP(K,JISD(])

00 2 I=t.L

OP(IsJ)=w(])

RETURN

END

SUBROUTINE SCABT{A+B oL eMoNoCoWeNLsN2+sNIeNS NS INEsNTINB)
IMPL ICIT REAL#®8 (A=-H.0-2)
DIMEANSION A(N1 oN2) sB(NIoNA) 4C(NS,N6 ), WINTN8B)
IF{N84EQe1)GO TO S

00 3 1I=1,L

DO 3 J=1.N

W(lsJ)=00

CO 3 K=l M
W(TeS)=W(T oIV +A(I oK} $B(JsK)
00 4 I=1.L

0O 4 J=1.K

Cl(loJ)=mu(leJ)

RETURN

IF(N7ECel) GO TU 9

CO 7 I=1.L

0O 8 J=i.N

w(Je1)=0e

D0 8 K=1.M

W(Je102W(Jsl) +A(1:K)IEB(JsK)
DO 7 J=1sN

C(IeJd)=WlJdstl)

RETURN

DO 10 I=1,L

CO 10 J=1sN

C(I+J)=00

OO0 10 K=1e¥
C(1eJ)=C(TleJ)FA(1+K)IREB(JIsK)
RETURN

END



SUBROUTINE SCSVIN(DsNoewsCONST)
OIMENSION C(1)ew(1l)

CO 1 I=1.N

w({I)=D(1)

W(N+I)=]

SUM= 0,

NMi=N=1]

DO 2 I=1,NNM1

IPI=1+1

D0 3 J=1P1,N

IF(W(I)el Tew(J4))GO TO 3
wAZW(T)

wiil=wid)

w(J)I=wA

WA=W{N+I)

WINS+I)=W(N+I)

W{Ne¢J)=WA

CONT INVE

SUMSUMEW (T ) xw(])
IF(SUMLTCONSTIDI(W(N+1) )=0,
IF(SUMeGTo CONSTIGO TO 4
CONTINUE

00 S 1I=1.N
IF(D(IYeNEeDe)D(1)=14/C(1])
CONTINUE

RETURN

END

SUBROUTINE SCTRS(QVe V1oL eSeW1eW2, N1 sN2,N3.N&oNS,NG )
OCIMENSION CVINLN2) o VI (N3 N&),S (202)e WL (NSeNE) o W2(1)
CALL SCAB(OV,QVsl eloeL oWl s W2 ¢NLoN2NLsN2,NS,NGoly1)

S(2+2)=FCTRCE(WL L oNSNG )

CALL SCAB(CVeVI oL ol ol o1 ¢W2 NS NS eN1oN2,NSeNGolo1l)
CALL SCAB(W1:QVel oleoL oWl o W2 NS NEsNLoN2sNSNEJNT 1)

S{1+2)=FCTRCE(W1l L oeNSGNS)
S(241¥=S(1,2)

CALL SCABI(WLeVisLolol oWl oW2oNSeNOBosNIsNANS NSNT,1 )

S(1 1 )=FCTRCE(WLsLeNSeNG)
RETURN
END
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10

20

100

120

200

210

220

OOUBLE PRECISION FUNCTION CCGAMA(Xq.A.8)
IMPLICIT REAL*8(A=H,0-2)
IF(AeGTe0el0 oANDe BeGTe0400)GD TO 10
CDGANMAS~=1400

RETURN

IF(XsGTe0,CO0) GO TO 20
CDGAMA=0eDO

RETURN

Z=X/8

IF{XelLTe A%R)GO TO 200
Al=14D0

A2z1D0+2—-A

Bl1=1.D0

B2=2

A=1

Fl=A2/82

AM=1 4 CO~A

AN=0eD0

NxN+1

IF(NeGToS1)GO TO 400
IF{MOC{N«2)¢EQel)GO TO 110
AN=AN+1,D0

A3=A2¢ANSAL.

B3x=02+¢AN®B1

GO TO 120

AMZ=ANS1,00

A3=ZRA24AMMAL
B3=2%E2+AMRB]

F2=A3/83
IF(DABS(F2=F1)elTel1eD-10)G0 TO 300
Fil=F2

Al=A2

A2=A3

81=82

82=823

GO TO 100

Al=1400

A2=A+1D0-2

Bl=1.CO

B82=zA+1.00

N= |

Fi=A2/B2

AMz=A%Z

AN=0,4D0

BC=A+1,00

N=N+1

IF(NeCTe%1)GO TO 400
IFI(NOC(N.2)eEQGet IGO0 TO 220
AN=AN+Z

BC=BC+1.,00

A3=BCxA2 +ANRAL
B3=BC*B2+ANXB1

GO TO 230

AMZAN=2

B8C=8C+1,0DC
AB=RCSA2+ANEAL
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230

300

310

400

10

E3=8C*B2+ANMEB1

F2=A3/B3
IF(CABS{(F2=F1)elLTeleD=-10) GO TO 300
Fi=F2

Al=A2

A2=A3

g1=82

B2=92

GO TO 210
COEF=A*CLOCG(Z)=Z-DLGANA(A)
CDEF=CE XP (COEF)
IF(XeLTeA®E)IGO TO 310
CDOGANMA=] o DO-CDEF/ (2%F2)
RETURN

CDGANMA=CCEF/(ARF2)

RETURN

CDOGAMA==2,00

RETURN

END

SUBROUTINE SCLPAR(PRITeITMeITNG X1 X2¢CONST,RsXsNRNCos BLeNBeCeCA)

DIMENSION X{NRsNC)

INTEGER PR(10)eRsBLoNB(1)eCoCA
INTEGER B(72)4WP(72)SF(72)
READ(1+41)PRAIToITMeITAX1eX2,CONST
FORMAT(1011.315,3F10.0)
WRITE(3, %)

FORMAT(/"* B WP SP* )

R=1
READ(S«3.END=10)IB(R) +WP(R)e SP(R)
WRITE(I.€)B(R) WP (R) 4 SF(R)
FORMAT(1X,s 313)

FORMAT(3I1)

R=R+1

GO TO 11

Rx=R~= 1

CALL SCX(XsBoeWPsSP¢ReNRyNC,BL¢NB.CyCA)
WRITE(3eA)PRIReCeCAsIToITMy ITNe X1 oX2sCONST+BL(NB(I)eI=1,8L)
FORMAT(?' OFgseccccee’s»1011
*/* ROWSesesee’,13

%/' COLeooe I3
/% COL Xeeeoos'esI3
%/% 1TEReonwoea’s 16
%/7°%* ITERMeeeee's 16
%/ ITERNeeeose’» 16
2/% Alecsccsece?’sF1l10e3

/% A2eecscsccee’sFl0e3

#/% CONSTeeees '+E13e6

/% N BlLoeecsses’rI3

*/* N OB IN BLe',2013
*®)

RETUFRN

END
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