
ABSTRACT

YANG, YIPENG. Path Dependent Stochastic Models and Their Applications in Finance
and Communications. (Under the direction of Dr. Tao Pang and Dr. Robert T. Buche.)

In this work we studied the path dependent stochastic models and their applica-

tions to finance and wireless communication systems. Due to the difficulty of finding the

analytical solutions of such problems, the numerical approach is the best way so far to ap-

ply. We are first concerned the controlled Markov Chain approximation to solve stochastic

control problem with time delay. So far little has been done about the implementation

of this numerical method in stochastic control problems with time delay. This method is

applied to a wireless communication queuing system. The system state follows a stochastic

differential delay equation (SDDE), which is obtained from a heavy traffic model. Inspired

by the separation principle for control systems with partial information, we add a state es-

timation procedure in the discrete controlled Markov Chain approximation, which has not

been done by other researchers. Our simulation shows that this procedure does improve the

control affect compared to the control policy where delayed information is used directly in

the transition probability. In order to reduce the huge memory required by this approach

and better predict the present state, we present an idea to keep the control history in the

state representation. In this way, we are able to find the accurate probability distribution of

the present state. It also makes the optimality proof possible. This extension of controlled

Markov Chain approximation to solve stochastic control problems with time delay is also

new.

For some long path dependent stochastic models, the Monte Carlo simulation is the

best approach so far. We examined the pricing of mortgage-backed securities using Monte

Carlo simulation. By doing the Option Adjusted Spread (OAS) analysis, we found that in

stead of achieving the absolute convergence, we should better use the relative convergence to

calculate the duration or convexity of the bond. The computation is speed up dramatically.
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Chapter 1

Introduction

Stochastic models are a popular topic in modern research [63]. Recently, the

stochastic models with path dependence or time delay are becoming more important and

popular [45] [14] [25] [64]. These models are the extension of general stochastic differential

equations (SDE), based on the observation that in some situations, not only the present

system state has effect on the drift, but some forms of history information will affect the

growth.

Because of various forms of path dependency, the closed form of Ito’s formula or

Dynkin formula are generally hard to find, hence the analytical solutions to the stochastic

control problem with time delay. Therefore, the numerical approach becomes a popular

tool. There are two main numerical methods, the controlled Markov Chain approximation

[47][45], or analogously the finite difference method [64], and the Euler scheme. The con-

trolled Markov Chain approach utilizes a discrete approximation of the continuous time

system, which comes from the finite difference method of the Hamilton-Jacobi-Bellman

(HJB) equation, and constructs the transition probabilities among the states. By letting

the interpolation interval go to zero, it has been proved that the discrete solution converges

to the continuous time solution weakly [47]. This method excels at and was first used in

solving stochastic control problem with bounded state space [47]. Later it was extended

to stochastic control problems with time delay [45] [64]. The Euler scheme discretizes the

underlying stochastic process directly [30], and the computation relies on Monte Carlo sim-

ulation. This method is widely used in the pricing problem of financial products [11], and

deals with path dependent models with unbounded state space.

We turn to the numerical methods in order to facilitate us to find the theoretical
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and analytical solutions of the continuous time stochastic problem with path dependence

or time delay. It has been found that some stochastic models with certain forms of path

dependence have closed form of Ito’s formula [25] [49] [50]. Some of its applications are also

given there.

1.1 Motivation

The extension of the controlled Markov Chain approximation to stochastic control

problem with path dependence or time delay is a newly presented topic. It has been shown

that if only the delayed information is used in the discrete scheme, the solution converges

optimally if the cost in the control problem is also a function of the delay path [44]. However,

in real time control system, the cost is usually a function of the present state, but the time

delay is introduced in the observing or control process. That is, the underlying controlled

diffusion has time delay or path dependency, but the cost function has no time delay. In

this case, the optimality of the formal controlled Markov Chain approximation remains

a question. This problem with its application in wireless communication systems will be

treated in this work.

The capability of the controlled Markov Chain in handling time delay is limited

due to the huge simulation memory requirement. For problems with long path dependence,

the Euler scheme with the Monte Carlo simulation becomes a better choice. However,

the Monte Carlo simulation is known to have a slow convergence speed generally. In the

financial trading system where faster computation is preferred, long computation time is

not tolerable. We examined the pricing problem of Mortgage-backed securities in the real

market, and presented a new pricing procedure that has fast convergence rate.

1.2 Contributions

1.2.1 Numerical Solutions of Stochastic Control Problems with Time De-

lay in Wireless Communication Queueing Models

High-speed wireless networks with large capacity requirements are becoming preva-

lent and system delays need to be considered for good performance. We analyze a power

control problem for a forward-link wireless queueing model where only delayed queue state

information is available to the controller. The queue-size model is a controlled diffusion
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with delay obtained from a modification of an established heavy traffic limit model with no

delay.

We consider two approaches for solving the associated stochastic (power) control

problems. In the first approach the problems are solved using an application of the numerical

methods developed in Kushner [47]. In the second approach, motivated by separation

principle ideas, we add a prediction component, using an a priori control policy obtained

by another application of the numerical methods of Kushner but where the current queue-

state information is available to the controller. A simulation study shows good results:

in particular, convergence of the cost function are observed in both approaches and the

addition of the prediction component leads to some cost reduction. This motivates further

investigation of prediction techniques in the numerical methods for the stochastic control

problems.

1.2.2 Numerical Solutions of Stochastic Control Problems with Delayed

Control Information

The control policies we derive in Section 1.2.1 give an upper bound on the system

running cost. However, it is hard to say if this is the optimal control for the system

with time delay. One reason is that, the real system behaves according to the control

variable which has been actually applied. Therefore, to estimate the present system state

assuming the system is controlled under optimal control for no-delay system, an estimation

bias is expected. We present an idea to record a short path of the control history. That

means, we should keep in mind what we have done to the system. From the delayed state

information which is only available in the realtime control, and knowing all the controls we

have already applied, we expect to estimate the present system state more accurately. A

major algorithmic improvement is made in this work, where we no longer need to keep the

huge transition probability matrix, so that we are able to solve larger scale problems. The

simulation results show the effectiveness of this algorithm.

1.2.3 Strong Path Dependent Stochastic Models and the Monte Carlo

Simulations

For some strong path dependent models, like pricing mortgage backed securities

(MBS), the Monte Carlo simulation is broadly implemented. In this work, we examined
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the procedure of Monte Carlo simulations in pricing MBS. Because this method relies on

computer generated pseudo random numbers, we are interested in finding out the perfor-

mance of different random number generators in pricing MBS. We examined the absolute

convergence and relative convergence of the pricing procedure based on the Option Adjusted

Spread analysis. By using the interim result of OAS which has not shown good convergence

yet to compute the duration and convexity of the MBS, we found that the results show early

convergence. That means, although the OAS has not achieved its absolute convergence, the

relative convergence of the duration and convexity has already been there. In this way, our

pricing procedure is speed up dramatically.

1.3 Outline

In this work, we first give the background of classical numerical approach of solving

stochastic optimal control problems in continuous time in Chapter 2. Then the extension

of the numerical method to solve stochastic control problems with time delay is discussed

in Chapter 3. The application to wireless communication queueing models is also studied,

where the state estimation effect is tested. In Chapter 4, we present a new control policy

based on the discrete controlled Markov Chain approximation. The path of the control

history is utilized to estimate the present state. In Chapter 5 where the problem involves

long path dependence, we examine the absolute and relative convergence of Monte Carlo

simulations in pricing MBS, and present the pricing method using OAS analysis. The

conclusions and further topics are given in Chapter 6.
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Chapter 2

Background

It is known that some stochastic control problems can be formed into a nonlinear

partial differential equations [63]. A basic impediment is that the PDE’s often have only a

formal meaning, and standard methods of numerical analysis might not be usable to prove

convergence of the numerical methods [47]. The convergence here means the numerical

solution to be convergent to the analytical solution of the continuous model in some sense.

Often in many other models, we can not even derive the PDE at all. And many important

classes of new problems appear which are not covered in the analytical area. All these con-

cerns make us turn to the controlled Markov Chain approximation, which is an important

and easy-to-use numerical method. The basic idea is to approximate the original problem

with a controlled Markov Chain on a finite state space, which is the discretized form of the

original state space. A cost function for the Markov Chain model, which is an appropriate

analogue to that for the original model is then found. Finally the discrete optimal solu-

tion and the optimal cost function are determined by dynamic programming based on this

Markov Chain model.

Besides the controlled Markov Chain method, there are some other numerical

approaches, like the Euler approximation [30] [4] and the binomial tree approximation [20].

All these methods have difficulties dealing with the stochastic control problem and the

convergence to continuous time solutions. In this chapter, we will give an outline of the

numerical approach solving stochastic optimal control problems using the controlled Markov

Chain approximation, an approach presented by Kushner [47], for the completeness of this

work. An extension of this method to stochastic system with time delay will be discussed

in the next chapter. The details of this method can be found in [47]. For the convenience of
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later chapters which are topics based on this method, we think it is necessary to redescribe

the highlights of this procedure.

2.1 The Markov Chain Approximation Method

The analytical solution of a nonlinear stochastic control problem is generally hard

to find. Consider the diffusion process model

dx(t) = b(x(t), u(t))dt + σ(x(t))dw, (2.1)

where w is standard Wiener process. Let G be a compact set which is the closure of its

interior G0. For a discounting factor β > 0, we consider the cost function

W (x, u) = Eu
x

∫ T

0
e−βtk(x(t), u(t))dt + Eu

xe−βT g(x(T )), (2.2)

where T = inf{t : x(t) /∈ G0} is a stopping time that indicates the first escape time of x(·)
from G0. If we consider a diffusion process with reflection

dx(t) = b(x(t), u(t))dt + σ(x(t))dw + dz(t), (2.3)

where z(·) is continuous and keeps the process x(·) from leaving G, then T can be infinity.

We also noticed the application of Euler scheme for the reflected stochastic differential

equations [51], where the control problem was not concerned. Korf [42] also did some

research in the infinite horizon stochastic optimal control problem, but in a discrete time

case. We use Kushner’s [47] numerical method in order to find the optimal solution to the

continuous time system.

Define

V (x) = inf
u

W (x, u), (2.4)

where the infimum is over all admissible controls. Let U be the set of the admissible controls.

A general restriction on the model is as follows

Assumption 1 b(·) and σ(·) are bounded, continuous, and Lipschitz continuous in x, uni-

formly in u. Both k(·) and g(·) are bounded and continuous.

Pick an interpolation interval h, then use the discrete parameter Markov Chain

{xh
n, n < ∞} on the discrete state space Sh to approximate the diffusion process, with
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the transition probabilities given by ph(x, y|α), where α denotes the admissible control.

Sometimes we use uh
n to denote the control action for the chain at discrete time index n.

The interpolation interval for the time dimension is denoted by ∆th(x, α) >

0, and let ∆thn = ∆th(xh
n, uh

n). It should satisfy supx,α ∆th(x, α) → 0 as h → 0, and

infx,α ∆th(x, α) > 0 for each h > 0. Let G0
h denote the components of the state space which

are interior to the set G, then G0
h = Sh

⋂
G0. Thus G0

h is the finite state space of the chain

until it escapes from G0.

Define the difference ∆xh
n = xh

n+1 − xh
n, and let Eh,α

x,n denote the conditional ex-

pectation given {xh
i , uh

i , i ≤ n, xh
n = x, uh

n = α}. An essential condition for this controlled

Markov Chain approximation is called the ”local consistency” condition, as given below

Eh,α
x,n∆xh

n = bh(x, α)∆th(x, α) = b(x, α)∆th(x, α) + o(∆th(x, α)),

Eh,α
x,n [∆xh

n −Eh,α
x,n∆xh

n][∆xh
n − Eh,α

x,n∆xh
n]′ = ah(x)∆th(x, α)

= a(x)∆th(x, α) + o(∆th(x, α)),

a(x) = σ(x)σ′(x),

sup
n,w

|xh
n+1 − xh

n| h→ 0, sup
x,α

∆th(x, α) h→ 0. (2.5)

We say a control policy uh = {uh
n, n < ∞} is admissible for the chain if the chain

has the Markov property under that policy. In particular, the policy is admissible if

P{xh
n+1 = y|xh

i , uh
i , i ≤ n} = ph(xh

n, y|uh
n). (2.6)

Because the control u is a function of the state, i.e., feedback control, sometimes

we write uh = u(xh
n) to denote the control of a discrete state, and for simplicity, we just use

u() and whether it is a continuous function of discrete function depends on the system state

representation. Let Euh

x be the expectation given that xh
0 = x and the admissible control

uh is used.

To better approximate the continuous time diffusion (2.1), we use the continuous

time interpolation for convenience, as shown in Figure 2.1. Let uh
n, n < ∞ be an admissible

control, and let thn =
∑n−1

i=0 ∆thi , then the continuous parameter interpolations xh(·) and

uh(·) are defined by

xh(t) = xh
n, uh(t) = uh

n, t ∈ [thn, thn+1]. (2.7)
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xh(t)

xh
0

th1

xh
1

th2

xh
2

th3

xh
3

th4

Figure 2.1: Continuous interpolation xh(·)

Let Nh be the first time that the process {xh
n, n < ∞} leaves G0

h. Now we are

ready to approximate the cost function W (x, u). For simplicity, suppose the discount rate

is constant, then the approximation is

W h(x, uh) = Euh

x

Nh−1∑

n=0

e−βthnk(xh
n, uh

n)∆thn + Euh

x e
−βthNh g(xh

Nh
). (2.8)

The optimal cost V h(x) = infu W h(x, uh) thus satisfies the following dynamic programming

equation

V h(x) =





minα∈U
[∑

y e−β∆th(x,α)ph(x, y|α)V h(y) + k(x, α)∆th(x, α)
]

x ∈ G0
h,

g(x) x /∈ G0
h.

(2.9)

2.2 Construction of the Approximating Markov Chains

After setting up the representations and conditions for this procedure, we are ready

to illustrate the steps constructing the controlled Markov Chain approximation. A simple

one dimensional example is introduced for illustration purpose only. Detailed constructions

can be found in [47].

Assume the system satisfies

dx = b(x, u(x))dt + σ(x)dw, (2.10)

where the control is just in the feedback form. Let the stopping time T = inf{t : x(t) /∈
(0, B)}, where B is the bound of feasible state space. The cost function, which is first
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assumed to have no discounting, is

W (x, u) = Eu
x

[∫ T

0
k(x(s), u(x(s)))ds + g(x(T ))

]
,

W (x, u) = g(x), for x = 0, B. (2.11)

Apply formally the Itô’s formula to the function W (x, u), we get the PDE

Lu(x)W (x, u) + k(x, u(x)) = 0, x ∈ (0, B), (2.12)

where Lα is the infinitesimal generator [47] [63] when the control is fixed at α, and the

boundary conditions are W (0, u) = g(0),W (B, u) = g(B). For this example, the PDE is

just
1
2
σ2Wxx(x) + bWx(x) + k(x, α) = 0, (2.13)

where Wx(·),Wxx(·) denote the first and second derivatives with respect to x. Suppose

that σ2(x) ≥ h|b(x, α)| for all x, α, apply the central difference method in finite difference

algorithms to W (·),

fxx(x) → f(x + h) + f(x− h)− 2f(x)
h2

,

fx(x) → f(x + h)− f(x− h)
2h

. (2.14)

Then for x ∈ Gh, it leads to the finite difference approximation

W h(x) = ph(x, x + h|α)W h(x + h) + ph(x, x− h|α)W h(x− h) + ∆th(x, α)k(x, α), (2.15)

where

W h(x, u) = Eu
x

Nh−1∑

n=0

k(xh
n, u(xh

n))∆th(xh
n, u(xh

n)) + Eu
xg(xh

Nh
), (2.16)

and Nh is the discrete stopping time. Thus the transition probabilities are given as

ph(x, x± h|α) =
σ2(x)± hb(x, α)

2σ2(x)
, (2.17)

and

∆th(x, α) =
h2

σ2(x)
, x ∈ Gh. (2.18)

The local consistency condition (2.5) holds for this form of transition probabilities in (2.17),

and this controlled Markov Chain can serve as the approximation to the original system.
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Now the dynamic programming equation, or the Bellman equation can be derived

as

V h(x) = inf
α∈Uh

{∑
y

ph(x, y|α)V h(y) + k(x, α)∆th(x, α)

}
, (2.19)

with the boundary conditions

V h(−h) = V h(0) + c1h, V h(B + h) = V h(B) + c2h, (2.20)

where c1, c2 are the penalty cost for the infeasible states, which is used for the infinite time

horizon diffusion with reflecting boundaries.

The finite difference approximation is used here only to get the transition proba-

bilities of a Markov Chain which is locally consistent with (2.10).

To accommodate the discounting factor in the cost function, like in (2.8), W h(x, u)

should satisfy

W h(x, u) =
∑

y

e−β∆th(x,u(x))ph(x, y|u(x))W h(y, u) + k(x, u(x))∆th(x, u(x)) (2.21)

for x ∈ G0
H , and with the boundary condition

W h(x, u) = g(x), for x ∈ ∂Gh. (2.22)

The dynamic programming equation for the optimal cost is just

V h(x) = inf
α∈Uh

{
e−β∆th(x,α)

∑
y

ph(x, y|α)V h(y) + k(x, α)∆th(x, α)

}
. (2.23)

Here we extend the example to the multiple dimensional case. The dynamic pro-

gramming equation is just like (2.9). If the interpolation intervals are sufficiently small, we

can replace the exponential terms in this case by 1− β∆th(x, α) or 1/[1 + β∆th(x, α)] for

convenience.

This procedure can be written in a simpler vector form. Let u(·) be a feedback

control. Define the vectors W h(u) = {W h(x, u), x ∈ G0
h} and V h = {V h(x), x ∈ G0

h}.
Define the cost vector Ch(u) = {Ch(x, u), x ∈ G0

h} with components

Ch(x, u) = k(x, u(x))∆th(x, u(x)) + e−β∆th(x,u(x))
∑

y∈∂Gh

ph(x, y|u(x))g(y) (2.24)
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for x ∈ G0
h. Define the discounted transition probability matrix Rh(u) = {rh(x, y|u(x));x, y ∈

G0
h}, where

rh(x, y|u) = e−β∆thph(x, y|u) (2.25)

for x ∈ G0
h, and G0

h is the set of interior points of the feasible region of the discretized state.

Then the cost equation (2.21) can be written as in the following dynamic programming

form

W h(u) = Rh(u)W h(u) + Ch(u), (2.26)

V h = min
u∈U

[Rh(u)V h + Ch(u)]. (2.27)

We may further extend this method to accommodate problems with reflecting

boundaries. Suppose the process follows

x(t) = x +
∫ t

0
b(x(s), u(s))ds +

∫ t

0
σ(x(s))dw(s) + z(t), (2.28)

where the reflecting term z(·) is continuous and keeps the process x(·) from leaving G. Thus

for each x ∈ ∂G, we are given a set of direction vectors r(x) whose members are of unit

length. It is required for z(·) to satisfy

|z|(t) =
∫ t

0
I∂G(x(s))d|z|(s), z(t) =

∫ t

0
γ(s)d|z|(s), (2.29)

where γ(s) ∈ r(x(s)) almost surely (w, s) with respect to the random measure induced by

|z|(·). Further technical requirements on the reflection term can be found in [24].

¡
¡

¡
¡µ6 6 6 6

-

-

-

¡
¡

¡
¡µ

∂G+
h

∂Gh

Gh

Figure 2.2: Approximating Grid with Reflecting Boundaries
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The term ∂G+
h indicates the states of one unit length (not at corners technically)

outside of the feasible region. If x ∈ ∂G+
h , we know the state has jumped out of the feasible

state space, then the reflecting term z(·) becomes active, which will bring the state back

into the feasible region with probability one. A penalty cost will thus be incurred. In this

scenario, the cost function is

W (x, u) = Eu
x

∫ ∞

0
e−βt[k(x(t), u(t))dt + c′(x(t))dz(t)], (2.30)

where c(·) is bounded and continuous, which defines a reflecting direction, and c′(x)γ ≥ 0

for any γ ∈ r(x), x ∈ ∂G. Notice that this is an unstopped process with boundary reflection.

The discrete approximation for this cost function is

W h(x, u) = Eu
x

{ ∞∑

n=0

e−βthn
[
k(xh

n, uh
n)∆thn + c′(xh

n)∆zh(xh
n)

]}
, (2.31)

for an admissible control sequence u = {uh
n, n < ∞} and x ∈ Gh. Let the control be in a

general feedback form, uh
n = u(xh

n), then if the sum in (2.31) is well defined and bounded,

W h(x, u) satisfies (2.21). Analogously the dynamic programming equation for the optimal

cost for x ∈ Gh is given in (2.23).

If x ∈ ∂G+
h , then

W h(x, u) =
∑

y

ph(x, y)W h(y, u) + c′(x)∆zh(x), (2.32)

and the dynamic programming equation for the optimal cost is

V h(x) =
∑

y

ph(x, y)V h(y) + c′(x)∆zh(x). (2.33)

The reflection properties of the approximating Markov Chain models the ”instantaneous”

reflection of the underlying diffusion. The interpolation time interval for the reflections

steps equals zero. Hence there is no discounting factor in (2.33).

2.3 Computational Methods for Controlled Markov Chains

Recall our problem formulation

W h(x, u) =
∑

y

rh(x, y|u(x))W h(y, u) + Ch(x, u(x)),

V h(x) = min
α∈(U)

[∑
y

rh(x, y|α)V h(y) + Ch(x, u(x))

]
, (2.34)
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for appropriate rh(x, y|α) and Ch(x, α). The vector forms are

W h(u) = Rh(u)W h(u) + Ch(u),

V h = min
u(x)∈U

[
Rh(u)V h(u) + Ch(u)

]
. (2.35)

Besides the Assumption 1 in Section 2.1, further restrictions on the problems are

as follows

Assumption 2 rh(x, y|α), C(x, α) are continuous functions of α for each x, y in S, where

S is the feasible region.

Assumption 3 There is at least one admissible feedback control u0(·) such that Rh(u0) is

a contraction, and the infima of the costs over all admissible controls is bounded from below.

Rh(u) is a contraction for any feedback control u(·) for which the associated cost is bounded.

Assumption 4 If the cost associated with the use of the feedback controls

u1(·), u2(·), . . . , un(·), . . .

in sequence, is bounded, then

R(u1) · · ·R(un) n→ 0.

We also write u(n)(·) of un(·) to indicate the controls obtained in the nth iteration.

The solving procedure, in brief, follows an iteration algorithm. Given an initial

guess of the value function W h(·), a control policy is first derived, then a new Markov

transition probability matrix Rh is calculated. Next a new cost vector W h(·) is obtained,

and so forth until convergence exists.

The following theorem is from Theorem 2.1 in [47]:

Theorem 1 Assume the assumptions 2 and 3, then there is a unique solution to (2.35),

and it is the infimum of the cost functions over all time independent feedback controls. Let

u(0)(·) be an admissible feedback control such that the cost W (u(0)) is bounded. For n ≥ 1,

define the sequence of feedback controls u(n)(·) and costs W h(u(n)) recursively by (2.35)

together with the formula

un+1(x) = arg min
α∈U

[∑
y

rh(x, y|α)W h(y, u(n)) + C(x, α))

]
. (2.36)
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Then W h(u(n)) → V h.

Under the assumption 4, V h is the infimum of the costs over all admissible control

sequences.

After the control is determined, we can approximate the value vector W h(·). The

following theorem is from Theorem 2.2 in [47]:

Theorem 2 Let u(·) be an admissible feedback control such that Rh(u) is a contraction.

Then for any initial vector W h
(0), the sequence W h

(n) defined by

W h
(n+1)(x, u) =

∑
y

rh(x, y|u(x))W h
(n)(y, u) + C(x, u(x)) (2.37)

converges to W h(u), the unique solution to (2.35). Assume the assumptions 2-4, then for

any vector V h
(0), the sequence recursively defined by

V h
(n+1) = min

u(x)∈U
[Rh(u)V h

(n) + C(u)] (2.38)

converges to V h, the unique solution to (2.35). In detail, (2.38) is

V h
(n+1) = min

α∈U

[∑
y

rh(x, y|α)V h
(n)(y) + C(x, α)

]
. (2.39)

V h
(n) is the minimal cost for an n−step problem with terminal cost vector V(0).

The iterations in (2.37) and (2.38) calculates all the values of the components of

the (n + 1)st iterations W h
(n+1)(u) and V h

(n+1) respectively, directly from the components

of W(n)(u) and V(n) respectively. An advantage is that it needs little computer memory in

the simulations. A disadvantage is its longer computing time. If the memory restrict is

tight, and larger scale problems are considered, this algorithm is a better choice than the

Gauss-Seidel iteration, which is introduced as follows.

It is argued that in the above algorithm, the newly calculated values W h
(n+1)(u)

and V h
(n+1) are not used until they are available for all x ∈ S. If the computation uses

successive substitutions, in the sense that each newly calculated term W h
(n+1)(u) and V h

(n+1)

is immediately substituted for the W h
(n)(u) and V h

(n) respectively, the procedure is then

referred to as the Gauss-Seidel procedure. Suppose the states in the feasible space is ordered,

then we may let the inequality sign < denote the ordering. And the Gauss-Seidel iteration

algorithm is in the following, which is from Theorem 2.3 in [47],
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Theorem 3 Let u(·) be an admissible feedback control for which Rh(u) is a contraction

mapping. For any given W h
(0), define W h

(n) recursively by

W h
(n+1)(x, u) =

∑
y<x

rh(x, y|u(x))W h
(n+1)(y, u) +

∑

y≥x

rh(x, y|u(x))W h
(n)(y, u) + C(x, u(x)).

(2.40)

Then W h
(n) converges to the unique solution to (2.35).

Assume the assumptions 2-4, for any V h
(0), define V h

(n) recursively by

V h
(n+1)(x) = min

α∈U


∑

y<x

rh(x, y|α)V h
(n+1) +

∑

y≥x

rh(x, y|α)V h
(n)(y) + C(x, α)


 . (2.41)

Then V h
(n) converges to the unique solution of 2.35.

The Gauss-Seidel iteration solves the problem in the vector form, or linear system

form. If the problem’s scale is small, this algorithm gives faster convergence. However,

if the problem requires huge computer memory, this approach can not be applied since it

needs to store the huge linear system, which includes the value vectors and the transition

matrix. Both algorithms will be studied in later chapters.

2.4 Weak Convergence Proofs

In this section, we will highlight the convergence proof of the controlled Markov

chain approximation to the continuous time solution. This is a general advantage of this

numerical scheme. Details can be found in [47] Chapter 9 and 10. An analogous numerical

method using binomial tree, but without a stochastic control component, can be found in

[84] [70], where the convergence was studied. The convergence of the Euler scheme, also

without the control component, is seen in [90] [55].

The approach to proving the convergence of numerical schemes will be based on

proving the weak convergence of a sequence of stochastic process to an appropriate limit

process. Let S denote a metric space with metric d and let C(S) denote the set of real

valued continuous functions defined on S. Let Cb(S) and C0(S) denote the subsets of C(S)

given by all continuous functions that are bounded and have compact support, respectively.

Definition 1 Let Xn, n < ∞ and X be S−valued random variables. Let En and E de-

note expectation on the probability spaces on which Xn, X are defined. Then the sequence
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{Xn, n < ∞} converges in distribution to X if Enf(Xn) → Ef(X) for all f ∈ Cb(S). Let

Pn, n < ∞ and P denote the measures defined on (S,B(S)) that are induced by Xn, n < ∞
and X, respectively. Then for any f ∈ Cb(S),

Enf(Xn) → Ef(X) ⇔
∫

S
f(s)Pn(ds) →

∫

S
f(s)P (ds).

This form of convergence of probability measures is called weak convergence, and use the

notation Pn ⇒ P .

We also write the above convergence as Xn ⇒ X. More properties on weak convergence

can be found in [9].

The convergence is first proved for the uncontrolled diffusion.

dx(t) = b(x(t))dt + σ(x(t))dw(t), (2.42)

with x(0) = x given. Recall the continuous time interpolation xh(·) in Fig 2.1 and assume

the local consistency holds. Kushner first showed that the collection {xh(·), h > 0} is tight,

see Theorem 4.1 in [47]. Then it is shown that the process xh(·) converges weakly to solution

x(·) of equation (2.42), see Theorem 4.2 in [47]. This implies W h(x) → W (x) (Theorem 4.3

in [47]) by the property of weak convergence.

For the analogous problem involving controlled processes (2.1), it will be necessary

to consider sequences of controlled Markov Chains. In this case, besides the convergence

properties of the process, we must also deal with the convergence of the controls. The

condition on the proof is to require that the functions b(·), σ(·), k(·) and g(·) are bounded

and continuous. By considering the admissible control as a measure, which is called relaxed

control, Kushner [47] showed the weak convergence of the cost function W h and the control

as well. And finally the optimal cost V h(x) → V (x) as h → 0. Interested reader may refer

to Chapter 10 in [47].

We notice that the determination of the discrete control policy (2.36) does not

play a key role in the convergence proof. It only guarantees an optimal policy for the

discrete controlled Markov Chain approximation. And as h → 0, the control and cost

converges to the optimal continuous solutions weakly. In other words, if we choose another

policy instead of (2.36), and follow the same construction procedure, this new discrete

control policy and cost should converge to a certain continuous time control policy and cost

function, though rigorous proof is necessary. For the no-delay problem as (2.1), equation
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(2.36) gives the best choice for sure, because it converges to the optimal solution. However,

for the diffusion process with time delay, different discrete control policies may yield different

control results, each may converges to a certain continuous time solution. How to find the

optimal control policy in the time delay case remains an interesting issue. More work on

the study of different discrete control policies in the diffusion system with time delay and

their applications will be presented in later chapters.
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Chapter 3

Numerical Solutions for Nonlinear

Stochastic Control Problems with

Time Delay and Its Application to

Wireless Communication Systems

The numerical schemes solving stochastic control problems using controlled Markov

Chain approximations are powerful enough to be extended to stochastic control problem

with delay [44]. In this chapter, we will first introduce the classical approach using this

method to solve stochastic system control problems. As the interpolation interval goes to

zero, the numerical solution converges to a certain continuous time solution, and the opti-

mality is proved if only the delayed information is used. This control policy is called simple

control policy in this paper. By introducing a state estimation procedure, we are expected

to find better control policies. In this chapter, a separation principle is applied in the state

estimation. We showed that this control policy yields better control result than that of

the simple control. Finally, the application to wireless communication queueing system is

studied, where the time delay is a common issue.
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3.1 Numerical Methods for Nonlinear Stochastic Control with

Time Delay

The stochastic diffusion process with time delay is a recent model [88] [81]. The

delay or history information can be introduced in two general ways. One is the delay

in the path of the underlying process, and the other is the time delay in control. Let

the maximum delay be τ > 0. Let U denote the compact control valued space, and the

controls u(·) are U−valued, measurable. Let x̄(t, θ) denote the path segment of the process

x(t + θ), θ ∈ [−τ, 0], τ > 0. We also write x̄(t) = x̄(t, ·). The control ū(t) is defined

analogously from u(·). The solution x(t) is confined to a finite interval G = [0, B] by

reflection, which is denoted by z(·). Its purpose is to assure that x(t) does not escape from

the feasible interval G. The effect of z(·) is to bring the simulated state into its feasible

region instantly whenever the state is beyond the boundary. Since the states of the real

system will never be infeasible, independent of whether there is time delay or not, the

reflecting term z(·) must have no delay. In other words, although the current system state

is unknown to the controller, z(·) works whenever the unknown current state is beyond its

boundary.

Let w(·) be a standard Wiener process, then the diffusion model with path delay

is

dx(t) = b(x̄(t), u(t))dt + σ(x̄(t))dw(t) + dz(t), x̄(0) given. (3.1)

Let D[S; t1, t2] denote the set of S−valued functions that are right continuous on

[t1, t2), have left hand limits on (t1, t2] and with the Skorohod topology [8]. An application

of this model is in the financial market. Some traders would analyze the performance of a

certain stock over a short path and then make the decisions. Their actions would in turn

affect the stock price. That is why the path information exists in the diffusion model.

An assumption on the model is

Assumption 5 b(·) is bounded and measurable and is continuous on D[G;−τ, 0]×U at each

point (x̄(·), α) such that x̄(·) is continuous. The function σ(·) is bounded and measurable

and is continuous on D[G;−τ, 0]× U at each point x̄(·) that is continuous.

An extension where the control is also delayed is given below

dx(t) = b(x̄(t), ū(t))dt + σ(x̄(t))dw(t) + dz(t), x̄(0), ū(0) given. (3.2)



20

We consider a particular form of (3.2)

dx(t) = b(x̄(t), u(x̄(t)))dt + σ(x̄(t))dw(t) + dz(t), x̄(0) given. (3.3)

This is the model where the control is a function of path information, for example, u(x(t−
τ)). This is a general diffusion form to model systems where there is a time delay in the

state observation and the control is in feedback form. In wireless communication systems

where the queue size is modeled as a diffusion, time delay is a common issue due to the

mechanical design or noises.

For certain forms of diffusion with time delay, the analytical solutions are possible

to find [49] [50]. But for general solutions of (3.2), little is known of the analytical solution,

and numerical methods come into place. Most of the numerical methods deal with the

discrete stochastic models, especially the Euler method. Li [74] showed that the Euler

method converges in solving stochastic delay differential equations with jumps under weaker

conditions than linear growth or global Lipschitz. Bauer [6] studied the infinite dimensional

path dependent model. Buckwar [17] applied the Euler’s method in SDE with one step of

delay. The Euler’s method in SDE can also be found in [43]. However, little was done with

the control problem. After reducing the model to finite dimensional model, the Hamiltonian

principle is used to find the optimal solution of the reduced model as an approximation of the

original model. As pointed by Kushner [47], most of the numerical methods have difficulty

dealing with the proof of convergence to continuous time diffusions, where the controlled

Markov Chain approximation has such advantage. Pang [64] [65] showed the theoretical

feasibility of the finite difference method to solve stochastic control problems with time

delay, yet the implementation or simulation has not bee doen. Besides this, not much result

is known about the controlled Markov Chain method solving stochastic control problem

with delay in continuous time, especially the numerical applications.

Consider the form (3.3), which is the base model of our interest. Again, construct

a controlled process xh
n, n ≥ 0 and interpolation intervals ∆thn, n ≥ 0, in much the same

way as was done for the no delay case. Let x̄h
0 ∈ D[Gh;−τ, 0] be the piecewise constant

approximation and that converges to x̄(0) uniformly on [−τ, 0]. Gh is the feasible space of

the discrete approximating process. Given the xh
n, ∆thn, define thn =

∑n−1
i=0 ∆thi . Define xh(·)

such that on [0,∞), it is the continuous time interpolation of xh
n with intervals {∆thn}, and

the segment on [−τ, 0] is x̄h
0 , where xh

0 = x̄h
0(0). Define

x̄h(t, θ) = xh(t + θ), for θ ∈ [−τ, 0],
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and set x̄h
n(·) = x̄h(thn, ·), the interpolated path on [thn − τ, thn]. We also write x̄h

n = x̄h
n(·).

Analogously to the no-delay case, the chain and intervals are assumed to satisfy

the following properties. There is a function ∆th(·) on D[Gh;−τ, 0] × U such that ∆thn =

∆th(x̄h
n, uh

n) where uh
n is the control applied at time n. The distribution of xh

n+1, given the

initial data and xh
i , uh

i , i ≤ n, will depend only on x̄h
n, uh

n and not otherwise on n. Let Eh,α

x̄h
0

denote the expectation under control value uh
0 = α, and define

βh
n = [∆xh

n −E{∆xh
n|xh

i , uh
i , i ≤ n}]I{xh

n∈Gh},

then the local consistency for xh
n, ∆thn is said to hold if, for xh

0 ,

Eh,α

x̄h
0

∆xh
0 = bh(x̄h

0 , α)∆th(x̄h
0 , α) = b(x̄h

0 , α)∆th(x̄h
0 , α) + o(∆th(x̄h

0 , α)),

Eh,α

x̄h
0

βh
0 [βh

0 ]′ = ah(x̄h
0)∆th(x̄h

0 , α) = a(x̄h
0)∆th(x̄h

0 , α) + o(∆th(x̄h
0 , α)),

a(x̄h
0) = σ(x̄h

0)σ′(x̄h
0),

sup
n,w

|xh
n+1 − xh

n| h→ 0, sup
x̄h
0 ,ūh

0

∆th(x̄h
0 , ūh

0) h→ 0. (3.4)

The reflecting boundary is treated exactly as for the no-delay case. In particular, if xh
n = −h

or B + h, then xh
n+1 = 0 or B respectively.

The control objective is again to minimize a certain cost function. After discretiza-

tion, and let Eh,uh

x̄h
0

denote the expectation given initial condition x̄h
0 and control sequence

uh = {uh
n, n < ∞}, the approximated cost function is

W h(x̄h
0 , uh) = Eh,uh

x̄h
0

∞∑

n=0

e−βthn [k(x̄h
n, uh

n)∆th(x̄h
n, uh

n) + c′δzh
n],

V h(x̄h
0) = inf

uh
W h(x̄h

0 , uh), (3.5)

where c′δzh
n gives the penalty at the boundary. Assume the cost function is well defined.

As in Chapter 2, because the control u is a function of the state, i.e., feedback control,

sometimes we write uh = u(xh
n) to denote the control of a discrete state, and for simplicity,

we just use u() and whether it is a continuous function or discrete function depends on the

system state representation. Suppose σ2(x̄h
0) ≥ h|b(x̄h

0 , α)|. Kushner [47] showed that for

the systems like (3.3), the transition probabilities are given by

P h,α

x̄h
0
{xh

1 = x0 ± h} =
σ2(x̄h

0)± hb(x̄h
0 , α)

2σ2(x̄h
0)

,

∆th(x̄h
0 , α) =

h2

σ2(x̄h
0)

. (3.6)



22

The cost rate becomes k(x̄h
0 , α). If σ(·) is a constant, then the intervals ∆thn are all h2/σ2.

Theorem 4 Let xh
n, ∆thn be locally consistent, whose initial condition is x̄(0), a continuous

function. Let x̄h
0 ∈ D[Gh;−τ, 0] be any piecewise constant sequence that converges to x̄(0)

uniformly on [−τ, 0]. Assume the Assumption 5, and assume there is a weak sense unique

weak sense solution to the system, and the transition probabilities are given as in (3.6), then

V h(x̄h
0) → V (x̄(0)).

This is Theorem 4.1 in [45], where the weak sense convergence of the numerical method

is proved. The optimality is also proved [44], by using a semigroup representation of the

model [83]. Detailed information can be found in [46]. We need to point out that the

method guarantees the optimality if only the delayed information is used. That is to take

the delayed state as the present state and apply simply the same transition probability form

as in the no-delay case. We are interested in examining the control effect by estimating the

present system state.

In the transition probability formula for the simple control policy, the control is

a function of the delayed state. The system behaves just as described by (3.3). If the cost

function is also a function of the path, then by taking the discrete approximation of the

path, which is a sequence of discrete states, as the state representation, it follows that this

approximating system is just a standard controlled Markov Chain approximation, where

the state is not just a single state but a sequence of states. This is the standard controlled

Markov Chain approximation with extended state representation. Kushner [47] showed that

for this kind of problem, the numerical method with the transition probabilities given by

(3.6) guarantees the optimality of the result.

However, in most cases, the cost function is a function of the most recent state but

not of the path. Time delay is only introduced to the underlying process. Then by simply

applying the transition probabilities (3.6) and taking the delayed path information as the

present system state may not guarantee the optimality of the result. Because of the time de-

lay, the system is controlled under partial information, and the problem becomes stochastic

control problem with partial information. State prediction or estimation is expected to yield

a better control affect, where the separation principle is a common tool. Little is known so

far of applying the separation principle or state estimation to the controlled Markov Chain

approximation to solve continuous nonlinear stochastic control problem with time delay.
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3.2 Controlled Markov Chain Approximation with State Es-

timation

In this section we are concerned again with the stochastic control problem with

partial information,

dx(t) = b(x̄(t), u(x̄(t)))dt + σ(x̄(t))dw(t) + dz(t), x̄(0) given, (3.7)

but with the no-delay cost function

W (x, u) = Eu
x

∫ ∞

0
e−βt[k(x(t), u(t))dt + c′(x(t))dz(t)], (3.8)

whose discrete form is

W h(x, u) = Eu
x

{ ∞∑

n=0

e−βthn
[
k(xh

n, uh
n)∆thn + c′(xh

n)∆zh(xh
n)

]}
. (3.9)

Figure 3.1 illustrates the way we approximate the delay path x̄(t) in one dimen-

sion assuming the present time is n∆th. D is the number of interpolations in the de-

lay path of lenght τ , so in Fig 3.1 we approximated 2D∆th length of the path. Vector

xc = [xh
n−D, . . . , xh

n] contains all the recent information, called complete information, and

xd = [xh
n−2D, . . . , xh

n−D] contains the old information with the same length. More discussion

is given in the application to the wireless queueing system.
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Figure 3.1: Approximating the Delay Path

In particular, we consider a simpler expression of x̄(t), say, x̄(t) = x(t − τ), i.e.,

a fixed time delay process, to illustrate our state estimation procedure. For this kind of

control system with delay, where the current system state xh
n is not known, the control
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strategy is derived from the delayed information xh
n−D. A simple control strategy is to

assume xh
n−D to be the true system state, although the control variable is actually applied

to xh
n. We call this control simple policy.

As we mentioned, the classical controlled Markov Chain approximation with the

transition probability form (3.6), simple policy, may not necessarily yield the optimal result.

Here we develop procedures for adding a prediction component in the numerical methods.

The addition of the prediction components in various control problems with delays loosely

motivates our general approach. For example, Altman [3] applied the discrete stochastic

control with time delay to a network queueing congestion control problem, where the current

system state is predicted based on delay information. The simulation results, which used

Monte-Carlo-like methods, show the efficiency of the control derived from predicted state,

which was suboptimal. Koole [41] studied finite dimensional discrete stochastic control

problems with partial observations. The idea is to transform the model to an equivalent

system with full observation, where the separation principle was shown to hold under some

conditions. A robust state-predictive control strategy was proposed by Marinescu and

Bourles [56], where the method is based on a separation property between control and

prediction. Ge [33] applied the separation technique to a nonlinear MIMO time-delay

systems. The idea in [57] is to construct another system that approximates the original

system. By finding a δ optimal control of the approximated system, it can be shown that

it is also an ε optimal solution of the original system. Similar ideas can be found in [75].

The state estimates and separation principle idea can also be found in [76], [80].

A summary of the separation principle ideas for a general discrete linear system

driven by white noise is described in the following. Let xn be the state of the system at

discrete time n with delay D in the observation of the state; i.e., at n the most recent state

observed is xn−D, giving a partial state information case. Let u∗ be the optimal control for

the system where there is no delay in observation of the state, i.e. the full state information

case. In the system simulation, we may just derive the optimal control policy, assuming

that there is no time delay, though it may not be optimal for the delayed real time system

control. The separation principle result is that the optimal control in the partial state

information case is given by u∗(x̂n) where x̂n = Eα[xn|xn−D] for some control policy α.

In other words, the optimal control uses u∗ from the full state information case with the

prediction x̂, there is a separation of obtaining the optimal control u∗ and obtaining an

estimate of the current state, xh
n. See [7] and [63] for more information.
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Figure 3.2: State Estimation based on Delayed Information

Following the above separation principle description, we add a prediction compo-

nent in the numerical methods for the stochastic control problem when only x̄(t) = x(t− τ)

is observable. For the stochastic models considered here, we predict using u∗c , the opti-

mal control under complete state information case. That means, we predict the present

system state xn assuming that the system is controlled under u∗c , and x̂n = Eu∗c [xn|xn−D].

Under the controlled Markov Chain approximation scheme, the states are discrete. So we

write them as x̂h
n = Eu∗c [xh

n|xh
n−D]. The present state xh

n is a random variable based on

available information and can take the value v1, v2, . . . , vm, which are a finite number of

outcomes. Under the control u∗c , each outcome vi, i = 1, 2, . . . ,m has a certain probability

pi, i = 1, 2, . . . , m. Therefore, x̂h
n takes the form x̂h

n =
∑m

i=1 vipi. This prediction brings

convenience for theoretical proof, however, it is hard to apply numerically. One reason

is that x̂h
n may not be a feasible state in the discrete space Gh such that we are unable

to correspond it with the controls. Another concern is that for the problem with higher

dimensions, the average of the vectors
∑m

i=1 vipi does not give a meaningful physical state,

as shown in Fig 3.3.
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Figure 3.3: State Prediction

Therefore, we try two different methods of prediction, both of which are based on

estimates x̂h
n of xh

n. (Without prediction, xh
n−D is used by the controller, giving by the simple

control policy, in the transition probability form). There will be an optimal control corre-

sponding to each vi, i.e. u∗c(vi). A possible strategy is to apply the control
∑m

i=1 u∗c(vi)pi, i.e.

the average control. We call this control Policy I. Another control strategy is determined

by j = arg maxi pi, i = 1, 2, ...,m one then selects the corresponding vj and then applies

the control u∗c(vj). That is, take the possible outcome with the highest probability as the

estimation of the present state, and apply the optimal control corresponding to it. We call

this Policy II. The control strategy using policy I or II is denoted by u∗p. The simple control

policy which takes the delayed information as the present system state and applies the form

3.6 is denoted by u∗s.

Although the prediction methods are heuristic, a justification of using these pre-

diction and control strategies is as follows. Let W h(x̄h
0 , u∗p) denote the cost in either Policy

I or Policy II. Then for every h > 0,

V h(x̄h
0) ∆= inf

α
W h(x̄h

0 , α) ≤ W h(x̄h
0 , u∗p)

≤ W h(x̄h
0 , u∗s)

∆= V h
s (x̄h

0),

where V h
s is the running cost using the simple control policy.

The first inequality follows from the fact that u∗c is a minimizing control with com-

plete information. That it holds for each h > 0 follows from V h(x̄h
0) → V (x̄0), established

in Theorem 4.1 of [45]. The second inequality is comparing to the delay (i.e., partial) state
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information case. It follows from the fact that W h(x̄h
0 , u∗p) uses a close prediction of the

current state but in W h(x̄h
0 , u∗s) only delayed state information is used. That it holds for

each h > 0 from V h
s (x̄h

0) → Vs(x̄0), also established by Theorem 4.1 of [45].

In our simulations in Section 3.3.5, we illustrated the benefits of prediction over the

delay state information case and suboptimality compared to the complete state information

case.

3.3 Application to the Power Allocation Problem in Wireless

Communication Queueing Systems

In this section, we will study the application of controlled Markov Chain approxi-

mation on wireless communication queueing systems with time delay. High-speed wireless

networks with large capacity requirements are becoming prevalent and system delays need

to be considered for good performance. We analyze a power control problem for a forward-

link wireless queueing model where only delayed queue state information is available to

the controller. The queue-size model is a controlled diffusion with delay obtained from a

modification of an established heavy traffic limit model with no delay. We consider two

approaches for solving the associated stochastic (power) control problems. In the first ap-

proach the problems are solved using the standard controlled Markov Chain approximation

developed by Kushner [47], where the delayed information is used directly in the transition

probability form. In the second approach, motivated by separation principle ideas, we add

a prediction component, using an a priori control policy obtained by the standard approach

assuming the system has no time delay. A simulation study shows good results: in partic-

ular, convergence of the cost function are observed in both approaches and the addition of

the prediction component leads to some cost reduction. This motivates further investigation

of prediction techniques in the numerical methods for the stochastic control problems.

3.3.1 Background of the Wireless Communication Queueing Model

High-speed wireless systems with large capacity requirements (e.g. for multimedia)

are becoming a prevalent reality. We investigate a power control problem for a simplified

forward-link wireless model with a finite set of queues at the base station and model delays

in obtaining queue-state information for use in a feedback controller. Our approach is to
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obtain an approximating model for the queue dynamics that incorporate the delay and use

numerical methods for solving the associated stochastic control problem using the model.

The queue model is obtained from a heavy traffic limit model for a system with no delay

modeled (the no-delay system). The heavy traffic method scales time and the state space

where the scaling is such that in the heavy traffic limit model inessential detail is averaged

out. For the no-delay system, the limit model for the queue dynamics is a controlled

diffusion, also called a stochastic differential equation with reflection (SDER). Obtaining

a queue model incorporating the delay in queue state information utilizes the SDER limit

model obtained for the no-delay system and is given by a delayed controlled diffusion, also

called a stochastic differential delay equation with reflection (SDDER).
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Figure 3.4: Forward Link Wireless System

The physical model considered is a one-cell, forward-link system shown in Figure

3.3.1, with finite-dimension K. Data arrivals are via wireline and enter a queue dedicated

to a particular mobile. Power ũ is applied at the base station antennas for transmissions of

data to the mobiles through the random wireless medium modeled by the (vector) channel

process L(). At each time t, the channel process L(t) is in a state indexed by j ∈ J , |J |
finite (i.e., L(t) = j); each j specifies the transmission rate per unit power λ̄d

i (j) for each

queue i = 1, 2, ..., K. Typically (and used here) the channel process is modeled by a Markov

or semi-Markov process with stationary distribution given by π(j).
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The cumulative arrival process for queue i, Ai(·), are via wireline to the base sta-

tion and we consider both a batch arrival process, following [13], and an infinite source

Poisson model as in [14]. The number of packets in the batch arrivals is assumed to have

finite mean and second moment. The second model is an infinite source Poisson model

which is a standard choice to model long range dependence (LRD) and heavy tailed (HT)

characteristics often observed in high speed wireline systems transmitting large data files

[59]. In our wireless model aggregate arrivals to the base station have LRD/HT character-

istics and these characteristics are assumed to be retained at the individual queues after a

flow control mechanism is applied to the aggregate arrivals. Details of the arrival rates can

be found in [16].

The services (departures) are accomplished by applying power ũ to the antennas at

the base station. The power is divided into two parts: for queue i, channel j, and canonical

queue state χ,

ũi(j, χ) = p̄i(j) + ui(j, χ)

where most of the power is preallocated (nominal power p) to the queues for balancing the

mean arrival rates, and the reserve power u is the power left over for handling stochastic

variations from the mean process and is subject to control. We will interchangeably call

the ui(, ), i = 1, 2, ...,K the controller or reserve power.

In the most general form, the reserve power depends on the channel state j and

queue state χ. For the no time delay case, we have χ(t) = x(t), and for the fixed delay

case, χ(t) = x(t − τ), where x(·) denotes a vector of states. In all cases the reserve power

is constrained to be less than the amount available at the base station.

The departure rate depends on the power applied and the channel state; the rate

for queue i has the form

λ̄d
i (j)(p̄i(j) + ui(j, χ)). (3.10)

The variations in the departure rate clearly depend on the variations in the channel process

L(t) = j. As there can be no services when the queue is empty, the cumulative departure

process is given by

Di(t) =
∫ t

0

∑

j∈J

I{L(s)=j}λ̄d
i (j)(p̄i(j) + ui(j, χ(s)))I{xi(s)>0}ds,

where I· is the indicator function and Ixi(s)>0 constrains the queues from being negative.
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Applying the heavy traffic limit model to the arrivals and departures [13][14][16]

and assuming there is no time delay, one can apply weak convergence analysis and obtain

xi(t) = xi(0) +
∫ t

0
bi(u,x(s))ds + σiwi(t) + zi(t), i = 1, 2, . . . , K, (3.11)

modeling the queue dynamics where the drift term is given by

bi(u,x(s)) = −
∑

j

ui(j,x(s))λ̄d
i (j)π(j), (3.12)

and wi is the standard Wiener process, σi the volatility, and zi is a reflection term increasing

when xi(t) = 0 keeping the queue size nonnegative. We see the Brownian motion in the

limit model is due to the stochastic variations of the channel process. Mild weak dependence

assumptions are imposed on the channel process and the perturbed test function technique

is applied in the weak convergence analysis, establishing the Wiener process in the limit

(details of the method applied to our wireless model is in [14]).

The channels are assumed to be mutually independent so that the covariance of

the Brownian motion is diagonal with entries defined by [13]

σ2
i = Ewi(1)wi(1)

= 2E


∑

j

I{L(0)=j}λ̄d
i (j)p̄i(j)− Λa

i


×

∫ ∞

0


∑

j

I{L(s)=j}λ̄d
i (j)p̄i(j)− Λa

i


 ds,

(3.13)

where Λa
i is the average arrival rate for queue i, and the expectation is taken with respect

to the stationary distribution π for the channel. Extending to higher dimensional reflected

Brownian motion case, our case here, can readily be done using the perturbed test function

method.

3.3.2 Introduction of Time Delay and the Stochastic Control Problem-

Power Allocation

We are more interested in the queueing system with time delay, which is a common

issue in wireless communications due to the mechanical system design. The delay is usually

caused by the state observer, which only makes the lagged state information available at

present time. So by modifying the drift term in the queue model (3.11), and assume fixed
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time delay τ for simplicity, we end up with the following model

xi(t) = xi(0) +
∫ t

0
bi(u, χ(s))ds + σiwi(t) + zi(t), i = 1, 2, . . . , K, (3.14)

with initial data, and χ(s) = x(s− τ). The drift term analogous to (3.12) is

bi(u,x(s)) = −
∑

j

ui(j, χ(s))λ̄d
i (j)π(j), χ(s) = x(s− τ), (3.15)

and the reflection zi(t) is as before, keeping the queue-size nonnegative and works whenever

xi(t) = 0 as discussed in 3.1. This is a straightforward way to get a model incorporating

the type of delays in queue state information we are interested in, but it is not without

a couple of caveats. First, we assume the conditions for the strong or weak existence and

uniqueness of solutions are satisfied [49]. Second, the model is not obtained by a limit of a

sequence of prelimit models with a corresponding delay component; in fact, to the best of

our knowledge there are no results for the heavy traffic method with direct modeling of the

delays in the prelimit. Nonetheless, this does not detract from our interest in applying the

numerical methods in [47] for obtaining solutions of stochastic control problems along with

analyzing the affects of adding a prediction component to these methods.

With the models (3.14) and (3.15), the control problem is to allocate the reserve

power of the base among the queues in order to minimize a certain running cost. We

consider an infinite-horizon discounted cost function with cost rates of the general form

k(χ) specialized to a weighted linear combination of powers of the queue-size, where χ(·)
can be x(t) for the no-delay case and x(t− τ) for the time delay case. We notice that the

cost of the real system is only about the system performance, for example how much power

it consumes, how many services it provides, etc., no matter whether there is time delay in

state observer. Therefore, it is reasonable to use the cost rate as

k(χ(s)) =
K∑

i=1

aixi(s)pi , (3.16)

where ai is the weight among the queues, and pi is the power index.

The general form of the cost function is given by

W (χ0, u) =
∫ ∞

0
e−βt[k(χ(t))dt + c′dz], (3.17)

where β is the discounting rate, and c′ = [cu, co] are weighting cost penalty of buffer under-

flow or overflow, respectively. The stochastic control problem is then to find the optimal
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cost

V (χ) = inf
u∈U

W (χ0, u), (3.18)

and optimal policy u∗() ∈ U , where U is the set of admissible controls, and where χ is

an element of the state-space S. The numerical method [47] is illustrated in the following

sections.

3.3.3 Implementation of Controlled Markov Chain Approximation

First, the simple no-delay case is studied [15] [52]. Then the delay case is con-

sidered, where the simple control policy which uses the delayed information without state

estimation is first tried. After that, we detail adding a prediction component in the delay

state information case where only delayed information is available to the controller at time

t. Loosely stated, we obtain predictions over [t − τ, t] using the dynamics of the Markov

chain under the controlled transition probability using an a priori optimal control for an

analogous stochastic control problem, i.e., for the complete state information case. The

results of the prediction are used to specify two different controlled transition probabili-

ties applied to the system (i.e. Policy I and II, described in Section 3.2). An objective of

adding the prediction component is to reduce the cost and this is seen in the simulations

in Section 3.3.5. A more practical point of view for studying the prediction component is

that it gives upper bounds on the cost for the optimal practical control. The simulation

results, nonetheless, motivate further investigation of incorporating prediction methods for

the numerical solution of the stochastic control problem.

Numerical Implementation: No-delay Case

When the system has no time delay, χ(t) = x(t) denoting the queue size, and for

the purpose of illustration, we consider a one dimensional problem. The queue is supposed

to be bounded, x(t) ∈ [0, B] for all t and denote the underlying probability space for the

Markov chain (Ω,F , P ). The state space for the Markov chain approximation is obtained by

a discretization of [0, B] with parameter h: the number of points in the discrete state space

Gh is [B/h] + 1, where h is the interpolation level. In order to incorporate the reflection,

we need two more states beyond Gh to reflect from giving ∂G+
h , so the total number of

points in the state space is N = [B/h] + 3. The states in the Markov chain approximation

are denoted xh
n and the interpolated process xh

n() (notice we use the same denotation for
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simplicity) is formed from the piecewise constant interpolations of xh
n over the interpolation

intervals ∆thn. The value of the control applied at time n is given by uh
n.

It can be shown that the local consistency discussed in Chapter 2 is held under the

transition probabilities and interpolation intervals obtained by using the methods in [47],

and suppose σ2 > h|b(xh
n, u)|, then the central-difference approximation can be used in the

first-order derivatives and we obtain

P h(xh
n, xh

n ± h|u) =
σ2 ± hb(xh

n, u)
2σ2

,

∆th =
h2

σ2
, (3.19)

for xh
n ∈ Gh. When outside the feasible region Gh, i.e. xh

n ∈ ∂G+
h , there is an instantaneous

reflection back to the nearest state in Gh. Note that the time step is constant and not part

of the Markov chain which lives in the queue state space. This is a case of an explicit

approach to the Markov chain approximation. The discrete cost function is again

W h(x, u) = Eu
x

{ ∞∑

n=0

e−βthn
[
k(xh

n, uh
n)∆thn + c′(xh

n)∆zh(xh
n)

]}
, (3.20)

where thn =
∑n−1

i=0 ∆thn and ∆zh(xh
n) is the reflection term. The dynamic programming

equation for the optimal cost and the determination of the optimal control is shown in

Chapter 2. The solving procedure just follows the steps described in Chapter 2. The

higher dimensional cases readily follow from the one-dimensional discussion above with the

exception of constraints on the reflection directions in order to satisfy some technicalities

for the convergence to a SDER as h → 0 (see [13]). We assume the reflection is orthogonal

to the boundary, then the reflection directions fall within these constraints (see Fig 2.2

in Chapter 2). Orthogonal reflection corresponds to the simple case where power is not

reallocated from empty queues to non-empty queues.

Numerical Implementation: Delay Case with Simple Control Policy

Now suppose the system has time delay, and for illustration purpose, we assume

it is a fixed time delay, say τ , and one dimensional problem again. Then χ = x(t− τ). The

running cost is still (3.20), but the system becomes

dx(t) = b(x(t− τ), u(x(t− τ)))dt + σdw(t) + dz(t), (3.21)
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indicating the system time delay in state observation.

After discretization by choosing an interpolation level h, the delayed path is de-

noted by a sequence of states

xh
n = [xh

n−D, xh
n−D+1, . . . , x

h
n−1, x

h
n] ∈ Gh,

approximating the path information x̄(t) = x(t + θ), θ ∈ [−τ, 0], whose piecewise-constant

interpolation are delay paths

x̄h
n ∈ D(Gh, [−τ, 0]),

where D(Gh, [−τ, 0]) is the space of right-continuous functions with left-hand limits taking

values in Gh and with the Skorohod J1-topology (see [9]). In this representation, it is easy

to know the states of the next time step, which is

xh
n+1 = [xh

n−D+1, x
h
n−D+2, . . . , x

h
n−1, x

h
n, xh

n+1] ∈ Gh,

where xh
n+1 = xh

n + h or xh
n − h, assuming all states are feasible.

We might use the representation xh
n as the states in our controlled Markov Chain

approximation scheme, and derive the control as a function of xh
n. However, notice that

because of the time delay τ , the information xh
n = [xh

n−D, xh
n−D+1, . . . , x

h
n−1, x

h
n] is not

observable at time step n. The only available information is

xh
n−D = [xh

n−2D, xh
n−2D+1, . . . , x

h
n−D−1, x

h
n−D],

states form a longer time ago. The control uh
n can be derived only through this delayed

information, although once it is applied to the control system, it works on the present state

xh
n. Therefore, a practical control policy uh

n is a function of xh
n−D. Nevertheless it requires us

to keep all the information and use [xh
n−D,xh

n] as the state representation in the controlled

Markov Chain approximation. That is, the delay information of length 2D should be kept,

where the most current D points are not available to the controller.

Computer memory requirements become an issue in applications of the method,

and some techniques are required to reduce the memory. Towards obtaining an efficient

representation of the state xh
n, we note that the difference between two consecutive states

can only be h or-h, so we may use xh
n = [d−D, d−D+1, ..., d−1, x

h
n] to represent the delay

path, where d−i = xh
n−i+1 − xh

n−i = h, i = 1, 2, ..., D. Furthermore, if we let I−i = 1
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denote the case d−i = h, and I−i = 0 denote the case d−i = −h, then this is a one-to-

one mapping between the integers and the delay path; we may represent the delay path

as xh
n = [I−D, I−D+1, ..., I−1, x

h
n]. The part [I−D, I−D+1, ..., I−1] corresponds to a unique

binomial number, and together with xh
n, we are able to use integers to represent the system

states xh
n. So all together there will be 22D ·N discrete states, where N = [B/h] + 3. We

note that increasing D (the interpolating points in the delay path) will rapidly increase the

number of states leading to severe memory requirements.

In the controlled Markov Chain approximation, the transition probability matrix

Rh takes the most memory, having 24DN2 elements. However, we notice that this matrix

is extremely sparse, so if we only record the nonzero entries, the scale of the matrix can be

reduced dramatically. Here, in Figure 3.5, a data queue technique is used in recording the

sparse matrix Rh, which is used in the linear system using Gauss-Seidel method (Section

2.3). In the simulation cases in Section 3.3.5, where two queues are considered, the scale

would be only 4 · 22D ·N .

rh
i,j

rh
u,v

rh
k,l

rh
s,t

rh
x,y

Rh

Figure 3.5: Representation of A Sparse Matrix

The issues in memory requirements are also addressed in [45] [44] [46] and, in fact,

are the motivation for the implicit numerical methods in [45][46] based on a representation

of systems with delay in Vinter and Kwong [83]. However, interesting future research would

include simulations under the numerical models in [45][46] and their comparison to the

results here.

It can be shown that the local consistency (3.4) holds under mild conditions pointed
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out in [45]. Assume σ2 > h|b(α, x̄h
n)|, then follow (3.6), the simple control policy uses the

following transition probabilities in the controlled Markov Chain approximation

ph(xh
n, xh

n ± h|u) =
σ2 ± hb(u, xh

n−D)
σ2

,

∆th =
h2

σ2
, (3.22)

for the simple fixed time delay case, that is, it uses the delayed information directly.

When in ∂G+
h , the effect of the reflection z(s) is to instantaneously bring the

simulated state into the feasible region G+
h . As mentioned in Section 3.1, since the states of

the real system will never be infeasible, independent of whether there is time delay or not,

we impose the condition that the reflecting term z(s) has no delay.

Numerical Implementation: Delay Case with State Estimation

The simple control policy uses the delayed state information directly in the tran-

sition probability form. We are interested in finding the effect of state estimation, and use

b(u, x̂h
n) in (3.22) instead of b(u, xh

n−D).

In the simulation model, it is possible to assume there is no time delay and find

the true optimal control policy u∗ for the system. But for the real time control system, u∗ is

not a practical control policy because only delayed information is available. However, u∗ is

a priori control policy and is useful for estimating the present system state. The estimation

procedure generally follows the two control policies presented in Section 3.2, namely, Policy

I and Policy II. In Policy I, the possible outcome of present state xh
n are predicted with

certain probabilities based on the delayed information xh
n−D and the control u∗, then an

averaged control variable is applied to the system. In Policy II, the outcome with the

highest probability is considered as the estimation of xh
n, say x̂h

n, and the control u∗(x̂h
n) is

applied. The state representation xh
n = [xh

n−D, xh
n−D+1, . . . , x

h
n−1, x

h
n] ∈ Gh enables us to

find what the next state is in the prediction procedure. That is, based on the information

xh
n−2D, xh

n−2D+1, . . . , x
h
n−D, we are able to predict xh

n−D+1, . . . , x
h
n step by step, analogous as

in Fig 3.2, and finally a sequence of prediction is determined. In the vector form, we predict

xh
n−D+1,x

h
n−D+2, . . . ,x

h
n step by step from the delayed information xh

n−D, where this vector

is the state in the controlled Markov Chain approximation, and the practical control policy

is a function of this state vector, as discussed in Section 3.3.3. The details of Policy I and
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II are given in Section 3.2. In the simulation, the control effect of u∗, simple control policy,

and Policy I and II are given and compared. It shows that the state estimation does yield

a better result than the simple control policy.

3.3.4 Algorithms

The solving steps just follow the procedure in Chapter 2. After the construction

of the controlled Markov Chain scheme, several cases are considered. We use the subscript

(i) to denote the result at the ith iteration of the algorithm. First for the no delay case,

an initial guess for the cost vector W h
(0)(·) is made, then by applying the one step dynamic

programming, the control uh
(1) and the transition probability matrix Rh

(1) is determined.

After that, a new cost vector W h
(1)(·) is calculated using Gauss-Seidel algorithm to solve the

linear system. This process goes on until convergence exists. In this way, the final control

policy is the optimal control u∗. Another advantage to run the no-delay case first is that we

can use the cost result W h as an initial guess for later runs, because it is expected that this

cost is not far away from the result of other control policies, so a close initial guess would

speed up the computation dramatically.

Now if the system has time delay, and the simple control policy is used, then the

delayed state information is used directly in the transition probability form in finding Rh,

and other steps are analogous to the no-delay case. If the state prediction is applied, then

at each delayed state xh
n−D, Policy I or II are implemented to determine the transition prob-

abilities. And the iteration is similar to that of the no-delay case. The detailed algorithm

is shown below:

Algorithm

Input simulation settings and validate.

Allocate memory for cost function W h, transition matrix Rh and control u.

Initialize W h.

if Using state estimation then

Set initial guess of W h
(0) the cost obtained from optimal control if the no-delay case has

been run.

Allocate memory for the optimal control.

end if
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while W h
(n) not converges do

if No delay case then

For each point xh
n in the structure

if xh
n which is the last entry of the vector xh

n is beyond the boundary then

Set the transition probability p(xh
n → xh

n+1) = 1, where xh
n+1 is a neighbor point

of xh
n and is also an interior point.

Add the boundary penalty cost C to W h
(n)(x

h
n). Update W h, Rh.

else

Apply the reserved power (control) to minimize the cost increment.

Compute the transition probabilities p(xh
n → xh

n+1), update u,W h, Rh.

end if

else if Delayed case then

if Simple control then

Take xh
n−D as the true system state and proceed as in the no-delay case.

else

Using optimal control u∗ obtained before to predict all possible present states.

if Policy I then

Apply the averaged control to the system, and proceed as in the no-delay case.

else if Policy II then

Apply the control u∗h(x̂h
n), where x̂h

n has the highest probability of outcome

among all possible predictions, proceed as in the no-delay case.

end if

end if

end if

Using updated W h, Rh, solve the system W h
(n+1) = Rh

(n)W
h
(n) + C for new W h

(n+1).

The Gauss-Seidel iteration is used to solve this linear system.

if ||W h
(n+1) −W h

(n)||/||W h
(n)|| >stop-criterion then

Use W h
(n+1) as the new cost vector.

else

Break

end if

end while

Record W h, u, Rh.
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3.3.5 Simulations

In this section, we give the simulation results, the controls and corresponding

running costs of these different control policies, and compare them with the no-delay optimal

control results. The convergence of the costs at each iteration for both no-delay case and

delay case are also shown, which is crucial to the numerical method. The simulations give

a first application of the numerical methods in [45] for obtaining optimal control policies

with delays in the state, complementing applications in the no-delay case described in [52]

which use the methods in [47]. By comparing the different results, we will also see that the

improvement of Policy I and II over the simple control is accomplished by small differences

in the control policy.

As noted in Section 3.3.3, the large memory requirements are due to the need to

keep track of the state information comprising the paths and there are practical limits on

the size of the simulations. In our case we had 8 gigabytes of memory and were limited to

modeling small delays. In particular, we set τ = N ·∆th where ∆th = h2/σ2, a constant,

and N = 1 or 2, the number of interpolation steps in the delay. We model two affects when

varying N . In the first case, N and σ are adjusted together for τ to remain fixed in order

to study the affect of changing volatility (σ) in the system. In the second case, only N is

varied in order to study the affect of delay length, in which case the delay τ varies.

The simulating system is a wireless communication system with two queues, and

the control problem is to allocate optimally the reserved power u between these two queues

in order to minimize the expected running cost W . It is assumed that there are two channel

states for this system, and the service rate is different under these channel states. It is

desirable to avoid overflow and even underflow, i.e., the queue size should stay away from

its boundaries, hence the costs co and cu are employed. The value for the queue size B and

interpolation interval h were influenced by our available memory.

Table 3.1: Simulation Parameters
No. of Queues 2 No. of Channel State j 2

Queue Weights a1, a2 0.3, 0.2 Channel State Distrib. π1, π2 0.7, 0.3
Reserved Power u 1 Discount Rate β 0.05
λ̄d

1(j), [j = 1, j = 2] [0.3, 0.2] λ̄d
2(j), [j = 1, j = 2] [0.2, 0.1]

Queue Size B 8 Interpolation Level h 0.1
Penalty on Empty Queue cu 10 Penalty on Blocked Queue co 500

Cost Rates p1, p2 2, 2 Base Volatility σ2 0.3
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It is also interested to find out the performance of the numerical algorithms. So

some parameter analysis of the simulation result are first investigated, say the control effect.

After that, the effect of time delay, effect of different control policies will be given, especially

the result of state estimation policies.

Effect of Control in the No-delay Case

The first point of interest is to know the control effect, i.e., the effect of the small

amount of the reserved power. To illustrate it, we use the no-delay system. In this case,

there will be 80×80 grid points, each corresponds to a physical state of the system. Suppose

the system has no reserved power, i.e., u = 0, the following graph shows the convergent

property of the simulation, and the running cost corresponding to different starting points.
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Figure 3.6: Cost convergence of the no-delay system without reserved power

In Fig 3.6, it shows the error of two consecutive W h
(n) of the algorithm iterations,

as illustrated in Section 3.3.4. We can show that the convergence is achieved, guaranteed

by the contraction mapping Rh.

Fig 3.7 shows the discounted infinite time running cost starting from each system

state, i.e., the grid point, without reserved power allocation. If at time zero, the queue sizes

are small, the total discounted running cost tends to be small, and vice versa.

Now to show the effect of control, i.e., the power allocation, let u = 1, which is a

small amount of power, ignorable compared to the nominal power. The cost curve is similar
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Figure 3.7: Running cost of the no-delay system without reserved power

to Fig 3.7, and we give the cost difference between the control and no-control case, namely,

the cost reduced by the control.
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Figure 3.8: Running cost difference of the no-delay system with and without control

From Fig 3.8, we can see that a large amount of cost is reduced. The reserved

power is a small amount of power that is used to reduce the queue size. The purpose of

control is to allocate this reserved power between these two queues optimally in order to

minimize the expected running cost. Although only a small amount of the total power is
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subject to control, it has a significant effect on the queue levels [13].

The cost convergence curve for the system with control is similar to Fig 3.6, and

we will show some of them wherever we think necessary.

The power allocation policy is shown in Fig 3.9 and 3.10, which are the controls

under channel state 1 and 2.
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Figure 3.9: Power allocation in Channel state 1-no time delay
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Figure 3.10: Power allocation in Channel state 2-no time delay

The power allocated to queue 2 under these channel states are the complements
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of Fig 3.9 and Fig 3.10 respectively. Notice that the queue weights a1 > a2, so more power

is assigned to queue 1 instead of queue 2 in order to reduce the total running cost.

One Step of Delay D = 1

In this section we investigate the system with the smallest delay τ = ∆th. Then

the path representation x̄h
n is formed from the interpolation of two states. If delay exists,

i.e., suppose there are D steps of delay for each queue state, then corresponding to each

grid point in the 8080 matrix, there will be 22D different states representing different delay

paths. Because these 22D states play equivalent roles for the purposes of illustrating the

costs, we arbitrarily pick one of them, namely, the first one of these 22D choices to represent

the results.

There are three control strategies. The first one is the control based on delayed

information, or the simple control policy. The second is the optimal control, which is not

realizable in practice. The last one is the control using state estimation. Here we have two

ways of propagation, namely Policy I and II which were discussed before. We first talk

about strategy I, which applies the averaged control of its predictions. The comparison of

strategy I and II will be discussed in details later.
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Figure 3.11: Running Cost Difference between Simple Control and Policy I(D = 1)

Fig 3.11 shows the cost difference between simple control policy and Policy I. It

showed that the simple control yields a higher cost than Policy I, which is an evidence of
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the efficiency of state estimation.

The performance of the optimal control, which has the complete system informa-

tion, is shown in Fig 3.12, where we can see that it costs even less than Policy I.
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Figure 3.12: Running Cost Difference between Policy I and the Optimal Control(D = 1)

Recall that the optimal control is not applicable. The simple control policy derives

control variable only from the delayed state. The cost is higher than the optimal one, which

agrees with our expectation. Policy I applies the state estimation, where the control is an

average of its prediction values. The cost is between the optimal one and that of the simple

control.

In Figure 3.13 the convergence behavior of the simulation for obtaining the costs of

these three control methods is illustrated, as one iterates in the numerical method. Simple

control and the optimal control have almost the same speed of convergence. For Policy I,

since it starts iteration with the optimal control obtained before, so at first it converges

faster than the other two. An important point is that Policy I, with its added complication

from the prediction component using averaged control, shows similar convergence properties

as in the Optimal Control and Simple Control cases.

The difference between the simple control and the optimal control under channel

state j = 1 is shown in Fig 3.14. The results for the controls under channel state 2 are quite

similar, which are not shown here.

In Fig 3.14, to the right of the curve, the control value is one u = 1 for both
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Figure 3.13: Cost Convergence of Simple Control, Optimal Control and Policy I(D = 1)
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Figure 3.14: Control difference between Simple Control and Optimal Control(D = 1)

the simple control and the optimal control and it is applied to queue 2; to the left of the

curve no power is assigned to queue 2 in either case (in other words, all power is applied to

queue 1). The differences lie along the curve and have magnitude 1. This small region of

difference, which we will call the switching region, leads to the cost relations between the

Simple Control and the Optimal Control which can be deduced from Figures 3.11 and 3.12.

The control difference between the Optimal Control and Policy I under channel
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state j = 1 is shown in Fig 3.15.
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Figure 3.15: Control difference between Optimal Control and Policy I(D = 1)

Again, we see the difference gives a small switching region, where now magnitude

can be less than one since the average control is used in Policy I. As before, in fact for

all control results in our simulations, the differences in the control policy for channel state

j = 2 shows similar results. Even further, there is a similar switching region (not shown)

and cost characteristics when comparing Policy II to the simple control and Optimal control

policy, although, of course, the Optimal Control policy gives the lowest cost, and the simple

control yields the highest.

Two Steps of Delay D = 2

In this section we increase the number of interpolations in the delay path to D = 2.

While keeping the interpolation level h fixed, there are two ways to increase D. From the

equation ∆th = h2

σ2 , we may increase σ2 and keep τ unchanged, so that the number of

discrete points in the delay path D would increase. Another method is that we increase the

length of the system time delay, τ . If all others are unchanged but τ is doubled, then D

is doubled. Although both cases correspond to different physical characteristics, they give

similar simulation results.
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Increased volatility σ To make D = 2, the volatility σ is increased by a factor
√

2

(σ = 0.3
√

2). In this way, the volatility of the system changed, which means the state

varies ‘faster’, and it requires finer grid to simulate this system, hence larger D. This gives

another motivation for studying the affects of increasing the variance. Since the simulation

results under channel state j = 1 and j = 2 are analogous, we only give the result under

channel state j = 1.

The running cost of the optimal control is shown in Fig 3.16,
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Figure 3.16: Running Cost of the Optimal Control (Increased volatility, D = 2)

This is the control with complete system information. Although it is not practical

in real time control, it gives the lower bound on the cost. Again, we first consider the

control policy I, which uses the averaged control. The cost increment of this policy over the

optimal control case is given in Fig 3.17,

As is expected, the state estimation control policy can not outperform the control

with full system information case. Note the larger cost difference than that of the one step

delay case. However, this control does give lower cost than the simple control policy, which

uses the delayed information directly in the transition probability formula in the controlled

Markov Chain approximation, and this can be seen in Fig 3.18.

For the control Policy II, which takes the estimation with the highest probability

of outcome as the present state, we also notice the same phenomenon that Policy II gives

a cost that is higher than the full information but lower than the simple control case. In
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Figure 3.17: Difference of Running Costs between Policy I and the Optimal Control (In-
creased volatility, D = 2)
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Figure 3.18: Difference of Running Costs between the Simple Control and Policy I(Increased
volatility, D = 2)

order to make the topic complete but not lengthy, we give the performance of Policy II in

the two steps of delay in the case of increased τ .

As in Figure 3.13 for D = 1, Figure 3.19 shows the convergence of the costs of

simple control, control with complete information and Policy II. We note that the jumps

in the figure are due to stopping and restarting of the simulation to accommodate memory
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constraints. At these times, the code clears the history of each iteration, as well as the

transition probability matrix in order to save memory, but it records the newest cost matrix.

The purpose is to find a better starting point for the iterations and clear redundant memory

so that we may do more iterations with limited computer memory. If successive iterations

yield insignificant improvement, then the iteration terminates.
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Figure 3.19: Running Cost Convergence(Increased volatility, D = 2)

The control policies have similar characteristics as in the D = 1 case: Figure 3.20

is analogous to Figure 3.14, where again the control difference is along the switching region

and has magnitude 1. However, note the thicker switching region in Figure 3.20 indicates

greater occurrences of control differences. Figure 3.21 is analogous to Figure 3.15 showing

the difference in the policies between optimal control and Policy I.

Increased Time Delay τ In this Section D = 2 again but with volatility σ unchanged

(hence ∆th unchanged) from Section 3.1 so that τ is doubled. The control Policy II, which

uses the estimation with the highest probability as the present state, is investigated here

since not much result about this method were given before.

The convergence behavior of the simulation method for the various strategies is

good (see Figure 3.22) and is similar to the D = 2 case with increased volatility (see Figure

3.19).

The running cost difference of Policy II over the control with complete information
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Figure 3.20: Difference of control between the Simple Control and Optimal Con-
trol(Increased volatility, D = 2)
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Figure 3.21: Difference of control between the Optimal Control and Policy I(Increased
volatility, D = 2)

case is shown in Fig 3.23, and the cost difference of Simple control over Policy II is shown

in Fig 3.24. Again, we observe the fact that the state estimation policies yield a lower cost

than the Simple control, but no better than the optimal control which has access to full

system information. Similar conclusion is deduced for control Policy I, as in the increased

volatility case.
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Figure 3.22: Running Cost Convergence(Increased time delay, D = 2)
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Figure 3.23: Difference of Running Costs between Policy II and the Optimal Control (In-
creased time delay, D = 2)

For the difference of the Optimal Control case and Simple control, we also have

similar trends for both D = 2 cases (increased volatility and increased delay). In Figure 3.25

we see similar characteristics in the difference in control policies between Simple control and

the Optimal Control for the increased delay case as in the increased volatility case. And

Figure 3.26 is the control difference between Policy II and Optimal control. Since in Policy

II, it does not use the averaged control, instead it applies u∗(x̂h
n) where x̂h

n is chosen by the
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Figure 3.24: Difference of Running Costs between Simple Control and Policy II (Increased
time delay, D = 2)

estimation with the highest probability of outcome, so the magnitude is 0 or 1.
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Figure 3.25: Difference of control between the Simple Control and Optimal Con-
trol(Increased time delay, D = 2)

Comment on Policy I and II in the increased volatility and increased delay

cases If consider the grid points in the state matrix with equal weights, we can compute

the average running costs for the no delay, one step of delay and two steps of delay case,
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Figure 3.26: Difference of control between Policy II and the Optimal Control(Increased time
delay, D = 2)

both for the increased volatility and increased time delay scenario. Table 3.3.5 gives the

results. Recall that for different number of delay steps D, the state representations are

different, in other words, the states from the one and two steps of delay case may not

represent the same system state because of the delay path information, even though they

have the same queue size. Therefore, the comparison between different delay steps does not

make much sense. However, for the same scenario, we can compare the control results of

different control policies.

Notice the D = 2 case with increased volatility (σ), and recall the formula for

ph(xh
n, xh

n ± h|u) =
σ2 ± hb(u, xh

n)
2σ2

.

If σ increases, the transition probability ph → 1
2 , which diminishes the control

effect b(·). In other words, the control plays less role in this situation. So for all the control

policies, the running costs are higher than other cases.

Table 3.2: Average (over initial state) cost
Delay Steps Simple Control Optimal Control Policy I Policy II

D = 1 202.64 200.45 200.71 200.61
D = 2, increased σ 270.20 264.41 266.81 265.40
D = 2, increased τ 203.87 199.95 201.47 200.41

Figure 3.27 shows the percentages of cost reduction of Optimal Control, Policy I
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and II over the Simple control method along with the increase of delay steps, where the two

steps of delay is due to increased volatility. Figure 3.28 gives the similar result, where the

two steps of delay is due to increased time delay.
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Figure 3.27: Percentage of Cost Reductions over Simple Control (increased σ)
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Figure 3.28: Percentage of Cost Reductions over Simple Control (increased τ)

We have considered two state estimation methods, which are Policy I and II. When

the length of delay is short, so that the number of interpolation points in the delay path

is small, Policy II performs better than Policy I, since the highest probability among the

predictions can be large. This means the short prediction should be a good estimation
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of the true system state. As the number of interpolation points D increases, the possible

choices of the predictions will be 2DN , where N is the dimension of the problem, or number

of queues specifically.

There are two factors that can affect D. One is the length of delay τ . If τ increases

while other parameters unchanged, D increases linearly with τ . But in this case, the number

of predictions, which is 2DN , is much higher. In other words, the average of the controls is

more stable and is hard to get close to the optimal control. It happens that Policy II shows

a better control result than Policy I as D increases in this case. Interested reader should

refer to [15].

In high-speed systems with fast arrivals rates and departures rates, compared to

slower systems, we expect the volatility of the system to increase, and consequently the in-

terpolation time interval ∆th decreases. Then even the length of delay τ keeps the same, the

number of interpolation points D also becomes bigger. However, in high speed system with

larger λ̄d note the control effect through the drift term (bi(u, χ) = −∑
j ui(j, χ)λ̄d

i (j)π(j))

would be stronger and also note the fact that this term has a large effect on the transition

probabilities. Therefore, although the number of predictions 2DN increases, the highest

probability among these choices can still remain large. So Policy II still turns out to yield

good result. If both τ and σ change, the comparison of Policy I and II will be complicated.

3.3.6 Discussion of the simulation results: control policy and cost rela-

tions

The Optimal Control, Simple control, and Policy II control policies have the char-

acteristics that given a channel state j, at each element of the queue state space the control

takes the lower bound 0 for one queue and the upper bound 1 for the other queue. Further-

more, the cost rate weighting the relative queue sizes divides the state space. In particular,

for the states on one side of a dividing the curve in the state space, the control value takes

its upper bound for one queue and a lower bound for the other queue; on the other side of

the switching curve, the control values are reversed on the queues.

In the following we consider the differences between the Optimal Control policies

and Simple Control and Policy II (Policy I is briefly considered at the end of the section).

In Section 3.3.5 we saw the control differences form a switching region. The differences of

the control policies in the switching region explain, of course, the corresponding differences
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of the costs.

Looking more carefully at these differences, first consider Figure 3.14 which is for

a system with one step of delay. For the states next to the switching region, the Simple

Control does not agree with the Optimal Control since the Simple Control is derived based

on delayed state information, but the Optimal Control which is based on the actual system

state, switches from one bound to the other. We have a similar switching region for N = 2,

but we note that in general with a wider width (see Figures 3.25 and 3.20).

Now consider Policy II; more precisely the difference with the Optimal Control

case. For the states next to the switching region, due to the small delay, there is a significant

probability that the propagation method used in Policy II predicts the actual system state.

That means, there is a significant probability that Policy II agrees with the Optimal Control

for some states close to the switching curvesee Fig 3.26, the switching region is narrow. For

the states along the switching region where the queue sizes are large, where the right control

policy is more important to the system for cost reduction, Policy II does a better job than

Simple Control in getting the optimal control (compare Figures 3.25 and 3.26 for channel

state j = 1). This gives an explanation of the lower cost of Policy II than Simple Control.

Figure 3.27 3.28 and Table 3.3.5 show how these control policies perform in reduc-

ing the cost. The cost reductions (averaged over the initial states) are relative to Simple

Control and shows the Optimal Control giving the best results (of course) with Policy II

second best, up to D = 2. The improvement is small but this is a consequence of the small

delays considered.

Policy I applies the averaged control to the system. As the number of delay steps

increases, the number of possible outcomes of the prediction increases too. By averaging

the controls associated with these predictions, the mean is more and more unsensitive to

the change of delay steps. Then it is more unlikely that the mean is close to the optimal

control. This explains the performance of Policy I in Fig 3.27 and 3.28, where for one step

of delay, it still yields a similar cost reduction as Policy II, but as the number of delay steps

increases, its performance can not match Policy II.

In summary, we have found propagation or state estimation control policy that is

better than the control under delayed information for our control system. This propagation

policy utilizes the optimal control under full state information, which can be obtained

through simulation but not applicable in real time control system due to the time delay.

Now we can claim that the propagation policy gives a new upper bound for the averaged
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running cost of the stochastic control system with time delay.

3.4 Future Topics

We have shown that by estimating the present system state, we found better

control methods than the simple control which uses the delayed information directly in the

approximation. We estimate the state by two approaches, one is to pick the prediction with

the highest probability of outcome, the other applies the average, and both methods are

based on the assumption that the system is controlled under the optimal control u∗, which

has full system information. Several issues remain. One is that, is the assumption that the

system is controlled under u∗ a proper assumption? This assumption is motivated from the

separation principle used in deterministic control system, yet whether it is proper to apply

in stochastic control systems with time delay still remains an interesting topic.

The control effect of Policy I and II along with the number of delay steps is shown

up to D = 2. How do these controls perform as the number of delay increases? Do they

still have large cost reductions or the reductions diminish as D increases? All such kind of

problems are hard and need further study, especially the problem of dealing with computer

memories in order to handle large delays.

The performance of Policy I and II motivated us to use the same state estimation

methods, especially Policy II, in later Chapters. However, the optimality of these state

estimating methods is not guaranteed yet. What state estimating method yields the optimal

policy for the controlled Markov Chain approximation and how to show the optimality

should be the followed topics in the near future. In Chapter 4 we found it is convenient to

have access to the control history in the delay path in order to have accurate present state

estimation, yet the optimal control policy is still in search.

We used the controlled Markov Chain approximation to solve stochastic control

problems with time delay in continuous time. As the interpolation interval h → 0, the

discrete results converge weakly to the continuous time solutions. However, this conclusion

holds for the system with no-delay or the delayed system using the simple control [46]. We

claim that the state estimation methods, Policy I and II, do not alter the structure of the

theoretical proof, as in Chapter 2, so we expect them to converge to certain continuous time

control policies as well. However, it does need rigorous proof.

We have only considered the stochastic control problem with fixed time delay.
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The extended problem with general time delay is still a hard problem. We made the first

try applying the numerical method solving such kind of problems in this area, yet future

research should focus on finding the solutions of stochastic control problem with general

time delay, and finding the analytical form inspired by the numerical results.
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Chapter 4

Numerical Solutions with Delayed

Control Information

4.1 Introduction

In the previous chapters, we discussed the nonlinear stochastic control problems

with time delay, where a short path of the system state is taken as the representation of

the numerical state. The system is simulated to run as if there were no time delay, and

the optimal control policy for the no-delay system is derived. Then for the realtime control

system, applying the separation principle for the deterministic system control problem with

delay, the present system state is estimated based on the delayed information and the

assumption that the system is controlled under the optimal control policy for the no-delay

system. Once the present state is estimated, the optimal control variable associated with

this estimation is applied to the system. The simulation results showed that this control

policy gives a better result than the Simple control policy where the time delay was ignored,

i.e., using the delayed state information directly in the transition probability.

The control policies we derived, Policy I and II in Chapter 3, give an upper bound

on the system running cost. However, it is hard to say this is the optimal control for the

system with time delay, which we will call delayed optimal control. One reason is that,

the real system behaves according to the control variable which has been actually applied.

That is, the system with time delay does not behave exactly under the optimal control

for no-delay system (u∗ in Chapter 3). Therefore, to estimate the present system state
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assuming the system is controlled under optimal control for no-delay system, an estimation

bias is expected. We have shown that, for our control system, it is better to estimate

the present state than not doing so, and because the system runs according to the control

actually applied, we present an idea to record a short path of the control history. That

means, we should keep in mind what we have done to the system. From the delayed state

information which is only available in the realtime control, and knowing all the controls we

have already applied, we expect to estimate the present system state more accurately. If

this is a deterministic discrete time control system with delay, then knowing the delayed

state information and the control variables already applied is enough to estimate the present

system state exactly, assuming there is no noise input. The difference here is that we have

a controlled Markov Chain as the simulation model, and we can estimate each possible

outcome of the present state with accurate probabilities.

This idea is also motivated by the separation principle, where a good state estima-

tion is very important to the control effect. Some earlier applications of separation principle

to stochastic control systems can be found in [78] [12] [23] [21] [53]. Recently Grimble [34]

applied the separation principle to a discrete stochastic control system in frequency domain.

Rishel [73] studied the separation principle in linear quadratic system with hidden Markov

drift. Most of the research applied the state estimation procedure in linear systems in dis-

crete time. For nonlinear stochastic control systems with time delay or partial information

in continuous time, the analytical solution is hard to find. Little is known about the numer-

ical methods and its convergence to continuous time solutions. That motivates us to use

the controlled Markov Chain approximation with state estimation, where the convergence

proof is an advantage of this numerical approach. We also noticed that the state estimation

in the discrete system with time delay makes the optimality proof possible [77] [61], so by

adding the state prediction in our numerical approximation, we are in hope to achieve the

optimality of the numerical methods and hence the optimal continuous time solution which

the numerical result converges to.

Another merit of this control policy is that the dimension of the simulation system

is reduced dramatically. Recall that in the previous control strategy, 2τ of the state history

is recorded for each queue, where τ is the length of time delay. So for the two queues, we

need to keep 4τ of path information. The dimension of the Markov Chain simulation will

increase exponentially accordingly. And if there are more queues, the computer memory

needed to run the simulation would be huge. In the policy discussed in this chapter, we
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only need to keep τ length of the control history, since there is only one control variable.

In the solution iteration step in this new policy, we avoid solving the huge linear

system, as what we did in the previous method. In fact, we update the running cost

associated with each state node by node. Then the huge computer memory requirement of

the transition probability matrix for the Markov Chain is freed. Therefore, larger scale and

finer interpolation grid problems can be solved.

The control system is a reflected controlled diffusion system with delay, which is

identical to what we considered before (equation (3.7) in Section 3.2).

dx(t) = b(x(t− τ), u(x(t− τ)))dt + σdw(t) + dz(t), (4.1)

where x(t) is the state of the system, b(·) and σ are the drift and volatility term respectively,

and w(t) is the standard Wiener process. The solution x(t) is confined to a finite interval

G = [0, B]. z(t) is the reflection term which is nonzero only when x(t) is on the boundary,

in order to keep the state feasible. The time delay length is denoted by τ . We can note

that the drift term is a function of the delayed information x(t− τ). u(t) is the admissible

control chosen to minimize a certain cost function W (x, u), e.g.,

W (x, u) = Eu
x

∫ ∞

0
e−βsk(x(s), u(s))ds, (4.2)

where β is the discount factor, and k(·) is the cost rate.

To represent the system state x(t), the Markov Chain approximation is again

denoted by xh
n(·), a piecewise constant function which takes values on a discretization of

the state space where the distance between adjacent state is h. The choice of h also gives

an associated interpolation time interval ∆th = h2

σ2 over which the state xh
n is held constant.

We use xh
n to denote a particular state, and use xh

n ∈ G0
h to denote some general feasible

state in G0
h, where G0

h denotes the set of interior points of the discrete feasible region of the

system states.

All the conditions on b(), u(), σ that are needed for the local consistency and those

needed for the controlled Markov Chain approximation are assumed to be held, as discussed

in previous chapters, say Chapter 2 and 3.

Kushner [45] showed that for this kind of stochastic delay control problems with

reflection, the controlled Markov Chain approximation can be applied, and under that

scheme, the state approximation xh
n will jump to xh

n + h with probability ph and jump to
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xh
n − h with probability 1− ph, where ph is given below

ph(xh
n, xh

n ± h|u) =
σ2 ± hb(u(xh

n(t− τ)))
2σ2

, (4.3)

where u is the control policy associated with the system states, and xh
n(t− τ) is the discrete

approximation of the delayed information x(t− τ).

Let W h() denote the discounted cost associated with the discretized process, then

W h(x) is the approximation of the expected running cost starting from the point x,

W h(x) = Ex

∞∑

n=0

e−βn∆th
[
∆thk(xh

n, uh
n) + c(xh

n)δzn

]
, (4.4)

where xh
n, uh

n are the states and controls at time step n, and c(·) is the cost increment if the

state hits the boundary of the feasible region, and δzn is the discrete approximation of the

process z(t). So W h(x) is the expected discounted running cost of the system starting from

the state x, given the control variables uh
n.

The iteration for updating W h(·) for the interior points is thus

W h(x) = e−β∆thph(x, x + h|u)W h(x + h)

+ e−β∆thph(x, x− h|u)W h(x− h) + ∆thk(xh, u), (4.5)

and the optimal running cost is

V h(x, u) = inf
u∈U

W h(x), (4.6)

where U is the set of admissible controls.

Define the matrix Rh(u) = {rh(x, y|u(x));x, y ∈ G0
h}, where

rh(x, y|u) = e−β∆thph(x, y|u) (4.7)

for x ∈ G0
h, and G0

h is the set of interior points of the feasible region of the discretized state.

Then the cost equation (4.5) can be written as in the following dynamic programming form

W h = Rh(u)W h + Ch(u), (4.8)

V h = min
u∈U

[Rh(u)V h + Ch(u)], (4.9)

where Ch(u) is the cost increment, which is ∆thk(xh
n, u) plus possible boundary cost c(·) in

our example.
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The simple control policy, which we also call delayed control policy, assumes the

delayed information as the present state, and takes the transition probability as in (4.3).

Using the state estimation as in previous chapters, we have shown that if we can estimate the

present state and apply the control accordingly, we can achieve a better control policy, which

gives a smaller running cost than that of the simple control. That is, to use the estimation

x̂h
n to replace the delayed information xh

n(t− τ), and use the transition probability

p(xh
n, xh

n ± h|u) =
σ2 ± hb(u(x̂h

n))
2σ2

. (4.10)

As pointed out in the introduction of this chapter, it remains a question whether

the separation principle can guarantee the optimality of the control policy obtained, because

it estimates the present state assuming that the system is controlled under optimal control

of the no-delay system u∗, where the system does not. Using the state prediction procedure

in our example gives us an upper bound of the running cost, which is lower than that of

the delayed control.

Notice that the system is run under the control variable which is actually applied

to it, so if we know the controls that have been applied by the present time, we can, based

on the information we have, estimate the system state more accurately. Here we present

our idea to find the control policy while keeping the path information of control history.

4.2 Markov Chain Approximation Model with Control His-

tory

Assume the system has time delay τ , and by choosing the interpolation level h for

the state space, we also get the time interval ∆th = h2

σ2 for the time space. Let D = [τ/∆th],

i.e., there are D intervals in the delay path of the discrete approximating system. Denote

these states by

xh
n−D, xh

n−D+1, . . . , x
h
n−1, x

h
n,

shown in Fig 4.1, similar to the Figure 3.1 in Chapter 3, but with much less memory

requirement.

In this Figure xh
n is just the present system state, and xh

n−D is the approximation

of the delayed state x(t− τ). Because of the time delay, the states xh
n−D+1, . . . , x

h
n−1, x

h
0 are

not observable at present time, i.e., time zero. For the delayed control policy, the transition
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Figure 4.1: Approximating the Delay Path

probability is in the following form by Kushner [45]

p(xh
n, xh

n ± h|u) =
σ2 ± hb(u(xh

n−D))
2σ2

. (4.11)

If only the delayed information x(t − τ) or xh
n−D is available, the construction of

controlled Markov Chain approximation using (4.11) gives the best choice. It just takes the

delayed system state xh
n−D as the present system state. However, as we mentioned that,

where the state will jump to in the next time period only depends on where the present

state is and what control variable we apply to it. So if we could estimate the present system

state, we are expected to find a better control policy. This kind of result was shown in

previous chapters, where we estimate the present state using Policy I or II and replace xh
−D

by an estimation x̂h in (4.11). There we found a better control policy than the Simple

Control, hence found an upper bound on the optimal system running cost.

Notice that assuming the system to be controlled under the optimal control for

no-delay system cannot guarantee the optimality of the result for the delayed system, and

although the system has time delay τ in observation, which means only xh
n−D is available,

we do have access to the control variables that have been applied, that is, the information

un−D, un−D+1, . . . , un−1 are known, which are the control variables applied at time (n −
D)∆th, (n + 1 −D)∆th, . . . , (n − 1)∆th. Our task is to determine the control variable un

to apply at present time.

Under the controlled Markov Chain approximation model, the information (n −
D)∆th, (n + 1 − D)∆th, . . . , (n − 1)∆th together with the delayed state xh

n−D along with

control function are enough to estimate the present state xh
n, as shown in the figure below.
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Figure 4.2: Controlled Markov Chain Approximation of the System with Delay

Suppose the present time is at the nth step, the information

(un−D, un−D+1, . . . , un−1, x
h
n−D)

are known. (x̂h
n+1−D, . . . , x̂h

n−1, x̂
h
n) are the state estimations, and the variable un is the one

that needs to be determined.

Because now the state in our controlled Markov Chain structure becomes

(un−D, un−D+1, . . . , un−1, x
h
n−D), we may write the cost function in the simulation as

W h(un−D, un−D+1, . . . , un−1, x
h
n−D)

or W h(u, xh
n−D), where u = (un−D, un−D+1, . . . , un−1). And the control un which we seek

can be written as u(u, xh
n−D).

The estimates (x̂h
n+1−D, . . . , x̂h

n−1, x̂
h
n) can be determined one by one. For example, the

points a, b are two possible outcomes of the state xh
n+1−D, since we know xh

n−D and the

control un−D was applied, the probability that

P (xh
n+1−D = a = xh

n−D + h) =
σ2 + hb(un−D)

2σ2
,
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and similarly,

P (xh
n+1−D = b = xh

n−D − h) =
σ2 − hb(un−D)

2σ2
.

Start from the nodes a, b, the probabilities of the outcomes of state xh
n+2−D can

be calculated, and so forth, until we reach the estimation of the state xh
n. That is, if let

v1, v2, . . . , vm be the possible outcomes of xh
n, then we have computed the exact probabilities

of ph
i = P (xh

n = vi), i = 1, 2, . . . , m.

If the system is a discrete controlled Markov Chain system with time delay in

the state observation, then using this estimating method based on delayed information

and control history, we can predict the outcome of the present system state with exact

probability. If the system is just a discrete deterministic dynamic system with time delay,

then the present state xh
n can be determined, which is no longer a random variable for us.

The controlled Markov Chain model, as an approximation to the stochastic control

system in continuous time, is our underlying model, and the system is assumed to run

following the discrete controlled Markov Chain structure. The utilization of the control

path history helps us determine the probability of every possible outcome of the present

state xh
n. Since the states are discrete, to find a good match of xh

n, we choose the outcome

that has the highest probability to occur. That is, choose

x̂h
n =vj ,

where ph
j =P (xh

n = vj) = max
1≤i≤m

P (xh
n = vi).

This is one of the estimating method we used in previous chapters, i.e., Policy II in Chapter

3. As we discussed earlier, it is convenient to find one specific match of xh
n than using

the average of all possible outcomes, because the states are usually multidimensional, the

average does not have an explicit meaning, for example, it may not necessarily be a feasible

state in the controlled Markov Chain scheme. Another advantage using the specific match

is that, we can apply a control associated with this estimation, and form the control policy

of the approximating system easily.

4.3 Finding the Control using Receding Horizons

After finding the estimation x̂h
n of the present state xh

n, we use it as an approxima-

tion of xh
n and determine the control from there. The cost update formula is given in (4.5),

and (4.8) gives the matrix form.
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By considering x̂h
n as an approximation of xh

n, we can take the system as if there

were no time delay. That is, we study the system as if we know the present system state.

Recall Kushner’s algorithm using the controlled Markov Chain approximation in

Chapter 2. The solution of cost matrix W h and optimal control policy u are determined

iteratively [47]. At the kth iteration, the control for the next iteration u(k+1) is given in the

following form

u(k+1)(x) = arg min
α∈U


 e−β∆thph(x, x + h|α)W h

(k)(x + h)

+e−β∆thph(x, x− h|α)W h
(k)(x− h) +∆thk(x, α)


 , (4.12)

where the subscript k is the index of iteration number.

A general form is as follows

u(k+1)(x) = arg min
α∈U

[∑
y

r(x, y|α)W h
(k)(y) + C(x, α)

]
, (4.13)

for x, y ∈ G0
h, and r(x, y|α) is in (4.7).

The formula for updating the cost function W h
(k) is

W h
(k+1)(x) =

∑
y

r(x, y|u(k+1)(x))W h
(k)(y) + C(x, u(k+1)), (4.14)

where u(k+1)(x) is in (4.13).

The recursive equation for the optimal cost function V h
(k) is defined by

V h
(k+1)(x) = min

α∈U

[∑
y

r(x, y|α)V(k)(y) + C(x, α)

]
, (4.15)

or in the general dynamic programming equation

V(k+1) = min
α∈U

[
R(α)V(k) + C(α)

]
. (4.16)

Let V be the infimum of the cost over all admissible control sequences, Kushner [47] showed

that under some general conditions, W h
(k) → V as k →∞.

Consider the control updating equation (4.12), and notice that it is in fact a one-

step dynamic programming equation. There are some reasons we increase the decision

horizon to P steps. The first is, if the initial guess for W h(·) is far from the final solution,

the convergence would be very slow and the computation time would be very long. If the

horizon is longer, by adding up the discounted cost at each step, we can obtain a closer
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approximation to the running cost W h
(k)(·), rather than using an arbitrary initial guess.

Consider again the equation for W h(·) in (4.4). Because of the discounting factor, the cost

of the first several steps would account for a considerable portion of W h. Use this value as

the initial guess for W h would speed up the computation quite a bit.

The second reason is that, because of the initial cost array, for the first several

iterations, the determined control policy might be quite different from the final solution.

Longer decision horizon is expected to yield the control which converges faster. The follow-

ing figure shows the scheme that starts from the estimation x̂h
n and uses P steps of decision

horizon.
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Figure 4.3: Determine the Control using P steps of Decision Horizon

Suppose we are at the kth iteration of the algorithm. Start from the estimation

x̂h
n, we need to find a sequence of controls (un, un+1, . . . , un+P ) for the P steps of decision

horizon. That is, we perform a P steps of dynamic programming. The values at the P th

step are the boundary conditions for the dynamic programming, i.e., W h(e), W h(f), etc.
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According to the dynamic programming principle (4.15), the values are chosen as follows

W h(e) = min
ue

W h
(k)(ue, e), (4.17)

which is just the minimum running cost so far starting from the node e, given that the

control ue has already been applied. In fact, the control ue is the control sequence

un+P+1, un+P+2, . . . , un+P+D

which are not determined within our P step decision horizon but will be applied at time

n+P+1, n+P+2, . . . , n+P+D. At time n+P+D, the state e or f or other possible outcome

at time P will be observable, and the control un+P+1, un+P+2, . . . , un+P+D has been ap-

plied. The sequence (un+P+1, un+P+2, . . . , un+P+D, e) or (un+P+1, un+P+2, . . . , un+P+D, f)

or other possible outcome forms our standard system state in the controlled Markov Chain

approximation. Therefore, the cost representation in the P step dynamic programming

horizon is consistent.

After the boundary condition is set, the dynamic programming can be performed.

For example, from the point e, f we work backward to calculate the cost W h
(k)(g) and the

associated control un+P−1 at time n + P − 1, using the one step dynamic programming

principle (4.12). The procedure continues until we reach the node x̂h
n and control un.

Denote this control at the kth iteration un(k). This control un(k) is the control that we

want to apply to the system at present time, based on delayed information xh
n−D and a

path of control history (un−D, un+1−D, . . . , un−1). Notice that x̂h
n is just an estimate of the

present system state xh
n. The states v1, v2, . . . , vm are all possible outcomes. Therefore, to

calculate the expected cost, the control un(k) is actually applied to the states v1, v2, . . . , vm

with corresponding probabilities ph
1 , ph

2 , . . . , ph
m. This is where the extra cost is brought by

the time delay.

Discount all the costs in the D + P delay and decision tree Fig 4.2 and 4.3 to

the node xh
n−D, we get an updated cost W h(un−D, un+1−D, . . . , un−1, x

h
n−D), and this is the

cost in the next iteration, W h
(k+1)(un−D, un+1−D, . . . , un−1, x

h
n−D).

The idea using a P decision horizon is similar, but not quite, to the Model Predic-

tion Control (MPC) strategy [27]. In every iteration we calculated a sequence of controls

u, u1, . . . , uP and apply the first one to the system. The MPC is a powerful realtime control

policy, which was first presented to solve control problems of deterministic systems. Re-

cently researchers extended this policy to discrete stochastic system control problems, see
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[31] [19] [85] [10]. Wei [86] used the prediction procedure in a nonlinear stochastic discrete

control system. Ren [71] and Kumar used this method in stochastic adaptive filtering. The

underlying systems are all discrete and stochastic. The MPC is also founded in dealing

with system delays. Marinescu [56] used the MPC to solve a deterministic control system

with time delay. Here we are trying to solve a continuous time stochastic control problem

with time delay, using the controlled Markov Chain approximation as our discrete model,

where the state estimation and a decision horizon is performed.

To set up the algorithm, we may start the simulation with the no-delay system.

Then the boundary condition can be just set zero. Because we use a larger horizon P , the

running cost accumulates fast and the convergence is thus speed up. After obtaining the

cost for no-delay system, we can add time delay to the system. For the first iteration in

this case, the boundary conditions can just be set the no-delay cost. This can be a close

approximation for the running cost of the delay system. Then for further iterations, the

boundary conditions are calculated according to (4.17).

Another advantage of this algorithm, as we mentioned earlier, is that we do not

need to keep a huge memory of the transition probability matrix of the controlled Markov

Chain, as we did in Chapter 1 or 2. The size of the transition probability matrix increases

exponentially as the number of states and length of delay increase. To update the cost

function W h(·), the Gauss-Seidel method is used, which involves solving the huge linear

system. Those all bring difficulty for the simulation. The algorithm presented here updates

the cost function node by node. At each node update, it only needs to keep the D+P steps

of the delay and decision horizon. Therefore, the problem with larger scale and finer grid

can be solved.

4.4 Application to Wireless Communication Queueing Mod-

els

We will study the same heavy traffic model used in Chapter 3, derived from wireless

communication queueing systems presented by Buche and Kushner [13]. This is an optimal

power allocation problem for a two dimensional wireless communication queueing system.

The base station maintains a certain amount of power that meets the average running cost

of the system. A small portion of extra power called reserved power is applied among the
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queues in order to reduce the queue length of certain queue. The control problem is to

allocate the reserved power optimally in order to have the minimum expected running cost

of this stochastic system. We notice that the channel state factor does not bring the key

point, so we only consider the system with one channel state, and solve for the optimal

power allocation policy. Time delay of length τ is introduced to the system as we did in

chapter 3.

4.4.1 Model construction

Under the assumptions given in [13], and by applying the weak convergence anal-

ysis, the queue size xi for the ith queue follows a diffusion process

xi(t) = xi(0) +
∫ t

0
bi(u, χ(s))ds + σiwi(t) + zi(t), i = 1, 2, (4.18)

where x denotes the two dimensional system state, σi is the volatility of queue i, and wi is a

standard Wiener process. zi is the reflection term that keeps the state feasible, i.e., within

the feasible region [0, B]. Here for simplicity, we assume each queue has the same bound.

The drift term bi is given by

bi(u, χ(s)) = −
∑

j

ui(j, χ(s))λ̄d
i (j)π(j),

for queue i and channel state j at time s, where ui ∈ {0, ur} is the power allocated to queue

i, i.e., reserved power, λ̄d
i (j) is the average departure rate or processing rate of queue i

under channel state j, and π(j) is the stationary probability distribution of channel state j.

Notice that ui ∈ {0, ur}, which means our control policy is to allocate the reserved power as

a whole to queue i or apply nothing to queue i. Since we only consider one channel state,

the term is simplified as

bi(u, χ(s)) = −ui(χ(s))λ̄d
i , i = 1, 2. (4.19)

The delay part is introduced in the observation term χ(s) due to the mechanical

design of the system base or other disturbances. At present time, the system state χ(s) is

not observable, and in stead, we can only observe the delayed information χ(s − τ). Thus

the problem becomes

bi(u, χ(s)) = −ui(χ(s− τ))λ̄d
i , i = 1, 2. (4.20)
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Choose a small h as the numerical interpolation level for χ(s) ∈ [0, B]q, where q is

the number of queues, and for our example q = 2. Then the time interpolation is ∆th = h2

σ2 .

In the state space, there will be [B/h] + 1 discrete node in the controlled Markov Chain

approximation. In order to represent the reflection term, for each queue, there are two more

nodes that are outside of the feasible region, which are the states −h and B + h. If the

system is in these states, the reflection term becomes active and will bring the state into

feasible region immediately. Let D = [τ/∆th] be the number of interpolation steps in the

delay path, then the path representation is

χh
n−D, χh

n+1−D, . . . , χh
n.

Suppose the present time is n∆th, then due to time delay, only the state χh
n−D is

observable. However, the control history (un−D, un+1−D, . . . , un−1) is a known factor. So

the state representation of the controlled Markov Chain is (un−D, un+1−D, . . . , un−1, χ
h
n−D),

and the cost function W h(·) is just W h(u−D, u1−D, . . . , u−1, χ), which is

W h(u−D, u1−D, . . . , u−1, χ) =

Eχ

∞∑

n=0

e−βn∆th
[
∆thk(χ) + c(χ)δzn

]
,

(4.21)

where the subscript n is the index of time interval.

The cost associated with the interior point χ is a convex and increasing function

in χ. For our two-queue model, we choose the form

k(χ) = w1(xh
[1])

p[1] + w2(xh
[2])

p[2] ,

which is a polynomial of the queue size xh
[1], x

h
[2]. w1, w2 are the weights of the two queues,

and p[1], p[2] are the powers of the queue size. We put brackets [] for the queue index 1, 2 in

order to distinguish from the subscript n which the time index in 4.21. At the boundary of

the feasible region, a penalty cost is introduced as the term c(χ). When the queue is empty,

a small cost penalty cu is introduced, and when the queue is full, a bigger cost penalty co

is introduced, as we did in Chapter 3.

The underlying system follows a controlled Markov Chain where the transition

probability is given by,

ph(xh
[i], x

h
[i] ± h|u) =

σ2 ± hbi(u(χ))
2σ2

, i = 1, 2. (4.22)
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Here the canonical state χ is (xh
n[1], x

h
n[2]), i.e., the queue sizes for the two queues. Use the

state representation and (4.22), the present system state can be estimated as in Fig 4.3,

which is denoted by (xh
n[1], x

h
n[2]). Start from this point (xh

n[1], x
h
n[2]), a sequence of controls

u, u1, . . . , uP can be found using the receding decision horizon, where P is the length of the

horizon. In short, the control history helps us estimate the present system state, and then

the system is treated as a no-delay system. A decision horizon is then used to determine the

control un. Apply the control un to the system and update the cost W h
(k)(·). The detailed

algorithm is given in the following section.

4.4.2 The Algorithm

Set the parameters for queue bound B, interpolation level h, queue cost weight w1, w2,

cost power p[1], p[2], boundary cost penalty cu, co, time delay τ and hence the delay steps

D, prediction horizon length P , discount rate β, system volatility σ, queue average de-

parture rates λ̄d
1, λ̄

d
2, and the reserved power ur. Set the iteration number N and the stop

criteria ε, set subscript k = 1.

if D=0 then

Set the initial guess zero for W h
(1).

while k ≤ N or not convergent do

For each node, construct the decision tree as in 4.3, where the transition probabilities

follow 4.22.

Apply dynamic programming principle to determine the control u(k).

Update W h
(k) to W h

(k+1), and update the error |W h
(k+1)−W h

(k)|∞ as well for the stopping

criterion.

Increase k.

end while

Record the running cost and control policy.

else

Input the no-delay cost as the initial guess for W h
(1).

while k ≤ N or not convergent do

Use the control history information to estimate the present system state x̂h
n as in 4.2,

where the transition probabilities follow 4.22.

Construct the decision tree as in 4.3, and apply dynamic programming principle to
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determine the control u(k).

Update W h
(k) to W h

(k+1), and update the error |W h
(k+1)−W h

(k)|∞ as well for the stopping

criterion.

Increase k.

end while

Record the running cost and control policy.

end if

4.4.3 Simulations

The state representation is (un−D, un+1−D, . . . , un−1, x
h
n−D), where

u−j , j = 1, 2, . . . , D can be 1, 2 or 0 indicating that the reserved power was applied to queue

1, 2 or was not applied. As an illustration, we just give the result for the states where

u−j = 0. That is, we give the control policy and running cost for the system where we

have not applied any control to the system for the past τ time of delay. Or in other words,

before we observe any delayed state of the system, we apply no control to the system. Other

results are similar.

Only one channel state is considered, as we mentioned in Section 4.4 that the

channel state does not play the key role in this problem. Table 4.4.3 gives the simulation

settings. We first use the length of prediction horizon P = 1, and for larger P , the discussion

is made near the end of this section. We notice that we are handling a much larger scale

problem, where the interpolation level is h = 0.02, whereas in Chapter 3 we used h = 0.1.

And the queue size here is also larger than before.

Table 4.1: Simulation Parameters
No. of Queues 2 No. of Channel State j 1

Queue Weights w1, w2 1, 0.5 Base Volatility σ2 0.3
Reserved Power u 1 Discount Rate β 0.05

λ̄d
i (j), [j = 1, i = 1, 2] [1, 1] Cost Rates p1, p2 2, 2

Queue Size B 10 Interpolation Level h 0.02
Penalty on Empty Queue cu 10 Penalty on Blocked Queue co 3000

Iteration number N 15000 Stopping Criterion 0.001
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No delay case D = 0

The system with no time delay is first considered. Remember that the algorithm

used here (See Section 4.4.2) is quite different from that used in Chapter 3. We no longer

have to record the transition probability matrix, which enables us to free much computer

memory required, nor do we use the Gauss-Seidel algorithm to solve the huge linear system.

Instead, we update the cost vector W h() node by node. That is why we put a large

iteration number and strict stopping criterion. The system is much larger than we could

solve before, and the only disadvantage is that the computation time is longer. Because

we are not computing a real time control policy, and the interpolation interval h plays the

fundamental role in the accuracy of this numerical algorithm, we tend to use this algorithm

(Section 4.4.2) in future research.

Fig 4.4 shows the running cost of this algorithm.

Figure 4.4: Running Cost (No delay case)

Interesting enough, or is expected, the cost function is quite similar to the cost

figures in Chapter 3. If the simulation starts with high queue sizes, the total discounted

running cost tends to be large. Notice that queue 1 weighs more than queue 2, and we see

that if the starting point has big queue 1 size and low queue 2 size, the cost is greater than

that of the starting point with low queue 1 size but high queue 2 size.

The power allocation is given in Fig 4.5. Again, it has similar properties of the

control figures in Chapter 3. There is a narrow switching curve that divides the state space.
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Figure 4.5: Power allocation for Queue 1 (No delay case)

To the left side of the switching curve, all the power is allocated to Queue 1, and to the other

side of the curve, all the power is assigned to Queue 2. The shape of the switching curve is

close to that of the control figures in Chapter 3. Because Queue 1 has higher weights than

Queue 2, we can see that the power assignment region for Queue 1 is bigger than Queue 2,

in order to reduce the total discounted cost.

One Step of Delay D = 1

In this section, we introduce one step of delay, that is, τ = ∆th. Then in the

simulation, the state representation would be (uh
n−1, χ

h
n−1) at time interval n, where χh

n−1

is the one step delayed queue sizes, i.e., queue 1 and Queue 2, and uh
n−1 is the control we

have applied at time (n − 1)∆th. uh
n−1 can indicate the power allocation to Queue 1 or

Queue 2, or no power assigned. Therefore, there will be 3 different scenario associated with

the state χh
n−1. For illustration purpose, we give the result of uh

n−1 = 0, and other results

are analogous to this one.

Fig 4.6 is the running cost for one step of delay.

Unlike that in Chapter 3, the state representation in this chapter has a physical

meaning. In other words, χ in the state represents the true queue sizes. The delay path

information only contains the control history. Therefore, it makes sense to compare the

result with the same queue sizes but different steps of time delay, and in this way, we are
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Figure 4.6: Running Cost (One step of delay case)

able to analyze the effect of time delay. So here we take a look at the cost increment by the

one step delay case over the no-delay case.

Figure 4.7: Running Cost Difference between the One step of delay case and the no-delay
case

From Fig 4.7 we can see that the running cost increases due to the time delay and

of course the control policy we used here.

The control for this one step of delay case is given in Fig 4.8. Again the narrow
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switching curve is seen.

Figure 4.8: Power Allocation (One step of delay)

To compare the control differences between the delay and no-delay cases, we give

the error in Fig 4.9.

Figure 4.9: Control Difference Between the delay and no-delay cases

Interesting enough, we notice the small difference along the switching curve again,

as we saw in the simulation result in Chapter 3. This small difference is due to the one

step of time delay and the control policy we applied here. And this small amount of control
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error causes the running cost increment in Fig 4.7, same conclusions as in Chapter 3.

Because of the state representation in the controlled Markov Chain approximation

here, for the one step of delay case, all the states χ are the observed states which are τ time

delayed. In the simulation, we have no connection to the present system state because of this

representation. Therefore, we can not apply the Optimal Control policy which has complete

system information and not practical in real time system control, as we did in Chapter 3,

hence the lack of the control result comparison. However, the state representation we used

here enables us to predict the present system state with actual probabilities. This provides

the possibility to find and prove the optimality of the control policies which are practical

for the delayed system. The optimal control is not necessarily Policy II, which we applied

in this section and which takes the prediction with the highest probability of outcome as

the present state estimation, but this state representation does provide the convenience for

finding the optimal practical control.

4.5 Summaries and Further Topics

The algorithm presented in this chapter gives a good control result, where the

graphs look similar to previous results. However the state representation here, which ac-

commodates the control history, is quite different from previous chapters, where the system

delayed path is part of the state representation. Therefore, it does not make much sense

to compare these results. However, it does not prevent us from obtaining a feasible control

policy for the stochastic system with time delay.

Though the result is decent, it still remains a question that under what condition

this policy is optimal for the discrete controlled Markov Chain model with time delay. And

also, how does the time delay affect the control effect? What role does the length of receding

horizon play in obtaining the control policy?

We use the discrete controlled Markov Chain model as the approximation to the

stochastic system in continuous time. It is known that as the interpolation level h goes

to zero, the discrete control policy converges to the continuous time control policy weakly,

provided that the system has no time delay. Later Kushner [45] showed that if the system

has time delay, then for the simple discrete control policy, the convergence still holds. It is

not known yet if this convergence holds for our control policy presented in this chapter. We

notice that our policy is a feasible control policy, and it does not alter the structure of the
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proof of convergence as in the no-delay or simple control policy case. However, it still needs

rigorous proof to show the convergence to a feasible control strategy in continuous time.
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Chapter 5

Convergence Studies on Monte

Carlo Methods for Pricing

Mortgage-Backed Securities

The stochastic model we considered in Chapter 3 and 4 is a kind of stochastic

delay differential equations (SDDE), a particular form of path dependent stochastic models.

Although the controlled Markov Chain approximation (analogously called finite difference

method), as one of the powerful numerical approaches, gives decent result for the SDDEs

we studied, it is hard to apply where the path dependency is complicated, for example, very

long path dependence. We have already seen that from Chapter 3 and 4, for a small amount

of time delay, the computer memory requirement is huge, even though we have tried many

technical methods to reduce this restriction. For some computations which relies heavily on

the path of the underlying stochastic process, and not much control issue is concerned, the

controlled Markov Chain approximation is not, in general, the best choice. For example,

the pricing of Mortgage-backed securities (MBS) which depends on the entire path of the

interest rate. In other words, because of the following reasons, normal numerical methods

like lattice methods, or finite difference method for solving PDEs are hard to apply: 1)

the path dependence of mortgage pool cash flows. 2) the embedded American call option

to prepay. 3) the American put option to default. 4) the fact that mortgage borrower do

not/cannot exercise these option optimally [18]. In this case, the Monte Carlo simulations

are the dominant tools solving such kind of problems. The underlying stochastic process is
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discretized, then for each path generated, the computation is performed and the average of

the runs is taken as an approximation of the theoretical solution. This is the idea of Monte

Carlo simulations.

In this chapter, we examined the procedure of Monte Carlo simulations in pricing

MBS. Because this method relies on computer generated pseudo random numbers, we are

interested in finding out the performance of different random number generators in pric-

ing MBS, and by doing the Option Adjusted Spread analysis, we found that the pricing

procedure can be speed up dramatically.

The idea is first introduced in Section 5.1. The background of MBS is given in

Section 5.2. Then the Monte Carlo Simulation is introduced in Section 5.3. Because the

computer generated random number plays the fundamental role in the Monte Carlo method,

we give some brief discussion in Section 5.4. The simulations are shown in Section 5.5, and

finally we present some future topics on this problem.

5.1 Introduction

Mortgage-backed securities (MBS) are financial instruments that are financed by

the cash flows from residential mortgage payments and commercial mortgage payments. It is

an asset-backed security whose cash flows are backed by the principal and interest payments

of a set of mortgage loans. Payments are typically made monthly over the lifetime of the

underlying loans. Residential mortgagors in the United States have the option to pay more

than the required monthly payment or pay off the loan in its entirety (prepayment). Because

prepayment affects the remaining loan principal, the monthly cash flow of an MBS is not

known in advance, and therefore presents an additional risk to MBS investors.

Commercial mortgage-backed securities (CMBS) are secured by commercial and

multifamily properties (such as apartment buildings, retail or office properties, hotels,

schools, industrial properties and other commercial sites). The properties of these loans

vary, with longer-term loans (5 years or longer) often being at fixed interest rates and hav-

ing restrictions on prepayment, while shorter-term loans (1-3 years) are usually at variable

rates and freely prepayable.

The MBS market is one the fastest growing and one of the largest financial markets

in the United States. As of June 2000, the MBS market amounted to almost 2 trillion US

dollars, only second to the US Treasury issuance, which is about 3.5 trillion US dollars.
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There are three major housing finance agencies, Ginnie Mae, Fannie Mae and

Freddie Mac, in the US to provide MBS products in the secondary mortgage market. Gin-

nie Mae is part of the US government. Fannie Mae and Freddie Mac used to belong to the

government, but now they are private entities. Although they do not have explicit US gov-

ernment guarantees, they continue to maintain close ties to the US government. Therefore,

MBS products issued by those three agencies are considered to have no credit risk or to

have negligible credit risk. Those three agencies provide the majority of the MBS market.

However, there are also private-labeled MBS which are issued by other agencies and they

do bear credit risk. In this chapter, we will only consider the MBS products issued by those

three aforementioned agencies. In other words, we assume that there is no credit risk for

the MBS products considered in this thesis.

Owners of MBS can receive cash flow from the principal and/or the interest of the

mortgage payments. Usually, all mortgages have a given payment schedule and often allow

prepayment without penalty. Therefore, all MBS bear interest risk and the prepayment risk.

In addition to the classical MBS product, the pass-through, investors also want instruments

that provide choices on a variety of maturity and prepayment profiles. Therefore, collater-

alized mortgage obligations (CMO) were introduced in the market first in 1983. In CMO’s

the total pool is divided into several tranches, with different prepayment and interest risk.

Since then, CMO is more and more popular than the classical MBS pass-through.

Pricing MBS, especially the CMOs, has never been an easy task. Pricing a vanilla

corporate bond is based on two sources of uncertainty: default risk (credit risk) and interest

rate (IR) exposure. The MBS adds a third risk: early redemption (prepayment). The

number of homeowners in residential MBS securitizations who prepay goes up when interest

rates go down. One reason for this phenomenon is that homeowners can refinance at a

lower fixed interest rate. Since these two sources of risk (IR and prepayment) are linked,

solving mathematical models of MBS value is a difficult problem in finance. The level of

difficulty rises with the complexity of the IR model, and the sophistication of the prepayment

IR dependence, to the point that no closed form solution exists. In models of this type

numerical methods provide approximate theoretical prices. These are also required in most

models which specify the credit risk as a stochastic function with an IR correlation. While

we have to take the interest risk and the prepayment risk into consideration, the price of a

MBS or CMO is usually path dependent. Technically, the problem of pricing MBS is known

as evaluating high dimensional integrals. The Monte Carlo method is the best way so far
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to apply [18].

Before we talk more about Monte Carlo simulation, we would like to point out

that, in practice, the evaluation of the Greeks associated with a MBS or CMO, such as

Duration and Convexity, is also very important. Investors would like to know the Greeks of

a MBS bond or CMO bond for hedging purpose. The pricing procedure is usually like the

following: first, we use the market bond price to obtain the option-adjusted spread (OAS);

then we use the implied OAS to evaluated the Greeks of the bond.

When we use the Monte Carlo simulation, we first generate the interest rate paths.

The real cash flows can then be generated using the interest rate paths and certain pre-

payment schedule model. Once we have the cash flows, we can obtain the time 0 prices

of the MBS or the CMO for the given paths. By taking average, we can obtain the price.

As the number of paths increases, the average will converge to the theoretical price. This

convergence is guaranteed by the Law of Large Numbers. Next, we compare it to the mar-

ket price to find the OAS. Then, in the steps followed, we use this OAS as an input to

obtain the prices when the interest is up or down by 100 base point. Then we can calculate

the duration of the bond. Similar ideas can be used to obtain the convexity. This method

has been a useful tool for many of these financial calculations, evidenced in part by the

voluminous literature of successful applications. For a brief sampling, the reader is referred

to the valuation of path-dependent options in Kemna [2], the valuation of mortgage-backed

securities in Schwartz [26], the portfolio optimization in Worzel [39], the valuation of inter-

est rate derivative claims in Carverhill [1], and in the stochastic volatility applications in

Duan [37] and Hull [36].

One drawback of the Monte Carlo simulation is the slow convergence [11]. Usually,

people use standard deviation to describe the corresponding accuracy. This is also the case

in our study. To obtain the desired accuracy, 104 paths are needed usually and it can take

hours to compute, which is a headache for practitioners. In this chapter, we are going

to investigate the convergency of this procedure, and we find that, to obtain the desired

accuracy of the Greeks (duration and convexity), usually hundreds of paths are enough. By

adapting this method, the practitioners can save time up to 95%.

Before we go further, we would like to define two type of convergence: Absolute

Convergence and Relative Convergence. For many practitioners, the final goal is to find

the associated Greeks of the MBS bonds, while OAS is just an intermediate vehicle. So far,

the typical method is to obtain the OAS first by Monte Carlo methods, and then calculate
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the Greeks using the OAS obtained. People will use a big number of paths to achieve the

desired accuracy for the OAS. Then the OAS can be used to obtain the Greeks with desired

accuracy. In other words, both OAS and the Greeks converges in the similar degree. We

call this absolute convergence. On the other hand, in our investigation, we find that it is

possible that the Greeks converge faster than the OAS. In other words, even if the OAS does

not have the desired accuracy, the Greeks may already have the desired accuracy derived

from this OAS that are not so accurate. While the Greeks reaches the desired accuracy,

but the OAS does not, we call this relative convergence.

Let us give a simple example to illustrate why this is possible. Assume that we want

to estimate the expectation of Y = f(X), which is a random variable of another random

variable X. By virtue of the Monte Carlo method, we first generate X1, X2, · · · , XN which

are random realizations of X. Then we can estimate E[X] and E[Y ] with

X̂ =
X1 + X2 + · · ·+ XN

N

and

Ŷ =
f(X1) + f(X2) + · · ·+ f(XN )

N

respectively. To estimate the accuracy, variance is usually used. For a given number N ,

it is possible that the two estimator, X̂ and Ŷ may have different convergence speed, i.e.

their variance may have significant difference. For example, if Y = f(X) = 0.5X, then, we

must have

V ar(Ŷ ) =
V ar(f(X))√

N
= 0.25

V ar(X)√
N

= 0.25V ar(X̂).

In other words, in terms of variance, the convergence speed of X̂ is just one-fourth of the

convergence speed of Ŷ .

Of course, the situation for OAS and the Greeks of MBS bonds are much more

complicated than the example given above. However, as the example indicated, it is possible

that the convergence speed of the Greeks is faster than the convergence speed of the OAS.

That being said, if the values of Greeks are the final goals of the simulation, we may reach

the desired accuracy for a relative small number of paths, even though the OAS may not

be very close to the theoretical value.

Our main result in this chapter is that the relative convergence does exist for MBS

and MBS derivatives. In other words, to achieve the desired accuracy of the Greeks, it is

not necessary to achieve a good accuracy for OAS first. The error of OAS does not have
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too much influence on Greeks. Usually, more than 104 interest rate paths are need to see

the convergence of the OAS. However, according to our study, only hundreds of paths are

needed to see the convergence of the duration and convexity, even though we use the not

so accurate OAS as our input in the computation of duration and convexity. Given this

results, practitioners can save an significant time of computation up to 95%.

5.2 Mortgage-backed Securities

5.2.1 MBS Bonds

Passthroughs MBS bonds are financed by cash flows from residential mortgage or com-

mercial mortgage payments. There are many different types of MBS bonds. The basic MBS

first introduced into market is the Pass-through. It represents a share of an investment pool

consisting of multiple mortgages. In a pass-through MBS, an issuer collects monthly pay-

ments from homeowners and then passes on a proportionate share of the collected principal

and interest to the investor. A pass-through bond holder faces the same interest risk and

prepayment risk faced by the mortgage lenders.

Collateralized Mortgage Obligations A collateralized mortgage obligation is a secu-

rity backed by a pool of pass-throughs, whole loans or stripped mortgage-backed securities.

It is split into pieces called classes or tranches, which are assigned different priorities. Each

tranche is treated as a separate security, the only distinction between them being how they

are affected by prepayments. Prepayments contribute towards reducing the balance of the

tranche with the highest priority first. When this tranche’s balance is completely dimin-

ished, additional prepayments then go towards reducing the balance of the next tranche.

Prepayment exposure is greatest for the highest priority tranche, and is smallest for the

lowest priority tranche. Constructing a collateralized mortgage obligation in this way helps

mitigate prepayment risk, and reduces uncertainty over the maturity of the mortgage-backed

security. The development of collateralized mortgage obligations was motivated by exten-

sion and contraction risks. The former is the risk that, as interest rates rise, prepayments

decline; while the latter is the risk that a fall in interest rates speeds up prepayments.

The tranches of a collateralized mortgage obligation can be structured in a number

of ways. Sometimes a number of tranches with different structures will be represented in
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a single collateralized mortgage obligation. This allows for tranches which accommodate

different investor needs to be present in a single instrument.

Planed Amortization Class (PAC) bonds, introduced in August 1986, are the MBS

that can produce more stable cash flows by redirecting prepayments from the underlying

securities to other classes called companion or support classes [5]. They are a type of CMO

bond, and are designed to largely eliminate prepayment risk for investors. They do this

by transferring essentially all prepayment risk to other bonds in the CMO. Appropriately,

those other bonds are called support or companion bonds.

PAC bonds offer a fixed principal redemption schedule that will be met so long as

prepayments on the underlying mortgage collateral remain within a specific PSA (Public

Securities Association which introduced a metric for projecting prepayments over the life

of a pool.) range, which is called a prepayment protection band. Fixed principal payments

are received over a predetermined schedule. For two prepayment rates which form a band

or collar, the schedule is met only if the underlying securities prepayment rate is within the

range. For faster prepayments, the companions will absorb the principal payments in excess

of the PAC schedule in order to support it. On the other hand, if the prepayment rate is

slow and there is not enough principal for the PAC, the amortization of the companions

is delayed and as a consequence the average life of the class is extended. Another similar

bond is called Target Amortization Class (TAC), which do not provide protection against

extension of average life. They offer one-sided protection, shielding investors from high

prepayment rates up to a specified PSA. They do not protect against low prepayment rates.

TAC bonds are appealing because they offer higher yields than comparable PAC bonds. The

unaddressed risk from low prepayment rates generally does not concern investors as much

as risk from high prepayment rates, which the TAC structure does address.

Support Support Structure bonds are also called companion bonds that absorb the excess

prepayments of PAC or TAC. It helps maintain the ability of PAC or TAC to stay on

their schedules by absorbing excess prepayments or receiving less prepayments to prevent

extension of average life.

In this chapter, we will consider three bonds: a Pass-through bond, a Planed

Amortization Class (PAC) bond and a Support Structure bond. The bonds we considered

are all market-traded bonds, and we will specify the names of the bonds in next section.

Those bonds are choose randomly from market-traded bonds to test the robustness of our
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approach. Later we will see that the numerical results for all three bonds do show similar

convergence patterns which indicates the robustness of our approach.

5.2.2 MBS Pricing

The problem of pricing MBS is known as high dimensional integral, where the

Monte Carlo method is the best way so far to apply. A standard MBS pricing framework

would consists the following parts:1) Interest Rate model. 2) Prepayment model, which

consists house turnover model and refinance model. 3) OAS model, which captures risk

factors from the market price. The basic idea is to generate the future cash flow of the

MBS and get the total present value of the future cash flow. Since the future cash flow

depends on interest rates in the future with some uncertainty, the expectation of the total

present value is used to give the price of the MBS. Therefore, we can use Monte Carlo

simulation to estimate the expectation.

To generate the cash flow, we need to know the interest rate path and the pre-

payment schedule. Once the interest rate path and prepayment schedule are determined,

we can price the MBS by calculate its the Net Present Value (NPV). However, the future

interest rate and prepayment schedule are not known in advance. Usually, people have to

use some models to predict the cash flows. This basically involves two fundamental models,

interest rate model, which determines the discounting factor and the overall interest rate

environment, and the prepayment model, which determines the prepayment behavior of the

mortgage borrower as the interest rate changes [18]. Theoretical pricing models must take

into account the link between interest rates and loan prepayment speed. Mortgage prepay-

ments are most often made because a home is sold or because the homeowner is refinancing

to a new mortgage, presumably with a lower rate or shorter term. Prepayment is classified

as a risk for the MBS investor despite the fact that they receive the money, because it tends

to occur when floating rates drop and the fixed income of the bond would be more valuable.

The interest rate model is usually stochastic to catch the randomness of the future.

The prepayment model is also needed to predict the prepayment rate. The prepayment

rate is highly correlated with the interest rate. Usually, when the interest rate is low, the

borrowers may have stronger intension to refinance. Therefore, the prepayment will usually

increase when the interest rate is decreasing. At the same time, historical data indicate

that the prepayment rate also depends on other factors such as the mortgage age, season,
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and burn-out. For more information about interest rate models and prepayment models,

we refer the readers to Fabozzi [29] and Ivan [5].

Prepayment Model Mortgages have the unique characteristic of giving the borrower

the right to prepay a mortgage at any time during the life of the loan. This right means the

investor in a mortgage cannot know the maturity of the loan or the amount of interest that

will be received with absolute certainty. There are three primary reasons for prepayment:

homeowners may sell their properties; they may obtain cheaper financing; or they may elect

simply to repay a larger portion than necessary of the outstanding balance. Prepayments

are the main difficulty in pricing mortgage-backed securities, due to the uncertainty they

introduce into the behavior of these instruments. For instance, a high prepayment rate will

reduce the maturity of a mortgage-backed security.

There are four main factors that explain about 95% of prepayment behavior [72]:

refinancing incentive (RI); burnout (BM-Burnout Multiplier); seasoning (AGE); and sea-

sonality (MM-Month multiplier). A typical prepayment model comprises the above four

factors, usually a weighted combination.

The refinancing incentive happens when the market mortgage rate drops below the

rate of a particular home-loan, thus inducing the homeowner to prepay his existing loan and

to refinance his property at the cheaper rate. It is generally expressed as the percentage of

monthly savings that can be realized by refinancing. The refinancing incentive is measured

by either taking the difference or the ratio between the mortgage coupon rate and the

mortgage refinancing rate.

Seasoning or aging reflects the observation that newer loans tend to prepay slower

than older loans. Prepayment rates are low after origination, and increase after some sea-

soning. When they level off, a pool of loans is considered to be fully seasoned. This industry

convention adopted by the Public Securities Association models mortgage prepayment rates

as increasing linearly from 0.2% CPR (Conditional Prepayment Rate) at issue to 6% CPR

at thirty months and then remaining constant. An example is as follows

AGE(t) = min
(

t

30
, 1

)
, where t is in terms of months.

Seasonality or month of the year takes into consideration the time of year. It is

believed that prepayments peak in the summer and decrease in the winter. It declines in

fall and winter with consequent low prepayment rates during the corresponding months.
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One of the sources of prepayments due to seasonality is housing turnover, and this could

be due to weather and school schedules.

Burnout is the tendency for prepayment to diminish over time, even when refi-

nancing incentives are favorable. Refinancing burnout is directly linked to the path of the

market mortgage rate-since if it falls to a particular level, rises and then falls to the same

level again, there should be fewer prepayments the second time around. Factors leading

to this effect include inadequate home equity to qualify for refinancing, and/or a negative

change in the credit status of the borrower. Richard and Roll [72] suggest the more the

prepayment option has been deep in-the-money, the more burned out the pool is, and the

smaller prepayments are, all other things being equal.

There are four main types of prepayment functions [18][28]

• Arctangent Model: (An example from the Office of Thrift Supervision (OTS).)

CPR(t) = 0.2406− 0.1389 arctan
(

5.9518
(

1.089− WAC

r10(t)

))
,

where WAC is the weighted average coupon.

• CPR(S, A,B, M) Model

CPR(t) = RI(t)AGE(t)MM(t)BM(t);

• Prepayment models incorporating macroeconomic factors, i.e., the health of eco-

nomics, housing market activity, etc.

• Prepayment models for individual mortgages.

For the last two types of prepayment models, we do not have any explicitly stated functional

forms, mainly because they are proprietary models in the mortgage industry. But since our

approach is general for any type of prepayment function, we can derive the derivatives once

we are given an explicit form for the prepayment function.

Interest Rate Model For the purpose of valuating MBSs and CMOs, any arbitrage-free

model of the term structure of interest rates can be used [5]. The general form of the interest

rate models is described in terms of changes in the short rate,

drt = κ(θ − rt)dt + σrαdBt, r0 given (5.1)
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where drt represents an infinitesimal change in rt, and Bt is a standard Brownian motion.

κ is the speed of mean-reversion, θ is the long-run mean of the interest rate process, α is

the proportional conditional volatility exponent, and σ is the volatility of rt.

The Vasicek [82] model is an equilibrium model, which attempt to give an accurate

account of the dynamics of the infinitesimal interest rate, but do allow for the possibility

of arbitrage, in the sense that model values of some traded instruments may differ from

their market values. This model is based on the Ornstein-Uhlenbeck (OU) process for the

spot interest rate rt. It is a one-factor model, where all rates ultimately depend on the

shortest-term interest rate.

drt = κ(θ − rt) + σdBt.

The solution to this SDE is as follows

rt = r0e
−κt + θ(1− e−κt) + σ

∫ t

0
e−κ(t−s)dBs.

In order to simulate interest rates using this model, the discretized form is applied as follows

∆r = κ(θ − r)∆t + σB
√

∆t.

A drawback of this process is that negative interest rates can be simulated. In most simu-

lations, absolute values of the Vasicek model are used.

The Hull and White [35] model is an extension of the Vasicek model, which assumes

that the short rate is modeled by

drt = α(β − rt)dt + σdBt,

where α, β and σ are constants. Thus rt|t≥0 follows a mean-reverting process.

The CIR model considers an interest rate process of the type

drt = κ(θ − rt) + σ
√

rtdBt.

Volatility is now dependent on the level of interest rates. Interest rates will never reach

zero if σ2 < κθ. This was first pointed out by Beaglehold and Tenney [22] that rt can still

reach zero during simulation in discrete time.

The model of Dothan [48] increases the volatility exponent to 1.0, which considers

the type

drt = κrtdt + σrdBt.



92

It does not include a mean reverting term in the drift. Courtadon [32] extends Dothan’s

model to include mean reversion, which is as follows

drt = κ(θ − rt)dt + σrdBt.

The Black-Karasinski (BK) model is a modification of the Hull and White model

[35]. In this model, interest rates are lognormal,

rt = exp

(
log r0e

−at +
∫ t

0
e−atb(u)du +

∫ t

0
σe−atdBu

)
.

This dynamics can be split as follows

rt = exp(α(t) + Xt),

where α(t) is a function of time

α(t) = log r0e
−at +

∫ t

0
e−atb(u)du,

and Xt is a stochastic process satisfying

dXt = −aXtdt + σdBt, X0 = 0,

and the solution is

Xt = Xse
−a(t−s) +

∫ t

s
σe−a(t−u)dBu.

The first stage of the procedure consists in constructing a trinomial tree for Xt and then

use α(t) to displace the tree nodes so as to retrieve the initial zero coupon curve. Let define

T as the time horizon of our tree and fix evaluation times 0 = t0 < t1 < t2 < · · · < tN = T

. Set ∆ti = ti+1ti for each i. The time instants are not necessary equally spaced. The

tree nodes are indexed by (i, j). Where the time index i runs from 0 to N and the index j

ranges from a lower bound lbi to an upper bound ubi . Let Mi,j and V 2
t be defined by:

Mi,j =E(Xti+1|Xti = xi,j) = xi,je
−a∆ti

V 2
i =V ar(Xti+1|Xti = xi,j) =

σ2

2a
(1− e−2a∆ti)

If we set xi,j = j∆xj , then

∆xi = Vi−1

√
3 = σ

√
3
2a

(1− e−2a∆ti−1).
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Since we are interested in the performance of our pricing method, we just pick

one interest model, say BK model in our simulation. The comparison of different interest

models will be another big topic. For a given interest rate model and prepayment model,

we can use Monte Carlo method to price the MBS. First, we generate a number of paths of

interest rate. Based on the interest rate, we can determine the prepayment schedule based

on the prepayment model. Secondly, once the interest rate and the prepayment schedule

are given, we can generate the cash flows. Discounting the cash flows back to present time

using the same interest rate path, and we can obtain the net present value as a price for

the given interest rate and prepayment schedules. For each interest rate path, we do the

same. Finally, we take the average as the price of the MBS. We can proceed as the follows.

Let P be the price of the MBS, V be the value of the MBS, which is a random

variable, PV (t) be the present value for cash flow at time t, and df(t) be the discounting

factor at time t, then under the risk neutral probability measure,

P = E[V ] = E

[
M∑

t=0

PV (t)

]
= E

[
M∑

t=0

df(t)cf(t)

]
, (5.2)

where cf(t) is the cash flow at time t, M is the maturity of the MBS.

The discounting factor is found from the short-term (risk-free) interest rate process

df(t) = Πt
k=1

1
1 + rk

,

where rk is the short term rate generated from one of the interest rate models discussed.

Since we are generating cash flows for an MBS and not just a risk-free zero coupon

bond, generating cf(t) is more complicated as the cash flows depend not only on interest

rates, but also on prepayment behavior. The cash flows can be calculated using the following

formulas [28][5]

cf(t) = MP (t) + PP (t) = TPP (t) + IP (t);

MP (t) = SP (t) + IP (t);

TPP (T ) = SP (t) + PP (t);
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where

MP (t) is the scheduled mortgage payment for period t

TPP (t) is the total principal payment for period t

IP (t) is the Interest payment for period t

SP (t) is the scheduled principle payment for period t

PP (t) is the principal prepayment for period t,

where t denotes the month for all variables.

To evaluate cash flows, the only uncertainty lies with calculating PP (t). This is

calculated using CPR(t), which was derived from our prepayment model.

Let MB(t) be the mortgage balance in the beginning of month t, WAC be the

weighted average coupon rate and WAM be the weighted average maturity for the MBS,

then the formula for computing MP (t) is

MP (t) = MB(t)
(

WAC/12
1− (1 + WAC/12)−WAM+t

)
,

and the formula for IP (t), PP (t) are given as follows

IP (t) = MB(t)
WAC

12

PP (t) = SMM(t)(MB(t)− SP (t)),

where

SMM(t) = 1− (1− CPR(t))1/12, and SP (t) = MP (t)− IP (t).

The reduction in the mortgage balance for each month is given by

MB(t + 1) = MB(t)− TPP (t).

In the Monte Carlo simulation, several paths of cash flows are generated, then by

strong law of large numbers, the MBS price is given by

E[V ] = lim
N→∞

1
N

N∑

i=1

Vi,

where Vi is the calculated present value on path i. More details can be found in [18].
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5.2.3 Option Adjusted Spread Analysis

The valuation model gives theoretical price of a MBS security. While we use the

Monte Carlo simulation, the theoretical price is the average of the total present values of

the cash flows under a number of interest rate scenarios. In practice, the bond market

participants tend to compare the yield spread instead of the bond prices in dollar term–a

cheaper bond means a higher yield and vice versa. The Option Adjusted Spread (OAS) for

an MBS bond is a constant spread that when added to the forward yield curve will make the

theoretical value equal to the market value. The spread is referred as an ‘option-adjusted’

spread for that the spread takes the embedded option into the consideration. Please refer

to Fabozzi [29] for more information about OAS.

OAS measures the yield spread that is not directly attributable to the fixed income

characteristics. It nets out the impact of prepayments of MBS. It is used to evaluate the

relative cheapness or richness of securities with imbedded options [5]. When the option

component is removed from the bond’s total spread, the bonds can be compared primarily

on the credit risk.

Because of the imbedded options, the calculation of definite maturity date of the

bond and yield-to-maturity become impossible. OAS provides a way measuring the return

of a bond by comparing it with the risk-free term structure of the interest rates. It provides a

means of comparing bonds with different cash flow characteristics. Equation (5.3) represents

the discounting factor modified for OAS. By using this discounting factor for df(t) and the

current market price P , equation (5.2) can be solved for OAS[5]. See [54] for an idea solving

OAS.

dfOAS(t) = Πt
k=1

1
1 + rk + OAS

. (5.3)

In other words, when we apply the interest rate and prepayment model to price

an MBS, it is generally not in agreement with the market price. In order to adjust our

model, such that it could produce a price equal to market price, we need to introduce the

option-adjusted spread (OAS). If we believe our prepayment model is accurate, i.e., the cash

flow is correct, in order to change the price, we can only adjust the discounting factor, and

that is exactly how OAS plays the role [18]. OAS could be viewed as excess return beyond

the risk free return, adjusted for the prepayment option. It captures the return required by

the investor community, to compensated for risks associated with MBS, after adjustment

for prepayment. It could be viewed as the premium for a tiny portion of credit risk from
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the MBS issuer, and the model uncertainty in the pricing framework, or market liquidity

premium.

We first study the convergence property of these random number generators in

calculating OAS of the MBS. That is, based on a given market price of the MBS, we calculate

the OAS using different random number generating methods with different number of paths

in the Monte Carlo simulation. Then using the OAS we obtained, we price the MBS with

different interest rate shifts. For example, use the OAS obtained by MT-BM with 500 paths,

calculate the MBS price with interest rate shifting up and down by 100 base points, still

using MT-BM with 500 paths. In this way, we are able to compute the effective duration

and convexity of the pricing. The duration and convexity are important because from them

we can tell how the MBS price will change if the interest rate changes.

It turns out that, at several hundred of paths where the calculations of the OAS

have not shown good convergence property, some random number generators have already

shown very good convergence in calculating the effective duration and convexity, and the

MBS pricing can thus be much improved. We will discuss the details of Monte Carlo method

in Section 5.3.

5.2.4 MBS Greeks

In practice, the Greeks of the MBS, especially the effective duration and the con-

vexity, are needed for hedge purpose. The effective duration gives the estimation of how

much the portfolio price or the bond price will change if the interest rate term structure

curve shift for a small amount. In other words, the duration measures the risk of small yield

change of the bond or the portfolio. If an investor wants to hedge the risk of small yield

change for an interest-rate-dependent asset, he can use some other interest derivatives such

as future to build a portfolio whose entire duration is 0. This is called the duration hedge.

In addition, for a relative large shift of the yield curve, the duration hedge may

not give a satisfactory result. In addition, we need to build a portfolio such that both the

duration and the convexity are hedged. Mathematically, the convexity is the second order

derivative of the asset price to the yield. It measures the change of the duration of the asset

when the yield curve shift for a small amount. For more details about duration, convexity

and the hedge strategy using duration and convexity, we refer the readers to Hull [35] or

Fabozzi [29].
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The duration of a bond is a measure of how long on average the bond holder must

wait for payment, or in other words, its a measure of the asset’s price sensitivity to a change

in the yield. Let D denote the duration, P be the bond price, and suppose the interest

rate r is a continuous stochastic process, then P =
∑n

i=1 cie
−rti , where n is the number of

payments, ci is the cash flow at time ti. The duration is defined by

D =
∑n

i=1 ticie
−rti

P
=

n∑

i=1

ti

(
cie

−rti

P

)
,

which is just the weighted average of time to payments.

Notice that

dP

dr
= −

n∑

i=1

citie
−rti = −PD,

so
dP

P
= −Ddr,

which means the percentage change in the bond price is the change in yield multiplied by

the bond duration. The accuracy of this relation is guaranteed only for small values of dr.

In practice, when we use a valuation model to price the MBS bonds, the effective

duration can be approximately obtained as the following:

D
∆= Duration =

P− − P+

2P0∆r
, (5.4)

where P0 is the initial value of the bond; P− is the estimated value of the bond if the yield

is decreased by ∆r; P+ is the estimated value of the bond if the yield is increased by ∆r

and ∆r is the change in the bond yield which is usually very small.

Similarly, the convexity of the bond is

C =
1
P

d2P

dr2
=

∑n
i=1 cit

2
i e
−rti

P
,

which measures how fast dP/dr is changing with the size of dr. Use the second order Taylor

series, it can be written as
dP

P
= −Ddr +

1
2
C(dr)2.

One can use convexity to improve a hedge and immunize against fairly large parallel shifts

in the zero curve. It can be estimated by the following formula:

C
∆= Convexity =

P− + P+ − 2P0

P0(∆r)2
. (5.5)

The procedure is as the follows:
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1. Use the valuation model (interest rate model, prepayment model,etc) and the current

market price P0 to obtain the OAS.

2. Use the obtained OAS in the valuation model to estimate the bond prices P− and P+

when the yield is decreased or increased by ∆r, respectively.

3. Use the formula (5.4) to obtain the estimated duration and convexity.

While Monte Carlo Method is used, the OAS is first obtained with some accuracy.

Usually, to obtain the desired accuracy, we need to use about 104 interest rate paths, which

takes a lot of time. Then, the OAS is used to obtain the Greeks. We notice that all of the

above work are performed to study the absolute convergence of the Monte Carlo simulation.

The smallest number of paths needed is about 104. If the interest rate changes, the MBS

needs to be priced again. In real time trading, faster computation is always preferred. In

our work, in stead of studying the absolute convergence of the MBS pricing, we examine

the relative convergence of the pseudo random number generators through Option Adjusted

Spread (OAS) analysis, presented in Section 5.1.

5.3 Monte Carlo Simulations

Monte Carlo method is one of the most popular numerical methods in finance.

In the problems of option pricing, securities valuation, risk analysis, etc., the Monte Carlo

method has proved to be a successful tool. For a brief summary of its recent advances, the

reader is referred to Boyle, Broadie and Glasserman [11].

The basic idea of Monte Carlo method is to simulate several sample paths of the

underlying asset prices or interest rates under the risk-neutral measure, then evaluate the

discounted cash flows according to the specific structure of the securities, and average these

values over the sample paths. It is also known, however, that the main drawback of the

Monte Carlo method is its slow convergence rate. In the case of conventional Monte Carlo

method, the convergence speed is about 1/
√

N by the central limit theory, where N is the

number of sample paths. Sometimes, this computing time is so long that can be intolerant

for problems with complex stochastic models or more accurate solution requirements, such

as pricing MBS.

The problem of pricing MBS is known as high dimensional integral, where the

Monte Carlo method is the best way so far to apply. In this work, we consider the pricing
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problems for three MBS bonds by virtue of the Monte Carlo Method. Those bonds are:

a 10-year PAC (Planned Amortization Class) (CUSIP: 31396UY46), a support (CUSIP:

31397HLJ5) and a pass-through bond (FNCL 6.0). The OAS analysis is performed. As we

mentioned earlier, once we know the interest rate paths and the prepayment schedules, the

cash flows can be determined. So we can get the theoretical prices of these bond. Using the

market data to calibrate our models, we can get the OAS. Then the OAS can be used to

price the bonds when the interest rate is up or down by a small amount. The bond prices

can then be used to calculate the durations and the convexities of the bonds.

Usually, people require that the OAS obtained achieves a certain accuracy first,

before it can be used in the second steps. The convergence of the Monte Carlo simula-

tion mainly depends on the number of paths, and it also depends on the random number

generator and the stochastic generator for the interest rate process.

We first use these random number generators to price the OAS of these bonds with

eight initial seeds, then based on the OAS obtained, we compute the Effective Duration and

Convexity of the MBS pricing. These results are important as they tell us how the MBS

prices change as the interest rates change.

Relative studies indicate that the accuracy of 1 base point can be reached by virtue

of Monte Carlo simulation using 10000 paths. In our study, we use the values obtained using

10000 paths as the ‘accurate’ values.

For each calculation, the standard deviation σ of the pricing using these eight seeds

provides a good convergence criterion, because it tells us the spread, of dispersion of the

pricing at certain number of paths in the Monte Carlo simulation. Therefore, to measure

the degree of convergence, for a given number of paths, we calculate the standard deviation

of the results obtained using 8 different random seeds.

In our simulation, there are two method to calculate the standard deviation. As

we just mentioned, the values we obtained by virtue of Monte Carlo Simulations using 10000

paths can be regarded as the ‘accurate’ values. So we can use the ‘accurate’ values as our

average values when we calculate the standard variation for the given number of paths using

eight random seeds. Mathematically, we can do the following: For fixed random number

generator, let P s
p be the pricing result using p paths and initial seed s, then let

P̄10000 =
1
8

∑

s∈Ss

P s
10000
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be the convergent point, and for each number of paths p, calculate the standard deviation

σp =
√

1
7

∑

s∈Ss

(P s
p − P̄10000)2.

We call this method I.

The other way is to calculate the usual standard deviation as

σp =
√

1
7

∑

s∈Ss

(P s
p − P̄p)2,

where

P̄p =
1
8

∑

s∈Ss

P s
p .

In other words, for the given number of paths, we use the average of the values coming

from eight random seeds, instead of the values obtained using 10000 paths, to calculate the

standard variation. This way is called method II.

As we will see later, the numerical results indicate that the convergence patterns

are very similar when we use two different methods as we mentioned above to measure

the convergence speed. More importantly, we found that by generating several hundred of

paths in the Monte Carlo simulation, even though the OAS pricing does not converge well,

the computation of the Effective Duration and Convexity have already showed very good

convergency properties.

5.4 Pseudo Random Number Generators

The random number plays the key role in Monte Carlo simulations. Computers

can not generate real random numbers, since they generate numbers in a deterministic

fashion based on some arithmetic algorithm. If the sequence has no or tolerable correlation,

then this computer generated sequence is called pseudo random.

There are several widely used random number generators that are used to generator

uniform distributions over [0, 1]. The NR1(Ran1) in [69] is the usual linear congruent

generators with the Minimal Standard presented by Park and Miller [66]. It was found that

this algorithm has a period round 109. Later NR2(Ran2) [69] was often used, which has a

period more than 1018. NR3 (Ran3) [69] is a subtractive method with a portable routine

[40][38]. Zeeb and Romero [89] performed a test to study several random number generators,
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where Ran2 and Ran3 passed all the tests. It is also known that Ran2, which combines

two linear congruent generators and does shuffling, is a very slow algorithm compared with

Ran3 [89]. Mersenne Twister (MT) is a very recently developed pseudo random number

generator [58]. It is based on a matrix recurrence over a finite binary field F2, which provides

for fast generation of very high quality pseudo random numbers. Its period can be as large

as 219937 − 1, and it has very high order of dimensional equi-distribution.

There is another brunch of random number generating methods, called quasi ran-

dom numbers or low discrepancy sequences, like Sobol, Halton, etc., which are actually

sequences of deterministic points. The reader may refer to Niederreiter [60] for the details

of random number generations and some low discrepancy sequences, and Boyle [11] for a

brief introduction of quasi-Monte Carlo methods. Although it is suggested that [60] low

discrepancy sequences are sometimes superior to conventional Monte Carlo algorithms, in

the problem of pricing MBS, which involves high dimensional integrals, different conclu-

sions may be drawn under different situations. Morokoff and Caflisch [87] noticed that the

advantage of low discrepancy sequences disappears for problems with dimension around 30.

Paskov and Traub[67] applied the Sobol and Halton points to evaluate a CMO, which is a

problem with dimension up to 360. They used the pseudo random generators ran1 [68] and

RAN2 in [69] for the Monte Carlo simulation, and the convergence for the Sobol method

was observed for the number of paths around 2e+5.

Ninomiya and Tezuka [62] examined the low discrepancy sequences such as Hal-

ton, Sobol, Faure and generalized Niederreiter sequences and compared them with Monte

Carlo methods using a generator called combined Tausworthe random number generator

[79]. They found that the convergence performances of classical low discrepancy sequences

such as Sobol, Faure and Halton are worse than those of the random numbers. In this

problem, their results showed that in order to achieve 1 base point accuracy, generalized

Faure and generalized Sobol sequences need about 2e+5 sample paths, where classical low

discrepancy sequences such as Halton, Faure and Sobol need over 1e+8 sample paths, and

the random number sequences needs about 3e+7. Similar conclusions are obtained in their

second experiment which evaluated a look back option. An explanation for this verdict

mentioned by Boyle et al [11] is that, the integrands typically found in financial applica-

tions behave better than those used by numerical analysts, and financial applications often

involve discounting, which may effectively reduce the dimensionality.

We need to mention that all of the above work are performed to study the absolute
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convergence of the Monte Carlo simulation. The smallest number of paths needed is about

104. Since we are interested in finding out the relative convergence property of our pricing

method, in this chapter, we will use Ran3 (NR3) and MT as our random number generator.

Numerical experiments using Ran1 and Ran2 gave us similar results to the results using

Ran3, so we omit Ran1 and Ran2 here.

Those generators are used to generate random variables that are uniformly dis-

tributed over [0, 1]. To convert these pseudo uniform random numbers into pseudo normal

random numbers, we considered two methods, namely Box-Müller (BM)[69] and inverse

cumulative distribution function (hereafter referred as INV).

In summary, to test the robustness of our method, we consider the combinations of

two random number generators, NR3 and MT, and two methods to convert uniform random

variables normal random variables, BM and INV. The combinations referred as NR3-INV,

NR3-BM, MT-INV and MT-BM. As we will see later, our method does work well for all

these combinations.

5.5 Numerical Results and Analysis

In our numerical study, we randomly choose three MBS bonds, one from each

category of three categories: PAC, Support and Pass-Through. Those bonds are traded

on the US market and they are: a 10-year PAC (CUSIP: 31396UY46, referred as PAC

hereafter), a Support bond (CUSIP: 31397HLJ5, referred as Support hereafter) and a Pass-

Through bond (FNCL 6.0, referred as FNCL hereafter). The interest rate model we used

is the Black-Karasinski (BK) model [35].

As we mentioned earlier, to test the robustness of our method, we consider four

pseudo random number generating combinations, MT-BM, MT-INV, NR3-BM and NR3-

INV

Each pricing has eight seeds

Ss = {−26810,−6108,−30650,−90254,−66368,−50401,−97973,−36457},
which are generated using the random number generator in MS-Excel.

For a given number of paths, we use the Monte Carlo method to obtain eight

values for eight difference random seeds mentioned above. Then the standard variation for

the given number of paths will be calculated using the eight values obtained and the method

I or the method II mentioned in Section 5.3. This procedure will be repeated for all three
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market traded bonds, PAC, Support and FNCL, and for all four pseudo random number

generators, MT-BM, MT-INV, NR3-BM and NR3-INV.

The numerical results are summarized in table 5.1 to table 5.8. Table 5.1 to Table

5.4 gives the convergence data by virtue of Method I for three bonds using four pseudo

random number generators, MT-BM, MT-INV, NR3-BM and NR3-INV. And tables 5.5 to

5.8 give the result of Method II.

In those tables,the standard deviation (σ) is used as the convergence criterion, and

the numbers of paths that are needed in order to achieve a smaller σ than the threshold are

given in the tables.

5.5.1 Convergence of the OAS

For these three bonds we considered, we calculated the standard variation of the

OAS using Method I and four random number generators. The number of paths we chose

are

50, 100, 200, . . . , 900, 1000, 2000, . . . , 10000.

In order to make a better view in the graph, we scaled the label to the square root

of the number of paths. The results are showed in the following figures.

Use the OAS obtained above, we price the MBS with interest rate shifting up or

down by 100 base points. Then we are able to estimate the sensitivity of the MBS price

against the changes in interest rate, which is described by the Duration and the Convexity.

This will also help determine where the value goes and where the risk goes in the MBS

structure [5]. The duration and convexity results will be shown in Section 5.5.2. The

following are the bond prices with shifted interest rates.

We see from these figures that although the OAS computations have not shown

good convergence, the bond prices with shift interest rate, calculated based on the OAS

obtained, have already shown good convergence properties when the number of paths are

around one thousand (or the square root around 31 in the figures). The early convergence

of the bond prices with shifted interest rate guarantees the convergence of the duration and

convexity, which are shown next.
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Figure 5.1: PAC OAS-Convergence using Method I
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Figure 5.2: Support OAS-Convergence using Method I

5.5.2 Greeks

The effective duration measures the price sensitivity of the MBS with respect to

the changes of interest rates. This can be taken as the first derivative of the MBS price
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Figure 5.3: FNCL OAS-Convergence using Method I

0 20 40 60 80 100
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Square root of the number of Paths

 

 
MT BM
MT INV
NR3 BM
NR3 INV

Figure 5.4: PAC Price with Interest Rate Shifted Down by 100bps-Convergence using
Method I

w.r.t. interest change.

Convexity is the second derivative of the MBS price w.r.t. interest rate change. It
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Figure 5.5: Support Price with Interest Rate Shifted Down by 100bps-Convergence using
Method I
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Figure 5.6: FNCL Price with Interest Rate Shifted Down by 100bps-Convergence using
Method I

measures the sensitivity of the duration to the changes of interest rate.

The convergence properties of these random number generators in calculating the
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Figure 5.7: PAC Price with Interest Rate Shifted Up by 100bps-Convergence using Method
I
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Figure 5.8: Support Price with Interest Rate Shifted Up by 100bps-Convergence using
Method I

effective duration and convexity are given in the following.

From the figures, we can tell that although the OAS does show the convergence
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Figure 5.9: FNCL Price with Interest Rate Shifted Up by 100bps-Convergence using Method
I
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Figure 5.10: PAC Duration-Convergence using Method I

as the number of paths becomes bigger, the convergence speed is very slow if compared to

the convergence of the Duration and the Convexity.
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Figure 5.11: Support Duration-Convergence using Method I
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Figure 5.12: FNCL Duration-Convergence using Method I

The figures using Method II are similar to those of Method I, except a slight

shift of the curves. In order not to make the chapter lengthy, we do not show them. The

convergence analysis of Method I and Method II are given in Tables 5.1 to 5.8.
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Figure 5.13: PAC Convexity-Convergence using Method I
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Figure 5.14: Support Convexity-Convergence using Method I

5.5.3 Relative Convergence and Absolute Convergence

As we can see from the tables, for all three bonds, the convergence speeds for

Durations and Convexities are much faster than the OAS for the bonds. For examples,
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Figure 5.15: FNCL Convexity-Convergence using Method I

from Table 5.1, we can learn that, if we use the random generator MT-BM, to reach an

accuracy of 0.1 for the OAS, i.e. σ ≤ 0.1, the required number of paths are at least 104

for all three bonds we considered. On the other hand, under the same conditions, to reach

the accuracy of 0.1 for Durations, the number of paths is much less than that for the OAS.

From the table, we can see that, for the bond PAC, only 500 paths are needed to reach the

accuracy of 0.1 for the Duration. For the bond Support, only 700 paths are needed. For

the bond FNCL, only 100 paths are needed. If we look at the Convexities, to reach the

accuracy of 0.1, the required numbers of paths for PAC, Support and FNCL are 500, 3000

and 100 respectively.

From Table 5.1, we can also learn that for different value of accuracy (standard

variation) and for all three bonds we considered, the convergence speeds for Durations and

Convexities are much faster than the convergence speeds for the OAS. In other words, for a

given number of paths, if the number of paths is relatively small, the OAS may not perform

the good convergence properties. Although the OAS obtained at this moment is not so

accurate, we can still use it to calculate the Durations and the Convexities, which can show

very good convergence properties even we use the same number of paths to calculate them.

To obtain a good approximative value for the OAS, we need to use many paths
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(at least 104). Then we can use the OAS to calculate the Duration and the Convexity.

There is no doubt that with the ‘accurate’ OAS and relative large number (104) of paths,

we can get ‘accurate’ values for the Durations and the Convexity. This is the Absolute

Convergence, which can always guaranteed by virtue of the Law of Large Numbers. But

it takes a long time, which is not bearable in the industry.

However from our research, we found that there is a so-called Relative Conver-

gence phenomenon exists for the MBS bond. In other words, for a give small number of

paths, such as 1000, although the OAS still do not show very good convergence behavior,

the Duration and the Convexity we obtained by virtue of the ’not-so-accurate’ OAS can

show very good convergence behavior. Therefore, the Relative Convergence does exist

for the OAS and Greeks (Duration, Convexity) for MBS bonds.

Given our results, now practitioners in the industry can save tremendous of com-

putation when they evaluate the Durations and the Convexities of the MBS bonds. For

example, from Table 5.1, to reach an accuracy of 0.1 for the duration of the PAC bond,

instead of using 104 paths to obtain a good value of the OAS, we can just use 500 paths to

calculate the OAS and then use the OAS and 500 number of paths to obtain the Duration,

which has our desired accuracy. Put differently, it can save the computation time by 95%

in this particular example.

5.5.4 Robustness

In order to test the robustness of our method, we use four different random number

generator combinations that are very popular among the industry. When Method I is used

to calculate the standard variation, the results for four different random number generators

are showed in Table 5.1 and Table 5.4. As we can see from the tables, the phenomenon of

relative convergence can be seen for each random number generator, and the convergence

patterns are very similar with each other.

In addition, we also use Method II to calculate the standard variations that are

used to describe the measure of convergence. The results are given in Tables 5.5 to 5.8.

From the tables, we can see that the convergence patterns are almost the same with those

when we use Method I.

Therefore, it is safe to say that the relative convergence does exist for MBS bonds

when we use the typical pseudo random number generators for our Monte Carlo Simulation.
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Given this results, to calculate the Duration and the Convexity for a MBS bond, it is not

necessary to use tens of thousands of paths to obtain an ‘accurate’ OAS first. In stead,

in most of cases, several thousands or several hundreds of paths are enough to get very

accurate values of the Duration and the Convexity.

Table 5.1: MT-BM, Method I
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 200 800 2000 7000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 200 500 2000 8000
Convexity 50- 50- 50- 50- 100 500 900 104+

Support
OAS 2000 2000 5000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 200 700 2000 104+
Convexity 50- 50- 50- 100 800 3000 104+ 104+

FNCL
OAS 600 2000 2000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 100 400 4000
Convexity 50- 50- 50- 50- 100 100 600 6000

Table 5.2: MT-INV, Method I
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 200 300 2000 9000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 300 400 2000 7000
Convexity 50- 50- 50- 50- 300 500 2000 8000

Support
OAS 2000 3000 104+ 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 300 400 3000 104+
Convexity 50- 50- 50- 200 3000 4000 7000 104+

FNCL
OAS 400 500 3000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 50 400 2000
Convexity 50- 50- 50- 50- 50 50 400 3000

5.6 Summaries and Further Topics

In this chapter, we investigated the relative convergence speeds of the OAS and

the Greeks using the Monte Carlo simulation in pricing mortgage-backed securities, and

propose the pricing procedure using OAS analysis. In our approach, only hundreds of paths

are needed to obtain the desired accuracy of the Greeks, although the OAS may not reach its

desired accuracies. The purpose of this research is to find a fast MBS pricing method, which

is useful in real time trading. By using the OAS analysis, we speed up the computation

of the duration and convexity in order to know the bond price change as fast as we can if
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Table 5.3: NR3-BM, Method I
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 100 400 2000 5000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 100 400 1000 104+
Convexity 50- 50- 50- 50- 400 600 2000 8000

Support
OAS 900 2000 5000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 300 400 2000 104+
Convexity 50- 50- 50- 200 2000 2000 104+ 104+

FNCL
OAS 400 700 2000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 100 300 700
Convexity 50- 50- 50- 50- 50 100 800 2000

Table 5.4: NR3-INV, Method I
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 300 500 2000 6000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 200 700 2000 104+
Convexity 50- 50- 50- 50- 200 500 2000 6000

Support
OAS 2000 4000 6000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 500 2000 4000 104+
Convexity 50- 50- 50- 50- 3000 4000 6000 104+

FNCL
OAS 900 2000 4000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 50 500 2000
Convexity 50- 50- 50- 50- 50 100 700 3000

Table 5.5: MT-BM, Method II
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 200 800 2000 7000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 200 500 2000 8000
Convexity 50- 50- 50- 50- 50 500 700 104+

Support
OAS 2000 2000 2000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 200 200 2000 104+
Convexity 50- 50- 50- 100 800 2000 104+ 104+

FNCL
OAS 400 2000 2000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 100 300 2000
Convexity 50- 50- 50- 50- 100 100 500 6000
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Table 5.6: MT-INV, Method II
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 100 300 2000 9000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 300 400 2000 7000
Convexity 50- 50- 50- 50- 200 500 2000 8000

Support
OAS 2000 3000 104+ 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 300 400 2000 104+
Convexity 50- 50- 50- 200 2000 4000 7000 104+

FNCL
OAS 400 500 3000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 50 400 2000
Convexity 50- 50- 50- 50- 50 50 400 3000

Table 5.7: NR3-BM, Method II
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 100 100 1000 5000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 100 400 800 104+
Convexity 50- 50- 50- 50- 400 600 2000 8000

Support
OAS 900 2000 5000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 300 400 2000 104+
Convexity 50- 50- 50- 200 2000 2000 104+ 104+

FNCL
OAS 400 500 2000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 100 300 700
Convexity 50- 50- 50- 50- 50 100 800 2000

Table 5.8: NR3-INV, Method II
# of paths σ ≤ 3.5 2.5 1.5 0.5 0.15 0.1 0.05 0.02

PAC
OAS 300 500 2000 6000 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 100 700 2000 104+
Convexity 50- 50- 50- 50- 200 400 2000 6000

Support
OAS 2000 4000 6000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 300 2000 4000 104+
Convexity 50- 50- 50- 50- 3000 4000 6000 104+

FNCL
OAS 900 2000 4000 104+ 104+ 104+ 104+ 104+

Duration 50- 50- 50- 50- 50 50 200 2000
Convexity 50- 50- 50- 50- 50 100 700 2000
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the interest rate changes. So to capture the bond price change with updated market data,

especially the interest rate, is our goal. Therefore, it is important to test our pricing method

with real market data. Future research should focus on testing the feasibility of our pricing

approach when the interest rate changes, and compare the pricing result with real market

data.
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Chapter 6

Conclusions and Future Work

In this work we studied the path dependent stochastic models and their applica-

tions to finance and wireless communication systems. For the models where the analytical

solutions are not known, we applied the numerical methods, namely, the controlled Markov

Chain approximation and Monte Carlo simulation.

In the controlled Markov Chain approach, we have shown that by estimating the

present system state, we found better control methods than the simple control which uses

the delayed information directly in the approximation. We used two ways to estimate the

system state. The first is to assume the system be controlled under the optimal control u∗

which is derived from the no-delay system, and predict the present state using this control.

Several issues remain. One is that, is the assumption that the system is controlled under u∗

a proper assumption? This assumption is motivated from the separation principle used in

deterministic control system, yet whether it is proper to apply in stochastic control systems

with time delay still remains an interesting topic.

Later we present the idea to keep the control history in order to have an accurate

prediction of the present state. Though the result is decent, it still remains a question that

under what condition this policy is optimal for the discrete controlled Markov Chain model

with time delay. Further questions are, how do these controls perform as the number of

delay steps D increases? Do they still have large cost reductions or the reductions diminish

as D increases? All such kind of problems are hard and need further study, especially the

problem of dealing with computer memories in order to handle large delays.

We used the controlled Markov Chain approximation to solve stochastic control

problems with time delay in continuous time. As the interpolation interval h → 0, the
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discrete results converge weakly to the continuous time solutions. However, this conclusion

holds for the system with no-delay or the delayed system using the simple control [46]. We

claim that the state estimation methods, do not alter the structure of the theoretical proof,

as shown in Chapter 2, so we expect them to converge to certain continuous time control

policies as well. However, it does need rigorous proof.

We have only considered the stochastic control problem with fixed time delay.

The extended problem with general time delay is still a hard problem. We made the first

try applying the numerical method solving such kind of problems in this area, yet future

research should focus on finding the solutions of stochastic control problem with general

time delay, and finding the analytical form inspired by the numerical results.

In the work of Monte Carlo simulations, we investigated the relative convergence

speeds of the OAS and the Greeks in pricing mortgage-backed securities, and propose the

pricing procedure using OAS analysis. In our approach, only hundreds of paths are needed

to obtain the desired accuracy of the Greeks, although the OAS may not reach its desired

accuracies. The purpose of this research is to find a fast MBS pricing method, which is

useful in real time trading. By using the OAS analysis, we speed up the computation of

the duration and convexity in order to know the bond price change as fast as we can if

the interest rate changes. So to capture the bond price change with updated market data,

especially the interest rate, is out goal. Therefore, it is important to test our pricing method

with real market data. Future research should focus on testing the feasibility of our pricing

approach when the interest rate changes, and compare the pricing result with real market

data.
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