
ABSTRACT

KIM, MOSES. On Galois 2-extensions of the Dihedral Group. (Under the direction of
Amassa Fauntleroy.)

We give a criteria for solvability of the embedding problem pE{k,Dn, µ2q by consider-

ing an identification of Sm in the orthogonal group Om � Opm�x1yq and restricting the 2-

cocycle corresponding to the 2-extension of Sm to the group Dn (where #Dn � 2n � m),

which allows us to compute the obstruction of the embedding in an explicit way using

Serre’s obstruction formula. We will make heavy use of Galois cohomology in the context

of pro-finite group cohomology as well as the general theory of quadratic forms to prove

Serre’s formula and hence give a criteria for solvability.
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Chapter 1

Introduction

The embedding problem is a particular case of the inverse Galois problem in Galois theory

that asks the following question: given a group G that is Galois over some extension K{F
and the epimorphism

γ : E Ñ G

does there exist a field extension K 1 of F such that the following two conditions are

satisfied:

i. K 1 � K and E � GalpK 1{F q

ii. γpxq � x |K

We can express the above problem in the language of group extensions. The only dis-

tinction being that we specify the nature of the normal subgroups of E via a monomorphic

map ι : AÑ E in the following sense:

1 A E G 1
ι γ

By the exactness at E, ιpAq C E. Moreover, if we assume that A is a G-module such

that φ : GÑ AutpAq is the corresponding representation, the action of G extends to an

action of E via inner automorphisms on A in the following way:

x � a � xιpaqx�1 � ιpφpγpxqqaq for all x P E, a P A
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This action is going to play an important role in defining the concept of equivalence of

group extensions later on in Chapter 2.

We will follow the methodology of Berhuy’s book [2] to tackle the embedding problem

in the context of Galois cohomology and quadratic forms.

One important step we need to make before discussing in depth the techniques in

Galois cohomology as it relates to the embedding problem is the isomorphism between

groups extensions of G by A and 2-cocycles of G with values in A, with the assumption

that A is a G-module. In our study of the embedding problem we will take G to be the

Galois group of the separable extension ks of a field k and let G act trivially on A. It is

a well known theorem by Cayley, that any finite group can be represented as a group of

permutations. Techniques in group cohomology allow us to study a cocycle of H, where

H is a subgroup of G, by looking at the cocycles of G and restricting the domain to

that of H. In this thesis, we study 2-extensions of Dn by restriction of Sn, where our

groups are Galois over a separable extension of k, with chark � 2. Before we consider

an embedding of a given group, we first look at its Galois correspondence to a field, say

E, over the base field k. Because of the nature of Sn, we can indeed find a separable

extension over which the group Sn is Galois. So it makes sense to focus our attention on

this particular separable extension, which by definition, is an Étale algebra. Using the

Krull topology on Galois groups, we find a Galois closure of E and denote it by Egal. It

will be clear in the context of infinite Galois theory that GalpE{kq � GalpEgal{kq. We

will denote this group by GE.

As a consequence of abstract Galois descent, we have the following isomorphism of

functors over k.

H1p , Snq � Etnp q
H1p , Gq � G-Galp q

The first isomorphism is between 1-cocycles with values in Sn and Ètale algebras of degree

n; and the second, between 1-cocycles with values in G and G-Galois algebras.
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Let e : Gks Ñ Sn represent the Ètale algebra E. By construction,

im e � Galp
¤

χPXpEq
χpEqq � GalpEgal{kq � GE,where XpEq � Homk�algpE, ksq

So we obtain another map f : Gks Ñ GE that represents the Galois algebra Egal. Now

using the above definitions, we may interpret the conditions for solvability as follows.

Given the group extension:

1 A G1 G 1
π

with corresponding 2-cocycle class rcs P H2pG,Aq and a surjective continuous morphism

f : Gks Ñ G, does there exist a morphism f 1 : Gks Ñ G1 such that π � f 1 � f . Assuming

that the action of Gks on A, G, and G1 is trivial and applying the functor H�pk, q :�
H�pGks , q to the above extension, we obtain

� � � H1pk,G1q H1pk,Gq H2pk,Aq � � �π� δ1

By exactness at H1pk,Gq, π � f 1 � f iff f P im π� iff δ1pfq � 0. By group cohomology,

we have the following equality

f�pcq � δ1pfq pmod B2pk,Aqq,

where B2pk,Aq is the set of 2-coboundaries. f�pcq is known as the obstruction to the

embedding problem.

We obtain the obstruction to the embedding problem:

1 µ2pksq D̃n Dn 1

by restricting the 2-cocycle sm P H2pSm, µ2q to Dn, where #Dn � m, which implies the

commutativity of the following diagram:

1 µ2pksq D̃n Dn 1

1 µ2pksq S̃m Sn 1

3



By group cohomology, we have the following:

f�pRespsmqq � e�psmq pmod B2pk, t�1uqq

We will use tools in Galois cohomology and quadratic forms to compute the above ob-

struction e�psmq. By identifying Sm with a subgroup of the orthogonal group Om, we will

be able to reduce the computation of the obstruction to a computation of quadratic forms

of Ètale algerbas. And in so doing we obtain the obstruction formula due to Serre. This

formula reduces the solvability of the embedding problem to finding quadratic forms of

Galois extensions. We go over this aspect in detail in Chapter 3 before proving the ob-

struction formula and obtaining specific cases of 2-extensions of Dn for particular values

of n in Chapter 4.
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Chapter 2

Galois Cohomology

In order to introduce Galois cohomology we first need to make a foray into the theory of

profinite groups G. Defining a G-action on a set A will induce morphisms from G�n to A

and putting constraints on these morphisms will produce cohomology sets HnpG,Aq. The

Galois group of a field extension K{k is a profinite group with order being inclusion of sets

and it is but natural to define an action of the Galois group on the set of field extensions

as induced by group automorphisms. We will focus our attention on H1pG, q. In order

to see how G-sets and H1pG, q interact, we introduce the notion of group schemes and

their action; this will be the subject of Galois descent. We will introduce Ètale and Galois

algebras and their properties as a consequence of Galois descent, which will be crucial in

our interpretation of the embedding problem in the context of group extensions.

2.1 Profinite Groups

We first need a few basic definitions before we define profinite groups.

Definition 2.1.1 Given a partially ordered set pI, q, I is said to be a directed set

if @i, j P I, there exists k P I such that i   k, j   k.

Definition 2.1.2 The collection of sets pXiqiPI together with maps πij : Xj Ñ Xi,

where I is a directed set, is called a projective system of sets if the following properties

are satisfied:

i. πii � idXi , @i P I
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ii. πki � πij � πkj, @i, j, k P I

Definition 2.1.3 The inverse limit of a projective system of sets pXiqiPI is denoted by

limÐÝ
i

Xi � tpxiqiPI P
¹

Xi | πijpxjq � xi, @i   ju,

where
±
Xi is endowed with the product topology and the Xi are discrete.

Definition 2.1.4 We say that a topological group G is profinite if there exists a projective

set of finite groups pHiqiPI such that

G � limÐÝ
i

Hi

The set of field extensions over some base field k with partial order � is a directed set.

Given an extension L{k, define XL � GalpL{kq. Moreover, define the map πK,F : XF Ñ
XK by σ ÞÑ σ |K , where K is a subextension of F . Going over the above definition, we

can easily see that the pair ppXLq, pπF,F 1qq is a projective system of finite groups, mainly

Galois groups of extensions. We immediately have an isomorphism of topological groups

GalpΩ{kq � limÐÝ
L�Ω

GalpL{kq

Before discussing the concept of G-sets and G-groups. where G is profinite, we briefly

discuss the topology we are working with on the set of Galois groups.

Definition 2.1.5 The Krull topology on GalpL{kq is given by the open neighborhoods:

tσGalpL{L1q | σ P GalpL{kq and k � L1 � Lu

To describe G-sets, we need to define what we mean by a continuous G-action.

Definition 2.1.6 Given a discrete topological space A and a profinite group G, we

say that the left action of G is continuous if the subgroup

StabGa � tg P G | g � a � au
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is open for all a P A.

An alternative characterization of the continuous left action of a profinite group G on a

discrete topological space A is given by the following lemma.

Lemma 2.1.7 The left action of G on A is continuous if and only if the following

equality holds:

A �
¤
U

AU ,

where the U are normal and open in G.

All such A with a continuous left G-action are called G-sets. Furthermore, if A is

a group and the G-action is given by group morphisms, then A is said to be a G-group.

Commutative G-groups are called G-modules.

Examples 2.1.8

i. If G acts trivially on A, A automatically becomes a G-set.

ii. Given a Galois extension L{k with Galois group GL � GalpL{kq, the action

σ � l � σplq, @σ P GL, l P L

gives L the structure of a GL-group.

Definition 2.1.9 Let A be a G-group. A continuous morphism α : G Ñ A is called a

1-cocycle if the following holds:

αστ � ασσ � ατ , @σ, τ P G

The set of 1-cocycles of G with values in A is denoted by Z1pG,Aq.

Lemma 2.1.10 If α : GÑ A is a 1-cocycle, then so is β : GÑ A given by

σ ÞÑ aασσ � a�1 for some a P A
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We refer the reader to [2, II.3] for the proof of the above lemma.

Definition 2.1.11 Given 1-cocycles α, β : G Ñ A, we say that α is cohomologous

to β if there exists a P A such that

βσ � aασσ � a�1, @σ P G

Being cohomologous is an equivalence relation. Let us denote it by �. We call the quotient

of the set Z1pG,Aq by � the first cohomology set of G with values in A and denote it by

H1pG,Aq � Z1pG,Aq{ �

Now we are ready to define higher cohomology sets in the more general setting of cochain

complexes using the notation pC�pG,Aq, dq. Given a G-module A we define CnpG,Aq to

be the set of continuous morphisms α : G�n Ñ A for n ¥ 1 and define C0pG,Aq � A.

The coboundary operator dn : CnpG,Aq Ñ Cn�1pG,Aq is given by

dnpαqσ1,σ2,...,σn�1 � σ1 � ασ2,...,σn�1 �
ņ

i�1

p�1qiασ1,σ2,...,σiσi�1,...,σn�1 � p�1qn�1ασ1,σ2,...,σn

Thus, we obtain:

HnpG,Aq � ker dn{im dn�1

The reader will take note that cohomology sets HnpG,Aq behave functorially in A or G as

the case arises. First we define what we mean by compatible maps in the setting of G-sets.

Definition 2.1.12 Given profinite groups G,G1 and a G-set A and a G1-set A1, we

call the maps φ : G1 Ñ G and f : AÑ A1 compatible if the following holds.

fpφpσ1q � aq � σ1 � fpaq, @a P A, σ1 P G

Lemma 2.1.13 Keeping the notation from the above definition for G,G1, A, and A1, we

have the following well-defined map of pointed sets:

f� : HnpG,Aq Ñ HnpG1, A1q,
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which is given by:

f�pαqσ11,...,σ1n � fpαφpσ11q,...,φpσ1nqq

Now suppose G and G1 are finite groups such that G1   G and let A be a G-group.

Then, it is natural to consider the inclusion morphism ι : G1 Ñ G and the identity map

id : AÑ A. By lemma 2.1.13, setting φ � ι and f � id, we obtain the following map

Res : HnpG,Aq Ñ HnpG1, Aq,

which we call the restriction map.

In the case where G and G1 are profinite groups with given morphisms φ : G1 Ñ G and

f � id : AÑ A, we use the following notation:

φ� : HnpG,Aq Ñ HnpG1, Aq

Now we introduce a useful binary operation on the set of cohomology sets.

Let A and B be G-modules, where G is some profinite group. The continuous action

of G on both A and B induces a continuous action on their tensor product AbZB given

by

G� AbZ B Ñ AbZ B : pσ, ab bq ÞÑ σ � pab bq � σ � ab σ � b

Given the cocycles α P ZppG,Aq and β P ZppG,Bq, we define the following map.

Y : ZppG,Aq � ZqpG,Bq Ñ Zp�qpG,AbBq

given by

pα, βq ÞÑ α Y β : pσ1, ..., σp, σp�1, ..., σp�qq ÞÑ ασ1,σ2,...,σp b σ1 � � � σp � βσp�1,...,σp�q

Computation with the coboundary operator dp�q shows that the induced map

Y : HppG,Aq �HqpG,Bq Ñ Hp�qpG,AbBq

is well-defined.

By identifying AbZB with BbZA as G-modules we have the following anti-commutative
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rule:

rαs Y rβs � p�1qpqrβs Y rαs,

which gives a grading to the cohomology ring.

The binary operation Y is called the cup product. Now, given G-modules A, B, and C,

consider the Z-bilinear map θ : A�B Ñ C satisfying

θpσ � a, σ � bq � σ � θpa, bq, @a P A, b P B, σ P G

By the above condition, the map θ induces a Z-bilinear map of G-modules: AbZB Ñ C,

which also induces a morphism in cohomology as follows:

θ� : HnpAbBq Ñ HnpG,Cq : rαs ÞÑ rθ � αs

Composing Y with θ�, we obtain the map:

Yθ : HppG,Aq �HqpG,Bq Ñ Hp�qpG,Cq : prαs.rβsq ÞÑ θ�prα Y βsq � rθ � pα Y βqs,

which we call the cup product with respect to θ.

2.2 Galois Cohomology Functor

In the previous section, we showed that GL � GalpL{kq was a profinite group and that it

acted continuously on a discrete set, mainly a field. By defining a group-valued functor

we are able to define new GL-groups. First, we need a few definitions.

Definition 2.2.1 A group scheme is a covariant functor from the category of algebraic

extensions over some field k to the category of groups.

The following are some examples of group schemes that we shall encounter later:

i. µmpLq � tx P L� | xm � 1u

ii. GLpV qpLq � tf : VL Ñ VL | f is a linearu, where V is a vector space.

iii. OpV qpLq � tf P GLpV qpLq | qR � qR � fu, where pV, qq is a quadratic form over k
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Observe that a group scheme is a subfunctor of the following functor

F : Ck Ñ Gps

from the category of field extensions over k to the category of groups. So it is enough to

describe the induced continuous action of GL on the L-points of the functor F .

It is useful to introduce some notation to simplify computation. For any inclusion of fields

ι : LÑ L1, the image of s P F pLq under F piq will be denoted by sL1 .

Lemma 2.2.2 Let F : Ck Ñ Gps be a covariant functor. The following map

GL � F pLq Ñ F pLq : pσ, sq ÞÑ σ � s � F pσqpsq

induces an action of GL � GalpL{kq on F pLq. Moreover, given the inclusion of fields

ι : LÑ L1, we have the following equality

σ1 � sL1 � pσ1 |L �sqL1 , @σ1 P GL1 , s P F pLq

Proof. Let s P F pLq. By the functoriality of F , observe that

idL � s � F pidLqpsq � idF pLqpsq � s

pστq � s � F pστqpsq � F pσqF pτqpsq � σ � pτ � sq, @σ, τ P GL, s P F pLq

Let L,L1 be Galois extensions over k such that L � L1. Consider the commutative

diagram below:

L L1

L L1

ι

σ1 |L

ι

σ1

Applying the functor F to the above diagram induces the following commutative

diagram:

11



F pLq F pL1q

F pLq F pL1q

F pιq

F pσ1 |Lq

F pιq

F pσ1q

In other words, given s P F pLq and σ1 P GL1 ,

σ1 � sL1 � F pσ1qF pιqpsq � F pιqF pσ1 |Lqpsq � pσ1 |L �sqL1

Let us remark that if we further assume that F is a group-valued functor then it

immediately follows that F pσq is a group morphism for all σ P GL and hence we have an

action by group morphisms. Thus, in this particular case, F pLq is a GL-group.

Definition 2.2.3 A group scheme F : Algk Ñ Gps is a Galois functor if the follow-

ing two properties hold:

i. The inclusion F pLq ãÑ F pL1q induces the isomorphism

F pLq � F pL1qGalpL1{Lq

ii. Given a Galois extension L1 over k

F pL1q �
¤
L

ιL,L1pLq,

where ιL,L1 : GpLq Ñ GpL1q is induced by the inclusion L � L1

If properties i. and ii. hold, Lemma 2.1.7 implies that the action of GL on F pLq given

by

GL � F pLq Ñ F pLq : pσ, lq ÞÑ σ � l � F pσqplq

is continuous. Moreover, since F is a group scheme, the above action is given by group

morphisms. Thus, F pLq is a GL-group. By the steps in the previous section, we may now

consider the set HnpGL, F pLqq.
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Consider the map φ̄ : GalpΩ1{L1q Ñ GalpΩ{Lq given by the equality τ � φ � φ � φ̄pτq,
where φ : Ω Ñ Ω1 is an extension of the inclusion L ãÑ L1 of field extensions over k and

τ P GalpΩ1{L1q. By construction, our map φ̄ is well-defined.

Now we turn our attention towards the cohomology set HnpGL, F pLqq. Consider the

compatible maps φ̄ : GΩ1 Ñ GΩ and F pφq : F pΩq Ñ F pΩ1q.

By Lemma 2.1.13, we have the following induced map:

Rφ : HnpGΩ, F pΩqq Ñ HnpGΩ1 , F pΩ1qq

Rφ is a well-defined map of pointed sets that only depends on the inclusion map L ãÑ L1.

Thus, we may consider Galois groups over algebraic closures of fields as well as their

separable extensions. Again, applying Lemma 2.1.13 together with the compatible maps

φ̄ : GLs Ñ GKs and F pφq : F pKsq Ñ F pLsq, we have a well-defined map of pointed sets:

Rφ : HnpGKs , F pKsqq Ñ HnpGLs , F pLsqq

It is easily seen that we have Rψ�φ � Rψ � Rφ, where φ : Ks Ñ Ls and ψ : Ls Ñ Ms

are extensions of the inclusion maps K ãÑ L and L ãÑ M . It immediately follows then

that any cohomology set of a Galois extension L{k is isomorphic to the direct limit of its

subextensions as shown below:

HnpGL1 , F pL1qq � limÝÑ
L

HnpGL, F pLqq,

where the L are subextensions of L1. Thus, we denote the Galois cohomology functor by:

Hnp , F p qq : Ck Ñ Sets

Definition 2.2.4 Given a Galois functor F : Algk Ñ Gps, the nth cohomology set of F

is denoted by:

HnpL, F q � HnpGLs , F pLsqq

Recall that µm : Algk Ñ Gps is a group scheme given by µmpF q � tx P F� | xm � 1u.
Since our embedding problem concerns 2-extensions, it will be useful to consider the
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functor:

H1p , µ2p qq : Algk Ñ Sets

We state a version of Hilbert 90.

Theorem 2.2.5 (Hilbert’s Theorem 90) The functor H1p ,Gmp qq : Algk Ñ Sets is

trivial, where GmpF q � F�, for all field extensions F over k.

Here is an important consequence of Hilbert 90 that we shall use in our proofs later

on.

Let Ω be Galois and cyclic over k of degree n with Galois group GΩ � xγy. Consider the

1-cocycle α P H1pGΩ,Ω
�q. Since γn � 1 and α is a 1-cocycle, we have:

1 � αγn � αγn�1γ � αγn�1γn�1 � αγ � αγn�2γn�2 � αγγn�1 � αγ �
±n�1

i�1 γ
i � αγ � NΩ{kpαγq

Thus, x P Ω� such that NΩ{kpxq � 1 completely determines the 1-cocycle given by

αγm �
m�1¹
i�1

γi � x, m � 0, 1, ..., n� 1

By Hilbert 90, we have that α is trivial, which means that there exists some element

a P Ω� such that ασ � σpaq
a

, @σ P GΩ. Replacing σ with the generator, we obtain

αγ � γ0 � x � x � γpaq{a. Hilbert 90 gives us the following:

αγ � γpaq
a

Notice that Hilbert 90 still applies if we had chosen a cocycle from the set H1pK,µ2pKqq
since H1p , µ2p qq is a subfunctor of H1p ,Gmp qq. An application of Hilbert 90 is Kummer

theory, which we state as a proposition.

Proposition 2.2.6 Let k be a field such that chark is prime to some positive integer m.

Then we have a canonical isomorphism

φ : k�{k�m Ñ H1pk, µmpkqq

given by

ā ÞÑ α : σ ÞÑ σpaq
a

,
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where xm � a for some x P ks.

Proof. Let ā P k�{k�m. We immediately note that, since chark - m, the polynomial xm�a
is separable over k. This means that the map k� Ñ k� given by x ÞÑ xm is surjective. So

we may consider the following exact sequence:

1 µmpkq k� k� 1
m

Applying the functor H�pk, q, we obtain a long exact sequence in cohomology:

� � � k� k� H1pk, µmpkqq � � �
m δ0

The isomorphism is given by exactness at H1pk, µmpkqq and Hilbert 90 via the zeroth

connecting homomorphism:

δ0 : k�{k�m Ñ H1pk, µmpkqq : ā ÞÑ δ0paq

where δ0paq � α : Gks Ñ µmpksq : σ ÞÑ σpxq{x, where x P ks such that xm � a. It is clear

that the cocycle α does not depend on the choice of a. We have shown that δ0 is injective.

Now, suppose α P H1pk, µmpkqq. Then, by Hilbert 90, there exists some x P ks such that

ασ � σpxq{x, @σ P Gks . Since αmσ � 1, we have 1 � αmσ � pσpxqqm{xm � σpxmq{xm.

Cross-multiplying, we obtain σpxmq � xm so that our choice is a � xm and hence a P k�.

Using the above isomorphism we are ready to explain some results concerning cup

products in Hnpk, µ2pksqq. When we add elements in Hnpk, µ2pksqq, we will use additive

notation while in µ2pksq, we will use multiplicative notation. By definition, we have the

following:

rαs � rβs � rαβs, @α, β P Hnpk, µ2pksqq

Using Proposition 2.2.6, let us denote the image of a square class ā P k�{k�2 under δ0

by αa and the square root of a by xa. Since µ2pksq is commutative, we have pxaxbq2 �
x2
ax

2
b � ab for some square classes a, b P k�{k�2. This implies that αaαb represents the

square class ab. Thus,

paq � pbq � pabq

15



Consider the bilinear map φ : µpksq � µ2pksq Ñ µ2pksq given by pp�1qp, p�1qqq ÞÑ p�1qpq
and let us denote Yφ � Y. Keeping the same notation for αa and αb, we introduce a new

map. By Hilbert 90, we have

αa : σ Ñ σpxaq{xa � p�1qεapσq, αb : τ ÞÑ τpxbq{xb � p�1qεbpτq,

where εa, εb : Gks Ñ t0, 1u. Thus,

αa Y αb : Gks � Gks Ñ µ2pksq : pσ, τq ÞÑ p�1qεapσqεbpτq

2.3 Galois Descent

An example that illustrates the Galois descent problem, or a motivation if you will, is the

problem of conjugacy of matrices. Is it true that if a matrix is conjugate to some fixed

matrix Mo over a field extension L{k, it is conjugate over the base field k? Given a Galois

functor F : Ck Ñ Mn, where MnpKq � tmatrices with entries in K of size nu, Galois

cohomology allows us to measure the degree to which matrices are conjugate to Mo over

k by relating the conjugacy classes of Mo to the set of 1-cocycles in H1pGL, ZF pMoqpLqq,
where ZF pMoqpLq � tA P F pLq | AMoA

�1 �Mou via the map

A ÞÑ αA : σ ÞÑ A{σ � A�1

Let us denote by � the conjugate action; that is A�Mo � AMoA
�1. If we look carefully we

can see that the set ZF pMoqpLq is nothing but the stabilizer of Mo in F pLq. So once we

define an action on F pLq we may restrict it to a subset, mainly a stabilizer, and generate

1-cocycles.

In order to generalize the concept of the conjugacy problem for matrices we need to

extend it to other algebraic objects and their conjugacy over fields. In order to facilitate

this, we introduce the notion of a functor acting on another.

Definition 2.3.1 Let G : Ck Ñ Grps be a covariant functor. We say that G acts

on the functor F : Ck Ñ Sets if the diagram
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GpLq � F pLq F pLq

GpL1q � F pL1q F pL1q

�

pGpιq, F pιqq

�

F pιq

commutes. Let pg, aq P GpLq � F pLq. Commutativity of the diagram implies that

F pιqpg � aq � Gpιqpgq � F pιqpaq

In the case where the map ι is substituted by an automorphism σ P AutpLq, we write:

σ � pg � aq � pσ � gq � pσ � aq

Now we are ready to introduce some new terminology to denote what we mean by two

elements in F pLq becoming equivalent over some extension L1{L.

Definition 2.3.2 Let a, a1 P F pKq. We say that a is equivalent to a1 over K if there

exists some element g P GpKq such that a1 � g � a and denote it by

a �K a1

Using the above language, we restate the Galois descent problem. Given elements a, a1 P
F pLq for some extension L{k such that a �L a

1, do we also have that a �k a
1?

Definition 2.3.3 Let G : Ck Ñ Grps be a functor acting on F : Ck Ñ Sets and

let a P F pkq. We say that a1 P F pKq, for some extension K{k, is a K-twisted form of a if

aΩ �Ω a
1
Ω

for some Galois extension Ω{K.

Note that the action of GpΩq restricts to K-twisted forms since aΩ �Ω a1Ω and a1 �K a2

implies that aΩ �Ω a
2
Ω. In other words, the action is well-defined on equivalence classes.
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Now we introduce the following set:

FapΩ{Kq � tra1s | a1 P F pKq, a1Ω �Ω aΩu

We want to show that Fa is a functor, but, first, we need to show what we mean by

Fapιq : FapKq Ñ FapK 1q, where ι : K ãÑ K 1 is a morphism of field extensions. Our task

is to show that K-twisted forms are also K 1-twisted forms via the map ι. So suppose a1

is a K-twisted form of a. Then, by definition, there exists a Galois extension Ω{K such

that aΩ �Ω a1Ω; that is, g � aΩ � a1Ω for some g P GpΩq. Assume also that we have an

extension φ : Ω Ñ Ω1 of ι : K Ñ K 1. The various inclusions of field extensions induce the

following commutative diagram:

F pKq F pK 1q

F pΩq F pΩ1q

so that, given x P F pKq, pxK1qΩ1 � pxΩqΩ1 .

Observe that gΩ1 � pa1K1qΩ1 � gΩ1 � pa1ΩqΩ1 � pg � a1ΩqΩ1 � paΩqΩ1 � aΩ1 . Let us denote

FapKq � FapKs{Kq, where K{k is a field extension. Then, ι : K Ñ K 1 induces the map

Fapιq : F pKq Ñ F pK 1q : rxs ÞÑ rxK1s

Thus, Fa : Ck Ñ Sets is a functor.

So to rephrase the Galois descent problem is to ask the following: given a Galois extension

Ω{k, is it true that FapΩ{kq � trasu?

Definition 2.3.4 Let F : Ck Ñ Sets be a functor with the following properties:

i. ι : K Ñ K 1 induces an injective morphism F pιq : F pKq Ñ F pK 1q

ii. Given any extension Ω{K, F pKq � F pΩqGΩ .

We say that such F satisfies the Galois descent condition.

Now it is convenient to introduce an analogue of the term ZF pMoqpLq in the context

of functorial action G on F . Keeping the previous definitions for these terms, we have
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the following:

Definition 2.3.5 Given a P F pkq, the stabilizer of a in G over some extension L{k
is denoted by

StabGapLq � tg P GpLq | g � aL � aLu

Consider the inclusion of fields ι : L ãÑ L1 and the induced map GpLq Ñ GpL1q. Suppose

g P StabGapLq. Then, by definition, we have g � aL � aL. Observe that

gL1 � aL1 � pg � aLqL1 � paLqL1 � aL1

This implies that the functor G restricts to StabGa. Thus, StabGa : Ck Ñ Sets is a

functor. Keeping our notation for G and F as before, we will state the following lemma

without proof.

Lemma 2.3.6 If F satisfies the Galois descent condition and G is a Galois functor

acting on F , then StabGa : Ck Ñ Grps is a Galois functor for some a P F pkq. Further-

more, given any extension L{k, StabGapLq is a GL-group.

Note that we have the following Galois cohomology functor with respect to StabGa:

H1p , StabGap qq : Ck Ñ Sets

We present a particular case of the Galois descent lemma.

Lemma 2.3.7 Let G be a group-valued functor acting on a functor F : Ck Ñ Sets

that satisfies the Galois descent condition. Let a P F pkq. If H1p , Gp qq � 1, then we have

the following bijection of functors:

Fap q � H1p , StabGap qq

We will refer the reader to [2, III.8] for the proof of the above lemma.
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2.4 Étale and Galois Algebras

Definition 2.4.1 Let k be a field with nonzero characteristic. A commutative k-algebra

E is Étale if it satisfies any of the following equivalent conditions:

i. Eks � k�ns , where ks is a separable extension of k.

ii. dimkE � #XpEq, where XpEq � Homk�algpE, ksq.

iii. E � krXs{xfy, where f is a separable polynomial in krXs.

We introduce some examples of Étale algebras that we will refer to later on:

Examples 2.4.2

i. Any finite separable extension E over k is Étale over k

ii. k�n is called the split Étale algebra over k of degree n.

In view of condition ii. of the above definition, we have that, given any morphism of field

extensions, say ι : LÑ L1 and an Étale algebra E over L, EL1 is Étale over L1. Thus, we

obtain a functor:

Étn : Ck Ñ Sets

By definition, all Étale algebras over K of dimension n are K-twisted forms of K�n. So

by Galois descent, we obtain the isomorphism:

Étnp q � H1p , Autk�algpK�nqq

Lemma 2.4.3 AutpKnq � Sn

We state the above isomorphism of functors in a proposition.

Proposition 2.4.5 Étnp q � H1p , Snq.

Galois algebras are a special case of Étale algebras and, as we might expect, we obtain

similar results when applying the Galois descent lemma. Let us recall that G-algebras
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over k are k-algebras on which G acts by k-algebra automorphisms. For any G-algebra

L over k, there is a natural right action of G on XpLq � Homk�algpL, ksq given by

pξ � gqplq � ξpg � lq, @l P L

Definition 2.4.6 Let G be a group of order n and L, a G-algebra over k of degree n. We

say that L is a G-Galois algebra if L is Étale over k and the right action of G on XpLq
is transitive.

In the same way we applied Galois descent to twisted forms of the split Étale alge-

bra over k, we introduce its Galois version. Let G be a group of order n and let us index

the elements in k�n by the elements in G. Denote by pegqgPG be the n idempotents in

k�n. Now we define an important automorphism. Let fg P Autk�algpk�nq be given by

eh ÞÑ egh

So there exists an induced action of G on k�n via the map fg:

G� k�n Ñ k�n : pg, xq ÞÑ fgpxq

This action endows k�n with the structure of a Galois G-algebra, which we denote by

Lo. Given a Galois G-algebra L of degree n, by proper indexing and permutation of

idempotents, we obtain the following isomorphism of k-algebras under the action of G:

L �G Lo

Theorem 2.4.7 Given a G-algebra L over k of degree n with #G � n, we have the

following equivalent conditions:

i. L is a Galois G-algebra

ii. Lks �G pLoqks
iii. L is Étale with LG � k
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Consider the map φg : Lo Ñ Lo given by eh ÞÑ ehg�1 , @g, h P G. By construction, the

map g ÞÑ φg defines an isomorphism of groups:

G � AutG�algpLoq

Assuming that Gks acts trivially on G, we have the following proposition due to the Galois

descent lemma:

Proposition 2.4.8 G-Gal � H1p , Gq

2.5 Group Extensions

In this section, we will study group extensions of G by A, where both A and G are finite

groups. We further assume that A is abelian and a G-module. Our attempt to classify

equivalence classes of group extensions will lead us to the construction of corresponding

2-cocycles of G with values in A. Once the classification by 2-cocycles is accomplished,

we turn our discussion towards defining the obstruction to a given embedding problem.

Definition 2.5.1 Let A be a G-module with corresponding representation φ : G Ñ
AutpAq. A group extension of G by A is a short exact sequence:

1 A E G 1
ι π

Note that the image of A under the injective map ι is normal in E. This allows us to

induce an action of E on A via inner automorphisms in the following way:

x � a � x � ιpaq � xιpaqx�1, @x P E, a P A

which also extends to an action of G via π as follows:

xιpaqx�1 � ιpφpπpxqqpaqq, @x P E, a P A

We know that not all group extensions arise as direct products A � G if we choose,

for instance, cyclic groups. Both Z8 and Z4 � Z2 are extensions of Z4 by Z2 but are not
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isomorphic. So we need to make the isomorphism between E and A�G clear using the

information given by the group extension above.

We need a map s which is the right inverse of π under composition of maps with the

additional condition that sp1q � 1. Regardless of the latter, we call s a set-theoretic

section of π if πs � idG. Let x P E and define g � πpxq. Consider the element xspgq�1 in

E. Mapping it under π, we have

πpxspgq�1q � πpxqπspg�1q � gg�1 � 1

By the exactness at E and the injectivity of ι, there exists a unique element a P A such

that ιpaq � xspgq�1. Thus, once our section s is chosen such that sp1q � 1, we obtain a

bijection from E to A�G given by

x ÞÑ ιpaqspgq

Multiplication in E and the bijection of sets just described will induce a particular

operation on A � G. Let x, x1 P E and denote g � πpxq and g1 � πpx1q such that

x � ιpaqπpgq and x1 � ιpa1qspg1q for some a, a1 P A. Then, xx1 � ιpaqspgqιpa1qspg1q �
ιpaqspgqιpa1qspgq�1spgqspg1q � ιpaqpspgqιpa1qspgq�1qpspgqspg1qspgg1q�1qspgg1q.
Let us denote the action of G on A by g � a. Recall that the action of E on A by inner

automorphisms extends to an action of G by mapping under ι so that spgqιpa1qspgq�1 �
ιppπspgqq � aq � ιpg � aq Since s is a section, spgqspg1qspgg1q�1 P kerπ. Thus, there exists a

unique element α
psq
g,g1 P A such that ιpαpsqg,g1q � spgqspg1qspgg1q�1.

Since ι is a group morphism, we collect terms to obtain:

pιpaqspgqqpιpa1qspg1qq � ιpaqιpg � aqιpαpsqg,g1qspgg1q � ιpaαpsqg,g1g � aqspgg1q

So we have obtained a multiplication that endows A�G with a group structure as follows:

pa, gqpa1, g1q � paαpsqgg1g � a, gg1q,

which we denote by A�α G.

It is easy to check that αpsq : G�GÑ A : pg, g1q ÞÑ spgqspg1qspgg1q�1 is a cocycle.

Theorem 2.5.2 Let A be a G-module with representation φ : G Ñ AutpGq. There
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exists an isomorphism between the set of 2-cocyles in H2pG,Aq and the set of equiva-

lence classes of group extensions of G by A.

Proof. We say that two extensions E,E 1 are equivalent if there exists an isomorphism

f : E Ñ E 1 of groups with commutative diagram:

1 A E G 1

1 A E 1 G 1

idA

ι

f 1

π

idG

ι1 π1

Recall that given any extension E and a section of π there exists a 2-cocycle αpsq P
H2pG,Aq such that E � A �αpsq G. To prove the theorem, it is enough to show that,

given two different sections s and t of π, the cocycles αpsq and αptq differ by a coboundary.

So let us assume that s and t are two different sections of π. It is clear that for all

g P G, spgqtpgq�1 maps to 1 under π. By exactness at E, there exists a unique element

γg such that ιpγgq � spgqtpgq�1 or spgq � ιpγgqtpgq. Thus, α
psq
g,g1 � spgqspg1qspgg1q�1 �

ιpγgqtpgqιpγg1qtpg1qtpgg1q�1ιpγgg1q�1 � ιpγgqptpgqιpγg1qtpgq�1qptpgqtpg1qtpgg1q�1qιpγgg1q�1 �
ιpγgqιpg � γg1qιpγptqg,g1qιpγ�1

gg1q � ιpαptqg,g1γgg � γg1γ�1
gg1q

Let G act trivially on the abelian group A and consider the extension

1 A G1 G 1
π

We have the following lifting problem: given a group morphism f : Gks Ñ G, does there

exist a morphism f 1 : Gks Ñ G1 such that π � f 1 � f? Let us reformulate the question in

the following way. Assume that the action of Gks on A, G, and G1 is trivial and apply the

functor H�pk, q to the above extension. We obtain a long exact sequence in cohomology:

� � � H1pk,G1q H1pk,Gq H2pk,Aq � � �π� δ1

The condition π � f 1 � f for some f 1 P H1pk,G1q is the same as requiring f P kerδ1.

We call the class rδ1pfqs the obstruction to the embedding problem. Since it is cum-

bersome to calculate δ1pfq we find a simpler 2-cocycle. Let s be a section of π with

sp1q � 1. We use the fact that spfσq is a preimage of fσ under π to construct a

2-cocycle γ : Gks � Gks Ñ A that represents the class rδ1pfqs. Given the section s
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above, we find that the 2-cocycle γ is completely determined by the equalities: ιpγg,g1q �
spfgqspfg1qspfgg1q�1 � spfgqspfg1qspfgfg1q�1, @g, g1 P Gks ; the second one coming from the

fact that f is a 1-cocycle and that Gks acts trivially on A. Observe that the equality

ιpασ,σ1q � spσqspσ1qspσσ1q�1, @σ, σ1 P G completely determines the cocycle αpsq. So the

cocycle γpsq is precisely the cocycle f�pαq.
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Chapter 3

Quadratic Forms

In this chapter, we introduce quadratic forms and other algebraic objects such as Clifford

algebras and groups that the forms generate. We will also define maps between these

objects, especially isometries, that will allow us to construct short exact sequences and,

in turn, use Galois cohomology to interpret Hasse invariants of quadratic forms in a

cohomological context.

3.1 Basics

Definition 3.1.1 A quadratic form over a commutative ring R is a pair pV, qq of a vector

space V over R together with a map q : V Ñ R satisfying the following:

i. qpaxq � a2x, @x P V, a P R

ii. the map bqp�, �q : V �V Ñ R given by px, yq ÞÑ 1
2
pqpx� yq� qpxq� qpyqq is bilinear.

Note that bq completely determines q since bqpx, xq � qpxq, @x P V . We say that

two quadratic forms pV, qq and pV 1, q1q are isomorphic if there exists an isomorphism of

R-modules f : V Ñ V 1 such that q1pfpxqq � qpxq, @x P V . If V � V 1, we call such f an

isometry of pV, qq.

We want to define a quadratic form on the scalar extension of V by some ring R1. The

following bilinear form defines the quadratic form we need:

bqR1 : V bR R
1 � V bR R

1 Ñ R1 : pxb a, x1 b a1q ÞÑ aa1φpbqpx, x1qq, where φ : RÑ R1 is a

ring morphism.
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Definition 3.1.2 A quadratic form pV, qq is regular over R if the map V Ñ V � given by

x ÞÑ bqpx, �q is an isomorphism of R-modules.

Given a finite dimensional quadratic form pV, qq and a basis B � te1, e2, ..., enu, we have

a representative matrix Matpq,Bq � pbqpei, ejqq. For any vector x � x1e1 � � � � � xnen,

we have qpxq � ~xtMatpq,Bq~x, where ~x � rx1 x2 � � � xnst is a column vector.

Keeping the same notation as above, if we further assume that pV, qq is regular, then it is

clear that Matpq,Bq is invertible. Thus, we may take its determinant, which we denote

by

detpqq � detpMatpq,Bqq

We use the above notation to refer to its square class in R�{R�2. Also observe that for

any extension φ : RÑ R1, detpqR1q � φpdetpqqq P R�{R�2.

Definition 3.1.3 The degree of a quadratic form pV, qq over R is the dimension of

V over R or its rank as a R-module.

Consider the form pRn, qq, where q is given by

Rn Ñ R : px1, x2, ..., xnq ÞÑ a1x
2
1 � a2x

2
2 � � � � � anx

2
n

for some ai P R, i � 1, 2, ..., n.

We denote this particular quadratic form by xa1, a2, ..., any. Moreover, we say that a

quadratic form pV, qq of degree n is diagonalisable if it is isomorphic to xa1, a2, ..., any
for some ai P R. In the case where a � ai @i, we will denote the corresponding form by

n� xay.
We introduce an operation on the set of quadratic forms over R that endows it with a

ring structure. Given two quadratic forms pV, qq and pV 1, q1q, the orthogonal sum q and q1

is the Cartesian product V �V 1 with the map V �V 1 Ñ R given by pv, v1q ÞÑ qpvq�qpv1q,
@v P V, v1 P V 1. We denote this map by q K q1. If we repeat this operation m times on a

quadratic space pV, qq, we simplify notation by denoting the space by m� q.

On the other hand, the tensor product of two quadratic spaces pV, qq and pV 1, q1q is

the space V b V 1 together with the map bqbq1 : V b V 1 � V b V 1 Ñ R given by

pv1bw1, v2bw2q ÞÑ bqpv1, v2qbq1pw1, w2q, @v1, v2 P V, w1, w2 P V 1. The regularity property
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is preserved under both K and b.

Now consider a quadratic form pV, qq of degree n over a field F . Let a P F� such that

qpxq � a for some x P V . Note that by the nature of q, x cannot be zero. We call such a

an element representable by q or that q represents a. We denote the set of such elements

by:

Dpqq � ta P F� | qpxq � a for some x P V u

The following lemma illustrates how we can use the information given by Dpqq to

determine a diagonalization.

Lemma 3.1.4 Given a regular quadratic form pV, qq and a P Dpqq, there exists pV 1, q1q
such that V � V 1 K xay.

We can see that by applying induction on the degree of a quadratic form we can diago-

nalize it. This is very useful since we can diagonalize a quadratic form using representable

elements that we know, such as the field norm.

Under the operations b and K, quadratic forms over a field F become a commu-

tative semiring, which we denote by MpF q. We say that MpF q is a semiring since not

all quadratic forms have additive inverses. By the construction of the orthogonal sum

operation K, we obtain the so called Witt cancellation theorem:

q K q1 � q K q2 ñ q1 � q2, @q, q1, q2 PMpF q

Thus,MpF q is a commutative cancellation monoid. Now we are ready to apply Grothendieck’s

construction to any such monoid M . Define a relation � on M �M as follows:

pa, bq � pa1, b1q if and only if a� b1 � b� a1

Note that the addition given by

pa, bq � pa1, b1q � pa� a1, b� b1q
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is well-defined with the inverse of pa, bq being pb, aq. The relation � induces on the set

M �M a group structure, which we denote by GrothpMq � M �M{ �. We have a

special notation in the case where M �MpF q:

xW pF q,

which we call the Witt-Grothendieck ring of F .

By addition on M � M{ �, px, yq � px � y, 0q. So the inclusion map ι : MpF q Ñ
GrothpMq : x ÞÑ px, 0q allows us to view GrothpMq as the additive group generated by

MpF q. GrothpMq has the universal property with respect to monoid homomorphisms

f : M Ñ G, where G is some abelian group; that is, f extends uniquely to a map

GrothpMq Ñ G.

Recall that a hyperbolic space is the orthogonal sum of hyperbolic planes, which are

2-dimensional quadratic spaces isomorphic to x1,�1y. Now denote by Z � H the set of

hyperbolic spaces and their additive inverses. We obtain the Witt ring of a field F as the

quotient of Ŵ pF q by the ideal Z �H:

W pF q � xW pF q{Z �H

The equivalence relation is given as follows. q � q1 if and only if there exist positive

integers r and r1 such that:

q K r � x1,�1y � q1 K r1 � x1,�1y

Under the above relation, W pKq becomes a commutative ring with additive identity rx0ys
and unity rx1ys.

Let us use the bar notation to denote the canonical projection of Z ontp Z2. Let K{k be

a field extension and consider the following map

W pKq Ñ Z : q ÞÑ dimpqq

Via the projection of Z onto Z2, we obtain

W pKq Ñ Z2 : q ÞÑ dimpqq
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Consider the ideal which is the kernel of the above map. We denote it as follows.

IpKq � tq P W pKq | dimpqq is evenu

Now consider the the following quadratic form:

x1,�a1y b x1,�a2y b � � � b x1,�any

for some positive integer n. We denote the above by xxa1, a2, ..., anyy and call it a n-

fold Pfister form. Observe that rxa, bys � rxxayys � rxxbyys, which implies that IpKq is

additively generated by 1-fold Pfister forms xxayy, @a P K. Let us denote the subset of

IpKq generated by n-fold Pfister forms by InpKq with I0pKq � W pKq.

3.2 Orthogonal groups and Clifford algebras

Throughout this section, we will assume that our quadratic forms are defined over fields

k with characteristic 0.

Definition 3.2.1 Let pV, qq be a quadratic form of degree n. The orthogonal group

q is given by:

OpqqpRq � tf P GLpV qpRq | qR � f � qRu,

where R is a commutative ring.

Note that qR � f � qR implies that detpfq P µ2pRq. So we have the following morphism

of group schemes:

det : Opqq Ñ µ2

Definition 3.2.2 Let q be a quadratic form. The special orthogonal group of q is a

sub-group scheme of Opqq given by:

O�pqqpRq � tf P OpqqpRq | detpfq � 1u
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Since we have a bilinear form bqp�, �q on V we may consider the x-hyperplanes H which

we define as follows:

H � ty P V | bqpx, yq � 0u

Given the hyperplane H, we may also define a reflection on its set as follows:

τx : V Ñ V : v ÞÑ v � 2
b1px, vq
bqpx, xqx

Note that τxpxq � �x and τxpyq � y, @y P H. Composing a finite number of reflections,

we obtain an isometry. In fact, we can make this statement even stronger.

Lemma 3.2.3 Any isometry in Opqq is a product of reflections.

By construction of the special orthogonal group. we have the following short exact se-

quence:

1 O�pqqpksq Opqqpksq µ2pksq 1
det

where q has degree n and ks is a separable closure of k.

Let pV, qq be a quadratic form and consider the tensor algebra T pV q � Àn¥0 TnpV q,
where T0pV q � R and TnpV q � V bn, n ¥ 1. T pV q possesses a two-sided ideal given by

Ipqq � xv b v � qpvq | v P V y. So we may mod the tensor algebra out by this particular

ideal to obtain the quotient algebra:

CpV, qq � T pV q{Ipqq,

which we name the Clifford algebra of q.

We use the bar notation to denote the canonical projection T pV q Ñ CpV, qq : x ÞÑ x̄.

Observe that M̄ generates CpV, qq. So it is natural to consider maps of M with values in

M . But first, let us introduce the canonical involution on the tensor algebra T pV q:

px1 b x2 b � � � b xnqt � xn b xn�1 b � � � b x1

Since t fixes Ipqq, it induces an involution on CpV, qq as well, which we denote by the

same notation. The map M Ñ M : v ÞÑ �v induces an automorphism on CpV, qq which
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we denote by

γ : CpV, qq Ñ CpV, qq

The above map endows CpV, qq with a Z2-grading as follows:

C0pV, qq � tx P CpV, qq | γpxq � xu
C1pV, qq � tx P CpV, qq | γpxq � �xu

The Clifford algebra has the following properties, which we state in a proposition.

Proposition 3.2.4 Given a regular quadratic space pV, qq, the following hold:

i. CpV, qqR � CpVR, qRq for some ring R

ii. bqpx, yq � 1
2
px̄ȳ � ȳx̄q, @x, y P V

iii. x̄ is invertible if qpxq � 0

iv. Given an orthogonal basis te1, e2, ..., enu of pV, qq, the set tē1
m1 , ē2

m2 , ..., ēn
mnu,

where mi � 0, 1 @i forms a k-basis for CpV, qq

To simplify notation we drop the bar notation. Let us now choose an invertible ele-

ment x such that qpxq � 0 and let y P V . Mapping y under the reflection τx, we obtain:

τxpyq � y� 2
bqpx, yq
bqpx, xq � y� 2

xy � yx

2x2
x � y� pxy� yxqx�1 � �xyx�1 � γpxqyx�1. Since

all isometries are products of reflections, we have the following lemma:

Lemma 3.2.5 Let pV, qq be a quadratic form. Any isometry f : V Ñ V can be ex-

pressed as fpxq � γpsf qxs�1
f for some invertible element sf P CpV, qq.

The above definition is a motivation in defining an important subset of the Clifford

algebra CpV, qq.

Definition 3.2.6 The Clifford group of a quadratic space pV, qq is denoted by:

ΓpV, qqpRq � ts P CpV, qq�R | γpsqVRs�1 � VRu

for some ring R.

So given any s P ΓpV, qqpRq, we may define the map: αs : VR Ñ VR : x ÞÑ γpsqxs�1,
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which defines a morphism of group schemes given by

α : ΓpV, qq Ñ GLpV q,

where αRpsq � αs : VR Ñ VR.

By construction, we have the following lemma:

Lemma 3.2.7 ker αR � R� for any k-algebra R.

Let pV, qq be a quadratic form over R. We define the norm map on CpV, qq as follows:

CpV, qq Ñ CpV, qq : s ÞÑ sts, which we denote by NR. Note that NRpvq � qpvq � v2, @v P
V . By definition of the map γ and the above lemma, NRpγpsqq � γpsqtγpsq � γpstsq �
sts � NRpsq.
Consider αs : VR Ñ VR for some s P ΓpV, qq and let v P VR. Then, qRpαspvqq �
αspvqtαspvq � pγpsqvs�1qtpγpsqvs�1q � ps�1qtvtγpsqtγpsqvs�1 � ps�1qtvNRpsqvs�1 �
NRpsqNRps�1qqRpvq � NRpsqNRpsq�1qRpvq � qRpvq
Thus, we have the following lemma.

Lemma 3.2.8 Given any s P ΓpV, qq, αs is an isometry of qR.

By lemmas 3.2.7 and 3.2.8, we have the following short exact sequence:

1 K� ΓpV, qqpKq OpqqpKq 1,
αK

where K{k is a field extension.

We define a subset of ΓpV, qq by choosing those elements with norm equal to 1 and denote

it by

PinpqqpKq � tx P ΓpV, qqpKq | NRpxq � 1u

By lemma 3.2.5, given an element x P V , αKpxq � τx. In view of the fact that NRpxq �
qRpxq � x2, notice that NRp� x?

qpxqq � 1 so that τxpyq � γp x?
qpxqqyp

x?
qpxqq

�1, @y P VR. In

other words, α�1
R pτxq � t� x?

qpxqu, which gives the following lemma.

Lemma 3.2.8 Given a quadratic form pV, qq over R, we have the following exact se-

quence:
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1 µ2pKq PinpqqpKq OpqqpKq 1,
αK

3.3 Galois cohomology of quadratic forms

Let us introduce some notation first. Given any field extension K{k, let us denote by

F pKq the set of quadratic forms on VK . And for every morphism of field extensions

ι : L Ñ L1, let F pιq be given by F pLq Ñ F pL1q : q ÞÑ qL1 . Thus, we obtain the following

functor:

F : Ck Ñ Sets

Let us define an action of the functor GLpV q : Ck Ñ Grps on F as follows:

f � q � q � f�1, @f P GLpV qpKq, q P F pKq

We use the notation QuadnpLq to denote the set of quadratic forms on VL with base point

qL. Since all quadratic forms of degree n become isomorphic over a closed separable field

extension, Quadnp q : Ck Ñ Sets is the functor of twisted forms of q. By Galois descent,

we have the following:

Proposition 3.3.1 Given a quadratic form pV, qq, we have an isomorphism of functors:

Quadnp q � H1p , Opqqq

Given a quadratic form q of degree n over a field k, there exists ai P k such that

q � xa1, ..., any, which we call a diagonalization of q. Now consider the map k� � k� Ñ
H2pk, µ2q : pa, bq ÞÑ a Y b, where x P k� represents the class rxs P k�{k�2 � H1pk, µ2q
and the symbol Y is the cup product we defined in Chapter 2.

Definition 3.3.2 The Hasse invariant of a quadratic form q over k with diagonaliza-

tion xa1, ..., any is given by

w2pqq �
¸
i j
paiq Y pajq

By the bilinearity of the cup product and the equality pabq � paq � pbq, @a, b P k�{k�2,

we have the following.
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Given two quadratic forms q, q1:

i. w2pλqq � w2pqq � pn� 1qpλq Y detpqq �
�
n

2



p�1q Y pλq

ii. w2pq K q1q � w2pqq � detpqq Y detpq1q � w2pq1q

The above properties follow immediately if we choose two diagonalizations of q and q1,

respectively.

Applying lemma 3.2.8 to K � ks, we have the following exact sequence

1 µ2pksq Pinpqqpksq Opqqpksq 1,
αks

It is important that we choose a separable closure ks of k so that we can use Proposition

3.3.1. The first connecting homomorphism map of the long exact sequence induced by

the functor H�pk, q on the above sequence will send a quadratic form to a 2-cocycle of

Gks with values in µ2pksq.

Theorem 3.3.3 δ1pq1q � w2pqq � w2pq1q � detpqq Y detpq1q

Proof. Let q and q1 be two quadratic forms defined on V . Choose orthogonal bases

te1, ..., enu and te11, ..., e1nu for q and q1, respectively, and define the following: ai �
qpeiq, bi � q1pe1iq, and ci � bia

�1
i . We will not distinguish between ei and ei b 1 and

refer to teiu and te1iu as bases for qks and q1ks .

Hilbert 90 gives us the corresponding 1-cocycles for ai and ci:

σ ÞÑ σp?aiq?
ai

� p�1qεipσq, τ ÞÑ τp?ciq?
ci

� p�1qsipτq,

where εi, si : Gks Ñ Z{2Z, @i.
Let us define f : Vks Ñ Vks by e1i ÞÑ

?
ciei. Observe that qks � fpe1iq � qksp

?
cieiq �

ciai � bi � q1kspeiq. Thus, f � q1ks � qks and we have the following cocycle representing q1:

ξ : σ ÞÑ f � σ � f�1. Note that ξσ is an isometry in Opqqpksq. So we need to know where

it maps each of the ei.

ξσpeiq � fpσ � f�1pσ�1peiqqq � fpσ � f�1peiqq � fpσ � 1?
ci
eiq � fp 1

p�1qsipσq?ci e
1
iq �

35



p�1q�sipσqei.
This implies that the isometry ξσ is given by a product of reflections such that ξσ �
τ
s1pσq
e1 � � � � � τ snpσqen . By the discussion of lemma 3.2.8, we know that the positive preimage

of ξσ in Pinpqqpksq is ξ̃σ � 1?
a1
s1pσq � � � ?ansnpσq

e
s1pσq
1 � � � esnpσqn . Acting σ on ξ̃τ , we obtain

σ � ξ̃τ � p�1q°i εipσqsipτq?
a1
s1pτq � � � ?ansnpτq

e
s1pτq
1 � � � esnpτqn . By anticommutativity of the ei, we obtain:

ξ̃σσ � ξ̃τ � p�1q
°
i εipσqsipσq�

°
i j sipσqsjpτq

?
a1
s1pσq�s1pτq � � � ?ansnpσq�snpτq

e
s1pσq�s1pτq
1 � � � esnpσq�snpτqn

Consider the cocycle α : Gks Ñ µ2pksq given by σ ÞÑ p�1qsipσq. Since Gks acts trivially on

µ2pksq, the map si : Gks Ñ Z{2Z is a group morphism. Thus, sipστq � sipσq � sipτq P 2Z.

Let us denote m
piq
σ,τ � 1

2
psipσq � sipτq � sipστqq P Z. Thus, e

sipσq�sipτq
i � e

2m
piq
σ,τ�sipστq

i �
a
m
piq
σ,τ

i e
sipστq
i and

?
ai
sipσq�sipτq � a

m
piq
σ,τ

i

?
aie

sipστq
i , giving us

ξ̃σσ � ξ̃τ � p�1q
°
i εipσqsipσq�

°
i j sipσqsjpτq

?
a1
s1pστq � � � ?ansnpστq

e
s1pστq
1 � � � esnpστqn so that

ξ̃σσ � ξ̃τ ˜ξστ
�1 � p�1q

°
i εipσqsipσq�

°
i j sipσqsjpτq.

The 2-cocycle β : Gks � Gks Ñ µ2pksq defined by pσ, τq ÞÑ p�1q
°
i εipσqsipσq�

°
i j sipσqsjpτq

represents the class rδ1pq1qs P H2pk, µ2pksqq.
Using the properties of cup products,

δ1pq1q � °ipaiq Y pciq �
°
i jpciq Y pcjq

� °ipaiq Y pbia�1
i q �°i jpbia�1

i q Y pbja�1
j q � °ipaiq Y paibiq �

°
i jpaibiq Y pajbjq

� °ipaiq Y paiq �
°
i jpaiq Y pajq �

°
i jpbiq Y pbjq �

°
i,jpaiq Y pbjq

� °ipaiq Y p�1q �°i jpaiq Y pajq �
°
i jpbiq Y pbjq � p°ipaiqq Y p°jpbjqq

� detpqq Y p�1q � w2pqq � w2pq1q � detpqq Y detpq1q
� w2pqq � w2pq1q � detpqq Y �detpq1q.

Recall the ideal InpKq generated by n-fold Pfister forms. By construction, we have

the following nested sequence of ideals:

W pKq � IpKq � I2pKq � � � � � InpKq � In�1pKq � � � �

Now consider the following map.

en : InpKq Ñ HnpK,µ2q : xxa1, ..., anyy ÞÑ a1 Y � � � Y an
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In the case n � 2, we have the following isomorphism given by e2.

Theorem 3.3.4 I2pKq{I3pKq � H2pK,µ2q

Now we introduce an invariant on the set W pKq involving the Hasse invariant.

Definition 3.3.5 Given a quadratic form q of order n. The Clifford invariant of q is

given by

cpqq � w2pqq �

$''''''&''''''%

0 n � 1, 2 pmod 8q
p�1q Y p�detpqqq n � 3, 4 pmod 8q
p�1q Y p�1q n � 5, 6 pmod 8q
p�1q Y pdetpqqq n � 7, 8 pmod 8q

and depends only on the Witt class of q.

Remark 3.3.6 Careful computations will show that cpxxa, byyq � paqYpbq, which implies

that c |I2� e2.

3.4 Trace forms under Galois extensions

Given a quadratic form q over a field K and a nontrivial F -linear functional s : K Ñ F ,

we can define a quadratic form over F with the same vector space V as follows:

s � bqp�, �q : V � V Ñ F ,

which we denote by pV, sqq. The map s is known as the Scharlau transfer.

Let r : L Ñ L1 be a morphism of field extensions over k. By the functorial properties

of xW p q, r induces a map on the set of Witt-Grothendieck rings xW pKq, where K � k,

which we denote by

r̂� : xW pLq Ñ xW pL1q

37



and is given by

V Ñ VL1

The 1-dimensional quadratic space over k with bilinear form px, yq ÞÑ xy, @x, y P k is

denoted by x1yk. The trace form of a field extension K{k, where K is separable, is denoted

by trK : K �K Ñ: pa, bq ÞÑ trK{kpabq.
Let pV, qq be a quadratic space defined over K. Consider the action of K on V via an

element σ P AutpKq as follows:

a � v � σpaqv, @a P K, v P V

with bilinear form σ�1bqp�, �q : V�V Ñ K. Observe that σ�1bqpa�x, yq � σ�1bqpσpaqx, yq �
σ�1pσpaqbqpx, yqq � aσ�1bqpx, yq, which shows the linearity of σ�1bq with respect to the

action of K on V . In particular, if xay is a 1-dimensional K-form, then xayσ � xσ�1paqy
by definition. This induces a right action of AutpKq on W pKq given by pxay, σq ÞÑ xayσ.

Given a separable field extension K{F and a K-quadratic form q, we are able to relate

orthogonal sums of twisted forms of q, mainly qσ for σ P AutpKq, to scalar extensions of

the form tr�pqq, which we state below.

Theorem 3.5.1 Let the extension K{F be separable with Galois group G. Given a

quadratic form pV, qq, we have the following isometry of quadratic forms:

K bF tr�pqq �KσPG qσ

One consequence of the above is that KσPG qσ lies in the image of the induced map r�,

where r is the inclusion F ãÑ K.

Proof. First we need some notation to designate bilinear forms and quadratic spaces to

both K bF tr�pqq and KσPG qσ. The underlying vector space of K bF tr�pqq is simply

K bF V whose bilinear form we denote by rB. Keeping the notation used for twisted

forms, the form KσPG qσ has underlying vector space K V σ. There is a natural way of

defining an isometry from K bF V to K V σ as follows:

f : K bF V ÑK V σ : k b v ÞÑ
¸
σPG

k � v
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Now we show that f indeed preserves inner products.

Bσpfpk1 b vq, fpk2 b v1qq � σ�1Bpfpk1 b vq, fpk2 b v1qq � σ�1Bp° k1 � v,
°
k2 � v1q �

k1k2

°
σ�1Bpv, v1q � k1k2

°
τBpv, v1q � k1k2trpBpv, v1qq � K bF tr�pqqppk1 b vq, pk2 b

v1qq � rBppk1 b vq, pk2 b v1qq.
Note that dimFK bF V � pdimkV qprK : F sq � dimF pK V σq. Since we chose a separable

extension, rB is regular. Suppose there exists z P K bF V such that fpzq � 0. Then, z

is in the radical of rB by the above computation. But, rB is regular, which implies that

z � 0 and hence f is injective.

In view of the above theorem, imr� � W pKqG, where G � GalpK{F q. So we may

consider the following composition of maps:

W pKqG W pF q W pKqGtr� r�

Let the quadratic form q be in W pKqG. By definition, q � qσ, @σ P G. Using the map

constructed in the theorem, we have

r�ptr�pqqq �
¸

qσ �
¸

q � n � q,

which leads us to the following corollary:

Corollary 3.5.2 If r� is injective, then tr�px1yKq � n � x1yF .

Given a separable extension K{F , we have the trace map tr : K Ñ F , which induces a

nontrivial F -form on the field K via the bilinear map px, yq ÞÑ trpxyq. We shall denote

this particular trace form of K by TK .

Theorem 3.5.3 Let E{k be a separable extension and E 1 be a subextension such that

rE : E 1s � m is odd. Then, TE � m � TE1 .

Proof. By the functorial properties of the Scharlau transfer map tr�, we have the follow-

ing: trE{k�px1yEq � trE1{k� � trE{E1
�
px1yEq � trE1{k�pm � x1yE1q � m � TE1

Lemma 3.5.4 Let K{F be a quadratic extension such that K � F p?aq for some non-

square a P F . Then, TK � x2, 2ay.
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Proof. We use the result from lemma 3.1.4 that all regular quadratic forms q can be

diagonalized by representable elements in Dpqq.
Let t1,?au be an ordered basis for K. The symmetric matrix corresponding to TK is

given by: �
trp1q trp?aq
trp?aq trpaq

�
�
�

2 0

0 2a

�
Thus, by lemma 3.1.4, TK � x2, 2ay.
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Chapter 4

Results

4.1 Quadratic Forms and Étale algebras

In chapter 3, we briefly mentioned the quadratic form TE, where E is some separable ex-

tension of k. Keeping the same notation, we introduce it in the context of Étale algebras

over k.

Definition 4.1.1 Let E be an Étale algebra of rank n over k. The trace form on E

is given by:

E Ñ k : x ÞÑ trE{kpx2q,

and is denoted by TE.

We will state some properties of trace forms of Étale algebras: Let E and E 1 be Étale

algebras over k and K{k, a field extensions. Then,

i. trE�E1ppe, e1qq � trE{kpeq � trE1{kpe1q

ii. trEK{Kpeb 1q � trE{kpeq

iii. Given an isomorphism of algebras f : E Ñ E 1, trE{kpeq � trE1{kppfpeqq

In view of the properties above, we have the following lemma:

Lemma 4.1.2 Let E and E 1 be Étale algebras of rank n over k and let K be a field

extension of k. Then,
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i. TE�E1 � TE K TE1

ii. TEK � pTEqK

iii. E � E 1 ñ TE � TE1

Let E be an Étale algebra of rank n over k. Then, we have the isomorphism of

k-algebras

Eks � kns

Let’s call the above isomorphism f . By techniques in group cohomology, we obtain a

cocycle α P H1pk, Snq that represents the algebra E. Such α is defined as follows:

α : σ ÞÑ f � σ � f�1

By the above lemma, note that the trace form TE becomes isomorphic to n � x1y via

the isomorphism of the scalar extension of E by ks with kns . Thus, by Galois descent,

composing our cocycle α with the inclusion ι : Sn ãÑ On induces a cocycle ι � α that

represents the quadratic form TE. So we have the following important map:

H1pk, Snq Ñ H1pk,Onq : E ÞÑ TE

4.2 Serre’s formula

Now we are ready to discuss the main result of this chapter. As discussed earlier, given a

group extension G by A, where G is Galois over a separable field extension E{k, we ob-

tain the obstruction to the embedding problem by computing e�psnq, where e : Gks Ñ Sn

represents the Étale algebra E and sn P H2pSn, µ2q represents the 2-extension of the

symmetric group Sn whose restriction leads to the cocycle e�psnq.

Since we are able to represent Sn in On as the group of permutation matrices over

ks, we should also be able to find the corresponding restriction of the extension Pin to

the group Sn. In other words, we have the following commutative diagram:
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1 µ2pksq X Sn 1

1 µ2pksq Pinnpksq Onpksq 1

idµ2pksq

π

ι

αks

where X � α�1
ks
pOnpksqq and π � ι�1�αks . Let the class p2q P H2pk, µ2q be represented by

the cocycle α : Gks Ñ µ2 given by σ ÞÑ σp?2q{?2 � p�1qχpσq. Moreover, let the signature

morphism ε : Sn Ñ t�1u be given by εpσq � p�1qνpσq.

Lemma 4.2.1 The following two extensions:

1 µ2pksq X Sn 1,
αks

and

1 µ2pksq S̃n Sn 1
αks

are equivalent.

Moreover, Gks acts on X as follows: σ � x � p�1qχpσqνpπpσqq, @σ P Gks , x P X.

Proof. We need to show that the elements in X behave just like the elements in S̃n

keeping in mind the commutativity of the above diagram. Let teiu1¤i¤n be the canonical

basis for kns . Then, the set teiu is an orthonormal basis for q0 � n� x1y � x1, ..., 1y. Via

the orthogonal representation of Sn, let us identify the image of a transposition pijq P Sn
with fij P Onpksq. We want to show that fij � τei�ej . Now mapping ei � ej under q0, we

obtain

q0pei � ejq � q0pei, eiq � 2bq0pei, ejq � q0pej, ejq � 2

Thus, τei�ej is given by

a ÞÑ a� bq0pei � ej, aqpei � ejq

Hence, τei�ejpeiq � ei� bq0pei�ej, eiqpei�ejq � ei�pei�ejq and τei�ejpejq � ej� bq0pei�
ej, ejqpei � ejq � ej � pei � ejq � ei.

By lemma 3.2.8, the preimages of fij � τei�ej are � 1?
2
pei � ejq. Squaring the quantity,
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we have p� 1?
2
pei � ejqq2 � 1

2
q0pei � ejq � 1

2
p2q � 1. Thus, the elements � 1?

2
pei � ejq

in Pinnpksq have order 2. Similarly, given two disjoint transpositions pijq, pklq P Sn,

the image of pijqpklq in Onpksq under ι is τei�ej � τek�el whose preimage under π is

p 1?
2
pei � ejqqp 1?

2
pek � elqq � 1

2
pei � ejqpek � elq. Since ei � ej and ek � el are mutually

orthogonal, they anticommute. Thus,

p1
2
pei� ejqpek� elqq4 � p�1

4
pei� ejq2pek� elq2q2 � p�1

4
q0pei� ejqqpek� elqq2 � p�1q2 � 1

Hence, the element 1
2
pei�ejqpek�elq has order 4. This structure on the set X is precisely

the structure we find on S̃n. Let πpxq � pi1j1qpi2j2q � � � pirjrq be a product of disjoint trans-

positions. Then, as above, x � � 1?
2
pei1 � ej1q � � � peir � ejrq. Thus, σ �x � p�1qχpσqνpπpxqqx.

Theorem 4.2.2 e�psnq � w2pTEq � p2q Y pdEq

Proof. Recall the following commutative diagram:

1 µ2pksq X Sn 1

1 µ2pksq Pinnpksq Onpksq 1

idµ2pksq

π

ι

αks

Applying the functor H�pk, q to the above diagram, we obtain the following commutative

diagram:

H1pk, Snq H2pk, µ2pksqq

H1pk,Onq H2pk, µ2pksqq

δ1

idι�

Given an Étale algebra E of rank n and its corresponding morphism e : Gks Ñ Sn, by

commutativity, we obtain: δ1pEq � w2pι�pEqq � w2pTEq.
Now let t be a section of π with the condition that tpp1qq � 1. Then, the class corre-

sponding to the extension X is represented by the cocycle α : Sn � Sn Ñ µ2, uniquely

determined by t as follows : αs1,s2 � tps1qtps2qtps1s2q�1, @s1, s2 P Sn.
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Define xσ � tpeσq, @σ P Gks . Notice that πpxσq � eσ. From the results in the last

section of chapter 2, recall that δ1pEq is represented by β : Gks � Gks Ñ µ2 given by

βσ,τ � xσσ � xτx�1
στ , @σ, τ P Gks . By the above lemma,

xσσ � xτx�1
στ � xσp�1qχpσqνpπpxτ qqxτx�1

στ � p�1qχpσqνpeτ qxσxτx�1
στ

Recall that the cocyle σ ÞÑ p�1qχpσq represents p2q and that ε : a ÞÑ p�1qνpaq is nothing

but the signature morphism of Sn. Thus, the cocyle τ ÞÑ p�1qνpeτ q represents ε � e � dE.

By the properties of cup products with values in µ2, the 2-cocycle pσ, τq ÞÑ p�1qχpσqνpeτ q
represents p2q Y dE. Observe that xσxτx

�1
στ � tpeσqtpeτ qt�1

στ � αeσ ,eτ � e�pαqσ,τ . Since α is

cohomologous to sn, we obtain δ1pEq � p2q Y dE � e�psnq.
Thus,

e�psnq � w2pTEq � p2q Y dE

4.3 2-extensions of Dn

Now we are ready to use the full machinery of Galois cohomology and quadratic forms

to solve the embedding problem for 2-extensions of Dn. First let us note that Dn � Sn

for n ¤ 3, which means that Dn is solvable since Sn already is. So we need only worry

about n ¡ 3. It is useful to denote the cardinality of Dn by some even integer m. The

n-odd case we will treat using the results in section 3.5 while the n-even case, we will

study using Clifford invariants of Witt classes of quadratic forms.

n-odd

Let Dn be Galois over a separable field extension E{k. The subgroup G1 generated

by rotations has index 2 in Dn. Thus, the field K � EG1 is quadratic. Since rE : Ks � n

is odd, by Theorem 3.5.3, E � n � xKy. Furthermore, since K is quadratic, there exists

some nonsquare a P F such that K � kp?aq. By lemma 3.5.4, we obtain

TE � n � x2, 2ay
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Note that detpTEq � dE � 4a � a P k�{k�2. By Serre’s formula, we have

e�ps2nq � w2pTEq � p2q Y pdEq
� npn� 1q

2
p2q Y p2aq � pn� 1qpnq

2
p2q Y p2aq � p2q Y dE

� 2n2p2q Y p2aq � p2q Y dE

� p2q Y dE

� p2q Y paq
Thus, the embedding problem is solvable if and only if a and 2a are norms in kp?2q{k.

n-even

When we take tensor products of quadratic forms, we also take tensor products of the

corresponding representative matrices. Thus, we have the following.

TEbE1 � TE b TE1 ,

where E and E 1 are two separable field extensions of k. Since n is even and greater than

3, we can write 2n � 2rm, where r ¥ 2 is maximal and m is odd. Observe that there are

n reflections x and a cyclic group of order n generated by y. However, only two elements

of order 2 commute in Dn and these are x and yn{2 since xy � y�1x. By the theory of

finite abelian groups, xx, yn{2y � Z2 � Z2.

By Galois correspondence, we have two disjoint quadratic extensions E1 and E2 over k.

We can find a separable extension E 1 over k such that:

E � E1 b E2 b E 1.

Thus,

TE � TE1 b TE2 b TE1

Now it is immediate that TE P I3pkq if we apply the Scharlau transfer map. By theo-

rem 3.3.4, TE corresponds to the zeroth class in H2pk, µ2q. Thus, e2pTEq � 0 and hence

cpqq � 0.

If 2n � 0 pmod 8q, then w2pTEq� p�1qY pdetpTEqq � 0. Since all cocycles have values in

µ2, w2pTEq � p�1qY pdetpTEqq. By Serre’s obstruction formula, e�ps2nq � w2pTEq� p2qY
dE � p�1q Y pdetpTEqq � p2q Y pdetpTEqq � p�2q Y 2pdetpTEqq � 0.
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If 2n � 2 pmod 8q, then w2pTEq � 0. Serre’s formula gives e�ps2nq � w2pTEq� p2qYdE �
0� p2q Y detpTEq � p2q Y detpTEq.
If 2n � 4 pmod 8q, then w2pTEq � p�1q Y p�detpTEqq � 0. Thus, w2pTEq � p�1q Y
pdetpTEqq. By Serre’s formula, e�ps2nq � w2pTEq � p2q Y dE � p�1q Y p�detpTEqq � p2q Y
pdetpTEqq � p�2q Y p�pdetpTEqq2q. Note that �pdetpTEqq2 is a norm of kp?�2q{k. Thus,

e�ps2nq � 0.

If 2n � 6 pmod 8q, then w2pTEq � p�1q Y p�1q � 0; that is, w2pTEq � p�1q Y p�1q.
By Serre’s formula, e�ps2nq � w2pTEq � p2q Y dE � p�1q Y p�1q � p2q Y detpTEq �
p�2q Y p�detpTEqq.

From the above cases, we can see that the only obstructions are:

p2q Y detpTEq and p�2q Y p�detpTEqq

If detpTEq is a norm in kp?2q{k, then the embedding problem is solvable whenever m � 2

pmod 8q. However, the case where m � 6 pmod 8q requires the value of detpTEq to be

negative since all norms in kp?2{k are of the form a2 � 2b2 for some a, b P k. After this

is confirmed, then we check that �detpTEq is a norm in kp?�2q{k.

Theorem 4.3.1 The embedding problem pE{k,Dn, µ2q is solvable if:

i. a is a norm in kp?2q{k, where a is the discriminant of E, if n is odd.

ii. detpTEq is a norm in kp?2q{k if 2n � 2 pmod 8q

iii. �detpTEq is a norm in kp?�2q{k if 2n � 6 pmod 8q
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