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1 INTRODUCTION

Conventional procedures for structural analysis and design treat the
parameters of a structural system consisting of loads, geometry,
material properties and boundary conditions as deterministic or known
constants. However, in reality, all these parameters are random;
their precise values are not known. To address the uncertainty in
such a problem, three sets of analyses of a system are required, at
least in the nuclear industry, considering the best estimate as well
as the upper and lower bound estimates of the parameters. A
systematic finite element-based approach to probabilistic structural
analysis leads to the stochastic finite-element method (SFEM).

The stochastic finite element method can provide additional
information about the performance of the structure, such as response
statistics or reliability; however, it would be more useful if such
information could be used in designing the structure. Further, it is
well known that a structure designed using a conventional determinis-
tic procedure exhibits non-uniformity of risk at the element level.
This basic deficiency can be removed in a reliability-based design
which uses the stochastic finite element method.

2 A RELIABILITY-BASED DESIGN PROCEDURE

2.1 Trial structure and design variables

A structure designed according to a simplified deterministic procedure
is used as the starting point in the reliability-based design method
proposed here. In the proposed method, a probabilistic description of
the variables related to loads, structural geometry, material
properties and boundary conditions is necessary. Such a description
can be given in terms of first and second moments and- the
corresponding probability density function. Usually, a complete
probabilistic description of a variable is very difficult to obtain.
Sometimes, a known probability distribution is assumed based on
experience to represent a random variable, as a reasonable
approximation.
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2.2 Design criteria

In conventional deterministic procedures, the final design has to
satisfy all the strength and serviceability requirements with a factor
of safety. In reliability-based design, the structure is required to
satisfy all the limit states with a desired level of reliability.

Let X = {X1, Xp,..., Xp}T be the vector of random variables of the
structure. A well-known measure of structural reliability is the
reliability index B8, which is the minimum distance from the origin to
the limit state surface G(Y)=0, where Y is the vector of random
variables of the structure transformed to the standard normal space.
The probability of failure is then given by pe=1-¢(B) where ¢ is the
cumulative distribution function for a standard normal variable.

2.3 Design iteration

In the proposed reliability-based design procedure, the reliability
indices corresponding to every limit state are computed at each
iteration. The improvement in the design is achieved by iterating
with the design variables, thus ensuring that all the reliability
indices are in a small narrow desired range. However, for complicated
structures, the relationships between the design variables and the
response variables are not available in closed form. Hence, an
optimization procedure is necessary which would ensure that the design
criteria be satisfied within a few systematic iterations.

3 COMPUTATION OF RELIABILITY INDICES

The reliability index B can be estimated as B = Vy*Ty*, where y¥* is
the point of minimum distance from the origin on a particular limit
state surface. Rackwitz and Fiessler (1978) proposed a numerical
iterative scheme to evaluate y* by establishing a sequence of
linearization points yj, yj+1..., according to the rule

T G(y;)
yi+1 = [yi ai + VG(yi) -] ai (1)
where VG(y) = {9G(y)/dyq,.....3G(y)/dyy}T is the gradient vector of
the performance function and aj = -VG(yj)/ VG(yj) is the unit vector
normal to the limit state surface away from the origin. In many
cases, the performance function G(y) may not be available in
analytical form. Der Kiureghian and Ke (1985) used a linear trans-
formation from X to Y and obtained an expression for VG(y) using the
chain rule of differentiation. Further, the differentiation of the
finite element equations after an appropriate transformation from the
displacement to a general response makes it possible to compute VG(y)
numerically.

4 OPTIMIZATION ALGORITHM FOR RELIABILITY-BASED DESIGN
Any model for structural optimization has to address the following

three aspects: (i) the objective function that should be minimized
or maximized; (ii) the constraints which limit the region in which

308



optimum design can be achieved and (iii) the algorithm for finding the
optimum solution. These are discussed in the following sections.

4.1 Constraints

All the constrains to be considered here are related to the
reliability of the structure. In terms of reliability indices, these
constraints can be expressed as

(o}
Bizgi ) i=1v29-0-'m (2)

where B? is a preassigned minimum value for the reliability index Bj
corresponding to the ith limit state, and m is the number of limit
states. Alternatively, the constraints can also be expressed in terms
of probability of failure, pr . Note that, in this formulation, it is
possible to specify different desired reliabilities for different

limit states, since the 1limit states may not all have equal importance.

4,2 Objective function

In the context of the present paper, we are concerned only with a
design that satisfies all the reliability constraints. Hence, the
optimization problem is reduced to merely satisfying the constraints
without any objective function to minimize or maximize.

4.3 Optimization algorithm

A penalty-function formulation is used here, which changes the problem
under consideration into one of unconstrained optimization, Using
this formulation, the objective function can be written in terms of
reliability indices as

m
o

£(Xg) = 121 almax{(; - 8,(X)), 0}]
where X4 is the vector of design variables that can be manipulated and
o is the penalty parameter. As the value of a is increased, greater
satisfaction of the constraints is achieved. This form of the
objective function ensures that when g3 is greater than Bf, no penalty
is incurred. Hence, the minimum value of the objective function is
zero when all the constraints are satisfied. The Bj's are computed
through an iterative numerical procedure as described in Section 3.

For iterative design improvement, a derivative-free optimization

algorithm that appears to be well-suited is the method of Hooke and
Jeeves with discrete steps (Bazaraa and Shetty 1979). This method
performs two types of search: local exploratory search and pattern
search, Let dq...dy be the coordinate directions and xy be the
vector of design variables at the kth iteration. Given a step size A,
the method evaluates the objective function for a positive movement in
the first coordinate direction. The move is termed a success if the
move produces a lowering of the value of the objective function for
this problem, and that move is accepted. If the move produces a
failure, then a step in the negative coordinate direction is tried and
accepted if successful. If neither a positive nor a negative step
along a coordinate direction is successful, then there is no further

2 (3)
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move along that coordinate direction. This exploratory search is
repeated along every coordinate direction and the (k+1)th iteration
point is determined.

The method uses pattern search to accelerate convergence to the
solution. The direction of movement towards the solution is indicated
by Xk+1 — Xk; this is multiplied by an acceleration factor to amplify
the step size and to obtain the intermediate point zp,q. At this
point, exploratory search is performed once again to determine the
next iteration point xy4p. If the exploratory search at zyp,q results
in failure in every coordinate direction, then that pattern search is
discarded and exploratory search is performed at xy,q to determine the
next iteration point xyp4p.

The choice of the step size A is governed by the required accuracy e.
Initially, A is larger than e; when the procedure stops, replace A by
A/2 and continue the search. Finally when A < € and there is no
further improvement, the procedure stops and the solution is reached.
However, for the case of the objective function as formulated above,
the procedure can be stopped as soon as the objective function reaches
the value zero, at any evaluation. The acceleration factor may be
taken as 1.0.

5 NUMERICAL EXAMPLE - DESIGN OF A PLANE FRAME

A frame to be designed using the proposed methodology is shown in Fig.
1. The frame is subjected to a lateral wind load P and a uniform
distributed load W. The two columns are required to have identical
cross-sections. There are nine random variables to be considered: P,
W, I,, A, I,, A,, Ry and R;, where R,, R, and R, are the random
capacities of the members. Out of these nine basic variables, the
design variables are I,, A,, I,, and A,. Statistical descriptions of
all the random variables are given in Table 1. The correlation
coefficients between the random variables, following Der Kiureghian
and Ke (1985), are assumed as follows: pA A = leI& = pajIj = 0.13

for i=j, PriAg = 0.95, P A3R QRIR s PRoRy = 0.7
PRIR3 = 0.9. "All other correlatign coeffloients are assumeg go be
zero;

The performance function that each member is required to satisfy is
of the form

F3

g (R,S) = 1 - ——3 )
2

IR,(1 = o)

R3Ai

where F, is the axial force in member i and Fq is the maximum bending
moment in member i, This performance function, adapted from Der
Kiureghian and Ke (1985), is used only for the purpose of illustration.

The steps of the reliability-based design procedure (using
reliability indices) are shown in Table 2. A discrete step size A=0.3
and an acceleration factor of 1.0 have been used. The desired minimum
reliability index B;j is assumed to be 3.0 for all i. During the
iterative improvement, the variables I and A for each member are
grouped together and changed simultaneously, since both would change
if the section is changed.

For comparison, the same structure is designed according to standard
design practices satisfying the same performance function, starting
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from the same trial structure. The two designs are compared in Table
3. It can be observed that for the conventional design the risk at
the element-level is non-uniform. Two out of the three members have
reliability indices less than 3.0, indicating that they have higher
risk of failure. On the other hand, the proposed methodology produced
an optimum design with desired reliability for all the members.

6 CONCLUSIONS

A stochastic finite element-based structural design procedure is
proposed here. The method is explained with the help of an example.
It is apparent that the procedure is not only successful but also
improves the design in an optimum way, making the structure more
reliable. The proposed method is rational and easy to implement. It
can also be extended to other structural optimization problems with
different objective functions, including minimum weight or minimum
cost design.
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Table 1.

No. Symbol

O OO U =W =
—
N

Units

kips
kips/ft
ft

£t2

£l

£t2
kips/ft2
kips/ft2
kips/ft2

Mean

8.00
16.00
1.63
3.13
1.33
4.00
700.00
500.00
1400.00

Coefficent
of Variation

0.40
0.18
0.24
0.33
0.12
0.18
0.14
0.10
0.1

Description of Basic Random Variables

Description

Type I
Lognormal
Normal
Normal
Normal
Normal
Lognormal
Lognormal
Lognormal

Table 2. Reliability-based Design of the Plane Frame in Fig. 1

Trial Design Variables
No. I1 Aq Io Ao
1 1.63 3.13 1.33 4,0
2 1.93 3.43 1.63 4.3
Inter- 2.53 4,03 2.23 4.9
mediate
3 2.83 4.33 2.23 4,9

Reliabli
Indices

points 1, 2

and 3

B1=1.527
Bo=1.525
B3=2.104

B1=2.207
Bo=1.827
g3=3.105

B1=3.333
Bo=3.2U42
B3=u.161

ty
at

Objective
function

5.148

2.169

Table 3., Comparison of conventional and proposed design results

Member Conventional method
No.
I A B pr
1 1.63 4.3 2.207 0.0137
2 1.93 3.43 1.827 0.034
3 1.63 4,3 3.105 0.009
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2.23
2.83

2.23

Proposed method

A

4.9

B pPr

3.333 0.0004

4,33 3.242 0.0006

4.9

4,161 0.00015



