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A GENERAL APPROACH TO THE ESTIMATION OF VARIANCE COMPONENTS#

Gary G. Koch

University of North Carolina

A general method of estimation of variance components in random-
effects models of the nested and/or classification type is considered. 1If
a given parameter is estimable with respect to some particular experimental
design (i.e., an unbiased estimate of the parameter may be obtained from
the experiment), then the suggested estimator may be readily computed with
only the aid of a desk calculator. The estimates are always unbiased and
consistent (with respect to the structure of the experimental design); in
the case of balanced experiments, they coincide with those obtained from
the analysis of variance.

Secondly, the problem of designing experiments to estimate
variance components is briefly discussed from the point-of-view of the
suggested estimation procedure. As a result, certain non-balanced designs
are seen to yield more efficient estimators of particular parameters in
specified situations than the corresponding balanced design using the same
number of observations.

Finally, the method of estimation is shown to be applicable to
models more general than the variance component one. Again it is readily

computed and is unbiased and consistent.

¥This research was supported by National Institutes of Health Institute
of General Medical Sciences Grant No. GM-12868-01.



INTRODUCTION

In this paper, we want to consider experiments in which the
observations may be assumed to be linear functions of independent, unmeasurable
random variables with zero means and unknown variances which are called
variance components. The purpose of the experiment is to study the
contribution of several sources of variation to the total variation among the
observations by estimating the variance components. Several methods of
estimating variance components have been developed. The three best known are:

(1) setting the mean squares appearing in some particular type of
analysis of variance (weighted or unweighted, adjusted or
unadjusted) equal to their respective expectations and

solving the resulting equations for the variance components

(see Anderson [2]; and Bush and Anderson [3] ) ;

(ii) 1listing certain sums of squares and their corresponding

expectations (there being more sums of squares than

variance components) aﬁd performing weighted least squares

(using prior estimates of the variance components 6r

other information to determine the weights) (see Anderson

(2]) ;

(iii) assuming that the random-effects obey some probability distribution

function which is completely known except for a constant



representing the associated variance component (for example,

assuming the random-effects are normally'distributed with zero
means) and obtaining maximum likelihood estimates or modified
maximum likelihood estimates (see Anderson and Bancroft [1]).
In balanced experiments, we may say (loosely speaking) that methods (i),
(ii), and (iii) all lead to the same estimators. In addition, the estimators
obtained by (i) are the best quadratic unbiased estimates (BQUE) of the
corresponding parameters (see Graybill [7]; Graybill and Hultquist [8];
Hsu [10]). However, in non-balanced experiments (particularly non-balanced
cross-classification-type designs), methods (i), (ii), and (iii) can become
very complicated computationally; their small sample properties are, for the most
part, unknown and difficult to study. Hence these methods are of limited

use in studying the efficiency of different experimental designs.

With the comments made above in mind, one sees the need for
another type of estimator which, in non-balanced experiments, is computationally
simpler and theoretically more tractable than those estimators obtained by
the methods (i), (ii), and (iii) while, in balanced experiments, coincides
with them (i.e., it is BQUE). The method of estimation presented here will
be seen to have the above properties.

The structure of the suggested estimate follows from basic
assumptions made about the form of the covariance matrix in the assumed
model. Any estimable parameter (see Appendix 1) can be estimated by forming
an appropriate linear combination of certain symmetric sums of (linearly
independent) random variables having the same expectation such that the

resulting quadratic form is an unbiased estimate of it. In many cases, there
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is socme choice as to which linear combination to use. As a consequence, if
prior information concerning the magnitude (relative or actual) of the variance
components is available, then the suggested estimator would be modified to be
that linear combination which was best with respect to this information.

Because of its generality and structure, this estimation procedure
may be used to evaluate the efficiency of non-balanced experimental designs.

Even with it, however, results have been too difficult to obtain in a clear-cut
form for the general case; but some light is shed on the problem of the proper
choice of design if a few simplifying assumptions are made. Namely,

(1) the mean of the observations is assumed to be zero,

(2) the random effects are assumed to be normally distributed.

Finally, the suggested approach is valid and useful in obtaining
estimators of the variances and covariances of observations from any experiment
in which they are estimable with respect to the assumed model (see Appendix 1).
The estimates will be of particular interest whenever the variance-covariance
matrix of the observations possesses some structure; i.e., it is a function of
a small number (with respect to (N + N)/2 where N is the number of observations)
of parameters which appear in it in a particular pattern. All of the above
comments will be clarified by the specific applications and examples which follow.

NOTATION: If a "dot" replaces a subscript, then that subscript has been

summed ovér; if a "bar" appears over a quantity with "dots" in

its subscript, then those subscripts have been averaged over.

NESTED EXPERIMENTS

The Degenerate or One-Stage Nested Design.
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Model: Yi =p + ey for i=1, 2, (.., n.

Assume s €5y ++ey 6 are independent and identically distributed as
2

N(O, o ).

Hence, we have that
E {Yi Yj}

where i, j =1, 2, «¢., n.

2 -
St if 1=

|
Q

= it i#j

Let us now estimate (oi + pz) by forming the normalized symmetric sum of

all of its unbiased estimators listed above; i.e., we have

—
gt=(°§+u2) o

Similarly, let us estimate uz by the normalized symmetric sum of its

unbiased estimators. Hence,

~2 1 - 1 o .2 2
= p< = = Y Y = “—~ o( = Y,)° - zx .
&n n(n-1) it§=1 i7j n(n-1) 4= 1 i=1
We obtain the estimator of 02 by subtracting &y from 8¢5 that is,
2 = g -g = (n—l)ZY - (¢ Y,)? - ng]
e t m n-lSn i=1 i=1

1 2.2 2
nod {ifl =i [(:51 %))

1 . 512
== {iil (Yi—Y)} .
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It is well known that

*2 2 ~2 208
E (Oe) = Oe and Var (Oe) = m

and that 02 is the minimum variance unbiased estimator of ai for this

model. As a result, we see that in this case the suggested estimation
procedure leads to the usual estimator of 02.

The Two-Stage Nested Design .

Model: Yij = p+ a, + eij for i=1, 2, ooy, aand J =1, 2, e0us, n,.

Assume

(1) 81 ByyeeesByy €105 coos €1, 2 ***s €gys cevs €, &TE independent;

a 1 *a
(ii) 8)) 8y, eesy 8, @re identically distributed as N(O,ci )3

(iii) €11s +**s elnl,..., ©q100ts O pn OTC identically distributed as N(O,ci);

Hence, we have that

: 2, 2, 2 . .
E{YinkX} = o+ o+t if i =k and j = [
= o2+ ? if 1=k and j £/

=p2 if i#4k

where i, k =1, 2, .., a and j =1, 2, ..., n, and L=1,2, oo, n, .

Let us now estimate ai + ai + pz, oi + pz, pz by forming the normalized

symmetric sums of their respective unbiased estimators listed above; that is,

n, n.

a a 1. a 1
gt=(2ni)l s = Yi.=%2 zxij,
i=1 i=1 j=1 9 i=1 j=1
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a )-1 a N4 , & Ny 2 0y 2
=} 2 n,(n,-1 T = Y,,7Y, = 4z Y- = Y°
L PR R =1 ogy= MU Ugnd g Vym 877 45 4
{a ) -1 a ni nk 1 a ni 2 a ni
=4 £ n.(n-n z Z z¥Y,.X == (2 = ¥ )-z(=z1.,
B n T el j=u (o MM g2 ) Taa g 1 T e
a a 2
where n = Z n, and k = X n, .
i=1 i 1 i= i

. 2 2 2 .
We obtain the estimators of Og> T b by setting B & & equal to their

respective expectations and solving the resulting equations. Thus, we obtain

"2

oa=%.—gn ’
"2

% T & " & >
~

b= g .

The above estimates are unbiased by construction. Their variances and covariances
can be obtained by using the theory of Appendix 2; however, the resulting
expressions become unwieldly and are difficult to interpret; hence, they are

not considered here. On the other hand, if we assume that i is a known constant
and in particular is zero (this can be achieved by performing a transformation

= Yij - ) ’ then the estimates of the variance components are

1j
02 _
Oa = % >
A2 _
Oe e & - %‘ .

)2



In this case, the variances and covariances of the estimators are not so

difficult to obtain and provide some insights in the design problem.

If we let
Dy
1 2
g = = X X_. ’
ti ng 5=1 ij
n,
1 i
g .. = = Z Y .Y ’
ai ni(ni 1) =1 ij "1y

then from the theory of Appendix 2, we obtain

4 40§ 02 204
Vi = Var (gti) = 20a + ~ = ,
i i
4 402 oi 202
V. = Var (g_.) = 207 + + ,
ai ai a n, ni(ni-l)
4 40§ o%

Cat,i = Cov (gti’gai) = 2°a + n, ’
204
e

]

Ve,i = Var {gti'gai}

Since (gti’ gai) is independent of (gtk’ gak) for i #k =1, 2, «ee, 8, We

have that
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V. = Var (g,) = _f} o4 4 * g
t t n2 a n n
4 2 2 4
2k Py 4k3 oa oe 2°e
V = Var (g ) = + +
a a Y 2 !
G Ggmm? (ien)
4 2 2
) 2k4 oa 40a ce
C_, =Cov (g,.,g) = + !
1
. kl 2k4 k2 L k3 1] 2 2 kl L
Ve = Var (gt-ga)= 2 + 21 "a “n a°e+2 g
n n(kl-n) (kl-n) (kl—n) n(kl-n)

& 2 2 2 2 & 2
where k2 = ng (ni-l) , = 3 n, (ni—l) , k, = 2 ny (ni-l).

k
i=1 3 4a b 4o

At this time, we should note that the estimation procedure can give us a more

2

well-known estimator of % than 8i~8y- Thus, we observe that

n,
- _ 1 * g 2
fest T BB T T 10 (577,
204
. 2 . . e
is an unbiased estimator of 9 with variance V. , = « With this in mind, an
(ni—l)
alternative estimator of 02 would be
n
i
1 = 1 & s 12
86 = e 9 2 (n-1)(g~g . )b=== 2 Z (y,..-% )°.
e n-a {i=1 i ti Pai n-a . j=1 ij 1.



Its variance is, of course,

204
e

v, = Var (ge) = ) .

2

Finally, one should observe that if prior estimates of ci, o, are available, then

other linear combinations of the ai and/or the gy May lead to better estimators

of the parametric functions oi, oi + 02 oz . For example, one might consider

e,
% a Bai a 1 -1
g = (% v )z ¢—

i=1 Vai  i=1 Vai

as an alternative estimator of oi. The questions concerning what 1s the best
way in which to use the information of the covariance matrix (if such a best way

exists) will require further research and probably numerical study.

Let us now see what happens if Ny =0, = .ee =1, = Co In this case,
n = ac, k1 = ac2, k2 = ac? (c-l)2, k3 = ac(c-l)z, k4 = acz(c-l). Hence
4 2 2 4
20a AOa ae ZOe
vV, = + +
t a ac ac ’
4 2 4
20a Lo oe 20 ,
V, = “a * ac * o= (e-1)
A 2
2oa 4C O ’
Cet = =&t Tac
4
20
% e
vV =V = — .
e e a (ec-1)
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The above suggest that unless 02 is very small with respect to oi, one should

have that ¢ be of moderate size for the design to be efficient in estimating

2 2 2

the parametric functions, Ogs Og * 0g, and particularly oi; in addition "a"

2

a is larger or smaller.

should be larger or smaller than moderate according as o
Finally, by computations similar to those used in the next section,

one can verify that if np ¥n, = ...=n =g, than

N __;{ _ }
aa = ga gm = 3 MSA - MSE
;2 = g, -g = g, = MSE

e t ~a e

where MSA and MSE are the mean squares due to A-classes and error respectively
in the one-way analysis of variance associated with the model. Thus, for
balanced experiments oi and ci coincide with the estimators obtained by the

analysis of variance method of estimation and hence are BQUE (see Graybill

(7] ; and Graybill and Hultquist [8]).

2.3. The Three-Stage Nested Design

Model: Y.,.. =p+ a +bi

13k 1 jtre

15k for i=1, 2, «¢., a;

J=1, 2, eee, m, 3 k=1, 2, «s.y nij.
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Assume

(i) al, 8.2, sy aa; bll, evey blml, seey bam ; elll, soey ea,m ’n are
a a ama
independent;

(ii)  the {ai} are identically distributed as N(O,oi) ;
(iii)  the {bij} are identically distributed as N(O, ag);
(1v)  the fe,. ] ere identically distributed as N(0, ) .

Hence, we have that

2 2 2 2 5r

E {Yijk Yoo J = 05 + o2+ o+ i=t, j=u k=v
= ci + o2+ ifi=t, j=u k+V
= oi + pz ifi=t,j#u
= u? ifi#t

u =1, 2, ..., my 3 v 1, 2

9 ey ntu

. 2, 2, 2, 2 2 2. 2 2. 2 2 .
Let us estimate Oa + ob + ae +u-, oa + % + B, oa +p7, b by forming the

normalized symmetric sums of their respective unbiased estimators listed above;

that is,
m m. n. . « Il,
a i - a i "ij a ™ ij
g,= (= = nij)l z z = Yiz.kz i 5 3 3 Yka ,
i=l j=1 i=1 j=1 k=1 D oiz) j=1 k=1
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m, m, " n,
_ a i -1 a i 1 a (Y 1j
8 p =( 2 2 myy (ng4-1)) ~1 j>_31 o Yo Yge : oz

(3 2 ny; (ngeg ) : 2 (12 32
e I AT } (k) =1 tee g M-

g = 5 n, (n-n W = YooY, = -—El——- @ -3 Yi
m i=1 i*t oo .o (n -kz) XX i= (X ’
By a a M, a ,
wheren, = 2 n,,, 0= Z n, k. = 2 2Zn,., k, = Zn; .
1y 177 4 L g g T2 4

2 2 2

We obtain estimators of ai, Tpr Tgr W by setting.gt, Bab® 84’ Bp equal to

their respective expectations and solving the resulting equations. Thus, we

obtain
4\2 3
Og = 84~ gm ’
A2 _
% T Bap " By
~2

Q

i

o
ct+

pOQ
o

The same remarks that were made in the previous sec%ion apply to the variances

" 1-n) Ji=1 5=1 13700

2
le

|

)
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and covariances of these estimators. In addition, the approach used there can
be applied to this model and hence can provide some insight to efficient designs.
Finally, the procedure can be modified at various places to provide alternative

estimators of the parameters. For example, in the case of ai; we consider

1 a ™ Pij a ™ Py
2 1 2
g, = 2 =z 2 (Y, ,-%.)f==¢z2 =z = (v,-%.)
© a W i=1 §=1 k=1 9k 4 e S B L
s 2z (nij_l)
i=1l j=1
a
wherem = 2 m, .
_ i
i=
If n 1 T D4y T eee nimi = cy fori=1 2, ..., a, then an alternative estimator
of oﬁ is obtained by considering
m, cs m,
1 2 2 1 2 2
€. =g . = 2 (X7, - 2 Y. )e - — Y - 2Y
ab,i ®a,i _ _ ije - ijk 2 - lee 4 dje.
e My (ci 1) j=1 k=1 cjm, (m.i 1) j=
p ) 7 32 B! 7 12
=& z Y.. - %, mo-1)}-[2 2 (Y,,, -Y.)/m(c.-1
ci [jzl Ci ( ij. 1..) /( 4 )] [jzl =1 ( ijk iJo) / 1(01 )]
and forming
22 Z e, ( YK
o, =g = 2 c, (8, + - & Z c
b b y=} 1 ab,i a,i i= i



If Cy T Cy T ees T E, T, We might use

m, m o
3 a i 2 a i " v )2 /( ( l)}
gb= f E‘ (Yij. -Yi..) / m=-=a(=- =z z z ijk- 13. (l.mc c - o

i=l j=1 k=1

Again, it should be noted that it is possible to derive any number of estimators;
we have only considered some of the simplér ones and some of the more traditional
ones.

Suppose now that m T my = ... T m, = b and D) TNp = eee = M5

= eee TN T oeee TR T O i.e., the experiment is balanced. In this case,

1 a b c

2
g, = =— 3 3 3% Y°
t abe .o, j=1 k=1 ijk ’
a b c
I 2 S 2
8ab = Fbo (c- 1) o 551 My = & Uad o
a b
g = T3 Do, -2 n)
abc” (b - 1) i=1 A £

a
m 2 2l (YZ.. 2 )
ab“c” (a - 1) * i= **
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1 & 2 b2 2 & 5
- =g g = = b(a=1) Z Y -z Y - (b=1X Y° -z Y%
a” fatn T 2.2 (b-l)(a-l){ {i=l S | ij} ){ e 1}}
1 2 .2 a b, & 5
=— (b-1) aZY Y - (a=1)fb = Z Y[ ZYT
ab“c (b~-1)(a-1) i=1 tee e i=1 j=1 9 i=1

a
b_gz-' {(1—1 Yi../be = Y?../abc)/(a lJ [( Z Z Y:Lj./c - (iilxi../bc)/a(b.l):]}
{[

>
N
|

i=l j=1

a
be z (Y, ”-Y.“)z/(a-l)] - [e = z (Y Yi“)z/a(b—l)]}

be i=1 j=1

=& {MSA MSB}
2 2 _ ¢ b 5 }}
= -g = (b=-1) (s, - )b = (ce=1)s = (Y -2Y7,)
" " FabCa (b—l)(c—l){ {-1 =10 e ijk} ° {-1 1ev j=p 30

1 a b 2 a 2 c 2 a b 2
= > (e=1)9b = =Y, - T Y7 {=-(b~1l)<¢c Z Y% RERRR ¢
abe® (b-1)(c-1) =1 g=1 1. g=pidee k=1 13K =1 5= 1

1 a b -2 _ 5 c _ 5
= g{[c z oz (Y - )Ya0-1)) - [ 2 (T /ab(c—l)]}

-

abc2 a b a b ¢

~2 1 2 2
0 = g =g = - (e=1) 2 = =Y -z X + 2 T 33X
e~ &7 8ab = abc (c-1) { 191 j=1 k=1 WK 45 P S R R ijk}

; g > Y 2
) i=l j=1 kil (Yijk - ij.) /ab(c-1)

= MSE
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where MSA, MSB, MSE are the mean squares due to A-classes, B-classes, and error

respectively in the analysis of variance associated with the model. Thus, for

balanced experiments L)

"2

62, 2 coincide with the estimators obtained by the

analysis of variance method of estimation and hence are BQUE.

2.4, An Example of the Estimation Procedure for the Three-Stage Nested Design .

The following example consists of data generated from random normal deviates

2

, - 2
with o = 16, L

1st stage

2nd stage

N Lt N

N -

NOHONOP N

2

=1, 0 =4, p=0.

QObservations

3.230, -1.588
4.982, 1.144
4.701, 3.639
3.182, 3.680
.705, =5.215
.229, -1.717
-6.529, -8.797
-7.730,
8.855, 5.041
3.373 -
757, =1.421
1.520
~2.095, 0.053

8.764, 5.882

‘3-299, '40951

2nd stage

Sums

1.642
6.126
8.340
6.862
-44510
~-1.488 -

"150 326

=7.730
13.896
3.373
-0.664
1.529

-20 042

140 646

~-8.250

lst stage
Sums

7.768
15.202
~5.998

_23.056
17.269
856
-2;042
14.646

-80250

Total

16.395



i .
o . ] ]
l Z Yijk = 579.8505 n = 27 gt = 21.48
i,j,k
| . ] ]
=Y, = 968.0249 k, = 51 g, = 16-17
' 1,3
. 5 Y2 = 1444 .686445 k, = 87 g, = 13.22
| 2 2 _ _
Y = 268.796025 n® = 729 g, = -1.83
~2 ~2 “2
' L = 5.31 , % = 2.95 , o, = 15.05
' ‘2.5. The Multi-Stage Nested Design
' Model: Yi . ., =B+ egl) + e§2? + ... + esr) .
112---1r , i; i, 1112--'1
i | b N
where 1l=l,2,..., m( ) H 12=l,2,..., m§ ) $ ees 3 1r=l,2,..., ngr:‘)L-ui .
l 1l 12 -1
Assume
l (i) The e§_l) ’ egi 3 eeey ejgr)i ces i are independent;
1 12 172 r .
l s (1) . . s 2
(ii) The e; are identically distributed as N(O,ol) ;
l 1
(iii) The {eizg are identically distributed as N(O,ag) ;
l 112
l . (iv) The {e%%z Jj are identically distributed as N(O,o?) where j = 3, 4y eeey T .



Hence, we have that
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2 2 2

2
E Y. N Y = 0, +0,+ .0 + 0+ if i, = = seeyl =
{ ijipeeed Jljz“'.‘]r} 1 72 r IR LRI PYLLIE L s

where il’ jl =1, 2, eee, m(l); i, =1, 2, «.., m.(z); eee3 i =1, 2, ..., m(r)

2

2 2 2 2 - - =
01 + 02 + LN + ar-l+u if 11-11’12—‘12’-.0,11‘_1 jr-l’iijr

_ 2 2 2 _ . L
‘°l+°2+p' 1fil‘jl’12-j2313*.13
= o2+ i£4, 23,4+ 3

= p? if 4 % §)

2 11 r | ili?.' oolr-l
L (2) (r)
- l 2 LI ] . o oMo = L ] 'y
Jo y < ’ m‘]l ; J jr 1, 2, ey mJl‘jZ".jr-l

2 2 2 2

2 2
We estimate oi+ cost O+ 7, O  + e T, TR a0, 021 +p,p Dby

forming the normalized symmetric sums of their respective unbiased estimators

listed above; that is,

=Ji
gr —{n Y

2
’
iliZ° iy

= —L— > ::_L_ 2 2
g, ==—]=z¥ Y - 1 g
r=l kg-n hyda, et ipeerdnd ke el dpeeedp gy’

. . L]
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L 1 2 2
g, = —i— oy | Y, . . b= 2 - ET
l A(r-l kr"2 l 11120 o ir 113 2- oo Jr} kr—l kr_z { llo .e 1112. o ’

1

1 2 2
g —_— Ty, . X, ] T e— Y - Y
m 2 { 1.1aceel ] j-'-J 2 { eoe i ooo} ’
e 172 r Y192 pf s S 1

(r)

=zooo N - ee s z .

where n : iE mil"'ir-l and where ni112-~-1j iz . 1112"°1r-l and
1 r-1 jHl r-1

2 .
kr-j = zniliz"'ij . By setting gr, Ba_1? **» gl, €m equal to their respective

expectations and solving the resulting equations, we obtain the estimators

a2 _
S = g ,
A2 _
9 T 8 "~ &y ’
“a
o T 8~ 8
0\2 _
Or-1 T 8-l T Bro2
o2 = -
T gr gr-l *

The same remarks concerning the variance-covariance matrix of the estimators, the
possibilities for alternative estimators, and methods of studying the efficiency

of different experimental designs apply to this general model as well as to the



20

special cases previously discussed.
Finally, we can show that if the experiment is balanced (i.e., all the
mgz) are equal to m(z), eee, all them (r) . are equal to m(r)), then the
i i,4 i
1 172¢ee 7 r=1
above estimators coincide with those obtained by the analysis of variance method

of estimation and hence are BQUE. The method of proof is identical with that

used in the case of the three-stage nested design and consequently exploits the

2

special form of kl’kz"°"kr-l and kl-n, kz-kl""’ n -kr_1 « As a consequence,

one can observe that if the experiment is balanced from some stage and onward

(i.e., all the mi(j) are equal to m(J) for j 2 t), then the above estimators for

l. L] .ij-l

the variance components from the previous stage and onward (i.e.,ci_l,ct,...,ci)

are similar to those which could be obtained by an analysis of variance method of

‘estimation. They are not BQUE,however, for reasons which will be considered in

Appendix I.
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‘ 3. CLASSIFICATION EXPERIMENTS

3.1 The Two-Way Classification Designs

Model: Yij

Sptr, +
ptr, +e

+ e, if an observation appears in cell (i,j) where

3 i

i=1,2, ¢eeyvand J =1, 2, «oe, C.

Assume

(i) The { ri} , {cj }, {eij} are independent;

(ii) The { ri} are identically distributed as N(O,oi);

(iii) The {c} are identically distributed as N(O,oz);
J c

(iv) The {eij} are identically distributed as N(O,og).

Hence,we have that

= (°§ + 2 it i=k, j#(
= (6% +4?) it itk, j=(
= w2 if i¥k, jH(

where i, k=1, 2, «eo, rand j, { =1, 2, ..., c provided Yink)( is defined.

We estimate ai + 0

2
c

+ 02+ 42, 0%+ 42, 0% + 42, 4% by forming the normalized
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symmetric sums of their respective unbiased estimators listed above; that is, l
T
1 2 1 2
g, ==z ZY ==22ZY '
t n i=1 j ij n ij

]
g}
]

S 2 2
Y = Y -Z22ZY
{rlwxidil krn{ 7 1

c
1 2 2
g, = p Y === |ZY° ~-Z2Z2Y 'J
8m=21 z EY“YK‘ =-2—-L——— Yz -ZY§-2Y2j+ZZY§j
n“-k. -k +n |1tk ¥/ n“~k,-k.+n e .
1 2 1 72
_ {1 if an observation appears in cell (i,J) 'J
where ng, = {o otherwise SR ®
c r r ¢ r , " c 5 '>
n. = 2 n,,n,= 2 n,,n= 2 Z n. adk = 2n, = Zn, .
o7 gn W W g g 17y i 27 1
By setting &, 8 8y &y equal to their respective expectations and solving ']

the resulting equations, we obtain the estimators

pS = gy ,

2= g -k , §

;§=gc—gm ’ ')

;i-gt-gr-gc+gm * l/
|

:
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Let us now simplify the model by assuming that n) =0y = eee =n, =p,

- - _ - - - 2 2
Ny =0, eee =0 =q. Hence, n = pr = cq, kl rp = peq, k2 cq = rpq.

C

Thus, we may write 8i» Bor Byr By 8S

S 2
gt—rp ZZ‘.Yij ,

o
|

1 2 2
r-m{“i.-’:“n} ’

o1 2 _ 2
gc-m{”.j ”Yn} '
1 2 2 2 2
= = - -TY.+Z2ZY :
€n = Tp (rp—p-—q+l)}{Y.. zY. od ij} ’

~ ~ L3 -~

. 2
again, p -, 0. oc’ Oi are constructed from these as above.
Let us now briefly consider the variances and covariances of the
estimators of the variance components. For reasons previously mentioned, we

assume that g is a known constant and, in particular, is zero. In this case,

we use the estimators

A2—
°r = gr )

o2 =

c €e ’
1\2_

Te =~ By ~ Br " & ’



these may be viewed as linear combinations of the following more basic estimators

1 { 2 2
= R .
e, Taqflal)§ 3Ty 4

From the theory of Appendix 2, we obtain

v L 405 (oi + 02) 2(o§ + 02)2
tr,i T Var (gtr,i) =204 P ¥ P ’
4 405 (ci + 02) 2(05 + oi)2
Vpy = Ver (g ) = 2004 P Y T (D) ’

4o (o5 + 9)

= I A
Cir,1 = Cov (Byp 4s 8p 3) = 200 +

p »
. 4 405 (05 + oi) 2(02 + 02)2
Vtc,j = Varr(gtc’J) Ra; + 3 3
v var | ” 403 (oi + oz) 2(05 + o‘z)2
= = + .
e,j = Ver gy g) =207+ q q (g-1) ’
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- - 4y 2
Cor ik = COV (8o 0 By i) = 275y 9G/P” ’
_ _ L, 2 2
Cr,ik = Cov (gr,i’ gr,k) = ANy oc/p (p-1) ’
_ —a5., ob/2
th,j[ Cov (gtc,j’ gtc,,() 285 ¢ al/q ’
: P T T
Co, g = Cov (gc,j, gc,l) 4y 0/q"(a-1) ;
4 492 (92 + o)
Cov (gtr,i’ gc,j) = nij 203 + a / P ’
2 2 2
40° (6 + ¢%)
Cov (gtc,j’ gr, i) = nij 20? + 2 pc —- / a ’

nEes ,

Cov (gtr,i’ gr,k) = Cov (gtc,j’ gc,,() =0

Cov (gr’i, gc’j)

Yik
wherey s, = Z Ry Mg, Ny = (3 )

— P
k! PO T IR ML TN 2 )

i.e., Y ik is the number of units common to rows i and k while -83.‘ is

the number of units common to columns j and ., Note that = 7 =) Z n 1, s
| i gl WM

=cq (g-1) and = B = rp (p-1).
s
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J zt'02 (02 + 02) r (02 + 02)2 " eq (g=1) o%
4 r o] e [« JIN -
r ot + +
|© °r P P 2
2 2 2 2 4 2 2 4
r (206 6% + 20 0°) r (0% + 20 +0%) r(g-1) o
[r o + r_¢c r. e . c g e .
1 r p P )
2 2
o, t o )

2 2)+qo[’+og};

2 2 2 2 2,2 VA
2ro< (o< + ¢%) r(o + ¢%) o5
_ 22 gy 2 %t % : * 7 %
V. = Var (gr) - o2 {rar + P * p (p-1) + Ziik)‘ik( Z(p-l)z ;4](
(0% + 0%)? ®
-2 ). 4 2, 2 2 c 4 2 .
= pol + Zor(oc + ae) + (1) + 2(iik)\ik)(oc/n(p-l) ) 3
2,2 2 2 2,2
2¢6(0% + )  c(o + o°)
V, = Var (gc) = g—cz {cal* + c.r e 4 L & + 2 Z'(nj)()(ol*/q (q_l) ) }

COV (gt) gr)

2} 4 2,2, 2
= qoc+20°(or+ oe)+

2
r

2

n

4 a (g-1)

(o

2 2 2
{r(cl* . 2(°r)(°c + ae)
r P

{poﬁ + 2012'(05 + oz) :} ;

+022

]

—(qTT— + 2(>: ﬂj,()("l/“(q'l) ) } ;
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2 4 2°§(°1?: * °§)
Cov (gt, gc) =% c(oc +

c q
=2 4 2y, .2 2
=& {qoc + 2(00)(°r + oe)} ;
2 2 2 2
Cov ( g,) = 4°r e ” LOr i = 2 202 02
€pr B parc n n r ¢ ’
2 (ai + 05)2 (o< + cxi)2 4
Vv, = Var (gt -8, - gc) =2 Q207 o + =) + 1 + oy

+ 2( ik)\ k)(ol'/n(P-l) )+ 2( Z{n j)()(ol*/n(q-l) )}

Let us now look at V., V_, V_ for two special cases:
r’ ¢ ‘e

ik=)‘=6jlf°r all i, k and j, f.

(a2 + oi) 2 2)\r(r—l)of;

2 o4, 2,2, 2 c
v.=% {por + 20r(ac + oe) + D) + n(p-1)2
2 2 2 (oI?: + 02)2 2)\c(c-l)ol*
vV =% o+20(c +o)+ €S + 2r
¢ n 4 n{q-1)
(0 + 62)%  (¢® + o2)? Ar(r-1)0%  2re(c-1)o%
2 2 c e r e c T
V == {2 0o+ + +2 +
e n r ¢ p-1 q-1 n(p_l)z n(q—l)2
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Usually, we also have r = ¢, p = q, Mr-1) = p(g-1) in this case; i.e., we have

Ar(r-1) Ae(e=1) 1 1
a symmetric BIB design. Hence, = = = —= 1in the above.
n(p-1)°  n(g1)? P9

Note that in this case, By» Bpr B, are the simple averages of equally correlated

random variables.

Balanced Disjoint Rectangle Designs (see Anderson [2], Bush and Anderson [3]).

S = v = vp and o if rows i, k not in same rectangle
uppose T = V4, ¢ = and 74k T 4p if rows i, k are in same rectangle

« The design consists of v

P _ |o if columns j, [ not in same rectangle
an Sj[ = <¢q if columns j, [ are in same rectangle

disjoint rectangles of dimensions (q x p).

2 212
(o + oe)

(p-1)

2Vq(q-l)p(p—l)0§
+ ’

?-qu(p-l)2

-2 4 2/ 2 2
vV = s {par + 2°r(°c + °e) +

2y, (B R (el }

_ 2

= {o + 20 (a +0%) + 359)
4 202 + 202 2 20202 + o4 o4

=2 r + rec re_ ., c e e . ¢
vq vap vpq(p-1) vp(p=1)
A 2.2 2.2 2.2 4 4
c 20507 + 20 c 200 + 0o g

= &¢I , r’c re . c e e . c

V{q Pq qp(p~1) p(p-1)
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oA 20202 + 20202 20202 + o4 aA
v =2 <%_¢ + re ce . re e . T
c v | p Pa pa(g-1) q(a-1) ’
4 2.2 4 4 2 2 4 4 4
- 2 22 % * 2°c°e * % °r * 2arae * ¢ (q-l)cc (p—l)or 4
vV = 2070 + + + + +0
e vpq re p-1 g-1 p-1 (g~1) e
2 2 4 4 22 2.2 4
20,9 % ° 20,0, 20,9, (pq—l)ae

r
pa T p(p-1) T q(e-1) T p(p-1)q ' pale-1) * ra(p-1)(g-1) [ °

The case v = 1 is the randomized blocks design. In the above series of designs,
we reduce the correlations between the estimates from the respective rows and

the respective columns by taking observations in disjoint (and hence uncorrelated)
blocks. As a result, some variance terms will be decreased while others will be
increased; the overall effect will determine the efficiency of the design for the
situation with which an experimenter is concerned.

If we remove the assumption Dy, e =n =p and R)=eee=n,=4q
there is a third general type of design which is of interest for experiments of the
classification type. Here, we will call such designs "intersecting rectangles"
although the term "intersecting cylinders" would be more appropriate for highef—way

experiments. This class of designs includes "L-designs" (see Bush and Anderson [3])

which have the form

X X % %X X X
X ¥ K %k Kk X
x %k
x X
x %k
*x X
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"+ designs" which have the form

x %k Xk % X X
* X
x X

*
€*
x Xk %X ¥ ¥k X

(and hence the same structure as "L-designs"), and "S-designs" (see Bush and

Anderson [3]) which have the forw

* %
* *

x X %k X

*x % X X
x X % ¥ X X
x Xk Xk Xk X% X
*® & Xk X
* X X X
%x x*
* X

With these designs, one constructs estimators of ai, Oi, 02 as follows:

(i) Partition the design into non-overlapping sets of the following type
a. isolated rectangles
b. series of balanced disjoint rectangles
c. rectangles which are the intersection of two rectangles

(ii) For each set, obtain the quadratic forms g, 8., 8,; obtain g

for the whole experiment as indicated in the beginning of the section
or in some other appropriate fashion.

(iii) Combine the estimators from the non-overlapping sets in an appropriate
fashion (weighting them according to some natural criteria or according
to their estimated variance-covariance matrix) to obtain 8yr Bpr B, for

~ ~ » .

the whole experiment; then construct ai, o, ai from these as before.
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Such a procedure as the above is a "reasonable" though arbitrary method of

estimation. It is not difficult to apply, but it does require a good deal of effort

to study in the general case. However, special cases of interest to an

experimenter could be readily evaluated with the aid of a computer by using

the theory of Appendix 2.

Finally, if the design is balanced (in the sense that nij =1 for

all i,j and hence p = ¢, r = q), then by computations similar to those used

in the next section, one can verify that

where MSR, MSC, MSE are the

5y % {oon - e}
g. - g, =5 |MSR - MSE ,
- g =% [usc - usE }
€ " En~ ¢ ’
g ~ 8.~ 8, *+ g, = MSB )

mean squares due to rows, columns, error respectively

in the randomized-blocks (two—way) analysis of variance associated with the

model. Thus, for this balanced experiment, the recommended estimation

procedure coincides with the analysis of variance procedure and hence leads

2 2
to BQUE of or’ cc’

02 (Graybill and Hultquist (8]).
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3.2 The Two-Way Classification Design with Sub-Sampling in Cells
Model: Yijk = B+ ry + c:J + (rc)i'j + eijk for i=1,2,---,1‘§J=l:2,-~°:°§k=1’2’---snij'

Assume

(1) The {ri} ,{cj} ) {(rc)ij} , {eijk} are independent,

(ii) The {ri} are identically distributed as N(O, oi) R

(i41) The {c j} are identically distributed as N(0, 02)
(iv) The {(rc)ij} are identically distributed as N(O, c?c) , .)
(v) The {eijk are identically distributed as N(O, oi).. .}

Hence, we have that

E{Yi.‘]kyuvw}:(012'+°§+°§c+°§+p'2) ifi;u:.‘]:"’.k:w :
=(°i+o§+a§c+u2) ifi=u j=v, k$w -
=(°§+u2) ifi=u j*v )
= (6% + ) ifidu j=v T
= u? ifi1%u Jv 7

Where i’ u = 1’ 2’ [ ] r; j, v = l’ 2’ L ] C; axld k = l, 2, *o0y nij .

w = 1, 2, sney nuv
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. 2 2 2 2 2 2 2 2 2 2 2 2 2 2
We estimate o + 9 + O ¥ % + 1 0.+ o + O +p ’ o. + 7, O  t BT, B

by constructing the normalized symmetric sums of their respective unbiased

estimators listed above:

r ¢ nij
g.= 23z 3 ¥ =2izz:v?
t noi j=1 k=1 ijk n ijk

- -1 > o st..Y.. b —1 32y, .-32323Y?
€r¢ - k .-n ], 1jk™1ijw k, ,-n ij * ijk

127" (3= =1 Khw 12
g, = 7 R A {zyf -zzx.zj}
r l 12 i=l j#v j. v. l 12 L4 1 L
g, = T : oz Y, Y.l = — {zxz.-zzx?
¢ 2R j=1 igu e W 27%12 A 3Je

g, = 3 L {z 51, Yuv} = = L {Yz -zyi '-zyzj +zzyi2j}
n"-k -k tk, ifu j¥v n —kl-k2+k12

c r r ] r c 2 r

2
wheren, = Z n,.,, n ., = Z n,,,n= 2 X n,.,k,= 2 2 njosk = Z n; ,
i 12 7] j=1 1J i=1 j=1 1 12 i=1 =1 ij ™l j=1 1°

By setting 84> grc’ Bps By € equal to their respective expectations and

solving the resulting equations, we obtain the estimators



34

~2

b =g ,
A2 _

o T Ep - By ’
“2 - _

0, = gc gm ’
2 =g -g -g +

rc grc gr go €m ’
62 - - .
oe gt grc ’

we could also have obtained the following alternative estimator of og

1 r ¢ nij ( _ )2
g, === Z Z Z ( -X where m is the number of cells occupied
e n-m ], =1 k=1 ijk ij. p

(by more than one unit) by considerations previously discussed. One can study the
variance-covariance matrix of the estimators and the efficiency of different
experimental designs by using the methods illustrated in the preceeding section.
However, as the models become more complex, this becomes more and more
difficult to do for general designs. As mentioned before, particular designs
of interest to an experimenter could be evaluated in any given instance with
the aid of a computer.

Suppose now that the design is balanced with p observations ip each

of the rc cells. In this case,




e ~ rcp (r-l) {;
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n

/
®
|

2

- Y2

(e=1

|
S b

J.

rep (r-l)(c-l) {
2 1 2

=g -g = = (r-1)[=¥; -z=¥7.

ol‘ gI‘ gm rcpz(r-l)(c—l) { r )[ Leo iJ.

2 2 2 2
{rp(r—l)(c 1y (r(2Yy -22Y0,) - “...'ZY.j.”}

2]

v2

S 0 E i E Wy BE e =
[
]
i
—
™M
<3
»
]
™
™
s
I\

2

- [Y...—

2

Y

rcp

{pm 1) e,

{MSR - MS(RC)}

%l'-a

~

°§=gc-gm=%ﬁ {MSC-MS(RC)} ;

2 2 2 2 2
Y Y, ZY . Y
. )- (zz -z ‘.. o_].+ T K]
rcp —Si— cp rp rep
-7, +3 )2
l.‘ .1. 2 8 @
r-l)(c-l)

2

Y
] = {rpu.ﬁ(e_l) [r(opgs® - pzz"‘i‘ ) - (ropgp - rp”_’j‘ )] }
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= 8po 8B ey =

i
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1 2
= . -1)(c- -
rer? (L) (o) (o) {P(r )(e l)(ZZ‘Y 1.7 Jk)

~(r-1)(p-1)(2% | -zmv2 )

~(c-1)(p-1)(zY?

2
L3722 )

a2 o v,

1
rep>(r-1)(e-1)(p-1)

{(p—l)Yi.-r(p—l)ZY:?"-c(p-l)Z! jre(p-1)22Y,

2
-p(x---l)(c--l)z}:zzijk p(r-l)(cfl)zzd:;i:-}

EE(Y]y /p)-RYE /op)-2(X2, frpl frop) mmmyl, -z2(X2, /p)
: (r-l)(c-l) re(p-1)

{MS(RC) - MSE}

_ 1 2 2 2
=8~ & T Top(pD) {(p-l)(mijk) - (=g, - mijk)}

1
~ re(p-1) {m(yijk - Yi:]‘)z}
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where MSR, MSC, MS(RC), MSE are the mean squares due to rows, columns, interaction,

and error respectively in the analysis of variance associated with the model.

Thus, for the balanced experiment, ai, Oi, Oic, 02 coincide with the estimators

obtained by the analysis of variance method of estimation and hence are BQUE.
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3.3 The Multi-Way Classification Experiment

Model: Y v oll) 4 oR)012) L (12...r)

= p . + e
11120 . oir u il i2 illz 1112. » oir 11120 L) oir u

for :i.l =1, 2, cas, m, ; 12 =1, 2, eu0, My; eee ir =1, 2, ceey m;

and u=1’ 2, Oot’n
1112.0011‘ .

Assume
(1) The e(l)

(2) (12) (12...r)
’ e , e 'y ’ LN N J ’ e - , e
il } :12 1112 1112. R .ir iliz. R .iru

are independent;

-e

(11) The<{e§l) are identically distributed as N(o,of)
l .

(iii) The {e(z)} are identically distributed as N(O,og) 5

i
(iv) The eil?) are identically distributed as N(0,02.) ;
135 12

(jljz"'jq) 2
(v) The e 7y i tare identically distributed as N(O,o:l Joueed )
Jl jzo.o j l 2. . q

for all1 9 =1, 2, «.u., T and (jl,jz, ceey jq) selected from (1, 2, ..., )

such that jl < j2 < oee & jqo

|
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Hence, we have that

2.2, .2 2 2 2 _ .
E{Yiliz...iqudljz...er}_ porelrogtoy gtes ko, | o0 AF 41700000 1], uE
2.2 2 2 2 - _
- 13 +°l+°2+012+o-o+012.-or ;f ilnjl,ooo,ir—jr,u#w
2.2 2 2 i . L.
= ptojtaytoy, if il—jl,12—32,13#j3,.",1r#3r
= u2+o> A 1.%5 8, SinydaF iy ee,i ¥
2 1791272207373 e Ty
= p24o? 3£ 123 04 0y iaFinseenl
ptoy 1791232102331 30009 T
= 2 AR OE SR UG S TN I S
H 1V taTdpee e p Ty

where il’ji= 1, 2, ooy my; 12,j2 =1, 2, eeny My5 eees 1,3, =1 2y ceey M

w=1, 2, «..on; . We estimate p2+oi+a§+ciz+...

ilizootlr; Jljz..ch

2 2 2.2 2 2 2 2 2 2 2 2 2 2 2 2 .
+012-..r+°e’u +°1+°2+°12+"'+012...r""au +°l+°2+012’u +01’P +02’u by formlng

the normalized symmetric sums of their respective unbiased estimators listed

above:
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—1 1 2 2
815...r - —n X b = T X IR I
120 r klz..-rn{ ilizoooiru ilizo.oirW} l&z...rn{ ilizuo ir iliz iru ’

. . .

gl = 1 r‘lk ) {zyi o'.-mi i -oo+...+(-l)1’-l zYilo-oi °y
(kl"klzooo-klr+oo-+(-l) 12...r l l 2 r

"ZYZ "'o.o’ZYz +2Y2

1 2
€n T 2 T R T eedd TN L
n -kl"oao-kr+k12000+(-l) klz.. .T { l r l 2

2
+(--1)">:xi i ,
1.‘. r.

"...1j ...13 ee=Z n, , . where C is the set of all indices other than .
l q C 1 2’.. r

+...+

where

2

Jprdareces Jq and Kgpeedq TEMa, o L. BY setting g,

TR

81a...p? €n equal to their respective expectations and solving the resulting

equations, we obtain the estimators

~2

B = gm ’

ﬁ2 _

9 T &g o

A2 _

9% T 8~ 8 >
o2 = . g - 4

12 - 82~ 8 ~ &y tg

2 - - 1)1 1)L L/
“12...r = Bl2...r 82, (pe1)"cH L) g bt (-) gt(-1)e, ,

52 _
oe - gt - glzo-or *



The same remarks concerning the variance-covariance matrix of the estimators, the
possibility of altermative estimators, and methods of studying the efficiency
of different experimental designs apply to this general classification model
in principally the same ways as with the special cases considered earlier in
the section.

In addition, we have that if the experiment is balanced (i.e. there
are n observations in every cell), then the above estimators coincide with
those obtained by the analysis of variance method of estimation and hence are
BQUE. The method of proof is identical with that used in the case of the two-
way classification design with sub-sampling and consequently exploits the
special form of kl’ k2,..., k12...r here. Moreover, if the experiment is
balanced with respect to some factors at all possible combinations of levels
of other factors, then estimators of the variance components associated with
these factors can be obtained by appropriately combining the estimators obtained
from the analysis of variance for each possible combination of levels of the other
factors. The point of this is that if the experiment has special features, then
the experimenter can (if he desires) use them to construct symmetric sums which
are more appfopriate to his needs and which take greater advantage of his prior
information and the experiment's special features. As mentioned before, the
suggested estimation procedure offers a special form applicable to general problems;
the principles behind it are very flexible and general and may be used to construct

more appropriate estimators for specific problems.



4. AN EXPERIMENTS OF THE MIXED TYPE

Model: Yijkl =p+ory+ ey + (rc)iJ +oug + Vil + (uc)ijk + (rv)ij‘ + (uv)ijk[

vhere 1 =1, 2, vee, 15 § =1, 2, ceey 5 k=1, 2, ceeyny 3 £=1,2, ..o, n e

Assume

() The {ri},{cj}, {(rc)ij} ,{uik},{v“},{(uc)m},{(rv)m},
{(uv)i Jkl} are independent

(11) The {ri} , {cj} , {(rc)ij},{uik},{vj[},{(uc)ijk},
{(rv) Y l} , {(uv) s jk/} are identically distributed as N(O,oi),
N(0,0%), N(0,02.), N(0,6%), N(0,02), N(0,02 ), N(0,62)),

2
N(O,auv) respectively .

Hence, we have that



'{Yijk[ Yiljlkl‘l}

2 2
= + 0+ 0°+6° +
B r c re °v+ ]

2 2 2 2
= +o_+0 +o0
[ r e re + ou + av + 0

2

2

2 2 2 2
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2 2 2
uc * Orv

2 2 2

2
=p~ +0” + 02 +0° + 05+ o0
r c re u uc

2 2 2
rv

= + 0" +o0
B r o + °rc

2

— 2 2
=B+ ol + 0

pc + o

2 2

+02
c v

2
+ oy if

if

if

if

if

if

if

if

if

From the above, it follows that all the parameters are estimable

i=1Y,
i=1v,
i=1t,
i=iv,
i=it,
i,
i=it,
ifie,

ifit,

=4t ke, o)
=3t =kt L
=30 ek, A
=3, k', LH
B}, ke,

=L,
J¥3, k!

, KEL

=i

iFs

(See Appendix 1).

One obtains the estimates of the variance components by constructing the

appropriate normalized symmetric sums to estimate the above parametric functions,

then setting them equal to their respective expectations, and solving the resulting

equations fdr the estimators.



5. SOME PROBLEMS IN MULTIVARIATE ANALYSIS

5.1. A Simple Two-Way Model With Sub-Sampling in the Cells.

Model: Suppose Yijk where 1 =1, 2, ..oy 5 §J =1, 2, +us, c; anq k=1, 2, «.s,

nij are observations from a multivariate-normal population with the

following structure:

E (Yijk) =p for all i, J§, k

Var (Y =% for all i, i, k ;

ijk)

)= p 0% ifi=u j=v, k#w

Cov (Y, Y ro

13k, uvw

pro2 ifi=u jkv

= p0° irifu,

1]
<

= 0 ifiFu jv

lif ¥ is defined. Then we estimate the

wherever n n O where n = ijk
i3k “uvw + 1k {é otherwise

parameters as follows:
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A2 _
o= gy ,
~2
o = gt - gm ’
Pre = (Bro - gm)/(gt -g)

pp = (g.-g)/ e, -g)

p, = (g, -e)/(e ~¢g) ,

where Bys Bror Bp g,» B are the same as in Section 3.2. Similar remarks

apply to estimation in these models as were made in the case of variance
components models.

One should note here that for cases where negative estimates of
variance components are obtained from the model of Section 3.2, the model
considered here may be more appropriate.

5.2. The One-Stage Model for Observation Vectors,

Model: | ¥, [, | -elj 1
Yo T2 €2j
= L T rte T N
Yij 53 _et:i |

where j = 1, 2, «e¢sy Do
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Assume {gj} are independently distributed as N(Q, V).

Hence, we have that

s {11}

T3 +V ifj=k=1,2, .., n

1l

= g if J$k=1,2, «eoy n

We estimate ¢ ¢' + V, ¢ ' by forming the normalized symmetric sums of

their respective unbiased estimators listed above; that is

By setting Gt’ G n equal to their respective expectations and solving .

the resulting equations, we obtain the estimators

el S
T T Y, )
- 1 B
= - = - - '
=1
If, as in the case of the mixed model , we have V = oi J‘t+ oi It’ then

we obtain the estimators
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TR (L VL -w )

Az—l ~ 02
oy = % tr (V)}- S,

A

where ,1:; is a (1 x t) vector of ones and tr(V) is sum of diagonal elements of V.

5.3+ A Two-Stage Nested Model for Observation Vectors

= g 4+ C

Model: tiljk ey t;i +t§ljk for j = 1, 2’ eeey Cj k = l’ 2) coey nj

Assume

(1) {3;] }, {gjk} are independent ,

(ii) {9_ j} are identically distributed as N(Q, vc) H
(iii) {9_ jk} are identically distributed as N(Q, V) .

Hence, we have that

] = ] i = =
E{gjkxw} TT' U 4V, ifj=u, k=v
=zz' +V, if j=uw, kv
= 5! if J%u
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We estimate ¢ ' + Vc + Ve, Tg'+t Vc, 1 1' by forming the normalized symmetric

sums of their respective unbiased estimators listed above; that is

n n
G, = i g: ZJ Y., 1t = L ; zj I.. n
by g SRR B gy e TR
1 c c c nj
R = | .
Gc kl-n jil ]2' ljk Jv kl-n jil Xj. -Y-j. jil kil Ijk 'Y".'ik ’

njn e

v

1
G T 2 Z Y. Y@ = == JY Y -z Y X
m nz"'kl j #u k=1 v=1 j k =uv nz-kl { oo e j=1 j . j .

’

c c
where n = Z n, and kl = Z n2. By setting G,, G , G_ equal to their respective
j J t2 ¢’ m

j:]_ j =1

expectations and solving the resulting equations, we obtain the estimators

AN\
' = Gm ’
Vc = Gc - Gm ’
Ve = Gt - Gc .
ItV = 02 J, vV = 02 o+ 02 I., then we obtain the estimai;ors
c c t? e rec ‘% e "t
.2 _ -J_- . ~ 02 - 1 ' ~ _ ~
9% ~ +2 ‘i‘t Vc J‘t’ Ore t(t-1) ‘1?. Ve it tr (ve) ’
Az _ l a _ A2
o = % tr (Ve) oo
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5.4. A Two-Stage Nested Bivariate Model .

r e
y yi yid
x |7 + +
ij Hx Txi ©xij

Model: Yij B

fOI‘i=l, 2, ool’r md j=l, 2’ esey niO

Assume

r e
(1) {(ryi) , (eyij)} are independent ;
xi xij

r
(i1) {( yi)} are identically distributed as N[(7)

Txi

exij

e
(iii) {f yid )} are identically distributed as N (g)

Hence, we have that

E{YinkX} = p§+af;r+o§e ifi=k, §j=/
=p§+0§r ifri=k ¥/
=uf, if 1%k

E{xij xk[} = "i*"ir*"ie 1=k j=/
= wl+o ifi=k j+/
= 2 if ik k

|

g o
yr, Pr yrxr

prayr Xr

Oye,

p_ o

2

“we

-e

1)



by Byt P 0

By By + P

= by by

We estimate the above parametric functions by forming the

sums of their respective unbiased estimators

o
r yr xr

r %y %xr
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+p

o
e ye

4
Xe

if 1

if 1

if 1

"
&
Ce

"

i
&
Cde
-
Dy

¥k

normalized symmetric

n n, n
r i T i r i
1 2 1 1 2
g,.,== 2 Z Y., g. ==3 = X.,Y., g.==3% 3% X ;
tYy n 1=1 j=1 i] txy n i=1 j= ij “1j tx n 1=1 j= ij
n n
r r i r r i
I 2 2 S S
g., == Y, -2 ZY.og ==—{ZX Y -Z ZX. Y ,
ry kl noJio i. 1=l j=1 ij [/Crxy kl 0 P i.”"1. i=1 j=1 ij71)
n
1 r 2 T i,
g. =7 2 Xy - 2 z X H
X k1 R i. 1=1 j=1 i
1 2 ) 1 r
= Y - =Y , = X Y X, Y )
Sy T2 Ve T i 0By T2 N 4oy 1.4
1 1
_ 1 2 r .2
gmx-2 Xoo_.fxio ’
n -k1 i=l
r ro o,
where n = X ni and k1 = 2 ni .
i=1 i=1

Equating the above to their respective expectations and solving the resulting

equations, we obtain the estimators
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2 _ 2 _
Py = gﬂW , P = gmx H
O%r T Bry T By xr  Brx T B 3
R = g - 2 = g -
ye €ty ~ Ery > xe Btx ~ Brx 5
P = - - - 3
B = By = g (g - (e gmx)} ,
r = - - ¥

One can observe that models of the type studied here (see Tukey [ )

can be generalized both in the direction of the number of components per
observation vector and in the direction of the number of effects. Procedures
similar to those demonstrated here would be used to find the estimates of the
parameters of interest in more complex situations. As always, the variances
of the estimators may be obtained by appropriate applicatioﬁ of the theory of
Appendix 2. Such considerations may lead an experimenter to appropriate

designs and refined estimators for the special situations of interest to him.



APPENDIX

A.l. Basic Theory of Suggested Estimation Procedure.
We assume that the observations from an experiment can be represented by a
vectornii This may be a vector of univariate or multivariate observations.
Let the mean vector and covariance matrix of Y be denoted as follows:

E(Y) =g, Var(l)=V .
Our purpose is to estimate the elements of V by using the information provided
by Y.
Definition: A parameter will be said to be estimable in the quadratic sense
with respect to a particular experiment (or model representing it) if there
exists a quadratic form X'C Y which is an unbiased estimator of it.
From the above, Qe have that

E _Y_X_'} =pu'+ V=S,
It follows that if a function of the parameters can be written as a linear
function of the elements of S, then it is estimable. In the general case, not
very many functions of experimental interest would be estimable in this sense.
However, with the models of interest to us, p and V.have a particular structure.
Let us now look more closely at a general random effects model. We assume that

the observations may be characterized by the following model

Y(i) =p + el(i) + ez(i) + oo + er(i) fori=1, 2; eesy N
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where ek(i), the random variable corresponding to the k th source of variation,
has the following properties :

(1) E{ek(i)} =0 for k=1, 2, eoey r and 1 =1, 2, ..., nj

Var {ek(i)} =ai
(ii) Cov {ek(i), ej(h)}

(i1i) Cov {ek(i), ek(h)} oi if ek(i) = ek(h)

0 fOI‘ j # k = l’ 2, se oy I‘; i, h= l’ 2, os0y n;

if ek(i) # ek(h)

for k=1, 2, «eep, 85 i, h=1, 2, ..., n.
(iv) The ek(i) are normally distributed.

Consequently, we have that

2. 2
E{Y(i)Y(h) = Zo +pf ifi=h=1,2 «u,n
k=1
= 5 o*+p°ifith=1,2, .., n
ke, *
ih
where C ='k e, (i) = e,(h) Let 8, =8 0% + p?
ih k k . ih kB

2 .
One now sees that a function of the parameters pz, 021""9 o, is estimable in the

quadratic sense if and only if it can be written as a linear function of the {Qih} .

The {g.h} are estimated by constructing the normalized symmetric sums of their
i

unbiased estimators
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eih=4— = X))

“ih 3, MeTy,

where T, = {(j,)()l E{Y(j) Y([)} = Gj[ = Oih} and

kep = {number of (j, L) combinations in Tih} . If 012( is estimable, then it

may be written as a linear combination of the {gih} 3 that is,

2 _
9 = Zd;p 65y

where it is understood that the summation is with respect to distinct values
of gih’ The suggested estimator of ai is then given by

3§ =2 d;y 6ih .
This estimator will be a good o.ne if the {faih} are good estimators of the
{Qih} « If the distribution of Y is invariant under groups of transformations
involving certain permutations of observations or groups of observations v(which
is the case with balanced experiments of the nested and/or classification
type), then the {?aih} often may be viewed as conditional expectations of
unbiased estimators of the {gih }given a sufficient statistic. As a result,
the {léih} are efficient quadratic estimators. (Se.e Wilks [14]). For example,
in the case 61‘ a balanced two-way classification experiment, the distribution of

Y is invariant under permutations of rows and . permutations of columns. As a

result of these considerations, estimators which are linear combinations of the
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~

gih will be efficient quadratic estimators. This result has been proven by
Graybill and Hultquist [8]; it, in part, follows from the U-like structure
they possess (See Hoeffding [9]).

On the other hand, if Y is not invariant under any particular group
of transformations, then the suggested estimators are reasonable in the sense
of being unbiased, consistent, and readily obtainable. Moreover, if they are
of interest, efficient quadratic estimators of the gih or estimable functions
of them can be derived by performing weighted least squares on the elements of
Y Y' where it is assumed that the weight matrix is the estimated variance-
covariance matrix of the elements of ¥ Y'; this procedure necessarily
presupposes the existence of prior estimates of the variance components themselves.
The concepts and procedures considered here for the variance-components
model naturally extend to the multivariate model introduced in the beginning
of the section. Hence, if a parameter is estimable, the suggested estimator
of it is an appropriate linear function of symmetric sums of élements from the
matrix Y Y'.
A.2. Variances of Symmetric Quadratic Forms in Normally Distributed Random
Variables.
The results in this section may be found elsewhere in the literature; in
particular, Lancaster [11], Anderson [2], Anderson and Bush [3].
Lemma (2-l);, Let y be distributed according to the non-singular multivariate
nxl

normal distribution N( Q , V ). Let S=YX'Q Y be a symmetric quadratic form.
nxl nxn

E {s} tedvq} ,
Var {s} 24 { va*} .

Then,
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Proof: Let n§n be a non-singular matrix such that F V F! = In; than 2 = F X

is N(Q,In) distributed.
Let W= (F1)' Q (F)) and let P be an orthogonal matrix such that P' WP =D
where D is a diagonal matrix with diagonal elements (dl, dyy oo dn). Lét

U be defined by Z =P U.

nxl
Consider the transformation U = P' Z =P' F Y. Then U is distributed according

to N(Q, P' F VF' P); d.e., U is N(Q, I ).
E {s}=E {rqx} E{ g-P'(F’l)' Q (FhH P g}

+{ 1ou )

Bl zd U2}

i 103
n
g ;
3=1 i=
n
E {s} = 1§1di = tr(D) = tc(P'WP) =  tr (WP P!)= tr(W)

tr {(F‘l)' Q (F‘l)}
e {aeEheh ]
tr {vq}

since tg(AB)>= tr(BA) if A,B are squares matrices of same dimensions.

E
n
Qe o)
it
3
™
Q0
e
o
N s
]
N
MB
[o
e N
G ANE NN BN 005 OOE o B OE WS S e o N BN R B e .
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n2 2
Similarly, Var {s} = 2 $d2=2 (D%
i=1

2 tr (P'WPP'WP)
2 tr (Wz)
2 tr {F‘l'qp'lF‘l'QF'l}

2 tr{(m)2 }

I

Corollary (2.2). Let Y be the same as in Lemma (2.1). If S, =1'qY and

2 tr {vqlqu} .

S, = quzg_ are symmetric quadratic forms, then Cov {Sl’ 82}

2
Var {sl}+ 2 Cov {sl, Sz}* Var {Sz}
2w {{v(g + 4% ]

2 {4r[(vQ)%] + 267 [V ¥g,] + & [(va,)°).

Proof: Var {Sl + SZ}
J

Var {Sl + 82}

i

k k
since tr ( Z Ai) = I tr Ai'
' i=1l i=l

Hence Cov {sl, sz} = 2 tr [VQVQ,] .

Lemma (2.2). Let Y be distributed according to the non-singular multivariate
nxl

normal distribution N( p , V ). Let S=Y'Q X be a symmetric quadratic
nxl nxn

form. Then,
s{s}=tr {(vm u) Qb= fval+ ' q g

® var{s}=2 tr {(wauu) wa}=2 tr {(VQ)Z} F4u' QUQy .
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In addition, if Sl =1 Ql Y and 82 =X Q2 Y are any two symmetric
quadratic forms, then

Cov {_Sl’ SZ} =2 tr {VQlVQz} + 4 p! Q v Q:2 TR

Proof: Perform the same double-diagonalizing transformation as in the

proof of Lemma (2.1); i.e., U =P' F Y. In this case, U is distributed according

n
to N(P'Fy, I ). as before, S=Y' QYL =U'DU= Zd v2.

= = 7= i

i=1l
2 2 N
Now U, U2,..., , are independently distributed and have non-central
chi-square distributions with one degree of freedom. The respective non-
centrality parameters are the squares of the elements in P' Fyu; i.e., if we
1
letd!' = (‘51, Bogees Bn) = (P'F u)» thenﬁl, 52,..., 5n are the respective

non-centrality parameters. As a result,

E {U’z}= 1+5§ for 1

1’ 2’ ...’ n;

Var U§}= 2+45§ for 1=1, 2, «c., N

f
L

Consequently, we have that

+

n n
E(S)=EJ T 4, Rl= =za, (1+87)
) {1=1 1 1} R i

=¢r (D) +8' DB

=4r (D) + u' F'P D P'F

tr (VQ) +'Qu
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. and

n 2 n o2 2
Var (S) = Var ¢ Zd, U V= £4° (2+ 45 °)
gop 14 4o i i

2 tr (D°) + 4 & %5

2 tr {(VQ)Z} + 4y F'PD%p Fu

2 tr {(VQ)Z} Y A P WFy

2tr {2} + 4w [ urFt et poury

2
2 tr J(V + ' Qv .
ri(Q)} Lu'QVQy

Cov {Sl, Sz} = %[ Var {Sl + 32} - Var {Sl} - Var {Sz} ]

=2 tr {VQl VQz} + 4 u' Q VQ2 iy

. . If Sl =1 Ql Y and S:2 =X Q2 Y where Ql, Q2 are symmetric, then
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