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ABSTRACT

B.C.H. Codes are ideals of the K-algebra K[G], where K 1is a finite
field and G 1is a cyclic group. We call "Abelian Codes" the ideals of K[G]
when G 1is any finite abelian group. For studying such ideals, we introduce a
tool which we have already used in [4] as '"The Fundamental Isomorphism', in the
case where G was cyclic. We call it here a Fourier Trahsform, briefly F.T.,
referring to [6]. The definition of the F.T., in the general case, requires,
with a slight modification, the H., Mann's treatment of "Characters of Finite
Abelian Groups" [8] of which use in [7]) is rather close to the present.

This leads to a generalization of B.C.H. theorem ot Abelian Codes, giving
their dimension and a lower bound for their distances. It is proved that all
Abelian Codes are neither isomorphic nor trivially obtained from Kronecker
products of cyclic codes.

Several classes of codes are given for which the exact values of distances
are established. Finally, an example is worked out of binary code with length

49, dimension 18 and distance 12, which requires a special proof.
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The proofs which are omitted here will be found in the paper "Abelian

Codes" submitted to Information and Control.

1. CHARACTERS OF ABELIAN GROuUPS, (Based om H. Mann [31.)
1.1. The dual group of an abelian group.

Let G be an additive group and let ([a] = {a,...,ai,...,ae=1} be a
multiplicative cyclic group of order e, where e 1is the exponent of G.
|G| = v 1s the order of G. A character x of G 1is a homomorphism of G

into [a)]. We define the swm of two characters x and X'
(1) x+x")(g) = x(8)x'(g), ¥geo6.
[a] being an abelian group, the sum of two characters is a character,

PROPOSITION 1. The set of characters of a finite abelian group G is an ad-
ditive group G*, disomorphic to G; G <is itself the group of characters of

G*.

Outline of the argument.

G 1is the direct sum of cyclic groups
(2) G = G1 P ... @ Gs H

and 1f gy is a generator of Gi’ i=1,...,5, every g in G may be

written uniquely as

(3) g = Zlgl + ... + lsgs

where Li is an integer modulo vy (vi = |G1|)' We then define s distinct

characters xj, j=121...,8, by

§,..elv
@ ey = 2L sge.



So every character may be written uniquely

(5) X = hlxl + ... + hsxs
where hi is an integer modulo Vs and the announced isomorphism is defined
by
(6) By ™ Xy 1i=1,...,s.
1.2,

The monomial representation of G and G*.

From (2), G 1is isomorphic with the group of s-tuples with the form

D Egseensty)

where Li runs over the set of integers modulo vy and we may thus represent

an element of G by the monomial

L. 2 )
(2) x11x22 X5, (briefly xB),

To the sums of elements of G will correspond the product of monomials;

and so G* 1is represented by a group of monomials with the form

hl hS
U;" .. U (briefly U%).
s
hiri
Now let r, = e/vi. If we substitute a to Xi in (2), we obtain
Znh,r 22 h,.r
(3 Ia 1171 al i1

Lyry
and so do we by substituting a to U1 in (3).

g considered as a character of G* 1is thus the monomial function 2,

and x 1is the function (3). We shall now write xg or gx for x(g) = g(X).
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2, Tre Fourier TRANSFORM OF ALBEBRAS OF ABELIAN GROUPs OVER INTEGER DoMAINS.
2.1. Integer Domain L.
Given an abelian group with exponent e, we consider any integral domain
L whose multiplicative monold contains a cyclic subgroup H of order e.
The characteristic of such a ring could not divide e.

We now consider the convolution L-algebra L[G].

2.2. The Fourier Transform.

Referring again to H., Mann [3], we represent an element of K[G]

(1) X = z xgxg, xg € K, ge@G.
g

for any subring K of L.

So, every character is extended into a K-homomorphism of K[G] into L,

by
20  x® = § xxs.
g
g
Now we define the Fourier Transform xt (briefly F.T.) of x ¢ K[G] by
3) xt = ) xtUX,

X X

where x; z x(x) as defined by (2).
According to the structure involved, xt may be understood to be the

Gk

second member of (3) or the e-tuple (x;) L.

xeG* €

ProrosiTION 2.1, For every subring K of Ll’ the F.T. is a K~-isomorphism
G+

of K[G] 1into L
2.3. The inversion formula.
The element nggxg of K[G] may be obtained from its F.T. by the in-~

version formula



1g . t, -1 _
- 5 xx(xg) X

Remark. By 2.2 (3) and 1.2 (3), vxg may be obtained as the image of the

polynomial function 2.2 (3) for the argument corresponding to -g.

2.4. Injectivity of the Fourier Transform.

The following statements are easily proved:

TheorREM 2.1,  For every subring K of L, the F.T. is a K-isomorphism of
LGl into IC .

1

1 belongs to L, w ~ 1is the F.T. and is an L-isomoyphism

COROLLARY, If v~
G*

of LLG] onto L

2.4. The ideals of K[G], when L is a field, algebraic over K.

We have

THEOREM 2.3, Every ideal of KLG1 is the direct sum of the minimal ideal that
it contains, considered as subspaces of KLG] over K.

Every minimal ideal, considered as a subring of K[G] is isomorphic to
some subfield of K(a). The dimension over K of an ideal T of KILG] is

v - min |{x]x(x) = o} .
xeT

THEOREM 2.4, 4 polynomial belongs to the F.T. of KIG] if and only if it is

fized by every Galois K-automorphism of L extended to LI[G].

(CROLLARY, The minimal supports of G* are the orbits of G* under the sub-

group of the Euler group of e <isomorphic to the Galois group of L over K.

Theorem 2.4 was proved for G cyclic in [4].



3. MAseLian Copes,
3.1. .Introduction.

Let K= F, and let G be the abelian group of type (3,3). It follows

2
from the corollary of Theorem 2.4 that G* 1is partitioned into five minimal

5

supports and hence that K[G] has 2~ 4ideals. Now the number of distinct

ideals having a generator with the form
(1) g(Xl,...,Xs) = gl(Xl)gz(xz)...gs(Xs)

is 24. A code generated by a polynomial with the form (1), we shall call a

geparate code.

3.2. Separate codes.
3.2.1. The support polynomial.

To every ideal C of K[G] corresponds a polynomial erJ X vwhere J
is the support of the ideal u-lc. We shall call such a polynomial the support
polynomial of the code C as well as of ite F.T. Ct.

We have

THEOREM 3.1, The three follawing statements are equivalent.
1. An abelian code is separable.
2. An abelian code is the Kronecker product of cyclic codes.

3. The support polynomial of an abelian code has the form

f(U,,...,U) = Il £,(U,).
1 s 1sjss 173
COROLLARY, Burton and Weldom (1965) [3). ILet (nyn,) = 1. A is a cyclic
code of length n, generated by a(X). B 1is a cyelic code of length n,
generated by b(Y). Then the Kronecker product of A and B 1is& a cyclic

code of length nm, generated by



Pyn P, n,n
g@) = a@ 2 v ! Hymodez L %-1),

where np D, = 1,

4, A GeneraL STATEMENT ForR THE B.C.H. THEOREM,
Let £(U) be the support polynomial of an abelian code. Let f(X)(U) =

Uxf(U). d(X) denotes the degree of f(x) in U, and f(x) is the coeffi-
d (X) 3 3

]

b
The apparent distance d*(f) of a polynomial £(U) 1is defined by

cient of U in f(x)(U)

d*(£) = max  max d*(£0)(v.-a¥) .
xeG* 1sjss 3 i3

Now, given an abelian code C with support polynomial uy, we denote by
F the set of all terms f that may be obtained by writing UJ = f4+g, with
f#o0o and of = f for every Galols automorphism. Then  the gpparent distance

d*(C) of a code C with support polynomial uy will be

3 min d*(f)
feF

where d¥%(f) 1is given by (2).

TrEOREM U.1. d*(C) 1ie a lower bownd for the distance of C.

5. ExaweLes oF ABeL1AN (oDEs.

5.1. Generalized first order Reed-Muller Codes.

The general support polynomial of such a code is

]

u, = Z Z ud
J lgiss os<jisv 1

\Y
BVZ cee Vsﬂq-l.
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StaTeMeNT 5.1, The generalized first order Reed-Muller codes, ideals of Fq[G],
where G tis the direct sum of 8 cyclic groups of order q°-1 have length
(qv-l)s, and dimension vs. The qu vectors of the code are partitioned

into s+l classes. The i~th clase, 1 = 0y...,8, contains

V.41 i
(2) (i) (-1 vectors of weight (¢°-1% 1 (q-1) (q "l)q"("l) .

The distance of the code is

3 N2 (@ -1 (e-D).

CoroLLArY 5.1, If (v,q-1) = 1, there exists a linear code over Fq with
length (q°-1)%/(q-1), dimension v& and weights and distances given by drop-

ping the factor q-1 in (2) and (3).

EXAMPLES, For q=3, v=23, s=2, Corollary 5.1 gives a code over Fy
with length n = 338, dimension k = 6 and distance 4 = 225.

Here k reaches the Plotkin bound.

5.2. A binary non separable abelian code C of length 49, dimension 18
and distance 12.
The support polynomial of the code is

£ _h £ b
ot ve o+ 7 vt v
osf,h<v osf,h<v

where q=2, v=a3, s=2,
A last remark. (After discussion with H. Maowm.)

H. Mann observes that an ideal of K[G] which is not a Kronecker product

of cyclic codes may become so by an automorphism of the group G* of characters



which would correspond to replacing each Ui by a monomial in the support

polynomial.,

Now, for Example 5.2, it may be seen that it is certainly not possible to

exhibit such an automorphism of G*.
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