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1. INTRODUCTION AND SUMMARY

Problems relating to measuring the agreement between theoretical
distributions and sets of observations, goodness-of-fit problems, have
been extensively investigated beéause of their practical importance.
Many omnibus and special purpose goodness-of-fit tests have been proposed
but an organized general theory is lacking. The development of the
conditional probability integral transformation (CPIT) theory by
O'Reilly and Quesenberry (1973) may bring more order to this ares of
research because it reduces many problems to the broblem of testing
uniformity on (0,1).

Let Xl’ ceey XN be a random sample from a distribution F. Then
if F is a member of a class & of continuous distributions a conditional
brobability integral transformation, depending on the class 3} will
transform Xis aeny XN into Uls eens Uy n <N, where the U3 i=1, ...,
n; are independently, identically and uniformly distributed on (0,1).

Thus a test of the composite null hypothesis

H: Fed (1.1)

can be reduced to testing the simple hypothesis

ot Ups +--, Uy are i.i.4. U(0,1) (1.2)

because if F¢7, then, in general, the Ui; i=1, ..., n; will not be
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i.i.d. U(0,1). The problem of testing uniformity and related distribution
theory has received considerasble attention in the literature, as will be
indicated in Chapter 2. Interest here is motivated by the need to find
test statistics which have good power properties against a wide range of
alternative distributions, especially for small sample sizes. If such
tests can be found, then they would be of immediate practical usefulness
because the null hypothesis (1.2) can be used to test many continuous
classes J. The advantage of this is considerable, since only one null
hypothesis distribution is involved and only one table of significance
points is required.

Any goodness-of-fit test for a simple null hypothesis may be used to
test (1.2). In this thesis a power study comparing nine test statistics
is reported. Two new test statistics are considered as well as seven
statistics which appear in the literature.

The alternative distributions used in the power study are defined
in Chapter 3. The random variables produced by the CPIT tend to cluster
together when the data are not from distribution specified by the null
hypothesis. The four families of alternative distributions selected
represent different types of clustering that have been observed in
Practice. The nine test statistics used in the power study and a
transformation proposed by Durbin (1961) to increase the power of the
test statistics are discussed in Chapter L. The emphasis of the power
study, described in Chapter 5, is on the effectiveness of these statistics

in detecting non-uniformity in small samples. Textbook examples of



simple linear regression have been transformed by the appropriate con-
ditional probability integral transformation in Chapter 6 to illustrate

the use of the method, and the usefulness of the power results reported

here,



2. REVIEW OF THE LITERATURE

Testing the goodness of fit of models to data is a major theme of
the statistical literature. Because of the development of the conditional
probability integral transformation by O'Reilly and Quesenberry (1973)
the concern here is with testing whether a set of random variables
Ul’ feay Uh are independently and identically distributed with a uniform
distribution on the unit interval.

There are several tests of goodness-of-fit of wide applicability.
The statistic that is perhaps the most widely known and used is called
¥ or chi-square, and was proposed by Karl Pearson (1900). The paper of
Cochran (1952) is an excellent discussion of this test statistic. The
statistic is the sum, based on arbitrary class groupings, of the ratios
of the square of the difference between the numbers of data points
observed in the clasgses and the numbers expected in the classes under
the model hypothesized to the numbers expected. Kolmogorov (1933)
proposed a statistic, here called the Kolmogorov-Smirnov statistie,
which is a function of the largest difference between the empirical
distribution function of the data and the distribution function hypo-
thesized. Cramé} (1928) and von Mises (1931) independently proposed a
test statistic which is the integral of the squared difference between
the empirical distribution function of the data and the hypothesized
distribution function. The paper of Darling (1957) is a unified
discussion of these two test statistics. Watson (1961) proposed s

/
variant of the Cramer-von Miges statistic, W2, which



"has the form of a variance while W2 has the form
of a second moment about the origin, i.e. the
modification corresponds to a correction for the
mean,"

Anderson and Darling (1952, 195k) proposed another modification of the
Cramé}-von Migses statistic in which the tails are given greater weight.
Consider a random sample X)s +eey X 0D (0,1). Let X(1)s e X(p)

be the order statistics of this sample and define
vy = X3y - x(i-l)’ i=1, ..., n+1, (2.1)

where X(O) = 0 and X(n+l) =1, The Vi 1= 1, ..., n+ 1 are called
spacings or coverings. Although discussed earlier by Whitworth (1887)
and others the development of goodness-of-fit tests baged on spacings
received its principal impetus from Creenwood (1946). To test the uni-
formity of the sample he proposed

n+l 2
G = 2 y5, (2.2)
n -, i

i=1

as a test statistie. Moran (1947) showed that G, becomes normally
distributed as n = ». CGardner (1952) found the exact distribution of
G5 which stimulated Moran (1953) who was able to find the lower one
and five percent points of Gn for n < 9.

The paper of Greenwood and its discussion stimulated a geries of

papers proposing other statistics. In a series of short papers Weiss

(1955, 1956, 1957a, 1957b, 1957c, 1958, 1959, 1961) carried forward



the theoretical development of statistics based on spacings, mainly

from the asymptotic point of view. Kimball (1947, 1950) proposed

n+l r
K = 2 y., r>o0. (2.3)
n iz1 1

Sherman (1950), following a suggestion of Kendall in the discussion of

Greenwood's paper studied

n+l -
S, = 2 vy - 551, (2.4)
i=1

as a test statistic for uniformity. Kendall, in that same discussion,
also suggested the largest spacing minus the smallest and the ratio of
the largest to the smallest as test statistics for uniformity. Darling
(1953) found their limiting distributions in a survey paper and suggested

two more test statistics

n+l
L = .Z) nys, (2.5)
i=1l .
and,
n+l -1
R = 2 y.-. (2.6)
n X i
i=1

Bartholomew (1954) computed some tables of Sn and noted a connection
with exponentially distributed random variables. If ti, i=1, ..., n,

are exponentially distributed with common parameter A, then

6



n+1

1 |
Th = 2Dt El Ity -

tl, (2.7)

_ 1 nfl
where t = —= 2, t,,
g 1

has the same distribution as Sn. Bartholomew
(1956) compared Tn as a test of exponentiality with several other
statistics. Pyke (1965) wrote a survey paper on spacings in which he
included work by Proschan and Pyke (1962).

Mauldon (1951) studied the distribution of the k largest spacings.
Fisher (1929) had solved the problem for k = 1. Barton and David
(1955, 1956a, 1956b) derived the distribution of the sum of & set of
consecutively ordered spacings, the difference of two ordered spacings
and the ratio of two ordered spacings and proposed them as tests for
uniformity.

Blumenthal (1966a, 1966b, 1967) studied the difference between the
largest and smallest spacings and their ratio as test statistics for
the two sample case.

David and Johnson (1948) considered the probability integral trans-
formation when location and scale parameters appearing in the distribution
function are replaced by estimates computed from the sample. They showed
that the transformed sample values using such an estimated distribution
function have distributions that do not depend upon the location and
scale parameters. Lilliefors (1967, 1969), guided by this result, defined
a Kolmogorov-Smirnov type statistic by replacing the usual null hypothesis
distribution function in that statistic by the estimated distribution
function of David and Johnson for the normal and exponential distributions.

Quoting from the David and Johnson paper:



"... we have noted that given n independent random
variables, x, if s sample moments are calculated from
them and used as estimates of the parameters of the
probability law, then it appears that there will be

s independent relationships between the y's. Thus in
this case the point y., ..., y, is constrained to move
in an n-s dimensioned space within an n dimensioned
cube, and we have the exact analogue to the loss of
degrees of freedom with X2 when the parameters have
to be estimated from the data. .... one may seek for
some transformation of variables so that instead of
the correlated vy we obtain n-s new independent vari-
ables following Some distributions which are independent
of the original p(x)."

O'Reilly and Quesenberry (1973) show that certain conditional distribution
functions may, under general conditions, be used to transform a sample
from an arbitrary member of a parametric class into a set of N-k i.,i.d.
U(0,1) random variables and a k dimensional sufficient statistic. This
result 1s called the conditional probability integral transformation
and provides a method for constructing goodness-of-fit tests for many
composite null hypothesis classes. Obviously, it is desirable to use as
the test statistic for uniformity a statistic with good power properties
for detecting various deviations from uniformity. It is this point ﬁhich
has motivated the present work.

The paper of Stephens (1974) contaings a power study comparing seven

— statistics as tests of uniformity on (0,1).  Four of these test statistics

are included in the nine test statistics evaluated here. The shapes of
his alternative distributions are the same as those considered here, and

“two distributions are common to both power studies.



3. ALTERNATIVE DISTRIBUTIONS

3.1 Introduction

Empirical experience with the conditional probability integral
transformation has shown for a fairly large number of different null
hypotheses and alternatives that under the alternatives certain patterns
for the random variables produced by the transform (observations) appear
quite often. One such pattern is for the obgervations to be pushed toward
one end of the unit interval. A second pattern of interest is for them
to tend to cluster near the center of the (0,1) interval. Another
pattern of interest is for the observations to cluster at both ends of
the (0,1) interval. These last two patterns would be expected for
intersection (N) and union (U) shaped alternatives, respectively. The
families of alternatives defined in the next section are of these types.
Each family contains the uniform distribution, indexed as i = O, and as
i increases the distributions increasingly become less uniform and

concentrate at the middle, or one, or both ends, depending on the family.

3.2 Families of Alternative Distributions

The first family, powers of uniform random variables, increasingly
concentrates the probability mass near zero as i increases.

Let U be a U(0,1) random variable and define

T, = w12, 2, 3, L. (3.1)
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Then Yli has density function

hy ) = (/@) Y 1 @) ie e, 5, 0
(3.2)
where I(O,l) (y) =1 if 0 < y < 1 and 0 otherwise.

Graphs of these densities are given in Figure 3.1. This is called
the Type 1 family of alternatives. The second family, averages of uniform
random variables, increasingly concentrates the probability mass near
.5 ag i increasges.

Let

1+i

YEi = (l/(l+i)) kz)]_ Uk’ i=1,23, b, (5'5)

The Y2i have densities shown below, as given by Wilks (1962) and due to

laplace (181k).



Figure 3.1

ORNL-~DWG 73-8143

Type 1 Family of Alternative Distributions

11
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h-y, O0<y < .5
b, (y) = (3.4)
b -bhy, BS<y<l.
2
9V, 0 <y< .33,
h,(y) =3/2{-185° +18y-3, .3<y< .67, (3.5)
9y -18y+9, .b7<y<Ll.
f6hf, 0<y< .25
2
-l92y5+192y-l+8y+h, 25 <y < .5

ho5 (v) = 2/31
23 102 30 - 38k y° +2h0y - bk, S5 <y<.T5

\-6h ¥ + 19230 - 192y + 6, .75 <y<Ll.
(3.6)
( L
625 y , 0<y<.2,
L f 2
-2500 y' + 2500 ¥ - 750 y© + 100 y - 5, 2 <y <

hy, (¥) = 5/24 {3750 y' - 7500 ¥ + 5250 y° - 1500 y + 155, A<y < .6,
(-2500 yl‘ + 7500 y5 - 8250 y2 +3900 y - 655, .6<y<.8,

625 ¥ - 2500 ¥ + 3750 ¥° - 2500 y + 625, B <y<il.

(3.7)
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Graphs of these densities, called the Type 2 family of alternatives,

are given in Figure 3.2. The third family, U-shaped distributions con-
structed by combining distributions of Type 1, increasingly concentrates
the probability mass near O and 1 as i increases. For U a U(0,1) random
variable and D an independent random variable with p(D = 0) = P(D = 1) = 3,

let

Ty = pot*t 4 (1-p) (-uth), 1 -1, 2, 3, L. (3.8)

The Y. 5 have densities

3

nyy () = (1/20)) YO b gy Oy 1 )

Graphs of these densities are shown in Figure 3.3,

The fourth family of distributions, a rearrangement of the disgtri-
butions of the second family to produce U-shaped distributions, also
increasingly concentrates the probability mass near O and 1. The two
families differ in that distributions of Type 4 are more broadshouldered

and less dense near .5 than distributions of Type 3. Let

Bg = (g +09) To 5y (Gg) * (Tp5 = 25) I( 5 1y (Tpy),
(3.10)

where the densities of the Y ., i =1, 2, 3, k are (3.4), (3.5), (3.6)

and (3.7). The density functions by , are graphed in Figure 3.4 for

i=1,2, 3,4,
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L, TEST STATISTICS

4.1 Introduction

There are many tesgt statistics which can be used to test the null
hypothesis that Ups veey U, are i.i.d. U(0,1) random variables. The
performance of nine of these statistics is compared in this thesis.
The discrete Pearson Xi statistic i1s considered for k = 10, 20 cells.
Five well-known test statistics with continuous distributions are
congidered: the Kolmogorov-Smirnov, the Cramér-von Mises, the Watson,
the Anderson-Darling, and a statistic proposed by Greenwood. Two new
test statistics with continuous distributions to be defined below are
also studied. In addition, a transformation proposed by Durbin to
improve the power of tests of uniformity on (0,1) has been studied.
Some of the statistics considered here have previously been mentioned

in Chapter 2, but are defined here for completeness.

k.2 The Pearson Xi Statistic

This statistic is discrete and tables of possible values for
k = 10, 20 were computed for the sample sizes used in the power study
(2, 5, 10, 15, 20 and 50). These tables, and the routines necessary to
compute them, are discussed in Appendix 8.5. Because of the discreteness
of the statistic a randomization procedure was reéuired to obtain exact
O tests to compare with the other test statistics. If A is any set
denote by IA the indicator function of the set A, i.e., IA(x) =1 1if
xcA and is zero otherwige. ILet k be a positive integer greater than

one and let pl, seey P be positive numbers such that Py + oo, pk = 1.
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J-1 J
Let B, = {x: 2 P, <x < 2 p.} for j=1, ..., k and b, = 0. Then put
J 1=0 o
n
ny = ;;1 Iy (Ui), j=1, +.., k. (%.1)
= J

If Uy, ».., Uy are i.i.4. U(0,1), then the vector (nl, ...,,nk) has a

multinomial distribution with probability parameters Pis cees Py and

nl +oeee + nk = n. The statistic
k 2
X = Z (- np)%/np, (1.2)
3=1 J J dJ

has a discrete Pearson Xi distribution. As in O'Reilly and Quesenberry
(1973), the values Py = +es =D = 1/k will be used here. With this
choice of pj's the interval (0,1] is partitioned into k intervals of

length 1/k each: B, = {x: (3-1)/k<x<3j/x}; 3=1, ..., k; and

k
Xi = (k/n) .Zi n? - n. (4.3)
J:

4.3 The Kolmogorov-Smirnov Statistic

vee, U,

For U(l)’ ceny U(n)’ the order statistics of the sample Ul’ N

the statistic suggested by Kolmogorov (1933) is given by

D = max
ie{1l,...,n

) [max {lU(i) - (i-1)/n|, IU(i> - i/n|}].
(4.4)
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This is a well-known statistic and tables for its distribution when

Ul’

and Hartley (1972). For this statistic, and others when possible, the

+es, U are 1i.i.4. U(0,1) are available in Miller (1956) or Pearson

notation of Pearson and Hartley is used.

4.4 The Cramér-von Mises Statistic

A well-known statistic suggested by Cramér (1928) and independently

by von Mises (1931) is given by

W

© -2+ 2 [(21-1)/en - Uy T (%.5)

[EN
i B

This statistic is also tabled by Pearson and Hartley (1972).

4.5 The Watson Statistic

A statistic suggested by Watson (1961) and tabled by Pearson and

Hartley (1972) is
@=ﬁ+nm-5ﬁ (4.6)

where Wi is defined in (4.5) and U is the mean of the sample U, ...,.Un.
Testing revealed that the critical values of Pearson and Hartley (1972)
are inadequate for small n., The percentage points of Ui were tabulated
by Monte Carlo methods for n = 2(1)10. For each value of n, 27,000
samples of size n were drawn from the U(0,1) distribution. The ensemble
of 27,000 Ui values was sorted and percentage points printed out. The

sample size of 27,000 was chosen, using the results of Massey (1951), so
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that the probability of the empirical distribution function deviating
from the true distribution functions py more than .0l in absolute value
is less than .01l. The ecritical values of Ui tabled in Pearson and
Hartley were developed by M. A. Stephens who found that, for the critical
values tabled, [Uﬁ - 1/(10n) - l/(lOnE)] [1 + .8/n] is independent of n.
The .1, .05 and .0l critical values of the modified Watson statistic
are .152, .187 and .267, respectively. Below aré critical values obtained
by Monte Carlo methods and their modified values., The values of Stephens
are adequate at the .1 and .05 levelg for n > 4 and at the .0l level for

n>9,



TABLE 4.1

Empirical Critical Values of Watson's U2

21

v mod

n =.1 o=.05_  a=.,01 |o-= a=.05_ _a=.01
2 Jdh2 154 164 164 .181 .195
3 LT 173 .213 .158 191 2h2
L L5 175 .230 .152 187 .25k
5 LT 176 237 152 185 256 |
6 148 179 243 151 .187 .260
7 J148 .180 2hT .151 .187 262
8 .19 .182 2hg 152 .188 262
9 .150 .183 .258 152 .189 .270

LSS .181 .255 .151 .185 265

10
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4.6 The Anderson-Darling Statistic

Anderson and Darling (1954) suggested a statistic, tabled by Pearson

and Hartley (1972) of the Fform

n
By = <"{ o B bnugy Wl‘U(nﬂ-i))W“) s )

4.7 The Greenwood Statistic

Greenwood (1946) proposed a test for uniformity based on differences
of ordered observations (spacings). For U(l)’ ceu, U(n) as before,
U(O) = 0 and U(n+1) =1, the statistic is
n+l

G, = 2 [u
J=1

ORRTENy -8)
Although this statistic is not as well known as some of the other
statistics considered here, there is, in fact, a rather large literature
devoted to it. Moran (1947) showed that as n — G, 1s normally dis-
tributed with mean 2/(n+2) and variance L [(n+6)/[(n+2)(n+5)(n+h)]
-1/(n+2)} although the asymptotic distribution is approached slowly.
This effect is more pronounced for the lower percentage points, in which
both Greenwood and Moran were interested, than in the upper percentage
points, as can be seen by examination of Figures h.1, k.2, 4.3 and L.k
in which the estimated distribution functions obtained by Monte Carlo
methods are compared with normal distributions with mean and variance

as above,
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The minimum value of Gn is attained when the spacings are of equal
size, 1/(n+l), while the maximum, 1, is attained when the Uy =1, .0y m
are all either O or 1. The percentage points of Gn have been tabulated
by Monte Carlo methods for n = 2(1)50(5)100. For each value of n, 27,000
samples of size n were drawn from the U(O,l) distribution. The ensemble
of 27,000 Gn values was sorted and percentage points printed out. The
sample size of 27,000 was chosen, using the results of Massey (1951),
so that the probability of the empirical distribution function deviating
from the true distribution function by more than .01l in absolute value
is less than .0l1. The random number generation algorithm used in this
thesis is described in Appendix 8.1, while selected percentage points

of Gn are tabled in Appendix 8.2.

4.8 The Statistic Qh

While Gn does reflect the size distribution of the sample spacings
it does not contain information about uniformity provided.by the order
in which these spacings occur. The inclusion of information of this
type should increase the power of test statistics to detect non-uniformity.
A first step is to include "nearest neighbor" informstion and the statistic

is defined as

n
=G + 2 [U,.y ~U,, .\][u,. -U,, b,
TG ) V! Pay - Yl G9)
where as before U(O) = 0 and U(n+l) = 1. The statistic Qn does not attain
its minimum value when the spacings are of equal size., The spacings which

lead to a minimum value of Qn are discussed in Appendix 8.6.
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4.9 The Statistic QM

The success of Qh relative to Gn in detecting non-uniformity on
(0,1) 1led to consideration of a statistic whidh contained products of
greater numbers of spacings. Let U<1), coey U(n) be the order statistics

of a random sample of size n drawn from U(0,1). Put vy = U(i) - U(i-l)’

i=1, ..., n+ 1, where U(O) = 0 and U(n+l) =1l. Let
(3) _ 1/(1+3) i=1, ..., n+1- 3, L
87 = (g ¥yug oen iyy) ’ =1, ..., n, (+.10)
() (3) (3) (3)
Let d(l)’ ceey d(n+l—j) denote the ordered values of dl y eeey dn+1-j'
Put
L L
\ 2 . .
FLE I dg‘B - i, dgg J=0, vu., ky (&.11)
i=L i=1 :
1
- - g |Btl=g - - _|ntl-j
where Ll =n + 2 - j [ > 5 L2 =n+ 1=~ 7, L3 = 5 s
k= [(EE?Q ] and [x] is the greatest integer in x. Then
M = d(o) + d(l> + oo, 4 d(kl (h.12)

The statistic QMh cannot be negative and is zero for v = l/(n+l),
i=1, ..., n+1.

The percentage points of QMh have been tabulated by Monte Carlo
methods for n = 2(1)50(5)100. TFor each value of n, 27,000 samples of size

n were drawn from U(0,1) distribution. TFrom each of these samples QMh was
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computed and the ensemble of 27,000 QMh values was sorted and percentage
points printed out. The sample size of 27,000 was chosen so that the
probability of the empirical distribution function deviating from the
true distribution function by more than .01 in absolute value is less
then .01. The 50, 75, 90, 95 and 9% points of QM are tabled in

Appendix 8.k.

4,10 The Durbin Transformation

Durbin (1961) proposed that the random variables U(O)’ U(l)’ ceey
U(n+l) be transformed to another set of values before a test of uniformity

is performed. The Durbin transformation is made as follows. Put
yi = U(i) - U(i-l); i=1, ..., n+ 1; (LP.lB)
and

g = (n+2-1) (y(i) - y(i-l)); i=1, ..., n+ 1 (b .2k)

W = E 8.3 r=1, ..., n, (h.15)

Durbin (1961) showed that if U(l)’ cee, U(n) are order statistics of
a sample from a U(0,1) distribution, then (Wi, cee, Wh) and

(U(l)’ coey U(n)> are identically distributed. Quoting from Durbin:
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"It might be asked what has been gained by trans-
forming to a set of values which have the same dis-

tribution as have the values we started with. The
answer is that we hope to gain power."

Since interest here is primarily in finding statistics with good power
for testing uniformity against a range of alternatives, Durbin's remark
is highly relevant. Thus for each of the nine statistics described
above; a new statistic was computed by first performing the Durbin

transformation. This, in effect, doubles the number of test statistics

studied here from nine to eighteen.
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5. THE POWER STUDY

5.1 Introduction

Four members of each family of alternative distributions, corres-
ponding to i =1, 2, 3, 4 were used in this power study. This was an
engineering decision based, not only on the shape of their density func-
tions, but also on the degree of contrast between the power results of
i1=1and i =4 in the four families. The sample sizes of 2, 5, 10,
15, 20 and 50 were chosen to span the "small sample" range as well as
give an idea of medium sample properties (n = 50). For the power study
10,000 samples were drawn for each sample size for each of the 16
alternative distributions and the nine test statistics were computed
both before and after application of the Durbin transformation to each
sample. The tables in Appendix 8.7 display the percent rejected by the

test statistics for the ¢ levels of .1, .05, and .0l.

5.2 The Durbin Transformation

The tables in Appendix 8.7 contain two entries for each statistic--

sample size--alternative distribution combination. The left entry is

the percent of samples rejected when the Durbin transformation was not
used while the right entry is the percent of samples rejécted when the
Durbin transformation was_used. The transformation did not improve power
in over 724 of the tabled positions and in particular it did not improve
the power of the best statistic for any alternative distribution nor
boost & competitor into first Place. It did not improve power for any

statistic againgt the Type 1 family of alternatives. The transformation
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slightly improved the power of the Kolmogorov-Smirnov statistie, Dn’
and the Cramér-von Mises statistic, W2, for the other three families
of alternatives and, in addition, slightly improved the power of A, G,
Q and QM for type 2 alternatives. Therefore, it is not recommended
and will not be further discussed in the following sections of thisg
chapter. Durbin's hope that the transformation would generally increase

power appears to be not realized.

5.3 Type 1 Family of Alternative Distributions

Tables 8.4 - 8.6 of Appendix 8.7 list the rejection rates of nine
teét statistics for the Type 1 family of alternative distributions for
@ levels of .1, .05 and .0l. The Anderson-Darling statistic, A, in
the notation of Pearson and Hartley (1972), uniformly dominates the other
test statistics. No statistic suffers an extreme logs of power relative
to A although Xio, Xgo, and UE are the least preferred; G, dominated by
Q and QM, is next while D and W2 most closely approach A in terms of

success in rejecting these alternative distributions,

5.4 Type 2 Family of Alternative Distributions

Tables 8.7 - 8.9 of Appendix 8.7 list the rejection rates of nine
test statistics for the Type 2 family of alternative distributions. Only

Xio, Xgo and the dominating statistic U2 fail to suffer g catastrophic

loss of power for these alternative distributions. Of the discrete tegt

2
20°

mentioned that D is poor at detecting differences in the tails. Apparently

statistics Xio is preferred to X Durbin (1961) and Holm (1969) have

the other statistics share the same defect, at least for this alternative

family.
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5.5 Type 3 Family of Alternative Distributions

The rejection rates of the test statistics for the Type 3 family of
alternative distributions are bPresented in Tables 8,10 - 8.12 of Appendix
8.7 for o levels of .1, .05 and .0l. The dominant test statistic is A,
followed by QM, Q and G, then U2, then D and W2. The X2 statistic is the

least powerful for n <5 but is superior to D and W2 for n > 5,

5.6 Type b Family of Alternative Distributions

A test statistic based on sample spacings, Q, dominates the power
comparisons of Tables 8.13 - 8.15 for the Type 4 family of alternative
distributions. The X2 test statistics are least powerful, then QM, D,

W2, A, e and G in order of increasing power,

5.7 Comparisons Among Tegt Statistics

For purposes of discussion the test statistics can be divided into
three groups: discrete, those baged on sample spacings, and the remsinder.
The statistic Xio dominates Xgo for Types 1, 2 and 4 alternative distribu-
tions and is not seriously inferior for the Type 3 distributions. The
relationship between G, Q and QM is more complex. The statistic G is
dominated by Q for alternative distributions of Types 1, 3 and 4 while
the reverse is true for the Type 2 alternative distributions, where
neither has appreciable power for small sample sizes. The test statistic
QM, although most powerful of the three for alternative distributions of
Type 3 is apparently not a consistent test statistic for Types 2 or 4
alternatives. As i increases the probability of rejection decreases for

larger sample sizes. The Q statistic is preferred among these three. It
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is most powerful for Type 4 alternative distributions, a strong contender
for Type 3 distributions and superior to G and QM for Type.l distributions.
Of the remaining four test statistics only Watson's U2 is competitive
against Type 2 alternative families. It also has good power against Type
L distributions. The Anderson-Darling test statistic, A, dominates the
comparisons for alternative distribution families of Types 1 and 3. The
Kolmogorov-Smirnov statistic, D, is dominated by the Cramé}-von Miges
statistic, W2, for Type 1 alternative distributions and along with W2 has

poor power for Types 2, 3 and 4 families of alternatives.

5.8 General Conclusions

For each family of alternative distributions there is one test
statistic which dominates all the others, except, perhaps, for some o
levels for samples of size 2., TFor Type 1 and Type 3 alternatives the
most powerful test statistic is the Anderson-Darling statistic, 4;

Tor Type 2 it is Watson's U2, while Q is the most powerful test statistic
for alternative distributions of Type k.

From these results it is apparent that none of the eighteen statistics
is best for all alternatives. Indeed, it is felt that there is little
hope that such a test statistic exists. However, it is felt that if one
of these test statistics is to be used exclusively a good choice isg
Watson's U2. The U2 statistic is best for Type 2 alternatives, competi-
tive for Type 4 alternatives for all except the smallest sample sizes
(n = 2, 5) and does not suffer a catastrophic loss of power for alterna-
tive distributions of Types 1 and 5., The U2 statistic also appears to

be unbiased for all alternative distributions considered here.
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It may also be noted that some pairs of statistics have complementary
properties. For example, U2 competes less well against those alternatives
for which A performs well (Types 1, 3 and 4); and, conversely, when v°
is best (Type 2), A performs poorly. Finally, with increasing sample
size the power for most of the statistics increases rapidly and many of
the tests give reasonable power for samples as small as ten, The paper
of Stephens (1974) contains a similar power study using alternative
distributions of the same general shape as the families of alternative
distributions discussed here. Seven test statistics are included in the
power study of Stephens although only four are represented for each sample
size used for each of the seven alternative distributions. The power
studies are directly comparable in that two alternative distributions
and four test statistics are common to both. The power results of
Stephens are based on "at least 1,000 samples” and are reported for
& = .1. The i = 1 member of the Type 2 family of alternatives is common

to both power studies for samples of size 10 and 20.



TABLE 5.1

Comparison with Stephen's Results for Type 2,
1 = 1 Alternative Distribution

Percent of Samples Rejected

Sample Size D W2 U2 A
Stephens 10 9 7 Ll 6
Miller 10 11 9 L 5
Stephens 20 25 25 7 28
Miller 20 27 27 78 28

The i = 1 member of the Type 4 family of alternative distributions is

also common to both power studies for samples of size 20.

TABLE 5.2

Comparison with Stephen's Results for Type k4,
i = 1 Alternative Distribution

Percent of Samples Rejected

Sample Size D W2 U2 A
Stephens 20 b7 L 7 S
Miller 20 L7 L1 78 Sk

The agreement between the two power studies is quite good and U2 also

emerges from Stephens' power study as the statistic of choice,
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6., APPLICATIONS

6.1 Introduction
From the foregoing results it is felt that Watson's U2 statistic
composed with the conditional probability integral transformation
(CPIT-UE) will provide a reasonable goodness-of-fit test for a large
class of statistical models. The simple linear regression model is
important in practice and the CPIT-U2 method of testing the model will

be illustrated here using data from examples in well-known textbooks.

6.2 The Transform for Simple Linear Regression

The conditional probability integral transform for simple linear

regression is of the following form. Define X/ = ...l , X = (1 x.),
S T Y h

4 I » .
V.= (¥ «oe ¥y,), and t! = ( §} V. g) X, y.); j=U4, ..., N. Under
23 1 3 3 jo1 L4y 1%

the null hypothesis that the yj's are normally and independently
distributed with mean BO + Bl xj and variance 02; BO, Bl and 02 assumed

unknown; O'Reilly (1971) showed that

ol

. ’ ’ -1
. (J-?) (yj - X (Xj XJ.) §j>

3 7 ’ -1 ’ ) -1 2
1-x! (XX, s -y - x! @ x)t s,
{[ x5 (X5 %5) Ea] 5P E %) "J] }

i

)

wl

(6.1)

where Sj = y3 E[- Xj (X3 Xj)-l Xé] Y5 is distributed as student's t
with (j-3) degrees of freedom for j =4, ..., N, Let
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. v, =2
U, = FHJf)/EJ fJ [1+t2/(3-2)] 2 at; =L, ..., N
I In (3-3)1F 1L (3-3)/2] ‘e 6.2)

If the null hypothesis mentioned above holds, then the Uj; J=bk, ..., N
are i.i.d. U(0,1). A subroutine to calculate the Vj’ j==4, ..., Nis

listed in Appendix 8.8.

6.3 Examples

Seven sets of data, used as examples of observations following the
simple linear hypothesis, were selected and subjected to this conditional
probability integral transformation. The uniformity of the resulting

numbers was tested using Watson's U2 statistic as modified by Stephens

(197k).

6.3.1 Yield of Dressed Grain as a Function of Year

Fisher (1963) used the difference between two types of fertilizer
in yield per acre of dressed grain as a function of year of harvest for
30 consecutive years as an example of simple linear regression, The
CPIT-1° statistic computed from equations (6.1) and (6.2) for this set of
data is .115. The critical value for a = .1 is .152 so the model

assumed by Fisher seems reasonable.

6.3.2 Food Consumption of White Leghorn Hens

Steel and Torrie (1960) used the food consumption of 50 white
leghorn hens as a function of their average body weight for ten straing

as an example of simple linear regression. The CPIT-U2 statistie for
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this set of datas is .112. The critical value for o = .1 is .152 so the

model assumed seems reasonable.

6.3.3 Horses on Canadian Farms as a Function of Year

Steel and Torrie also used the number of horses on Canadian farms
as a function of the year for a five-year period as an example of simple
linear regression. The CPIT—U2 statistic for this set of data is .082.
The critical value for & = .1 is .164 so the model assumed by Steel and

Torrie seems reasonable.

6.3.4 Wormy Apples as a Function of Crop Size

Snedecor and Cochran (1967) used the percentage of wormy apples as
a function of crop size for 12 trees as an example of simple linear
regression. The CPIT-U2 statistic for this set of data is .1k1. The

critical value for & = .1 is .152 so the model assumed seems reasonable.

6.3.5 Gain in Weight as a Function of Initial Weight in Rats

Snedecor and Cochran also used the gain in weight as a function of
initial weight for 15 female rats as an example of simple linear
regression. The CPIT-U2 statistic for this set of data is .182. The

eritical value for o = .05 is .187 so the model assumed seems reasonable.

6.3.6 Lobster Catch per Unit of Effort

Anderson and Bancroft (1952) proposed that a simple linear regression
Vmodel be used to relate total lobster catch per unit of effort for 17

time intervals. The CPIT-U2 statistic for this set of data is .188.
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The critical value for o = .05 is .187 so the model doeg not seem
reagonable, It is possible that the decrease in variability with

increase in catch caused the rejection.

6.3.7 Disposable Income as a Function of per Capita Income

Anderson and Bancroft also suggested a simple linear regression
model for the relationship between disposable income and per capita
income, both adjusted for the cost of living, for 20 years. The
CPIT-U2 statistic for this set of data is .285. The critical value
for ¢ = .01 is .267 so the model does not seem to be appropriate. It

is possible that an extreme data point caused the rejection.
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APPENDIX 8.1

Random Number Generation

The algorithm used to produce U(0,1) random numbers for the power
study and evaluation of the critical values of the test statistics is of

IS o)
the multiplicative congruential type. The generator is 51) (mod EBL).

This generator has a period of 2&6 and no cycle smaller than 246.
Let A = 557 (mod 2°9), P = 20 ang t_=1. Then
b= A t (mod P). (8.1)

Now t =P {%E} where {x} is the fractional part of x and U, = {%:} where
Uh is the nth pseudo random number drawn from u(o,1).

About 1.5 x 227 random numbers were used, none more than once. It
took 55,323,000 random deviates to estimate the critical values of each of
Gn’ Qh and QMh; 23,085,000 were used to estimate the repeatability of
some Qh critical values and 17,340,000 were used in the power study.

The algorithm used to generate the random numbers is listed below.



FLTRN
*

Random Number Algorithm

STAET
FUNCTION FLTRNPF (0)

* PROGRAM AUTHOR J. G. SULLIVAN

* OAK RIDGE NATIONAL LABORATORY, ORAK RILGE, TENNESSEE

PLUS

Q

ZERO
SAVE
RNDOM
RANDCH
GENERA

USING *,15
STM 0,4 ,SAVE

L 4,Q

USING RANDOM,4

L 1, RANDOM+4
M 0,GENERA
LTR 0,0

BC 10, ELUS

A 0,GENERA
ST 1.,RANDON+4
ST 0,SAVE

L 1,RANDON

| 0,GENERA
AL 1,SAVE

STH 1,RANDOM+2
LD 0,ZERO

AL 0,RANDON
LM O,4,SAVE
ER 14

nC A (RANDOM)
LS 0D

DC X'4200000€00000000"
LS 7F

CSECT

bDC Xt420000071AFL498D?
neC X*1AFDU98D!

END

b
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APPENDIX 8,2

Critical Values of Gn

The critical values of the test statistic Gn listed in Table 8.1 are
percentage points of empirical distributions obtained by Monte Carlo
methods. The behavior of some critical values, as a function of n,
is shown in Figure 8.1. The description of GQ was partially tabled by

Greenwood (1946). The values obtained by Monte Carlo are compa,red,

below with those given by Greemwood.

P(G, < g,)

g, Greenwood Monte Carlo
L 2h3 2U6
L1667 486 483
533 692 .691
6 .805 .805
667 .879 .880
.733 .929 -931
.8 .96k -965

The distribution of G3 was partially tabulated by Gardner (1952). The
values obtained by Monte Carlo are compared below with those obtained

by Gardner.



2875
+325
3533

L75

525

55
61k

P(G3 <sg
Gardner
.091
.258
301
.600
.80k
.8483
.881
.922
LOlk
976
.98l
.996

3

)

Monte Carlo
.092
.26
30
.600
.80k
845
.878
.905
.O48
.98
«995

> 2999

Lo
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@ N O U

10
1n
12
13
h
15
16
17
18
19
20
21
22

23

.120
113
.107
.101
096
.092
.088
.08k

.081

077

TABLE 8.1

Upper Percentage Points of Gn

221
.201
.18k
.169
156
LT
137
129
.122
115
.109
.10k
099
095
.091

.087

382
331
295
262
237
215
.198
.182
170
.158
.148
.139
132
A25
.118
112
107
.103

099

112

107

.892
75k
.639
Skl
D67
L09
.369
332
.301
276
2L
233
.215
.203
.185
178
167
156
b7
k1
135

.128
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2l
25
26
27
28
29
30
31
32
23
3h
35
36
37
38
39
Lo
L1
Lo
43
Ly
k5
Lé

TABLE 8.1 (continued)

.083

.080-

077
075
072
.070
.068
.065
.063
062
.060
.058
057
055
.05k
.052
.051
.050
.09
048
LOLT
.0k6
045

095
.090
.087
.08k
.081
.078
075
073
071
.069
.066
065
.063%
061
059
.058
.056
055
.05k
.052
.051
.050

.09

.102
.098
.09k
.091
.087
.08k
.082
.078
076
LOTh
.071
.069
067
065
.06k
.062
.060
.059
057
.056
.055
.053
.052

123
117
112
.108
.103
.100
.096
.092
.088
.086
.08k
.081
.078
076
0Tk
071
.069
.068
.066
.06k
.063
.061

-059
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L7
18
ko
50
55
60
65
70
75
80
85
90
95

100

L0l
.039
.038
.038
.03k
032
.029
.027
.026

.024

023

021

.020

.019

TABLE 8,1 (continued)

Oy

043
.oh2
Okl
037
.03k
.032
.030
.028
.026
.02L
.023
.022

021

.048
LOhT
046
.0h5
LOk1
037
.03k
.0%2
.030
.028
.026
.025
023

022

.058
057
-055
055
.0k9g
LOlk
.0ko
.038
.035
.032
.030
.028
.027

025

53
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APPENDIX 8.3

Critical Values of Qn

The critical values of the test statistic Qn in Table 8.2 are
percentage points of empirical distributions of Qn obtained by Monte
Carlo methods. Nine simulations were made of the distribution of Qh
for n =5, 20 and 70 to check the repeatability of the critical values.

Estimated standard deviations of some critical valueg are tabled below.

Standard Deviation of a Critical Value

n a=.5 o= .25 o= .1 o= .05 o= .01
5 .00037 .000k0 .00129 .00109 .00260

20 .00015 .00017 L0004 1 .0006k4 0006k

70 .00003 .00003 00004 .00005 .0001h

The precision is worst for small n and small o. Even there it seems
to be relatively good., For example, for & = 5 the averages of the nine
98, 99 and 99.5% points are .60792, .64682 and .6809%; at least 1%
standard deviations of an individual 99% point from each other.

As with Gn the critical values of Qh decrease with increasing n,

as shown in Figure 8.2,
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@ N O W\

10
11
12
13
LS
15
16
17
18
19
20
21
22

23

.658
-530
b
.388
343
307
.278
.25k
.23k
217
.202
.189
177
.168
-159
.150
143
137
131
125
120

115

TABLE 8.2

Upper Percentage Points of Qn

Q= .25
-739
.608
.510
Lo
387
346
311
.28k
261
2ho
.22k
.209
197
185
175
165
157
.150
143
137
131

126

a =
.811
.691
.586
505
Lo
393
3555
322
204
272
.251
.23k
.219
.206
<195
.84
A7k
166
.158
151
Lkl
.138

Ol

Q= .05
859
736
635
551
483
Ji2g
387
.350
.319
.20k
272
253
237
222
.209
<197
.187
17T
.168
162
154
ST

Q= .01
932
.831
127
bho
573
512
L63
L23
.378A
351
.318
.298
279
+259
245
+230
.218
.206
.196
.187
178
.169
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ol
25
26
27
28
29
20
31
32
33
3h
35
36
27
38
39
Lo
b1
Lo
L3
Ll
45
L6

TABLE 8.2 (continued)

121
117
112
.109
105
.101
.098
095
093
.088
.087
.085
.082
.080
079
076
075
073
071
.070
.068
067
.065

133
.128
.12%
.118
11k
111
.207
.10k
.101
097
oo
.092
.090
.087
.085
.083
.081
.079
077
075
073
.072

070

.121
17
.11k
.110
.106
.103
.100
097
.095
.092
.089
.087
.085
.083
.081
.079
077
075
LOTh

163
.156
148
o1l
.138
.13k
.129
125
.120
.116
2112
.109
.107
.10%
.100
.097
:095
.092
.090
.088
.086
.08k

.082

>7



b7
L8
k9
50
55
60
65
70
™
80
85
90
95
100

.060
-059
.058
.056
.052
LOLT
Ol
Oh1
.038
.036
.03k
.032
031

.029

TABLE 8.2 (continued)

.06k
.063
061
.060
055
.050
LOb7
L0L3
Okl
.038
.036
.03k
.032

.031

.069
067
.066
.06k
059
.05k
.050
046
LOb3
.0L0
.038
.036
L03h

.032

072
070
.069
.068
.061
.056
.052
L0k8
045
Ool2
.039
037
035
.033

.080
078
077
075
.068
062
057
052
.0h8
L0b5
042
.0ko
.038
.036

58
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APPENDIX 8.4

Critical Values of QMh

The critical values of the test statistic QM in Table 8.3 are
percentage points of empirical distributions obtained by Monte Carlo
methods. As Figure 8.3 shows, the structure of QMh induces discontinuities
in the critical values over n. The critical values for n of 71, 96 and 97
in Figure 8.3 are extrapolations., Had QMh been an attractive statistic
for large n these values would also have been estimated by Monte Carlo

methods.
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n

\O @ N\t = W

10

11

13
14
15
16
17
18
19
20
21
22

23

TABLE 8.3

Upper Percentage Points of QMh

658
+790
857
.905
.936
1.151
1.179
1.217

1.236

1.258
1.276
1.295
1.307
1.321
1.329
1.546
1.560
1.572
1.582
1.596
1.600

1.611

a=.1
1.003
1.095
1.137
1.17h
1.187
1.480
1.489
1.522
1.528
1.5k
1.549
1.566
1.567
1.575
1.573
1.861
1.868
1.873
1.883
1.883
1.801
1.891

Q= .05
1.06k
1.195
1.226
1.252
1.261
1.581
1.589
1.616
1.625
1.63k
1.635
1.651
1.652
1.653
1.650
1.965
1.965
1.968
1,97
1.975
1.978
1.977

1.1h7
1.343
1.370
1.393
1.389
1.780
1.777
1.798
1.797
1.808
1.800
1.810
1.813
1.799
1.795
2.16k4
2.165
2.165
2.158
2.157
2.152

2.155
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n
ok
25
26
27
28
29
30
31
22
33
34
35
36
37
38
39
%o
L1
ho
b3
Ly
b5
L6

a=.5
1.618
1.624
1.630
1.636
1.643
1.648
1.655
1.867
1.871
1.878
1.882
1.889
1.889
1.898
1.899
1.904
1,911
1.913
1.916
1.919
1.922
1.930
1.930

TABLE 8.3 (continued)

Q= .25
1.°757
1.762
1.767
1.771
1.775
1.777
1.782
2.023
2.026
2.031
2.031
2.038
2.035
2.045
2,045
2,04k
2.054
2,050
2.054
2.057
2.058
2.062
2.064

a= .05
1.978
1.976
1.982
1.978
1.979
1.979
1.980
2.272
2.267
2.275
2.268
2.267
2.264
2,275
2.275
2.262
2.269
2.273
2.270
2.27h
2.269
2.272

2.271

a = .01
2.146
2.132
2,141
2.139
2.128
2.13h
2.129
2.469
2.469
2.6k
2.445
2.45h
2.441
2.4h5
2.kko
2,431
2.435
2,448
2.431
2.429
243k
2.h26
2.429
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b7
L8
49
50
55
60
65
70
™
80
85
90
95
100

Q
il

%)
1.93%0
1.935
2.131
2.143
2.157
2,171
2,180
2.190
2.392
2.101
2.ho7
2.415
2.422

2.612

TABLE 8.3 (continued)

Q= .25
2.063
2.064
2.293
2.295
2.302
2.31k
2.316
2.322
2.542
2.543
2.548
2.552
2.556
2.760

a=.1
2,190
2.188
2.4h0
2,40k
2.443
2.448
2.7
2.446
2.688
2.68k4
2.684
2.685
2.685

2.901

a= .05
2.269
2.267
2,534
2.536
2.539
2.53%2
2.529
2.527
2.776
2.772
2.765
2.771
2.763
2.986

2.h22
2,418
2.723
2.717
2,708
2.708
2.678
2.678
2.950
2.945
2.926
2,934
2.921

3.158
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APPENDIX 8.5

Enumeration of Partitions for the X2 Statistic

It is necessary to enumerate the ways in which n objects can be put
into k cells in order to compute the probability of obtaining a given
Xi for a sample of size n. It is sufficient to list the distinct
partitions weighted by the number of ways they can occur since
Py = e = P = l/k. The systematic generation of the distinct arrange-
ments is accomplished by an algorithm due to Lehmer (1964). Tt is
-contained in the subroutine PARTIT listed below. The arguments of PARTIT
are n, the number of objects, and k, the number of cells. DIN, the
logarithms of factorials, is carried from the main program to CHISQV,
which computes the probability of each partition. CHISQV is also listed
below.

The power study used sample sizes of 2, 5, 10, 15, 20 and 50. For
n of 2, 5, 10, 15 and 20 the distinct partitions were enumerated and their
probabilities computed. The partitions were ordered on their X2 values.
Critical values were chosen from a listing of the X2 values and cumulative
probabilities. Because of the discreteness of X2, tests of exactly
a (o= .1, .05 and .01l) rarely occurred so a randomization strategy was
used to obtain exact size o tests to compare with the other statistics.

For example, for n = 6 and k = 10 the following table was produced.



Partition Xio Probability gﬁg§;§§i¥§y
1111110000 L. 1512 1512
2111100000 T.323 .h536 L6048
2211000000 10.667 .2268 -8316
2220000000 1k, .0108 Blhok
3111000000 14, .1008 .9k32
32210000000 17.333 L0432 .086k
3300000000 ok, .0009 1 .9873
L110000000 ok, .0108 .9981
L200000000  27.333 .00135 99945
5100000000 37.3%3 .0005k4 .99999
6000000000 5k, .00001 1.

Let NA be the nunber of samples drawn (in a power comparison) with

% values < 10.667 and let N, be the number < 14. Then

—_ - 09 - 08316
Np=N+ O - ) o3 .8316)

is the randomization estimate of the number of samples rejected by an

= .1 test.
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The number of distinet arrangements of n things in 10 or 20 urns

increases rapidly as n increases.

NUMBER OF
DISTINCT ARRANGEMENTS
k = 10 k = 20
10 b2 L2
20 530 627
30 3,590 5,507
Lo 16,928 35,251
n 50 62,740 181,271
Objects
60 195,491 791,131
70 533,975 3,034,232
80 1,314,972 10,k7h4 k62
90 2,977,866
100 6,292,069

For n = 50 and k = 10 and 20 the enumeration problem is formidable so the

critical values were obtained by simulation.

Ten thousand random samples

of size 50 were drawn from U(0,1) and their ¥ velues were ordered and

percentage points were printed out.

required to obtain exact o tests.

A randomization procedure was still



13
14

15
1€

SUBROUTINE PARTIT
IMELICIT REAL*8(A
DINENSION II (100)
M =1

DO 1 I=1,K
II{I) = ¢

J=MN - 1

IF (J)3,3,4
II{(1) = N

GO TO €

DO 5 I=1,J
IT(T) = 1

IS = 0

Do 7 1=1,J

IS = IS + II(I)
II(M) = N - IS
CALL CHISQV(N,K,NM
L=H8 -1

IF(L)14,%4,1C
IFA(II(M) - II(L)

L=1L-1
GO TO 9
JJ = M - 1

IKK = II(L) + 1
DO 13 I=1,4J
II(I) = IKK

GO TO 6

M=N + 1

IF (M - K)15,15,16
IF(M - N)2,2,16
RETORN

END PAETIT

{N,K,DLN)
-#,0-2)
+DLN(200)

- 1)11,11,12

67
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10

11

12
13

SUBROUTINE CHISQV(N,K,N,IT,DLN)
IMPLIICIT REAL*8 (A-H,0-2)

DIMENSION II (100), A(100), DLN(200),
ERCE = 0.0

DO 1 I=1,K

I34I) = TI(I)

A(I) = II(I)

AN = N

AR = K

EXE = AN/AK

XSQ = C.C

DO 2 I=1,K

XSQ = ¥SQ + (A(I) = EXE) **2
XSC = XSC/EXE

PROB = DIN{(N) + DLN(K) - AN*DIOG (AK)
O 3 I=1,M

IKL = IJ(I)

PROB = EROB - DLN (IKL)

IF(K - M)5,5,4

IKL = K - M

PRCB = PROB - DLN({IKL)

IF(N - 1)12,12,5

I =

KL = 8 = 1

KN = N

J=T1 ¢+ 1

IXKL = 1

IP(IJ(1) - IJ(J))8,9,8
Jd=J +1

GO TC N

TIKL = IKL + 1

DO 10 IEK=J,KL
JK = IK + 1

IJ{IK) = TJ(JK)

KL = KL = 1

KM = KM = 1

IF(J -~ KM)7,7,11

PRCB = EFOB - DLN(IKL)
I=1+1

IF (I - KM)6, 12,12

PRCB = DEXP (EROB)

WRITE (51,13) XSQ,PROB, (II(I),1=1,N)

FORMAT (1H ,2¥20.10,8X,20T4/1H ,32I8/18 ,32I4/,1H ,1614)

EETURN
END CHISQY
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APPENDIX 8.6

Attaining the Minimum Qn

The test statistic Q,n does not attain its minimum value when the

Ul’ ceey Un cut off equal spacings. Let

n+l 2 n n+l
K= 20 Y, + 2 Y. ¥, -x[Z‘ Y.-l] (8.2)
I T A R

where Yi = U(i) - U(i-l), U ) = 0 and U(n+l) = 1.

(0
To find the minimum we take the partial derivatives of k with respect

to the Yi and set them equal to zero.

po - p - o
21 o0 . . . 0 Yl 1
1 21 Y2 1
0 1 2 1 Y 1
3
ok
'é—-Y = . . N —x . = AX - )!2-_ = O (805)
. . 1 . .
0 1 2 1
- . —n‘u - ol




or

AY =1
Therefore
=24
We know that
n+l
2 Y,=1
i=1
Thus
1y =» 1 a7t
or
A =1/1 a7h
and

A=athnath

(8.4)

(8.5)

(8.6)

(8.7)

(8.8)

(8.9)
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Now from Uppuluri and Carpenter (1969) we know that

-n+l -n (n-1) -(n-2) . . . + 1]
-n 2n -2(n-1) 2(n-2) + 2
(n-1) -2(n-1) 3(n-1) -3(n-2) +3
P 1 (8.10)
+ 2 2n -n
+1 . . . -n n+{

The (1, n+l) element is positive if n is an even integer and negative

if n is odd. The sums of the rows of n have a closed form. ILet

K=n + 1. Then



(K+1) x (SUM OF ROWS)

Row General Formula, K Even K 0dd
Ka]. ;] K fichl
1 l[ 2 <K)[2 2 2
2
2 E[EK] - (K-l)[§] 1 0

I o B

v el e o e
I I CY I .

c el
2 B I

8 8 %61 - (K-7) 8 i 0

The matrix A_:L is centro symmetric so that the sum of row i, i < X is
the same as the sum of row K + 1 - i, For example, for n = 8, to attain

the minimum

- ‘1/5 i"—‘l: 5: 5, .7:9

(8.12)
1 o i=0,2, %4 8

and the minimum value of Q8 = .2. Forn =9, to attain the minimum

2



3

(5 i=1, 10
1 i=2,9
30 Yi =dh 1=3,8 (8.13)
’2 i=k,7
\5 i=5,6
and the minimum value of Q9 = ,183.

The percentage of Qn values less than Qn value of (2n+l)/(n+l)2
for equal spacings can be estimated from the percentage points tabulated

by Monte Carlo methods.

n % Q< (2nt1)/(n+1)?

2 17 \

3 8

N N \ (rounded to the nearest

percentage point)

5 2

6 1 )

7 <1

8 <1l
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APPENDIX 8.7

Power Study Tables

Tables 8.4 - 8.15 display the percent rejected for various families
of alternative distributions and probabilities of rejection under the

null hypothesis. The left value for each test statistic is computed

without the aid of the Durbin (1961) transformation while the right

value was obtained after the Durbin transformation had been applied.
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APPENDIX 8.8

The Conditional Probability Integral Transformation
for Simple Linear Regression

The subroutine listed below computes the Vj's defined in Section

6.2 in an iterative fashion, beginning with j equal to four.

oNeNe)

SUBROUTINE LRCPIT(N,X,Y,V)
IMFLICIT REAL#*8 (A~H,0-72)
DIMENSION X(200),Y(200),V(200)
SX = X(1) + X(2) + x(3)

SY = Y(1) + Y(2) ¢+ Y (3)

SXY = X(1)*Y (1) + X(2)*Y(2) + X (3)*Y (3)
SXX = X(1)*X (1) ¢ X(2)*X(2) + X (3) *X (3)
SYY = Y(1)*Y (1) + Y(2)*Y(2) + Y (3) *#Y (3)

V(J) = (CH*.5)%A/(B = R*A) **, 5

DO 1 J=4,N

cC=J -3

C = DSCRTI(C)

SX = SX + X(J)

SY = SY + Y(J)

SXY SXY + X(J)*Y(J)

SXX = SXX + X(J) *X(J)
= SYY ¢+ Y(J)*Y (J)
AJ = J ’
CONST = AJ*SXX - SX*SX
CONST = 1.0/CONST
A = CONST*(SXX*SY = SY*SXY + X(J)* (AJ*SXY - SX*SY))

A = Y(J) - A
ZZ = SY*(SKX*SY - SX*SIY) + SXY* (AJ¥SXY - SX*SY)

SJ = SYY - CONST*37

B = SJI#(1.0 ~ CONST* (SXX = 2.0%SX*X(J) + AJ*X(J)*X (J)))
D = B - A¥A <

E = DSCRT(D)

V(J) = C*A/E

CONTINUE

RETURN

END LRCPIT



