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ABSTRACT

The present paper discusses thermal shock problems in transversely isotropic
cylinders containing a penny-shaped crack or an external crack. Numerical
calculations of the stress intensity factors are carried out for a
transversely isotropic graphite which is widely used to a structural material
in a reactor. The maximum stress intensity factors with respeci to a time
variable are approximated by a function of Biot's number and crack length.

1 INTRODUCTION

When structural materials in a reactor are subjected to rapid cooling or rapid
heating, the materials are subjected to the thermal shoclk. I1f there are
cracks in such materials, the materials may be fracture due to the stress
concentrations at the crack tips. By the way, transversely isotropic
materials such as a graphite; a cadmium and a beryllium are widely used to
structures in & reactor. For that, it is very important %o estimate the
stress concentrations at the crack tips in the transversely isotropic
materials containing varicus shaped cracks subjected to the thermsl shock.

A considerable effort has been devoted to calculations of thermal stresses
assocliated with various types of crack. Most of these, however, are concerned
with isotropic solids. Thermoelastic crack problems in anisotropic solids
have been treated only in a limited number of papers (Noda and Ashida 1987).
The thermal shock problem in an anisotropic cylinder containing a crack has
not been investigated so far.

The present paper discusses the thermal shock problems in two types of the
transversely isotropic cylinder containing a penny-shaped crack or an sxternal
crack. It is assumed that the thermal disturbance due to the crack is
neglected in the analysis of the temperature field, because the thermal shock
is short lived. WNumerical calculations of the stress intensity factors are
carried out for a graphite and compared with those derived under isotropic
conditions. The maximum stress intemnsity factors with respect to a time
variable are approximated by a function of Biot’s number and crack length.

2 ANALYSIS
2,1 Temperature field

Let consider the heat conduction problem for transversely isotropic infinite
cylinders of radius a containing a penny-shaped crack of radius b or an
external crack of crack length b. It is assumed that the thermal disturbance
due to the crack is neglected in the analysis of temperature field, because
thermal shock is short lived.

The governing equation for transient heat conduction is given by
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& T=T,+ /& {1y
where a =22 /ar2+r-13/3r, T is the temperature, 7,:=3T/3t, € 1is the time
variable and & is the thermal diffusivity.

The initial and boundary conditions for temperature field are expressed by
T=Te at t=0 (2)
T,r==h{T-T.) on r=a (3)
where h is the relative heat transfer coefficient on the cylindrical surface.
Applying the Laplace transform with respect to the time variable, the
solution of Eg.(1) which satisfies Egs.(2) and {3) is expressed by

T=To+(To=Te ) {1~ ¥ Tade (fr)) (4)
where
Tw=2h-exp{-e@tt)/a( me+he )Jo (Bra), B8J1(pa)~hle{ga}=0. (5)

2.2 Thermal stresses

Let consider a transient thermoelastic problems for a transversely isotropic
infinite cylinders containing a penny-shaped crack or an external crack. The
convective heating for the penny-shaped crack and the convective cooling for
the external crack act on the lateral surfaces of cylinders, so the crack
surfaces open. The thermal stress field can be analyzed by means of the
transversely isotropic potential function method {Takeuti and Noda 1978).
The stress-strain relations are expressed by
Grr=C1‘1Err+012EEB+CISEZZ‘El (T"‘Tﬂ)w UBE=C12Err+CllEBB+C13522"91 (T—T@)7}
Geo=Cise rTC1ses0+Cazs ez~ {T-To); Crz=Caa&rz- (6)
We introduce the potential functlons = and ¢ which relate to the
displacemenis as follows:
Ur (o trtee )y, Uz = {2tk @1 ke 92 ) 42 (7)
The potential functions must satisfy the following equations.
Cl1 A% +Caaxt 522 +{CiavCoa ) az2=81 (T-Ta ),
{Cr1a+Caa ) B2t ¥Caa D 22 +C33 32 522 =3 (T-Ta) }
&g tui i 52220 (1=1,2)

(8)

where
C11Caat?+{2C18C a+C132-C11Cas JutCaaCaa=0, ki={ciria~Caa }/(crstcas) (i=1,2).
We assume the admissible solutions for the potential functions in the form:

xi =(To=Ta)Ai {r2/4+ 3 Toda (Bar)/a2}  (i=1,2) (10)
@a:—(Tc—Ta)[Fi(r2/4—22/2ui)+m§1D;mJa(ﬂmr)exp(—ﬁmz/JZT)/ﬂn2

+j§p‘2EipIa(pJETr)COS(pZ)dp] (i=1,2) {11)

where A, Fi, Din and E;, are the unknown coefficients. Substituting Egs.{4)
and {10) into Egs.{8), A1 and 4z can be determined.

Substituting Egs.(4), (10) and (11) into Egs.(7) and (6); we can derive the
displacements and stresses.

Uz=(Tc'T@)i§2[kinZ/ui+m§1kiDimJa(BmF)EXD(“ﬁmZ/J;T)/ﬁmJﬁT
+J:p-1k;E;;Ia(pdﬂrr)sin(pz)dp {(12)
0e2=-(To=T2) [ 3 (Craui=caski )Fi/ui= T Dinds (Bar)exp(~oz/ Vi )/ ui
+f- 810 Ta (p/ar v) 008 (p2)dp )= (cia s ~Bs ) {1- &, Tadu (@nr) 1] (13)
The traction free boundary conditions are given by

[focardr=0 at zse (14)
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or s =0zr=0 on r=a (15}
6rz=0 on z=0 (16}
o:2=0 (02r<b)y u,=0 (bsr=a) on z=0 {penny-shaped crack)
u:=0 (0srsc);, 0::=0 {c<rsa) on z=0 (external crack) } (17)
where c=a-h.

In order to solve Egs.(15)-(17); we apply the Fourier integrals of sin(pz)
and cos(pz) and Bessel series of Js (far). F: and Fo can be determined from
Eq.(14) and the constant term of [orr]-<s. The other unknown coefficients are
determined by means of the method of successive approximation. The solution
only satisfied Egs.(15) is approximation for (2j)-th times and the solution
only satisfied Egs.(16) and (1Y) is approximation for {2j+1)-th times. We can
obtain the following equations from Egs.(15) and (15).

ot =§I{@;1D?#;”wie 27t (i=1,2), DEAT'seDfdTY (§=0,1,2,---) (18)
where %1, ¥ 2 and & are the known coefficients. Egs.{17) reduce to the
following dual series equation.

2 LEiet - . ...y (0=r<b, penny-shaped crack)
m§1G” Jo(far)=0  (j=0,1,2, ) {c<r=za, external crack)
mglihG%Jq1JB(ﬁnr):m§1@n[(1'332)Jm{rlmuE%g+r2mpEgé}dp+8jﬂA}JE(ﬂnF) (19)

{3=0,1,2,--) {bsrsa, penny-shaped crack)
TR {02rsc, external crack)
where

. L] . .
=sz”+(1—aj)j{rzmpE$;+rempE§; 1hptdjm A (20)

and Q2, ®n, [imps T2np and A are the known coefficients. In order to solve
the dual series eguation, we introduce the following functions which satisfy
the first of Egs.(19).

% G130 (Aar)=f(r) k0" cos(ke) (21)
where x. are the unknown coefficients, and
r2ere24r,2 -2rerwcosd, re={ath)/2, rw=(&—b)/2}(
f{r)=H{r-b)/Jre-h2
sing=r/c, f(r)=H(c-r}/Jc2-rZ (external crack).
Applying the inverse Hankel transform to Eq.(21), Gn are sxpressed by
Gt = %@Lmkxﬁ“‘ (22)
where Lpx are the known coefficients. Substituting Eg.{22) into the second of

Egs.{(19) and applying the Heumann series, we get the following infinite system
of simultaneous algebraic equations which determines the unknown coefficients.

:éGX§J+Im:i1 @mLmeim=mE£1%[(1“3]@)J-:{r1mpE?é+r2mDEgg}dp+5jfi]zims
(‘1:0;1529°A°) (23)

penny-shaped crack)

where
Zin=Ji (Bore)Ti (Boru}-Jiva{fore )isz (fnrw) (penny-shaped crack) } (24)
Zin=F (Bnc/2)-3+2(gnc/2) {external crack}.
The stress intensity factors are given by

Ki=={Ts-Tp }vw/b T 5 i { penny-shaped crack)

et (25)

=(T@-Tc)Jw7ckZE(—1)“'ZBXEJ+‘ (external crack).
e =

3 NUMERICAL EXAMPLES

For convenience in numerical calculations, the following dimensicnless
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guantities are introduced:
t"—‘xt/aeg B =ah, 7:b/a, E=E, /E: s G=Gez /Er 9 a=az /dr s

ﬁ;=K1/JEmrEr(Tc~Tm) (penny-shaped crack)

=¥ /o Er (To~-Ts ) {external crack)
where E-, E: and Grz are the wmoduli of elasticity, e and @ are the
coefficients of liner thermal expansion, t' is Fourier’s number, B; is Biot's
number.
The material constants are taken as for a graphite which possesses
transverse isotropy
E.=10.4 GPa, E:=11.8 GPa, Gr:=4.14 GPa, wre=wr2=0.11,
ar =3.9%x10-¢ X1, =3.5x10-¢ K-1
and for isotropic conditions
E=g=1, G=E/2{(1%vrz), wra=wrz=0.11
where v 3 and vz are the Poisson’s ratios.

3.1 Penny-shaped crack

GRAPHITE r=0.5 GRAPHITE
~ — - |SOTROPY — — — [SOTROPY
/’l'ﬁ\\ Bi=10% :
A4 = —
04 d 7R (&
2
- 4 B;=10'
(F
02 Bi=t 00
B=1G"
0 0
' 108 o 1o° g’ 10° 10! 10
1! B
Fig.l Time variation of K; Fig.2? Relation between Kinex and B
oy _ 7~ ?23?;5;5 » Y GRAPHITE
©, —~ - |SOTROPY Ine)
E M
(¢ B
: — 1
D: M In(g)
5 A -
2 in(+)
[=4
=~ 0
g
- | = [s]
0 0.5 1.0 -
0 05 .
1/8, ; o
Fig.2 Relation between 1/Kinax Fig.4 Values of coefficients
and 1/B; e, I and g
Fig.1l illustrates the time variation of stress intensity factor. The stiress

intensity factor has the maximum value with respect to Fourier’'s number and
increases according with Biot’s number. The siress intensity factor for a
graphite is somewhat lager than that derived under 1isotropic conditions.
Fig.2 illustrates the relation between the maximum stress intensity factor and
Biot’s number. This figure shows that the maximum stress intensity factor
increases with decreasing crack length. Fig.3 illustrates the relation
between the inverse maximum stress intensity factor and inverse Biot’s number.
The inversec maximum stress intensity factor for small Biot’s number can be
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expressed by a linear eguation of inverse Biot’s pumber, but that for large
Bict’s number deviates from the linear eguation. Therefore, we propose the
following equation.

1/Binax=e/Bi+f/J/Bi+g (0.1sB;£100) (26)
The coefficients e, f and g can be determined by the method of least squares.
The calculated values are plotted in Fig.4. The coefficientse, f and g can
be expressed as following eguations by means of the method of least squares.

graphite (0.15+=0.7) isotropic conditions {0.12720.7)
In{e)=1.46042-0.131y+1.126, In{e)=1.41942-0.1153+1.155,
In{£})=4.22472-1.229y-0.779, In(f)=4,174+2-1,208v~0.750,
In{g)=0.610+2+0.183++0.415 In{g)=0.580+2+0,193y+0.445

The relative errors between the maximum stress imtensity factor calculated
from Eq.{25) and that calculated from Eg.(26} are shown in Table 1. We
consider that Eq.(26) gives a close approximation, because the errors are less
than 2.6%. The errors for isotropic conditions are same as those for the
graphite.

Table 1 Errors of approximation

in Eg.(26) for graphite N :fi:?;ﬁ:gi )
¥ Bi E
0.1 1 10 100 (x
=
0.1 -0.9 -0.6 ~-1. 1.9 i P\ i
0.2 6.8 1.1 -1.1 2.2 i -
0.3 6.9 1.1 -1.3 2.8 5z:::::::::::§::::§i::::ﬁ
0.4 0.4 0.8 -1.5 1.9 7=0.I 7001
0.5 -1.0 0.1 -1.7 1.4 o 0.5 1.0
0.6 -0.8 -0.2 -1.5 1.8 8
G.7 0.8 0.4 -1.0 2.3 Fig.b Relation between 1/Kinax
and 1/B;
Table 2 Errors of approximation
in Eg.(28) for graphite
v Bi
o 0.1 1 10 10D
= 0.01 5.0 3.9 0.8 -5.6
- 0.1 -1.1 -0.5 0.2 3.6
0.2 -3.3 -1.7 -0.4 4.3
0.3 -3.8 -2.0 -1.7 2.6
T o 0z o3 o7 o5 0.4 -1.0 -0.5 -3.0 1.3
¥ 0.5 4.8 4.1 -1.6 2.2
Fig.6 Values of coefficients
e, f and g

3.2 External crack

Fig.5 illustrates the relation between the inverse maximum siress intensity

. factor and inverse Biot’s number. It is clear that the maximum stress
intensity factor increases with decreasing crack length. We use Eg.{26) for
approximation of the maximum stress Iintensity factor. The wvalues of

coefficients e, f and g can be determined by means of the method of least
squares and are plotted in Fig.6. Furthermore, the coefficientse, f and ¢
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can be expressed as following eguations by use of the method of least squares.

graphite (0.01%430.5) isotropic conditions (0.01%,=30.5)
In({e)=2.720y+0.458, In(e)=2.716++0.483,
In{f)=0.445%-0.579, 1n{f)=0.485+-0.558,
In{g)=3.649y-0.634 In{g)=3.643+-0.609

The relative errors between the maximum stress intensity factor calculated
from Eq.{25) and that calculated from Eq.(26) are shown in Table 2. The
errors are less than 5.6%, so Eg.{26) gives a fairly good approximation. The
errors for isotropic conditions are same as those for the graphite. Figs.7-9
illustrate the effects of anisotropies of the transversely isciropic material
constants on the inverse maximum stress intensity factor, when only cne among
the material constants such as E, G, v and a possesses various anisotropies,
while the others are kept egual teo those of isotropic conditions.

44 y=0.1
(§ (g
2
0 ) 0 0.5 1.0
1/8; 178
Fig.7 Effect of anisotropy of Fig.3 Effect of anisciropy of
E on I/Klmax G on 1/Klmax
4 7=0.1 41 7=0.
4
=

0 0.5 ) 0 X
1 /B; 1/B;
Fig.9 Effect of anisotropy of Fig.10 Effect of anisctropy of
vro on 1/Kinax a on 1/Kinax
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