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ABSTRACT

Emphases of this study were placed on the modelling of plastic damage behaviour of prestressed structural
concrete, with special attention being paid to the stress-triaxiality dependent plastic hardening law and the
corresponding damage evolution law. A definition of stress triaxiality was proposed and introduced in the model
presented here. Drucker-Prager -type plasticity was adopted in the formulation of the plastic damage constitutive
equations. Numerical validations were performed for the proposed plasticity-based damage model with a driver
subroutine developed in this study. The predicted stress-strain behaviour seems reasonably accurate for the
uniaxial tension and uniaxial compression compared with the experimental data reported in references.
Numerical calculations of compressions under various hydrostatic stress confinements were carried out in order
to validate the stress triaxiality dependent properties of the model.

Keywor ds: Damage; plasticity; constitutive model.

1. INTRODUCTION

The inelastic failure of concrete-like materials and structures is characterized by the initiation and evolution
of cracks and the frictional dliding on the closed crack surfaces. Plastic damage models are the major measures to
deal with cracking-related fallure analysis, and are widely used by various researchers, see e.g. Lemaitre (1990);
Chaboche (1992); Seweryn and Mroz (1998); de Borst, Pamin, Geers (1999). Owing to its smplicity and a
reasonable capacity of problem representation, the isotropic damage model is the most popular damage model in
the simulation of the failure phenomena of concrete structures and is therefore the choice of this study. Another
important reason for the choice of an isotropic damage model in this study is due to that the aim of this
investigation is to analyse the cracking process of concrete material of a prestressed concrete structure.
Consequently the modelling of pre-peak nonlinearity of stress-strain curve under compression and the
stress-triaxiality dependent plastic hardening law and the corresponding damage evolution law are the most
important concerns of this study.
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One of the plasticity-based isotropic damage models for concrete is the so-called Barcelona model which is
reported by Lubliner, Oliver, Oller, Onate (1989), and has recently been adopted by Lee and Fenves (1998) and
Nechnech, Meftah and Reynouard (2002). In this model, a holonomic relationship between damage and
equivalent plastic strain has been presented, and two damage variables have been designed for tensile damage
and compressive damage respectively. It should be noted that most of the existing plastic damage models have
not emphasized on the stress-triaxiality dependent plastic hardening law.

The framework of the constitutive model in this study is constructed on the basis of the plasticity-based
damage model reported by Saanouni, Forster and Ben Hatira (1994). Although this model was proposed for the
simulation of the plastic damage phenomena of metals, it is still an attractive model for the purpose of this study
because of its important advantages over the other available damage models: firstly, in this model, the damage
evolution is not only closely connected to the increase of plastic strain, but it is also influenced explicitly by the
dladtic strain; secondly, the damage evolution is coupled with an increase of plastic strain; finaly, this model is
relatively easy to modify to make it suitable for the smulation of plastic damage phenomena of concrete-like
material. The generalized Drucker-Prager criterion introduced in Liebe and Willam (2001) for plastic loading,
together with its plastic potential for non-associated plastic flow rule, isreferred to here.

The context of the article is organised in the following order: in section 2, the equations of the constitutive
model are given for elasto-plasticity coupled with damage in general; a definition of stress triaxiality is proposed
and later introduced in the plastic hardening and damage evolution laws. A driver subroutine for validation of the
constitutive models is developed with reference to the principle proposed by Hashash, Wotring, Yao, Lee and Fu
(2002). In section 3, results of numerical tests of the proposed model are given for some typical loading cases.
Some conclusions are given in section 4.

2. FORMULATION OF THE PROPOSED MODEL
2.1 Fundamental Equations of the Plasticity-based Damage Model

With the ‘Energy Equivalence Principle’, the fundamental relationships of the plasticity-based damage
model proposed by Saanouni, Forster and Ben Hatira (1994) arelisted in Eqn.(1) as:
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where o, and ¢; are total stress and strain tensors respectively, superscript p stands for plastic and e
represents elastic quantities, overhead tilt ~ represents the quantities for fictitious net materials, s; is the
deviatoric stress tensor, A is the inelastic multiplier, D represents the isotropic damage variable, Y is the
damage conjugate force, Ej isthe elasticity tensor of the intact material, §; is the 2" order unit tensor, rl is
the sum of the effective principal stresses, J , Isthe second invariant of the deviatoric effective stress tensor, F

is aplastic damage potential function, 6 isthe plastic part of the potential in the effective stress space.

It is seen from the above equations that the damage evolution is designed to be accompanied by plastic
strain increase, and its quantity of increment is also dependent on elastic strain tensor via damage conjugate
force.
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2.2 Specification for Drucker-Prager Type Plasticity Coupled With Damage

With reference to the generalized Drucker - Prager criterion introduced in Menétrey and Willam (1995),
together with the hardening model introduced in Besson (2001), the plastic damage loading condition is
primarily defined in the effective stress space in the following form (stress triaxiality will be introduced later):

ool +3 - |k+k [1-e™)|=0<0 )
where k is initial shear strength constant, K is the strain hardening limit of the fictitious net material, which
corresponds to infinite equivalent plastic strain, i.e. 41—, and «, is a material constant designed for

pressure-sensitivity properties, parameter b is amodel constant which can be determined by fitting experimental
phenomena.

The plastic part of the potential, i.e. 6 , isgiven in the effective stress space as:
(SzaQE+321’2—[k+kw<1—e’m)] (3
where «, isthedilatancy constant for non-associated flow ruleif o, # a. .

The following form of plastic damage potential function F is adopted in order to have non-associate plastic
flow in the effective stress space:

F=Q+ 31(9%1(1— DY (4)

where s,S,¢ are materia parameters, D is damage variable, Y is damage conjugate force.

It is observed that the experimental results of stress-strain curves of concrete-like materials are highly
dependent on the stress triaxiality. In fact, phenomena of stress triaxiaity dependency of the stress-strain curves
exist in engineering for a wide range of materials such as geometerials, ceramics, composites and metals. In
order to simulate this kind of phenomena, the stress triaxiality was used by several references (see Alves and
Jones, 1999; Horstemeyer, Lathrop, Gokhale and Dighe, 2000; Borvik, Hopperstad and Berstad, 2003; Li, Zhang
and Ansari, 2002). The forms of expressions of stress triaxiality are different from one to another: Alves and
Jones (1999), Borvik et a (2003) and Horstemeyer et a (2000) define their stress triaxiality explicitly, while Li,
Zhang and Ansari (2002) implicitly account for stress triaxiality influence in its plastic hardening law by using
the stressinvariants |, and J.

Here, for the convenience of model formulation, together with a reference to the conventional expressions
adopted in several references (Sfer, Carol, Gettu and Etse 2002; Etse and Willam 1999), the stress triaxiality is

defined as:
/43

N

The stress triaxidity is introduced into the damage plastic loading condition and the damage plastic potential
function in the following form:
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Q=agl + 372 —[k+ 5k, 1-e™]] (8)
Consequently plastic strain increment is obtained as:
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It is obtained with Egn.(5) that:
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The damage evolution law can be derived as:
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The parameters used in this model are: E,v,k,a.,a, for plasticity, and s,S,¢ for damage. Stress
triaxiality y isaspecial variable introduced in this model.

2.3 Constitutive Behaviour for a Finite Displacement Increment Acg;,

With above constitutive model, the constitutive behaviour can be derived for a known initial stress state
i»&/,D) and a given drain increment Ag; . The stress increment can be obtained by making total

differential operation over total stress tensor in above Eqn.(1) and a subsequent linearization over the time
increment At, thus

(o:,¢

AO' = Eukl (1 D) (Agkl _Agkllj)_ 2Ei?kl (1_ D)(gkl _ng)AD

o) (14)
- —Al{Ei?kl (1-DY P 01— D)gle} +E%(1- D) Agy
K
With the above equations, the following eguation is obtained:
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The plastic damage multiplier A4 can be determined epr|C|tIy with the following consistency condition:

f =Af = (16)
Consequently it is obtained the following equation:
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Thus, the following expression for plastic multiplier can be derived:
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For the sake of brevity, Eqn.(18) can be re-written in another form as:
A= %Agkl (19)

with
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For a given strain increment Ag, , the stress tensor increment can be obtained by substituting Eqn. (20)

into Eqgn. (14) such that:

ij?

aQ
Aoy = Aé' {Elfrs(l D) = ~ 2E) . (1-D)er, Y}Agkl +Ep (1- D) Agy (21)
Therefore the a gorithmic tangential stiffness tensor can be deduced as
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The elastoplastic damage loading condition for a given strain increment Ag, can be expressed
conceptually in the effective stress space as
of
aaz)
where ° isthevalue of yielding function at the starting effective stress state o, . With Eqn. (2), the following
relationship is obtained:

f=f4+ AL<0 (23)
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With Egns. (1) and (2), the tensors and vectors on the right hand side of Eqn.(24) are obtained as
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The formulation of Newton-Raphson iteration equation between A4 and f isformed as:
~N -1
= | of
AL =A4, - fo[a_/ij (30)

where ° isthevalueof yielding function at the starting effective stressstate & .

3. NUMERICAL VALIDATION AT LOCAL LEVEL

Here a driver subroutine is designed for the purpose of validation of 3-dimensional constitutive model at
local level, i.e. for amateria point only, with reference to the algorithm proposed in Hashash, Wotring, Yao, Lee,
and Fu (2002). Its principle can be illustrated with Figure 1 as: a mixed loading condition is applied with
&y = &4(t), and o, = o4 = const, which means that a strain loading will be applied incrementally under a

constant stress confinement in the other two directions. The strain loading is applied elastically in direction 11,
while the self-equilibrium mechanism at this material point will result in variation of lateral strains nonlinearly
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(for the sake of damage) in order to keep the latera confinement constant. The details of the numerical
calculations will be given in the following context.

€n
G633
G2 —> G22
033 1\
€n

Figure 1. lllustration of the mixed loading condition.

3.1 Iteration Procedure for the Model Validation: External Equilibrium Iteration.
The function of the external equilibrium iteration is: for a known stress and strain state and a set of internal

variables ( s ,g"P,D), apply aload increment (As,,Ac,,Ac,), to find out quasi-elastically the response of
(Ac,,Ag,,As;,D) by aniterative procedure.
The following quasi-elastic equations (i.e. elastic relationship for afinite time increment At) are adopted in

the calculation:
-1
{Agzz} _ {Ezzzz Ezzsa} {A o 22} _ {Ezzn} Aéyy (31)
Aégz Esso  Essss Ao Essin

where Ejq are components of the elasticity tensor of damaged material which is expressed in Eqn.(22). The
principle of the external equilibriumiteration isillustrated in Figure 2.

In Figure 2, UMAT is the constitutive module which checks elastoplastic loading state and makes elastic
and/or elasto-plastic damage calculations. Subroutine CONSTITUERE will be called in the UMAT. The function
of subroutine CONSTITUERE is to carry on the constitutive integration and will be introduced in detail in the

following sub-section. The eastoplastic-damage loading stiffness E;;gd , which also known as agorithmic
tangential stiffness, will be updated after every iteration, and will be used in the quasi-elastic calculation of A,
and Ag, atevery firstiteration step at each of the loading increments.
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Figure 2. Flow chart of global equilibrium iteration.

3.2 lteration Procedure for the Model Validation: Internal Elasto-plastic Damage lIteration
By using the ‘fixed-point’ method described in Chaboche and Cailletaud (1996), for a given finite strain
Ag; , the only unknown in the elasto-plastic damage calculation at local level is the plastic-damage multiplier
A\
The solution steps adopted in the procedure of CONSTITUERE subroutine are:
e Step 1: Initiate the stress state and state of all the internal variables: o, &/, &, Dy;
e Step 2: Apply strain increment Ag; , with Ag; =Ofori = j obtained from the outer global equilibrium
iteration;
e Step 3: Caculate A4, withgiveninitial stress state, strain increment and linearized Eqn.(18);
e Step 4: With this A4, obtained in step 3, calculate consequently the following quantities:
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e Step 5: With Eqgn.(24) and (30), calculate iteratively the plastic-damage multiplier with the following

equations:
~N\-1
~[ of
AAL)=—f,| —
(a2) {mj

AA =AMy +A(AL)

e Step 6. Check convergence: if A(A1)< Tolerance, cease the iteration and continue to the next load

increment;
e  Otherwise, make
Ady =A4
Return to step 2 to carry on the next iterative calculation up to the maximum iteration limit.

3.3 Numerical Examples

In this sub-section, numerical validations of the congtitutive model at local level are carried out with the
driver subroutine developed here for 3 kind of typical loading cases, i.e., (1) uniaxia tension; (2) uniaxial
compression; and (3) uniaxial compressions under various hydrostatic stress confinements.

With reference to the existing literatures (see Lee and Fenves, 1998; Ghavamian and Carol, 2003; Etse and
Willam, 1999), the following values of material parameters are adopted in the calculation. They are:

E=31140MPa, v=0.2, or=05=0.15, k=2.0MPa, s=1, S=10" for tension and 4x10° for compression, ¢=-1.0,
b=88 for tension and 500 for compression, k,=100MPa for tension and 248MPa for compression.
Tolerance=10"° for internal iteration (i.e. for A(A4)) and 10™ for external iteration (i.e. for constant lateral

stress confinement).

3.3.1 Uniaxial Tension

The stress-stain behaviour under uniaxial tension of the model is shown in Figure 3. No plastic hardening
behaviour is observed in this case. Comparison between the experimental data (Gopalaratham, Shah, 1985) and
the numerical results of stress-strain response under uniaxia tension indicates that the prepeak stress-strain
behaviour can be predicated very well, while the postpeak behaviour can only be predicted with a reasonable
accuracy by the proposed model. Figure 4 shows the numerical results of the response of the lateral strain and
volumetric strain. The damage response in Figure 5 shows that damage value asymptotically tends to maximum
1.0 with the increase of strain loading.
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Figure 3. Stress-strain behaviour under uniaxial tension: comparison between numerica and experimental

results.
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Figure 4. Stress-strain behaviours under uniaxial tension: lateral and volumetric responses.
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Figure 5. Damage evolution under uniaxial tension.
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3.3.2 Uniaxial Compression

The stress-stain behaviour and damage evolution response of the proposed model under uniaxial
compression are shown in the following Figure s. Comparison between the experimental data given by Karsan,
Jirsa (1969) and the numerical results of stress-strain response under uniaxial compression in Figure 6 indicates
that the prepeak behaviour can be predicated very well, and the postpeak behaviour can be predicted with a
reasonable accuracy. The numerical results of the response of the lateral strain and volumetric strain shown in the
same Figure 6 indicate the dilatancy property of the moddl: there is a saturation of dilatancy at which the
volumetric strain ceases to increase. The corresponding damage evolution behaviour is presented in Figure 10.

-0.006 -0.004 -0.002 0 0.002 0.004 0.006

T T 0 T T
) 4 T
o . . |
S & — Oy, - humerical -1 o
:‘/ Ill rlrl.-
=, -6 - ",‘ €»—0n
17 '|l ."l
§ ° 1 \ /
® €11~ 0y -25 \ll"-. f

experimantal 320 —
strain_11 strain_22

Figure 6. Stress-strain behaviours under uniaxial compression.

3.3.3 Compressions with Confinements

The stress-strain behaviour of a model for concrete under hydro-static stress confinement is an important
aspect: it indicates the pressure-sensitivity behaviour of the model. In the numerical tests performed here, the
procedure of loading is given as: the hydro-static confinement, i.e. o] , is applied before strain loading in

direction 11 being carried on. Figure 7 shows the variation of the stress-strain response caused by the
confinement of the stress-stain behaviour and damage evolution response, with the other parameters were kept
unchanged: with the increment of the stress confinement, the softening phenomena become weaker and weaker.
It seems that the stress-triaxiality dependent plastic hardening phenomena are properly simulated by the model
proposed here.

In Figure 8 and 9, the stress-strain curves under confinement of -10MPa and -30M Pa are given respectively,
together with the responses of ¢,, —o,, and &,—o,;,. The dilatancy phenomena become weaker with the
increase of confinement pressure. The prepeak nonlinearity of the stress-strain curve seems reasonably
simulated.

In order to illustrate the proposed model further in-depth, in Figure 11 and 12, the peak strength envelopes
obtained numerically with the proposed model are given out. Because of the different parameter values adopted
in the calculation for tension and compression, it is seen in Figure 11 that the shape of tensile strength envelope
is quite different from the shape of the compressive strength envelope. The axia points in Figure 11 are
obtained analytically by using the Dracker-Prager condition directly, because there is no prepeak nonlinearity for
tensile case, which is judged by criterion 1, > 0. In Figure 12, the envelope of peak-strengths of compression

under very high confinement up to -200M Pa.is shown in order to show the validity of the model for awide range
of hydrostatic stress confinement.

219 Copyright © 2005 by SMiRT18



-0.006  -0.005 -0.004 -0.003 -0.002 -0.001 0
T T T T T 0

g 0MPa 1 -20
E:/ 4 -40
N -10 MPa 1 0
]

o

- 4 -80

-30 MPa 100
strain_11

Figure 7 Influence of hydrostatic stress confinement: stress-strain behaviour (o, =0, -10, -30 MPa).
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Figure 8. Stress-strain behaviours under compression with -10M Pa confinement.
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Figure 9. Stress-strain behaviours under compression with -30M Pa confinement.
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Figure 10. Damage-strain behaviours under compression with various stress confinements.

Figure 11. Peak strength envelopeinthe |, / «/_ - {23, space (with confinements up to -30MPa).
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Figure 12. Peak strength envelopeinthe |, / V3 - \2J,  space (with confinements up to -200M Pa).
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4. CONCLUSIONS

In this article, a plasticity-based isotropic damage model has been proposed with special concerns being
given to the modelling of the stress-triaxiality dependent plastic hardening law and corresponding damage
evolution. Numerical validations have been made for the proposed model with a driver subroutine developed in
this study. The numerical results of stress-strain behaviour seem reasonably accurate for the uniaxia tension and
uniaxial compression cases compared with the experimental data of the references. The phenomena of
stress-triaxiality- dependent plastic hardening have been simulated. Owing to the highly nonlinearity existing
among the model parameters and the experimental phenomena, it seems necessary to choose values of
constitutive parameters by some kind of technique of inverse analysis.
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