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1. INTRODUCTION

Robbins (1959) initiated the study of the sequential point
estimation of the mean of a normal distribution and this was later
extended by Starr (1966) and Starr and Woodroofe (1969). Sequential
point estimation of the scale parameter of a gamma distribution was
considered by Starr and Woodroofe (1972), while the case of the multi-
nbrmal mean vector was treated in Ghosh, Sinha and Mukhopadhyay (1976).
The relevant properties of the normal and gamma distributions were
fully exploited in the above papers.

Recently, Ghosh and Mukhopadhyay (1979) have proposed a sequential
procedure for the point estimation of the mean of an unspecified
distribufion (admitting finite eight moments) and established its
asymptotic risk-efficiency (to be defined in Section 2). Their non-

parametric appraoch provides clues for further generalizations

embracing a broader class of statistics and requiring less stringent
conditions.

The object of the present investigation is to study nonparametric
sequential point estimation of an estimable parameter based on U-
statistics. In this context, the moment-condition of Ghosh and
Mukhopadhyay (1979) is relaxed considerably and their results are
extended to a broad class of U-statistics. Along with the preliminary
notions, the main theorems are presented in Section 2. Two relevant
theorems on U-statistics are also considered in this section. Section 3
is devoted to the proofs of the main theorems. Section 4 deals with
some generalizations of these theorems along with some general remarks.

The Appendix deals with the proofs of the theorems on U-statistics.
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2. THE MAIN RESULTS
Let {Xi’ i 21} be a sequence of independent and identically
distributed random variables (i.i.d.r.v.) with a distribution function
(d.f.) F defined on the real q-plane Rq, for some q 1. Let
¢(X1,...,Xm), symmetric in its m(2 1) arguments, be a Borel
measurable kernel of degree m and consider the estimable parameter

(a functional of the d.f. F)

8(F) = E$(X, ..., X )

m

I---I¢(x1,...,xm)dF(xl)'--dF(xm), FeF, (2.1)
gam .

where F ={F: |6(F)| <w}, Then, for n 2m, the U-statistic Un’

~ corresponding to 0(F), is defined by [c.f. Hoeffding (1948)]

-1
- _[n . =13 s i Qe e<i
Un.'[m] EC ¢(Xi ,...,Xi ); Cn’m {11,...,1m. 1 Siy<eee<ip <n}
n,m 1 m
(2.2)
Note that Un is symmetric in xl,...,xn and is unbiased for O(F).

Let then ¢d(x1,...,xd) =E¢(x1,...,xd, xd+1,...,xm), 0 <d <m and let

2 2 _
Ly = E¢d(x1,...,xd) -9“(F), 0<d=<m (co =0). (2.3)

Then, whenever n 2m and E¢2 <o

2 nltm  (m){n-m

o = Var(U ) = [m) 2d=1[d)[m-d]§d . (2.4)
Note thét by the reverse martingale property of {Un, n z2m}

2 2 2 . .

O =0, = Var(Un _Un+1) 20, so that o, is +in n(zm).

To motivate the sequential procedure, suppose that the loss
jncurred in estimating 6(F) by Un is
Ln = a[Un -6(F)]2 +cn; a>0, c>0, (2.5)
where a and ¢ (cost per unit sample) are specified constants. The

object is the minimize the rigk (for given a, c)
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2
Rc(n, a, F) = ELn = ao_+cn, (2.6)
by a proper choice of n., Towards this, we have the following

Lemma 2.4. For every a >0, c¢ >0 and m21, uwhenever E¢2 <o

Rc(n; a, F) <s a convex function of n.

The proof of the lemma is given in the Appendix. Note that by

Lemma 2.1, there exists an n; (= n*(a, ¢; F)), such that

Rc(nz; a, F) min Rc(n; a, F)

n

aoﬁ* +cn2 , 2.7)
c

_where in (2.7), the minimization is restricted to integers n 2m and
thereby, nz is also an integer (2 m), though it need not be
unique (there may be two consecutive values of n; for which
(2.7) holds).

From (2.4), (2.6) and (2.7), it follows that nz dependgy on
a, c, m as well as cd’ 1 <d <m, where the later parameters are
all (unknown) functionals of the (unspecified) d.f. F. Thus, in the
absence of knowledge of these P 1 <d <m, no fixed sample size
minimizes the risk simultaneously for all Gy 1 <d <m, and hence,
a sequential procedure may be desirable to achieve this goal.

We assume that O(F) 1is stationary of order 0 [viz. Hoeffding
(1948)], so that

1

0 <gy < =L <o (2.8)

Note that by (2.4), (2.8) and Theorem 5.2 of Hoeffding (1948),
2 2-1 _ -2
o, =mn gl +£(n) where g(n) =0(n 7) (2.9)

and ng(n) ¥+ 0 as nte, Suppose that in (2.6), we neglect (for

oi) the contribution of g(n) and, then in (2.7), we denote the
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resulting solution by ng, so that we have for small «c,

o -1 2 L
nc (c “am Cl)

o o ’
and Rc(nc, a, F) 2cnc , (2.10)
where g(c) ~h(c) means that g(c)/h(c) »1 as c¢ +0. Using (2.4)

ey s . . .. _T® ey -1 .

and (2.7), it is possible to write Rc(nc, a, F) zi=1di(nc) +cn?,

2 o L -i-l 2 22
where d, =am’z; and 2i=11di(nc) c, so that c(n*)” ~a"m"g;.
Hence,

ce * O= . *. F 0, -
iig nc/nc 1 and iig Rc(nc’ a, )/Rc(nc’ a, F) =1, (2.11)

whenever (2.8) holds. Hence, in the sequel, we shall occasionally
interchange nz and ng for the convenience of our manipulations.
For the proposed sequential procedure, we proceed to estimate 2y

first. As in Sen (1960, 1977), we let Uéfi be the U-statistic

based on (Xl""’xi—l’ xi+1,...,xn), for i=1,...,n (zm+1). Let
then -

2 _ -l¢n (i) 2 '

s, =(n-1) {izl[un_1 -U 17, nzm+l . (2.12)

Whenever Cm <o | si is a (strongly) consistent estimator of ngl
(= lin_, no’). Motivated by (2.7), (2.5), (2.10) and (2.11), we
propdse the following sequential procedure:

Let n, (2 m+1) be an initial sample size and define the
stopping number N, (= Nc(a)) by

.NC = min{n 2n,: n z(a/c)l/z(sn +n N}, (2.13)

0

where vy (> 0) 1is a suitable constant, to be defined later on.

Our pfoposed (sequential point) estimator of O(F) is UN and the
‘ c
risk for the proposed procedure is

* .2 )
R (2) = ELNC = aE{UNc ~6(F}}” +cEN_. (2.14)

The main theorem of the paper is the following
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Theorem 1. If (i) 0(F) <s stationary of order zero, (ii) E|¢|4+6 <

for some & >0 and (iii) in (2.13), vy €(0, (2 +8)/4), then

11mc+0 C(a)/R (n* a, F) =1 . (2.15)

The proof of the theorem is deferred to Section 3. It may be
remarked that (2.15) [in the sense of Starr (1966)] asserts that the
risk involved in the sequential procedure is asymptotically (as
c +0) equivalent to the risk involved in the corresponding "optimal''
fixed-sample size procedure and hence, the sequential procedure is
asymptotically risk-efficient, for all F satisfying (i) and (ii)
of Theorem 1. Also, it may be mentioned that Ghosh and Mukhopadhyay.
(1979) have considered the case of the populatlon mean (which
corresponds to m=1) and obtain (2. 15) under E|¢| <o and
assuming that in (2.13) vy e(0, %) . In our present setup, m (1)
is arbitrary, vye (0, (2 +8)/4) (note (2 +8)/4) >%) and we need

that E|¢|**®

< o for some &§ >0. The relaxation of the regularity
conditions is achieved here by using some reverse martingale properties
of {Un} and the components of {si}. Further, results weaker‘than
(2.15) can be obtained even without assuming that E|<l>|4+‘(S <«  for

some & >0. In fact, we have the following:

Theorem 2. Under (2.8), and for E|¢|2+(S <o for some & >0,
. k _
11mc+0E(Nc/né) =1, ¥ kef0, 1], (2.16)

N -G(F)]/on* 2+ N(0, 1), as c+¥0 , (2.17)
c

C

[U

and in (2.17), O s May also be replaced by m(gl/Nc)li .

(o
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It is of natural interest to study the asymptotic distribution
of Nc (if it exists). We shall see later on that under E¢4 <o,
V(si) =v¥/n +0(m"2), ¥ n22m (2.18)

where vz depends on F. Then, we have the following

Theorem 3. If (i) E|¢|4+6 <o for some &3>0 and (ii) in (2.13),

L<y<(2+68)/4, then as c¥0

2m2c1 (N, -ng)/(vzng)% v, N(O, 1) . (2.19)

The proofs of these theorems are presented in Section 3.

_For an integer k(2 1), moment-inequality for U-statistics have
been considered by Funk (1970) and Grams and Serfling (1973), while
Sen (1974) studied the Lp-convergence of U-statistics, when p 21.
In the following lemma, we derive a moment in equality for U-statistisc

valid for any power bigger than 1.

Lemma 2.2. Assume that E|¢|* <o for some r >1. Then, there exists

a positive constant K. (<), such that

Elu_ -8(F) IF sxrn‘s, ¥ n2n B (2.20)
where
r-1, if 1<r s2;

min(r -1, k), if 2(k -1) <r <2k; k 22, (2.21)

and Kr does not depend on n.

The proof of the lemma is considered in the Appendix. In the
remaining of this section, we consider the representation of si in
(2.12) in terms of a set of U-statistics, due to Sproule (1969). For

each d(=0,1,...,m), let
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-1
(2m -d)!

(ed)
¢ X;5.. —
1 1((m -d)!)

= (d)
Xy ) = ) ¢(xa1,...,xam)¢(x81,...,x8m)

(2.22)
where the summation z(d) extends over all combinations of (distinct)

o .50

0 (Bl”"’Bm) from - (1,...,2m -d) with exactly d of the

10"

Bj being common wifh the a; . Let then (for n 22m)

-1 )
v@ . [ n ] oW, ,....x, ), 0<dsm. (2.23)
Un 2m-d zcn,Zm-d 1 Lom-d

Then, by (2.12), (2.22) and (2.23), we have (by some routine steps)

2 =m2(U§1) -Uﬁo)) +10 e U(d)

n zd =0ndn °’ (2.24)

S

where, for some positive constants l(1 and l(2 (independent of n),

-1
K™ o< lendl < K

-1

n , ¥0sdsm, n22m; (2.25)

2
et -l =g (2.26)

This representation plays a vital role in the proof of the main

theorenms.

3. PROOFS OF THE MAIN THEOREMS
First, we consider the following lemma, which is crucial in the
proofs to follow.
Lemma 3.1. If E|¢|2r <o, for some T 21 and (2.8) holds, then,
for every ¢ € (0, 1),
P{Nc sn;(l -e)} =O(cs/2(1+Y)), as c+¥0 , (3.1)
where s 18 defined by (2.21).

PROOF: Note that by (2.24) -(2.26),

i -m? g, =m (U(l) U(O) - T ) +Zd 1endu(d), (3.2)
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and, by (2.13), N_ 26" "V ith probability 1, where b =(a/c)™.

n, <n<n
1c

Let then n =[b1/(1+Y)] and n,_ =n*(l -¢); choose c so small
lc 2¢ c
that n. anC (otherwise, there is no need to prove (3.1)). Then,
by (2.13),
-1
B * -
P{Nc Snc(l -€)} -P{Nc Snzc} sP{sn <b "n, for some n, <n 5n2c}
2 -2 2
< P{sn <b n,. for some . <n Snzc}
< P{s2 -mzc szc {@ -6)2 -1}, for some n., <n <n, }
- n 1 1 ? lc 7 "2
2 2 2
< P{|sn -m cll/m g 2¢(2 -€), for some n, =<n snzc} )
(3.3)
By (2.25), (3.2) and (3.3), we have
P{Né Sn;(l -e)} <P{ max lUil) eUéo) -;1 2€C1}
, n, snsn, ‘ ,
: m (d)
+ P{ max zd=0|Un | > Ka }
n, <n<n
lc 2¢
< P{ max |U§1) -Uio) -;ll ZECI} +
n, <ns<n ;
1lc 2c
m (d)
2d=0 P{ max iUn l zxnlc} , N (3.4)
2c

where K (> 0) does not depend on ¢ (but depends on €).

Let Fn be the o-field generated by the ordered cpllection of
xl,...,xn and by Xn+" j 21 (so that Fn is nondecreasing in n).
Then, {Un, Fn; n >2m} and {Uﬁd), Fn; n 22m -d}, for every
d=0, 1,...,m are reverse martingales, and hence {Uﬁl) -Uéo) =Ty Fn;
n =22m} is also a reverse marﬁingale, so that fpr n . 22m, by the

Kolmogorov-H4jek -Rényi-Chow inequality for reverse martingales and

our Lemma 2.2,
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P{ max

1 Sn<nzc

W gl g | e

< EIUél) —Uéo)

T r -S
"Cll / (ECI) SKI‘n].C H (3'5)
lc lc

where s is defined by (2.21), and,

P{ max |u£d)| 2Kn, }

n; <n<n
1c 2¢

m
zd=0 lc

< (m +1)Krniz{ max E|U£d)|r} , | (3.6)
O<d<m lc ,

where E|¢|%7 <o —> E[ulD|T <=, v 0sd sm, n22my (3.1) then
follows from (3.4), (3.5) and (3.6) after noting that by (2.21),
_[bl/(1+Y)] =0(c1/20+7)

s <r and n ) as c+0. Q.E.D.

Now, by virtue of (2.24) -(2.26) and Lemma 2.2; we have for
E|¢|2r <w for some r 21,

S

“Els -nglir <skn”, (3.7)

n
where s is defined in (2.21). Using (3.7) one can follow the lines
of proof in part (d) of the lemma of Chosh'and Mukhopadhyay (1979) to

conclude that

E(Nc/nz)k >1 as c 40, ¥ k <s, (3.8)

where s is defined in (2.21). 1In particular, if in (3.7), we let
r=1+§/2, &§>0, then s >1, so that (3.8) holds for every

0 <k <1. This proves (2.16). Moreover, by (2.13),
bsNC SNC <n, +b(sNC_ +(N -1) (3.9)

2 .
where b“ =a/c. Since by the Convergence Theorem for reverse

(d)

martingales, Un » 0<d<m all converge a.s. to their expectations

as n-o, by (3.2), we claim that B¢2 <o == si > ngl a.s., as
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n +o, Hence, dividing all sides §f (3.9) by né and letting c V0
(i.e.,4n;-+w), we obtain that
Nc/nz +1 a.s., as c+0; (3.10)

(2.17) follows then by using (3.10) and the results in Section 5 of
Miller and Sen (1972). In fact, for (2.17), E¢2 <o suffices. This
completes the proof of Theorem 2.

We proceed now to prove Theorem 1. First, note that by (2.16)
(ENC)/nz +1 as c +0. Hence, by virtue of (2.6) and (2.14), to

'prove (2.15), it suffices to show that

Lim aB{Uy -6(F)}%/(ent) =1. (3.11)
c
cy0 c
) . 2 2 2
Let us write E{UN -8(F)} =E{Un* -0(F)} +E{UN -Un*} +
, c c c c
ZE(Un* -G(F))(UN —Un*) and note that by (2.9) and (2.11),
c c c

B, - 0(F))* = (g /n2) +05 %), so that

lim aB{U_, -0(F)}%/(cn*) = 1 . (3.12)
cy0 nc ¢

Hence, to prove (3.11), it suffices to show that

Lim n*E{U, =0 (3.13)
c+0 ¢ c c

Using the definition of the ¢d’ prior to (2.2), we may write

' 1
Un =mU£ ) +U;; ¥ n2nm; o (3.14)
) (1) - -len * .
U’ =n zi=l¢1(xi), EUS = 0; (3.15)
*2 -2 x4 -4 :
EUn =C1n and EUn sCzn , ¥ nzm, (3.16)

where C1 and C2 are positive and finite constants, independent of n.

Also, we have by (3.14),

2 2 (1) (1) 2 *x2 *9 |
* - -
n [UN U .,1" <2m n*[UN U’ ]1" +4n*U_J +4n*UN (3.17)

Cc Cc C C c c
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where by (3.16),

Eann* < Cln +0 as c¢c+0 . (3.18)
C
Further,
**2=* ’ - *2
ncUNC ny k>§ I(Nc k)Uk
e
_ *2 sup . *2
<n: L I(ON =K)U, +[n >n. Un ]I(NC >n, ) (3.19)
n, <ksn 2¢
1c 2c
where n . and n,. are defined after (3.2). Now
E{n* 7 outtin =)}
€ n, <ksn k ¢
¢ 7 2¢
<n Y YP(N_ <k) E(U. ) (3.20)
c c k
n, <ks<n
lc 2c
TR N
< /PN <n, ) g E(U )

<
LS T IS

— 0 as ¢ >0, by (3.1), (3.19) and definition n.-

Also, by the Doob maximal inequality for (reverse) submartingales,

* *2 .
n*E{ sup U “I(N_ >n2c)}

n>n2c
< n*E{ sup U*z} Sn*4E(U*2 ) >0 as c¢c+0 (3.21)
c n c n
n>n 2c+1
2c
where the last step follows from (3.16) and the definition of n,.-
Hence, it suffices to show that
1im nr(UlD) _u10)y2 oo, (3.22)
N n
cy0 c c
Now Uél) is a sample mean for all n 2m. If follows from
Anscombe’s (1952) result and (3.13) that
1
(nz)f(uél) _ugi)) P.0 as co . (3.23)

- o
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We follow then the line of proof of Ghosh and Mukhopadhyay (1979)
[in view of our Lemma 2.2, which is stronger than the moment inequality
of Grams and Serfling (1973) (restricted to integer power), their

eighth moment condition is not needed here]. and obtain that

{nz(Uél) -Uéi))z} is uniformly integrable in ¢ <cg» , (3.24)
c c

for some c0¢»0. From (3.23) and (3.24), we conclude that (3.22)
holds and the proof of Theorem 1 is now complete.
To proVe Theorem 3, first, note that from Sproule’s (1974)

Theorem, one gets

1/ .
' 'N;(si —ngl)/v 2+-N(0, 1), as ¢ +0, : (3.25)
. c : 7 . -
where si can also be replaced by si 1 in (3.25). Hence
c c

using the Mann-Wald theorem, we obtain that

L L 1L
ZN:(SN —mclz)/(v/mcf) 2+ N(0, 1), as ¢ +0, (3.26)
c
where in (3.26), also, sy may be replaced by SN -1° From (3.26)
c c

and the definition of the stopping time in (2.13), one finds that

the sufficient condition in Theorem 3 of Ghosh and Mukhopadhyay (1979)
1 1, '

hold¢with a =mgf/ and b =v/(2mcf). A direct appeal to this theorem

now yields (2.19). Q.E.D.

4. SOME ADDITIONAL REMARKS
Ghosh, Sinha and Mukhopadhyay (1976) have considered sequential
point estimation of the multinormal mean vector with unknown covariance
matrix. If &i’ i 21 are i.i.d. random p(=1)- vectors with
E&l =p  and V(El) =Z, positive definite (p.d.), then assuming the

loss function, based on %1,...,§n, to be of the form
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L = (Xh 'E)'Q(X£ -1) +cn (4.1

where A is a known p.d. weight matrix, c¢ is the cost per unit

sample and Zh =n‘122=1xi, n 21, the risk function is given by
-1
Rn =n "Tr(A 2) +cn, 4.2)

so that for known 2 , the risk is minimized at

! ks
n, ={c Tr (A Z)} . (4.3)
For unknown 2 , by analogy to (2.13), we define the stopping time

N =smallest positive integer n(2 2) for which

-1 . -
nzc HTr(A§ ) +n Yy, | (4.4)
where S = (n -1)‘122=1(§i —gn)(ii -Xn)', n 22,  Now, Tr(ﬁ;gn) is a
U-statistic and the results of the previous sections apply to yield
an "asymptotically risk efficient'" sequential procedure. In this
context, the multinormality of the 51 is no longer needed.

In the context of jackknifing, Sen (1977) has considered a class
of smooth functions of U-statistics. Under his assumed boundedness
conditions of the first and second order (partial) derivatives and
the conditions of Cramér (1946, p. 353) the results of Sections 2 and
3 can also be extended to such functions of U-statistics.

Finally, Robbins (1959), while considering the case of the
normal mean, proposed a slightly different loss function, namely,

L =a|Un - 8(F)| + cn. (4.5)

Our asymptotically risk efficient procedure also holds for such a
loss function, provided in (2.6) through (2.10), we make the necessary

modifications. Note that as n -,
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L Lo

E{n*|u_ -8(F) |} — (2/m) "mz] (4.6)

so that the optimal value nz, in this case, is given by
' 1

nt ~ (aln’g /2nc?) A as cvo 4.7)

and analogous to (2.13), we define the stopping number by
2 1 1
N, = min{nzng: 0> (a/c) PEm T AE e (4.8)

where vy and n, are defined as in Section 2. With these modifications,
the theorems in Section 2 extend directly to the case of the loss
function defined by (4.5). A similar case holds for L_ =a|Un —e(F)lb +cn

for some b >0, where for b =2, we need to replace condition (ii)

of Theorem 1 by E|¢|(2+6)b <o for some & >0.

5. APPENDIX

Proof of Lemma 2.1

Note that by (2.6),

) - . ) - 2 _ 2
ARc(n, a, F) = Rc(n +1; a, F) -Rc(n, F) =c —a(on -0n+1)’ (5.1)

2.
A kc(n; a, F) Rc(n +2; a, F)—ZRc(n +1; a, F) +Rc(n; a, F)

2 2 2
a(on+2 '20n+1 +on), (5.2)

2 . .
where Onsl soi, ¥ n >2m. Hence, it suffices to show that for all

n 2m, AZRC(n; a, F) 20. For this, define as in Hoeffding (1948),

! ifd
84 _21=0(-1) [i]cd_i, 0 <d <m, (5.3)
so that 60 =§0 =0. Then
W (d _d d
% _zizo{i]éd-i = 2i=o[d -i}si ' (5.4)

From (2.4), (5.3) and (5.4), we have by some standard steps

=1 .
2 n m (m|{n -1
n = [m] zi=1[i] [m -1] i (5.5)
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so that by (5.2) and (5.5), we have

-1 . . . .
2 n n-i n-i+1)(n -1i +2) n-i+1
AR (n; a, F) =Z’L1m [m] [m -1}51{: ORI ICEY) ER w3 *1]

20, (5.6)

as (m-i+1)(n-1i+2) - 2(n+2)(n -1i+1) +(n +1)(n +2) =i2+1 >0, ¥ iz=21

and by Lemma 5.1 of Hoeffding (1948), Gk 20, ¥k=0,1,...,m. Q.E.D.

Proof of Lemma 2.2

Let n° =[n/m], n2m and let
0. -1¢n° |
T =) Zr=1¢(x(r-1)m+1""’xrm)' (5.7)

Then, ETn =0(F), ¥ n2m and defining Fn as in after (3.4),
E(Tn|Fn) =U, ¥V nazn, (5.8)

so that by the Jensen inequality for conditional expectations,

Elu_ -8(F)|" <E|T_-8(F)|", for any r=21 . (5.9)
On the other hand, Tn is an average of n° i.i.d.r.v.’s, and hence,
Theorem 3 of Sen (1970) applies to the right hand side of (5.9) and
this yields (2.20) and (2.21). Q.E.D. |
As noted already, the above generalizes and strengthens the results
of Funk (1970) and Grams and Serfling (1973), where they needed r to
be a positive integer. Also, our method of proof is elementary and «

quite different from the earlier ones.
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