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CHAPTER I

INTRODUCTION

Supply enalysis has been a field of interest for many years in
economics. Considersble attention has been given to the determination
of what changes would be profitable for firms to make in relation to
changes in factor and product prices.

Agriculture continues to face apparent problems of resource
misallocation. For this reason supply analysis is particularly needed.
Furthermore, aggregation of individual firm supply responses 1s neces-
sary before many results useful for policy and forecasting purposes can
be derived.

One of the major problems in the application of supply theory is
that of specifying the correct, or at least a useful, relation between
the constructs of the theory and the variasbles that can actually be
observed. In time series supply analysis one form of this problem is
that of specifying the relation between observable events and the prices
which farmers expect to pay for their inputs and the prices which
farmers expect to receive for their outputs. With this view in mind,
this dissertation examines the estimation problems inherent in one
possible relation between quantity supplied of a product and observable
prices of inputs and outputs.

A basic datum for all supply analyses is the production function
which summarizes the technological possibilities for transforming in-
puts into outputs. The production function may either be explicit or

implicit in the analysis, but it is always present in one way or



another. The conventional production function is generally expressed
as an implicit functional relationship between all outputs and all

varieble inputs, i.e.
f(yl’ y2’ XS ynS xl’ x2, ey Xm) =0

where Vs Yps e ¥, aTe the outpute and x,, X5y eeey X aTE
quaentities of inputs. Given a production function for the firm of the
sbove form, it is possible to derive outputs in terms of given prices
of the outputs and the inputs.

In summary, this dissertation considers the development of a
nonlinear supply function from a given production model, incorporating
in the process the concept of minimizing maximum loss, rather than -
maximizing (expected) profit, and the principle of aggregation. The
primary object of this paper will be the investigation of the estima-
tion problems involved in the model to be developed. Forecasting

aspects of the model will not be dealt with in this study.



CHAPTER II

REVIEW OF LITERATURE AND RELATED STUDIES

The problem of aggregating supply functions for individual firms
and single commodities into supply functions for groups of firms and
groups of commodities has been explored mainly from a theoretical point
of view. Theil (1954) has developed an approach to the problem which
may be characterized as follows: Suppose we are given a microtheory
(theory of the individual firm's supply) and some simple aggregates of
the microvariables (sums of output levels and input levels). Then a
macromodel anaslogous to the micromédel which relates the aggregates is
assumed. The parameters in the macromodel are then estimated.

Another spproach to supply analysis that has been used by meny is
the linear programming approach. This is simply the derivation of a
supply function for the individual firm from a linear programming pro-
duction function. Applications of the technique have been made by
Knutson and Cochrane (1958), Toussaint (1956), McPherson and Farris
(1958), and Tompkin (1958). The device of programming with variable
prices is discussed by Heady and Candler (1958). Plaxico (1958) has
presented a comprehensive discussion of the approaches to aggregation
problems in linear programming.

Recently emphsasis has been placed on time series supply analysis.
Nerlove (1961) discusses the different time series supply models that
heve been used.

A difficulty that raises problems in time series supply analysis

as well as other approaches to supply analysis is uncertainty. It is



clear that if uncertainty affects how farmers should behave with
respect to production plans and investment, it must also affect how
they actually behave, -although perhaps not in exactly the same way.
A basic gnd useful construct in this connection as discussed by Nerlove
(1958) is the notion of certainty equivalence. In the certainty equiv-
alent to a problem of decision-making under uncertainty, each uncertain
variable is replaced by one 6r more varisbles the values of which if
expected with certainty would lead to the same solution as that which
would be obtained by treating the decision problem in its full general-
ity. This notion of certainty equivalence underlies time series supply
analysis although not always explieitly. Models of expectation forma-
tion as illustrated by Nerlove (1961) are essentially methods of
erriving at certainty equivalents for uncertain future prices.
Girschick and Haavelmo (1953) and Tintner (1958) illustrate the
use of the method of simultaneous equations in deriving simple linear
aggregate agricultural demand and supply functions. Tintner related
supply to current farm prices, national income, and a cost factor.
Girschick and Haavelmo related aggregate farm production to farm prices,
to farm prices lagged one year and to time. Cromarty's (1961) econo-
metric model for the U. S. agriculture is a comprehensive model which
interrelates the supply, demand, and prices for farm commodities.
Hildreth and Jarrett (1955) studied the feed-live-stock economy where
prices, feeds, production and others were considered for all classes of

livestock as an sggregate.
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Individual supply models have been derived and used on hogs, beef,
milk, eggs, corn, cotton, tobacco end potatoes. A sumeary of these
studies has been made by Knight (1961). These were all linear models.

An aggregate time series supply model that has been used and
recommended by many research workers‘is the distributed lag model. It
seems that the concept of the disfributed lag was first introduced by
Fisher (1925). Koyck (1954%), Nerlove (1958a), and Kline (1958) among

others, discuss several aspects of distributed lags.



CHAPTER III

THE MODEL AND ESTIMATION OF THE PARAMETERS

A simple production function with a single input, W, and a single
output, Y, shall be considered in deriving the model. The derivation

below of the minimax input follows essentially that of Hildreth's

(1957).

3.1 Development of Minimax Input

Let X be the price of the output, known to lie between a lower

price limit X2 and an upper limit X3 . Denote by q the price of

the input (assumed known) at the time the input is decided. Let. the

production function be

Y = W (3.1)
and let the net revenue be

NR = XY - oW . (5’.2)

Equating the derivative to zero

Q%%. = sxw T - g=0 and (3.3)
L
1-5 ‘
p.6)
Wy = (j;) . (3.4)

Equation (3.4) gives the optimal input, W,, for any known price. This
is the firm's derived demand function for W. Using equations (3.4)

and (3.2), optimel revenue is given by
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Optimal net revenue

1

1-8 1-8
x() - o®)

i

1
(1- 'i:g)

T - I =

)
1- - -
x(x)t® g 10 - (x5)1® g

5 1 _ B
16 ,I-5 16

- (1-8) 5 . (3.5)

The loss corresponding to a pair (X,W) is given by the difference be-
tween optimal net revenue given by equation (3.5) and net revenue for

W given by equation (3.2); thus,

5 L

L = (1-8) (2) X270 - xw® 4w . (3.6)
Note that 5

_ 1-8

ar . (8X o
and if

X =87t qwl‘5 (3.8)
then L =0 and % = 0, Thus, for smaller X, L is decreasing and

for larger X, L is increasing. For a given W, say W = W', the loss

function will look something like the figure below.
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Figure 1. Loss function for a given production input, w!

Inspection of the curve tells us that
(a) if X2 = X(E) and X5 = X(B) then X = X5 where X denotes

the admissible value, between the lower and the upper prices,

that maximizes the loss,

(®) 1£ %, = x*) ana Xy = x3) then x = X5
- (1) - ¢(2) -5
(c)isz-X and x3—x then X =X, or x_j
Suppose we now considexj a curve L(X ,wl) where Wl < W' but is suffi-

ciently close such that S—lqwg‘-'e' is very close to 5‘lq(wr )l~6 . To

the left of a'lqwi‘Es , L(X,W) <L(X,H') and to the right of
s'lq(w' )1’5 , L(X,Wl) > L(X,W'). This is the same as saying that W,
is better then W' for low prices and worse for high prices. If
= ¢(1) _ x(2) - -
X, =X, x.), =X then X = x3 for W =W, and L()%,wl)
> L(XB,W' ). Similarly if we take W = W2, W2 slightly higher or
1 = - t

greater than W' then X =X, for W =W, and L(XE’WE) >L(X2,W ).

From these considerations then it is seen that there 1s a critical

"~ ~
region value of W say W such that X = X3 for any W<W and
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X = X2 for any W > W. Furthermore, to increase or decrease W in-
. A

creases the meximum loss and W is therefore the minimax input. The
.

maximum loss mey be found from equation (3.5) by setting W =W. We

characterize ﬁ by

L(Xy, W) = L(X5, W) (3.9)

~N
and to solve for W we set (assuming same X's)

B 1
5 -5 1-% o5 o
(1-3) (a) X2 - XEW qw
L L
1-5 1-3
o) el 3
= - = - +
(1-8) (3) %5 X0+ oW
and after simplification, we obtain
R
o s, a5 %)
W =q (1-5)5 (5'10)

X5 - Xp
A more rigorous proof of the existence of a minimex under condi-

tions considered here, is illustrated by Wald (1950).

3.2 Model for an Individual Firm or Period
The minimax supply model for an individual firm can now be obtained
by substituting equation (3.10) into equation (3.1) which, after sim-

plification, yields 1 1

———8; X5 " XE (3.11)

i=1,2,00e,n .
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For characterizing the individual firm decision under the minimex rule,
equation (3.11) is sufficient. However, interest here is not to be
focused on the individual firm but on the aggregate response of a group
of firms given changes in X2 and X3' Therefore, we must aggregate
over n firms (or periods), say, to obtain the aggregate supply func-

tion.

3.5 The Aggregate Model
If we assume that the aggregate function has the same form as the
individual relationship and that only the parameters change, then we

can write equation (3.11) as,

4 4
Y=an—(;~33—:—;-2—)-, @ 7>0, B<O (3.12)
and take equation (3.12) as our minimax supply function.

It is apparent from equation (3.12) that we have an essentially
nonlinear model. Since the estimation of the parameters in essentially
nonlinear models is generally not simple, many researchers may shy away
from such a model. It is then the object of this dissertation to in-
vestigate the estimation problems involved in the model given by
equation (3.12).

The importance of the model in eguation (3.12) lies in the fact
that the parsmeter y when estimated will lead to an estimate of the

supply elasticity. This will be illustrated below.
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Starting with the model

X5 - X2

we make the following transformations ,l
= X (3.13)

and

where X is the mid-range of the prices and R is the range. Solving

equations (3.13) simultaneously we obtain

X5 =% + —121- (3.14)

and

=% - B
X"’X 2 .

Substituting equations (3.14) to equation (3.12) and simplifying, we
have
B R\ _ (3 _ Ry
aq [(L+z) - (X-3)]

Y = (3.15)
R

which can be written in the form

7 7
ad ¥ 1+E) - % @-32)]
2% 2X

Y = R (3.16)

lThis was suggested by S. Reutlinger in a personal communication.



and dividing both_numerator and denominator by X we get

e ¥+ RY - - B

Y= 2X —_— (3.17)
R/X

A logarithmic transformation of eguation (3.17) and defining R/X =V

yields

log Y = log & + B log q + (7-1) log X
v,/ v,/
+ log [(1 +§) - (1 - -2-) ] -1logVv. (3.18)

Teking the partial derivative of log Y with respect to X

=) G
T X %
or
= (3.19)
%

But the left hand side of equation (3.19) is the expression for supply

elasticity, hence (7-1) is the supply elasticity.2

3.4 Estimation of the Parameters of the Model
In any estimation problem it is always desirable to be able to
obtain "best estimators" of the parameters. Certain criteria which

must be fulfilled, can be set up in determining what function will

2Since X is not independent of V, the elasticity (7-1) must be
interpreted carefully. The partial elasticity with respect to X
refers to the response in Y due to variation in price when
accompanied by a proportional veriation in range to leave V un-
changed.



15
yield a "best estimator" of a given parameter. There are of course
cases whére it may not Be possible to find an estimator which possesses
the requirements asked for becausg in some cases a 'best estimator”
does not exist. It is however not intended to discﬁss in this diséer-
tation all of the connotations involved in the problem of a "best
estimator". A few widely accepted properties will serve as a guide to
the solution of the estimation problems to be encountered later.

The estimation method proposed here will yield maximum likelihood
estimators, c.f. Stevens (1951). Properties of maximm likelihood
estimators are well known--included are asymptotic efficiency, con-
sistency (asymptotic unbiasedness), and sufficiency if sufficiency
exists. However, small sample properties of maximum likelihood esti-
metors must be investigated in each circumstance. The purpose of the
remainder of this thesis is to investigate the maximum likelihood pro-
cedure proposed here for unbiasedness and small sample efficiency.

3.4.1 The Estimation Method. From here on the following

notations will be used;

q price of input at time t

X5
%

upper price of output at time t
= lower price of output at time t and
any primed expression shall denote the common logarithm of the
expression, e.g., X' = log X.
If it is assumed that the errors of the model in equation (3.12)
are multiplicative, a logarithmic transformation mskes the errors addi-

tive. Such a transformation yields:



1k
Y =o' +8q + (-0 - (% - %) +e (3.20)
X3 Xé 3 Xé . .
For the discussion in this chapter it will be further assumed that the
errors in equation (3.20) are normally distributed with expectation
2
zero and common variance, o .
The estimates will be cobtained by meximizing the log likelihood

function which is equivalent to maximizing the likelihood of the func-

tion. For a sample of size n , the log likelihood, L, is,

L=-2n (2N) (3.21)
- EY - -pa - (%) - X))+ (X, - )'1?
202 5 Xj X2 |

The meximum of I is obtained by differentiating equation (3.21) with
respect to each of the unknown parameters a', B, and 7, setting each
partial derivative equal to zero and solving the set of simultaneous

equations thus obtained. These are given below neglecting 02.

L=y - -pa - (1) * (- X))
& -zl -a -pa - (K- X)) (% - %)) (3.22)
L - %;i—xzugag-xgxé)w ot -pa - (- K+ (% - %))

and from equations (3.22) we obtain the normal equations for the meximum
likelihood estimates by equating the equations of (3.22) to zero and

replacing the parameters by corresponding estimates.
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In further discussion of the estimetion problem it will be con-

venient to define a new variable

Yyt y )
X, - XX
7 = 32_2____2_2 . (3,23)

4 4
X3 - X2

The normal equations are nonlinear in the estimate of the parameter
y and, as it commonly happens in these cases, will not have explicit
solutions for the values of the estimators which make the log likeli-
hood, and consequently the likelihood, a meximum. However we may,
¢.f. Stevens (1951), use the asymptotic variance-covariance matrix to
improve on inefficient estimates by an iterative procedure.

The Hessian of the log likelihood, replacing Y' by its expectation,
and neglecting 02, is derived below making the substitution from equa-

tion (3.23).

L 3oL :
- = n, = = Xq -
2 xR

i 1 : \
- Eafgy = I z—;—t—;23 (X.;X3 - ngé) = ZZ .
& _ (3.24)
2L L L e
- W = 2q . - 5_6-2— Z(q ) .
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.

y Yt 2

_ig— =Z[M] =ZZ2
74 X; - Xg

b for

The procedure then is to substitute estimates a’ and ¢

0’ 0’ 0’
o', B, and y respectively, into these formulae and compute 8a', &b,
and dc, additive corrections to the inefficient estimates using the
following (which is essentially a multiple regression procedure):

Call:

1}

0 %
N, = ZY' - naj - byrq' - z(x3 - X))+ z(x5 - %),

c c
A quyi - aéqu boz(q' )2 - qu (}%O - XEO)' + qu (X5 - x2)|

=
[

c

c
_ ' ' 0 Oyt '
N3 = 2Z,Y' - aézzo - bZ,a' - z:zo(x5 - %, )+ zzo(x3 - x2) R
(3.25)
where

c Cc

0 i 0 o1

, 3B %
(0] c
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Then
—n zq‘ 7, 7 - —
0 5a NlT
sq'  x(q' )2 zq'zo gb| = |Ny| - (3.26)
Bd¢c N
v 1 2 - - _3_
L_ZZO pxo} ZO ZZO |

Solving for &d, 8b, and dc, Wwe obtain improved estimates Dy:

1ot ' = -
8y = 8, + Ba , bl bO + 8b, and e, = ¢y + 8¢ .

One iteration is usually sufficient to obtaln asymptotically efficient
estimates. The process is repeated until 5a', 5b, and Sc are zero or
near-zero.

The inverse of the coefficient matrix for the corrections in
equations (3.26) has intrinsic interest, Kendall and Stuart (1961), for
multiplied by 02 and with parameters instead of estimates, it would
become the asymptotic variance-covariance matrix of our estimates.

Thus, the present form multiplied by an estimate of 02, say the residual
sum of squares divided by n - 3, provides consistent estimates of the
asymptotic veriances and covariances.

3.)4.2 Procedures in Obtaining Initial Estimates. The remaining

question for the implementation of this technique of improving esti-
mates is a systematic procedure of obtaining starting valués aé, bo,

and co. Let us then look into this.
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The model in equation (3.12) can be written as

By
~ aq X fg 4
Y=o [1-(F)] (3.27)
5% %

in which form it can be noted that the ratio §§ must play an impor-

tant role in determining the value of Y. We shall consider here two

cases; One when the value of the ratio T tends to one and the other

3

when its value tends to zero. Since X2 is less than or at most equal

to X3 then the ratio ;@ is less than or at most equal to one. The
X >
2

ratio T will tend to one if the lower and upper prices for any time

3 ,

period do not differ greatly, i.e., when the lower and upper prices tend
to the same value. If such is the case then, Y = % in equation

(3.27) which is indeterminate. Using L'Hospital's rule to determine

the value of Y, we differentiate both the numerstor and the denominstor
of the right hand side of equation (3.27) with respect to X3 say,
resulting in

Y=a7qﬁx§'1 = M, say. (3.28)

Differentiating with respect to X2 will produce an identical result.

A logerithmic transformstion of equation (3.28) yields
Y= A +pat +(7-1) X5, (3.29)

and the parameters in this model can be estimated by the usual least
squares technique. Since A' = (ay)' then @ can be estimated in a
two stage procedure, i.e., we estimate A and 7 first then estimate
o using the relationship A' = (ay)'. Such estimates can be used as

the starting values for obtaining the improved estimates.
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Now consider the other case. If for any time period the lower and

upper prices of the output are greatly different, i.e., the upper price
X
is much higher than the lower price, then the ratio -2 will be small

%5

Y
and for large values of 7 +the ratio (EE) will tend to zero and

hence negligible, and equation (3.27) is simplified thus,

By”
aq fé
Y = X - 3 (3'30)
3~ %
or in terms of the logarithmic model as
Y=ol +8d kg - (X5 - %) (3.31)

in which form again we can estimate the parameters also by least squares

and the estimates can be used in obtaining the improved estimates.

3.5 DProblems of Estimation

There are problems that mey be encountered in the estimation of
the paremeters of the model in equation (3.12) using the proposed itera-
tion scheme because of the nature of the elements of the matrices in
equation (3.26). A close look at these expressions suggests that the
corrections to the initial estimates are primarily functions of Z,
a, b and c. The Z's are in turn functions of the X's (lower and
upper prices) and c¢. If the spread of the X's is large or if ¢
were large the Z's may vary widely from cycle to cycle of the itera-
tion process and hence may cause the corrections to be inefficient or
to slow and prevent convergence. Veriability in a and b may also
seriously affect the corrections or convergence. For purposes of

estimating 7 only, the variability due to a and b would be
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eliminated if they were known; if this is so, we delete the first two
rows and first two columns of the matrices in equation (3.26).

X

]
If the ratios ig were constant or near-constant for all Y 's,

3

i.e., as the coefficient of variation of the ratios approaches zero,
the model in equation (3.12) becomes an approximately linear model
after the logarithmic transformation, hence, estimates obtained by the
iterative scheme may be little, if any, more efficient than the least
squares estimates from the linear model. Also, the estimates from the
linear model will be more convenient to obtain.

Most of the estimation problems posed here are mathematically
intractable. For this reason we shall make use of empirical studies
to investigate these problems. The empirical results are discussed in

the next chapter.
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CHAPTER IV

RESULTS AND DISCUSSION

In this chapter we shall determine the effects on the iterative
estimation procedure proposed in the preceding chapter of the following
factors:

(2) number of parameters estimated,

(b) range of the lower and of the upper prices (renge of X's),

(c) size of the parameter estimated,

(d) coefficient of variation of the ratios ;g, and
p)

1
(e) coefficient of variation of the Y 's.
Without loss of generality in estimating the parameter of interest, 7,
we shall utilize a simplified form of the model in equation (3.12) to

determine the effects of the factors sbove. The simplified form is

Y 7
Y=a§———xg—. o (4.1)

We shall look into the effects of the factors in question on the
asymptotic efficiency of the estimates of 7y obtained by the iterative
estimation procedure, and on the efficiency of estimates obtained by

the same scheme in small samples.

4.1 Asymptotic Efficiency
The asymptotic variances (AV) of the estimates of o and 7y in

equation (4.1) obtained by the iterative scheme, can Dbe obtained from

C o= |n ZZ o
{ %} o (4.2)
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where the matrix C is the same coefficient matrix in equation (3.26)
with the second row and second column deleted (since the simplified
model in equastion (L4.1) does not involve q), and
55 - %X
x; - X

as defined in equation (3.23). Since we are primarily concerned with

7 =

the parameter 7y we shall consider only the asymptotic variance of the
estimate of 7 , AV(Y). Note that AV(;) is a function of the X's, 7
and 02. In discussing the effects of any of the factors, unless stated
otherwise, the other factors are to be assumed constant.

4.1.1 Number of Parameters Estimated. Let AV(;Ia) be the

asymptotic variance of the estimate of 7 when « 1is assumed known

A A
and only 7y is estimated, and Av(y, a) the asymptotic variance of
the estimate of 7y when both o and 7 are estimated. From equation

(k.2) we have

2
AV(7|l) = Gé and
ZZ
2
AV('?, a) = -_—-2‘_-_:-5— .
=z - 2)
2 =12
Since Z° > £(Z - Z)° then
Av(7|a) < Av(y, @) . (4.3)

4.1.2 Range of X's. Let r, be the range of X3 and r, the

range of X2 for a given set of X's. Let us form a new set of X's by

multiplying the X's in the given set by a factor g > 1. The ranges of
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the new X's will be 8ry and G Now denote by Z o the Z-values for
the original X's and by Zy ‘the Z-values for the new set of X's. It

can be shown that

- !
ZN g + Zo .
Now
AV(;|a) = -%— for the set of X's with ranges r, and r
o 222 1 2
o
and
~ o°
AV(7|a), = —%— for the set of X's with ranges gr, and gr,.
N 2 1 2
Iz
N
1 2 2
Since g>1 then g >0 and ZZO<ZZN, thus
~ -~
aV(7|a), > Av(yla)y - (4.4)
When both a and 7 sare estimated it can be shown thet since
= g! o5\ - o5 )2
Zy=8 *+2,, then ;:(zO zo) z(zN ZN) and
A ~ A
av(y, @) = AV(y, @)y - (k.5)
4.1.3 Size of y. First note that Z can be written as
7 1
X, X
2 2
(=) (x--j)
Z = ! - .
X3 X7
1l - (—x;
%) %
Since T < 1 then k = > < 0 ; k tends monotonically
3
1 (2

%
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to zero as ¥ increases. Let ZI be the Z-values for ¥y =7 1 and

ZJ be the Z-values for 7y = 73, where 74 < 73, then
2

g
ZZ

for y =9, and

AV(Y =
(7'I0t)7=7i 4

H IO

~
Av(y|c £ =y, .
(7] )7=7J or y =7

&El\) qh)
L

Since ZJ < ZI »
- -~
< <7, . .
AV(7|<>£)7___,I,i AV(7I<J:)7=7J s 7y <7y (4.6)

When o and 7 are estimated, it can be shown that if the ratios

I = constant
3
A A AN
AV(7, a),,:,,i = AV(7, 01)7=7J . (%.7)
However, when the ratios T oare variable we have the relationship
>
5 \2 _ 5 V2
2z - 2;)° = 2(2; - 2, +a
where
— - H
A = (n-1) [Variance (kI) + 2 Cov (kI’ XB)] .
Thus
s~ A oA
< bl > . .
AV(?, a)7=71 S AV(y, a)7=7j, if A>0 (h' 8)

Although no proof can be shown that in general A > 0, worked out
examples have shown this to be true.

4.1.4 Variability of the Ratios Xe/}%. No definite comparisons of

the effects of differences in the magnitude of this factor can be shown

here for the case when only 7 1s estimated. When both & and 7y are
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estimated we note from the results in section 4.1.3 that
5 @ _ 5 \@
z(zc - zc) = z:(zV - Zv) +A

where Z. are the Z-values when o— are constant, ZV are the Z-values

© %

when ;E are varisble and
A = (n-1) [Variance (kv) + 2 Cov (xé, kv)] .
Therefore

av(y, @)y S AV(7, @), if AZ0. (%.9)

Again no proof cen be shown that in general A > 0 but, as stated
previously, worked out exsmples have shown this to be true.

t .
4.1.5 Coefficient of Variastion of the Y 's. It is apparent that

since the AV(?) for any case is the ratio of 02 to a sum of squares, a
decrease in the coefficient of variation of the Y"s can result in a
smaller AV(;) only if o° is decreased. If o° were constant the AV(;)
will remain the same no matter what the coefficient of variation of the
Y"s may be.
4.1.6 Sumary. We can now summerize briefly the effects of the
various factors on the asymptotic efficiencies of the estimates of 7.
(a) The efficiency when both a and 7y are estimated is less
than when only 7 1is estimated assuming « known.
(b) When only 7 is estimated, the efficiency is less when the
ranges of the X's are small than when the ranges are large.

When both & and 7y are estimated the efficiencies do not

differ for small or large ranges.
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(c) When only 7 is estimated, the efficiency decreases as 7y
increases. When both o and ¥y are estimated and the
ratios == are varisble, a necessary and sufficient condition
for the efficiency of the estimate of a smaller ¥y to be
greater than that of the estimate of a larger ¥ is that
(n-1) [Va.r(kI)+ 2 Cov(kI, X%)] > 0, vhere k. are the k-values
for the smaller y. When the ratios —x-3- are constant and both
a and 7 are estimated the efficiencies of the estimates for
small and large values of ¢y are the same.

(d) No definite comparison could be made of the effect of varia-
bility in the ratios i}x-e- when only 7y is estimated. When
both o and 7y are estimated a necessary and sufficient
condition for the efficiency of the estimate when the ratios

% %

-)—(3— are veriable to be greater than that when the ratios T
are constant is that (n-1) [Va.r(kv) + 2 Cov(kv, X%)]> 0,
where kv are the k-values when the ratios are variable.

(e) The efficiencies of the estimmtes increase when the coeffi-

cient of variation of the Y' 's decrease only if 02 is decreased.

4.2 Sampling Investigations
We shall make use of the results from empirical studi‘es to
determine the effects of the same factors considered in Section 4.1 on
the efficiency of the estimates obtained by the iterative estimation
scheme in small samples.
The empirical studies consisted of obtaining random samples from

artificial populations and using these samples for the estimation of
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the parameters. Four simulation models, corresponding to four sets of

X's, were considered to make possible the determination of the effects

of the factors in question.

below.

The nature of the models will be discussed

4.2.1 Generating Artificial Populations and Samples.

The samples

were generated by adding normally distributed errors with mean zero and

variance one to the equation

Y =qa +(x§-x;)l - (x3-x2)' .

The same set of errors was used for each model.

gize 12 were generated for each population.

(4.10)

Twenty-five samples of

Three populations, cor-

responding to three values of 7y, were considered for each simulation

model. All samples were generated by the IBM 1410.

L.2.2 Nature of Simulation Models.

in the empirical investigations can be summarized as follows:

Coefficient of variation

of X,/Xs, ()
Renge of X's:
Size of 7
Coefficient of variation
of Y') (%)
7=2
=l
=8
Values of &'
=2
7=k
7=8

Model 1

6.7

3.48
4.5k

2, 4, 8

51.22
17.95
T.97

0.42766
1.25265
3.25183

Model II

21.08

8.55
T.37

2, 4, 8

11.954
11.94
11.94%

6.98351
4 .56976
0

Model III

21.08

8.55
T.37

2, 4, 8

51.22
17.95
T.97

0.60206
1.80618
h.o1lke

The nature of the models used

Model IV

21.08

34.20
29.48

2, 4, 8

51.22
17.95
T.97
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The X's for Model I were obtained from Appendix Table 1 by taking
twenty-two-year lags of the prices from 1925 to 1958 and dividing these
by ten to attain a small spreed in the X's. The X's used for Models II
and IIT ere the same. These were obtained from Appendix Table 2 for
moving three-year-periods from 1916 to 1929. The X's for Model IV were
obtained by multiplying those used in Model III by four to attain a wide
spreed in the X's. Appendix Table 3 shows the X's for the four models.
For each model two estimates of 7 were obtained; one by assuming
a known and estimating 7 only and the other by estimating both «
and 7y . In both cases the iterative estimation procedure was used
to obtain the estimates. The initial values used for starting the
iterations were the least squares estimates of « and 7 from the
equation
Y=ol g - (X - %) (4.11)

4.2.3 Sempling Results. The estimates of ¥ obtained by the

iterative procedure for the four simulation models are given in Appendix
Tables 4 and 5. The initial estimates used for the iterations are shown
in Appendix Table 6. A summary of the biases, sampling variances,
asymptotic variances, and mean square errors of the estimates is given
in Table 1. The sampling variances were obtained by calculating the
variance of the 25 estimates of 7y for each population in each model.
The asymptotic variances were obtained using equation (k.2) with o> = 1.

Each mean square error is the sum of the square of the bias and the

variance of an estimate.
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Teble 1. Means, biases, sampling and asymptotic variances and mean

square errors of iterated estimates of 7y for the four
simulation models

Popu-~ Value Mean  Bias Sampling Asymptotic Mean squere

lation of 7 variance variance error
Model I
@ known 1 2 2.5 0.40 0.0360 0.0397 0.1960
2 4 h.64h 0.6k 0.0520 0.0446 0.4616
3 8 9.22 1.22 0.0652 0.0459 1.5536
o unknown 1 2 L.48 2.48 T71.9982 115.3800 78.1486
2 4 6.80 2.80 96.7521 121.6249 104.5921
3 8 11.55 3.55 114.3470 122.59k41 126.9495
Model II
o known 1 2 2.27 0.27 0.0563 0.0513 0.1292
2 L 4.35 0.35 0.0758 0.0605 0.1984
3 8 8.55 0.55 0.0842 0.06Th 0.3867
o unknown 1 2 4.06 2.06 7.5329 6.7137 11.7765
2 4 6.50 2.40 9.1506 8.5925 14.9106
3 8 12.37  L4.37 14.2693 9.6862 33 .3662
Model III
¢ known 1 2 2.27 0.27 0.0563 0.0513 0.1292
2 L 4.35 0.35 0.0758 0.0605 0.198%
3 8 8.55 0.55 0.0842 0.06Th 0.3867
o unknown 1 2 4L.06 2.06 7.8033 6.7137 12.0469
2 L4 7.10 3.10 13.1180 8.5925 22.7280
3 8 12.57 4.57 1k.6649 9.6862 35.5498
Model IV
@ known 1 2 1.87 -0.13 0.0189 0.0237 0.0358
2 L 3.73 -0.27 0.022k 0.0265 0.0953
3 8 7.41 -0.59 0.0200 0.028k4 0.3681
@ unknown 1 2 L.77T  2.77 L. T2hT 6.7137 12.3976
2 4 7.66 3.66 8.8852 8.5925 22.2808
3 8

1h.32  6.32 13.8131 9.6862 53.7555
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We shall now look into the effects of the various factors in
question on the efficiencies of the estimates obtained by the iterative
estimation procedure. Since as could be noted in Table 1, the estimates
for all models are highly biased we will utilize the mean square errors
in comparing the relative efficiencies of the estimates. Hence from
here on efficiency will denote the ratio of the mean square errors of
two estimates of 7 , multiplied by 100%.

%.2,3.1 Number of Paremeters Estimated. The efficlencies of the
estimates when 7 ﬁas estimated simultaneously with a relative to
the estimstes when 7 was estimated by assuming o known are

sumarized below for each pasrametric value of 7 .

Size of ¥ Model I Model II Model III Model IV

2 0.25 1.10 1.07 0.28
4 0.4k 1.33 0.87 0.43
8 1.22 1.16 0.97 0.07

It is readily seen that ¥ was much more efficiently estimated when
o was assumed known.

4.2.3.2 Renge of X's. The estimates for Model III (small renge
of X's) were found to be less efficient than the Model IV (wide range
of X's) estimates when « was assumed constent. Wheﬁ vy was esti-
mated with « the Model III estimates were as efficient as the Model
IV estimates for 7 =2 and 7y = 4, and slightly more efficient when
y = 8. The efficiencies of the Model III estimates relative to the
Model IV estimates are shown below for each parameter value when « was

known and when ¢ %was unknown.
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7y =2 y =k y =8
@ known 27.T1 48.03 95.22
o unknown 102.91 98.03 135.33

4.2.3.3 Coefficient of Variation of the Ratios X2/X3. The esti-
mates when the coefficient of variation of the ratios X’2/X5 was small
(Model I) were found to be much less efficient than the estimates when
the coefficient of variation of the ratios XE/XB was large (Model III)
whether « was known or unknown. The efficiencies of the Model I
estimates relative to the Model III estimates were 65.91, 42.97 and
24.89 for 7 = 2, 4, and 8 respectively when @ was known and
15.41, 21.73, 31.28 for y =2, 7y =4 end 7 = 8 respectively, when
a was unknown.

4.2.3.4 Size of 7y and Coefficient of Variation of Y"s. It is
apparent from the results of Model II in which the coefficient of vari-
ation of the Y"s was held constant for all parametric values of 7
that the efficiencies of the estimates decreased monotonically as 7
incressed whether « was known or unknown. Except perhaps for sampling
variation, the estimates became more efficient as the coefficient of
variation of the Y"s decreased. This was noted from the results of
Models IT and III when « was unknown. These two models could not be
compered to determine the effect of the coefficient of variation of the
Yl's when « was known because the same estimates were obtained for
the two models. This was expected since the same set of errors was
used for all models (for convenience in programming the empirical

1
studies) and when « was known the two models had the same Y 's.
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4.3 Asymptotic Versus Small Sample Results

If the effects of the factors under consideration on the efficiency
of the estimates from small samples are compared with the effects on
the asymptotic estimates discussed in Section 4.1, one can easily see
that there are no differences in the effects. We shall now determine
the efficiencies of the small sample estimates relative to the asymp-
totic estimates.

A resumé of the efficiencies of the small sample estimates rela-

tive to the asymptotic estimates is shown below for all the four models.

Model I Model II Model III Model IV

Value « a o o o o a a
of ¥ known unknown known unknown known unknown known unknown

2 20.25 147.64 39.70 57.01 39.70 55.72 66.20 54.15

L 9.65 116.28 30.52 5T7.62 30.52 37.80 27.81 38.56

8 2.96 96.57 17.4%2 29.03 17.k2  27.24 7.7  18.02
The efficiencies above were cbtained by taking the ratios of the
asymptotic variances of the estimates to their respective mean square
errors. In general the small sample estimates were much less efficient.
In Model I, however, when « was unknown, efficiencies of more then 100%
were obtained. These, however, can be attributed to sampling variation.
Chi-square tests showed that for these cases the small sample variances

(and/or the mean square errors) of the estimates do not differ signifi-

cantly from their asymptotic variances.

4.4 Other Results and Discussion
One of the results obtained in this study that would not be

commonly expected to occur is concerned with the estimates for Model I
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when « was unknown. In this case, negative estimates of 7y were
obtained. Investigations to determine the cause of these results
proved to be unsuccessful.

The variances of the estimates in Model I where negative estimates
were obtained were calcﬁlated using the actual estimates. If the
negative values were taken to be zero, both the variances and mesn
square errors of the estimates were not significantly reduced.

In determining the efficiencies of the small sample estimates rela-
tive to the asymptotic estimates it will be recalled that we utilized
the meen square errors since the estimates were highly biased in all
cases. However if one were to adjust the estimates for bias the effi-
ciencies of the small sample estimates relative to the asymptotic esti-
mates will be of respectable magnitude. This can be seen by comparing
the sampling variances to their respective asymptotic variances. If
each estimate was adjusted by adding or subtracting a constant (the
expeéted'bias) the variance of the adjusted estimates would remain the
seme as the variance of the unadjusted estimates. The efficiencies of
the small sample estimates, adjusted for bias, relative to the asymp-

totic estimates are shown below.

Model I Model II Model III Model IV

Value o o o o (o] 0] o 0
of ¥ known unknown known unknown known unknown  known unknown

2 110.28 160.25 91.12 §89.12 91.12 86.04 125.40 142.09
L 85.77 125.71 79.81  93.90 79.81 65.50 118.30 96.70
8 70.40 107.21 80.05 67.88 80.05 66.05 142.00 T0.12
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In all cases where the efficiencies were greater than 100% chi-
square tests showed that the sampling veriances did not differ signifi-
cantly from their respective asymptotic variances. Hence the occurrence
of the efficiencies greater then 100% can be attributed to sampling

fluctuations.

4.5 Convergence and Initiasl Estimates

The iteration progrem for the IBM 1410 was written in such a way
that if the estimates for two successive cycles were identically the
same to at least three significant figures the iteration was stopped.
By doing this the corrections to the estimates would be of the order
10'3 which for our purposes was sufficient. Rarely was it necessary
to iterate more than four cycles. As might be expected more iterations
were required to attain convergence for larger values of 7 and when
both a and ¥y were estimated. Convergence was attained in all cases.

As mentioned earlier, the initial estimates for starting the itera-
tions were obtained using equation (4.11). To simplify the estimation
program for the IEM 1410, the machine was instructed to use the same
initial estimates of ¥ in estimating 7 when « was unknown as those

used when 7 was estimated assuming o known.



CHAPTER V

SUMMARY AND CONCLUSIONS

In this paper we have considered the development of a mathematical
model which relates the aggregate supply of a commodity to the price of
the input used in producing the commodity and to the lower and upper
prices of the commodity. Accordingly, the observed aggregate supply
(Y) can be expressed as
(x - %)

X3 - Xé

Y =« q'ﬁ

where « is a scaling factor, B 1is a production constant, (y-1) is
a megsure of the elasticity of supply, q dis the price of the input,
X3 is the upper price of Y and X2 is the lower price of Y.
Methods of estimating the parameters were investigated. An
iterative procedure was developed. Methods of obtaining systematic
initisl estimates to use as starting values in the iteration were also
developed. Problems involved in utilizing the iterative scheme in esti-
mating the parameters were investigated. Empirical studies were con-
ducted to determine the effects on the efficiency of the estimates
obtained by the iterative scheme of: the spread in the lower and in
the upper prices, the number of parameters estimated, the coefficient

X
of variation of the ratios = and the size of the parameter estimated.

%

In the empirical investigations the model
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was used instead of the full model. There was no loss of generality in
using this in estimating the parameter of interest, 7.

Four simulation models were considered to determine the effects of
the fectors. Artificiasl populations and samples were generated for
each model and used for the estimation of 7 by the iterative proce-
dure.

The effects of the various factors considered on the efficlency
of the sampling estimates were found to be the same as the effects of
the same factors on the asymptotic estimetes. The effects on the
asymptotic estimates were determined algebraically.

For both the asymptotic and small sample estimates 1t was found
that the estimates of 7y obtained by the iterative scheme were

(a) more efficient when 7 was estimated by assuming < constant
than when 7 was estimated simultaneously with < ,

(b) less efficient when the ranges of the prices were small when
only 7y was estimated and slightly more efficient when the
ranges of the prices were large when both a and 7y were
estimated,

(c) more efficient when the coefficient of variation of the
ratios XE/X3 was large, whether or not « was known,

(4) more efficient when the value of 7y estimated was small
whether or not « was known, and

(e) more efficient when the coefficient of variation of the Y 's

was small.
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The estimates obtained in the sampling studies were highly biased.
The efficiencies of the small sample estimates relative to the asymp-
totic estimates were low in most cases. However when the estimates were
adjusted for bias the small sample estimates were efficient. A few
efficiencies greater than 100% were obtained but these were determined
to be due to sampling variation.

Negative estimates of 7 were obtained in one model when 7 was
estimated simultaneously with «a . Investigations to determine the
cause of this proved unsuccessful. Further investigation of this point
may be worthwhile. A study of the mean square prediction errors of the
model might shed light on this question. It would be of interest to
determine how the mean square prediction errors with negative estimates
compare with the mean square prediction errors when no negative esti-
mates are obtained.

Since 7 was much more efficiently estimated by assuming o
constent than when 7 was estimated simultaneously with « , it might
be better to guess the value of « , hold it constant and estimate 7
only, instead of iterating on both a and 7 . It remains to be
determined how far off the guess of « can be from its true value and
still obtain efficient estimates. Collateral studies on this, using
uniformly distributed errors with mean zero and variance 0.01, showed
that efficient estimates were obtained when « was guessed to be one
and one-half times its true value.

A study which considers more samples than were considered here

would provide more stable estimates of the sampling variances and
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contribute to still more meaningful comparisons with the asymptotic
properties of the estimates.

Finally, one might consider the full model and determine the
effects of the factors discussed here, on the estimates obtained by the
iterative procedure. Modifications on the iteration scheme may have to
be teken into account to allow for negative estimates and accelerate

convergence.
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Appendix Teble 1. Average wholesale prices of Philippine sugar,
for crop years 1925-1936 and 1947-1959

Crop year Average wholesale price per ton

(pesos)
1925 108.30
1926 102.13
1927 111.62
1928 112.72
1929 98.81
1930 126.32
1931 122.05
19%2 106.08
1933 116.68
1934 102.92
1935 116 .04
1936 133.59
1947 207.90
1948 196.20
1949 211.06
1950 225.55
1951 214.86
1952 225.29
1953 240.31
1954 235.72
1955 218.49
1956 220.49
1957 233.36
1958 241.58
1959 235.41

Source: National Economic Council, Manila



Appendix Table 2.

Supply and price of rice in the Philippines, 1916
to 1941 and 1946 to 1955

43

Supply Price of rice
Year (in sacks of 56 per sack
kilos clean rice) (pesos)
1916 14,041,800 6.45
1917 17,045,650 6.50
1918 21,537,460 10.00
1919 18,142,130 15.75
1920 18,851,750 15.95
1921 22,221,810 15.00
1922 22,909,690 14.00
1523 23,517,390 14.00
1924 23,904,040 12.00
1925 25,094,140 10.00
1926 25,626,930 9.16
1927 25, 456,660 7.15
1928 26,235,270 7.36
1929 27,273,890 8.58
1930 26,508,280 6.13
1931 25,533,730 4.58
1932 2k,357,450 y.12
1935 2k, 757,910 4.67
1934 27,062,290 .00
1935 23,462,970 5.0L
1936 23,167,560 6.38
1937 29,354,070 5.43
1938 26,868,990 6.33
1939 28,147,980 6.33
1940 28,078,710 5.57
1941 27,806,670 5.7h
1946 21,490,280 43.68
1947 25,694,110 27.69
1948 27,710,280 27.k2
1949 31,369,240 26.99
1950 30,071,240 21.09
1951 32,287,080 25.49
1952 33,948,000 24.18
1953 36,362,920 18.72
1954 37,528,820 18.94
1955 38,339,140 20.17

Source:

National Economic Council, Manila



Appendix Table 3.

Lower and upper prices used in generating samples
for the simulation models

Ly

Model I Model II and Model III Model IV
Lower Upper Lower Upper Lower Upper
10.83 20.79 6.45 10.00 25.80 40.00
10.21 19.62 6.50 15.75 26.00 63.00
11.16 21.11 10.00 15.00 40.00 60.00
11.27 22.36 15.00 15.95 60.00 63.80

9.88 21.49 14.00 15.95 56.00 63.80
12.63 22.53 14.00 15.00 56.00 60.00
12.20 2k .03 12.00 14.00 48.00 56.00
10.61 23.57 10.00 14.00 40.00 56.00
11.67 21.85 9.16 12.00 36.64 48.00
10.29 22.06 7.15 12.00 28.60 48.00
11.60 23.34 7.15 9.16 28.60 36.64
13.36 24.16 7.15 8.58 28.60 34.32
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Initial estimates of ¥ used for the iterative

estimation procedure

Appendix Table 6.

Model IV

Models II and III

Model I

Population

FARLAYYYIZRNY

ooooooooooooooooooooooooo

Dl A IARAUES AUl el @) S 0 ONO I -0y —~
LAV AN 2N aN a¥ o ¥ oW oW a¥ oW o0 a8 a0 a0, oW 00 AN, 0N AN 08 AN 2N, 0 W, A
MAVO-OI-MNIG-00WVST TN OAUNQS D0 QO -
M~ ININASF O =30 S 575577@ N =0 \O

-------------------------

AN HO \Q aFdd-q QA AN INO
5189&1?/8%.&.69.&.0162 NN ~\O\O

ooooooooooooooooooooooooo

M- OV NQUD -0V I-N-NO\O OV N0 N0
A M~ININO 78%602606%2871 A\ O uMNO
= Mt NS N e o S e st
%8578 -0 MM O MW -F OO -0 IND N0

Jaqat-aFvan-onEnnaN0 F OO0 MNMINONO I~

ooooooooooooooooooooooooo

Attt AAAAAA-dt A A dd A1~

PROYRYLIIHYRER

A QAR ARG RS AR
ANDD AN D ONAND AND AN ND NN\
OHM~A 0 40O INTINO 7% -\ IO =D~k V)
Mt AUV TFINO N0V AUV MNSFDO T MN--FODNO

ooooooooooooooooooooooooo

n
HQOMNSOFTRO -NINY ==Y
~ \O 92&&230.&.0935804!4

ooooooooooooooooooooooooo




328.
329,

330.

331.

344.

345.
346.
347.
348.
349.
350.
351.
352,
353.
354.

INSTITUTE OF STATISTICS
NORTH CAROLINA STATE COLLEGE

(Mimeo Series available for distribution at cost)

Schutz, W. M. and C. C. Cockerham. 'The cffect of field blocking on gain from seclection. Ph.D. Thesis. August, 1962,

Johnston, Bruce O., and A. H. E. Grandage. A sampling study of estimators of the non-linear parameter in the exponen-
tial model. M.S. Thesis, June, 1962.

Hurst, D. C. and R. J. Hader. Modifications of response surface techniques for biological use. Ph.D. Thesis, June,
1962.

Potthoff, Richard F. A test of whether two regression lines are parallel when the variances may be uncqual. August,
1962.

. Searls, Donald. On the “large” observation problem. Ph.D. Thesis. August, 1962.

. Gupta, Somesh Das. On the optimum properties of some classification rules. August, 1962.

Potthoff, Richard F. A test of whether two parallel regression lines arc thc same when the variances may be unequal.
August, 1962,

. Bhattacharyya, P. K. On an analog of regression analysis. August, 1962,

. Fish, Frank. On networks of queues. 1962.

. Warren, William G. Contributions to the study of spatial point processes. 1962.

. Naor, P, Avi-Itzhak, B., On discretionary priority queueing. 1962.

. Srivastava, J. N. A note on the best linear unbiased estimates for multivariate populations. 1962.

. Srivastava, J. N. Incomplete multiresponse designs. 1962.

. Roy, S. N. and Srivastava, J. N. Hierarchical and p-block multiresponse designs and their analysis. 1962

. Srivastava, J. N. On the monotonicity property of the three main tests for multivariate analysis of variance. 1962,

Kendell, Peter. Estimation of the mcan life of the exponential distribution from grouped data when the sample is cen-
sored—with application to life testing. February, 1963.

Roberts, Charles D. An asymptotically optimal sequential design for comparing sevcral cxperimental categories with a
standard or control. 1963,

Novick, M. R. A Bayesian indifference procedure. 1963.

Johnson, N. L. Cumulative sum control charts for the folded normal distribution. 1963.

Potthoff, Richard F. On testing for independence of unbiased coin tosses lumped in groups too small to use x*.
Novick, M. R. A Bayesian approach to the analysis of data for clinical trials. 1963.

Sethuraman, J. Some limit distributions connected with fixed interval analysis. 1963.

Sethuraman, J. Fixed interval analysis and fractile analysis. 1963.

Potthoff, Richard F. On the Johnson-Neyman technique and some extensions thercof. 1963.

Smith, Walter L. On the elementary renewal theorem for non-identically distributed variables. 1963.

Naor, P. and Yadin, M. Queuecing systems with a removable service stations. 1963.

Page, E. . On Monte Carlo methods in congestion problems-I. Searching for an optimum in discrete situations. Febru-
ary, 1963.

. Page, E. S. On Monte Carlo methods in congestion problems-II. Simulation of queueing systems. February, 1963.
. Page, E. S. Conurolling the standard deviation by cusums and warning lines.
. Page, E. S. A note on assignment problems. March, 1963.

. Bose, R. C. Strongly regular graphs, partial geometries and partially balanced designs. March, 1963.



