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The purpose of this report is to prove in detail a central limit
theorem useful in nonlinear time series regression. The main ideas
of the proof are due to Goebel (1974). The contribution here is to
obtain a stronger conclusion than his Theorem 3 and correct some

minor errors in his proof.
Lemma 1. Let

sn(e)=zkn(e)+xkn(e) (k=1,2, vo., n=1,2, ...)
Assume that for every & > O
Llim, _‘mPEIan(e)l >8]=0

uniformly in n and 6 . Assume

lim _ Mz () <z]=1(z; 0, °§(9))

. 2 2
lim | o ck(G) = r(9)
uniformly in @ where 0< 4 S_T?(e) Sp<o for all § . Then
. 2
Him, |, oF18,(8) = 2] = N(z; 0, +°(8))

uniformly in @ .

Proof: Given e > 0 there is a 8§ > 0 depending on ¢ Dbut

not 8§ or n such that
2 2
N(z + 85 0, 7°(8)) < N(z; 0, v°(8)) + ¢

because Tg(e> is suitably bounded from sbove and below. There is a



k which depends on & %but not on § or n such that

W(z + 83 0, 02(8)) < N(z + 65 0, 1°(8)) + ¢

H |x, (8)] > 61 < e

by hypothesis and the uniform convergence of Gi(e) to 72(6). Then

*
there is an n depending on k and & %but not on 9§ such that

*
for all n>n
Hz,,(8) <z+ 8]<N(z+ 650, c(8) + ¢ .

*
Consequently, given ¢ > O there is an n which does not depend

such that

on @
L
B8, (8) < 2] = Hz,_(8) + x,_(8) = ]
=Hz (0) <z+ 35, |x (o) 8]+ H|x_(8)] >8]
<Hz () <2+ 6]+ e
<T(z+ 65 0, C(8)) + 2
<N(z+ 83 0, 1°(8)) + 36

2
<N(Z; O, 7 (9)) + ke
*
for all n>n . Similar arguments can be used to show that

® s (8) < 2] >N(z; 0, 7°(8)) - ke

’

for n>n’ where n’ does not depend on @ . []



Lemma, 2. If sup ci(e)<°° for each t and

C

Lin 07 g . 2(e) = (o)

N~ ©
uniformly in @ where 0<Z <¢c(g) < p<ew for all § then

. -1 _
lim , ,n SUP; « 4 < g supect(e) =0 .

Proof: There is a sequence mn such that

2 2
SUP < L« 1 supect(e) = supecmn(e)

The lemma would be true trivially if m =~ were bounded for all n so
*
we assume the contrary. Glven e > O there is an n  which does

*
not depend on @ such that for n>n we have

n "~ sup _ sup 02(6)
l1st<n 6t

m m m -1
sup ( Ty L 5 Tt () - () ”i_l o, co(8)]

m. m
< supe[(—%)(t:(e) +g) - (=2

supe[g(e)/n + om e/n+ e/n)
Su/n+ 2 -¢/n. [
Theorem. Let {Zt] be the generalized linear process

& S = ajet_j (t =0, +1, ...)



L
where ﬁ? - laj|'< © and the e, are independently and identically
distributed with mean zero and Finite varismce o> > 0. Let {ct(e)}

o
be a sequence for which supec;(e) <« for each t and for which

llm Et" l I

c.(8)ey | Ihl(e) = ¢(h,8)

. . k k
uniformly in @ where 0< 4 < I . ok ZB o ok % abc(l j, )< p<w

for‘all 8 and all k . Then
5,(8) = (L/wh) 5, e, (8)7,

converges in distribution to the normal distribution with mean zero

and variance

2 2 o oS _— ) —_
m(8) = 0%, _ @y o o 23850(3-3, 8) = 5 | e(k,0)y(k)

uniformly in 8 .

Proof: The proof consists of verifying the assumptions of Lemma

1. We split sn(e) as

S, = (L/Wn)g,_

t=1 % By = o %55

= z2:1 Z? = -k(ctaj/"/n)et-j " z?:l 5] > k(ctaj/"/n)et-j

where we have suppressed the argument 6 for simplicity.
Let & > 0 be given. Since E{Ianl >8] < Var(an)/é2 by

Chebysheff's inequality, the first assumption of Lemma 1 may be



verif

For g

5

ied by showing lim, _ , Var(X, ) = O uniformly in n and 6 .

iven ¢ > 0 there is a ko depending only on ¢ such that

2 2
(2 S & Iail) + (g o Iail) <e¢ for all k>k . Then
1
5 Var(an) < Var[Eth > k(cta’j/“/met-j] + Var[Zth < »-k(ctaj/"/n)et-j]
= (52/D)2 z 8.8, % c,c
VE >k P>k *%y M o T %51
+ (Ge/n) z z 8, z c,c
1<-k J<-k 175 %teT tt-j+i
where
T={t: 1<t<n, 1<t -j+ ix<n)
< ( Pz, o 5 o eal(m o D 2L )P
= B>k %y >kl B o0 O Ty o Gy
23o 2
2 2 1 2 2 2, =1 2
(5 5y lagDT™EL D) + o (x o E¥ DR Clw iy
D 2 2
= 0°c(0, O)L(Z 5 lail) + (5 < i lail) ]
P 2
< g e ag
This establishes the first condition of Lemma 1.

For n larger than 2k + 1 we may split an(e) as (see

Figure 1)



Figure 1.
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The sum 2t=12'=—3ctajet—j is obtained by multiplying each aj

by the corresponding terms on the horizontal and vertical axes and

‘summing. The split is accomplished by segregating terms associated

~ with those aj between the horizontal lines.



N
il

-k K
kn = (T/WR) Eg=k+1 ®p &1 = -k %1%

+

K k-t
(l/«/n>(2§=125 = -k St%5%-5 " Tepok Z;{ = n-krl-t %t%5%-3)

The variance of V igs bounded by

kn

) ok 2
DUSUD) <y < SUP c(O)E(S ) 21; = -k lagl Iet-jl)

n k o)
+ 8<Z’c=n-k+l ZJ. - -k Iaj] let«-jl) ] .
The term in square brackets does not vary with n so we have

-1 2 .
Var(an) <[n SUP) < 4 < supy C.t(e)] B

which converges to zero as n tends to infinity uniformly in 6 by

Lemma 2. Consequently, if we show
o]
Yim | o, AU, < 2] =1(z; 0, 6. (s))
uniformly in @ it follows that
. . 2
llmn - P':an = Z] = N(Z: 0, Gk(e))

uniformly in 9 .
Set 4, = 211{ — _x 8;C4yq- By Theorem 1 of Hertz (1969)

su.pZIP[,\/H Ukn/sn < z) - N(z; 0, 1)| = Akn(e)

where



s
Akn(e) K Sr_13 I On 1i’n(l;t)cilUL

2_ 2.k 2
9= O Tl & s

-k 2 2
Yn<c) = Z112=k+l d’c Ildtel >c © d Fe) ,

and K 1s a finite constant. Now

]

- 1
Alm(e) sn2 f 0 ‘Y(snv)dv

-2_n-k 2 1 )
= fp zfcl=k+ldt ,r 0 Ildtel > v S‘me d F(e)dv

IA
17
i
N
&
=
oy
no

1 2
- 2 2. . 2,.2\e°d F(e)dv
n “t=ktl 't f ) f e” > " infy ., nlnfe(sn/dt)

1 2
= 2 2 . . 2,.2ve7d Fle)av .
I 0 e > v inf, _ . _ nlnfe(sn/dt)

Thus, if we show that
., . , 2,2,
lim inf lnfe(sn/dt) = @

n = © l=t<n

we will have ZI.:"Lmn - Akn(e) = 0 uniformly in 6 by the dominated

® P
convergence theorem and the fact that I_m e“d F(e) = 02 <o , “Now

. 12
lim 0 s, = llmn o mVa,r(Ukn)
k -1 k .
= 022 _ _kZ‘.J ) llmn ! Z?):k-klcp’ri(e)cpi-j(e)
2k .
= 0 I, Ek a.a, c(i-j, 8)

]
U
N
@D
S



uniformly in 6 . Moreover, 62(6) is bounded from below by 4

k
uniformly in @ whence, for ¢ with O0<e<u , there is an n

independent of @ , such that for n > n

. . 2,.2 - -1.2
inf, o, o nlnfe(sn/dt) > (UL-e:)/suplS £ < SR Ay

\Y

- -1, k 2y, k
(u-e)/sup) o o o gsupgn (8 | yai) () |

- Xk -
(u-e)/(2k:+l)(2:.L - -k ai)supl < 4 < nSPR

Thus ,
|2(u, < 2) - W(z; 0, &(8))]
< |[Hon U /s, <0 2/s)] - DA 2/s_; 0, 1)]
+ INWR /s 5 0, 1) - N(z/0,(8); 0, 1)]
< 8y, (8) + NG /s 5 0, 1) - W(z/0,(8); 0, 1)|
-0

uniformly in 6§ as n tends to infinity.

Lastly, we verify that lim_ Oi(e) = Tz(e) uniformly in 6 .

B

m - 3 3
D > Ikl ZJ. e B0 c(i-3, @)
<2 3,

m — o 'y
4 > 'kl zj = _cola'ia’j 0(1'39 6)|

1

|+°(8) - (o)

A

lasa.| <0, @)

2 ©
20 zi>lkl zj i7]



because

2 ey, @1 =2 2 o)

< 252(a/a§)(2‘; R R IO | lesl) -

The last term on the right does not depend on ® and may be made
arbitrarily small by increasing k . [
The result which finds application in nonlinear time series

regregsion is the following corollary.
Corollary. Let {Zt}z - _eo DPe the generalized linear process

4 5 = o 3%_3 (t=0,+1, ...)

where ﬁ; C > Iaj|'< ® and the e, are independently distributed
with mean zero end finite variance o > 0 . Let {ct}z;l be a

sequence of p-vectors for which the limit

— . - |h
c(h) = 11mn - 2@:1 I l ctcé + Ihl'

exists for all h= 0, + 1, ... . Assume that for each non-zero
p-vector A\ there are finite constants £ and u which do not

depend on k such that

Then



10
converges in distribution to the p-variate normal with mean vector zero

and variance~covariance mabtrix

<l
[
Q
n
~.
n

Zj o o 2g8gfe(i-3) + ¢’(1-9)]

n
i
8

()

e Y(m)le(n) + e’(n)] .

DN

Proof: We apply 2c.k of Rao (1965, p. 103). ILet X ~ NP(O, V).
By the Theorem, A'Sn converges in distribution to a normal with mean

zero and variance

3
]

o . -1 - |h ;
By o o v(B) Lim 0T R ] o Megey |n]?
o . -1 - |h
=% . e Y(h) lim 0 21;:1 1] 5 K'[ctcé + |n| ey, Ihlcth’

=%, _ o v(m) FACEm) + /(b))

I
>
~
<3
>

Thus )\'Sn converges in distribution to A’X for every non-zero A .
(The matrix EE s v(h)e(h) 1is positive definite by assumption but
1t is not symmetric. This is the reason for the term 2 c(h) + c’(n)]

in v.) [
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